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1. INTRODUCTION

The major aim of the MAST3 COSINUS project is to provide new process models in a
parameterized form, which can be implemented into currently used engineering models for fine-
grained sediment transport calculations. 

This report presents the results of the study of the modelling of the sediment-turbulence
interaction, using the Prandtl Mixing-Length (PML) and the k-� turbulence models, carried out
at the K.U. Leuven. It tries to give a comprehensive overview of the work done within the sub-
task 1 on “Turbulence damping” of Task A of the COSINUS project. The work by Kranenburg
(1998, 1999) is re-evaluated. The content and conclusions only reflect the opinions of the author.

When considering the damping of turbulence, a distinction must be made between
buoyancy and low-Reynolds effects. Damping functions appear in the turbulence equations and
through the turbulent Schmidt number also in the sediment transport equation. 

The present report deals mainly with damping by buoyancy effects. It consists of three
parts. In a first section, the basic theory of modelling turbulent shear flow near a solid wall using
the PML and the k-� turbulence models is reviewed within the context of stratified flow. The
following section investigates available data, which can be used to determine damping function
values, and reviews previously proposed damping function closures. An analysis of these data
is made and proposals towards new formulations are made. Finally, a brief illustration is given
to demonstrate the importance of the consistent implementation of damping functions into a
numerical code.

A brief summarizing section on low-Reynolds and transition flow modelling is given at
the end.
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2. BASIC EQUATIONS

2.1. Eddy viscosity and eddy diffusivity

The sediment transport models under consideration within the COSINUS project solve
the Reynolds averaged Navier-Stokes (RANS) equations for the suspension hydrodynamics,
where the Reynolds stresses have been replaced by the Boussinesq approximation, which
introduces the (turbulent) eddy viscosity νt:

where: U = the Reynolds averaged flow velocity, p = fluid pressure, f = body forces (only gravity
is considered here), ρ = bulk density of the suspension, ν = kinematic viscosity of the suspension,
t = time, x = coordinate.

Similarly, the turbulent mixing in the sediment transport equation is replaced by the
Boussinesq approximation, introducing the eddy diffusivity (or mixing coefficient) Ks:

where: C = sediment concentration (by mass), ws = settling velocity. The eddy diffusivity is
assumed to be proportional to the eddy viscosity:

where σt = the turbulent Schmidt number. Within the COSINUS project, the eddy viscosity (for
the vertical mixing) is described either by the Prandtl mixing-length or by the k-� turbulence
model.

For coastal and estuarine applications the horizontal grid spacing is about two orders of
magnitude larger than the vertical spatial discretization. The PML and k-� models cannot account
for the large scale turbulent structures and is only used for the vertical mixing.  For the horizontal
mixing a constant diffusion coefficient is used.

2.2. Prandtl mixing-length turbulence model

The Prandtl mixing-length (PML) model is based on the hypothesis that the mixing length
� in simple, uni-directional near-wall shear flow is proportional to the distance (z) from the wall,
i.e., in our case, the bottom:

with κ = the von Karman coefficient (which has a value of 0.41 for homogeneous fluids far
enough from the wall, known as the von Karman constant, which will be denoted here as κ0). The
eddy viscosity, according to the second hypothesis of Prandtl, reads:
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We assume the flow to be horizontal only (W = 0) and take the x direction equal to the flow
direction (V = 0). The x-momentum equation for fully-developed (i.e. steady) turbulent flow
reads:

The pressure gradient is constant, i.e. �p/�x = dp/dx. The stress equilibrium over a certain
rectangular domain between the wall and the distance z is obtained by integration between 0 and
z:

where: τ0 = the wall shear stress, u* = the shear velocity (by definition). When the wall distance
is small enough, the pressure term can be neglected. Substitution of the eddy viscosity, eq.(5),
and neglecting the kinematic viscosity (i.e. viscous stress << Reynolds stress, which is valid far
enough from the bottom) yields:

Integration yields the velocity profile. When κ = κ0 is constant, one finds the familiar logarithmic
law:

where z0 is a measure of the bottom roughness. This profile is also known as the "law of the
wall".  This result has been confirmed by numerous experiments. However, this is only correct
for isotropic turbulence, hence, non-stratified conditions. 

Expressing (7) at the water surface (z = h) where τ(h) = 0 yields dp/dx = τ0/h. Hence, the
vertical stress distribution in steady open-channel flow becomes (cf. eq.(7)):

Substitution of eq.(8) yields the eddy viscosity distribution in open-channel flow:

which is parabolic in the case of a constant κ. Hence, the corresponding mixing length
distribution for open-channel flow is:
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2.3. Damping function definitions

The difference in turbulence between homogeneous and stratified fluids is expressed by
semi-empirical correction factors, the damping functions. They are introduced in two different
ways in the literature. 

A first possible definition is (Rodi, 1980; Kranenburg, 1998):

where the index 0 refers to neutral conditions.
The basic definition for the damping functions, as employed throughout this report, is

given by the ratio of stratified to homogeneous conditions (e.g. Munk & Anderson, 1948), i.e.:

Ft will be called the momentum damping function and Fs the mixing damping function. Hence,
it follows that:

where σ0 = ν0/K0 = the neutral turbulent Schmidt number (i.e. for Rf = 0), which has a generally
accepted value of approximately 0.7, determined empirically (e.g. Turner, 1973).

Eq.(16) shows that Ft can also be considered as the correction factor for the von Karman
constant. Experiments on sediment-laden turbulent flow already indicated that κ decreases with
increasing concentration (e.g. Vanoni, 1946; Einstein & Chen, 1955). This hypothesis has been
opposed by Coleman (1981), who believes that the decrease is only apparent and caused by the
so called "wake effect" in the experimental flumes. The scientific community still seems to be
divided over this issue. Recent numerical experiments with the research code FENST at the KUL
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support the original finding that κ indeed should decrease with increasing flux Richardson
number Rf (Toorman, 1999b).

The relationship with the damping functions FP and GP depends on which velocity
gradient is taken. When the neutral velocity gradient is taken, one finds FP = Ft and GP = Fs;
when the actual stratified profile is taken, FP = Ft

2 and GP = FsFt. In either case the turbulent
Schmidt number remains σt = σ0 FP/GP.

