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Overstability of acoustic waves in strongly magnetized anisotropic MHD shear flows
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We present a linear stability analysis of the perturbation modes in anisotropic MHD flows with velocity shear
and strong magnetic field. Collisionless or weakly collisional plasma is described within the 16-momentum
MHD fluid closure model, that takes into account not only the effect of pressure anisotropy, but also the effect
of anisotropic heat fluxes. In this model the low frequency acoustic wave is revealed into a standard acoustic
mode and higher frequency fast thermo-acoustic and lower frequency slow thermo-acoustic waves. It is shown
that thermo-acoustic waves become unstable and grow exponentially when the heat flux parameter exceeds
some critical value. It seems that velocity shear makes thermo-acoustic waves overstable even at subcritical
heat flux parameters. Thus, when the effect of heat fluxes is not profound acoustic waves will grow due to the
velocity shear, while at supercritical heat fluxes the flow reveals compressible thermal instability. Anisotropic
thermal instability should be also important in astrophysical environments, where it will limit the maximal
value of magnetic field that a low density ionized anisotropic flow can sustain.

I. INTRODUCTION

Physical properties of space plasmas in magnetized en-
vironments often reveal their collisioness or weakly col-
lisional character. Among these are the magnetosphere
of the Earth and other planets, solar and stellar winds,
astrophysical jets, magnetized accretion around compact
objects, as well as ionized low density interstellar and
intercluster media. Such plasmas can not be described
by the simple one fluid magnetohydrodynamic (MHD)
approach, since they are characterized by pressure and
temperature anisotropies with respect to the magnetic
field orientation.

Observations show strong anisotropy of solar wind
plasmas1,2. Similar features are observed in the near
earth magnetospheric plasmas. In this case, the mean
free path is longer than the gyroradius of the particle,
and thus MHD description is not adequate. Similar fea-
tures should occur in the inner regions of accretion disks
around black holes, where the typical collision distance
is longer then the event horizon of the central black hole.
In such situations, the magnetorotational instability that
is thought to drive accretion should be considered in the
collisionless limit3–7. It has been also shown that pressure
anisotropy has a significant effect on MHD turbulence in
the intracluster medium8–10.

The most commonly used approach to analyze the
anisotropic effects in the one fluid approximation is the
Chew-Goldberg-Low (CGL) approximation11. This limit

is often referred to as double adiabatic law MHD, em-
phasizing the adiabatic equations of state that are the
parallel and perpendicular components of the pressure,
respectively.

The CGL closure of the MHD equations does not in-
clude the effects of heat fluxes on the flow. This in turn
sets a high frequency limit to the applicability of the
model. Indeed, heat fluxes can be neglected for pro-
cesses with characteristic frequencies much higher than
thermal buoyancy effects. Hence, it can be marginally
valid for the stability analysis, where modes with zero
or imaginary frequencies are involved. Indeed, the CGL
model was only a partial success when describing well
known instabilities in collisionless plasmas: the fire-hose
and mirror instabilities. Although the double adiabatic
anisotropic description was able to resolve these instabil-
ities, the criteria of their onset were not properly repli-
cated as compared to the results of a more rigorous ki-
netic theory. As a matter of fact, results of the CGL
model, especially on the flow stability analysis, should
be considered in some sense as a somewhat crude esti-
mate of the flow stability. The deficiencies of the CGL
model in the stability analysis of anisotropic plasmas are
already well known. Attempts have been made to over-
come them using linearized kinetic equations for the par-
allel and transverse components of the pressure. The
stability of low frequency modes in this approach is stud-
ied based on the variational principle for the potential
energy12,13.
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Still, probably the most effective method to over-
come the deficiencies of the CGL closure method in
the MHD approximation is to consider three additional
moments during the closure method14. In this limit,
the authors retain the heat fluxes along the magnetic
field and derive a so-called 16-momentum approxima-
tion of anisotropic MHD plasmas15–19. Indeed, the 16-
momentum anisotropic MHD model proved to be suc-
cessful in replicating properties of classical instabilities
(mirror, fire-hose) obtained in kinetic theory using the
fluid approximation15,18. The 16-momentum MHD ap-
proximation has been used to describe the instability of
entropy waves in cosmic plasma20, or to propose a so-
lar coronal heating mechanism due to large scale wave
mechanism21.
The purpose of the present paper is to analyze the

