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CONTROLLED RATE CONCENTRIC CYLINDER RHEOMETRY
of ESTUARINE MUD SUSPENSIONS

Abstract: Estuarine mud suspensions are concentrated colloidal
suspensions which behave as yield stress (or viscoplastic) fluids. They are
inelastic non-ideal Bingham materials, which show an ideal Bingham
behaviour only at high shear rates. A yield stress occurs when the
concentration exceeds the gel point. The rheometry of such fluids is very
difficult because of the many sources of error. The main experimental
problems are wall slip, sedimentation and thixotropic effects. The latter
are discussed in detail in the companion report (Toorman, 1995).
An analytical solution is presented for the calculation of the flow field in
a concentric cylinder viscometer of non-ideal Bingham fluids, described
by the Worrall-Tuliani rheological model. The obtained shear rate
distribution is a function of the a priori unknown rheological parameters.
It is shown that by applying an iterative procedure experimental data can
be processed in order to obtain the proper shear rate correction and the
four rheological parameters of the Worrall-Tuliani model as well as the
yield surface radius. A comparison with Krieger's correction method is
made. Rheometrical data for dense cohesive sediment suspensions have
been reviewed in the light of this new method. For these suspensions
velocity profiles over the gap are computed and the shear layer
thicknesses were found to be comparable to visual observations. It can be
concluded that at low rotation speeds the actually sheared layer is too
narrow to fulfil the gap width requirement for granular suspensions and
slip appears to be unavoidable, even when the material is sheared within
itself. The only way to obtain meaningful measurements in a concentric
cylinder viscometer at low shear rates seems to be by increasing the radii
of the viscometer. Some dimensioning criteria are presented.
A summary is presented of the performance of the Brookfield DVII
viscometer used for the measurement of rheological properties of
cohesive sediment suspensions.
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List of symbols

A, B integration constants
C dimensionless rotation speed

= µ
�
�/�y

c = 2µ
�
Yo

d = �o
2 - 2c�y

f(�) = (� - �o)
2 + 2c(� - �y)

r radius
rb bob radius
rc cup radius
ry yield radius
ro stationary surface radius
r� rotating surface radius
T torsion
Yo shear rate parameter = ��/�µ

shear rate��

� =(ry/rb)
2-1

µ
�

Bingham viscosity
µo initial differential viscosity
�µ µo - µ�

� rotation speed
� angular velocity
� shear stress
�b bob shear stress
�B Bingham stress
�y (true) yield stress
�o stress parameter = �B + µ

�
 Yo

�� �B - �y
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1. INTRODUCTION (Toorman, 1994b)

The understanding and modelling of certain cohesive sediment transport processes
requires the knowledge of the rheological properties of mud layers and cohesive
sediment suspensions. This is particularly of relevance for the following topics:

(1) Consolidating mud layers are saturated soils with a flocculated network structure.
Liquefaction, fluidisation and erosion of this layer requires the break-up of the
structure. The strength of the structure can be characterized by the yield stress, the
stress at which the material behaviour changes from visco-elastic solid to visco-plastic
fluid (e.g. Gularte et al., 1979).

(2) The prediction of the flow of fluidized mud beds (e.g. generated by wave action)
or of a density current (e.g. by deposition of a turbidity cloud) requires the knowledge
of the complete flow curve (shear stress - shear rate relationship) in order to compute
the dynamic viscosity of the suspension (e.g. Toorman, 1992).

(3) The slope stability of dredged channels is characterized by the yield stress (Migniot,
1968).

(4) Navigability is preferably expressed in terms of a rheological parameter, i.e. the
yield stress (Malherbe et al., 1986).

The rheological properties of estuarine muds have been investigated from the beginning
of cohesive sediment research in the early sixties. The concentric cylinder viscometer
is the most widely used rheometrical apparatus for cohesive sediment suspensions.
Michaels & Bolger (1962) investigated the rheological behaviour of kaolinite
suspensions. Krone (1963) was probably the first to apply concentric cylinder
viscometry to natural cohesive sediments. The well known work by Migniot (1968)
presents a study of the influence of several parameters, e.g. concentration and sand
content, on the rheological properties (see also Migniot, 1987). Concentric cylinder
viscometers, including both controlled rate (CR, or, more precisely, controlled rotation
speed) and controlled stress (CS) rheometers, have been used in most cases to
determine the flow curves of muds. Most hydraulic laboratories only use CR
viscometer because of its low cost. The capillary (tube) viscometer has also known
success for sediment suspensions (Einstein, 1941; Krone, 1963) and later modified to
be used also for dense flocculated suspensions (Nguyen, 1983; Cheng, 1986). The
lowest shear rates are significantly higher than in the concentric cylinder viscometer.

The cohesive sediment research community has used commercial rheometrical devices
without seriously questioning the relevance of the obtained results until the eighties.
The problems related to slurry rheometry however are known to rheologists for a long
time. It is only recently that some progress has been reported. The most important
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contributions have been made by Nguyen & Boger (1985, 1987, 1992), following
research on bauxite residue suspension rheology. Other important work has been
carried out by Cheng (1986) and Williams & Williams (1986, 1989a, 1989b)

This report reviews the measurement procedures to study the rheological properties of
cohesive sediment suspensions with concentric cylinder viscometers. The aim of this
report is to make a critical evaluation of the relevance of the results. The major
problems, which bias the measurements, are discussed. Many of the comments apply
also to other coaxial viscometers, such as cone-and-plate and parallel plate
configurations.

2. RHEOLOGICAL BEHAVIOUR OF COHESIVE SEDIMENT SUSPENSIONS

2.1. Rheological model for cohesive sediment suspensions

Concentrated colloidal suspensions behave as yield stress (or viscoplastic) fluids. A
yield stress occurs when the concentration exceeds the gel point. All the different
rheometrical instruments used for slurries, i.e. controlled rate (CR), controlled stress
(CS) and capillary viscometers, result in the same type of flow curve. The typical shape
of flow curves for cohesive sediment suspensions is shown in figure 1. It consists of a
non-linear range at low deformation rates, in which the shear stress increases rapidly
with shear rate, followed by a linear behaviour, like an ideal Bingham plastic fluid, at
higher shear rates. It is a shear-thinning fluid (i.e. the viscosity decreases with
increasing shear rate).

�   log µ
Bingham

    µ
�       µo

�B

n=1
       µo
�y

      µ
�

. .
� log �

Figure 1: Schematized flow curve and viscosity curve of cohesive
sediment suspensions (Toorman, 1994a). In the case that �y � 0, the
viscosity will become infinitely high for �0.��
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� � �y�µ
�
�� �

�µ ��

1� �µ ��
��

� �y�µ
�
���

��

1�Yo / �� (1)

� � �0 � µ
�
�� � �B��0 1�exp(� ��/ ���) (2)

The flow curve of cohesive sediment suspensions is well described by the four-
parameter model, which is based on the structural kinetics theory of Moore (1959).
This model was shown to be representative for clay suspensions by Worrall & Tuliani
(1964). It can be written as:

where: = shear rate��

� = shear stress
�� = �B - �y

�B = Bingham stress (which is not necessarily a true yield stress !)
�y = (true) yield stress
�µ = µo - µ�

µo = initial differential viscosity (the asymptotic value of µ for �0 when��

�y = 0)
µ
�
 = Bingham viscosity (the asymptotic value of µ for ��) (fig.1).��

The ratio ��/�µ corresponds to a shear rate Yo which is of the order of one tenth of the
upper limit of the non-linear range. The values of all four parameters, and therefore
also the range of the non-linear behaviour, increase with the sediment concentration.
This model can represent very well the flow curves of coagulated colloidal sols
(Hunter, 1989) and of cohesive sediment suspensions (which contain much clay and
some organic matter), as is confirmed by data obtained with controlled stress
rheometers (Jones & Golden, 1990).

