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Abstract

Two-dimensional phase field simulations were performed of grain growth in
highly textured materials with equal fractions of 2 texture components, de-
noted as α and β grains, and assuming 2 values of the grain boundary energies,
namely σlow for the boundaries between grains of a different texture compo-
nent and σhigh for boundaries between grains of a similar orientation, resulting
in microstructures with alternating α and β grains and stable quadruple junc-
tions. For different magnitudes of the anisotropy in grain boundary energy
R = σhigh/σlow, the occurrence of the different types of triple and quadruple
junctions and the distributions of the normalized grain size, the number of faces
per grain, the normalized grain boundary length per grain and the dihedral
angles at grain boundary junctions were investigated.
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1. Introduction

In order to predict various macroscopic properties of polycrystalline ma-
terials, characterization of the microstructural characteristics is an essential
step[1–4]. For instance, the average grain size plays an important role in deter-
mining the yield strength[1, 2] of a material. The evolution of grain structures
has been simulated frequently and has been quantitatively characterized by
means of the average grain size, the grain size distribution and the number of
faces and their distribution [5–7] for isotropic grain boundary properties. Grain
growth in anisotropic systems has been simulated based on a Monte Carlo Potts
model [8, 9] and using the phase-field method [10]. In their studies, the role of
anisotropy in grain boundary energy and mobility in determining the grain size
distribution, the distribution of the number of faces per grain and the misorien-
tation distribution of the grain boundaries was evaluated. They assumed that
the crystallographic orientations were randomly assigned. Recently, it was also
shown that the characteristics of triple and higher order junctions are important
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microstructural features in anisotropic systems in the context of grain topology
and the misorientation distribution of the grain boundaries[11].

Highly-textured materials are also widely-used [12, 13]. Grain growth of
textured materials has been investigated in terms of the distributions of the
grain sizes and crystallographic orientations[14, 15]. Moreover, Cahn, Holm
and Srolovitz have analyzed the stabilities of trijunctions and quadrijunctions
in conserved and non-conserved 2-dimensional two-phase microstructures as a
function of the ratios between the grain boundary energies of the different types
of interfaces [16, 17], where a system with 2 texture components can be consid-
ered as a non-conserved two-phase system. Their study shows that quadruple
junctions can become stable for a high degree of anisotropy in grain boundary
energy. Different from triple junction dihedral angles, quadruple junction di-
hedral angles are thermodynamically not fixed, but can vary within a certain
range depending on the ratios of the grain boundary energies. They are there-
fore expected to affect the grain growth behavior and grain boundary network
topology considerably. However, in general, the microstructural characteristics
of highly-textured materials and the effect of the degree in anisotropy in grain
boundary energy in these systems have not been studied extensively. Moreover,
very little attention has been given so far to characterize the different possible
types of vertices and the distribution of dihedral angles in highly anisotropic
systems.

In this paper, we present a systematic study of the role of degree of anisotropy
in grain boundary energy in determining the occurrence of different types of
vertices, the dihedral angle distribution and the distributions of the number of
faces, grain boundary length and grain size in highly-textured materials for mi-
crostructures with 2 texture components. The grains belonging to the 2 different
components will be labeled respectively as α and β grains. We will consider the
case where σαβ = σlow ≤ σαα = σββ = σhigh with σαβ , σαα and σββ the inter-
facial energy of the boundaries between α grain-β grain, α grain-α grain and β
grain-β grain, respectively, for which quadruple junctions have been predicted to
coexist with triple junctions and even become the majority junction type within
certain ranges of the degrees of anisotropy [16]. This situation is less common
than the opposite case where σαβ > σαα = σββ for the classical metallic sys-
tems (Al, Ni, Cu, . . . alloys) with a simple face centered or body centered cubic
structure. However, in more complex non-cubic structures, such as monoclinic
zirconia [18] and ferroelectric Cd1−xZnxTe (CZT) [19], where multiple twin sys-
tems may exist, mosaic-like grain structures with only 2 texture components
and quadruple junctions where almost perfect twin boundaries (with extremely
low energy) and low angle boundaries meet, were observed. The case where
σαβ > σαα = σββ has been studied before[14, 17, 20] and it was found that the
topological characteristics are quite similar to those of isotropic systems since
only triple junctions can be stable. The grain growth kinetics can however de-
viate strongly from those observed for isotropic grain structures. Depending on
the initial fractions of the α and β texture components and their initial spatial
distribution, the steady-state parabolic growth regime as derived for isotropic
grain growth [21–23] may not be obtained.
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For the simulated microstructures, we will verify five of the findings in ref.
[16, 17] :

1. For isotropic grain growth (σlow = σhigh), quadrijunction or higher grain
junctions are unstable and unlikely ever to form. Even though they form,
they decompose immediately.