linear stability of weakly collisional plasmas in the pres-
ence of inhomogeneous background flow. Indeed, veloc-
ity shear is a widely occurring factor in solar and stellar
winds and accretion flows. An attempt to describe the
velocity shear effects in the CGL-MHD approximation
has shown a diversity of velocity shear effects occurring
in pressure anisotropic flows. Modifications to the fire-
hose and mirror instabilities have been analyzed22. Still,
the obtained results are to be considered within the lim-
itations of the CGL model.
In the present paper we adopt a simple shear configu-

ration with a flow aligned with the magnetic field, and a
shear normal to the magnetic field direction. We present
the results of linear analysis of perturbation modes in an
anisotropic MHD shear flow in the strong magnetic field
limit. In the context of flow stability we focus on the low
frequency solutions of the dispersion equation. It seems
that the existence of anisotropic heat fluxes modifies the
linear spectrum of the system. Stationary entropy modes
become compressional and we identify the fast and slow
thermo-acoustic modes in the linear spectrum. Hence,
we study the stability of thermo-acoustic waves in shear
flows.
The mathematical formalism of the physical model is

described in Sec. 2. Here, we describe strongly mag-
netized anisotropic shear flow and introduce linear per-
turbations. Sec. 3 discusses the linear spectrum of the
problem in the uniform and nonuniform flow limits. We
study the linear spectrum and instabilities occurring for
different heat flux parameters. The results are summa-
rized in Sec. 4.

II. ANISOTROPIC MHD FORMALISM

In this section we formulate the 16-momentum MHD
framework14,16 in order to study the linear stability of
compressible plasmas with anisotropic pressure and heat
fluxes. The standard MHD equations are complemented
by anisotropic pressure terms as follows:

dρ

dt
+ ρ(∇ ·V) = 0 , (1)

ρ
dV

dt
+∇

(

P⊥ +
B2

8π

)

−
1

4π
(B·∇)B =

= (P⊥−P‖) [h(∇ · h) + (h · ∇)h]+h(h·∇)(P⊥−P‖) ,
(2)

dB

dt
+B(∇ ·V)− (B · ∇)V = 0 , (3)

(∇ ·B) = 0 . (4)

Here, for the shortness of notations we use the convective
derivative d/dt ≡ ∂/∂t + (V · ∇), and h = B/B is the
unity vector field following the streamlines of the mag-
netic field. Parallel and perpendicular pressure (P‖,P⊥)
form two adiabatic invariants in the CGL model. How-
ever, in the 16-momentum approximation the derivatives
of these CGL invariants are not zero due to the existence
of nonzero heat fluxes (S‖,S⊥):

d

dt

(

P‖B
2

ρ3

)

= −
B2

ρ3

[

B(h · ∇)
S‖

B
+

2S⊥

B
(h · ∇)B

]

,

(5)

d

dt

(

P⊥

ρB

)

= −
B

ρ
(h · ∇)

S⊥

B2
. (6)

Finally, the 16-momentum closure model provides two
more equations for the heat fluxes:

d

dt

(

S‖B
3

ρ4

)

= −j
3P‖B

3

ρ4
(h · ∇)

P‖

ρ
, (7)

d

dt

(

S⊥

ρ2

)

= −j
P‖

ρ2

[

(h · ∇)
P⊥

ρ
+
P⊥

ρ

P⊥ − P‖

P‖B
(h · ∇)B

]

.

(8)
The parameter j is used to switch to the CGL limit with
zero heat fluxes:

j =

{

1 when (S⊥ 6= 0 , S‖ 6= 0)
0 when (S⊥ = 0 , S‖ = 0)

,

making it possible to set S⊥ = S‖ 6= 0 consistently in the
Eqs. (7,8).

A. Background Flow

We consider a stationary shear flow along the magnetic
field with constant background density and temperature:

V0 = (Ay, 0, 0) , B0 = (B0, 0, 0) , (9)

where A is the velocity shear rate. Fig. 1 schematically
shows the flow configuration.
We define an anisotropy parameter α as the ratio be-

tween the perpendicular and parallel components of the
background pressure or heat fluxes:

α ≡ P⊥0/P‖0 = S⊥0/S‖0 . (10)
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FIG. 1. Equilibrium MHD configuration with shear flow along
the background magnetic field. Direction parallel to the mag-
netic field is set by X axis, while the perpendicular direction
lays in the Y Z plane. The flow along theX axis is nonuniform
in the Y direction.