Eq.(1) reduces to the Williamson model (1929) when �y = 0, describing shear- thinning
without yield, and to the Bingham model (1922) when �� = 0 (or �B = �y). Hence,
eq.(1) is basically the combination of these two rheological models. Note that the
Williamson model is equivalent to the Cross model (1965) with exponent n = 1.

Other models have been proposed as well, i.e. power-law models including yield stress,
such as the popular Herschel-Bulkley (1926) model, and Casson (1959). An analytical
solution is not available for these. Another four-parameter model, which can well
describe the flow curve of cohesive sediment suspensions, is suggested by Windhab
(1994):

where �B is now called the "shear structuring stress limit". This equation has been
generalized by superposing several exponential terms (3-5 seems enough) corresponding
to the different shear structuring mechanisms.
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2.2. Shear flow and thixotropy

Mud is a dense flocculated suspension. The basic behaviour has been explained by
Michaels & Bolger (1962), who studied the rheological properties of kaolinite
suspensions. The rheology of cohesive sediment suspensions has been studied in further
depth by Williams (1986), who presents the theory which relates the rheological
parameters to the free energy of interaction between particles. At rest the aggregates
tend to form a continuous flocculated network structure (when the concentration is high
enough), which exhibits elastic soil properties. This gel cannot flow until shear forces
exceed the yield stress of the structure, and then break up the network into mobile
aggregate particles.

In shear flow the particles on adjacent streamlines move at different velocities.
Consequently the aggregates and flocs continuously collide with each other or due to
electrostatic forces are attracted to or either try to circumvent each other. In shear flow
the structure and size of the flocs changes when the shear rate changes and strive
towards an equilibrium. The magnitude of the shear force determines the final size of
the aggregates, depending on the strength of the interparticle bonds. Consequently at
different shear rates different aggregate structures are obtained. The transition from one
structural state to another is called thixotropy. This time-dependent behaviour is always
encountered in rheological experiments, causing a lot of problems to the interpretation
of the data. The description of the mechanisms, the characterisation and the modelling
of thixotropy are presented in a complementary report (Toorman, 1995).



Concentric cylinder viscometry of cohesive sediment suspensions 5
)))))))))))))))))))))))))))))))))))

3. THE CONTROLLED (SHEAR) RATE CONCENTRIC CYLINDER VISCOMETER

3.1. Principle

The concentric cylinder (CC) viscometer is based on the basic concept of viscosity (the
ratio of shear stress to the deformation or shear rate) as defined by Newton. Its
principle is the measurement of the friction force on the surface of a rotating cylinder
immersed in a fluid. The resisting force is measured as the torsion T on the axis of the
inner cylinder.

The material is sheared in the gap between the inner cylinder or bob and the outer
cylinder or cup (fig.2). In the Searle configuration the bob rotates, while in the Couette
viscometer it is the cup (Walters, 1975; Barnes et al., 1989).

Figure 2: Schematic representation of the CR concentric cylinder
viscometer. Right: illustration of the flow of a yield stress fluid (after
Nguyen & Boger, 1987). r* = yield radius.

The different types of CC viscometers can be classified into controlled rate (i.e.
measurement at constant rotation speed) and controlled shear stress viscometers. This
report only deals with the former.

For viscoplastic materials two modes of flow are possible, i.e. plug flow and fully
sheared flow (Nguyen & Boger, 1987). When the shear stress decreases to the yield
value within the gap, the remaining material beyond this yield surface is not sheared,
but behaves as a solid plug. The distance from the centre of the yield surface is called
the yield radius (fig.2). The sheared layer is always located at the bob. Hence, the
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T � �r�dS � 2�R 2L�w�4��
R

0

�(r)r 2dr (3)

�(r) �
r
R

p

�w (4)

�R 2L�w�4��w�
R

0

r p�2

R p
dr � 2�R 2L�w 1� 2R

L(p�3)
� 2� (5)

torque must be measured on the bob. In the Couette configuration the plug moves along
with the cup. At higher rotation speeds, when the shear stress at the cup is still above
the yield stress, the material is fully sheared over the total gap width.

3.2. Torque

The torque on the bob axis is computed as:

with: r = radial coordinate
S = surface
L = bob length
R = bob radius
�w = shear stress at the bob surface

The first term is the contribution of the cylinder wall; the second of the top and bottom
surfaces. The shear stress distribution over the top and bottom surface is not known.
Consequently it is difficult to estimate its relative weight to the torque. Generally one
assumes that along this surface there exists a power law relationship between stress and
radius:

Eq.(4) fulfils the boundary conditions: �(0)=0 and �(R)=�w. Substitution in eq.(3)
gives:

with: Le = CL = effective bob length
C = 1 + 2R/L(p+3) = correction factor
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p � a��n (6)

End effect correction

The magnitude of C is a measure of the so-called end effect. This factor can be
determined experimentally according to a procedure described by Van Wazer et al.
(1963). This method consists of the torque measurement at a selected constant rotation
speed for different immersion depths of the spindle. The plot of T/� versus immersion
depth di often gives a straight line, which may intersect the ordinate at a positive value.
The intersection on the negative side of the abscissa of the extrapolated line gives the
value of the length which must be added to incorporate the bottom friction. Similarly
the top surface contribution can be estimated from the difference in torque between
totally immersed and immersion to the edge of the bob. The value of p can then be
computed with eq.(5).

Van der Borght (1993) carried out a few tests to determine end effects. He found that
p = 0 for Newtonian fluids. Experiments on natural mud indicate that the end effect
decreases (i.e. p increases) with concentration, probably because of slip on these
surfaces. A concentration dependence of p can be expressed as:

where �� = excess density = �-�water. The value of the parameters depends on the
spindle geometry (data are presented later for the Brookfield).

The end effect can be reduced or even eliminated by using a bob with a hemispherical
recess in the bottom which can trap an air bubble which limits the transfer of
momentum between fluid and bob (Hunter, 1989). Alternatively, the Mooney
configuration has a conically shaped bottom with angle = tan-1(�r/rb) such that the
shear rate is constant and equal to the shear rate in the gap (as in the cone-and-plate
viscometer).

