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We investigate the shape phase transition in even-even 64Gd and 66Dy isotopes within the proton-neutron
interacting boson model (IBM-2). The parameters of the IBM-2 Hamiltonian are fixed in two different ways:
the usual phenomenological fitting calculation and the mapping of the constrained self-consistent mean-field
calculation with a Skyrme energy density functional onto the appropriate boson system. Notable differences are
found between the energy surfaces for the phenomenological and the mapped IBM-2. Key quantities for the
collective structural evolution, including level energies, B(E2) values, quadrupole moments, and the two-neutron
separation energies, are analyzed in comparison to the experimental data. We show that the transition in these
quantities occurs rapidly with the neutron number in the IBM-2 phenomenology but is somewhat smeared out
in the mapped IBM-2. The differences in the measurable quantities are consistent with what is suggested by the
energy-surface analysis.
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I. INTRODUCTION

Quantum phase transitions (QPTs) are one of the central
issues in finite quantal systems, including atomic nuclei [1,2]
and other mesoscopic systems such as atoms and polyatomic
molecules [3,4], as well as in high-energy and condensed-
matter physics. Particularly, equilibrium nuclear shape, e.g., of
quadrupole type [5], undergoes a distinct structural evolution
between spherical vibrational and deformed rotational states
with the number of protons (Z) and/or neutrons (N ). Here the
nuclear QPT in this context means the one that occurs at a
specific number of N and/or Z, which is discrete and as such
should differ from the usual phase transition of thermodynamic
type. As the QPT in nuclei is rather unique, it has drawn
much attention from various perspectives (for a review, see
Refs. [6,7], for instance).

Thanks to recent developments in experimental techniques,
empirical study has revealed evidence of QPTs by looking
at the various quantities: the varying 2+

1 excitation energy, the
rapid change in the ratio R4/2 = Ex(4+

1 )/Ex(2+
1 ), the evolution

of the (spectroscopic) quadrupole moment for the 2+
1 excited

state, Q2+
1
, and behavior of nucleon separation energies.

From the theoretical side, it has nowadays become possible
to study nuclear QPT by means of fully microscopical
models that start from (single) nucleonic motion and the
driving nucleon-nucleon interactions in fermionic approaches,
including self-consistent mean-field [8,9] and the large-scale
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shell-model [10] approaches. The former approach, for in-
stance, gives a universal description of the nuclear intrinsic
shape, while for the description of excited states one should
go beyond the mean-field approximation to perform config-
uration mixing and/or restoration of broken symmetries. The
calculation becomes, in general, much involved, particularly
when triaxial degrees of freedom should be taken into account
for medium-heavy and heavy nuclei. Along this line, nuclear
QPT has been analyzed extensively using both nonrelativistic
(e.g., Ref. [11]) and relativistic (e.g., Ref. [12]) energy density
functionals.

Alternatively, phenomenological studies within the ge-
ometrical [13–15] and the algebraic [16] models provide
measurable quantities in a computationally more moderate
way. Particularly, the interacting boson model (IBM) [16] has
been a well reputed example of algebraic models, and has
in fact been quite successful in reproducing the low-lying
structure of medium-heavy and heavy nuclei. Meanwhile,
the microscopic derivation of the IBM Hamiltonian has been
studied in terms of the shell model [17]. More recently three
of the authors have proposed a way to determine the proton-
neutron IBM (IBM-2) Hamiltonian through the mapping of the
constrained energy surface, obtained from the standard self-
consistent mean-field study using an energy density functional
(EDF), onto the appropriate IBM-2 energy surface [18]. The
vibrational-to-rotational transition in rare-earth nuclei has also
been analyzed already in Refs. [19,20].

The first-order QPT, that is, the transition from spherical
vibrational to axially deformed shapes, in the rare-earth region
has been successfully analyzed within the IBM phenomenol-
ogy (e.g., Ref. [21]). Given the considerable success of these
phenomenological studies, one expects that the microscopi-
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cally formulated IBM could also have the potential ability to
reproduce the QPT. In this respect, it should be quite interesting
to compare the capability to reproduce the first-order QPT
between the phenomenological and the microscopic IBM-2
frameworks in a quantitative way.

In this article, we perform both the phenomenological and
the microscopic IBM-2 calculations in a series of even-even
rare-earth gadolinium and dysprosium isotopes, and compare
in detail the two descriptions. Note that by phenomenological
calculation we refer to the usual fitting procedure based on the
experimental data, and that by microscopical calculation we
refer the above-mentioned mean-field-based procedure. We
first discuss the energy surfaces for quadrupole deformation,
the derived IBM-2 parameters from both approaches, and com-
pare the level energies, B(E2) values, quadrupole moments,
and two-neutron separation energies in the isotopes 148-160Gd
and 150-162Dy between the two approaches. The calculations
are found to be in qualitative agreement, while quantitative
differences occur especially in the transitional region.

The paper is organized as follows: A brief review of the
theoretical procedures is given in Sec. II, followed by the
spectroscopic observables resulting from the procedures, and
the discussion about the results are presented in Sec. III.
Conclusion and outlook for possible future studies are given
in Sec. IV.

