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1 Introduction

Lenth pleads against the use of normal or half-normal plots of effects from two-level experiments to judge
which effects may be active. Instead, he recommends utilizing Pareto charts of the effects supplemented
with cutoff lines based on a robust estimator of the standard error.

Our discussion of Lenth’s paper consists of two parts. In the first part, we consider judging effects
from full factorial or regular fractional factorial designs by normal or half-normal probability plots or robust
estimators of the standard error. We recognize that the plots shown in Lenth’s paper are appealing, but we
do not think that half-normal plotting should be entirely abandoned. In the second part of our discussion,
we consider the case of nonregular designs or optimal designs, where robust standard errors and half-normal
plotting of effects are of limited use and other methods of analysis need to be utilized.

2 Regular designs

2.1 Some history

Half-normal pots were introduced by Daniel (1959), who observed that absolute valued null effects ordered
from small to large tend to be on a straight line through the origin when plotted on what he called ‘half-
normal probability paper’. At that time, blocks of specially prepared sheets of normal probability paper
could be purchased, where the vertical axis was used for the quantiles. By analogy, Daniel’s half-normal plots
had the quantiles on the vertical axis and the effect sizes on the horizontal axis. As an example, Figure 1(a)
shows the Daniel plot of effects based on the data of the regular 25−1 fractional factorial design from Snee
(1985), as reproduced in Lenth’s paper.

Daniel (1959) also observed that half-normal plots offer a way to detect one or two defective values,
inadvertent plot-splitting or an antilognormal distribution of error. In this discussion, we restrict attention
to the detection of a single defective value. For this purpose, we changed the 13th response value of Snee’s
data from 5.22 to 2.22. Figure 1(b) shows the half-normal plot of effects based on the modified data. Because
one response value is three units too small, the effects now are biased by either −3/16 or 3/16, depending
on the sign of the contrast corresponding to the defective value. Therefore, in absolute value, the null effects
now no longer lie on a straight line through the origin, but on a straight line through the point (3/16, 0).
This illustrates that half-normal plots offer the potential to draw our attention to possible outliers in the
data. In any case, Daniel (1959) showed that there may be more than one reason to study half-normal plots.
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(a) Data from Snee (1985)
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(b) Data with 13th response changed from 5.22 to 2.22

Figure 1: half-normal plotting as a way of detecting an outlier.

Lenth’s present article only deals with the best-known one, which is the detection of active effects.

Daniel (1976, Section 7.6) observed that some peculiarities of the data were not reflected in the half-
normal plots. For this reason, he proposed to study signed effects without even using half-normal or normal
plots. He also studies normal plots in the book, but only for signed residuals. In the book, no normal or
half-normal plots of factor effects were made. Indeed, normal plotting only became fashionable due to the
influential book by Box et al. (1978). Thus, the appropriate reference for normal instead of half-normal
plotting of effects may well be Box et al. (1978), rather than the work of Daniel.

2.2 Some technical issues

Loh (1992) showed that the appearance of the points in normal plots can be entirely changed if the arbitrary
− and + labels of the factor levels are swapped. For the example from Snee (1985), which involves five
factors, 25 different normal effect plots can be created by swapping the labels of the levels of one or more
factors. Some of the possible plots are much easier to judge by the eye than others. This problem is absent
in half-normal plots. Wu and Hamada (2009) use the same kind of reasoning to prefer half-normal plots.
Mee (2009) points out that one reason to prefer these plots might be the fact that the statistical significance
of an effect is generally based on the size of its absolute value. Thus, we prefer half-normal plots over normal
plots to judge effects from unreplicated experiments.

Of course, when using half-normal plots, there is the problem of subjectivity in drawing the line that
marks the inactive effects. Lenth (1989) has written an immensely popular and useful paper on making a
more objective evaluation of effects from unreplicated two-level experiments. The effects are evaluated using
a pseudo-standard error based on the set of absolute values of the effects. It is calculated in three stages.
First, the median of the full set of absolute-valued effects is multiplied with a consistency constant, so that
an initial standard error estimate becomes available. Effects that are large with respect to this estimate are
considered too big to provide information about the error variance. Therefore, in the second stage, these
effects are removed from the set. Finally, the median of the remaining effects’ absolute values is multiplied
by another consistency constant to result in the pseudo-standard error which we denote by PSE50. The
subscript 50 refers to the 50th percentile, which is the same as the median.

