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Possible temyeratnre marginality in the two-dimensional S = 1/2 XY model
by a»near renorma»~~tion transformation
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A real-space linear renormalization transformation is proposed for studying the critical properties of the
two-dimensional spin-1/2 XY model on the triangular lattice. The results of various approximations suggest a
critical behavior of the same kind as that predicted by other theories and approaches for the classical case.
The imposition of marginality for temperature deviations from. criticality leads to an almost marginal
secondary eigenoperator and to magnetic critical parameters which are not far from currently proposed values
for the classical model.

I. INTRODUCTION

The interest in phase transitions in two-dimen-
sional models with continuous symmetry has been
growing since it became evident from series ex-
pansions' ' and other approximations~ that these
models may exhibit singularities in their thermo-
dynamic functions, although they can never de-
velop spontaneous magnetization. ' For the XY
model, e.g., with which this paper will be con-
cerned, nobody for the moment is doubting that
there is some kind of phase transition. There is,
however, no unanimity about the nature of this
transition, nor about the form of the thermody-
namic singularities. Stanley and Kaplan' for the
Heisenberg model' and later Betts et a/. ' for the
XY model, found some evidence for a power-law
behavior of the magnetic susceptibility and other
quantities. Kosterlitz and Thouless, ' on the-
other hand, predicted from a phenomenologica3.
theory for the same model an exponential behavior
for the susceptibility, which was confirmed by
series analysis of the classical model by Camp
and Van Dyke. ' Other theories by Berezinskii~
and Zittartz' also emphasize the fact that there
should b0 a whole range of temperatures for which
the free energy is singular, with continuously
varying magnetic exponents.

Up to now it has not been possible to reconcile
the predictions about the nature of the singulari-
ties, as obtained from series analysis of the
quantum spin-& XY model, with any of the pre-
viously mentioned theories for the classical mod-
els. In fact, recently some doubts have been
raised" about the validity of universality with re-
spect to the quantum or classical nature of this
model. Arguments in favor of universality, how-

ever, have been given by Goldhirsch et al.~
In the present situation it is of considerable

theoretical interest to apply new techniques to the
quantum XY model, independent of the series-ex-
pansion method. Recently, the renormalization-
group approach has revealed encouraging results
in the classical case."""It is the purpose of the
present paper to show that a quantum renormal-
ization-group method may also yield reasonable
results. In addition, these results are not incom-
patible with some classical predictions.

The real-space renormalization-group approach
has already been applied to the spin--,' XY model
by several authors in different ways, with con-
tradictory results. ' All these authors used
transformations that are nonlinear in the common
renormalization terminology, "what they hoped to
be justified by the success of analogous trans-
formations for the Ising model. The fact, however,
that the fixed points seem to disappear or appear
by changing the kind of approximation or the cell
size, indicates that one must be very careful in
the choice of transformation. What one needs for
making an appropriate choice is a good knowledge
of the ground state of the system, as was pointed
out by Niemeijer and van Leeuwen. " At present,
this is not available for the two-dimensional XY
model.

From a general point of view, linear transforma-
tions do not require a knowledge of the ground-
state properties if one is only interested in the
critical properties of the system. ~ For this
reason we propose to explore more thoroughly
this kind of transformation. From a computational
point of view, the quantum model that we choose
to study is simpler than the classical rotator
models, "t"due to the discreteness of the traces
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that enter in the calculations.
In working with linear transformations, the

price one has to pay for simplicity is the appear-
ance of an extra parameter, which has to be fixed
such that the correlation function transforms in a
way consistent with the critical properties. '2 To
make the appropriate choice for this parameter in
general requires the use of criteria which cannot
be worked out easily, when the approximations are
not sophisticated enough. This is the case for the
XY model, where the degree of accuracy attained
is not very high at present, due to the relative
complication of the. calculation. Instead of using a
'self-consistency criterion for completely deter-
mining this parameter, we are thus led to look for
an external argument to choose its value. In par-
ticular, such an argument will be the compatibility
of the results obtained with presently accepted pro-
perties, as predicted by other approaches for
similar systems, namely, the classical rotator
models. ' " A common property of the theories for
these classical systems is that they imply the
presence of a fixed line in the parameter space.
Although we cannot hope to reproduce exactly a
fixed line within Our approximate calculations, we
may try to obtain a marginal temperature eigen-
value, which is a local approximation to it. An
exact fixed line would probably require us to work
with a generalization of the model with extra
parameters, and this generalization is not obvious
for the moment. "