3.3. Shear rate and angular velocity distribution (Toorman, 1994a)

The experimental determination of the flow curve requires the knowledge of the shear
rate distribution in the viscometer. This is not so evident, considering the non-linearity
of the rheological behaviour, which makes that the shear rate is not only a function of
geometrical parameters, but also of the rheological parameters. Toorman (1994a)
recently presented the analytical solution for the computation of velocity and shear rate
profiles over the gap of a concentric viscometer for Moore-type fluids. The integral text
is repeated here.
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�
�

� r d�
dr (7)

r 2d���2�rdr (8)

��A/r 2 (9)

� � �d� � �
��

r
dr � �

1
2�

��

�
d� (10)

A � �yr
2
y (11)

3.3.1. Basic equations

The profiles of shear rate and (angular) velocity over the gap width of a concentric
cylinder viscometer can be obtained by solving the hydrodynamic equations in
cylindrical coordinates. The problem then reduces to the solution of the radial
momentum balance equation with the proper boundary conditions.

The shear rate in a rotational flow is defined as:

where: � = angular velocity, r = radial coordinate. Only Couette flow is assumed, i.e.
no secondary flows as can occur in large gap configurations. The torque balance in a
cross-sectional plane gives:

Hence, integration of eq.(8) results in:

where: A = integration constant. By substitution of a rheological model the shear stress
can be replaced by the shear rate. Integration of the shear rate will give the angular
velocity as a function of the radius:

The integration constants are obtained by substitution of the boundary conditions. The
usual boundary conditions are: (1) at the rotating surface, r = r�: � = -�; (2) at the
stationary surface, r = r0: � = 0 s-1. The minus sign in the first conditions follows
from considering positive shear stresses for the rotating bob configuration.

In the case of a yield stress fluid the material is sheared up to a certain distance from
the inner cylinder surface. This distance, the yield radius ry, defines the yield surface.
Hence, at the radius ry: � = �y, or  = 0 s-1. Following eq.(9) this condition reads:��

The unyielded zone is found beyond the yield surface. When the yield stress is known,
the expected yield radius can easily be computed as:



Concentric cylinder viscometry of cohesive sediment suspensions 9
)))))))))))))))))))))))))))))))))))

ry � Rb �/�y (12)

2µ
�
�
�

� ���o� (���o)
2
�4µ

�
Yo (���y) (13)

�
� � �

A

2r 2
��olnr�B� � (A/r 2

��o)
2
�2c(A/r 2

��y) (14)

� � �o�µ
�
�� (15)

�
�

� r d�
dr

�
1
µ
�

A

r 2
��o (16)

µ
�
� � �

A

2r 2
��olnr�B (17)

If the value is larger than the cup radius, the fluid is sheared over the total gap width.

3.3.2.  Worral-Tuliani model

Eq.(1) can be rewritten as a quadratic equation of shear rate. For physical reasons, only
one solution is withheld:

with: �o = �B + µ
�
Yo. After substitution of eq.(9), integration of (13) yields:

with B a second integration constant. In the case of a Williamson fluid there is no yield
stress (�y = 0) and thus no yield surface (ry = �).  The solution of the last integral for
both models is presented in Appendix A.

3.3.3. Bingham model

The formulae for Couette flow of a Bingham fluid were already presented by Reiner
(1929). In order to compare with the previous results, the rheological law is written as:

with: �o = �y = �B. Combination of eqs.(13), (7) and (9) gives:

Integration of eq.(16) results in:

The integration constants become:
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A �

2r 2
�
r 2

o

r 2
�
�r 2

o

�µ
�
���oln

r
�

ro

(18)

B � �olnro � �µ
�
���oln

r
�

ro

r 2
�

r 2
�
�r 2

o

(19)

� � ���

�o

µ
�

ln
r
�

ro

r 2
�
(r 2

o�r 2)

r 2(r 2
o�r 2

�
)
�

�o

µ
�

ln r
ro

(20)

�
�

� r d�
dr

�

2r 2
�
r 2

o

r 2(r 2
o�r 2

�
)
��

�o

µ
�

ln
r
�

ro

�
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µ
�

(21)

�
�

�

�o

µ
�

r 2
y

r 2
�1 (22)

f (ry /r
�

) � 1�
ry

r
�

2

�2 ln
ry

r
�

�

µ
�
�

�o

� 0 (23)

Substitution of eqs.(18) and (19) into (17) results in:

The corresponding shear rate is:

Eqs.(20) and (21) are generally valid.

When rb (bob radius) < ry < rc (cup radius) the yield surface is the stationary surface.
In that case, the simpler, but equivalent form, obtained by combining eqs.(11) and (16),
can be used:

In this case eqs.(11) and (18) define the same constant. Equating these expressions
provides the relationship between ry and the rheological parameters, i.e. the yield radius
is the solution of:

This equation can be solved iteratively. Figure 3 shows that this equation has two
solutions for the ratio ry/r�, the first smaller and the second larger than 1.
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f(
r y

/r
�
)

            C = 1

     C = 0.1

   C = 0.01

ry / r�
Figure 3: Yield radius function for an ideal Bingham fluid, eq.(23),
showing two intersections with the abscissa.

�

C
Figure 4: Yield radius parameter �=(ry/rb)

2-1 for an ideal Bingham fluid
in a Couette flow as a function of the dimensionless rotation speed C
(dashed lines are asymptotes).

The first solution however, which corresponds with a sheared layer at a rotating cup,
must be discarded because it leads to shear stresses below the yield stress. This implies
that eq.(23) is invalid for ry < r�. Consequently, the only possible solution for the
rotating cup configuration is the reciprocal of the rotating bob solution, i.e. the sheared
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� �
T

4�µ
�
r 2
�
Le

(1�	)�
�y

µ
�

ln	 (24)

�y �

To(	�1)

2�R 2
b Le	

(25)

� �

T�To

4�µ
�
R 2

b Le

(1�	) (26)

µ
�
�

S(1�	)

4�R 2
b Le

(27)

zone will always be at the bob surface. Eq.(23) also gives a unique relationship between
the non-dimensionalized yield radius ry/r� and rotation speed C = µ

�
�/�y. Figure 4

shows that there are two asymptotes in the double-logarithmic graph of � = (ry/r�)
2 -

1 versus C: ��2C for C > 10; �«1 for C < 0.01, and eq.(23) can be replaced by
2C��2/2+O(�3).

When in the previous equations for a Bingham fluid �o is set equal to 0 Pa, the
conventional equations are obtained for Couette flow of a Newtonian fluid. Note that
the Newtonian solution for the shear rate is independent on the parameter µ

�
.

