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In many engineering applications, viscoelastic treatments are used to suppress vibrations of lightly
damped structures. The most commonly used method to model the dynamics of complex struc-
tures is the finite element method. Its use, however, often results in very large and computation-
ally demanding models. To alleviate this problem, model-order reduction (MOR) techniques have
been developed to reduce the size of the finite element model while still maintaining an accurate
description of the most important system dynamics. In order to apply these MOR schemes, the
parameter values of the full-order model (including viscoelastic material properties) have to be
fixed. Recently though, parametric model-order reduction (pMOR) techniques have been intro-
duced, allowing the parameter dependency to be retained in the reduced-order models. This makes
them a valuable tool for use in optimization procedures. This paper presents a Krylov subspace
technique for reduced-order modelling, embedded in a recent pMOR framework. The viscoelastic
material properties are modelled using the Golla-Hughes-McTavish formulation. This procedure
is then applied to a finite element model of a cantilever beam with viscoelastic treatment. The re-
sulting reduced-order model is used to identify viscoelastic material properties from experiments
through an inverse optimization procedure, demonstrating both the efficiency and accuracy of the
obtained reduced-order model.

1. Introduction

The finite element (FE) method is one of the most important and widespread numerical tools for
the dynamic analysis of elastic engineering structures. Various formulations for the modelling of
viscoelastic damping materials exist, and some of these have been successfully integrated into FE
models, e.g. in [1]. However, the numerical models resulting from FE-discretization are often very
large in size, resulting in long computation times.

The use of model-order reduction (MOR) techniques can drastically reduce the model size and
associated computational burden. There have been previous attempts to apply MOR-techniques to
finite element models incorporating viscoelastic materials. A component mode synthesis (CMS) ap-
proach is paired to a fractional derivative model for viscoelasticity in [2]. Salmanoff uses balanced

ICSV22, Florence, Italy, 12-16 July 2015 1



The 22nd International Congress of Sound and Vibration

truncation (BT) with Golla-Hughes-McTavish (GHM) models for viscoelasticity in [3]. The cost of
solving the associated Lyapunov equations scales badly with model size, which limits the practical
applicability of BT to small models. Zghal et al. investigate the application of dynamic, Guyan and
modal reductions to GHM models in [4], but the performance of these methods is moderate. In [5],
proper orthogonal decomposition (POD) is successfully used to reduce the order of a model contain-
ing a Maxwell formulation for viscoelasticity. The POD procedure needs snapshots to be generated
for the construction of the projection base. This requires multiple simulations to be carried out using
the full-order model (FOM), which results in a large computational cost.

With the exception of [5], all of the works mentioned above do not allow the viscoelastic mate-
rial parameters to change in the reduced-order model (ROM). This paper presents a parametric MOR
(pMOR) technique for the reduced-order modelling of viscoelastic materials, based on a Krylov sub-
space reduction [6]. Since most MOR methods do not handle frequency-dependent system matrices
well, a GHM formulation is used to model the viscoelastic material behaviour.

2. GHM method for modelling viscoelastic finite elements

Viscoelastic material behaviour can be modelled by using a complex and frequency-dependent
material modulus. For the GHM method [7], the following expression represents this modulus in the
Lapace domain:

(1) G(s) =
m∑
k=1

G0
k + hk(s) =

m∑
k=1

G0
k +

αks
2 + αkβks

s2 + βks+ δk
,

with m the number of mini-oscillator terms. Assuming that all G0
k are known and fixed, this leads

to a set of 3 parameters {αk, βk, δk} for each mini-oscillator term.

The GHM method allows to express the governing system of equations using only frequency-
independent FE matrices. The GHM viscoelastic element matrices M el

v , Cel
v and Kel

v have the follow-
ing structure:

(2)

M el
v =



M el
e 0 · · · 0 0

0 α1

δ1
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... 0
. . . 0

...

0
... 0 αk

δk
Λk 0

0 0 · · · 0
. . .