We may introduce sound speeds parallel and perpendic-
ular to the background flow:

C2
‖ ≡ P‖0/ρ0 , C2

⊥ ≡ P⊥0/ρ0 , (11)

Hence we may define a non-dimensional anisotropic heat
flux parameter as follows:

γ ≡
S‖0

P‖0C‖
=

S⊥0

P⊥0C⊥
. (12)

The parameter γ is the normalized measure of the heat
flux effects in pressure anisotropic MHD flows. When the
heat fluxes can be neglected (j = 0, γ = 0) we obtain the
double adiabatic limit of the CGL anisotropic model.

B. Linear Perturbations

To proceed with a linear analysis of the anisotropic
MHD shear flow we split the physical variables into back-
ground and perturbation components:

ρ = ρ0 + ρ′ ,

V = V0 +V′ ,

B = B0 +B′ , (13)

P‖ = P0‖ + P ′
‖ , P⊥ = P0⊥ + P ′

⊥ ,

S‖ = S0‖ + S′
‖ , S⊥ = S0⊥ + S′

⊥ .

Hence, we may employ the shearing sheet formalism to
analyze the linear dynamics of perturbations in shear
flow23. In this limit the shearing transformation is used
to transfer the spatial dependence due to the velocity
shear into a temporal variation of the wave-numbers in
the direction of the velocity shear and analyze the initial
value problem. This method, often called a non-modal

approach, is based on the study of the evolution of the
spatial Fourier harmonics (SFH) in time22,24,25. Hence,
we follow the non-modal analysis and introduce the spa-
tial Fourier transformation with time dependent wave-
numbers:

Ψ(r, t) ∝ ψ(K, t) exp (iKxx+ iKy(t)y + iKzz) , (14)

where

Ky(t) = Ky0 −AKxt . (15)

Here Ψ(r, t) and ψ(K, t) are generalized vectors intro-
duced for shortness of notations:

Ψ ≡

(

ρ′

ρ0
,
P ′
‖

P‖0
,
P ′
⊥

P⊥0
,
S′
‖

P‖0
,
S′
⊥

P⊥0
,
V′

VA
,
B′

B0

)

, (16)

ψ ≡
(

i̺, ip‖, ip⊥, is‖, is⊥, v, ib
)

. (17)

Note that the perturbation SFH ψ is introduced in the
non-dimensional form with complex coefficients used to
account for intrinsic phase differences between the ki-
netic and thermodynamic quantities in the wave-number
space.
Linearized with respect to assumed to be small per-

turbations, the PDE system (1-8) can be transformed
into a system of ODEs for the spatial harmonics of per-
turbations using the Fourier expansion (14). Hence, the
system describing the evolution of linear perturbations
in time will read as follows:

˙̺ = −kxvx − kyvy − kzvz (18)

v̇x = −Rvy + β‖kxp‖ + (β⊥ − β‖)kxbx (19)

v̇y = β⊥kyp⊥ − (1 + β⊥ − β‖)kxby + kybx (20)

v̇z = β⊥kzp⊥ − (1 + β⊥ − β‖)kxbz + kzbx (21)

ṗ‖ = −3kxvx − kyvy − kzvz − ikxs‖ + (22)

+ iγ(1− 2α2)β
1

2

‖ kxbx − 2Rby ,

˙p⊥ = −kxvx − 2kyvy − 2kzvz − ikxs⊥ + (23)

+ 2iγβ
1

2

⊥kxbx +Rby ,

ṡ‖ = −4γβ
1

2

‖ kxvx − γβ
1

2

‖ kyvy − γβ
1

2

‖ kzvz + (24)

+ 3ijβ‖kx
(

ρ− p‖
)

− 3γRβ
1

2

‖ by ,

˙s⊥ = −2γβ
1

2

⊥kxvx − 2γβ
1

2

⊥kyvy − 2γβ
1

2

⊥kzvz + (25)