3.4. Direct determination of Bingham parameters

Pazwash and Robertson (1971) presented a direct method to determine the
Bingham parameters which requires several measurements at high rotation speeds.
Consider the rotating bob configuration and the material fully sheared over the whole
gap width. Eq.(20) is rewritten as the relationship between rotation speed and torque
T = �/2�RbLe (Rb = bob radius; Le = effective length) as follows:

where: 	 = Rb/Rc. Under these flow conditions this is a linear relationship. Where this
line  in a �-T plot intercepts the T-axis, the theoretical value To is found for � = 0.
Substituting these values in eq.(24) allows the calculation of the Bingham yield stress:

Substitution in eq.(24) gives:

from which the plastic viscosity can be computed as:

with S = (T - To)/�, the slope of the linear high speed part of the T(�) curve. This
method requires several measurements at rotation speeds high enough to have the fluid
sheared over the whole gap. It also requires the determination of the effective bob
length Le.
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3.5. Shear rate correction (Toorman, 1994a)

Another problem is the determination of the flow curve, which requires the knowledge
of the shear rate distribution in the viscometer. Following the previous results the shear
rate of a non-Newtonian fluid is a function of the rheological parameters. Not knowing
the rheological parameters, nor the rheological law a priori, it is not evident to find a
way to determine the proper shear rates. Methods to find the shear rates are called
shear rate "corrections", because previously only a Newtonian solution or a linear shear
rate distribution over the gap could be used as approximations for the true shear rate.

For Newtonian fluids, there is no problem, because it can be shown easily that the
shear rate depends only on geometric parameters. However, for non-Newtonian fluids
the shear rate is also a function of the rheological parameters, which in their turn are
determined from the analysis of the shear stress/shear rate rheogram. At first sight this
is a vicious circle problem. However, it is possible to break the circle.

All existing methods for the concentric cylinder viscometers are based on a shear rate
correction method proposed by Krieger & Elrod (1953). This work has been further
elaborated by Krieger & Maron (1954), Krieger (1968) and Yang & Krieger (1978).
Nguyen & Boger (1987) proposed to use the correct solution for plug flow conditions,
which only requires some knowledge of the magnitude of the yield stress, but otherwise
is independent on the rheological model used.

In this section a different approach is presented, which uses analytical solutions for the
shear rate distribution. Analytical solutions for the flow field exist of only a few model
fluids (e.g. Newtonian, power-law, Bingham, Ellis). In most of the cases the
dependence on the a priori unknown rheological parameters does not allow to make
direct use of these solutions for the calculation of the true shear rate at the inner
cylinder surface. Moreover, for the majority of realistic rheological models an
analytical solution does not exist. In this section it is shown that for fluids, which
behave according to a rheological model for which an analytical solution for the flow
field exists, it is possible to use this solution to obtain the proper shear rate correction
through an iterative procedure, in which the estimated rheological parameters are
improved. This new method is applied to the four-parameter Worrall-Tuliani model
(1964) and will be compared with Krieger's method.

A big advantage of being able to work with the exact solution is that the restriction on
the ratio of cup over bob radius, required to allow the constant shear rate
approximation, is no longer required. For granular suspensions this was practically
already impossible, because of the relatively large particle diameters, while the gap
needs a width of at least 30-100 times the particle size.



Concentric cylinder viscometry of cohesive sediment suspensions 14
)))))))))))))))))))))))))))))))))))

� � �
�

0

d� � �

r
�

ro

��

r
dr � �

1
2 �

�b

�
2
�b

��

�
d� (28)

��(�b) �
2� N

1�
�2N
1�g(t)N �N �2

� ... (29)

d�
d�b

�

��(
2�b)� ��(�b)

2�b

(30)

�� � 2�N (31)

�

�b(1�

2)� (�b��o)

2
�2c (�b��y) � (
2�b��o)

2
�

4µ
�
�

(32)

� �b(1�

2)� (�b��o)

2
�2c (�b��y) � (
2�b��o)

2
�2c (33)

3.5.1. Krieger's method

The shear rate at the bob surface of a Searle viscometer can be computed as the solution
of the integral equation:

In Krieger's method (Krieger, 1968; Yang & Krieger, 1978) the shear rate is
determined by using a local power-law approximation. The shear rate at the bob
surface is then obtained as a series solution of eq.(28) with as leading term the power-
law solution:

where: �b = shear stress at the bob; 
 = ro/rb, the ratio of stationary surface over bob
radius; N = d(ln�)/d(ln�b) = 1/n with n the local power-law index; N� = dN/d(ln�b);
g(t) = t[et(t-2)+t+2]/2(et-1)2 with t = 2Nln
. It follows from eq.(28) that:

In the case of plug flow of a yield stress fluid 
2�b = �y and (�y) = 0. Hence:��

Thus the true shear rate is then independent on the gap width (Yang & Krieger, 1978).
This is the same solution as for the infinite gap. Eq.(31) therefore may be very useful
for yield stress fluids (Nguyen & Boger, 1987). - When the material is sheared over the
total gap width, it follows from eq.(14) that for the Worrall-Tuliani model:

Substitution in eq.(31) gives:
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3.5.2.  An iterative procedure for shear rate corrections

Knowing the analytical solution of the shear rate distribution for a Worrall-Tuliani
fluid, it is possible to use this solution to find the proper shear rate correction for
rheometrical data. The basic idea is to assume some starting values for the rheological
parameters, which allows the analytical computation of shear rates. With those new
shear rates generally the new flow curve deviates from the previous one, and
consequently will result in other values of the rheological parameters. Since it was
found that repetition of this procedure leads to a monotonously decreasing difference
between the parameter values in subsequent calculations, a converging solution is found
by this iterative process. Hence, with a given data set of shear stress as a function of
rotation speed the following steps must be made:
    1) Initially the Krieger solution can be taken as a first approximation (even starting

from the Newtonian solution works fine). The parameters of the resulting
rheogram are determined using a least squares fitting (LSF) of the data points
to the Worrall-Tuliani model for its four parameters (see Appendix B).

    2) The integration constants A and B, as well as the yield radius ry are computed
iteratively for each rotation speed.

    3) The shear rate at the rotating surface is calculated with the Worrall-Tuliani
model with the new parameters. A new flow curve can then be drawn.

    4) Again a LSF is performed. The initial parameters are updated, by using a
relaxation method, necessary to guarantee convergence.

    5) Steps 2 to 4 are repeated until convergence.
The convergence behaviour of this scheme is slow and depends strongly on the initial
values. Therefore, some relaxation is necessary, but not too much, otherwise the
scheme becomes unstable.

3.5.3. Evaluation

The accuracy of the shear rate correction methods can be evaluated using "model
generated" data. These data are obtained by taking computed values of an ideal model
fluid with chosen rheological parameters. Yang & Krieger (1978) have tested Krieger's
method by applying it to the Bingham and a so-called "Williamson" model, which
corresponds to the Meter model with exponent 1. Their "Williamson" model differs
from the one presented here by having a ratio of stresses instead of shear rates in the
denominator (this model enables a much easier analytical solution, but cannot be used
as a generalization of the Bingham model, as is the case for the Williamson model in
this report). They conclude that usually the power-law approximations lead to errors
within 1% for fluids without yield stress, but the errors for yield stress fluids are
substantial. The method yields much better results than the former Krieger & Elrod
method (1953), which is clearly demonstrated by Nguyen & Boger (1987).

Darby (1986) made a more detailed study using ideal Bingham and Casson yield stress
fluids. The errors become quite large when in the case of a rotating bob the yield
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surface coincides with the cup. When 
 < 1.65 the error exceeds 10% for the Bingham
fluid. For the Casson model the error is only half as large as for Bingham.