2.4. Two-equation k-� models

As the PML model cannot account for the history of turbulence and is only valid in
simple shear flows, a more complex turbulence model is preferred in applied sediment transport
modelling whenever possible. At present, the k-� turbulence model seems to be the best
compromise between computational cost and complexity, in particular with regard to coastal and
estuarine engineering applications.

The eddy viscosity is defined in terms of turbulent kinetic energy k and energy dissipation
rate �:

with fµ a low-Reynolds damping function (see section 5). The k-� model equations are:

where the shear production of k is given by:

and the buoyancy damping by:

The factor Tt is the turbulent time scale, which for fully-developed turbulent flow (i.e. high
turbulent Reynolds number Ret = k/ν�) is defined by:

The factors f1 and f2 are used for the introduction of low-Reynolds effects (see section 5).
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Damping by buoyancy effects is included in the k equation by the G term. It seems that
the buoyancy term in the � equation can be dropped, particularly in stable stratified shear flows
(Rodi, 1980), i.e. c3 = 1. Therefore, no buoyancy damping functions seem to be needed, except
to describe the non-neutral Schmidt number in the buoyancy term of the k equation. However,
also the boundary conditions for the k-� model require the knowledge of the damping functions.
This will be shown in sub-section 2.8.

2.5. Richardson numbers

Stratification usually is characterized by a Richardson number, giving a ratio between
buoyancy destruction and production of TKE. Several Richardson numbers have been defined
in the literature. 

The gradient Richardson number is defined as:

This Richardson number is often used as it can easily be calculated when velocity and
concentration profiles are known.

Of more direct physical significance is the flux Richardson number Rf, which traditionally
is defined as the ratio of removal of energy by buoyancy to its production by shear (Turner,
1973), i.e.:

where the Boussinesq approximation has been implemented to obtain the gradient form.
Ri is a “slightly less convenient stability parameter” (Turner, 1973) from a physical point

of view, but from the point of mathematical implementation much easier, as it does not require
the knowledge of the turbulent Schmidt number, which is still poorly defined (see further).

The definition (25) of the flux Richardson number satisfies in shear flows. However,
other turbulence production mechanisms may dominate in other conditions. For instance, the
turbulence production in grid tank experiments or near the free surface in open-channel flows is
entirely diffusion dominated. Therefore, it is better to use the generalized flux Richardson
number, as proposed by Ivey & Imberger (1991), which is defined as:

where: M = the mechanic production of TKE, i.e. including shear production, diffusion and
inertia.

Following this definition, one finds that the value of the general flux Richardson number
at the free surface is always equal to 1. Its implications are discussed in another report (Toorman,
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2000b).
According to numerical experiments by Toorman (1999b), diffusion remains negligible

as long as Rf < the saturation value Rfs= ±0.25. Buoyancy effects become increasingly important
for Rf > 0.1.

Remark: It seems that gradient and flux Richardson numbers are sometimes mixed in the
literature, possibly because of non-uniform notations, unclear definitions or the (often implicit)
choice of σt = 1.

2.6. Near-wall velocity profile for stratified shear flow

Having introduced various definitions, the derivation of the turbulent velocity profile in
the near-wall layer can be revised. Integration of equation (8) for a non-constant κ yields the more
general velocity profile:

and will deviate from the "law of the wall" when Ft � 1. It is easily shown that this corresponds
to making the roughness parameter variable, i.e. eq.(9) has to be replaced by:

where α = the friction correction factor. The corresponding velocity gradient is:

Hence:

Consequently, the effect of damping results in an apparent bottom roughness variation which
changes with distance from the bed, i.e. the slope of the log-law is no longer constant, which is
observed in many experiments on turbulent open-channel suspension flow.

2.7. The Monin-Obukhov similarity

The previous formulation is very similar to the approach employed in atmospheric
boundary layers, based on the Monin-Obukhov (1954) similarity. The Monin-Obukhov length
scale is defined as (Monin & Yaglom, 1971; Taylor, 1973):
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Applying the PML theory to the shear production term P, eq.(21), it is easily found that:

A damping function is introduced as φM(z/L) = Ft
-1. The latter function is written as a power series

in z/L, but generally only the linear term is retained,  i.e. φM = 1 + βz/L. Hence, provided that β/L
is independent on z, the velocity profile is then found to be:

Webb (1970) found β = 5. This formulation has been applied for the first time to sediment-laden
stratified flows by Taylor & Dyer (1977). Notice the similarity with eq.(28).

In a similar way a mixing damping function is introduced as a non-dimensional density
gradient (Turner, 1973):

One easily finds that φH = Fs
-1.

2.8. Boundary conditions for the high-Ret k-� turbulence model

In the case of the standard high-Reynolds turbulence model, the boundary conditions,
defined in a near-wall node at distance z1 from the bottom, are based on the 1D profiles of fully-
developed turbulent flow over a flat surface. The dissipation rate in the wall node (�1) is obtained
from the k conservation equation, eq.(19), assuming equilibrium between shear production,
which is computed using the PML model approximation, and destruction of TKE:

The turbulent kinetic energy in the near-wall node is then obtained from inserting �1 into the eddy
viscosity definition, eq.(18), in which νt is approximated with the PML model, eq.(11):

The factor (1 - z1/h) has only sense when open-channel flow is considered. Usually, one assumes
z1/h << 1, but on a coarse mesh it may improve the accuracy. Notice that traditional models do
not consider the correction factor for stratification (1 - Rf)n (with n = 1 for �1 and n = ½ for k1),
which is only justifiable as long as Rf << 1.



9

u
�
�

h
ρ

dp
dz

(37)

u
�
� κz �U

�z (38)

�U
�z

�
U

z ln z/z0
(39)

�U
�z

� fu
U

z ln z/z0
(40)

f �1
u � Ft 1 �

lnα
ln(z/z0)

(41)

2.9. Estimation of the shear velocity

The shear velocity u* is a crucial parameter in the modelling of wall turbulence, especially
when wall boundary conditions based on the PML theory are used. Most of the traditional k-�
models apply the law-of-the-wall at solid boundaries. The shear velocity u* is required for the
calculation of the near-wall boundary conditions for the variables velocity, TKE and dissipation
rate.