II. THEORETICAL PROCEDURES

A. Choice of Hamiltonian

The IBM in its original version comprises the monopole
(L = 0+) s and the quadrupole (L = 2+) d bosons, which
represent the collective pairs of valence nucleons. In the
present work, we employ the proton-neutron interacting boson
model (IBM-2) to describe the quadrupole collective dynamics
and quantum phase transitions between these dynamics. The
IBM-2 includes the proton (neutron) sπ (sν) bosons and the dπ

(dν) bosons. Since the number of valence protons (neutrons) is
fixed for a nucleus, the number of proton (neutron) bosons,
denoted as Nπ (Nν), equals half the number of valence
protons (neutrons). Eigenstates of quadrupole collective states
of interest are generated by the diagonalization of the boson
Hamiltonian composed of the basic interactions.

In the present work, the 132Sn doubly-magic nucleus is taken
as a boson vacuum for the considered 148-160Gd and 150-162Dy
nuclei. Thus, the neutron boson number Nν varies from 1
to 7 for both Gd and Dy, corresponding to the N = 84–96
nuclei, respectively, while the proton boson number Nπ is
fixed: Nπ = 7 and 8 for Gd and Dy isotopes, respectively.

We first consider the following Hamiltonian, which is often
used in the literature and which is general enough for the
phenomenological studies:

Ĥ = ε(n̂dπ
+ n̂dν

) − κQ̂χπ

π · Q̂χν

ν + αL̂ · L̂

+ λM̂πν + 1

2

∑
ρ

∑
L=0,2

C
ρ

L[d†
ρd

†
ρ](L) · [d̃ρ d̃ρ](L), (1)

where n̂dρ
= d†

ρ · d̃ρ and Q̂
χρ

ρ = s†ρd̃ρ + d†
ρ s̃ρ + χρ[d†

ρd̃ρ](2)

represent the d-boson number operator and quadrupole oper-
ator for the proton (ρ = π ) and neutron (ρ = ν), respectively.

The parameter χρ , which appears in the quadrupole operator,
determines the type of the deformation, i.e., the softness in γ

degrees of freedom, depending on its sign as well as magnitude.
The third term on the right-hand side (RHS) of Eq. (1), αL̂ · L̂

(denoted the LL term, hereafter), stands for the rotational
kinetic-like term, and L̂ (= L̂π + L̂ν) is the boson total angular
momentum operator with L̂ρ = √

10[d†
ρd̃ρ](1). The fourth term

on the RHS of Eq. (1) represents the so-called Majorana term,
with its strength λ, given as

M̂πν = −2
∑
k=1,3

[d†
πd†

ν ](k) · [d̃π d̃ν](k)

+ [d†
πs†ν − s†πd†

ν ](2) · [d̃π s̃ν − s̃π d̃ν](2). (2)

The Majorana term is relevant to the proton-neutron mixed
symmetry, and has been considered, e.g., in the context of the
isovector collective motion of valence shells. Since extensive
assessment of the Majorana interaction, including its physical
origin, remains to be done, we do not try to touch on this
issue here. Also there are several different notations for the
Majorana parameters, and we take the one used by Caprio and
Iachello [22]. The last term on the RHS of Eq. (1) corresponds
to the interaction between like bosons, consisting of respective
L = 0 and 2 components.

The IBM has its geometrical feature through the coherent-
state formalism [23]. The coherent state, denoted by |�〉,
represents the intrinsic state of the boson system and is given
as

|�〉 =
∏

ρ=π,ν

1√
Nρ!

(λ†
ρ)Nρ |0〉 (3)

with |0〉 and λ†
ρ being respectively the boson vacuum (inert

core) and

λ†
ρ = 1√

1 + ∑2
μ=−2 a2

ρμ

⎛
⎝s†ρ +

2∑
μ=−2

aρμd†
ρμ

⎞
⎠ , (4)

where aρμ are amplitudes, which are given as aρ0 = βρ cos γρ ,
aρ±1 = 0, and aρ±2 = 1√

2
βρ sin γρ . βρ and γρ represent the

axially symmetric deformation and the triaxiality for protons
and neutrons, respectively. The boson energy surface E(β, γ )
is calculated as an expectation value of the Hamiltonian (1) in
terms of the coherent state |�〉.

A set of the parameters for the IBM-2 Hamiltonian in
Eq. (1) is determined for individual nuclei through two types
of procedures: the usual fitting procedure starting at the
basic experimental data available, and the recently proposed
procedure [18], which is based on the mapping of the
deformation energy surface [18,19].

In the former approach, all interaction strengths in Eq. (1)
are treated as free parameters, which have been determined
by the straightforward fit to the experimental data for spec-
troscopic properties of low-lying states, e.g., the 2+

1 and
4+

1 excitation energy and the B(E2; 2+
1 → 0+

1 ) value. The
parameters ε, κ , χν , and α change with N , while common
values are used for Gd and Dy isotopic chains. The other
parameters are kept constant.
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For the latter approach of Ref. [18], however, only those
parts of the Hamiltonian (1) up to the third terms are of
relevance. The strength parameters for the fourth and the
fifth terms on the RHS of Eq. (1) are taken to be zero, as
indeed these terms are of little importance in determining the
global pattern of the energy surface. This may sound like
an oversimplification, but still holds the essential properties
of encompassing the dynamics of quantum shape phase
transitions in nuclei and illuminating the basic phase structure
of a finite nucleus.

