
Appendix: The “footprint” of local shape

“Local shape” of a smooth relief is the qualitative structure of the deviation
from planarity in the neighborhood of a point1. It is determined by the 2nd–order
spatial derivatives of the relief, and conventionally described by rotational invariant
combinations of these so–called “principal curvatures”.

As one regards neighborhoods of finite size, the deviations from the “quadric”—
that is the 2nd–order, or curvature, description—will become noticeable. The
3rd–order, or cubic, represents these deviations for still sufficiently small neighbor-
hoods. The local cubic can be regarded as the gradient, that is the change with
location, of the curvature. The “footprint” of the quadric can be defined as the
size of the largest neighborhood in which the contribution of the cubic terms is
less than some conventional fraction of the curvature.

Formal derivation in dimension–1. Such notions can easily be made precise.
In this appendix we provide a 1–dimensional example. This has the advantage of
simplicity, thus yielding a useful intuition for the geometry involved. Below, we
also indicate how these notions work out in higher dimensions, but this adds little
to the intuitive understanding.

In dimension 1 the quadric is z = T2(x) = κx2/2, where z indicates depth,
x a dimension in the picture plane, and κ the curvature. (We use Tn for the
nth–order term in a Taylor expansion of the depth, see below.) We consider the
neighborhood of the origin, that is x = 0. The constant term T0 and the linear
term T1 (that is the “slope”) are left out, because pictorial perception manages to
ignore them2. The curvature is the 2nd–order derivative κ = d2z/dx2 at the origin.

In order to define the “deviation from planarity”one needs to specify a finite
neighborhood, because T2(x) → ±∞ (depending upon the sign of κ) as x→∞.
A formal way to introduce the notion of “local” is to apply a weighting function
with most of its weight about the origin. For technical reasons the normalized
gaussian is a good choice3. We set w(x, s) = exp (−x2/2s2)/

√
2πs. We define

the mean of a function f(x) as the integral over the x–domain of fw, that is

〈f〉 =
∫ +∞
−∞ f(x)w(x) dx. This makes intuitive sense, because the mean of a con-

stant function f(x) = C is simply 〈f〉 = C. In general the mean will depend upon
the scale parameter s, we have a “local average at scale s”. This allows us to find
the quadratic deviation of z as varT2 = 〈T 2

2 〉 − 〈T2〉2 = κ2s4/2, that is simply the
variance of the depth. Notice that it depends upon the size parameter s.

Let the derivative of the curvature at the origin be denoted κx = dκ/dx.
Then the depth in the neighborhood of the origin is more precisely approximated
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as z = T2(x) + T3(x) + . . . = κx2/2! + κx x
3/3! + . . ., that is the initial part of the

Taylor expansion of the depth variation (again, T0 + T1(x) omitted).
The cubic part of z is T3(x) = κx x

3/6. The cubic part typically dominates the
deviations from the quadric structure. Thus we may use it to quantify the “noise”
in the estimate of the local shape. Its variance is defined in the conventional
manner, that is varT3 = 〈T 2

3 〉 − 〈T3〉2 = 5κ2
xs

6/12.
Notice that the quadric variance is proportional to the 4th–power of the scale pa-

rameter, whereas the cubic variance grows as the 6th–power. Thus, as one increases
the width s, the cubic terms will soon come to dominate the quadric ones. This
is the intuitive “reason” for the finite “footprint” of local shape.

We may define a signal to noise ratio SNR as the ratio of the quadric to the
cubic variance, thus SNR = varT2/varT3 = 6κ2/5κ2

xs
2. This is reasonable because

the variance is a “power” in the engineering sense.
Suppose we set a limit Q (“Q” for “quality”) to the signal to noise ratio. Then

we may solve for s, and obtain

s0 =

√
6

5Q

∣∣∣κx

κ

∣∣∣−1

,

which is our final result. A more intuitive way to write this relation is as s0 = C/ξ,
where C is a constant depending upon the (fixed) quality criterium Q, and ξ the
absolute logarithmic derivative |κx/κ| = |d log κ/dx| of the curvature at the origin.
Thus, in plain words,

the width of the quadric footprint is inversely proportional to the
absolute relative rate of change of the curvature,

a result that one might have guessed without formal calculations. This is the main
message of this appendix.