2. The qαβαβ type of quadrijunction becomes stable when R(= σhigh/σlow) ≥√
2. When

√
2 ≤ R ≤

√
3, qαβαβ quadrijunctions and trijunctions coex-

ist. Although tααα and tβββ trijunctions can be stable, tααβ and tαββ
trijunctions are thermodynamically more favorable.

3. When
√
3 < R, tααα and tβββ trijunctions become unstable. For

√
3 <

R < 2, tααβ and tαββ trijunctions coexist with qαβαβ quadruple junctions.

4. Only qαβαβ quadrijunctions are stable when R ≥ 2.

Following the notation of ref. [16, 17], tααβ is a triple junction where 2 α
and 1 β grain coexist and a similar notation is used for the 3 other kinds of
triple junctions. qαβαβ is a quadruple junction where 2 α and 2 β grains meet
according to a checkerboardpattern. Other kinds of quadruple junctions have
been shown to be unstable [16, 17].

Furthermore, the distributions of grain sizes, average number of faces per
grain, dihedral angles and grain boundary length per grain will be character-
ized and the findings will be related to the stability of (a) particular type(s)
of junctions. Since it is extremely complex to determine and classify uniquely
dihedral angles in 3-dimensional systems, 2-dimensional simulations were per-
formed. Although some of the phenomena present in 3-dimensional systems may
not be present in 2-dimensional systems, the 2-dimensional simulations can al-
ready provide useful insights. They may also represent grain growth behavior
in thin films, as that observed for the monoclininc zirconia or Cd1−xZnxTe
(CZT) thin films. Moreover, the results from our 2-dimensional simulations can
be interpreted based on the analytical theory of Cahn [16] which was also for
2-dimensional systems.

2. Phase-field model and numerical solution

We adopted the multi-order parameter phase-field grain growth model of
ref. [5]. According to ref. [5], a single-phase material is represented by a set of
non-conserved order parameters, which are a continuous function of time and
space

η1(r, t), η2(r, t), ..., ηQ(r, t) (1)

Each grain is represented by a unique non-conserved order parameter. The
temporal and spatial evolution of the order parameters is described by the time-
dependent Ginzburg-Landau equation.

∂ηi(r, t)

∂t
= −L

δF

δηi(r, t)
(2)
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where the kinetic constant L is related to the grain boundary mobility and the
free energy F is a function of the order parameter values and their gradients:

F =

∫
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The parameters θij and κ in the free energy functional determine the grain
boundary energies and magnitude of grain boundary energy anisotropy. The
grain boundary energy of a boundary between grains i and j is given by the
following integral expression [24]

σ =

∫ +∞

−∞

[
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+

(

dηj
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)2 )
]
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with x measured perpendicular to the grain boundary. Its value was obtained
by numerical integration over the equilibrated order parameter profiles across a
straight grain boundary. A similar model was used by Tang et al. [25]. They
showed that this model can reproduce the dihedral angles in highly anisotropic
systems with high accuracy.

To solve equations (2), a bounding box algorithm [26, 27] is implemented
in 2-D in combination with a semi-implicit spectral method [28]. The use of
a semi-implicit discretization scheme allows us to take considerably longer dis-
cretized time steps (∆t) than is possible with the standard explicit discretization
scheme. The bounding box algorithm is based on a sparse data structure and
has proven to reduce considerably the computational requirements for large-
scale grain growth simulations. In contrast to other sparse data structure al-
gorithms [29, 30] developed for phase-field models, the bounding box algorithm
can be combined with implicit and semi-implicit time stepping schemes. The
time derivative in equations (2) is discretized using a first-order semi-implicit
scheme [28], in which the homogeneous energy part is treated explicitly and the
gradient energy part implicitly:

ηn+1
i − ηni

∆t
= L



(κ∇2ηi)
n+1 +



η3i + ηi − 2θijηi





Q
∑

j

η2j









n

 , i = 1, 2, ..., Q

(5)

Let’s define φn(r) =
[

η3i + ηi − 2θijηi

(

∑Q

j η2j

)]n

. φ̃n(k) and take η̃n(k) to rep-

resent the Fourier transforms of φn(r) and ηn(r), respectively. By transforming
the partial differential equations (5), we get a sequence of ordinary differential
equations in the Fourier space :

dη̃ni (k)

dt
= L[φ̃n(k)− κk2η̃ni (r)], (6)

where k =
√

k21 + k22 is the magnitude of k, a vector in the Fourier space. The
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left hand side of equation (6) is approximated by a forward Euler scheme giving,

η̃n+1
i (k) =

η̃ni (k) + L∆tφ̃n(k)

1 + L∆tκk2
(7)

In the bounding box algorithm, a cuboid region is defined around each grain
i and for ηi the equation (7) is only solved for the grid points within this re-
gion. In our study, each order parameter indicates only one grain in the system.
Therefore, the non-physical grain coalescence observed in [5] is entirely elimi-
nated.