In a follow-up article, Haaland and O’Connell (1995) provide an overview of various alternatives to
Lenth’s approach. One alternative to the PSE50 is the ASE (Dong, 1993), where the third stage for the
pseudo-standard error calculation is based on the root mean square of the remaining effects. Another al-
ternative is to use the PSE45, meaning that the first stage is based on the 45th percentile of the absolute
values of the effects. Haaland and O’Connell (1995) ended up recommending the ASE, PSE50 and PSE45
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for practical use, where the choice depends on a priori expectations concerning the number of active effects.
Schoen and Kaul (2000) provided extensive tables for consistency constants and critical values based on
these pseudo-standard error approaches. In recent years, many other authors have published alternative
approaches to analyze data from regular fractional factorial designs. We would welcome a review article
discussing the pros and cons of the existing methods, possibly including a simulation study comparing the
most attractive approaches.

The evaluation of effects both with a half-normal plot and with a robust standard error require that effect
sparsity holds. For a half-normal plot, effect sparsity is required to identify a set of null effects pointing
to the origin of the plot. For an evaluation with a robust error estimate, the effect sparsity is even more
important, because the initial stage of constructing this estimate involves the median or the 45th percentile
of the absolute values of the effects. If these effects are active, the initial error estimate is inflated. This
inflation, in turn, might lead to an inflated final estimate. If the significance of effects is evaluated using an
inflated estimate, the effects may erroneously be classified as inactive.

The Pareto plots that Lenth advocates instead of the probability plots do not provide checks on effect
sparsity. Much as we like these Pareto plots, we think that the half-normal plots should be provided as
well, both to check the sparsity assumption and to identify possible outliers in the data and inadvertent
split-plotting. We believe that half-normal plots may still work well when less than 50% of the effects are
inactive, provided there is a sufficient number of effects in total in the plots. The Pareto plot approach
involving PSEs, however, should be adapted to continue to work if the effect sparsity condition is violated.
In that case, the PSE should be based on a smaller quantile than the one used by default.

Additional conditions that need to be fulfilled for a valid evaluation with a half-normal plot as well as
with a robust standard error estimate are that the estimates of the factor effects should be independent and
normally distributed and that they should possess the same standard errors. Many scenarios exist in which
at least one of these conditions does not hold. One such scenario is when a split-plot design, a strip-plot
design or another design with restricted randomization is used, either inadvertently or intentionally.

2.3 Restricted randomization

Many industrial experiments are not completely randomized. This may be due to the presence of hard-to-
change factors or due to the fact that the experiments span multiple steps of a process; see Goos and Jones
(2011, Section 10.3.4) for a discussion of the different disguises of a split-plot design. Depending on the exact
two-level design utilized, half-normal plotting or evaluation with a robust standard error may or may not
work well.

For a regular split-plot design, half-normal plotting or evaluation with a PSE may work if all effects are
either estimated in the whole-plot stratum or in the subplot stratum. In that case, there are two sets of
effect estimates: one with a larger standard error and one with a smaller standard error. For each set of
effects, a different half-normal plot (Bisgaard, 2000) or a different PSE is required. The main problem is
that, oftentimes, one of these sets contains only a limited number of effects. For that set of effects, a PSE-
based test will not be powerful and half-normal plots will not permit separation of active and inactive effects.
Schoen (1999) states that at least seven effect estimates should appear in a half-normal plot for it to be useful.

For a regular strip-plot design, half-normal plotting or evaluation with a PSE may work if all effects are
either estimated in the row stratum, the column stratum or the run stratum. In that case, there are three
sets of effect estimates, one for each of these strata. Again, for each set of effects, a different half-normal plot
or PSE is required. Here too, the main problem is that, generally, at least one of these sets contains only a
limited number of effects, which renders half-normal plotting or PSE-based evaluation of the corresponding
effects problematic.