Because eq.(31) provides an exact solution for a plug flow regime, Nguyen & Boger
(1987) propose to measure as much as possible in wide gap configurations that
guarantee plug flow. However, to know whether or not plug flow occurs, the yield
stress or better the yield radius must be known. In practise, an other source of error
could be the accuracy on the computation of N, which depends on the number of
rotation speeds used and on the method used to estimate the derivative d(ln�)/d(ln�b).

The iterative method allows theoretically the exact reconstruction of ideal Bingham,
Williamson and Worrall-Tuliani fluids. However, in practise this method too can
introduce errors. Since the iterative method uses curve fitting, the accuracy depends on
the number of data points. This implies practically that in the non-linear range at least
four rotation speeds (i.e. shear rates < 10 Yo) are required to obtain a good least
squares fitting for the estimation of the rheological parameters.

3.5.4. Experimental data

As far as known to the author, few validations of shear rate corrections for
experimental data of yield stress fluids are available. It is very likely that this is a result
of the problem of comparison of different rheometrical methods for these fluids,
because of thixotropic effects (Nguyen & Boger, 1992).

Nguyen & Boger (1987) have reconsidered the Krieger method and have applied it to
rheometrical data and validated the result by comparisons with the results of a capillary
viscometer. They seem to obtain a good agreement between flow curves obtained with
a capillary viscometer and Krieger-corrected data for a Couette viscometer.
Unfortunately, no data are given on the relative difference between the two. On the
double log-log scale used to present their data, the differences of the order shown here
cannot be made visible. They contribute the large deviations for higher shear rates (i.e.
>100 s-1, depending on concentration) to flow instabilities.

Both correction methods have been applied to data for dense cohesive sediment
suspensions (i.e. mud) from the river Scheldt at Antwerp (figure 5). Depending on the
quality of the data set, the agreement between Krieger and iteratively corrected data is
good. As mentioned in the previous section, the method of estimating the derivative in
a point greatly influences the result for Krieger. Further discrepancies are due to the
small number of data points and experimental errors.

Since experimental errors are often at least of the same order of magnitude as the
differences between both correction methods, it may be concluded that the easier
Krieger method provides a correction equally good as the iterative method. However,
when the experimental errors become large they are taken along into the Krieger
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corrected data which is very sensitive to any error in the slope of rotation speed versus
shear stress. Because the iterative method seeks for a solution that obeys the Worrall-
Tuliani model, such errors are filtered out to a certain extend. Unfortunately this is no
guarantee that the obtained flow curve is the right one.

Figure 5: Experimental flow curves for a suspension of sediment from
the Scheldt estuary (at Antwerp); concentration = 145 g/l. Legend: � =
no correction (Newtonian), � = iterative correction, � (linear) and +
(quadratic approximation) Krieger correction. Comparison between
spindle and vane with equivalent dimensions (Brookfield DVII; sample

homogenized prior to every measurement).

The question may be raised whether the new method is any better. A possible criticism
could be the enforcement of a particular rheological law. However, recent
measurements on natural river mud with a controlled stress rheometer by Jones &
Golden (1990) strongly support the shape of the rheogram, corresponding the Worrall-
Tuliani model, up to shear rates of 500 s-1 (fig.6).
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Figure 6: Flow curves of a natural cohesive sediment suspension (River
Parrett mud) measured with a Carri-Med controlled stress rheometer
(after Jones & Golden, 1990).

3.6. Shear rate and velocity distribution over the gap

Having the analytical solution for a Worrall-Tuliani fluid, it is of interest to take a
closer look at shear rate and velocity profiles over the gap. In figure 7 the angular
velocity profiles are shown, as calculated for Scheldt mud of density � = 1090 kg/m3

for several rotation speeds, corresponding to the vane flow curve of figure 5. When
there is plug flow, all velocity profiles are approximately identical except for a radial
shift, as follows directly from eqs.(9) and (11) and the unique relationship between
shear rate and shear stress (the rheological model). When the fluid is sheared over the
whole gap, the profiles for different rotation speeds deviate in the low shear region
because of the influence of the boundary condition at the stationary surface.

Profiles for a Williamson fluid with the same Bingham parameters and a small Yo only
differ from the ideal Bingham behaviour over the layer where the non-linear behaviour
dominates. Even though there is no plug flow in that case, there is a layer of the same
size as for the corresponding ideal Bingham fluid with a small shear rate, different from
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Figure 7: Computed angular velocity (solid lines) and shear rate (dotted
lines) profiles for the vane experiment from fig.5 (spindle rotation
speeds: 0.3, 0.6, 1.5, 3, 6, 12, 30 and 60 rpm).

The profiles show that for the maximum rotation speed (for the considered case C =
0.0434) the yield radius is found at a relative distance from the bob surface of
approximately 29% of the bob radius. For the smallest (C = 0.000217) it is only 4%.
If one considers the 100 particle diameter gap width requirement, and assuming a
median diameter of 40µ, it is clear that this condition is not fulfilled for standard
commercial viscometers. The computed shear layer thicknesses correspond quite well
with values estimated from visual observations. Hence, these velocity profiles give a
better insight in the occurrence of slip. Even when a vane was used, the thin sheared
layer appeared to be a dilute water layer in between the dense suspension between the
vane blades and the stationary mud around. It is therefore very questionable if the
obtained flow curve represents the true rheological behaviour at low shear rates.
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Since a thin shear layer is already formed for fluids with yield stresses as low as 1 Pa,
one can easily use a wide gap configuration, where one can benefit from the advantages
of the so called plug flow solution, eq.(31), which is then valid.

The only way to obtain a thicker shear layer is by increasing the bob radius.
Dimensioning of a large diameter concentric cylinder viscometer can be done when
assuming ideal Bingham behaviour. The grain size of individual particles in natural
cohesive sediment suspensions typically reaches 0.2 mm (fine sand). Hence, the
minimal gap width �rmin should be at least of the order of 10 mm. In order to have the
material sheared over such a width at small rotation speeds, the minimal radius of the
rotating surface the following condition, which can be obtained from the low C
approximation of eq.(23), �2

�4C:

For example, for the set of parameters: � = 0.01 s-1, �o = 1 Pa, µ
�
 = 0.01 Pa.s (i.e.

C = 0.0001), the radius should be of the order of 1 m. The construction of such a
rheometer is not impossible: a prototype was designed and constructed by O'Brien
(1986) for the study of the rheology of landslide mud.

However, with large dimensions (or gap width) care should be taken in order to avoid
secondary flows. This condition restricts the maximum allowable rotation speed.
Because of their high viscosities it can be expected that this problem will not occur so
fast with dense cohesive sediment suspensions.
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4. MEASUREMENTS

The rheometry of concentrated suspensions is very difficult because of the many
sources of error. An excellent review on the rheometry for fluids with yield stress is
presented by Nguyen & Boger (1992). The main experimental problems are wall slip,
sedimentation and thixotropic effects. Flow instabilities at high Reynolds numbers
(Taylor vortices or turbulence) have never been reported for cohesive sediment
suspensions.