R = σhigh/σlow θ1 θ2
1.00 1.000 1.000
1.39 1.400 0.700
1.67 1.300 0.620
1.81 1.350 0.600
3.10 1.325 0.530

Table 1: The ratios between grain boundary energies R = σhigh/σlow and asso-
ciated θ1 and θ2 values used in this study.

To simulate grain growth in a highly-textured material, we will assume that
all grains with i even belong to the α variant and all grains with i uneven to the
β variant. To introduce the two different grain boundary energies, with σhigh

for the boundaries between grains with a similar orientation and σlow for the
boundaries between grains of a different orientation, θij = θ1 is set in equation
(3) when i + j is even and θij = θ2 is set otherwise. The θij values and the
corresponding ratio, between the grain boundary energies R = σhigh/σlow used
in this study are listed in Table 1. Furthermore, we choose L = 1.0, κ = 2.0
and the time step is taken ∆t = 1.0 and ∆x = ∆y is 2.0. All lengths and times
will be expressed in multiples of ∆x (voxel) and ∆t (time step).

3. Determination of multiple junctions, grain boundary length and

dihedral angles

We implemented a new methodology to classify the multiple junctions and
measure the dihedral angles at multiple junctions from the voxel based mi-
crostructure representations obtained from the phase-field simulations. More-
over, an improved iterative method to measure grain boundary length in the
voxel based microstructure representation is developed.

3.1. Classification of the multiple junctions and measurement of dihedral angles

The procedure implemented to find and classify the multiple junctions and
measure their dihedral angles in the voxel based microstructure representation
is described below and illustrated in Fig. 1.
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Figure 1: Schematic sketch of a trijunction in a voxel based microstructure
representation. The grain regions of the 3 adjacent grains are indicated with
different colors. The voxels labelled A1 . . . A4 have all 3 different types of grains
among their neighbors. The voxel labelled O is taken as the position of the
triple junction. The dihedral angles are determined from the intersection of the
grain boundaries with the green circle.

1. First the position of the grain boundaries and triple, quadruple and higher
junctions is determined as described below. Consider for example the
trijunction (Point O) in Fig. 1.

(a) Extract the voxels for which
∑

i

η2i <=cutoff → P . These voxels are

all located at or near a grain boundary.
(b) Examine for all voxels of P the four first-nearest and four second-

nearest neighbors. It is assumed that a voxel belongs to a grain of
type i if ηi > ηj , ∀j 6= i.

i. If there are two different types of grains among the neighbors
→ Gij (grain boundary between ith grain and jth grain)

ii. If there are three different types of grains among the neighbors
→ Tijk (trijunction where ith, jth and kth grains coexist). If
there are multiple voxels that meet this condition next to each
other (for example the voxels A1, A2, A3 and A4 in Fig. 1),
the

∑

i

η2i value is compared for the different voxels Ai and the

voxel with the lowest value is taken as the position of the triple
junction.

iii. If there are four different types of grains among the neighbors →
Qijkl (quadrijunction where ith, jth, kth and lth grains coexist).
If multiple voxels next to each other meet this condition, the
same selection process is performed as for the triple junctions.

iv. If there are five different types of grains among the neighbors
→ Pijklm (pentuple junction where ith, jth, kth, lth and mth

grains coexist). If multiple voxels next to each other meet this
condition, the same selection process is performed as for the
triple junctions.
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v. If there are six different types of grains among the neighbors
→ Hijklmn (hextuple junction where ith, jth, kth, lth, mth and
nth grains coexist). If multiple voxels next to each other meet
this condition, the same selection process is performed as for the
triple junctions.

(c) If Gij does not exist, Tijk and Tijl merge into Qijkl.
(d) If Gij does not exist, Tijk and Qijmn merge into Pijkmn.
(e) If Gij does not exist, Tijk and Pijlmn merge into Hijklmn.

2. Draw a circle with its center at the multiple junction, for example the
green circle around point O in Fig. 1

3. Find the intersection of the grain boundaries with the circle.
4. Calculate the coordinates of the vectors (black arrow) from the multiple

junction to the intersections.
5. Calculate the angles between these vectors.

In our study, we chose the circle radius r = 5 in step 2. We examined the effect
of taking various values for the radius of the circle and found that for R = 1.00
(isotropic structure ) the peak of the dihedral angle distribution is sharpest for
r = 5. We have also verified that the dihedral angle distributions for R > 1.00
did not change much when r is taken equal to 3, 5 or 7.

3.2. Measurement of grain boundary length

The line length measurement method for voxel based microstructure rep-
resentation previously introduced in ref. [31] was based on the straight line
assumption. This straight line assumption was reasonable for the study in ref.
[31] because they considered systems with isotropic grain boundary energy and
mobility. However, we found that the straight grain boundary assumption is in-
accurate for grain structures with anisotropic grain boundary properties. There-
fore, we introduce here an improved iterative method to measure the curved
grain boundary length in voxel based microstructure representations generated
by grain growth simulations of anisotropic systems.

