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We discuss the spin Van der Waals model and its generalization of 4-spin interaction. The susceptibility is described with respect 
to the fluctuation and our main conclusions on the static and dynamic properties of the 4-spin model are presented. We also 
discuss the usefulness of this model to the renormalization group methods. 

Recently, Dekeyser and Lee [1] described the 
spin Van der Waals model at some length. We now 
report our result on the susceptibility which, for 
this model, may be distinguished from the fluctua- 
tion. Since the interaction in the Van der Waals 
model is not of finite range, the work of Falk and 
Bruch [2] does not necessarily apply here. Our 
result is useful for obtaining the relaxation function 
[3]. This model has been further generalized to 
include higher order spin-spin interactions. Such a 
Hamiltonian may be realized in certain diffusion 
models of hydrogen in a transition metal [4]. We 
report here briefly our result on this generalized 
constant-coupling spin Hamiltonian. 

Also, this exactly soluble Van der Waals model 
provides some interesting points for the renormali- 
zation group methods, particularly for applications 
of real space differential renormalization equa- 
tions. We describe our ideas. 

The spin Van der Waals Model is defined by 

H = - ( J S .  S - 7tS~S~)/N, (1) 

where S is the total spin operator, ~ = J - J, ,  and 
N is the number of lattice spins (assumed to be 
large). For  J and Jz > 0, we have the Ising-like or 
XY-like regime depending on the sign of ~. Since H 
is diagonal, one can obtain analytic expressions for 
the partition function for all ~. For T > T c, the 
results for the two regimes are formally similar. But 
for T < To, they are rather different [1]. 

We define (see ref. [5]) the susceptibility and 
fluctuation, respectively, as X ~ =  {S~, S~} and 
Y ~  = ( S  2 )  - (S~)  2, where S~ = ~s~. Here s~ is 
the a th  component  of the spin-½ operator at i -- 
1, 2 . . . .  N. For this model, X -- Y if a = z; but 
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X =~ Y if a = x or y. The transverse susceptibility 
(a = x or y)  may be obtained if we know S~(ifl) 
the "temperature evolution". But from S~(t) given 
by ref. [1], we get for T > T c with ~0 = h / N  

X aa B uw 2 
-- Y0 

+ ½(sinh(2uoaS,)S,)  ]. (2) 

Owing to the space limitation, we restrict our solu- 
tion to the pure XY-regime on the high tempera- 
ture side only. The above eq. (2) can be evaluated 
as follows: First expand the argument in terms of 

equilibrium correlation functions. Then replace 
these correlation functions with exactly known ex- 
pressions given by ref. [1]. We summarize our re- 
suits. As T---~ o¢, f ix  xx = ( S 2 )  + ~ ( T - I ) ,  where 
( S  2 )  = N / 4 .  As T---~ T¢ + (T¢ = J / 2 k ) ,  f ix  xx = 
( S 2 ) f ( N ,  T), where ( S  if) = ½N(2 - f t . / )-  ' a n d f i s  
a somewhat involved expression which goes to 
unity if one takes the N --+ oo limit first (before the 
T - +  T c + limit). We observe that at high tempera- 
tures, the susceptibility and fluctuation behave sim- 
ilarly. One also obtains a similar behavior near To. 
For N --+ oo, quantum effects arising from noncom- 
mutativity of the spin operators evidently become 
washed out by an infinity of interacting "neigh- 
bors". One obtains generally a similar conclusion 
for the low temperature side. 

The spin Van der Waals Hamiltonian may be 
generalized to include higher order spin-spin inter- 
action terms. The simplest generalization may be 
the following: up to an additive constant and to 
order (9 (N - 1), 

- = N - ' ( A S  2 - B S ) )  

+ N - 3 ( C S  4 - DS2S~ - ES4) ,  (3) 

where A - E  are constants. If in (3) we set A = J ,  

B = X ,  C =  D = E = 0 ,  we recover (1) exactly. 
The above form may be construed as the 
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constant-coupling version of a general 4-spin inter- 
action Hamiltonian. It is also applicable to com- 
pressible lattice spin systems [4]. 

Since (3) is again diagonal as is (l), we can 
obtain analytic expressions for the partition func- 
tion Z and from it other quantities of interest. Here 
we shall present a few of our main conclusions 
only. For T > T c, we obtain, to the leading order 
in N, the same expression for Z as that given by 
ref. [1] for (1). This may be expected since, in this 
region, Z is dominated largely by the entropy, to 
which the higher-order terms do not significantly 
contribute. For T < T c, we obtain the following 
equation of state for the reduced magnetization m: 

i tanh(2Aflm + 2Cflm3). (4) m = 5  

For real solutions, we must require 3C < 4A3fl 2 
That  is, the relative magnitude between A and C 
determines whether the system has a second-order 
transition. Also, at certain values of A, C and T the 
transition ceases to be second order and changes 
over into first order. 

The time evolution of the spin operators may be 
evaluated from: Sx = ipS x + qSy, and a related 
expression for ,~y., where p and q are some function- 
als of S z, and S z = 0. These equations of motion 
lead to 

e-ip'Sx( t) = (cos qt)S~ + (sin qt)Sy. (5) 

The time evolution of S x appears to be simply 
oscillatory. In fact, however, it is rather complex 

owing to the presence of S z contained in the func- 
tional q, which is a constant in time but still an 
operator. Thus, one must at all time strictly main- 
tain the order of these noncommuting operators. 
Using (5) and following the method of ref. [1], we 
can directly determine the time correlation func- 
tion (Sx(t)Sx(O)) for the Ising-like and XY-like 
regimes. These results are rather too complicated to 
be presented here and will be reported elsewhere. 

The exactly soluble Van der Waals model is 
amenable to the renormalization group analysis. By 
summing out a single spin in the partition function, 
with or without a rescaling of the remaining spins, 
it is possible to obtain differential renormalization 
equations for the Hamiltonian and the free energy. 
The full solution of these differential equations 
may be obtained in closed form, giving all the 
static critical properties exactly. Dynamical  real 
space renormalization calculations have been ap- 
plied recently with super imposed  dynamics  
governed by a master equation. The Van der Waals 
model serves to test various assumptions used in 
these calculations. The details of this work will 
appear elsewhere. 

References 

[I] R. Dekeyser and M. H. Lee, Phys. Rev. B19 (1979) 265. 
[2] H. Falk and L. Bruch, Phys. Rev. 180 (1969) 442. 
[3] M. H. Lee and R. Dekeyser, Physica 86-88B (1977) 1273. 
[4] S. Banerjee and M. H. Lee, J. AppL Phys. 50 (1979) 1776. 
[5] M. H. Lee, Phys. Rev. B8 (1973) 3290. 