 , C
el
v =



Cel
e 0 · · · 0 0

0 α1β1
δ1

Λ1 0 · · · 0
... 0

. . . 0
...

0
... 0 αkβk

δk
Λk 0

0 0 · · · 0
. . .

 ,

Kel
v =


Kel
e (1 +

∑
αk) −α1R1 · · · −αkRk · · ·

−α1R
T
1 α1Λ1 0 · · · 0

... 0
. . . 0

...

−αkRT
k

... 0 αkΛk 0
... 0 · · · 0

. . .

 ,

with M el
e , Cel

e and Kel
e the elastic element matrices. The matrices Rk and Λk originate from

the eigenvalue decomposition of the G0
k modulus-factored stiffness matrix Kel

e . These viscoelastic
element matrices can be split into parameter-dependent and parameter-independent parts:
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(3)

M el
v = M el

ve +
∑ αk

δk
M el

vp,k,

Cel
v = Cel

ve +
∑ αkβk

δk
Cel
vp,k,

Kel
v = Kel

ve +
∑

αkK
el
vp,k.

After assembly, the global system matrices can be decomposed in a similar way:

(4)

M = Me +
∑ αk

δk
Mp,k,

C = Ce +
∑ αkβk

δk
Cp,k,

K = Ke +
∑

αkKp,k.

These matrices are frequency-independent. The Laplace-domain representation of the system
dynamics is now

(5) [s2M + sC +K]X(s) = F (s),

which exhibits the same structure and matrix properties as a regular elastic FE model [7].

3. Parametric model-order reduction for GHM models

3.1 Parametric model-order reduction

Common MOR methods (such as CMS, Krylov subspace reduction, BT, ...) strive to find a suitable
projection matrix pair {W,V } to reduce the number of degrees of freedom (DOFs) while maintaining
a high level of accuracy. Unfortunately most of these methods do not cope well with frequency-
dependent system matrices, and only provide an accurate model description for a single, fixed set
of parameter values. With the GHM method described in section 2 it is possible to obtain a set of
frequency-independent system matrices at the expense of introducing additional DOFs. This increase
in DOFs is of little concern since MOR methods can now be applied to reduce the model order.

The importance of parametric studies has led to the development of parametric model-order re-
duction techniques that are able to preserve the parameter dependency of the original FE model in
the reduced-order model. This work adopts a Krylov subspace reduction technique, embedded in the
pMOR approach developed by Baur et al. in [8], to obtain highly accurate, frequency-independent
and parametrized reduced-order models of viscoelastic structures.

3.2 Application to GHM models

The pMOR procedure described above is used to find a suitable projection matrix pair {W,V }.
The reduced system of equations is obtained by projecting the system of equations in eq. (5) onto this
matrix pair:

(6) [s2Mr + sCr +Kr]X̂(s) = Fr(s),

with
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(7)
X(s) = V X̂(s),

Fr(s) = W TF (s),

and

(8)

Mr = W TMV = W TMeV +
∑ αk

δk
W TMp,kV = Me,r +

∑ αk
δk
Mp,k,r,

Cr = W TCV = W TCeV +
∑ αkβk

δk
W TCp,kV = Ce,r +

∑ αkβk
δk

Cp,k,r,

Kr = W TKV = W TKeV +
∑

αkW
TKp,kV = Ke,r +

∑
αkKp,k,r.

The reduced system matrices in eq. (8) have the same parameter structure as the full-order system
matrices in eq. (4). Therefore, when using this pMOR method, the calculation of the system response
and the gradients of the system response w.r.t. the GHM parameters for the ROM can be performed
in the same way as for the FOM.

