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Fast Multipole Acceleration of the Hybrid Finite
Element-Boundary Element Analysis of 3D Eddy

Current Problems
R. V. Sabariego, J. Gyselinck, P. Dular, C. Geuzaine and W. Legros

Abstract—This paper deals with the acceleration of the hybrid
finite element – boundary element analysis of 3D eddy current
problems by means of the fast multipole method. An adaptive
truncation scheme for the multipole expansion of the 3D Laplace
Green function is proposed. As an application example, the TEAM
workshop problem 28 is considered. The computational cost with-
out and with fast multipole acceleration is discussed.

Index Terms— fast multipole method, hybrid techniques, finite
element method, boundary element method, Laplace function

I. INTRODUCTION

HYBRID finite element – boundary element (FE-BE) mod-
els are particularly suited for solving open electromag-

netic field problems that comprise movement, nonlinear me-
dia and eddy currents [1]. The finite element (FE) method
easily accounts for saturable and conducting media, while the
boundary element (BE) method provides a rigorous treatment
for open problems and allows to consider movement without
any tedious mesh manipulations (remeshing or moving band
definition). However, the BE part of the hybrid model gener-
ates dense blocks in the system matrix and significantly limits
the problem size.

The fast multipole method (FMM) [2], combined with an it-
erative solver, e.g. GMRES [3], can be employed to overcome
this limitation by diminishing both the storage requirements and
the computation time. It has been successfully applied to BE
models in both the high frequency [4] and the low frequency
domain [5], [6]. Its use with hybrid FE-BE models has been
mainly tackled in scattering applications [7].

This paper deals with the application of the FMM to the hy-
brid FE-BE analysis of 3D low frequency eddy current prob-
lems. Section II outlines the hybrid modelling of a magnetody-
namic problem. The FMM is briefly described in the follow-
ing section. An adaptive truncation scheme for the 3D Laplace
Green function is used. Some aspects relative to the applica-
tion of the FMM to a problem with moving parts are briefly
discussed.

As test case, the TEAM workshop problem 28 is considered
[8]. The transient behaviour is modelled taking into account the
eddy currents and the mechanical equation.

II. 3D HYBRID FE-BE MODEL

We consider a magnetodynamic problem in
�

3 . The FE
method is used in a domain Ω with boundary Γ while the
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BE method takes into account the space exterior to Ω. The
eddy current conducting part of Ω is denoted Ωc and the non-
conducting one ΩC

c . Source conductors, with a given current
density j

s
, are comprised in Ωs ⊂ ΩC

c .
Adopting the magnetic field formulation, the general expres-

sion of the magnetic field h in Ω is

h = hs + hr − gradφ, (1)

with hs a source field satisfying curlhs = j
s
, hr the reac-

tion field in Ωc, and φ the reaction magnetic scalar potential in
ΩC

c . The source magnetic field hs obeying curlhs = j
s

is not
unique. The one calculated by the Biot-Savart law implicitely
satisfies div hs = 0.

The h−φ magnetodynamic formulation is obtained from the
weak form of the Faraday law:

∂t(µh, h′)Ω + (σ−1curl h, curlh′)Ωc
+

(σ−1j
s
, curlh′)Ωs

+ ∂t〈n · b, φ′〉Γ = 0, ∀h′ ∈ Fhφ(Ω), (2)

where µ is the magnetic permeability, σ is the electric conduc-
tivity; n is the unit normal vector on Γ pointing into Ω; (·, ·)Ω
and 〈·, ·〉Γ denote a volume integral in Ω and a surface integral
on Γ of the product of their arguments; Fhφ(Ω) is the func-
tion space defined on Ω and containing the basis functions for
h (coupled to φ) as well as for the test function h′ [10].

The coupling with the BE model is done through the surface
integral in (2). We define the following integral operator:

P(q) =

∫

Γ

q G dΓ with G(ρ) =
1

4πρ
, (3)

where q is an equivalent magnetic charge on Γ and G(ρ) is
the 3D Laplace Green function, ρ being the distance between
a source point rs (on Γ) and an observation point ro (in

�
3\Ω).

The normal derivative of (3a) in a point on Γ is given by

n · gradP(q) =
1

2
q +

∫

Γ

q n · gradG dΓ. (4)

The scalar potential and its normal derivative in a point on Γ
can be expressed as

φ(r) = µ−1 P(q) , n · gradφ(r) = µ−1n · gradP(q) . (5)

The surface term in (2) thus becomes

∂t〈n·b, φ
′〉Γ = −∂t〈n·gradP(q), φ′〉Γ+∂t〈µn·hs, φ

′〉Γ . (6)

The weak form of (5a) reads:

〈φ, q′〉Γ = 〈µ−1P(q), q′〉Γ, ∀q′ ∈ Fq(Γ) , (7)
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where Fq(Γ) is the function space defined on Γ which contains
the basis functions for q and the test function q′.