Several methods can be applied to estimate the shear velocity. The various methods can
be evaluated against a simple case of 1DV case of steady, fully-developed turbulent channel flow,
driven by a constant pressure gradient dp/dx, for which the exact value of u* is known from eq.(7)
as:

Usually in numerical codes, the shear velocity is estimated from the velocity profile with eq.(8):

which is more generally applicable than eq.(37). The result depends on the assumptions on κ and
the methodology to determine the velocity gradient in the near-wall boundary node.

The von Karman coefficient κ usually is replaced by the constant κ0 to determine u*. As
shown above, eq.(16), to be consistent, the von Karman constant should be corrected with the
damping function Ft.

Traditionally, in most codes (including TELEMAC, the HR and DHI codes) the velocity
gradient is obtained by elimination of u* between the log-velocity profile, eq.(9), and its
derivative, eq.(8), in which no damping is considered. This yields:

When damping has to be considered, this is incorrect, which causes a serious problem. It can be
overcome by introduction of a correction function fu:

It can easily be shown with equations (28)-(30) that:

The convergence behaviour of this method is somewhat slower, but the potential problem of error
generation and propagation is avoided. However, the function fu itself is a problem, because it
contains the poorly known friction correction factor α (see section 4).

A safer method is the estimation of the velocity gradient directly from the computed
velocity profile, using one or the other interpolation function for the velocity. As the difference
between the velocities can be small, a differentiation error may be generated which may cause
numerical problems (this happens in the KUL code FENST with the specific fortran compiler
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used if no truncation is applied). This may be a big disadvantage of this method. The
convergence behaviour, however, is good.

An intermediate solution may be to consider a logarithmic interpolation function of the
form U = a lnz - b. The corresponding velocity gradient in node "1" can then be found as:

where "2" refers to a neighbouring node away from the wall. This approximation is good as long
as the value of the damping function does not change too much between the two nodes. This is
only the case when far enough from saturation.

The previous methods result in computed shear velocities which deviate slightly from the
theoretical value in the case of steady-state 1DV flow. In the case of the k-� model, the best value
for the shear velocity is obtained from the stress balance over a volume with width dx and height
z from the wall:

Again the velocity gradient is required. Evaluation for channel flow shows that with the
traditional boundary conditions for k and �, this value of u* may overpredict the true shear
velocity considerably when the pressure gradient term is neglected. The convergence behaviour
is much better than with the previous method. Including the pressure gradient term has the
additional advantage that one can take the first node "far" away from the bed (i.e. up to z+ = zu*/ν
� 1000). This allows much more accurate performance on the coarse vertical grids used for real
application.

In practice, the value of u* affects the value of the variable only at the near-wall boundary
node. Fortunately, except near the bottom boundary, the velocity gradients over the water column
are not affected  because of the stress balance, and therefore, neither are the turbulence profiles
(k, � and νt). Only the velocity profile is shifted over a certain ∆u, which is the error between the
estimated and the real shear velocity. The error ∆u can become significant when approaching
saturation (Toorman, 2000c). This is important for the estimation of total transport rates of
sediments.
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3. BUOYANCY DAMPING FUNCTION CLOSURES

3.1. Experimental data

The experimental measurement of turbulence damping in stratified flow is not easy,
which is evidenced by the large scatter of the results (figures 3.1-3.4). Traditionally, damping
function data are plotted as a function of the gradient Richardson number. Several data from
various sources have been collected in the well-known papers of Munk & Anderson (1948) and
Ellison & Turner (1960). Other data on salt stratification in  laboratory flumes is presented by
Webster (1964), Rohr (1985) and Shiono et al. (2000) and field data are reported in Odd &
Rodger (1978). Data on sediment stratification are extremely rare.  Recently, very interesting data
on sediment-laden turbulent flows have been published by Bennett et al. (1998) and Cellino &
Graf (1999). The latter investigators have plotted for fine sand-laden turbulent flows the inverse
Schmidt numbers as a function of depth only, not of Ri. Data at even higher concentrations,
published in Cellino’s PhD thesis (1998), have been made available to KUL for further analysis.
Processing of these data yields experimental points in the same range as Ellison & Turner.
Unfortunately, some inconsistencies have been found in these data, which did not allow to
determine the damping function values with sufficient certainty. For this reason they are not used
in this report.

Data of the momentum and mixing damping functions from the above mentioned sources
have been plotted in figures 3.1 and 3.2 with some proposed closure relationships. Data on the
turbulent Schmidt number have been plotted in figure 3.3. Despite the large scatter due to
measurement and data processing errors or assumptions (e.g. often the neutral eddy viscosity
profile in open-channel flow is assumed to be parabolic), most of the individual data sets for each
experiment show a distinct trend, but they do not coincide. It is clear from figures 3.1-3.3 that
some experimental data (e.g. Ellison & Turner, 1960; Odd & Rodger, 1978) already suggest
significant damping at much lower Ri than other data (e.g. Munk & Anderson, 1948). There is
one order of magnitude difference in the corresponding critical Richardson number Rfc. Some
data (e.g. Webster, 1964; Rohr, 1985; Shino et al., 2000) even yield values of Fs/Ft > 1 over an
intermediate range (0.01-1) of Ri. Therefore, one may wonder if a unique relationship between
damping functions and Ri is realistic. 

Before this question can be answered, one should verify wether the conditions for the
different experiments are equivalent or not. A few remarks can be made on the data. An
important fact is that, theoretically, salt  stratification cannot be maintained in steady uniform
shear flow, because it will be mixed over the entire water depth. In order to maintain a stable
vertical salinity gradient in steady open-channel flow, horizontal gradients should exist as well.
Furthermore, the field data are obtained in an estuary where the conditions are unsteady. The data
of Ellison & Turner (1960) have been measured in a closed duct. In order to compare for open-
channel flow, the data of Ft in their figure 4 have been adapted taking into account the factor (1-
y/(H/2)), where H = the duct height.
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Figure 3.1: Experimental data of the momentum damping function as a function
of the gradient Richardson number.  Schultz ground and Raners fjord data from
(Munk & Anderson, 1948).

