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I’m gonna try with a little help from my friends.
The Beatles

Thank you!

De periode 2008 - 2013 gaat waarschijnlijk de geschiedenisboeken in als een
periode van crisis, instabiliteit en omwentelingen. Zowel op politiek als
economisch vlak presenteerden de laatste vijf jaar zich als zeer woelige tijden: we
maakten allen van dichtbij mee wat een bankencrisis nu juist inhoudt, de Euro-
crisis sloeg ongenadig toe in Zuid-Europa, het “wereldrecord regeringsvormen”
werd met bravoure gebroken door onze politici en Rudy Vranckx hield ons op
de hoogte van alle “lentes” die zich met vallen en opstaan voltrokken in de
Arabische Wereld. Om de toekomst nog wat extra onzeker te maken, werd ons
bovendien met de regelmaat van de klok verzekerd dat het einde der tijden
spoedig zou aanbreken. Gelukkig werd de soep nooit zo heet gegeten als ze
werd opgediend en daarom dank ik alvast alle onheilsprofeten om er steeds goed
naast te zitten, want zonder hun “medewerking” was het mij natuurlijk nooit
gelukt om deze tekst neer te pennen.

Ook op wetenschappelijk gebied beleefden we spannende jaren. Zo kreeg de
appreciatie voor wetenschappen en wetenschappers enkele stevige mokerslagen te
verwerken, denken we hierbij bijvoorbeeld maar aan de kernramp in Fukushima,
de hele discussie over (het vernietigen van) genetische aardappelen en de
diverse internationale fraudezaken. Gelukkig verschenen de voorbije jaren
ook positievere berichten in de media, zoals bijvoorbeeld de observatie van het
(Brout-Englert-)Higgs boson en de ontdekking van verschillende exoplaneten
waar buitenaards leven mogelijk zou zijn.

Het was gedurendende deze woelige jaren dat ik het genoegen had om een
doctoraatsthesis te maken in de onderzoeksgroep Wetting and Interfaces aan
het Instituut voor Theoretische Fysica (ITF) aan de KU Leuven1. Natuurlijk
was het onmogelijk om een dergelijke queeste tot een goed einde te brengen
zonder de hulp van velen. Bij deze wil ik dan ook de eerste woorden van deze
thesis wijden aan allen die mij van ver of dichtbij gesteund hebben.

In de eerste plaats wens ik enkele woorden te richten tot mijn promotor.
Joseph, je was simpelweg de ideale gids voor mij. Je inspirerende stijl zette mij
steeds aan om dieper te graven en zo opmerkelijke resultaten en bevindingen
echt tot op het bot uit te spitten, wat meer dan eens leidde tot nog interessantere
resultaten. Verder zorgde je brede interesse voor de nodige variatie in mijn
onderzoek, iets wat ik ten zeerste apprecieer. Ik moet je ten slotte ook bedanken

1Het gaat hier wel degelijk om dezelfde universiteit die tot voor kort bekend stond als de
Katholieke Universiteit Leuven.
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om me hierbij steeds de nodige vrijheid te gunnen, zodat ik mijn eigen weg in
het onderzoek kon zoeken en mij steeds kon focussen op onderzoeksprojecten
die mij echt interesseerden.

Een volgende paragraaf in dit dankwoord kan natuurlijk enkel maar over mijn
co-promotor gaan. Bert, ik moet je van harte bedanken om bij het verlaten van
onze alma mater niet meteen de deur volledig achter je te sluiten. Ik apprecieer
dan ook ten zeerste al de tijd die je nog aan de good old statistische fysica hebt
gespendeerd: talloze treinuren tussen Leuven en Brussel die gevuld werden met
het checken van berekeningen, al die momenten waarop het KMI-onderzoek
tijdelijk moest wijken... En ondanks de voortdurende aanvallen op je nachtrust
door twee rumoerige nieuwkomers in de familie, vond je de laatste maanden
ook nog eens de tijd om deze tekst volledig door te spitten van voren tot achter.