We start with the constrained self-consistent Hartree-Fock
plus BCS (HF + BCS) calculation using a Skyrme energy
density functional (EDF) [24] and obtain the deformation
energy surface with quadrupole degrees of freedom, which
correspond to the geometrical deformation parameters β and
γ [5]. The Skyrme SkM* functional [25] is used throughout,
while the following results are not affected much by the
particular choice nor the details of the EDFs. Each point on
the constrained Skyrme energy surface is mapped onto the
corresponding point on the boson energy surface, E(β, γ ). In
mapping such an energy surface, we assume that βπ = βν ≡
βB and γπ = γν ≡ γB . Here, the variable βB corresponds to the
geometrical β through the proportionality relation βB = Cββ,
where Cβ is the coefficient irrelevant to the spectroscopic
quantities and is determined for an individual nucleus by
adjusting the boson β value giving the energy minimum to
the fermion one [18]. The Cβ value here is typically within the
range between 3 and 5, and changes gradually as a function of
boson number. γ variables are identical to each other between
fermion and boson systems, γB = γ . By the mapping of the
energy surfaces, the parameters ε, κ , χπ , χν , and the scale
factor Cβ are determined.

The LL term plays an important role in reproducing
the level energies of yrast states for the strongly deformed
axially symmetric nuclei like those considered here [20]. To
incorporate the LL term, one should go beyond the energy-
surface analysis. In Ref. [20], the LL term was determined
so that the rotational property, i.e., the rotational cranking, of
the nucleon system is reproduced by the boson system. We
determined the LL coefficient α by following the procedure of
Ref. [20] and, since the LL term does not change the topology
of the energy surface,1 other parameter values (ε, κ , χπ , and χν)
were kept the same as those determined by the energy-surface
analysis.

B. Energy landscape

Figures 1 and 2 show the self-consistent mean-field (left
column in each figure), the mapped (middle column), and the
phenomenological (right column) IBM-2 energy surfaces for
the discussed 148−160Gd and 150−162Dy nuclei, respectively.
The change in the absolute minimum of the energy surfaces

1The expectation value of the LL term has the same form as that of
the d-boson number operator, except for the coefficient 6α. To keep
the mapped energy surface, the parameter ε is shifted by ε = 6α

when diagonalizing the Hamiltonian [20].

with the neutron number indicates the underlying phase
transition as expected.

We first discuss the self-consistent and the mapped IBM-2
energy surfaces. Generally speaking, the mapping from the
mean-field to the IBM systems appears to be done reasonably
well; namely, the location of the absolute minimum and the
curvatures along the β and γ directions of the latter are
quite similar to those of former. Nevertheless the mapped
IBM-2 energy surfaces are a bit flatter in both β and γ

directions for the higher-energy region (∼3 MeV) than the
original, self-consistent ones. This is perhaps the consequence
of the difference in the size and/or the type of model
space between self-consistent mean-field and IBM systems:
the former considers all nucleon degrees of freedom, while the
latter only valence nucleons.

For both Gd and Dy isotopes, the minimum is located in
the vicinity of the origin β = 0 for N = 84 and 86, being
close to the vibrational limit; it departs for the prolate side as a
function of the neutron number, and reaches around β ≈ 0.35,
being at the rotational or SU(3) limit. While qualitatively
quite similar systematics is observed for both isotopic chains,
the quadrupole correlation is much more pronounced for
Dy isotopes. Namely, the energy valley for the Dy isotopes
looks generally steeper than that for the Gd. For instance, the
deformation energy, that is, the difference in energy between
spherical configuration β = 0 and the minimum point of the
boson energy surface, is 9.133 MeV for the 160Dy nucleus,
while it is 8.882 for 158Gd. Actually, the Dy isotopes have one
more active proton boson that contributes to the deformation
than the Gd isotopes.

In the context of the QPT, the drastic change in the topology
of the energy surface is expected to occur from N = 86 or 88
to 90. Nevertheless, it is rather hard to discern a clear position
of the transition point either by the present self-consistent
constrained energy surface with the Skyrme EDF or by the
mapped IBM-2 energy surface. The change in the topology of
the energy landscape in these cases is too gradual to identify the
evidence for the critical point X(5) [26]. This is partly because
the energy surface is not connected to the spectroscopic
observables that can be compared with the available data.
Moreover, for those nuclei with N ≈ 88, 90, which are located
in between the two limiting cases, a considerable amount of
quantal correlation effect should have been taken into account
in the microscopic calculation.

In that sense it is quite useful to compare such an EDF-based
energy surface with the one for the phenomenologically deter-
mined Hamiltonian, which should reflect the trend expected
from the experimental data. The phenomenological energy
surfaces are shown in the right columns of Figs. 1 and 2.
To make a direct comparison with the microscopic as well
as the mapped energy surfaces, the phenomenological boson
energy surfaces are drawn in terms of the usual geometrical
deformation variables β and γ . The scale factor Cβ is
introduced here for the β variable as well, which is determined
so that the experimental β2 values for N = 94 nuclei [27]
are reproduced. Since there is no available experimental β2

values for lighter (N � 86) nuclei, the fixed values Cβ =2.827
and 2.757 are used for simplicity for Gd and Dy isotopes,
respectively. We note that, as no connection is made between
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FIG. 1. (Color online) Energy surfaces of
the 148–160Gd nuclei, obtained from (left) the
Skyrme HF + BCS calculation, and from the
mapped (middle) and the phenomenological
(right) IBM-2 Hamiltonians.

microscopic self-consistent and phenomenological energy
surfaces, one should not use the same Cβ values as those
in the mapped energy surfaces for the phenomenological ones.
The proton and the neutron β (γ ) variables are assumed to be
identical to each other, similarly to the mapped IBM-2 surface.