Figure 3.2: Experimental data of the momentum damping function as a function
the flux Richardson number. Rf for Ellison & Turner (1960) has been computed
using a best fit for the σt-Rf data shown in fig.3.3. For the Monin-Obukhow
relationship α = 1. Numerical results obtained with the k-� model (FENST-2D)
for fully-developed sediment-laden shear flow in a 16 m deep open channel at
constant u* for various sediment-loads (increasing sediment load from top to
down, up to complete saturation).
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Figure 3.3: Experimental data for the inverse normalised Schmidt number σ0/σt
= Fs/Ft as a function of the gradient Richardson number and a few proposed
closure relationships. Kattegat data from (Ellison & Turner, 1960).

Figure 3.4: Inverse normalised Schmidt number as a function of Rf. Same data
as figure 3.3.
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same report in his eq.(2.24).

Kranenburg (1998) also proposed a methodology to determine the damping function parameters. One finds
that Rf reaches its maximum for Rimax equal to the solution of dRf/dRi = 0, or:

Damping functions, such as those of Munk & Anderson, suggest that the Rfmax = Rfc is reached for Ri ��.
Consequently, eq.(46) reduces to the already known condition 1 + a - b = 0.

However, Kranenburg (1998) assumes a finite value of Rimax. In that case, the previous equation can be
rewritten as: 

Assume B = αA and replace b using the equality of eq.(46). This yields:

Assuming a positive left-hand-side requires  α > 1 + 1/a, which does not correspond with experimental data (for
α = 1 + 1/a once obtains again Rimax = �). Therefore, Kranenburg’s methodology does not help in the determination
of the parameter values.
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3.2. Traditional damping functions

3.2.1. Formulation

The damping functions traditionally are expressed as an empirical function of the gradient
Richardson number Ri of the form:

However, it seems more meaningful to express the damping as a function of the flux Richardson
number Rf, as this parameter has a more sound physical meaning (cf. above). One has:

In order to obtain a unique relationship between turbulent Schmidt number and Rf, the exponents
should fulfil the condition:

When 1 + a - b < 0 the turbulent Schmidt has two possible values for the same Rf. This can very
easily be verified graphically. When 1 + a - b > 0, the value of Rf is no longer bounded, i.e. Rf
�� when Ri ��. This is unrealistic, because Rf cannot exceed the value 1, at which buoyancy
destroys all turbulence production. 

When 1 + a - b = 0, one finds that σt
-1 becomes 0 at a certain critical value of Rf implying

total damping of turbulence1. The corresponding critical flux Richardson number is found as the
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Rf �
Ri
σ0

GP

FP
(47)

Ft � 1�α Rf �1 (48)

Ft � 1�α Ri (49)

limit of Rf for Ri ��, i.e. Rfc = Aa/σ0Bb.  The existence and meaning of a critical flux Richardson
number Rfc < 1 will be discussed in another section.

3.2.2. Calibration & Validation

The most popular damping functions are those proposed by Munk & Anderson (1948),
which are based on the analysis of only a few experimental data sets (snow dust and salt
stratification) for a small, but quite high range of Ri. The empirical parameter values (which
fulfill the condition  1 + a - b = 0) are: A = 10, B = 3.33 (= A/3), a = ½ and b = 3/2. West &
Shiono (1988) fitted their data with other values of A and B, i.e. A = 87 and B = 7.48. Le Normant
(1995) also mentions (without reference) another set of parameters from Mehta, i.e. B = 4.17 and
b = 2.

The data from Ellison & Turner (1960) do not fit with the Munk-Anderson damping
function. This may support the hypothesis from the experience within the COSINUS Task E
modelling exercises that the Munk-Anderson damping functions provide too little damping. 

At the other hand, Rodi (1980) refers to a literature study at Delft Hydraulics (1974)
where it is concluded that the Munk-Anderson fit best the majority of experimental data.

Remark: Using the definition (13) for the damping functions, one finds:

Hence, when using similar forms of damping functions for FP and GP, the correct condition on
the exponents again is 1 + aP - bP � 0, which equality is fulfilled by the Munk-Anderson damping
functions, as aP = 2×0.5 and bP = 0.5 + 1.5 = 2.

3.3. Monin-Obukhov damping functions

The Monin-Obukhov approach traditionally is used in atmospheric sciences for buoyancy
damping in the near-wall region. It is given by (cf. Section 2.7):

with α � 5. It shows a stronger decrease with Rf than the free turbulence damping functions, such
as the Munk-Anderson functions (fig.3.2). 

Another form of the Monin-Obukhov momentum damping function is found in (Rodi,
1980, eq.2.27a) where it is expressed  as a function of Ri:

with 5 < α < 10 (the empirical coefficients of the equivalent eq.(44a) for wall turbulence are
found as A = -α and a = -1). This damping function gives even more damping (fig.3.1). The
relationship with the original M.O. relation, eq.(48), is not mentioned, but it seems to be a
linearisation for small Ri.

A distinction has to be made between damping functions for free turbulence and for wall-
turbulence. One of the reasons for the difference in behaviour is the fact that the neighbourhood
of the bottom reduces the development of internal waves and prevents vertical mixing by internal
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�
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�
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�
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� 2A � 1� A
Rfc

2

� 4A

2
(54)

wave breaking (Uittenbogaard, 1995). The data of Ellison & Turner (1960) at two distances from
the wall also seem to indicate that damping for the same Ri is higher closer to the wall. This is
also obtained in the numerical experiment, described in section 3.5.

3.4. Ellison’s damping functions

Another closure has been developed theoretically by Ellison (1957), resulting in:

The derivation involves various assumptions, including neglection of diffusion (Turner, 1973,
pp.145-150). Plotted as a function of Ri, this damping function shows the same asymptotic
behaviour as the Munk-Anderson damping functions (fig. 3.3). Interestingly, this formulation
yields an intermediate range of Ri where turbulence is generated instead of damped when Rfc >
0.5. There are experiments (e.g. Shiono et al., 2000) which seem to find this (fig. 3.3).