An N-segment piecewise linear method (hereafter called N-SPLM) was imple-
mented to measure the grain boundary length. The procedure is shown schemat-
ically in Fig. 2a and Fig. 2b. If the grain boundary is entirely straight, the
line length can be evaluated by the distance between the two vertices (namely
the distance between A and B in Fig. 2a and Fig. 2b. The voxels at the grain
boundary region were sorted in ascending order of distance from the voxel A.
Then, to measure the line length using a 2-SPLM, the voxel at the median rank
was taken (C in Fig 2b) and the line length was calculated as the sum of the dis-
tances from A to C and C to B. This procedure was performed recursively and
the curved boundary length was obtained from the n+1-SPLM if the difference
of the lengths of n-SPLM and n+1-SPLM is less than 3%.

4. Simulations: Initial microstructure and general observations

Two different initial states were generated. From each state, simulations
were started for the different R-values given in table 1. The initial states were
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(a) Flow chart for the line length mea-
surement using the N-segment piecewise
linear method.

(b) Schematic drawing to illustrate the N-
segment piecewise linear method applied
to measure the grain boundary length be-
tween points A and B.

Figure 2: Flow chart and schematic drawing of the N-segment piecewise linear
method to measure grain boundary length from a voxel based microstructure
representation.

generated by an isotropic grain growth (θ1 = θ2 = 1.0) simulation starting from
20000 spherical grains distributed randomly in the system which were allowed
to evolve until 3289 and 3270 grains remained, respectively. The remained order
parameters were reassigned randomly to these grains and the grains labeled as
ηi with i even were taken as α grains and those with i uneven as β grains. From
this initial microstructure, anisotropic grain growth simulations were started
using the different sets of θ1 − θ2 values listed in table 1. One of the initial
states is shown in Fig. 3.

For all cases, a regime with steady-state grain growth behavior could be
reached. We checked that the grain size distribution and the fraction of the
two major vertice types did not notably change at the steady state, i.e. the
fractions of trijunctions, quadrijunctions, etc did not vary more than 1% over
100 time steps during steady state growth. As R increases, the rate of grain
elimination reduces and longer simulation times were required to obtain the
steady-state. However, different from the growth stagnation observed for large
R-values, namely for R >

√
3, in the previous Monte Carlo simulations [17], we

achieved steady state growth and a steady state grain size distribution even for
the large degrees of anisotropy. For R=3.10, we continued the simulation up to
12000∆t, but did not observe any stagnation. The average grain diameter as
a function of the square root of time is plotted in Fig. 4. For

√
t > 100, the

remaining number of grains in the system has become too low to obtain rea-
sonable statistics; although on average parabolic growth continues, the average
mean grain size becomes more and more scattered. We believe, the stagnation
observed in the Monte Carlo simulations [17] may have been due to artificial
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lattice pinning. Probably, the dihedral angles at the quadruple junctions, which
have values around 90◦, could not be resolved appropriately on the triangular
grid used in their simulations.

The simulated microstructures as observed in the steady-state regime for the
different R-values are shown in Figs. 5a-5e. Pictures are taken at different times
for different R-values such that the average grain size is similar. Although the
amount of α and β type of grains is not a conserved property in the considered
system, the fraction of the phases remains 0.5 throughout the simulations due
to the symmetry in grain boundary properties.

5. Effect of anisotropy on the stability of different kinds of triple and

quadruple junctions

The fractions of trijunction, quadrijuntion and higher junctions and the dif-
ferent types of them were determined from the simulated microstructures fol-
lowing the procedure described in section 3 and are listed in tables 2-4. For each
R value, two simulations starting from a different initial state were performed
and the fractions obtained in the 2 simulations were averaged. All quantities in
the tables were measured at steady state. The fractions of two major vertice
types did not notably change in the steady-state regime, i.e. their fractions did
not vary more than 1% for 100∆t.

R = σhigh/σlow Tri(%) Quadri(%) Quinque(%) Sexa(%)
1.00 98.94 1.03 0.02 0.00
1.39 69.70 30.27 0.03 0.00
1.67 30.18 69.78 0.04 0.00
1.81 15.98 83.62 0.32 0.08
3.10 0.82 98.82 0.23 0.14

Table 2: Fractions of the trijunctions, quadrijunctions, quinquejunctions and
sexajunctions for different R values measured from the simulated microstruc-
tures.