Applying the Galerkin method to the equations (2) and (7),
the system of equations of the hybrid model is obtained. Edge
basis functions are employed for h, resulting in sparse blocks
in the matrix system. The terms with the integral operator P(q)
(3) give dense blocks. Let us consider, e.g. the fully populated
block M due to the right handside of (7).

On the basis of the discretisation of Γ, nq interpolation func-
tions βl(r) are defined for the equivalent magnetic charge q and
their coefficients ql are assembled in the column matrix Q:

q(r) =

nq∑

l=1

ql βl(r) and Q =
[

q1 . . . qnq

]T
. (8)

The elements of M are then given by

Mk,l =
1

µ

∮

Γ

βk

(∮

Γ

βl G dΓ

)

dΓ . (9)

The double integration is a critical and time-consuming stage
for the assembly of the BE blocks, especially when numerical
integration is used. The number of Gauss integration points re-
quired for accurately evaluating the self-interactions is high. If
plane triangular elements and piecewise constant or linear basis
functions are used for q(r), the inner integral in (9) can be eval-
uated analytically [9]. The outer integration can be performed
adaptively with numerical Gauss integration.

III. FAST MULTIPOLE METHOD

The fast multipole method (FMM) decomposes the boundary
Γ into #g groups of elements, Γ =

⋃#g

g=1 Γg , and determines
the interactions between distant groups by means of the mul-
tipole expansion of the Green function. The simplest way to
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Fig. 1. Distant groups Γs and Γo on the contour Γ with centers c′ and c

distribute the elements in groups consists in building an octree
[5], [6]. Note that in a single level FMM, as described in the
present paper, only the finest level of the octree is taken into
account.

A. Multipole expansion of the 3D Laplace Green function
Let Γs be a source group with center rsc and a source point

rs, and Γo an observation group with center roc and an obser-
vation point ro. We define the vectors r = ro − roc = (r, θ, φ),
rc = roc − rsc = (rc, θc, φc) and r′ = rsc − rs = (r′, θ′, φ′)
as shown in Fig. 1. Omitting the factor 1/4π, the 3D Laplace
Green function (3b), with ρ = |ro − rs|, is expanded as [2]:

1

ρ
= <

( ∞∑

m=0

m∑

n=−m

∞∑

u=0

u∑

v=−u

Dm,n Tm+u,n+v Au,v

)

, (10)

Dm,n (r) =
rm Lm

n (θ,−φ)

(m + n)!
, (11)

Tm+u,n+v (rc) =
(m + u − (n + v))!

rm+u+1
c

Ln+v
m+u(θc, φc) , (12)

Au,v (r′) =
r′u Lv

u(θ′,−φ′)

(u + v)!
, (13)

where Lm
n (θ, φ) = P n

m (cos θ) eınφ, P n
m being the Legendre

function of degree m and order n. The imaginary number is
denoted ı and < indicates the real part.

In practice, the multipole expansion (10) must be truncated
by taking 0 ≤ m ≤ p and 0 ≤ u ≤ p, where the trunca-
tion number p must be sufficiently large to limit the error to
a prescribed value ε. In most cases, the conventional choice
p = log2(1/ε) [2] is too conservative. Indeed, if r′ � rc and
r � rc, a smaller number of terms suffices. A more economic
law, proposed by the authors for the 2D case in [11], takes those
distances into account. Let us consider the radii of the source
and observation groups, Rs = maxΓs

(r′), Ro = maxΓo
(r),

and the distance between their centers d = rc. The minimum
value of p as a function of Ro/d and Rs/d for ε = 10−6 is
depicted in Fig. 2.
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Fig. 2. Truncation number p(Ro/d, Rs/d) for ε = 10−6

The function gradG can be expanded in a similar way. It
suffices to derive (11) with respect to the coordinates of the
observation point.

B. Application to the BE part of the hybrid FE-BE model
Two groups Γs and Γo are said to be ‘far’ groups if Rs/d <

τ and Ro/d < τ , where d is the distance between the group
centers and where τ is chosen smaller than 1/2.