By revisiting a regular strip-plot example of Vivacqua and Bisgaard (2004), Arnouts et al. (2010) demon-
strate that a generalized least squares analysis may result in the detection of a larger number of active effects
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than an analysis relying on normal plots. This example is one where there are very few effects in the column
stratum.

In case the split-plot, strip-plot or related design is based on a nonregular fractional factorial design or
an optimal design, half-normal plots or PSE-based evaluations become virtually useless. To a large extent,
this is also true for completely randomized nonregular fractional factorial designs.

3 Nonregular and optimal designs

The best-known examples of nonregular fractional factorial designs are Plackett-Burman (PB) designs.
Plackett-Burman designs as well as other nonregular designs are increasingly utilized for experimentation.
There are two main reasons for this. First, nonregular designs offer more flexibility in terms of run size, as
they exist whenever the number of runs is a multiple of four, whereas regular fractional factorial designs
only exist when the number of runs is a power of two. Second, it is now recognized that nonregular designs
allow a more diverse set of regression models to be estimated than regular fractional factorial designs. A
disadvantage is the fact that the analysis of these designs is more complicated (i.e., a careful linear regression
analysis is required), so that, in our consulting experience, certain experimenters feel more comfortable using
regular fractional factorial designs. Also, the estimable effects in a regular design have the minimum possible
standard error. We therefore think that both regular and nonregular designs have merit, but we would like
to point out that the advantages of using nonregular designs, in our view, outweigh the disadvantage of a
more complicated analysis. We would rather be able to estimate more interaction effects (with a nonregular
design) than fewer interaction effects (with a regular design). The complete aliasing of interactions in regular
fractional factorial designs will often necessitate follow-up experiments to disentangle aliased effects, while
this will often not be the case for nonregular designs.

3.1 Complete randomization

When using nonregular fractional factorial designs, the estimates of the main effects and the estimable
two-factor interactions often do not have the same standard errors, even when the design is completely ran-
domized. Also, the estimates are generally not all independent. This is due to the fact that the two-factor
interaction effects are often partially aliased with the main effects and/or with other two-factor interaction
effects. Consequently, the significance of the main effect estimates and the two-factor interaction effect es-
timates cannot be evaluated in a half-normal probability plot. For the same reason, the PSE approach of
Lenth cannot be used.

One special case where half-normal plots and PSE-based evaluation may remain useful is in the analysis
of data from resolution-IV nonregular designs where the main effects are independent of the two-factor in-
teractions. The main effects can then be evaluated with half-normal plots or using PSEs, while interactions
can be explored using regression techniques (Miller and Sitter, 2001).

Increasingly so, optimal experimental designs are considered as alternatives to traditional regular frac-
tional factorial designs, due to the presence of constraints on the factor levels (i.e., due to the fact that
certain combinations of factor levels are disallowed) or due to budget constraints. Both types of constraints
often cause the experimental design to be non-orthogonal, as a result of which the estimates of the main
effects and the two-factor interactions are dependent and do not have the same standard errors. In those
cases, a half-normal plot and Lenth’s approach are again not appropriate.

3.2 Restricted randomization

The combination of nonregular or optimal experimental designs, on the one hand, and restricted randomiza-
tion, on the other hand, does not have a positive impact on the usefulness of half-normal plots and Lenth’s
PSE. Frequently, factor effects are estimated using information from more than one stratum in a split-plot
design, a strip-plot design or a related design. This causes the factor effects to have different variances
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and results in a violation of an important condition for half-normal plots and pseudo-standard errors to be
applicable.

4 Conclusion

Half-normal plots have proven to be very useful in an era where no fast computers were available to set up
experiments and to analyze the resulting data. The lack of computing power has for a long time stimulated
researchers to pay attention to ease of computation when proposing design of experiments methodology and
methods of analysis. Unavoidably, this has led experimenters to simplify their problem so that it matched the
available experimental designs and the available methods of analysis. This approach led to many successful
applications of full factorial and regular fractional factorial two-level designs. The approach was successful
in the sense that it led to good solutions for a simplified problem.