Of course, I also want to acknowledge my other co-workers. Firstly, there are
the people at the statistical mechanics group of the Universidade Federal do
Ceará in Fortaleza (Brazil), who contributed to the research elaborated in the
first chapter of this thesis. Moreover, I thank Sander and Claudiu for their
contributions to the research concerning the distribution model. Finally, for a
side-project concerning infinite order wetting transitions, I had the pleasure to
collaborate with Ken and Andy, while another side-project concerning chemical
engines gave me the honour to collaborate with the fascinating ITF-Mexican
Alberto and with Bart from UHasselt.

Furthermore, I wish to thank all my jury members. Their very nice and inspiring
comments and remarks on the text and the presentation certainly improved
the quality of this work. Hopefully you enjoyed reading my thesis as much as I
enjoyed performing the research it comprises.

I also want to address some words to some very interesting people I’ve met during
the various conferences and schools I attended. I especially have good memories
to a winter school in the Polish Carpathians and a couple of summer/spring
schools in Spain, at which I have learned how interesting physics (with a lot of
percolation) goes hand in hand with some very good eating and drinking.

Next, it’s time to move on to the ITF, which was my habitat for the last five
years. During this period, I have shared offices with many very helpful and
inspiring persons (not to mention an excessive number of flies). I thank Bert,
Priscilla, Tim, Mattia, Alberto, Ruben, Wouter, Michiel and Chang-You for
their contributions to a pleasant office ambiance, which (un)fortunately resulted
sometimes in their and my work getting delayed by general (physics) discussions
and which occasionally even influenced the smooth course of an exam. In the
last two years, there also was a very silent “spectator”: although he always
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refused to take part in my corrections of student tasks, I still want to thank
Duck for his low absenteeism and for being much less deflatable as his neighbour
over the way.

I also sincerely thank all other scientists at ITF since the inspiring atmosphere
with many discussions certainly contributed a lot to the research in this
thesis. Also the daily coffee and lunch breaks contributed to the collegial work
environment, not to mention the numerous stimulating evening events. During
my first summer at ITF, I also had a legen - wait for it - dary experience Down
Under, for which I have to thank the whole Australia Crew. Furthermore, I have
good memories to a memorable ITF ski trip, although it’s still a disappointment
that we couldn’t strengthen the relationships with North Korea since the
Supreme Leader was not available.

Het Instituut voor Theoretische Fysica kan echter slechts overleven dankzij de
onvoorwaardelijke inzet van twee sleutelfiguren. Vooreerst is er Anneleen, die
steeds paraat staat om alle administratieve beslommeringen zo vlug mogelijk
uit de wereld te helpen, al moet ze zich hierbij soms door honderden bonnetjes
tegelijk wurmen. Anderzijds is er natuurlijk onze huis IT’er bij uitstek, Filip.
Hij staat niet enkel paraat om gigantische bugs en pietluttige ICT-problemen
in de kortst mogelijk tijd op te lossen (al ware het midden in de nacht), maar is
verder ook een kei in het organiseren van allerlei activiteiten en in het vinden
van uitwegen voor overtollige budgetten. Ik wens hem bij deze alvast een betere
toekomst toe dan zijn beruchte voorgangers.

Verder vond ik het een waar genoegen om didactische taken te volbrengen in
gemotiveerde onderwijsteams. Vandaar wil ik Mark, Jos en Joseph van harte
bedanken om mij de kans te geven om oefenzittingen en practica te verzorgen
voor hun opleidingsonderdelen. Ook wil ik Mark bedanken voor de interessante
discussies die ik met hem had over de organisatie van het onderwijs aan onze
faculteit en voor zijn ongebreidelde inzet voor kwaliteitsvol fysica-onderwijs.