It is clear from Figs. 1 and 2 that the phenomenological
energy surfaces differ significantly from the microscopic

(both the self-consistent mean-field and the mapped) energy
surfaces in the following respects: (i) The former is generally
much flatter in the topology along both β and γ directions
than the latter. A notable difference is seen for the N = 88
nuclei: both the self-consistent and the mapped energy surfaces
suggest an already well deformed configuration, while the
phenomenological ones have minima in the vicinity of the
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FIG. 2. (Color online) Same as Fig. 1, but
for the 150–162Dy nuclei.

origin. (ii) No sudden change in the minimum point along the
β direction is seen in the self-consistent or mapped energy
surfaces. In the microscopic energy surface, the minimum
shifts rather moderately from N = 84 to 88. There is, however,
a jump of the minimum point from N = 88 to 90 for
phenomenological energy surfaces, which is more consistent
with the experimental tendency of the level energies. As one

will see, these differences between the phenomenological and
the microscopic energy surfaces are reflected in the resultant
spectroscopy.

C. IBM parameters

Evolution of the relevant parameters of the boson Hamilto-
nian in Eq. (1) are shown in Figs. 3 and 4, obtained through
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FIG. 3. (Color online) The IBM-2 parameters (a) ε (MeV) and
χν , and (b) κ (MeV) for the considered nuclei obtained from the
two approaches: the usual phenomenological fitting method (denoted
IBM-phenomenology) and the energy-surface-based mapping proce-
dure, denoted IBM-SkM*.

the usual phenomenological fitting calculations, denoted
IBM-phenomenology, and the mean-field-based method of
Ref. [18] (denoted IBM-SkM*). For the sake of simplicity, the
Hamiltonian parameters other than ε, κ , χν , and α are fixed in
the former approach: For Gd (Dy) isotopes, χπ = −1.0 (−0.8),
Cπ

0 = −0.20 (−0.05) MeV, and Cπ
2 = −0.10 (−0.15) MeV,

while Cν
0 = Cν

2 = 0 MeV and λ = 0.04 MeV for both isotopic
chains. In the latter approach, C

ρ

L = λ = 0 MeV, as already
mentioned.

In Fig. 3(a), the parameter ε exhibits roughly the same
behavior for both calculations up to the critical-point nucleus
N ≈ 90. For heavier isotopes, the ε value decreases gradually
in the IBM-phenomenology calculation, but more rapidly in
the IBM-SkM* one.

Notable quantitative differences between the two calcula-
tions are observed in some of the derived IBM parameters. For
instance, in Fig. 3(b), the magnitude of the κ parameter in the
IBM-SkM∗ calculation is generally much larger than the one in
the IBM-phenomenology calculation. This is not only because
the IBM-2 Hamiltonian used in the IBM-SkM* approach is
too simple, but also because of the peculiar topology of the
self-consistent mean-field energy surface with the Skyrme
EDF, which is rather different from what is expected from
the phenomenological result. Such a quantitative difference
of the κ parameter between the EDF-based and the phe-
nomenological calculations is a decisive factor that gives rise
to deviation of the level energies of the non-yrast states.

χπ
- - IBM phenomen. Gd
— IBM phenomen. Dy
- - IBM SkM Gd
— IBM SkM Dy

82 84 86 88 90 92 94 96 98

0.2

0.3

0.4

0.5
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- - IBM SkM Gd
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82 84 86 88 90 92 94 96 98
5.0

4.0

3.0

2.0

1.0

0.0

1.0

Neutron number

a

b

FIG. 4. (Color online) The derived IBM-2 parameters (a) χπ and
(b) α (keV) for Gd and Dy isotopes. In the IBM-phenomenology
calculation χπ is fixed: χπ = −1.0 and χπ = −0.8 for Gd and Dy
isotopes, respectively.

Going back to Fig. 3(a), the trend of the χν parameter is
similar for both types of calculations, even though the IBM-
SkM∗ calculation does not show such a rapid drop in the values
as the IBM-phenomenology calculation. This is not surprising,
given the trends of the energy surfaces in Figs. 1 and 2.

The proton χπ parameter is taken as a constant for each
isotopic chain in the phenomenological calculation. In the
IBM-SkM* calculation, the values vary between −0.5 and
−0.711 in the Gd isotopes and between −0.3 and −0.491
in the Dy isotopes but do not change too much, as shown
in Fig. 4(a). The situation is thus reversed as in the case of
parameter κ , and the magnitude of the χπ parameter in the
IBM-phenomenology calculation is generally larger than the
one in the IBM-SkM* calculation.

The magnitude of the sum χπ + χν (with negative sign)
increases with neutron number N , reflecting the onset of the
larger quadrupole deformation with N . This feature is also
consistent with the mapped IBM-2 energy surface, which
becomes more rigid at γ = 0◦ with N .