R = σhigh/σlow tααα/tβββ(%) tααβ/tαββ(%)
1.00 25 75
1.39 5 95
1.67 2 98
1.81 0 100
3.10 0 100

Table 3: Fractions of the two different types of the trijunctions at given R
values. For each R value, two simulations starting from a different initial state
were performed and the fractions obtained in the 2 simulations were averaged.
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Figure 3: Representation of the microstructure used in this study as an initial
state for the simulations. It was generated by an isotropic phase-field simulation.
At the start 20,000 spherical grains were distributed randomly. The isotropic
grain growth simulation was stopped when 3289 grains remained in the system.
The microstructure is visualized by mapping the sum of the squared order-
parameter values

∑Q

i η2i to a gray scale. The system size was 1024 × 1024
(expressed in voxels).The α grains and β grains are shown in cyan and yellow
color, respectively.
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Figure 4: The average grain diameter (expressed in number of voxels) with
respect to the square root of simulation time obtained for R = 3.10. The
average grain diameter increases from 17.16 grid points to 35.91 grid points and
the number of grains decreases from 3235 grains to 722 grains
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(a) R = 1.00 : Obtained
at 1500 ∆t starting from
the initial state. 1052
grains are still present in
the system.

(b) R = 1.39: Obtained
at 1500∆t starting from
the initial state. 1005
grains are still present in
the system.

(c) R = 1.67 : Obtained
at 2000∆t starting from
the initial state. 1072
grains are still present in
the system.

(d) R = 1.81 : Obtained
at 3000∆t starting from
the initial state. 1160
grains are still present in
the system.

(e) R = 3.10 : Obtained
at 3000∆t starting from
the initial state. 1160
grains are still present in
the system.

Figure 5: Simulated microstructures obtained during steady-state growth for
different degrees of anisotropy, namely for R = 1, 1.39, 1.67, 1.81 and 3.10. The
system size was 1024 × 1024 (expressed in voxels). The α grains and β grains
are shown in cyan and yellow color, respectively.

12



(a) R = 1.39. At 6500∆t: (b) R = 1.39. At 6520∆t

Figure 6: Highly magnified part of the simulated microstructures obtained at
2 different time steps for R = 1.39. The α grains and β grains are described
by cyan color and yellow color. A red spot indicates a trijunction and a green
spot a quadrijunction. Comparison of the figures (a) and (b) shows that the
quadrijunctions on the left and in the center do not immediately decompose
into trijunctions. On the other hand, the quadrijunction in the right top part
of Fig.6a at 6500∆t has split into two trijunctions in Fig.6b at 6520∆t.

(a) R = 3.10. At 8500∆t (b) R = 3.10. At 8520∆t

Figure 7: Highly magnified part of the simulated microstructures obtained at 2
different time steps for R = 3.10. The α grains and β grains are described by
cyan color and yellow color. A red spot indicates a trijunction and a green spot
a quadrijunction. The 2 trijunctions seen in Fig. 7a at 8500∆t have merged
into 1 quadruple junction in Fig. 7b.
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R = σhigh/σlow qαααα/qββββ(%) qαααβ/qαβββ(%) qαβαβ(%)
1.00 6.98 55.81 37.21
1.39 0.00 3.60 96.40
1.67 0.00 0.46 99.54
1.81 0.00 0.47 99.53
3.10 0.00 0.50 99.50

Table 4: Fractions of the three different types of quadrijunctions at given R
values. For each R value, two simulations starting from a different initial state
were performed and the fractions obtained in the 2 simulations were averaged.

As predicted by Cahn, Holm and Srolovitz [16, 17], we rarely observed
quadrijunctions or higher junctions in the microstructure with isotropic grain
boundary properties. As given in table 2, the fraction of quadri- and higher
junctions was approximately 1.05% for R = 1.00. Furthermore, according to
table 3, the fraction of tααα/tβββ type junctions among all trijunctions was 25%
for R = 1, which is also consistent with the simple probabilistic prediction for
the possibility to form tααα/tβββ type trijunctions are 2

2×2×2
= 0.25.

Although according to the predictions of Cahn, Holm and Srolovitz [16, 17],
quadruple junctions are expected to become stable only for R ≤

√
2, the fraction

of quadri- and higher junctions was approximately 30.0% of the total vertice
count in the simulations for R = 1.39 <

√
2, which is already much higher than

for R = 1.00. Moreover, from the consecutive images in Figs 6a and 6b, it is clear
that most of the quadrijunctions can exist for a considerable time and can thus
be considered as being stable. The theoretical predictions of Cahn, Holm and
Srolovitz’s assumed however straight grain boundaries [16, 17], whereas in real
microstructures most grain boundaries are curved, which may slightly affect the
stability of the junctions. Moreover, the value of 1.39 is very close to

√
2 ≈ 1.41.

In agreement with the theoretical prediction both types of triple junctions are
stable. The majority of the triple junctions is however of the type tααβ/tαββ ,
since σαβ < σαα = σββ and therefore grains of different types have the tendency
to alternate, as was also observed in previous Monte Carlo simulations [17].