4.1. Inertia

During measurements a transitional effect of short peaks can be observed when the
rotation speed is changed. Apart from the material response, it may also be a result of
inertia of the bob, as recorded by the relatively flexible torsion spring (the torsion bar,
as found in the Haake viscometer, is much stiffer and does not cause this problem).
However, tests with highly viscous motor oil (a Newtonian fluid) by Van der Borght
(1993) show no peaks at all. Hence possible overshoots due to inertia are damped. At
the other hand, these oil tests showed an exponential transient behaviour, indicating
delayed response due to inertia of the bob, which cannot follow the change in speed
immediately. Stress peaks thus must be caused by the thixotropic material response.
This is further discussed in the "thixotropy" report (Toorman, 1995).

4.2. Wall effects and vane rheometry

The surface of the inner cylinder is very smooth compared to the roughness of the
adjacent suspension, which consists of protruding particles. Phase separation occurs so
that the bob surface is covered with a thin layer of suspending fluid which may act as
a lubricant. Since shear flow of the suspension means the rearrangements of the
particles, it is understandable that the interlocking of the particles results in higher
resistance and consequently slip at the bob surface. A recent review is presented by
Barnes (1995). He shows in his Fig.12 that slip may cause a wrong interpretation of
viscometric data, particularly the appearance of apparent lower Newtonian plateaus or
apparent yield stresses.

At the other hand, the stationary yield surface is not smooth either, again due to
protruding particles, which hinder the movement of the adjacent particles in the sheared
layer. Hence, when the yield radius is close to the bob wall the very narrow sheared
layer cannot flow properly and wall slip due to depletion is enhanced.
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4.2.1. Slip correction

A method to correct for wall slip was proposed quite early by Mooney (1931). Cheng
& Parker (1976) and Yoshimura & Prud'homme (1988a) modified this method,
requiring only two instead of three bob/cup geometries. They recommend to use
cup/bob ratio smaller than 1.1 in order to keep errors smaller than 2%, because
otherwise higher order derivatives on experimental data are required, which generally
produce large errors (Yoshimura & Prud'homme, 1988b). Apart from their application
to a 1.96% bentonite suspension, it is not known whether the method has ever been
applied to sediment suspensions. Application of the method to flocculated suspensions
will be not so easy, because of the dimensions involved. For granular suspensions is
seems more appropriate to work in a wide gap geometry, allowing plug flow. The wall
slip correction method has to be modified for this configuration.

4.2.2. Slip reduction

One way to reduce the slip problem is to use a large diameter concentric cylinder,
which is dimensioned such that the sheared layer is thick enough in order to fulfil the
gap width requirement (O'Brien, 1986). Toorman (1994a) derived a dimensioning
criterion (eq.34) and finds that one needs a 1 m diameter bob to obtain a 10 mm wide
sheared layer at a rotation speed of 0.01 s-1 for a fluid with a yield stress of 1 Pa.

The problem of slip can also be reduced by roughening the bob surface. Magnin & Piau
(1990) present photographs of the velocity profiles for an acrylic acid polymer aqueous
gel in the gap of a cone-and-plate viscometer with different types of roughness. They
concluded that slip is still observed for grooved surfaces and for surfaces with a 25 µm
roughness; only for the 250 µm roughened surface no slip was observable.

An other problem with a cylindrical bob is the disruption of the original structure by
immersion. Migniot (1967) tried to avoid this by filling the cup with the spindle already
in its place.

4.2.3. Vane rheometry

Gularte et al. (1979) replaced the inner cylinder by a vane spindle. This spindle type
is known from vane shear strength technique in geotechnical engineering. It has the
advantage that the material is sheared within itself and the disruption by immersion is
minimized. Nguyen & Boger (1985) have made a detailed study of vane rheometry.
Vane rheometry also allows the measurement of the shear modulus (Alderman et al.,
1991). The effect of the number of blades has been investigated by Sherwood & Meeten
(1991). James et al. (1987) used a vane in a CS rheometer.

There are a few serious problems with a vane spindle. With a small number of blades,
recirculating flow in between the blades is observed, particularly at lower
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concentrations. At low rotation speeds the width of the sheared layer (i.e. the effective
gap width) becomes too small and again the problem of slip occurs due to phase
separation.

Alderman et al. (1991) obtained good agreement between yield stresses measured with
a vane CR and a CS rheometer for bentonite suspensions for concentrations by weight
below 4%. For higher concentrations the vane method yielded higher values than CS.
Comparison between a vane and a cylindrical spindle of same dimensions at the
K.U.Leuven revealed systematically higher stresses for the vane spindle at low rotation
speeds, but lower at high rotation speeds (Toorman, 1994b). In the experiments of
Gularte et al. (1979), the vane spindle gives higher values for all rotation speeds, but
similar to Toorman's results also a significantly lower Bingham viscosities (µ

�
) than for

the cylindrical spindle.

Nguyen & Boger (1987) compared vane CR rheometry results with capillary viscometer
data. Unfortunately, capillary data start only at a shear rate of the order of 10 s-1, where
there are little problems even with the CR rheometer.

4.3. Sedimentation and consolidation

Due to sedimentation of particles during the experiment, there is an unequal distribution
over depth of the flow resistance on the inner cylinder. Too much sedimentation may
yield strange recordings: a decrease of the torque may be the result of dilution of the
upper part of the sample; an increase may be the result of structural recovery during
consolidation of the bottom part. Up to now there is no remedy for this problem. At
high enough concentrations, when a structure is formed, the problem is smaller but still
exists because of consolidation effects, which apart from density gradients also induces
variations of structure with depth. Jones & Golden (1990) report that in a CS rheometer
the settling rate increases with increasing applied stress.

4.4. Temperature

The temperature should be recorded for each experiment. It determines the molecular
viscosity of the interstitial water and may influence the strength of certain interparticle
bonds. For instance, Mercer & Weymann (1974) present flow curves at three different
temperatures for a 7.26% aqueous bentonite suspension, which shows that the value of
the two Bingham parameters increase with increasing temperature.
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4.5. Flow curve

Since estuarine mud suspensions are thixotropic materials, the only unique flow curve
is the so called equilibrium flow curve, which corresponds to stable conditions where
the rate of structural break-down is outbalanced by the rate of recovery at a particular
shear rate (see Toorman, 1995). In practice, it can take a long time to reach
equilibrium, particularly at low shear rates. Many investigations do not take care for
this and therefore end up with non-unique flow curves.

4.5.1. Standard method

Tests are performed on homogeneous samples. The standard procedure to obtain a flow
curve with a CR rheometer is to record the equilibrium value of the torque on the inner
cylinder for different rotation speeds. Otsubo & Muraoka (1988) record the flow curve
dynamically by varying the rotation speed continuously. The data should then be
processed using a shear rate correction method.

4.6. Yield stress

The yield stress is still subject of discussion between rheologists. Some even doubt its
existence. It is now generally accepted that it all depends on the time scale involved in
the application (Cheng, 1986). For engineering purposes it is definitely a useful
parameter. Several measures for the yield stress can be found in literature (Cheng,
1986; James et al., 1987; Nguyen & Boger, 1992). Some typical measures for the yield
stress (figure 8) are presented below.