The derived LL strength is shown in Fig. 4(b). The LL
term is relevant to rotational nuclei with large quadrupole
deformation, and is taken into account for N � 90 and 92 Gd
and Dy nuclei, respectively. Actually, those deformed Gd and
Dy isotopes have R4/2 � 3.2, for which the rotor formula is
quite a good approximation. Concerning the lighter nuclei
whose R4/2 ratios are well below 3.2, the LL parameter α is
taken to be zero as, in that case, it has only a minor impact on
the rotational moment of inertia [20]. Indeed, the calculated
yrast spectra for the nuclei in latter category are already in good
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FIG. 5. (Color online) Evolution of the low-lying ground-state
band energies for (a) 148–160Gd and (b) 150–162Dy isotopes.

agreement with the experimental data, as one will see later in
Figs. 5(a) and 5(b). In general for the IBM-SkM* calculation,
notably larger magnitudes are needed for gadolinium isotopes
than dysprosium isotopes, the largest being for 156Gd. In the
case of the phenomenological calculation, the same value of
α is taken for both isotopic chains, and a larger magnitude of
parameter α is taken as N increases.

III. RESULTS AND DISCUSSION

Having the parameters, including those shown in Figs. 3
and 4, one can calculate the excitation spectra, the reduced
E2 transition probabilities B(E2), quadrupole moments, and
the two-neutron separation energies. The computer program
NPBOS [28] is used to diagonalize the Hamiltonian of Eq. (1).
Results of the calculations are shown in Figs. 5–13.

A. Level energies

Figures 5(a) and 5(b) show the evolution of the ground-state
band energies in the considered gadolinium and dysprosium
nuclei, respectively.

A quick look reveals that both calculated spectra become
more compressed with increasing N , following the exper-
imental trend [27]. Around N = 86, the spectra look like

02
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2322
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22
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IBM phenomen. —02 , - -22 , - -23
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b

FIG. 6. (Color online) Evolution of the excited states 0+
2 , 2+

2 , and
2+

3 for (a) 148–160Gd and (b) 150–162Dy isotopes.

those of spherical vibrators [or U(5) limit]. As the number of
bosons (i.e., the valence neutrons) increases, levels come down
consistently with the experimental trends. Around N = 90
there seems to be evidence for the X(5) critical-point symmetry
in the experimental spectra. Both isotopic chains also show
close-lying set of states in experimental spectra for N =
84, which cannot be reproduced by theoretical calculations
due to the limited degrees of freedom for the IBM model
space consisting of s and d bosons. These states are also
of two-quasiparticle character rather than collective states.
For N = 86 the situation is different and both theoretical
calculations give reasonable agreement with experimental
data. Rotational features are found for both isotopic chains
as N � 90 in both theoretical spectra and experimental
spectrum.

The evolution of the excited states for the non-yrast
bands, namely 0+

2 , 2+
2 , and 2+

3 , is shown in Figs. 6(a) and
6(b). In the phenomenology, one is able to reproduce fairly
well the drop in excited energies observed in experimental
spectra. The lowest-level energies are seen around N = 88–90,
corresponding to the X(5) critical point, beyond which 0+

2 ,
2+

2 , and 2+
3 states go up in both experiment and calculation.

The IBM-2 phenomenology calculation is able to reproduce
the trend of these sideband energies at the quantitative level,
whereas the mapped IBM-2 predicts levels much higher than
the experimental and the phenomenological values, although
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FIG. 7. (Color online) Evolution of the ratio R4/2 =
E(4+

1 )/E(2+
1 ) for (a) 148–160Gd and (b) 150–162Dy isotopes.

the overall pattern is rather well reproduced. A direct reason
for this is the too-large value of the parameter κ in the EDF-
based approach compared to the one in the phenomenological
calculation. Experimental spectra also show a low-lying 2+

2
state for isotone N = 96, which is not well described by either
calculation.

Next we have a closer look at the signatures of the shape
phase transition. To such an end, we discuss the behavior of the
ratio R4/2 = Ex(4+

1 )/Ex(2+
1 ) shown in Fig. 7. For both isotopic

chains, one observes in their experimental data the systematic
trend of the evolution of the ratio R4/2 from R4/2 
 2, corre-
sponding to the spherical vibrational limit, to R4/2 
 3.3, the
axially deformed rotor limit. This behavior reveals the occur-
rence of the shape phase transition in the considered isotopic
chains. We obtain a reasonably good agreement between the
experimental data and the IBM-phenomenological results in
the vibrational and rotational limits as well as in the transitional
nuclei, including the nearly critical-point (R4/2 = 2.91) [26]
nuclei at N = 90, while some deviations are observed in
IBM-SkM∗ calculation in the transitional N = 86–90 nuclei
as well as in the vibrational limit. The IBM-phenomenology
calculation produces a rapid transition at N = 90, similar to the
data, while the EDF-based approach does not indicate a clear
transition point, as we pointed out before. A similar kind of
argument seems to hold in the same rare-earth region in some
other major microscopic frameworks, such as the projected

Exp
— IBM phenomen.
- - IBM SkM

82 84 86 88 90 92 94 96 98
0

0.5

1

1.5

2

Neutron number

R
6

0

Exp
— IBM phenomen.
- - IBM SkM

82 84 86 88 90 92 94 96 98
0

0.5

1

1.5

2

Neutron number

R
6

0

a

b

FIG. 8. (Color online) Evolution of the ratio R6/0 =
E(6+

1 )/E(0+
2 ) in (a) 148–160Gd and (b) 150–162Dy isotopes.

configuration-mixing calculation [11]. One also notices that
the experimental R4/2 ratio for nuclei with neutron number
N = 84 is smaller than 2, suggesting either that these nuclei
may be no longer collective or that the situation is out of the
model space of sd IBM.