In the simulations with R = 1.67, the major kind of vertices was the qαβαβ
type quadrijunction. There were also still a considerable amount of triple junc-
tions. This is in agreement with the theoretical predictions of Cahn [16], since,
for

√
2 ≤ R = 1.67 ≤

√
3, it is namely expected that both types of trijunctions

and the qαβαβ type of quadrijunction are stable. As in the previous case, the
fraction of tααα/tβββ type of triple junctions is quite low, namely less than 4%,
since α and β grains have the tendency to alternate for σαβ < σαα = σββ .

When R = 1.81 >
√
3 in the simulations, more than 81% of the vertices are

quadrijunctions and more than 99% of them are of qαβαβ type. The major type
of triple junctions is tααβ/tαββ . This is in agreement with the predictions of
Cahn [16] for

√
3 < R < 2.

If R = 3.10 > 2.0, more than 98% of the junctions are αβαβ-typed quadri-
junctions in the simulations. Triple junctions can form, however they appear to
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be unstable. In Fig. 7a, for example, one can see two trijunctions located close
to each other in a simulated microstructure for R = 3.10. However, they merge
into one quadrijunction within less then 20∆t as shown in Fig.7b. This is in
agreement with the prediction of Cahn, Holm and Srolovitz which says that the
qαβαβ quadrijunction is the only stable vertice type when R >= 2.

In general our observations show thus good agreement with the trends pre-
dicted by Cahn, Holm and Srolovitz [16, 17]. The junction types that are
unstable in the predictions by Cahn, Holm and Srolovitz’s analysis are always
found to be a minor junction type in the simulations, although in some cases
we can still detect them in the system.

6. Distributions of dihedral angles, number of faces, normalized grain

size and normalized grain boundary length

6.1. Dihedral angles

The equilibrium dihedral angles at triple junctions are fixed and can be cal-
culated easily as a function of the magnitude of the grain boundary anisotropy
from an interfacial tension balance (Lami’s theorem). The tααα/tβββ type of
triple junction is accordingly expected to have all 3 dihedral angles equal to 120◦

and the tααβ/tαββ type of triple junction is expected to have 2 angles equal to
π − arccos(R/2) and 1 angle equal to 2 arccos(R/2). Therefore, a distribu-
tion with sharp peaks at the possible equilibrium dihedral angles is expected if
only triple junctions are present. The equilibrium dihedral angles at quadruple
junctions however are not uniquely determined by an interfacial tension bal-
ance. Assuming grain boundaries are straight and behave independent from
the rest of the grain boundary network, Cahn calculated a lower and higher
bound between which the dihedral angles at a stable quadruple junction may
vary, with the lower bound given by Φl ≥ 2 arccos(R/2) and the higher bound
by Φh ≤ π − Φl. As discussed before and shown in figure 6, in connected grain
structures it is possible that quadruple junctions with an angle outside this
range become stable as well, although it is a minority event. Consequently, one
cannot easily deduce how the degree of anisotropy will affect the distribution of
dihedral angles when quadruple junctions become stable.

The distributions of the dihedral angles as obtained from the simulations for
different magnitudes of the anisotropy R are shown in Figs. 8a-8d. For each
case, it is shown how the dihedral angles at the triple and quadruple junctions
separately contribute to the total distribution of dihedral angles.

When R = 1 (Fig. 8a), there are only triple junctions and the dihedral angle
distribution peaks at 120◦, as expected in the case of isotropic grain boundary
properties [32, 33].

When R = 1.39, the majority (70%) of junctions is still a trijunction (see
table 2 ) and most of them are of the tααβ/tαββ type. The contribution from
the trijunctions in Fig. 8b (blue curve) shows two peaks, one around 70◦-80◦

and another around 150◦, which deviates from the equilibrium angles 91.95◦

and 134.03◦ calculated from Lami’s theorem for the tααβ/tαββ type of triple
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junction and R = 1.39. To verify that the deviation of the triple junction
angles from their equilibrium value is not due to the modeling approach or
a numerical artifact, a grain growth simulation was performed considering a
system with 3 grains as shown in Fig. 9. The grain boundary energy of the
boundary between the yellow and cyan grains is 1.39 times higher than that
of the boundaries between the yellow and red grains and the yellow and cyan
grains. In this simulation, dihedral angles at the triple junction were equal to
90◦ and 135◦ which is very close to the equilibrium angles (the deviation is
less than 2%). It was also shown by Tang et al. [25] that the implemented
phase field model is able to reproduce dihedral angles in highly anisotropic
systems accurately. Therefore, we conclude that the observed deviation from
equilibrium in the simulations for R = 1.39 is because of topological restrictions
imposed by the surrounding grain network. A closer look at the microstructure
namely shows that the tααβ/tαββ triple junctions are most often at rather small
triangular grains which often exist per two with two triple junctions and a grain
boundary in between, as shown in Fig. 10. Highly curved grain boundaries
at these triangular grains would thus be required to obtain the equilibrium
dihedral angles in the triple junctions. Moreover, the large driving force to
shorten the high energy α-α or β-β grain boundary connecting the 2 triangular
grains also prevents the dihedral angles at the triangular grains to obtain their
equilibrium values. Consequently, the surfaces of the triangular grains are only
weakly convex during grain evolution and the inner angles of the 2 triangles
are an angle ∆ sharper than expected, i.e. 92◦-∆, while the 2 outer angles are
an angle ∆/2 larger than expected, i.e. 134◦+∆/2. There is a wide spread on
the value of ∆ depending on the surrounding grain boundary network. The
distribution of the quadruple junctions (green curve) peaks at 90◦, but the
angles vary within a wide range. In the total distribution, the peaks from the
trijunction angles distribution are still present, however the peak around 67.4◦