+ ijβ‖kx (ρ− p⊥ + (1− α)bx) ,

ḃy = kxvy (26)

ḃz = kxvz (27)

0 = kxbx + kyby + kzbz, (28)

where k ≡ K/K⊥ is non-dimensional wave-vector with

K⊥ = (K2
y +K2

z )
1

2 , τ ≡ VAK⊥t is non-dimensional time,

ψ̇ denotes time derivative of ψ with respect to τ . We
define longitudinal and transverse plasma β parameters:

β‖ ≡
C2

‖

V 2
A

, β⊥ ≡
C2

⊥

V 2
A

,
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and R ≡ A/(VAK⊥) is the non-dimensional shear rate.

III. LINEAR SPECTRUM

Strictly speaking, the linear spectrum of the problem
can be obtained using the Fourier expansion of the spa-
tial harmonics of the perturbations in time. In fact, the
coefficients of the Eqs. (18-28) are explicitly time depen-
dent due to the velocity shear of the flow. However, it
is still possible to employ the adiabatic approximation
when

ψ̇(k, τ) ≈ −iωψ(k, τ) , (29)

where ω can be a slowly varying function in time. The
considered approximation is valid for low or moderate
velocity shear of the flow and is strongly justified for low
frequency modes of the spectrum. The linear spectrum
of anisotropic MHD uniform flow (with zero shear) is an-
alyzed in16. Velocity shear introduces farther complica-
tions to the general dispersion equation (see Eqs. A1-A4
in the Appendix). In the present paper we intend to de-
scribe the compressible sound waves in more detail using
the cold plasma approximation. In this limit the mag-
netic pressure dominates over the hydrodynamic one and
hence:

β‖, β⊥ ≪ 1 . (30)

This leads to a somewhat simplified dispersion equation
for the considered problem, that can be factorized into
the high frequency

ω2 − k2x = 0 (31)

and low frequency modes:

(ω2 − jβ‖k
2
x)D0 − iRβ⊥

kxky
k2

D1 = 0 , (32)

where

D0 = ω4 − 3(j + 1)β‖k
2
xω

2 − 4γβ
3

2

‖ k
3
xω + 3jβ2

‖k
4
x , (33)

D1 = (2ω5 + 2αγβ
1

2

‖ kxω
4 − (5 + 7j)β‖k

2
xω

3 −

− (2α(2 + 3j) + 7)γβ
3

2

‖ k
3
xω

2 +

+ (j(3j + 5)− 6αγ2)β2
‖k

4
xω +

+ 3γjβ
5

2

‖ k
5
x) . (34)

We can solve the dispersion equation in the zero shear
limit when it reduces to (ω2 − jβ‖k

2
x)D0 = 0. In the

absence of heat fluxes (j = γ = 0), the dispersion rela-
tion reduces to ω2(ω2 − 3β‖k

2
x) = 0 with the well known

CGL solution for acoustic waves: ω2 = 3β‖k
2
x. In case of

nonzero heat fluxes we get three different periodic solu-
tions:

FIG. 2. Growth rate of the compressible heat flux instability
vs heat flux parameter γ in the uniform flow: R = 0. Figure
reveals the critical value of heat flux parameter γcr = 0.85
that is necessary for the instability.

• fast thermo-acoustic mode with ω+ = β
1

2

‖ kxη+,

• acoustic mode with ω2
s = β‖k

2
x,

• slow thermo-acoustic mode with ω− = β
1

2

‖ kxη−,

where η± are the upper and lower pair solutions of the
equation: η4− 6η2− 4γη+3 = 0. We identify these solu-
tions as fast and slow thermo-acoustic modes since they
obey the property: η2+ > 1 > η2−. The linear instability
for uniform flow with zero shear of velocity is found when
heat flux parameter exceeds some critical value. Indeed,
Fig. 2 shows the growth rate of the slow thermo-acoustic
mode that becomes unstable at supercritical heat flux
rates: γ > γcr ≈ 0.85.