An additional stringent test for the first-order QPT is the
ratio R6/0 = Ex(6+

1 )/Ex(0+
2 ), which is characterized by its

anomalous kink at around the transitional nuclei [29]. Figures
8(a) and 8(b) display the ratio for the considered 148–160Gd and
150–162Dy isotopes, respectively. For the N = 84 and 86 nuclei,
which are close to the harmonic vibrator limit, R6/0 = 1.5,
according to Fig. 8. As N increases, the ratio R6/0 goes down
and in the rotor limit it is well below unity. At the critical
point this ratio is close to unity (R6/0 = 0.96). Both isotopic
chains show a small increase in this ratio when moving from
N = 86 to N = 88 and then a rapid drop to N = 90. The kink
at N = 88 in the experimental data is explained by the rapid
decrease of the 0+

2 excitation energy. This behavior is well
reproduced by the IBM-phenomenology calculation, whereas
the IBM-SkM∗ predicts a much smoother evolution. Such a
discrepancy between the two calculations occurs because of
the behavior of the 0+

2 excitation energy as shown in Figs. 6(a)
and 6(b). In the IBM-SkM* calculation the 0+

2 excitation
energy exhibits also the kink around N = 88 or 90, similar
to the IBM phenomenology, but it is more gradual and is
predicted to be too large.
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B. B(E2) values

Once the wave functions of the excited states are generated
by the diagonalization of the Hamiltonian in Eq. (1), one can
calculate the electromagnetic transition probabilities between
the states of interest. The reduced E2 transition probability
[B(E2) value] for the transition from the state with spin L+

i to
the state with spin L+

f is of primary importance, and is defined
as

B(E2; Li → Lf ) = 1

2Li + 1
|〈Lf ||T̂ (E2)||Li〉|2, (5)

where 〈Lf ||T̂ (E2)||Li〉 stands for the reduced matrix element
of the E2 operator T̂ (E2). Here the E2 operator T̂ (E2) is given
as T̂ (E2) = eπQ̂χπ

π + eνQ̂
χν
ν , where eρ stands for the effective

charges for proton and neutron bosons. We here take the fixed
values of eπ = 0.177 and eν = 0.059 (in eb units) for both the
phenomenological and the energy-surface-based approaches.
We here note that, for the latter approach, the effective charges
should be derived from the fermion calculation. This is, in
practice, quite difficult because the treatment of the effect
beyond the mean field; i.e., the core polarization, should be
taken into account. This is one of our ongoing projects, but
here we end up with the same set of effective charges as the
one determined in a phenomenological way.
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FIG. 9. (Color online) Experimental [30–36] and theoretical
B(E2) values (in e2b2 units), B(E2; 2+

1 → 0+
g.s), B(E2; 4+

1 →
2+

1 ), B(E2; 6+
1 → 4+

1 ), and B(E2; 8+
1 → 6+

1 ), for (a) 148–160Gd and
(b) 150–162Dy isotopes.

Figure 9 shows the B(E2) values for the E2 transitions
between the states of the ground-state band, B(E2; L → L −
2) with L � 2. These B(E2) values increase as the collectivity
becomes enhanced with N . This is most highlighted by the
B(E2; 2+

1 → 0+
1 ) value for both considered isotopes in Fig. 9,

where the sudden change is observed from N = 88 to 90.
Again, theoretical calculations follow the experimental data
quite nicely. The B(E2) values increase as N increases,
pointing to phase transition, as already seen from the excitation
energies.

It was suggested in Refs. [37,38] that the E2 transition
2+

3 → 0+
2 can be a very sensitive signature of the shape phase

transition. In Ref. [37] the ratio B(E2; 2+
3 → 0+

2 )/B(E2; 2+
1 →

0+
gs) was taken as an additional observable that is very sensitive

to the control parameter ζ , which is translated into the
ε/κ ratio [see Eq. (1)]. We here look at the B(E2; 2+

3 →
0+

2 )/B(E2; 2+
1 → 0+

gs) ratios as a function of the Ex(2+
1 ) shown

in Fig. 10. The ε/κ ratio decreases with the neutron number N .
Likewise, the 2+

1 excitation energy decreases naturally with N

and is hence taken as the quantity we look at here, rather than
the ε/κ ratio, because both the B(E2; 2+

3 → 0+
2 )/B(E2; 2+

1 →
0+

gs) ratio and the energy E(2+
1 ) are measurable quantities.

As one sees in Figs. 10(a) and 10(b), the ratio B(E2; 2+
3 →
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FIG. 10. (Color online) The B(E2; 2+
3 → 0+

2 )/B(E2; 2+
1 → 0+

gs)
ratios as a function of the Ex(2+

1 ) for (a) 148–160Gd and (b) 150–162Dy
isotopes. The only experimentally known value is B(E2; 2+

3 →
0+

2 )/B(E2; 2+
1 → 0+

gs) = 0.0797 [31], for the 154Gd nucleus. Note
that the vertical axis is in logarithmic scale.
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0+
2 )/B(E2; 2+

1 → 0+
gs) vanishes rapidly when approaching the

critical-point nucleus.
As one can see in Fig. 10(a), for gadolinium isotopes there

is a rapid drop to zero at N = 88, which also suggests that
there could be coexisting deformed and spherical structures.
Actually, this E2 transition is experimentally hard to measure,
and the only known value is B(E2; 2+

3 → 0+
2 )/B(E2; 2+

1 →
0+

gs) = 0.0797 for the 154Gd nucleus. In the case of dysprosium
isotopes, there are no available experimental data, and theory
does not predict changes as striking as in Gd isotopes.