is smeared out due to the contribution from the quadrijunction angles.
For R = 1.67 (Fig. 8c), almost 70% of the junctions are qαβαβ junctions.

The overall distribution of the dihedral angles in Fig. 8c has accordingly a
broad peak around 90◦ (red line). The curve of the triple junction dihedral
angles shows two peaks, one around 50◦ and a broad peak around 160◦. Also
in this case the tααβ/tαββ triple junction angles of the evolving microstructure
deviate from their equilibrium values and are determined by the topological
restrictions imposed by the surrounding network. On average, the deviation of
the triple junction angles from their equilibrium values is larger than for the case
R = 1.39 since the driving force to shorten the high energy boundary in between
2 triangular grains is larger. For R = 1.81 and R = 3.10, quadrijunctions are
dominant (see table 2 ) and the dihedral angle distribution has a wide peak at
90◦, as shown in Figs. 8d and 8e.

6.2. Number of faces

The distributions of the number of phases obtained for different R-values are
plotted in Fig. 11. As predicted by the former works [37, 38], the distribution
of the number of faces has a peak at f = 6 for the isotropic case (R = 1.00) in
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Figure 8: The distribution of the dihedral angles at the scaling regime obtained
in the simulations for different R-values.
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Figure 9: Grain geometry used to verify the equilibrium dihedral angles at triple
junctions obtained in the simulated systems. The energy of the grain boundary
between the yellow and cyan grains is 1.39 times higher than that of the grain
boundary between the yellow and red grains and that between the yellow and
cyan grains. The blue lines indicate the tangential to the grain boundary at the
triple junction.

Figure 10: Highly magnified region of the microstructure obtained for R =
1.39 showing the typical triangular grains with non-equilibrium dihedral angles
present in this microstructure. The α grains and β grains are described by cyan
color and yellow color.
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our study. For all other cases (R = 1.39, 1.67, 1.81, 3.10), the distribution of the
number of faces has a peak at f = 3. The distributions of the number of faces
have a very similar shape when R = 1.67, 1.81 and 3.10, where the majority of
the junctions are quadruple. There is a peak at f = 3, but there is also a large
amount of grains with 4 sides. For R = 1.39, where both triple and quadruple
junctions are present, the distribution is much broader and the number of 3-
sided, 4-sided and 5-sided grains is comparable even though the distribution is
peaked at f = 3.

Since, the dihedral angles at quadrijunctions are not thermodynamically
fixed [17], it is not intuitive how to relate the distributions of the dihedral
angles and the vertex types with that of the number of faces. In the trijunction
dominant system, the hexagonal grain (6-sided) is the most frequent type of
grains and the second frequent type of grain is the pentagonal grain (5-sided)
[37, 38]. Therefore, we can conclude that trijunctions seem to favor 5 and 6-
sided grains and quadruple junctions 3- and 4-sided grains. Cahn, Holm and
Srolovitz predicted the presence of the 3-sided and 4-sided ZIC grain which has
Zero Integrated Curvature in quadrijunction dominant systems [17].

As shown in Fig. 12a and Fig. 12b, if one 3-sided grain is eliminated (the
grain surrounded by the violet circle), the surrounding 4-sided or 5-sided grains
also lose one of their sides (yellow). As a result, two 3-sided grains (yellow) and
one 4-sided grain are generated from the removal of one 3-sided (cyan) grain.
It can be a reasonable explanation why the number of 3-sided grains is higher
than that of 4-sided grains for R >= 1.39.