A. Shear flow solutions

In the presence of velocity shear the linear modes are
modified proportional to the transverse plasma beta β⊥
and velocity shear rate R, see the second term in Eq.
(32). For more specific results we use numerical methods
to calculate the solutions of the dispersion equation.
Fig. 3 shows the solution of the dispersion equation for

different velocity shear parameters. Numerical solutions
of the dispersion equation (32) show the growth rate of
the thermo-acoustic mode. The instability is stronger
for higher velocity shear rates. The growth rates reach
maximum values for the perturbations with the smallest
stream-wise length-scales (kx ≫ 1).
Dispersion curves at the supercritical heat flux param-

eter (γ > γcr) and zero velocity shear (R = 0) are shown
in Fig. 5. This instability is nearly insensitive to the
velocity shear rate. The heat flux instability is stronger
compared to the velocity shear effects shown on Fig. 4.
Thus, at supercritical values and any value of the veloc-
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FIG. 3. Dispersion curves at subcritical heat flux parame-
ter γ = 0.5, anisotropy parameter α = 2 and different values
of normalized shear parameter: R = 0, 0.02, 0.05, 0.1. Here
β‖ = 0.01 and harmonics with ky/kx = 2 are shown for dif-
ferent values of kz/kx. Instability growth rate grows with the
velocity shear of the flow.

FIG. 4. Dispersion curves at supercritical heat flux parameter
γ = 1.5, anisotropy parameter α = 2 and different values of
normalized shear parameter: R = 0, 0.02, 0.05, 0.1. Here β‖ =
0.01 and harmonics with ky/kx = 2 are shown for different
values of kz/kx. Effect of the velocity shear is dominated by
the heat flux instability growth rate (see Fig. 5).

FIG. 5. Dispersion curves at supercritical heat flux parameter
γ = 1.5 in zero shear limit: R = 0. Figure shows that the
growth rate of exponential thermal instability is much higher
compared to the growth rate of acoustic overstability at the
same parameters of the system (see Fig. 4).

ity shear rate, the plasma will reveal strong compressible
thermal instability features.
Figs. 6 shows the frequency and the growth rate of slow

thermo-acoustic waves for different stream-wise wave-
numbers and heat flux parameters. Numerical results
show that the real an complex parts of the solutions are
of the same order in the area of instability. Thus, en-
ergy growth is achieved through thermo-acoustic wave
overstability: the time-scale of the growth is comparable
with the oscillation period of the growing wave mode. In
this case, in the vicinity of the outflow acoustic waves
will grow due to the shear flow overstability mechanism.
This will lead to an enhanced dissipation of compress-
ible waves and flow heating. At larger distances, where
r > rcr and γ > γcr an exponential instability will de-
velop due to anisotropic heat flux instabilities. This in
turn can lead to a fragmentation into magnetized clouds
at large scales.

IV. SUMMARY

We presented the linear stability analysis of an
anisotropic strongly magnetized MHD shear flow within
the 16-momentum MHD approximation. We identify
three compressible solutions of the dispersion equation
as fast and slow thermo-acoustic and standard acoustic
wave modes in strongly magnetized anisotropic collision-
less plasmas. We find the critical value of the normalized
heat flux parameter that leads to compressible thermal
instability in uniform flows with strong magnetic field:
γcr = 0.85.
We study the effects of velocity shear on the thermo-

acoustic waves. It seems that background flow inho-
mogeneity leads to the overstability of thermo-acoustic
modes. In this case, compressible perturbations in the
inhomogeneous anisotropic plasma outflow will grow in
amplitude and lead to enhanced dissipation and heating.
The effect of anisotropic heat fluxes is most profound at
supercritical heat flux parameters, when an exponential
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FIG. 6. Surfaces of the growth rate (Im(ω)) and frequency
(Re(ω)) of the fast thermo-acoustic mode are shown for the
different values of stream-wise wave-number kx and heat flux
parameter γ. Vertical white dashed lines shows the critical
value of γ parameter for the instability due to heat fluxes.
Complex part reveals the instability area, where the real part
of the solution is not vanishing. Moreover, in this area real
part is similar to the complex one, thus identifying the over-
stability of the mode. The growth rates of the overstability
increase with the growth of heat flux parameter and stream-
wise wavenumber.

instability develops. In this regime compressible shear
flow overstability is well dominated by exponential ther-
mal heat flux instability.

The overstability of acoustic waves described in the
present paper can have important consequences for the
space plasma dynamics. This process will draw shear
flow energy into the compressible waves and eventually
to heat via dissipation in solar and stellar winds, leading
to heating due to intrinsic wind shear.