The dense blocks due to the BE part and in particular M (9)
can be formally written as

M ≈ Mnear + M far = Mnear +

#g
∑

o=1

#g
∑

s=1
︸ ︷︷ ︸

Γo, Γs far

M far
o,s . (14)

Let us consider the degrees of freedom qk and ql of q with
associated basis functions βk(ro) and βl(rs) that are nonzero
on the respective far groups Γo and Γs. Substituting (10) in
(9), the contribution to the corresponding element

(
M far

o,s

)

k,l

in M far is given by

<

(
p
∑

m=0

m∑

n=−m

MD
o,k,m,n

p
∑

u=0

u∑

v=−u

MT
m+u,n+vM

A
s,l,u,v

)

, (15)
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MD
o,k,m,n =

∫

Γo

βkDm,n dΓ , MA
s,l,u,v =

∫

Γs

βlAu,v dΓ , (16)

MT
m+u,n+v =

1

4πµ
Tm+u,n+v . (17)

The aim of the formal decomposition (15) is speeding up the
multiplication of M far by a trial vector Q, required for the it-
erative solution of the system of algebraic equations. Group by
group, the field produced by the equivalent magnetic charge q
in the considered group is aggregated into its center by (16b).
This aggregated field is then subsequently translated to the cen-
ters of all the far groups by (17), and finally the aggregated and
translated field is disaggregated into the degrees of freedom of
the far groups thanks to (16a).

The multiplication M farQ is further accelerated by means
of the adaptive truncation scheme following the law p =
p(Rs/d, Ro/d, ε) shown in Fig. 2. In case of preconditioning
of the iterative solver, the preconditioner is based on the sparse
matrix comprising the complete FE contribution but only the
BE near-field interactions.

The assembly stage of the FMM consists in calculating and
storing the required complex numbers MD

o,k,m,n, MT
m+u,n+v

and MA
s,l,u,v. The matrix M far itself is never built. The inte-

grations in (16) are done numerically but as we are dealing with
far interactions a limited number of Gauss integration point suf-
fices. The matrix Mnear is calculated in the conventional way
(see previous section) and stored using a sparse storage scheme.
For the MD and MA data of a given group, the truncation
number p considered during the FMM assembly stage is deter-
mined by its closest far group, p = pmax . For the MT data, the
truncation number p is determined by the two groups Γs and Γo

involved in the translation, p = pso. During the iterative pro-
cess, the aggregation step is carried out with p = pmax , while
p = pso suffices for the translation and disaggregation.

As a rule of thumb, the optimum value of τ lies in the interval
[1/4, 1/5], i.e., an observation group Γo is far from a source
group Γs if it is outside the sphere of radius Rfar ∈ [3Rs, 4Rs]
with origin the center of Γs. The upper limit corresponds to
τ ≤ 1/5, or, according to Fig. 2, to a maximum truncation
number pmax = 10 for ε = 10−6, while the classical law leads
to p = log2(1/ε) = 20.

C. Taking movement into account

The analysis is restricted to rigid bodies, the boundaries of
which constitute the BE domain. The decomposition in groups
Γ =

⋃#g

g=1 Γg is preserved during movement. We define the
vectors rp = rp

o − rp
oc = (r, θp, φp), rp

c = rp
oc − rp

sc =
(rp

c , θp
c , φp

c) and r′p = rp
sc − rp

s = (r′, θ′p, φ′p) for the new
position analogously to the ones shown in Fig. 1.

It is easy to find the relations between the previous and the
new FMM data. Indeed, from (16-17), it follows:

M
′
D

o,k,m,n = MD
o,k,m,n

Lm
n (θp,−φp)

Lm
n (θ,−φ)

, (18)

M
′
T

m+u,n+v = MT
m+u,n+v

(
rp
c

rc

)m+u+1 Ln+v
m+u(θp

c , φp
c)

Ln+v
m+u(θc, φc)

, (19)

M
′
A

s,l,u,v = MA
s,l,u,v

Lv
u(θ′p,−φ′p)

Lv
u(θ′,−φ′)

. (20)

This way, the integrals (16-17) do not have to be reevalu-
ated. For updating the disaggregation, aggregation and transla-

tion data, a multiplication of the previous data with the corre-
sponding factor suffices. In the particular case of purely transla-
tional movement, only the translation data have to be modified.

IV. APPLICATION EXAMPLE

The electrodynamic levitation device of TEAM workshop
problem 28 [8] is chosen as test case.

A. Description of the problem
It concerns a cylindrical aluminium plate (σ = 3.40 107 S/m,

radius = 65 mm, thickness = 3 mm, mass = 0.107 kg) located
above two coaxial coils carrying imposed sinusoidal currents of
amplitude 20 A and frequency 50 Hz (see Fig. 3). The levitation
height z refers to the distance between the lower circular end of
the cylindrical plate and the upper sides of the coils (z = 0).

Fig. 3. Levitation device model: cylindrical plate above two coaxial coils

At t = 0 the plate rests above the coils at a distance of z =
3.8 mm. For t ≥ 0, sinusoidal currents flow in the coils in
opposite directions.