We also note that, while 2-sided grains do not exist in the isotropic case, there
is a small fraction of 2-sided grains present in anisotropic systems with quadruple
junctions. Two-sided grains were also noticed in phase field simulations of the
evolution of conserved two-phase systems with quadruple junctions [36]

6.3. Normalized grain size

The normalized grain size distribution for different magnitudes of anisotropy
is plotted in Figs. 13a to 13e. The individual contributions from the different
topological classes are plotted as well. The distributions are plotted at one
particular time step in the steady-state regime, however it was verified that the
distributions did not change considerably once steady-state growth is reached.
According to Fig. 13a, for R = 1.00 the three distribution profiles of the major
topological classes (f = 5,f = 6 and f = 7) form a distribution with a plateau
as was also pointed out by Kim et al. [7] for systems with isotropic grain
boundary energy and mobility. For increasing magnitude of the anisotropy R,
the contributions from grains with 3 and 4 sides become more significant ( see
Figs 13b to 13e) and affect the shape of the grain size distribution. As can be
seen in Fig. 13d for R = 1.81, peaks, mainly formed by the contributions from
the 3- and 4-sided grains, are initiated on the plateau. When R = 3.10 (see
Fig. 13e), a bimodal grain size distribution has clearly develop, with the left
peak mainly coming from the 3-sided grains and the right peak from the 4-sided
grains. Although it is generally accepted that a bimodal grain size distribution
is a significant evidence of abnormal grain growth [34, 35], in our anisotropic
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Figure 11: The distribution of the number of faces at the steady-state regime
for R = 1.00 (red), R = 1.39 (blue), R = 1.67 (green), R = 1.81 (brown) and
R = 3.10 (navy). The grain size distributions were plotted at 1500∆t from the
initial state for R = 1.00, 1.39, at 2000∆t from the initial state for R = 1.67
and at 3000∆t from the initial state for R = 1.81, 3.10.

grain growth simulation, the bimodal grain size distribution is observed without
implementation of any abnormality. It is because the 3-sided and 4-sided grains
form the major two peaks of the bimodal distribution. Moreover, it is invariant
in time.

6.4. Normalized grain boundary length

The distributions of the normalized grain boundary lengths are plotted in
Fig. 14 for different R-values. The distributions obtained for R = 1.39, 1.81 and
3.1, where a considerable amount of quadruple junctions are present, are much
broader than that obtained for the isotropic case (R = 1.00).

7. Conclusion

Two-dimensional phase-field simulations were performed of grain growth in
highly textured materials with equal fractions of 2 texture components and
assuming 2 values of the grain boundary energy, namely σlow for boundaries
between grains of a different orientation and σhigh for boundaries between grains
of a similar orientation. For R = σhigh/σlow > 1, the simulated structures
consisted of alternating α and β grains. Different from the growth stagnation
observed for large R-values in previous Monte Carlo simulation, we achieved
steady-state growth even for high degrees of anisotropy (i.e. large R-value).
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(a) 3500 ∆t ahead from the initial
state.

(b) 3560 ∆t ahead from the initial
state.

Figure 12: R = 3.10. Highly magnified region of the microstructure. The α
grains and β grains are described by cyan color and yellow color and a green
spot indicates a quadrijunction. A disappearing 3-sided grain is indicated with
a violet circle. As a result, two 4-sided grains transform into a 3-sided grain,
whereas only one 5-sided grain transforms into a 4-sided grain.

Quadruple junctions were already stable from R = 1.39, which is a slightly
lower value than the R =

√
2 predicted by Cahn, Holm and Srolovitz. However,

in general, our observations were consistent with the predictions of Cahn Holm
and Srolovitz [16, 17].

We found that the presence of quadruple junctions has a large effect on the
steady-state shape of the distributions of the grain sizes, the number of faces, the
dihedral angles at junctions and the grain boundary length. The main findings
are the following:

• Since quadruple junctions are thermodynamically not fixed, the distribu-
tion of the dihedral angles has a broad peak around 90◦ for R ≥ 1.67,
when most of the junctions are of the qαβαβ quadruple type, whereas a
sharp peak at 120◦ is generally obtained in the isotropic case.

• For 1 < R < 1.67, when both triple and quadruple junctions are stable, the
distribution of the dihedral angles can have multiple peaks coming from
the different types of triple and quadruple junctions. However, due to
geometrical restrictions imposed by the surrounding grain boundary net-
work, the triple junctions generally deviate from the equilibrium dihedral
angles.

• The distribution of the number of faces peaks at f = 6 for R = 1, where
only triple junctions are present, and at f = 3 for R ≥ 1.67, when the
majority of the junctions are of the quadruple type. Once R ≥ 1.67, very
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Figure 13: The overall steady-state normalized grain size distributions and con-
tributions from each topological class for different R values. The data were
collected from two different sets of simulations to obtain more rigorous statis-
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similar distributions are obtained for simulations with different R-values.
For R = 1.39, where both triple and quadruple junctions are present, a
broad distribution is found, which however peaks at f = 3.

• For high degree of anisotropy, where only quadruple junctions are sta-
ble, a bimodal grain size distribution is obtained, but it does not lead to
abnormal grain growth.
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