A better understanding of the turbulent processes re-
sponsible for the heating and acceleration of the solar
and stellar winds is of special interest here. In this re-
spect, overstability of acoustic waves due to anisotropic
heat fluxes and velocity shear can contribute to the in-
situ heating of the astrophysical winds that are observed
to be hotter than predicted by a simple adiabatic ex-
pansion model. On the other hand, it is interesting to
examine the role of the additional modes appearing in
the linear spectrum in the turbulent heating models like

recently reported27. Another important aspect of the de-
veloped model is to understand the role of the thermal
modification of the MHD wave modes found within the
16-momentum approximation. It is known that shear
flow induces wave couplings and enhanced dissipation
processes e.g., see the self-heating mechanism described
in the solar coronal heating context26.
Many ionized flows from astrophysical objects fall into

the category of expanding anisotropic plasmas. Among
these are solar and stellar winds, magnetized outflows
from galaxies or even spherically expanding shells of su-
pernovae. It seems that the radial decay laws of expand-
ing outflows may define their local thermal stability far
away from the source. Indeed, if the heat flux parameter
increases with outflow, at some distance from the source
it may exceed the critical value (γ > γcr) and the ex-
ponential instability will develop. Such a situation can
occur not only in strongly magnetized stellar winds, but
also in specific types of jet outflows. Similar arguments
can be applied to the opposite case of accreting flows,
when anisotropic plasma falls onto a central massive ob-
ject. In this case the thermal instability can be developed
during the accretion process.
The phenomena described in the present paper may be

also important in extremely rarified plasmas, such as in-
tracluster gas or galactic winds. The low density of these
outflows provides an environment where the local Lar-
mor radius of ions is shorter than mean free path of the
particles. Often these outflows are strongly magnetized
and exhibit nonuniform velocity features. Galactic winds
are thought to carry dynamo generated strong magnetic
fields at larger scales, where they are observed. In such
situations, the local exponential thermal instability will
lead to the destruction of a directed flow and the buoy-
ant generation of magnetic bubbles in the outflow. This
mechanism will also limit the maximal value of magnetic
field that such rarified ionized flow can sustain.
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APPENDIX

The linear dispersion equation of the anisotropic MHD
shear flow with heat fluxes can be obtained from Eqs.
(18-28) using adiabatic approximation set by Eq. (29).
Hence, 10th order system yields dispersion equation that
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can be factorized into the following two equations:

ω2 − (1 + (α − 1)β‖)k
2
x = 0 , (A1)

ω8 +

6
∑

n=0

(β
1/2
‖ kx)

6−n [anω
n + iRkybn] = 0 , (A2)

where k⊥ ≡ k2x + k2y,

a0 = 3j
(

k2 − (1− α)β‖(k
2
x − 2αk2⊥)

)

,
a1 = 4jγ

(

((1 − α)β‖ − 1)k2x + (α(2α2 − 2 + α)β‖ − 1)k2⊥
)

,
a2 = ((10α− 18)j − 4α3γ2)αβ‖k

2
⊥ + 3(2− 3α)jβ‖k

2
x

− 9jk2,
a3 = 4γ((1 + (α− 1 + j)β‖)k

2
x + (1 + α(2 − α2)β‖))k2⊥,

a4 = (4j + 3)k2 + ((8− α)j + 6− α)αβ‖k
2
⊥

+ ((5 + 4α)j + 3α− 3)β‖k
2
x ,

a5 = −4γβ‖k
2
x,

a6 = −(1 + 2αβ‖)k
2 − (4j + 2− α)β‖k

2
x,

(A3)
and

b0 = 3jγαβ
1/2
‖ , b1 = (8j − 6αγ2)αβ

1/2
‖ ,

b2 = −((4 + 6j)α+ 7)γαβ
1/2
‖ , b3 = −(7j + 5)αβ

1/2
‖ ,

b4 = 2γα2β
1/2
‖ , b5 = 2αβ

1/2
‖ ,

b6 = 0 .
(A4)

The Eq. (A1) shows solution for the well known fire-hose
mode, while the solutions of the Eq. (A2) identify the
remaining modes that are affected by the presence of the
velocity shear (R 6= 0).
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