3.3 Numerical experiment: a clamped viscoelastic cantilever beam

To illustrate the accuracy of the method described in section 3.2, the application to a FE model
of a viscoelastic cantilever beam is presented in this section. The beam is modelled using 120 beam
elements, and is loaded by a point force at the free end. For the sake of simplicity and to be able
to visualize the numerical results, only one mini-oscillator term is considered, such that the model
includes three viscoelastic material parameters: α, β and δ. The complex material modulus is now
described by

(9) G(s) = G0 + h(s) = G0 +
αs2 + αβs

s2 + βs+ δ
.

The transverse acceleration at the free end in response to a unit force is calculated using both the
FOM and the parametric ROM (pROM) to evaluate the reduction error. The relative reduction error
is defined as

(10) εrel(ω) =
|AFOM(ω)− ApROM(ω)|

|AFOM(ω)|
,

with A the transverse acceleration at the free end. Figure 1 depicts the∞-norm of the relative re-
duction error in the frequency range 0-500 Hz using isosurfaces. The blue circles represent the points
in the parameter space that were used in the construction of the pROM. The reduction error is very
small over a broad range of parameter values, and only becomes significant near the parameter point
{1, 10, 107}. The model size was reduced from 480 DOFs for the FOM to 32 DOFs for the pROM.

4. Viscoelastic material parameter identification

This section presents an optimization-based material parameter identification as a case study to
illustrate the advantage of pMOR in parametric studies for viscoelastic structures. The model that
is used in this identification procedure is the beam model presented in section 3.3. The objective is
to identify the viscoelastic material parameters {α, β, δ} from an experimental frequency response
function.
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Figure 1: The∞-norm of the relative reduction error in the frequency range 0-500 Hz is sufficiently
small over the considered parameter space.

4.1 Identification procedure

The set of viscoelastic material parameters {α, β, δ} can be identified by minimizing the differ-
ence between an obtained experimental response and the theoretical response predicted by a numerical
model containing these parameters. The parameter set {α, β, δ} which yields the smallest difference
between both responses is the best set to represent the viscoelastic behaviour. The identification
procedure can therefore be expressed as the following minimization problem:

(11) arg min
log10(α), log10(β), log10(δ)

log10

(
nfreq∑
l=1

(
T lexp − T lnum

)2)
,

with T l• defined as:

(12) T l• = 20 log10

(∣∣∣∣A•(ωl)

F•(ωl)

∣∣∣∣) ,
where A• is the transverse acceleration and F• the force input. The variable nfreq indicates the

number of frequencies at which the system response is evaluated. It is possible to use a different cost
function to quantify the discrepancy between the experimental and numerical responses, but expres-
sion (11) provides a relatively smooth and well-conditioned cost function. The choice to optimize
w.r.t. {log10(α), log10(β), log10(δ)} instead of {α, β, δ} is made to efficiently cover a broad range of
parameter values.

The algorithm that is used for the optimization is a combined BFGS - steepest descent method,
coupled to an Armijo line search algorithm, and is quite similar to the method used in [9]. The BFGS
method needs the (estimated) Hessian of the cost function to be positive definite. Since the cost
function is non-convex in a considerable part of the parameter space, BFGS can often not be used
throughout the whole optimization procedure. When a non-positive definite Hessian is detected, a
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steepest descent step is performed instead. This mixed algorithm is both efficient and robust, but it
should be noted that the risk of converging to a local optimum is still present. If required, the current
optimization algorithm can be embedded into a simulated annealing or a multiple starting point pro-
cedure to transform it into a global optimization method.

4.2 Numerical experiments

The numerical experiments in this section perform the identification procedure outlined in sec-
tion 4.1 using both the FOM and pROM of the viscoelastic cantilever beam described in section 3.3.
The experimental response is generated in a simulated experiment using the FOM in a design param-
eter point {log10(αd), log10(βd), log10(δd)}. The optimization results obtained using the FOM serve
as a benchmark to assess the performance of the pROM.