Equation (50) can also be converted into a cubic equation of Rf:

with solution:

in which:

from which the Schmidt number can be computed as a function Ri.
The generalized Rf definition can also be introduced. After substitution of eq.(26) and -G

= RiP/σs into (50), a quadratic equation in σs is obtained, with solution:

where A = RiP/σ0� = -σsG/σ0�. This can be interpreted as the ratio of buoyancy to dissipation
seeming to be the controlling parameter. However, instead of introducing the generalized flux
Richardson number into (50), it would be more sound to re-derive Ellison’s equation without
neglecting the diffusion and using the generalized Rf.
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3.5. Considerations following from numerical experiments

3.5.1. k-� model results

Since the momentum damping function does not occur explicitly in the k-� model
equations, because the buoyancy effect is explicitly accounted for by the buoyancy term (G) in
the k equation, the solution of these equations allows the reconstruction of the relationship
between Ft and Rf (or Ri), assuming (!) a certain Schmidt number closure. Data near the wall
boundary should be avoided when Rf becomes significant here, because an assumed Ft
relationship has to be used to determine the velocity boundary condition.

The momentum damping function is simply obtained as the ratio of eddy viscosity to the
neutral eddy viscosity for the same pressure gradient. 

The (neutral) eddy viscosity distribution in open-channel flow of homogeneous fluids
predicted by the traditional mixing length model is parabolic. For open-channel flow the k-�
model predicts a smaller maximum at mid-depth and deviation from the parabolic profile in the
upper half of the water column (fig.3.5). These results are much more in agreement with
experimental data (e.g. Nezu & Rodi, 1986). The neutral eddy viscosity ν0 in steady open-channel
flow as predicted by the k-� model can well be approximated by (fig.3.5):

Figure 3.5: Non-dimensional neutral eddy viscosity profiles. Dotted line = k-�
model approximation by eq.(52).

The short-coming of the PML model to open-channel flows can be corrected by
introduction of the law-of-the-wake, as proposed by Coleman (1981), i.e.:

with η = y/h. The k-� model eddy viscosity is much better approximated by a modified wake law,
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�
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κη (1�η)
1� (1�η)πΠsin(πη) (57)

νt � σt ws z 1�z/h (58)

κs � σtws / u
� (59)

i.e.:

bringing the maximum to the upper half of the water column (fig.3.6). The wake strength
coefficient Π depends on the shear Reynolds number (Re* = u*h/ν): i.e. Π = 0 for Re* < 500,
increasing to Π = ±0.2 for Re* > 2000 (Nezu & Rodi, 1986). The importance of the wake effect
for sediment transport calculations generally is small. This is evidenced by the Rouse profile
calculation comparison carried out by the members of Task E (Violeau et al., 2000), which show
little differences. The reason for this is the fact that the eddy viscosity distribution in the lower
half of the water column, where the highest concentrations and the highest TKE occur, generally
is well reproduced by all models.

The resulting Ft for a specific series of numerical experiments with constant bed shear
stress where the total sediment load has been increased, is shown in figure 3.2. These results
suggest that:
     - there is significant, but not total damping around a value of Rf = 0.25, but only for

relatively high sediment loads, up to saturation;
     - the damping function only becomes 0 at the free surface, where Rf = 1;
     - the damping function is not a unique function of Rf.
     - Ft goes to 1 at the bottom, apparently for all cases, even though there is stratification,

because Rf goes to 0 as the velocity gradient (squared) grows faster than the concentration
gradient when approaching the bottom.

Hence, there seems to be a second controlling parameter (maybe the generalized Rouse number
Z =  σtws/κu* ?; not simply ws/u*, because this ratio is constant in the example). This needs further
research.

These numerical results may also help to understand a little bit the contradictory
conclusions on the Munk-Anderson damping functions, mentioned above. For low Rf, they seem
to produce more damping than the numerically generated Ft. For high Rf, they may produce the
right or the wrong damping, depending on the degree of saturation.

An interesting feature is the tendency of the Richardson number to homogenize over the
depth (except at the free surface) when approaching saturation. It has been shown in (Toorman,
1999b) that a constant Rf (i.e. �Rf/�z = 0), assuming a logarithmic velocity profile, a constant κ,
a constant σt and sediment concentration C << the fluid density ρw, implies a parabolic eddy
viscosity distribution, given by:

This can also be interpreted as a change of the value of κ from 0.41 (the original von Karman
constant for a homogeneous fluid) to a smaller value equal to:

which also corresponds to a Rouse parameter value of 1 (Toorman, 1999b). The corresponding
approximate logarithmic velocity profile and profiles for � and k can easily be reconstructed with
this new value of κ (Toorman, 1999b). These theoretical results are all confirmed by the
numerical model. 

The situation �Rf/�z = 0 is found to correspond to the condition of saturation of the
turbulent suspension. The corresponding saturation flux Richardson number Rfs is found to have
a value of approximately 0.25. Equating eq.(58) to Ft(Rfs)ν0, assuming the neutral eddy viscosity
to be parabolic, eq.(11), results into:
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Fs � 1�Rf b
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ln 1�Rfs

(62)

Ft � 1�4Rf 0.4 (63)

i.e. the saturation value of Fs would be determined by the ratio ws/u*. 

Remark: If the k-� approximation, eq.(55), would be used, one would find:

This would suggest that the mixing damping function may not just be a function of Ri alone, but
also dependent on z. This may help to explain the non-uniqueness. However, the derivation of
(60) is more consistent in the application of the same assumptions.

The apparent dependence of Rfs on ws/u*, suggested by (60), is not in agreement with the
results of a sensitivity analysis obtained with the k-� model, which rather indicate that Rfs is
independent on u* (for a certain sediment load and ws). It actually implies that the mixing
damping function is not only a function of Rf, again referring to the non-uniqueness.

In the case illustrated in fig.3.4 Ris = 0.21 and Rfs = 0.24 (when no buoyancy term occurs
in the �-equation, as is recommended for stable stratified shear flow; Rodi, 1980). For c3 < 1 the
value of Rfs increases up to approximately 0.5 when c3 = 0. Additional simulations with other
settling velocities reveal little sensitivity to ws on the value of Rfs.