After obtaining a marginal (or nearly marginal)
temperature eigenvalue, we have to investigate
the further critical properties yielded by the trans-
formation and look at their plausibility. This
plausibility may be argued from the magnetic
eigenvalue X~ and from the secondary temperature
eigenvalue X,. The value of X„should be within a
physical range and eventually compatible with
some predictions for the magnetic exponents in the
classical case. ' " Furthermore, the appearance
of a secondary marginal or quasimarginal eigen-
value k is a self-consistency criterion that one
should apply in order to determine the parameter
in a linear transformation, as discussed by Bell
and Wilson. "

In Sec. II we introduce the linear transformation
and explain the different approximations used. The
results obtained are then discussed in Sec. III.

where S& and S& are the spin--,' raising and lowering
operators at the site j on a triangular lattice, and
the sum runs over all nearest-neighbor pairs. As
usual, the renormalization procedure will produce
a whole set of new interactions between next,
third, etc., neighbor sites, described by param-
eters K„K„.. . , and also Ising-like interactions,
denoted by 2T„(Sf Sf), and n= 1,2,3, .. . .

We divide the lattice in the usual way" in trian-
gular cells, numbered by an index n. A new spin-
2 operator o is associated with each cell. %e
then define a linear weight operator P, acting on
the product space of S and Z, the spaces of site-'

spin and cell-spin operators, respectively:

P({go:{8})= g —,'[I+4P o' (8„,+8,+8 3)],

(2 2)

which has the property

Tr&P =I~, (2.3)

where Tr& is the trace over the Z space and I~
is the identity operator in S space.

The renormalization transformation X-X' is
then obtained by exploiting (2.3) in the following
way:

Z= Trz e~' ~'= Tr&[Trse~'i 'P({a}{S})]

X=XO+ P, (2.5)

(2.4)

where X' is an interaction Hamiltonian between
the cell spins, implicitly defined by the last equa-
tion.

One can easily check that this definition of the
weight operator is such as to guarantee the usual
linear transformation property for the spin-cor-
relation function at large distances. " In addition,
it is the simplest weight operator which preserves
spin space symmetry, due to its scalar character.

In order to compute X' in terms of X, we have
to use approximations. In the present case, we
applied three different approximations (distin-
guished by I, II, and III), which are derived
from two different expansion schemes. Methods
I and II use the conventional cumulant expan-
sion" "where, if

H. LINEAR TRANSFORMATION

The XY Hamiltonian that we want to study may
be written as

one defines an operator Why '
ezp+F ~ (e3Qelv+ ewexo)

which is satisfied by

(2.6)

—PH=X=K, Q (S;Sj+SqS,), (2.1)
W=V+-'[X, —V, [I,X,]]+ ~

12
(2.7)

and one obtains from (2.4) by cumulant expansion
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BC'=ln Trz(e OP)+ (W)+ ~ ((W- (W))2)+ ~ ~ ~,
(2.8)

where for all operators A on S we define

(A)=(Tr~e~oP) 'Trs~(e~oAP+Ae~oP) . (2.9)

The difference between methods I and II lies
in the treatment of the nearest-neighbor Ising
interaction, with strength T,. In I this inter-
action is strictly treated as a driven interaction,
which appears in the renormalization as an effect
of order EP„and consequently only the intracell
XF interactions are incorporated in the unper-
turbed part Kp of the Hamiltonian. In II in con-
trast, we treat this interaction as a first-order

1
8 =8 42'exp ding(X)),

0
(2.10)

where T is the "time-ordering" operator with
respect to the variable A. and

y(y) s X3eo y&X3lp

In this way one obtains, instead of (2.8),

(2.11)

one from the start, and also put the intracell Ising
interactions in Xp. A second-order truncation of
the cumulant expansion will in this case also con-
tain terms proportional to T„which are not pre-
sent in method I.