4.2.1 Two-parameter identification

In the first experiment, the value of the parameter α is fixed, while the optimization procedure
is used to identify the values of the parameters β and γ. The design parameter point is located at
{−1, 4, 6}. Table 1 summarizes the most important results of the optimization procedure for different
initial parameter points. Both the FOM and the pROM converge well onto the design parameter
point. The advantage of using pMOR is illustrated by the speedup factor: for this example, the pMOR
technique speeds up calculations by a factor of about 8. The speedup will be even more substantial
for larger and more complex FE models. The initial and optimized numerical responses for case a, as
well as the frequency points at which the cost function in expression (11) is evaluated, are shown in
figure 2. Figure 3 depicts the consecutive points in the parameter space chosen by the optimization
procedure. The dots represent the points chosen using the pROM, while the crosses indicate the path
followed using the FOM. Figure 3 shows that the optimization paths are very similar, and that the cost
function defined in expression (11) is sufficiently smooth.

Figure 2: Responses in pdesign, pinit and popt,pROM for case a.

Table 1: Numerical results of the optimization in two parameters.

case pinit popt,FOM popt,pROM nit,FOM nit,pROM speedup
a {−1, 1.5, 6.5} {−1, 4.0000, 6.0000} {−1, 4.0000, 6.0000} 41 41 8.1
b {−1, 1.1, 4.2} {−1, 4.0000, 6.0000} {−1, 4.0000, 6.0000} 40 42 7.5
c {−1, 5, 4} {−1, 4.0000, 6.0000} {−1, 4.0000, 6.0000} 35 35 8.1
d {−1, 3.75, 7} {−1, 4.0000, 6.0000} {−1, 4.0000, 6.0000} 31 31 8.0
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(a) case a (black dots and red crosses)
and case c (blue dots and purple crosses)

(b) case b (black dots and red crosses)
and case d (blue dots and purple crosses)

Figure 3: Cost function and optimization paths in the β-δ parameter space. Dots represent the path
followed using the pROM, while crosses represent the path obtained using the FOM.

4.2.2 Three-parameter identification

In the second experiment, all three material parameters {α, β, δ} are now identified using the
optimization procedure. The design parameter point is located at {−4, 2, 5}. Table 2 shows that the
FOM can be replaced by the pROM without significant loss of accuracy, while resulting in a reduction
of computational effort. Figure 4 visualizes the cost function (using surfaces of constant cost value)
and optimization paths in the parameter space. The optimization paths obtained using the FOM and
the pROM are again very similar.

Table 2: Numerical results of the optimization in three parameters.

case pinit popt,FOM popt,pROM nit,FOM nit,pROM speedup
e {−3, 1, 4.25} {−3.9999, 1.9951, 4.9988} {−3.9999, 1.9993, 4.9995} 21 24 7.0
f {−3, 3, 6} {−4.0001, 2.0054, 5.0014} {−4.0000, 2.0000, 4.9995} 26 28 7.7
g {−5, 3, 6} {−3.9999, 1.9961, 4.9990} {−4.0001, 2.0038, 5.0004} 30 30 8.4
h {−5, 1.5, 4.25} {−4.0001, 1.9961, 4.9997} {−4.0001, 2.0074, 5.0015} 29 25 7.2

5. Conclusion

This paper presents a method for the construction of accurate, frequency-independent and
parametrized reduced-order finite element models of viscoelastic structures. Combining the
frequency-independent Golla-Hughes-McTavish formulation for viscoelastic finite elements with
Krylov subspace methods for model-order reduction leads to a streamlined process for obtaining
compact yet accurate models of viscoelastic structures. By embedding this process in a parametric
model-order reduction framework, fast evaluations of the system response for varying viscoelastic pa-
rameters can be obtained. The benefits of the proposed method are demonstrated for an optimization-
based viscoelastic material parameter identification.
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(a) case e (black dots and red crosses)
and case g (blue dots and purple crosses)

(b) case f (black dots and red crosses)
and case h (blue dots and purple crosses)

Figure 4: Cost function and optimization paths in the α-β-δ parameter space. Dots represent the path
followed using the pROM, while crosses represent the path obtained using the FOM.
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