Equation (60) implies furthermore that the mixing coefficient would be zero at Rfs when
ws = 0, i.e. when non-buoyant particles are considered. In that case the saturation value becomes
a critical value. This may give additional support for Ellison’s relationship, equation (50).
However, this does not correspond to the fact that experimental data for turbulent Schmidt
numbers in the range 0.25-1 are found for e.g. salt stratification (see fig. 3.4), unless Rf has been
overestimated by neglecting  diffusion.

Provided that eq.(60) is correct and knowing that turbulence can no longer exist for Rf
� 1, it is possible to propose the following closure for Fs with fulfils both conditions:

Notice that a formulation in terms of Rf generally requires the knowledge of the turbulent
Schmidt number.

The maximal damping at the saturation condition can be approximated reasonably by:

for Rf < Rfs.

3.5.2. Reynolds stress model results

Reynolds stress models do not need damping functions at any point. Therefore, they are
very interesting to provide numerical data. Rarely they have been applied to suspension flows.
Galland (1996) presents results of a study of sediment-laden turbulent flow with a Reynolds
stress model. Results are shown for a test case, defined by Hanjalic et al. (1982), with parameters
h = 1 m, Um = 0.5 m/s, ws = 1 mm/s and Cm = 1 g/l, and for the simulation of two experiments
of Coleman (1981). These test cases are much sub-saturated. The model has been compared with
a PML model with Munk-Anderson damping functions (Le Normant, 1995; Galland, 1996),
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(64)

showing only small differences, but with a tendency of the latter to generate a bit more damping
than the Re-stress model.  However, the PML calculations have to interpreted with care, because
they are obtained with the traditional implementation, which is inconsistent with regard to the
bed boundary conditions (see section 4).

Re-processing of the (digitized) data of the Hanjalic test case from Galland reveals that
the Schmidt number variation is surprisingly close to the Munk-Anderson relation (fig.3.3).
Therefore, it is suspected that the Reynolds stress model constants related to fluid-sediment
interactions originate from calibration against numerical results of a PML model with Munk-
Anderson damping. The main difference is that the neutral Schmidt number obtained from the
Re-stress model is slightly higher, i.e. σ0 = 0.74.

3.6. Deigaard’s Schmidt number closure

Deigaard (1991) uses a similar approach as for the development of the mixing-length
theory and finds the following Schmidt number closure:

with β an empirical parameter. However, this form implies that the eddy viscosity will always
be larger than the eddy diffusivity. This does not correspond with observations. The assumptions
made seem to be too simplified. 

Fredsøe & Deigaard (1992) considered, in addition to turbulent diffusion, the contribution
of advective sediment exchange. This resulted in an approximate formulation, which implies an
increase with the settling velocity

3.7. Richardson number hysteresis

Important in the quest for buoyancy damping functions is the discussion on the existence
of a critical Richardson number for laminar-turbulence-laminar transition. Many researchers still
assume that a value of Rf = 0.25 corresponds to total damping of turbulence. However, data from
various sources clearly show that turbulence may persist for 0.25 < Rf < 1. This includes the
numerical results of Toorman (1999b) and Staquet (2000) and the grid tank experiments by
Gratiot (2000). 

An interesting discussion on this subject is given by Woods (1969), who gives a
description of so-called “Richardson number hysteresis”. He concludes that the flow is always
turbulent for Rf < 0.25 and always laminar for Rf > 1. In between, both turbulent and laminar
flow are possible, depending on the flow history. In the absence of a generation mechanism (e.g.
an oscillating grid), turbulence will decay in the intermediate zone. The numerical experiments
with FENST-2D suggest that the turbulence “generation” in the intermediate zone in the case of
shear flow originates from diffusion. In steady open-channel flow, it is found at the free surface.
The fact that saturation is reached at Rf = 0.25 suggests that the energy from the shear production
at the bottom is then maximally used to keep particles in suspension, while the rest is dissipated
by the fluctuations.

This hysteresis may provide some explanation on the non-uniqueness of the damping
functions, as suggested by the numerical experiment. It also shows that the traditional damping
functions which result in a 1:1 slope for σt are inadequate, as they imply a critical Rf < 1 and
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therefore will overpredict damping at high Ri (this is demonstrated below with some numerical
results).

3.8. Conclusion & Proposal

It is clear that it is difficult to define damping functions which satisfy all conditions and
explain all the experimental data and numerical results. Many engineering software, if they
account for turbulence damping at all, employ the Munk-Anderson damping functions. However,
to the experience of COSINUS Task group E (Violeau et al., 2000), these damping functions
generally seem to produce insufficient damping. The only criterion to come to this conclusion
is the fact that the computed profiles do not show the damping effects which are observed in
measured profiles. However, one has to be careful with this conclusion because no direct
intercomparison with experimental data has been made, by lack of good data. 

Therefore, some kind of compromise has to be made in order to provide damping
functions that can already be implemented in the currently used engineering models. The
justification of the current proposal, however, admittedly is weak.

For the momentum damping function, the following formulation has been proposed in
an earlier stage of the COSINUS project (Toorman, 1999a):

This formulation is based on fitting the experimental data of Ellison & Turner and Munk &
Anderson (figure 3.1).

Since, in practice one only needs the momentum damping function and the turbulent
Schmidt number closure, instead of using the ratio of Ft and Fs from eq.(44), it is proposed to use
a similar closure for the latter parameter, i.e.:

since this function seems to provide equally satisfactory fits of experimental data (figure 3.3).
The mixing damping function is then obtained as Fs = Ft/σt.  Notice that the exponent β is
positive this time. 

The equivalent condition on the exponent for the existence of a critical flux Richardson
number now is β = 1. However, the existence of a critical Rfc for turbulence collapse causes
numerical problems near the free surface in some cases. This is most clearly illustrated with a
1DV case (figure 3.6), where the free surface stress-free boundary condition reduces to �U/�z =
0, resulting in a very large Ri. Consequently, the damping at the free surface as described by
equations (44) and (66) is overdone, compared to reality (where the physical free surface
boundary conditions are more complicated), in particular for the k-� model (because the eddy
viscosity near the surface is higher than in the PML model), making it impossible to mix the
sediment up to the surface at very high u*. Therefore it is advised to take β < 1, e.g. β = 0.8 as in
the proposed curve.

