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RELAXATION FT]NCTION OF 3D XY MODELï
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The Method of Mori has been extended in an eftort to study the relaxation function. The difficulty posed by continued
fractions has been in some special cases oveÍcome to obtain exact solutions for the relaxation function. The physical

significance of our solution is discussed with aid of the XY model.

Dynamical quantities of interacting many-
body systems, such as scattering cross sections,
conductivity, and others, can all be deduced
from the relaxation function E(t), which des-
cribes how a given system relaxes in time t after
a perturbation has been in some suitable way
removed at Í : 0. At present there is in spin
dynamics, for example, considerable interest in
calculating this quantity starting from model
Hamiltonians. Of the various existing ap-
proaches, the one by Mori tll developed from
the ideas of Brownian motion appears to be
based on the soundest ground. But there aÍe in
this approach certain inherent difficulties which
have hitherto prevented it from being fully ex-
ploited. The approximations often employed to
circumvent these difficulties are of questionable
nature. Here we shall describe some of our
preliminary advances made in developing the
approach of Mori in connection \ryith our study
of the dynamics of the XY model.

Mori has shown that by writing

--z. I f

E(t): *J,Ot e"E(z), (1)

E(z) is expressible as a continued fraction in
terms of certain time independent correlation
functions An

define the nth time derivative of cs as: cn:
[H, cn-rf for n ]- 1. The correlation functions are
then scalar products of cn'S Í1,21.

For nontrivial Hamiltonians, it is not a simple
matter to obtain cn even for n relatively small.
Thus, one does not expect to have explicit
forms of An except for possibly the first few of
them. It is, nevertheless, evident that all cor-
relation functions An exist as n èm. This implies
that the continued fraction (2) does not in
general terminate, i.e., it is an infinite series; and
one unavoidably encounters the mathematics of
continued fractions. A standard procedure, first
considered by Mori on physical grounds, is to
replace E(z) by
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-= tzl: -z+ z
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p, 1 . I Al L2 A3
,1 t7l:-
-\L t z* z + z + z +

where 26 is a parameter. The above is a 3-pole
approximation to a function with an infinite
number of poles. Although this approximation
has on occasion given some interesting results,
it is all the same an unsound approximation as is
discussed later. Here we show that the con-
tinued fraction can be made tractable without
truncation if certain assumptions may be made
on the behavior of An as n +m. In some suitable
limits these assumptions appear to be realizable
in the XY model and we find some interesting
physics concerning the excitations, dynamical
modes, and others.

The continued fraction for E(z) may be ex-
pressed as t3l

EQ) - lim det N,-'(z)/det Dn(z), (4)

These correlation functions are given by time
derivatives as shown below: If H is the Hamil-
tonian of the system and cs the order parameter
of the system, €.g., co(K): ), et^'*'S,, one can
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(2)

where D"(z) is an n-dimensional tridiagonal
matrix whose elements dii are: dii : z and dii :
- oi6,i=,, wher e on: iAt!'; and Nn- ,Q) is the same
matrix but without the first row and first
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column. With (1) we observe that E(t) rnay be

determined if the zeros of det D"(z) as n + @ are

first determined. We can rewrite D"(z) as

(suppressing n)

D(z) - zI - g, (5)

where I is the unit matrix and g - -D(z - 0).

The requirement, det D(z): 0, implies that
there exist a set of orthogonal eigenvectors
X, rè@, satisfying the eigenvalue equations

TXr: z$r. (6)

The eigenvectors represent the dynamical
modes of the system. The zeros of det D(z) are,

thus, the eigenvalues of g and to obtain the

eigenvalues zr we need to diagonalize the

infinite dimensional matrix g.
The infinite dimensional matrix g is di-

agonalizable under suitable conditions on An

and, hence , E(t) may be in these cases ex-

plicitly determinable. Utilizing the properties of
tridiagonal matrices we obtain the following 3-

term relation: For n > 3

det Dn : z det Dn-r* Ar-r det Dn-z- Q)

The above is in the form of the general recur-
rence relation of orthogonal polynomials [4].
Thus, depending on An, we can obtain the

eigenvalues zr and the eigenvectors X, directly
from orthogonal polynomials with the n è @

limit appropriately taken afterwards.
In this way it is possible to determine E(t) for

all {A"} which belong to some set of orthogonal
polynomials (e.g. Hermite, Gegenbauer). Now,
the physical information is contained entirely in
An. Depending on these values of An, we can

obtain a whole new class of functions for E(t),
whose time-dependent behavior can be different
from the usually assumed exponential form.

We shall discuss here two simplest examples
which are realizable in the XY model. (i) At
high temperatures, if the coordination number

of the system is large, we find [2] that An : A for
all n, where A is a constant. Then (7) becomes

the recurrence relation for Tschebyshev poly-
nomials of the second kind. Hence, the eigen-
values are the zeros of the polynomials, i.e. z -
2ia cos 0, where 0 < 0 < n and 02 : A. The
eigenvalues form a cut on the imaginaÍy axis of
the compl ex-z plane from z - +Zia to z - -Ziq.
The eigenvectors, which can be constructed
from the Tschebyshev polynomials, are of plane
wave form. The corf,esponding relaxation func-
tion obtained by integrating along the cut is

E0:2lt(2at)l2at, (8)

where J I is the Bessel function of order 1. The
short and long time behaviors of E(t) are given
by the asymptotic properties of the Bessel

function:

E(t - 0) - cos cÍ

and

E(t+*) - (8notf)-tt2cos (2at -3n14).

(e)

(10)

The short-time behavior agrees with a result
earlier obtained via a mean field approximation
valid for high frequencies t5l; and the long-time
behavior is to our knowledge new. (ii) Also at
high temperatures, if the system is one-dimen-
sional, we find t2l that Ar : 2L, An : A for n 7 2.

Then (7) becomes the recurrence relation for
Tschebyshev polynomials of the first kind and

the corresponding relaxation function is E(t) -
Io(2ot). The short and long time behaviors fol-
low, again, frorn the asymptotic properties of
the Bessel functioÍI. A fuller account of our
result will appear in a future publication.
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