4.6.1. Peak stress & end-of-linearity values

The most classical one is the recording of the peak stress when flow is initiated
(Migniot, 1968). More accurately one should take the point where the stress rate
deviates from the initial linear behaviour, which corresponds to the elastic response of
the original structure. In practise the linear part often cannot be distinguished
accurately.

4.6.2. Dynamic overshoot value

During the stress recording of a dynamic test in which the rotation speed is steadily
increased one observes a first stress maximum, before the Bingham behaviour. This
overshoot value can be taken as a measure of the yield stress. This, however is
uncommon.
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Figure 8: Different possible definitions of yield stress: Extrapolation of
the up- or down-curve (upper or Bingham yield: �1 and �2; lower yield:
�3 and �4). Stress peak values: dynamic (�5 - Kuijper et al., 1991) or
static, at the lowest shear rate (�6 - Migniot, 1968; Migniot & Hamm,
1990).

4.6.3. Flow curve extrapolation

The indirect methods estimate the yield stress from the curve fitting of the
(equilibrium) flow curve with one of the rheological models. Some use the Bingham
stress as a measure of the yield stress.

4.6.4. Stress-relaxation

In a stress relaxation test the material is sheared at a constant rate until equilibrium is
reached. The residual stress, recorded when the rotating body is suddenly stopped, is
considered as a measure of the yield stress corresponding to the residual structure. The
static yield stress is then obtained from the extrapolation of the curve of the plotted data
of residual stress versus rotation speed as the intercept with the ordinate.

4.7. Thixotropy

The different methods generally produce non-unique flow curves and hence different
values of the rheological parameters. Physically the yield stress is the result of the
formation of a continuous network structure, i.e. a gel. The break-up requires a certain
force before the material can flow again. Depending on the degree of structure the yield
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stress can have different values. Hence the yield stress is directly linked to time-
dependent rheological properties of the material, i.e. thixotropy. Consequently the
above mentioned measurement methods for the yield stress must be treated within the
context of the knowledge of the structural state of the sample. The theoretical and
experimental study of thixotropy is the subject of the companion report (Toorman,
1995).
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Figure 9: Brookfield spindle characteristic dimensions (after Migniot,
1987). Left: LV1; centre: LV2 & LV3, right: LV4.

5. DISCUSSION OF BROOKFIELD DATA

In the Hydraulics Laboratory of the K.U.Leuven, a Brookfield DV-I viscometer has
been used for more than 10 years for the measurements of rheological properties of
mud.

5.1. The Brookfield Digital Viscometer (DV-II)

5.1.1. Description

This torsion spring viscometer allows rotation at eight different speeds, being: 0.3, 0.6,
1.5, 3, 6, 12, 30 and 60 rpm. The dimensions of the different spindles (figure 9) are
given in the tables below.

 Table 1: Dimensions (in mm) of Brookfield standard LV spindles

LV1 LV2 LV3 LV4

A
B
C
D
E
F

115.00
3.20
18.84
65.10

-
80.97

115.00
3.20
18.72
6.86
25.40
49.70

115.00
3.20
12.60
1.75
25.35
49.70

115.00
3.20
3.20
31.01

-
9.53

New spindles have been made: a four-bladed vane (LV2B4/1 and 2) spindle and a
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single- (LV2R1) and a double-grooved (LV2R2) cylindrical spindle to be compared
with LV2. These spindles have been made at the K.U.Leuven since they are not
available from the manufacturer.

 Table 2: Dimensions (in mm) of other spindles

VANE 1
LV2B4/1

VANE 2
LV2B4/2 LV2R1 LV2R1

A
B
C
D
E
F

147.90
2.95
19.00
7.00
25.55
50.50

115.00
3.20
18.8
6.9
6.9
9.53

115.00
3.20
18.8
6.9
6.9
9.53

115.00
3.20
18.8
6.9
6.9
9.53

The torsion is measured with a calibrated beryllium torsion spring. The dial reading is
converted into torsion by multiplication with a factor FT = 0.6737 10-7 Nm. The shear
stress �w is computed with eq.(5). These calculations are carried out by the special
program, which includes all corrections. It was found that the most useful data were
obtained using the "infinite-gap" configuration. Particularly for typical concentrations
of the order of 100 g/l the presence of the "guard leg" has no influence because its
radius is larger than the yield radius. The "low viscosity" adaptor cylinder on the other
hand has a too narrow gap for the granular suspension, which is clear due to the very
small reading due to slip effects. 

Time evolutions of the torque are recorded with a Hewlett-Packard x-t plotter (type HP
7155A recorder).

5.1.2. Disadvantages

The inertia of the torsion spring may cause some overshoots during transition from one
speed to another, particularly for low-viscosity fluids.

The turning knob to change the speed of the step-motor requires too much manual
force, causing shock and vibration of the whole set-up, which is particularly
problematic for thixotropic fluids, which original structure may be damaged.

This viscometer has a limited range of speeds, and does not allow continuous speed
variations.
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5.1.3. Calibration of the viscometer

Measurements have been carried out on a Newtonian fluid to test the viscometer. SAE
140 motor oil, which viscosity is of the order of 0.5 Pa.s (depending on the
temperature), has been used. A nearly perfect Newtonian behaviour has been recorded
(Van der Borght, 1993).

5.1.4. End effect

The results of Van der Borght for estuarine mud suspenions suggests that the
parameters of p (eq.5) for the Brookfield LV1 & 2 spindles: a = 3 10-12, n = 6.

5.1.5. Sample preparation

A factor which contributes to the non-uniqueness is the general lack of knowledge of
the structural state of the mud sample. It is assumed that the structure is approximately
"fully" broken if the sample is well mixed long enough. Different mixing methods and
mixing times may yield very different results. The use of an electric mixer for instance
often damages the original floc structure. Mixing manually is badly controlled and does
not allow good homogenization. Slow mixing by motorised mixer like a concrete mixer
is recommended.

5.1.6. Test procedure

Due to the thixotropic behaviour the reproducibility of certain tests may be very bad.
Van der Borght (1993) tried a few procedures.

(1) The first method is the classical one, in which one waits until the reading does not
change any more. Often this can take very long. Therefore one go to the next step as
soon as the variations become very slow. When the time evolution is recorded the
equilibrium value may be estimated from the extrapolation of this (generally
exponential) curve. This can save some time.

(2) The second method consists of taking a constant time interval in between the
switching to a next rotation speed. This does not yield equilibrium values in general.

(3) In a third method the sample was mixed again manually with a rod before each
measurement (i.e. for each rotation speed). The effect of sedimentation is thus reduced.
This can be done with a short or indefinite time interval. Different results may be
expected.

The sample temperature and bulk density should be recorded. Possible evaporation of
the fluid should be avoided (important if the same sample is used for different tests
during several days; the density should be checked daily).
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5.2. Results

Only a few results are discussed here, because it is useless to go into detail without
introducing a detailed study of thixotropy, which is found in the companion report
(Toorman, 1995). In the latter report a general interpretation of Brookfield viscometer
data is carried out.