Nu ik bij de vertegenwoordiging van het A/BAP aan het departement ben
aangekomen, kunnen de volgende woorden natuurlijk enkel maar geadresseerd
zijn aan de persoon die de voorbije jaren deze vertegenwoordiging mee vorm
heeft gegeven. Mattia, laten we hopen dat “FARS” een grotere toekomst
inhoudt dan zijn naam doet vermoeden en dat we binnen den D vlug de nodige
vervangers vinden om onze taken met even veel overgave te vervullen. Ook wil
ik mijn appreciatie uitspreken voor Eliran en Hanne. Zij stonden niet enkel
paraat om mij te vervangen als ombuds tijdens mijn talloze zomerse trips naar
het buitenland, maar waren ook steeds bereid om mij met raad en daad bij te
staan bij het oplossen van complexe problemen die er eigenlijk nooit hadden
mogen zijn.
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Een wetenschappelijke carrière begint echter niet met het maken van
een doctoraat. Integendeel, de belangrijkste eigenschappen van een goede
wetenschapper worden reeds gevormd gedurende de Bachelor en Master studies.
Vandaar dat ik ook alle docenten en assistenten van deze opleidingen wil
bedanken voor hun inzet. Mijn studies fysica zouden echter niet half zo
interessant geweest zijn zonder de inbreng van mijn medestudenten. Na het
delen van het nodige wel en wee tijdens onze studies, hebben we de laatste jaren
ook de ups en downs van een doctoraat samen mogen beleven. Graag herhaal
ik dan ook de woorden uit mijn masterthesis: “Afspraak op onze vaten!”

Tijdens het maken van dit doctoraat kon ik gelukkig ook steeds terugvallen
op vele vrienden die absoluut niets met fysica te maken willen hebben en er
misschien zelfs een afschuw voor hebben. Ook hun steun was namelijk cruciaal
om dit werk te voltooien. Een speciaal woordje van dank gaat hierbij vooreerst
uit naar al mijn ploeggenoten bij korfbalclub Geelse KC en tafeltennisclub
Geelse TTC. Verder kan ik het belang van enkele fantastische Kazou-vakanties
niet genoeg onderstrepen, vandaar ook mijn uitdrukkelijke dank voor alle
medemonitoren die deze momenten mee mogelijk gemaakt hebben. Ten slotte
kan ik deze paragraaf niet eindigen zonder een speciaal woordje te richten aan
Nathalie, Samuel, Steven en Stijn, simpelweg voor alle avonturen die we reeds
samen mochten beleven en die we zeker nog gaan beleven in de toekomst.

Tenslotte ben ik aangekomen bij de allerbelangrijkste personen van allemaal.
Ten eerste wil ik mijn broer Geert, ondanks zijn keuze voor de “verkeerde”
wetenschap, toch bedanken voor alle interessante discussies over wetenschap.
De allerlaatste woorden van dit dankwoord kunnen echter enkel maar aan mijn
ouders gericht zijn. Ik wil hen niet alleen bedanken om mij zo’n 27 jaar geleden
op de wereld te zetten, maar ook (en vooral) om mij te steunen in al mijn
beslissingen en activiteiten gedurende deze 27 jaar, want het is wellicht geen
makkelijk moment als je zoon besluit om theoretische fysica te gaan studeren
en er dan ook nog eens een doctoraat aan vastknoopt. De laatste “Van harte
bedankt!” kan dan ook enkel maar bestemd zijn voor mijn mama en papa!

Bij deze wil ik deze thesis aan jullie allemaal opdragen.

Dankjewel!
Thank you very much!

Yours truly,
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Abstract

English abstract

In recent years, the science community has noticed a profound shift towards more
interdisciplinarity as scientists with diverse backgrounds sought contact with
each other and started new collaborations to bridge the gaps between existing
research projects. A typical example hereof is the appearance of complexity
science, an interdisciplinary research field par excellence which aims at devising
accurate models to explain the dynamics of emergent collective phenomena in
real-life interacting systems. The appearance of network structures in these
models is rather common. The properties of the networks and the behaviour of
the dynamical models are, for real-life events, often greatly influenced by the
presence of a few elements with a very large influence: the so-called hubs, like
for instance Google in the world wide web. Therefore, complexity science needs
to make use of adjusted structures such as complex and scale-free networks.