Method III uses the alternative cumulant expan-
sion, based on the time-ordering identity'

1
x'=lnTrz(a" J')+In g ch, dg f "

da„(v(&,WN) v(&„)))
ffP P 0 0

(2.12)

K', =K,f (K„P) . (2.14)

Fixed points are then found for values of K, and p
that satisfy f (K„p)= 1. One easily realizes that
a marginal operator appears in the linearized
transformation, if

where the mean value is defined as in (2.9), ex-
cept for the symmetrization. The distinguishing
feature of this approach with respect to the pre-
vious one, is that here we have in every order a
sum over an infinite class of terms which are of
higher order than the first expansion.

The Hamiltonian X' obtained by all three methods
is of the same form as the old Hamiltonian, with
new interaction parameters. The functional rela-
tions between the old and new parameters give
the renormalization equations. The general form
of these equations is

K'= F(K,P), (2.13)

where we include also the Ising interaction
strengths T„ in the vector K. The parameter p is
still arbitrary for the moment. We now determine
its value p, by imposing the condition that at the
fixed point K of transformation (2.13) there
should be a marginal operator, i.e., an eigen-
value A, = 1 for the linearized renormalization
equations.

In practice one works as follows. In trying to
solve the fixed-point system K = F(K,p), one
may proceed by eliminating the variables K„K„
. . . and end up with a single equation for K„which
can be put in the form

sf(Ki P)
eK~

(2.15)

-Ii Q S), (2.16)

in order to obtain the magnetic eigenvalue. In
method II, in second order in K, and T„ this
gives rise to a set of ten extra symmetry-breaking
interactions besides (2.16)

In first order, methods I and II are equiva-
lent, and fail to yield a marginal eigenvalue, be-
cause the function f(K„p) is a monotone increas-
ing function of K, for all values of P. By applying
the criterion pA~= 1,"implied by hyperscaling,
which can be satisfied in this case by choosing
p=0.380, one finds K,=O.784 and critical expon-
ents which are very close to the exponents derived
from earlier series analysis' (e.g. , y=1.5). A

similar thing happens in the first order of method
III. This kind of critical behavior, however,

In Fig. 1 we sketch the typical behavior of this
function f in the case of our second-order calcula-
tions, for three different values of P. It becomes
immediately clear that there is only one value

p =p„ for which we can simultaneously satisfy
f= 1 and f '= 0. This determines our fixed point
with a marginal eigenvalue.

We performed the calculations up to second order
in K, (using methods I and III) and to second
order in K, and T, (using method II). We also
added to the Hamiltonian a magnetic field inter-
action
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values, including the magnetic one X„. Unlike in
methods II and III, the marginal eigenvalue in
method I does not turn out to be the largest eigen-
value in the even-interaction space. In this case
there is another eigenvalue which is slightly higher
than unity, and this one must be identified as the
principal thermal eigenvalue. By closely studying
the flow lines generated by Eq. (2.13), we also
determined the critical value K„for the nearest-
neighbor XY model. The results for these second-
order calculations are reported in Table I. In all
cases, the fixed-point values for 7, were around
0.2, and the other parameters were an order of
magnitude smaller.