C. Quadrupole moments

We then study the quadrupole moments. The quadrupole
moment QL for the state with spin L is defined as

QL =
√

16π

5

(
L 2 L

−L 0 L

)
〈L||T̂ (E2)||L〉, (6)

where the parentheses () stand for the 3-j symbol (or
Clebsch-Gordan coefficient). A good measure of the collective
structure would be the quadrupole moment for the 2+

1 excited
state, denoted Q2+

1
. Figure 11 shows the calculated and the

experimental Q2+
1

values.
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FIG. 11. (Color online) Experimental [30–33] and theoretical
quadrupole moments Q2+

1
(in eb units) for (a) 148–160Gd and for

(b) 150–162Dy isotopes.

Development of the nuclear deformation can be seen from
the neutron closed shell at N = 82 toward the open-shell
nuclei, and also with this quantity a rapid change is seen around
N = 90. Experimental data is only available for the N � 90
nuclei, where both theoretical predictions are similar to each
other and give good agreement with the data. This observation
is in conflict when compared to the microscopic calculation
of Ref. [39], where a steady increase in magnitude is obtained
and the predicted nuclear deformation is always larger than
the experimental data.

D. Separation energies S2n

In this section we study the QPT from the perspective of
some ground-state properties. Among others, the evolution of
the ground state two-neutron separation energies, S2n, as a
function of neutron number is very sensitive to the details of
nuclear structure [40,41]. This observable is defined as the
difference in binding energy between an even-even isotope
and the preceding even-even isotope:

S2n = EB(N,Z) − EB(N − 2, Z), (7)

where EB(N,Z) stands for the binding energy for the nucleus
with N and Z. In the IBM-2, the binding energy is nothing
but the eigenenergy of the ground state (the 0+

1 state) plus the
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FIG. 12. (Color online) Experimental and theoretical two-neutron
separation energies S2n for (a) 148–160Gd and for (b) 150–162Dy isotopes.
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global term that linearly depends on the number of bosons
[16]. The coefficients of the global term are determined from
the fitting to the experimental binding energy in the IBM-
phenomenology approach and from the self-consistent mean-
field calculation in the IBM-SkM*. The way to obtain the
binding energy in the latter approach is explained in detail in
Ref. [19].

As a function of neutron number, S2n shows well known
regularities: for any fixed number of protons, S2n decreases
smoothly as the number of neutron increases. A detailed
discussion of the properties of S2n can be found, e.g., from
Ref. [42].

As has been often noted so far, nuclei with N ≈ 90 are
known [43–47] to be examples of the X(5) critical point,
and this special behavior can be seen in the evolution of
S2n with N as shown in Fig. 12, where the two-neutron
separation energies show a pronounced plateau. In Ref. [48]
the behavior of samarium isotopes was studied by means
of IBM-1. A similar analysis is performed here also. The
separation energies should in general behave linearly. This
is exactly the case when looking at the experimental, as well
as theoretical, two-neutron separation energies for Gd and Dy
isotopes with N � 88 and N � 92. In the transitional region
between the U(5) and the SU(3) limits, however, one observes
a plateau, which is indeed seen in the experimental evolution
of S2n. This change is reproduced reasonably well by the
phenomenological calculation, even though it is not as sharp
as in the experimental data, and by the microscopic IBM-2
calculation and the mean-field solution (denoted as SkM*) as

well, shown also in Fig. 12. The difference of the S2n between
IBM-SkM* and SkM* comes from the quantum-mechanical
correlation effect taken into account by the diagonalization of
the boson Hamiltonian in the laboratory frame, which is not
included in the latter. Although the difference is very small,
the inclusion of the correlation effect improves the agreement
between the IBM-SkM* and the experimental S2n a little for
the nuclei in the vicinity of the neutron closed shell N = 82.
This is a rather sound result and is also consistent with what is
concluded in our previous work on Sm isotopes [19].

As the evolution of the two-neutron separation energies
confirms, according to our calculations the N = 90 isotones
154Gd and 156Dy could be considered as candidates for X(5)
nuclei.

E. X(5) critical-point nuclei

As all the observables discussed above suggest, the N = 90
isotones 154Gd and 156Dy seem to be good candidates for X(5)
nuclei. It is interesting to look at the level spectra of these
nuclei in more detail and compare them with the spectrum of
X(5) symmetry [26]. This is done in Fig. 13. In terms of the
X(5) symmetry the figure shows the s = 1, 2 sequences, with
s denoting a quantum number in the X(5) model.. Comparison
between experimentally observed spectra and an analytic
description of critical-point X(5) nuclei is extremely close for
154Gd, a bit further for 156Dy, and in agreement with Ref. [43] in
the case of 152Sm. Comparison with the s = 1 sequence shows
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that the phenomenological IBM-2 calculation overestimates
slightly the excitation energies of 6+

1 and 8+
1 states, and the

corresponding transition strengths are found to be slightly
underestimated, whereas for the s = 2 sequence both the
energies and transition strengths are slightly underestimated.
The transitions between the two sequences are also reproduced
rather well. A more clear difference is seen when comparing
experimental or X(5) symmetry to the microscopical IBM-2
calculation which, compared to the s = 1 sequence, shows
a pattern that is already a rotor. Compared to the s = 2
sequence the energies are too high due to a too-large value
of the parameter κ in the EDF-based approach, as already
discussed. However, comparison with the transition strengths
for the s = 2 sequence, as well as for the transitions from s = 2
to s = 1, are in acceptable agreement with the X(5) symmetry.