We introduce and discuss three dynamical models on complex and scale-free
networks which illustrate how large-scale phenomena emerge as a consequence of
the cooperative behaviour of the (microscopic) elements of the networks. A first
topic deals with several percolation models ranging from a degree-dependent
removal of links on scale-free networks to explosive processes in which large-scale
structures appear very abruptly. Following on from this, a general network
growth process with a fixed number of nodes and degree-dependent link addition
probabilities is introduced. The percolation and network construction models
substantiate how the details of microscopic link addition or removal processes
influence both the large-scale characteristics of the constructed networks and the
growth and disintegration of global network structures. In a last topic, the focus
lies on the distribution of goods from producers to consumers and, in particular,
we study the occurrence of breakdowns caused by a series of cascading failures
in these distribution networks. We introduce an Ising-like spin model with
quenched random fields that substantiates how these catastrophic black-outs,
like power outages in the electricity grid, are caused by the solidarity between
the individual suppliers.
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Nederlandstalige samenvatting

In de afgelopen jaren ondervond de wetenschappelijke gemeenschap een
diepgaande verschuiving richting meer interdisciplinariteit. Wetenschappers met
diverse achtergronden zochten contact met elkaar om nieuwe samenwerkingen op
te starten en zo de hiaten tussen de bestaande topics te overbruggen. Een treffend
voorbeeld hiervan is de wetenschap van complexe systemen. Dit interdisciplinaire
onderzoeksdomein ontwikkelt adequate modellen om de dynamica van emergente
collectieve fenomenen in interagerende systemen te bestuderen. Deze modellen
worden bijvoorbeeld gebruikt om de synchronisatie in applaus of in het flitsen
van vuurvliegjes te beschrijven.

Complexe systemen in de wereld rondom ons worden vaak gekenmerkt door
netwerkstructuren: interacties tussen personen worden bijvoorbeeld beschreven
met behulp van sociale netwerken, terwijl onze verplaatsingen gemodelleerd
worden door transportnetwerken. De eigenschappen van deze netwerken worden
vaak sterk beïnvloed door een klein aantal zeer invloedrijke elementen. Typische
voorbeelden van deze “hubs” zijn de website Google en de luchthaven Heathrow.
Om deze structuren correct te beschrijven, nemen wetenschappers daarom hun
toevlucht tot aangepaste modellen zoals schaalvrije netwerken.

In deze thesis introduceren en bestuderen we drie dynamische modellen op
complexe en schaalvrije systemen. Onze resultaten illustreren hoe verschijnselen
op grote schaal veroorzaakt worden door het coöperatieve gedrag van de
microscopische elementen van het netwerk. In een eerste hoofdstuk focussen
we op percolatie, een proces waarbij verbindingen worden verwijderd of
toegevoegd aan het netwerk. We bestuderen diverse modellen, gaande
van de graadafhankelijke verwijdering van linken (vertekende percolatie) in
schaalvrije netwerken tot specifieke modellen waarbij structuren op grote
schaal abrupt verschijnen (explosieve percolatie). Aansluitend wordt in
een tweede hoofdstuk een algemeen formalisme ingevoerd om de groei van
netwerken met een vast aantal knooppunten te beschrijven. Al deze modellen
duiden hoe de microscopische details van de processen zowel de structuren
in de geconstrueerde netwerken als de macroscopische eigenschappen van het
constructie- of ontbindingsproces sterk beïnvloeden. Een laatste deel van deze
thesis focust op economische systemen die beschrijven hoe goederen efficiënt
verdeeld worden onder consumenten. In de dagelijkse wereld worden deze
distributienetwerken vaak getroffen door catastrofale falingen zoals bijvoorbeeld
groostschalige stroomstoringen in het elektriciteitsnetwerk. We introduceren en
bestuderen een Ising-spin model dat onderbouwt hoe deze black-outs starten
met een klein initieel probleem dat, door de interactie tussen de verschillende
leveranciers, snel uitdijt naar het hele netwerk.
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〈knn〉k Mean degree of a next-nearest neighbour of a node with degree k

si Size of cluster i

S Size of the largest cluster
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The whole is greater than the sum of its parts
Aristotle in "Metaphysics"