Due to the fact that the Ising-like and XY-like
interactions are treated on an equal footing,
method II is in principle also suited to determin-
ing the other fixed points of the two-dimensional
anisotropic Heisenberg model, along with possible
cross-over properties. Indeed, one may obtain
from them an Ising fixed point (K, =O, T, =0.55),
close to the one obtained by Niemeijer and van
Leeuwen, s' and also a Heisenberg fixed point (K,
= T*,=1.86). New methods should be developed,
however, for studying the eventual critical behav-
ior of the two-dimensional isotropic Heisenberg
model, since the fixed-point values are too high
to engender confidence in the validity of the cumu-
lant expansion.

FIG. 1. Sketch of the function f(K~,p) from Eq. (2.14)
vs K&, in second-order approximations for three differ-
ent values of p. In (a) no fixed point can be obtained; in
(c) there are two fixed points where f=1; in (b) we have
a fixed point with a strictly marginal eigenvalue.

seems to be incompatible with the second-order
approximations, and also the series analysis is
presently being reconsidered. "

In second order, with all our methods, the
function f (K„p) behaves as sketched in Fig. 1, and
we were thus able to determine values for p, and
the parameters E„.. . for a fixed point with a
strictly marginal eigenvalue X= 1. By linearizing
the transformations around these fixed points, we
were able to determine the whole set of eigen-

III. CONCLUSIONS

The main outcome of our calculations is that we
have shown that it is indeed possible to obtain
marginality or quasimarginality for the tempera-
ture eigenvalue of the two-dimensional XY model

- with a real-space renormalization method. Fur-
thermore, this marginality comes along with
magnetic eigenvalues, which are not incompatible
with some predictions for the classical model. In-
deed, some authors'" predict Ising-like values
(i.e., 5=15, q=-,') for the magnetic exponents at
the highest critical temperature, and this would
imply A,„=2.8009. Of course, in order to get defi-
nite evidence for universality between the clas-

TABLE r. Values are given for the following critical parameters: p„ the weight parameter
in the operator (2.2) IF], the fixed point value for the nearest-neighbor XY coupling; K«, the
nearest neighbor XY model critical value; kz and X2, the first two temperature eigenvalues of
the linearized transformation; &I„ the magnetic eigenvalue (Ref. 26).

Method Kg

0.4054

0.3946

0.4177

0.661

0.721

0,779

0.543

0.573

0.609

1.149

0.980

0.813

2.806

{3.02
3.006
2.727

1.14

1.19

1.14
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sical and the quantum case, the calculational ef-
fort needed will be several orders of magnitude
above the present one.

We note that a marginal temperature eigenvalue,
from the point of view of temperature singulari-
ties, could be compatible with an exponential be-
havior, since this corresponds to a limiting case
p~ 00

The fact that pX~ appears to be always relatively
close to unity is a further indication of the reli-
ability of the results. We know that a strict im-
position of pX„= 1 is not the optimal criterion for
determining the parameter p."

It is very remarkable that with all three methods
we have two temperature eigenvalues which be-
come simultaneously nearly marginal. This sup-
ports the interpretation of the observed tempera-
ture marginality as a true feature of the criticality
of the system. The approximate double margin-
ality is most strongly pronounced with method II,
which works in a six-dimensional even-interaction
parameter space, compared to the four-dimen-
sional space of the other methods. In this connec-
tion, we also mention that the arguments leading
to the expectation of a marginal additional eigen-
value that were given by Wilson'~ can be straight-
forwardly generalized to the quantum case.

After the discouraging experiences with the non-
linear transformations for this model, "~ where
the results obtained were highly unstable with re-
spect to changes in the scheme of approximation,
the rather good stability that we found here with
our three approximations is another argument in
favor of the validity of the picture obtained with
this linear transformation. In particular, the
values for K„are relatively stable, but at present
we are unable to compare these values with
specific predictions for the quantum model. "

In order to proceed along these lines, it will be
necessary in the future to set up more powerful
schemes and approximations, with which the self-
consistent criteria might be applied more effec-
tively. We have chosen to apply the external cri-
terion of looking explicitly for a marginal temper-
ature eigenvalue; however, it is very remarkable
that this always coincides with the condition of
closest approximate fulfillment of a secondary
marginality.
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