The relation in the general case of dimension–2. In dimension–2 things
don’t essentially change though the expressions become more complicated. Thus
the quadric can be written as T2(x, y) = (a20x

2 + 2a11xy+ a02y
2)/2, and the cubic

as T3(x, y) = (a30x
3 + 3a21x

2y + 3a12xy
2 + a03y

3)/6. Using an isotropic Gaussian
weight one finds var(T2) = (a2

02 + 2a2
11 + a2

20) s
4/2, and var(T3) = (5a2

03 + 6a03a21 +
9(a2

12 + a2
21) + 6a12a30 + 5a2

30) s
6/12.

Notice that the quadric variance is simply proportional to the square of the
Casorati curvature. One proceeds as above, with much the same result, except
that the logarithmic derivative becomes a more complicated algebraic expression
of 2nd and 3rd–order derivatives.

Consequences for empirical estimates of local shape. When you’re inside
the quadric footprint, the curvatures are defined, and so is the shape index. When
outside of the footprint, the shape is not defined, and no shape index can be
assigned. In that case, the “local shape” cannot be discriminated from planar.
This is why we added a “flat” category in our experiment.
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“Flat” is not a shape, the very notion of “shape index” does not apply to it.
Thus “flat” is indeed a “singular” case, but it is different from something like
“a cylindrical shape is singular”. A cylindrical shape is still a shape, but a “flat
shape” is not—it is outside of the local shape domain.

Yet it makes sense to call a cylindrical shape “singular”. It is indeed very
special when one of the principal curvatures vanishes exactly. But—from such a
perspective any shape is “singular”. Consider “shape index 0.12345”, how often
would you expect it to occur? Obviously, this probability is zero, as would be true
for any specific number.

The only relevant measure is probability density, which only makes sense when
shape index ranges are finite, as they are for the categories used in our experiment.
A priory, one cannot even assign a probability density to “flat”, because “flat” is
not in the domain. It is only in the context of the analysis of this appendix that
one might accept “flat” as a valid category (although of a different kind), and
assign a finite probability to it: it is the case where the signal to noise ratio does
not allow a judgment. That is not to say that “flat” belongs to the shape domain
though. It simply is a remainder category, to which no quadric shape can sensibly
be assigned.

According to the above analysis, in case the relief is known, one readily calculates
the quadric footprint at any point of the picture. The observer may use an area
defined by the footprint to judge the local shape. In regions where local shape
changes quickly, the footprints will be small, in areas where it changes gradually,
they will be large. The footprint defines the available local cues that may be used
to arrive at a shape judgment.

Local shape and the distribution of depth cues. In actuality, the observer
has to judge both the footprint and the shape from the image. In this paper we
have addressed only the latter aspect, but the former is at least as interesting. The
observer has to judge the footprint on the basis of image structure. In order to
analyze such processes one needs to introduce a formal theory of the cue involved.

We only mention an example here, we consider shading.
In the case of tonal variations caused by surface attitude variations relative to a

given illumination direction (Lambert’s law), it can be shown that the illuminance
gradient is unidirectional, and uniform, within the footprint4. Conversely, the
footprint can be estimated on the basis of the observable illuminance gradient
variation.

One needs a formal theory for each effective cue, that addresses both the foot-
print and the shape estimation. Of course, this is just the tip of the iceberg: one

4Koenderink, J J. & van Doorn, A J (2003b). Shape and shading. In L M Chalupa &
J S Werner (Eds.), The visual neurosciences (pp. 1090–1105). Cambridge, MA: MIT Press.
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still has to address cue combinations, as well—and perhaps more importantly—
the effects of global, and familiarity cues. At this moment both formal theory and
empirical data are sadly lacking.

A final comment involves resolution. “Smooth relief” as used in this analysis
can only be defined relative to some finite level of resolution5. Thus “the earth
is a sphere” only applies to levels of resolution where even the Himalayas are
not resolved. Human observers seem able to set their level of resolution to some
extent, although this may involve techniques of looking as used by visual artists.
The footprints evidently depend upon this level of resolution, because even the
“local derivatives” (and thus curvatures) do6. The formal theory that applies here
is “scale space”7. Eventually, a more complete theory of “shape footprint” will
have to recognize this too. This defines a rather extensive area of theoretical
research that is still largely open.

5Boscovich, Roger Joseph SJ (1922, original 1758). Theoria philosophiae naturalis (A Theory
of Natural Philosophy). Dual text in Latin and English. Translated by J.M. Child. Chicago &
London: Open Court Publishing Company.
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7Florack, L M J, ter Haar Romeny, B M , Koenderink, J J & Viergever, M A (1991). Linear
scale-space. Journal of Mathematical Imaging and Vision 4(4), 325–351.