In the past two decades, things have changed dramatically because it has become possible to analyze
more complicated data sets properly by means of powerful statistical software and computers. It has also
become possible to create tailor-made experimental designs for virtually any practical problem. In other
words, there is no need any more to simplify the problem at hand to fit a given design and analysis method.
We view half-normal probability plot and PSE-based significance testing as useful for a specific type of
experimental designs, i.e., full factorial and fractional factorial regular designs. In many practical scenarios,
however, these designs cannot be used or can be improved upon.

In this contribution, we mentioned that the data analysis for nonregular designs is more complicated
than that for regular designs. In doing so, we do not intend to do say that one needs a degree in statistics to
analyze the data from nonregular designs. All that is required to get most of the salient insights out of a data
set is a sound knowledge of linear regression analysis, including concepts such as stepwise regression, some
goodness-of-fit diagnostics and multicollinearity. Nowadays, plenty of user-friendly software is available to
perform linear regression analyses for any experimental design available.

Of course, it will always remain difficult to identify the best model from small experiments with numerous
potential effects, independent of the design used. Therefore, we welcome more research on the analysis of
data from nonregular two-level designs, in the spirit of Wolters and Bingham (2011) and Mee (2013), and to
the implementations of these methods in user-friendly software. This will enable experimenters to combine
the best designs available with the best methods of analysis available, so that their original problems rather
than simplified ones can be solved in an optimal way.

References

Arnouts, H., Goos, P., and Jones, B. (2010). Design and analysis of industrial strip-plot experiments. Quality
and Reliability Engineering International, 26:127–136.

Bisgaard, S. (2000). The design and analysis of 2k−p × 2q−r split plot experiments. Journal of Quality
Technology, 32:39–56.

Box, G. E. P., Hunter, W. G., and Hunter, J. S. (1978). Statistics for experimenters. New York: Wiley.

Daniel, C. (1959). Use of half-normal plots in interpreting factorial two-level experiments. Technometrics,
1:311–341.

Daniel, C. (1976). Applications of statistics to industrial experimentation. New York: Wiley.

Dong, F. (1993). On the identification of active contrasts in unreplicated fractional factorials. Statistica
Sinica, 3:209–217.

Goos, P. and Jones, B. (2011). Optimal Design of Experiments: A Case Study Approach. New York:Wiley.

5



Haaland, P. D. and O’Connell, M. A. (1995). Inference for contrast-saturated fractional factorials. Techno-
metrics, 37:82–93.

Lenth, R. V. (1989). Quick and esy analysis of unreplicated factorials. Technometrics, 31:469–473.

Loh, W. Y. (1992). Identification of contrasts in unreplicated factporial experiments. Computational Statis-
tics and Data Analysis, 14:135–148.

Mee, R. W. (2009). A comprehensive guide to factorial two-level experimentation. Springer-Verlag, New
York, NY, USA.

Mee, R. W. (2013). Tips for analyzing nonregular fractional factorial experiments,. Journal of Quality
Technology, 45:330–349.

Miller, A. and Sitter, R. R. (2001). Using the folded-over 12-run Plackett-Burman design to consider
interactions. Technometrics, 43:44–55.

Schoen, E. D. (1999). Designing fractional two-level experiments with nested error structures. Journal of
Applied Statistics, 26:495–508.

Schoen, E. D. and Kaul, E. A. A. (2000). Three robust scale estimators to judge unreplicated experiments.
Journal of Quality Technology, 32:276–283.

Snee, R. D. (1985). Experimenting with a large number of variables. In: R.D. Snee, L.B. Hare, and J.B. Trout
(eds),. Experiments in industry: design, analysis and interpretation of results. Quality Press, Milwaukee.

Vivacqua, C. and Bisgaard, S. (2004). Strip-block experiments for process improvement and robustness.
Quality Engineering, 16:495–500.

Wolters, M. A. and Bingham, D. R. (2011). Simulated annealing model search for subset selection in screening
experiments. Technometrics, 53:225–237.

Wu, C. F. J. and Hamada, M. S. (2009). Experiments: Planning, Analysis, and Parameter Design Opti-
mization. 2nd edition, Wiley, New York, NY, USA.

6