The coils generate a time-varying magnetic field that induces
eddy currents in the conducting plate Ωc and a repulsive vertical
force F mag is exerted on it. After some damped oscillations
the plate reaches a stationary levitation height of z = 11.3 mm
(measured). The movement is purely translational due to the
symmetry of the problem.

The source magnetic field hs is calculated by means of the
Biot-Savart law. To this end, the inner and outer coils are dis-
cretised in 192 and 160 hexaedra respectively (see Fig.3). The
FE domain Ω can be thus restricted to the conducting plate Ωc.
We adopt edge basis fuctions for h and piecewise linear basis
functions for q.

Different levels of mesh refinement are considered. When
the FMM is applied, the surface Γ is split up into 36, 45, 60
or 77 groups depending on the discretisation (see Fig. 4). The
optimal number of FMM groups increases with the number of
unknowns.

Fig. 4. Distribution in 36 (right) and 60 (left) groups of the plate

For the problem at hand, the FMM integrals (16-17) are eval-
uated only once. As there is only one BE surface Γ and the
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movement is purely translational, they are independent of the
position of the plate.

The system of algebraic and differential equations (2) and (7)
is time-stepped along with the mechanical equation using the
backward Euler scheme. A time interval of [0, 600 ms] is stud-
ied with ∆t = 0.2 ms (3000 time steps) and ∆t = 0.4 ms (1500
time steps). We adopt the so-called weak electromechanical
coupling, i.e. the electromagnetic system and the mechanical
equation are solved alternately obtaining and the new magnetic
force and the new position, respectively.

The magnetic force F mag exerted on conductors Ωc can be
calculated by means of Lorentz law:

F mag =

∫

Ωc

j × b dΩc . (21)

B. Calculation results

The transient behaviour of the levitation device is simulated
using a hybrid FE-BE discretisation consisiting of 1280 tetra-
hedra and 1344 triangles, which yields 1993 unknowns: 1473
for h and 520 for q. This is the coarsest mesh in Table I. The
optimal group distribution (for this particular mesh) is found to
be 36 groups: employing more groups yields a higher computa-
tion time for solving the system of equations and more storage
costs for the FMM data structures, while using less groups in-
creases the assembly time and the memory requirements for the
near BE part. The maximum and average truncation number
are pmax = 9 and pav = 3 for Rfar = 0.04 and ε = 10−6.

Figure 5 presents a comparison between the measured levi-
tation height vs time according to [8] and computed results for
∆t = 0.2 ms and ∆t = 0.4 ms obtained by means of the FMM
accelerated hybrid FE-BE technique . A better agreement is ob-
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Fig. 5. Measured and calculated levitation height vs time

served as the time step diminishes. For a given time step, a finer
mesh is not observed to improve significantly the accuracy.

C. Computational cost

The system of algebraic equations is solved by means of the
iterative solver GMRES [3] with ILU-preconditioning on a 400
MHz MIPS R12000 Processor.

The CPU time per time step and the memory requirements
for the different discretisations (with Γ split up into 36, 45, 60,
60, 60, 77 and 77 groups, respectively) are shown in Table I. It
illustrates the efficiency of the FMM as the number of BE un-
knowns increases. With the fourth mesh, e.g., the accelerated
FE-BE analysis is roughly 16 times faster than the nonacceler-
ated one and the savings in memory approach 67%.

The grouping of the elements and the computation of the
FMM data structures is done in a preprocessing that takes a few
seconds, which is negligible in comparison to the total compu-
tational cost.

TABLE I
CPU TIME AND MEMORY REQUIREMENTS FOR DIFFERENT MESHES

Unknowns FE-BE FE-BE + FMM
FE BE CPU mem CPU mem

(hours) (Mb) (hours) (Mb)

1473 520 0.41 21 0.15 18
2433 848 1.49 42 0.30 24
3633 1256 4.97 71 0.52 35
5073 1744 16.03 150 0.98 51
6753 2314 45.24 326 1.84 70
8673 2960 117.41 514 2.65 94
10833 3688 - - 4.53 158

V. CONCLUSION

The resolution of a 3D eddy current problem by means of
the FMM accelerated hybrid FE-BE model has been elaborated.
An electrodynamic levitation device has been modelled taking
into account the mechanical equation. An adaptive truncation
scheme for the 3D Laplace Green function has been proposed.

A good agreement between the calculated results and the
measurements has been observed. The efficiency of the FMM
has been illustrated comparing the results obtained for differ-
ent discretisations. Significant savings in computation time and
storage requirements are achieved.
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