Hence, for the turbulent Schmidt number, the following formulation is proposed:
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Figure 3.6: Steady state open-channel profiles of concentration (left) and flux
Richardson number (right), for a constant sediment load and varying flow energy
(i.e. u*). For the highest u* there is layer, nearly 10% thick, near the surface where
Rf is nearly cut off at its maximum value Rfc and where the concentrations rapidly
become zero due to excessive damping.

The parameter value for K follows from fitting the experimental data of Ellison & Turner and
Odd & Rodger, shown in figure 3.3.

The problem of the exponent β being different from 1 can be solved as follows. As β <
1 yields an unlimited Schmidt number, equation (67) need to be modified. Since total damping
occurs at Rf = 1, the modification can be obtained in a simple way as: 

This modification has only effect for high Ri (and would be hardly noticeable in figure 3.3 within
the visible range).

The problem also can be overcome by generalising the definition of the Richardson
number to include diffusion, following Ivey & Imberger (1991). The latter solution seems to be
the better one, as it has a physically based background, but this needs further research.

It may be useful for future work to consider the exact relationship between the turbulent
Schmidt number and Ri and Rfg, following their definitions:

Apparently, σt = 0 at Rfg = 1, where it is expected to become �, but this is not the case because
RiP/� goes to infinity. It rather suggests that Ft is proportional to (1 - Rfg).

The eddy diffusivity damping function Fs, obtained from the proposed Ft and σt yields
more damping than the corresponding Munk-Anderson function (figure 3.1).
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3.9. Future work

Further research into this topic is strongly encouraged. The search for more general
damping functions has to continue, because they strongly influence the velocity and
concentration profiles when saturation is approached. New damping functions should be
expressed in terms of the general flux Richardson number Rf. The numerical implementation of
the calculation of the turbulent Schmidt number then may become an iterative procedure, because
Rf itself contains σt.

It may be worth considering modifying formulations where a critical Richardson number
occurs (like Ellison’s model) by replacing Rfc by:

When shear production dominates (P >> D), turbulence damping at Rf = Rfs will occur and the
saturation Richardson number becomes a critical value for total damping. When D dominates,
as at the free surface, the asymptotic behaviour can be studied. At the free surface Ri and σt � �
and Rf � 1. This needs further investigation.

Further progress requires new detailed and more accurate experimental and/or DNS data.

3.10. Remarks on other parameters

3.10.1. The molecular diffusivity

Usually, the molecular diffusivity of the sediment is neglected compared to the turbulent
diffusivity. If it is included, often it is taken equal to the molecular kinematic viscosity, i.e. the
molecular Schmidt number is assumed to be 1. Based on the analysis of several data sets, Gibson
& Loughlin (1995) find that this is not the case, but that the molecular Schmidt number decreases
with increased particle size. This effect is accounted for in LNH’s Reynolds-stress model
(Galland, 1996).

3.10.2. The Prandtl-von Karman coefficient cµ

Shiono et al. (2000) calculated the value of cµ for their data of salt stratified turbulent
flow, assuming equilibrium between production, buoyancy and dissipation, as follows:

Applied to their experimental data, they find a significant decrease of cµ with increasing Ri, going
from 0.07 (not 0.09, in accordance with open-channel flow data by Nezu & Rodi, 1986) down
to very small values of O(0) for Ri > 1. 

An explanation is not given. However, this could be understood also in view of possible
low-Reynolds effects. Rodi (1972) found that the value of cµ is a function of the ratio of
production to dissipation of turbulent kinetic energy. Further information on this subject can be
found in Toorman (2000a).
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4. CONSISTENT IMPLEMENTATION OF THE DAMPING FUNCTIONS

It has become clear that the definition of the damping functions is not straightforward.
This generates problems for the correct determination for wall boundary conditions   (cf. section
2.8) and the shear velocity (cf. section 2.9). It implies that only one method remains to determine
the velocity gradient, i.e. the one which explicitly calculates the velocity gradient from the
velocity field solution.

A numerical experiment has been carried out with the PML model to illustrate the
problem. The steady state 1DV test case consists of the fully-developed turbulent open-channel
flow in a 16 m deep channel, driven by a constant pressure gradient dp/dx = 0.04 Pa/m, such that
the shear velocity equals 0.008 m/s.

First, the traditional boundary treatment approach, where the damping function is not
taken into account for the calculation of the shear velocity, is applied. The result is shown for
four different sediment loads in figure 4.1. 

In the next step, the damping function is taken into account at this stage, but not in the
velocity boundary condition in the near-bottom node (i.e. α = 1). The solution is considerably
improved with regard to the estimation of the shear velocity (fig.4.1).

Figure 4.1: Velocity profiles (dp/dx = 0.04 Pa/m, h = 16 m) obtained with the
PML model. Dotted line = inconsistent traditional method; dashed line =
consistent u* calculation; full line = fully consistent solution obtained with
theoretical (apparent) roughness correction of previous; centered line = numerical
solution of fully consistent approach with roughness correction from previous.

Variation of the value of α shows that this does not affect the estimation of u*
significantly (except when the velocity gradient over the bottom layer becomes very large, but
this due to numerical limitations), neither does it change the concentration profile. With this
knowledge, the numerical data from the previous method can be used to calculate α by solving



25

�ln(α) � 1 � a
ws

u
�

1 � exp(�bRi n) (72)

equation (30), using trapezoidal numerical integration. The corrected velocity profile can then
be drawn. Applying the corresponding α-value to the velocity boundary condition, yields a
velocity profile, slightly higher than the theoretically reconstructed one, which can be explained
by the error on the calculation of α by numerical integration over the bottom layer, which is very
inaccurate due to the large gradients and the few integration points.

The following empirical formula is found for the roughness correction factor α:

with parameter values: a = 7.7, b = 1/0.6 and n = 0.84 (Toorman, 2000c). From figure 4.1 it is
clear that the consistent implementation of the damping functions yields considerably different
velocity profiles, which may have large consequences for the estimation of transport rates.

Further details on this numerical experiment and a more detailed discussion can be found
in (Toorman, 2000c).
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5. LAMINARISATION

Laminarisation occurs when the turbulent Reynolds number becomes small. This can
happen locally by buoyancy damping or more globally by reduction of the flow rate.