5.2.1. Hysteresis

It is often observed for mud that the up and down flow curves often do not coincide.
Most often the down curve lies below the up curve due to structural break-down.
Sometimes the opposite is observed (e.g. Van der Borght, 1993) which can be
attributed to excessive break-down caused by the mixing during the sample preparation
(see Toorman, 1995).

5.2.2. Comparison of different spindles

In July 1994 a set of experiments were carried out in which the original smooth
cylindrical spindle LV2 was compared with a rough surface (LV2R) and a 4-bladed
vane spindle (LV2B4) of same dimensions.

Procedure: the sample was sheared at the highest rotation speed (60 rpm) and then
stepwise decreased. The rotation speed was changed after equilibrium was obtained.

Result: For the same spindle a different torque was measured at the same rotation speed
after homogenizing the sample (sometimes higher, other times lower). However for
each spindle a characteristic shape of the flow curve was obtained (figure 10).
Moreover, it turned out that there seems to exists similitude between the different T/�
curves at different structures. This similitude remains to exist also when shear rate
correction is applied, which is as expected according to the theory. The best parameter
to be used for non-dimensionalizing the flow curves seems to be the Bingham stress.
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Figure 10: Flow curves of the same sample of Scheldt mud (C = 250
g/l): comparison between smooth (�) and rough (+) cylindrical spindles
and vane (�) spindles. Bottom: normalized flow curves, showing
similitude (measured with a Brookfield DVII).
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6. CONCLUSIONS

The different rheometrical devices produce similar rheological characteristics for
cohesive sediment suspensions. Nevertheless, there are serious problems with
intercomparison and repeatability of tests. Concentric cylinder rheometry data must be
considered very cautiously, particularly in the non-linear low shear rate range, where
slip along the bob surface occurs. The only effective design improvement for slip
reduction is a large diameter bob by which the sheared layer width is increased. As
long as the problems of slip and sedimentation cannot be eliminated and the thixotropic
behaviour not quantified, the usefulness and interpretation of the obtained rheometrical
data remains questionable. Experimental results can only be compared if the structure
is known (i.e. quantified). It is recommended to present rheometrical results with a
detailed description of how the measurements were carried out (sample preparation,
time history of applied stress or rotation speed, etc.). Computer simulations should be
considered as a serious alternative (see also Loomans, 1995).

The Worrall-Tuliani rheological model (equivalent to the Moore model), a combination
of the Williamson and the Bingham models, describes well the flow behaviour of
coagulated colloidal sols (e.g. dense cohesive sediment suspensions), which exhibit a
yield stress fluid behaviour. This model allows the computation of the analytical
solution of the shear rate and velocity distribution over the gap of a concentric cylinder
viscometer.

Based on this analytical solution, a new iterative method is proposed to correct the
shear rate and determine the rheological parameters for a viscoplastic fluid, assuming
that it can be represented by the Worrall-Tuliani model. Comparison with Krieger's
method, which does not presume any rheological model, gives the same corrected flow
curve. This gives additional support for the fact that the Worrall-Tuliani model
represents well the  rheological behaviour of the suspensions under consideration. The
Krieger method proves to be very powerful, even though its application is relatively
simple. However, Krieger's method is very sensitive to experimental errors, while the
present method has some ability to filter them out.

Computed velocity profiles show that the yielded zone rapidly decreases with increasing
yield stress and decreasing shear rate. The yield stress rapidly brings the yield radius
in the vicinity of the rotating surface, leading to a narrow sheared zone, which becomes
too small to obtain reliable data, because of slip and an effective gap size no longer
fulfilling the requirements for granular suspensions (gap > 30-100 particle diameters).
The occurrence of these problems seem to coincide with the non-linear range of the
Worrall-Tuliani flow curve. Hence, the interpretation of the measured torque becomes
doubtful in this low shear rate range. The comparison between vane and spindle data
as well as numerical simulations of mud flows (Toorman & Berlamont, 1992) suggest
that the true behaviour in this range is much closer to ideal Bingham.
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The shear layer thickness increases non-linearly with the rotating surface radius and the
rotation speed. The use of a large diameter concentric cylinder viscometer is
investigated, in order to obtain a thick yielded zone, allowing more accurate
measurements with reduced chance for slip. Flow stability conditions then restrict the
maximum rotation speed.

The problem of the definition of the yield stress is directly related to the thixotropic
behaviour of cohesive sediment suspensions. Recently Toorman (1995) proposed a
simple but promising model to account for the time-dependent behaviour of dense
cohesive suspensions. The model has been successfully validated against several data
sets taken from the literature. His study showed the importance of thixotropic effects
and their relevance for the understanding and interpretation of rheometrical data for
these materials. Therefore, this report should not be read separate from the companion
report on thixotropy, in which additional important conclusions have been drawn.

As a result of the non-Newtonian behaviour the shear rate is not simply a function of
geometrical parameters but also of the rheological parameters. Therefore the shear rate
is not known a priori and the name "controlled shear rate" viscometer is misleading.
Moreover, since mud is a thixotropic material the material exhibits transient behaviour
after a rotation speed step-change and also the shear rate varies with time at constant
rotation speed until equilibrium is reached. Thus only the rotation speed can be
controlled. Therefore, this device should better be called controlled rotation speed CC
viscometer.
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Appendix A: Solutions of the integrals

A.1. Worrall-Tuliani model

The integral from eq.(8) (Beyer, 1978):

Where: c = 2µ
�
Yo; f(�) = (� - �o)

2 + 2c(� - �y). Solutions of the last integrals are
(Beyer, 1978):

and:

Hence, the solution eq.(A1) is:

with: d = �o
2 - 2c�y.
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A.2. µ
�
= 0

The special case may appear where µ
�
= 0. The previous equations are no longer valid.

The shear rate is now:

Integration of eq.(A.8) yields:

A.3. Williamson model

For the Williamson model it can be easily shown that eq.(A.2) remains valid and
eq.(A.3) reduces to:

and the sum:

Hence, the solution eq.(A1) becomes:



Concentric cylinder viscometry of cohesive sediment suspensions 36
)))))))))))))))))))))))))))))))))))

�y� ��(�y	�µ
�
�c)� ��2µ

�
	�� ��	 � � (B.1)

f (pi) � �� �
4

i�1
aipi � 0 (B.2)

Appendix B: Least squares fitting for the Worrall-Tuliani model

There are different ways to obtain a curve fit for the Worrall-Tuliani model, however,
each resulting in different parameter values.

There is only one way to obtain all the parameters at once. The rheological model
should be rewritten as:

This is a linear equation of the form:

with: a1 = 1 p1 = �y

a2 = � p2 = 	��

a3 = p3 = 	�y + µ
�
 + c��

a4 = 2 p4 = 	µ
�

��

Applying the least squares method to this function will yield de values of the four
parameters pi. The rheological parameters are then:

�y   = p1

	   = p2

µ
�
 = p4/p2

c   = p3 - p1p2 - p4/p2

It is easy to specify special cases which occur, e.g. µ
�
 = 0 or �y known.

Remark: It was found that with manual optimization of the parameters, a smaller total
error could be obtained for parameter values different from the ones of the LSQ
analysis.
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