When comparing the two N = 90 isotones to each other
in view of X(5) symmetry, the 156Dy nucleus is found to be
of slightly poorer quality than 154Gd, as is also discussed in
Refs. [44–46]. In the current study this conclusion is mainly
made by comparing the transition probabilities of the first
excited band, s = 2, and those of the interband transitions
between s = 1 and s = 2.

In the microscopic IBM-2 calculation, neither choosing
other sets of parameters nor adding any other interaction terms
in the Hamiltonian in Eq. (1) seems to be helpful in reproducing
the experimental sideband (s = 2) energies. The deviation of
the s = 2 band originates from either the mapping procedure
in its current version or the energy density functional itself.
The former possibility may concern the treatment of boson
number in the coherent state of Eq. (3), which could be taken
to be larger than as it is. Actually, to describe the QPT the boson
number in the coherent state is often taken to be sufficiently
large, and hence may not necessarily be the same as the
one in the usual boson-number counting rule, which assumes
the nearest doubly-magic nucleus as the inert core [17].
Such an argument could meet the self-consistent mean-field
calculation carried out here, where particle number is still not
treated exactly. Mapping the energy surface projected onto a
state with any good symmetry may resolve the problem as
well. Concerning the latter possibility, the microscopic (both
original and mapped) energy surfaces for N = 90 isotones in
Figs. 1 and 2 are too steep compared to the energy surfaces
based on the phenomenologically determined IBM parameters.
Certainly, the difference in the topology results in the deviation
of the sideband energies, and may be due to the property of the
employed EDF itself. A similar conclusion has been extracted
in many microscopic EDF-based theories that are found in the
literature, using other types of EDFs. This is not too surprising,
as a universal EDF has not been found.

IV. CONCLUSIONS

To conclude, spectroscopic calculations have been carried
out for the even-even gadolinium and dysprosium isotopes
to examine the shape phase transition between the spherical
vibrational and the deformed rotational states. Spectroscopic
properties, which help identify the shape transition, have been
analyzed: the level energies, the B(E2) values, the quadrupole

moments for the 2+
1 excited state, and the two-neutron

separation energies. Two types of the IBM-2 calculations have
been made to generate these quantities: one is a conventional
fitting calculation based on the available experimental data for
the excitation energies, while the other is a derivation of the
IBM-2 Hamiltonian based on the constrained self-consistent
mean-field method with Skyrme functional SkM*.

Comparisons between these two methods and experiments
were made, and it was found that both approaches give equally
reasonable agreement with the experimental spectroscopic
data as far as the yrast states are concerned. In the former
approach, experimental spectra, including those of the side-
bands, have been reproduced at almost perfect level. The
N ≈ 90 nuclei show also properties suggesting them to be very
close to the X(5) critical point of the vibrator-to-axial-rotor
shape transition, and the 154Gd might be a nucleus exhibiting
coexistence of spherical and deformed phases. In the latter
approach, however, while the overall systematic trend of the
experimental non-yrast levels such as the bandhead of the β

and γ bands, 0+
2 and 2+

2 , respectively, were traced rather well,
the absolute values of these energy levels are much higher
than the observed energies. In addition, the evolution of the
key observables as functions of neutron number seemed to be
more or less smeared out, not exhibiting a clear critical point
as is found in the phenomenological approach.

Also, it was suggested in the EDF-based method that the
nuclei close to the neutron closed shell N = 82, such as
N = 84 and 86 nuclei, and the transitional nuclei (N = 88
and/or 90) as well, seem to be much more deformed than
expected from the experimental systematics. Such a feature
seems to arise in the microscopic Skyrme EDF calculation
already, irrespectively of the choice or the details of the
density functionals [19]. A possible reason for this is that the
EDF energy surface still may not give a good approximation
because, for instance, the particle number is not conserved
in the Skyrme EDF calculation. This would severely affect
the transitional nuclei, where a sizable amount of quantum
fluctuation should be fully taken into account. The problem
does not show up in the phenomenological approach as it
is not connected to any microscopic picture, but such a
phenomenological study is, of course, not consistent with the
microscopic calculation. It should be interesting to clarify in
the future why the phenomenologically determined IBM-2
Hamiltonian is that different from what is predicted by the
microscopic EDF.

Another future work which could be done along the
same line would be to identify the first-order QPT in other
mass regions. The region with mass A ≈ 100, that is, the
Kr-Sr-Zr-Mo-Ru region, can be a good example for this, as
there has been evidence for a transition between spherical
and axially deformed ground-state shapes. Since, in such
a lighter mass region, not only the collective but also the
single-particle degrees of freedom may enter, it is of interest
to find out whether or not the simple schematic model
of QPTs still holds. The phenomenological aspects of the
A 
 100 region are similar to those of the A 
 150 region:
The onset of deformation appears to be sharp for Sr-Zr
but smooth for Mo-Ru and, as measured recently, for Kr
isotopes [49].
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