For laminarisation, very little is available to allow a good simulation of the transient
behaviour of shear flows between turbulent ad laminar regime. A literature study shows that the
problem of laminarisation can only be handled adequately for some special cases with much
more complicated turbulence models. Only for near-wall turbulence, the modelling of the wall-
layer can be performed with low-Reynolds models by introduction of wall-distance dependent
damping functions. Some claimed wall-distance-free formulations found in literature do not seem
of use (Toorman, 2000a).

5.1. Mixing length models

Kranenburg (1999) proposed a method for the PML model, based on the modified Van
Driest formula:

plus a laminarisation criterion:

where νt,max = the maximum eddy viscosity over the water depth, the critical Reynolds number
Ret,c = 15 and c = 0.62(±0.02). The eddy viscosity is set zero when the laminarisation limit is
reached.

However, the Van Driest function does not fulfil the asymptotic laminar condition, but
need to be modified, e.g. as proposed by Toorman (2000a).

5.2. Two-equation k-� models

A major problem when the turbulent Reynolds number Ret becomes too small is that the
k-� model tends to destabilize. Commercial models seems to be able to handle this problem by
robust numerical schemes, which, however, introduce significant amounts of numerical diffusion.

5.2.1. Low-Reynolds modelling

The best described low-Reynolds two-equation models only treat near-wall turbulence,
which, moreover, require much grid refinement near the wall. For engineering applications, this
degree of refinement and its subsequent computational cost is unacceptable. Furthermore,
analysis of DNS data for near-wall turbulence by Toorman (2000a) revealed that the parameters
σk and σ

�
 cannot be constant either (probably due to large deviations from the assumed isotropy

of turbulence, which is also likely in stratified flow). Efforts are still undertaken to find suitable
damping functions fµ and f1. For the function f2 a formulation is proposed in the next section.
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5.2.2. Realisable time scale

One constraint is given on the time scale which should reduce from k/� in fully-developed
turbulent flow to the Kolmogorov time scale (ν/�)1/2 in laminar flow. A time-scale which can
account for both limits is called "realisable". Proposals in the literature have several weaknesses.
Toorman (1999c) proposes the following new formulation, which overcomes these weaknesses,
and at the same time defines the function f2:

where: Ret = turbulent Reynolds number (= k2/ν�). This can be implemented into the k-� model.
Preliminary tests with the KUL code FENST2D indicate that this formulation enhances the
destabilisation in low-Reynolds area of the computational domain.
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6. CONCLUSIONS

Empirical damping functions are introduced into the Prandtl mixing-length (PML) model
to account for the effect of destruction of turbulence by buoyancy effects. The ratio of these
damping functions is equal to the ratio of stratified to neutral turbulent Schmidt number, which
appears in the diffusion term of the sediment transport equation and the buoyancy term of the k-�
model. The buoyancy term in the � equation can be removed, at least in the case of shear flow.
Furthermore, the wall boundary conditions for the k-� model rely on the law-of-the-wall which
employs the PML theory. Therefore, good closure relationships are required for the damping
functions in order to predict sediment-turbulence interaction more accurately.

Traditionally buoyancy damping functions are expressed in terms of the gradient
Richardson number as characteristic parameter for the stratification. However, these damping
functions should be expressed in terms of the flux Richardson number, preferably even the
generalized flux Richardson number, instead of the gradient Richardson number, because the
latter has a much weaker physical meaning. Unfortunately, the determination of the (generalized)
flux Richardson number is much more difficult because it requires knowledge of the turbulent
Schmidt number closure. 

Analysis of proposed closures in the literature and experimental and numerical data
shows that the closure relationships are much more complex than thought. Therefore, it remains
at present the most practical to stick to the traditional approach, as long as the closure of the
turbulent Schmidt number remains very uncertain. Along this line, new damping functions have
been proposed.

Flux Richardson hysteresis explains the existence of flow conditions were Rf can lie in
the range 0.25-1, which seems to be possible due to diffusion. The latter mechanism traditionally
is neglected in the theoretical analysis of stratified shear flows, but becomes important in areas
were turbulence damping is strong, such as near boundaries and lutoclines. This needs further
investigation.

Consistent bottom boundary conditions for the velocity field and the two turbulence
variables k and � in the case of stratified shear flow are derived.  A crucial element is the correct
estimation of the shear velocity, which can no longer be done with the traditional approach,
which is only valid for the neutral case. An alternative methodology is proposed which yields a
much better estimate of u*. This new consistent wall boundary treatment also allows to predict
the right order of magnitude of drag reduction. For this purpose a friction correction factor has
been introduced, which is related to the momentum damping function by an integral relationship.

One has to bear in mind that the PML model may not function correctly in the case where
a two-layer system has formed, separated by a lutocline as the eddy viscosity profile should show
two parabolic-like profiles, one for each layer.

The damping of turbulence due to low velocities requires another approach to deal with
low-Reynolds number flow. Little progress has been made during the COSINUS project. It seems
that the most efficient approach involves a two-layer model. The general major problem is to find
a solution methodology which produces the correct results on a coarse grid. Further research on
this topic is needed.
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Appendix

Since the form of eq.(12) is not convenient for practical use, another option has been
investigated as well . One could also introduce the damping as a correction to the log-profile as:

The corresponding velocity gradient is:

Elimination of the velocity gradient between (10) and (14) results in a relationship between the
damping functions Fκ and fu:

Elimination of u* between (10) and (13) or of the gradient of fu between (14) and (15) yields:

These relationships may be more practical once the velocity distribution and the damping
functions are known.

The function fu can be determined by the following numerical experiment. Consider the
1DV steady open-channel flow, driven by a constant pressure gradient dp/dx. The stress balance
over the entire water column yields:

Hence, the exact shear velocity is known. Assuming a certain empirical relationship for fκ, one
can numerically solve the flow by assigning by trial and error a certain value of fu in the near-bed
node where the bed boundary condition is defined, until the shear velocity generated by the code
and the exact value match. This, however,  results in a non-unique relationship, as the integration
constant in eq.(12) is case dependent ...