Preface

Often when I try to explain my research topic to friends and family, I am
asked why this kind of investigation is being conducted at a department of
physics. Of course, if one uses the definition of the Russian physicist Lev Landau,
Nobel prize winner in 1962, who once described physics as the science of the
dynamics of lifeless matter, it is quite hard to imagine that studies concerning
biological and social systems are performed within the Institute of Theoretical
Physics. However, as I hopefully clarify in the following, this definition rather
illustrates the prevalent isolation of the scientific disciplines in the first half of
the previous century and it must be adapted to the contemporary organisation
of scientific research.

In the early days of the 20th century, cooperation between scientists from
different fields rarely occurred: chemists, physicists, biologists and other
researchers all worked within their own units without much interaction amongst
one another. In the mean time many things have changed since scientists
started to realise that the isolated branches of science were unable to explain
many real-life observations. As a response, the science community has noticed
a profound shift towards more interdisciplinarity as scientists with diverse
backgrounds sought contact with each other and started new collaborations to
bridge the gaps between existing research projects. A typical example hereof is
the field of biophysics, which aims at modelling biological systems like protein
interaction networks and the transport across cell membranes using techniques
from physics and chemistry. As a consequence of the increasing cooperation
between researchers from different fields, it became increasingly tougher to
delineate the boundaries between different disciplines.

In recent years, the science community has witnessed the emergence of a
new interdisciplinary research field, the complexity science. Although there is
no formal definition of this discipline yet, one could state that the field joins
all research projects which try to model the dynamics of emergent collective
phenomena in interacting systems. Stated differently, complexity science deals
with complex real-life structures in which the whole is more than the sum of
its parts. A familiar example is for instance the emergence of synchronisation
in applause. Although initially all individual spectators at a concert will clap
their hands at their own pace, after some time a convergence towards a joint
rhythm appears. An analogous synchronisation is observed in the flashing of the
South-East Asian firefly. Note that in both cases the cooperative effects appear
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spontaneously as a consequence of the decisions of all individual members of the
system. A similar emergence of large-scale features is also observed in, amongst
other, many sociological, ecological and economical systems. Due to this broad
scope of systems studied, complexity science is an interdisciplinary science par
excellence: our knowledge about real-life complex structures advances steadily
thanks to the collaboration of researchers with diverse backgrounds. Amongst
others, scientists originating from biology, computer sciences, economy, geology,
geography, mathematics, meteorology, sociology and of course physics found
there way to the field.

The branch of physics which contributes the most to complexity science is
statistical physics, a research field which was born as an attempt to explain
thermodynamic properties of gases and fluids from its atomic and molecular
components, and has evolved into a solid theory that allows for the understanding
of macroscopic collective and cooperative phenomena. One of the largest
successes of statistical physics has been the development of simplified models
that capture the essential ingredient for a wide variety of phenomena. These
models did not only enable the understanding of the systems by themselves but
they also showed how many, apparently different, behaviours are basically just
manifestations of the same collective phenomena. In the same manner as the
tools and techniques of statistical mechanics have facilitated the understanding
of gases and fluids from their microscopic components, they play a key role in
the understanding of the emergence of collective phenomena in complex systems
with many interacting units.

In real-life complex systems, the appearance of network structures is rather
common. Within the context of this thesis, by a network we mean a set of
persons or items which are connected in some way. Obvious examples are
technological systems like the Internet, the air transportation network and the
power grid, and social webs of acquaintances like Facebook and organisational
charts. But the presence of networks is not limited to man-made structures:
in biology they for instance appear in protein interaction networks and neural
systems, while networks of earthquakes and their aftershocks are frequently
considered in geology. Cooperative behaviour on these complex networks is
rather common. A striking example forms the occurrence of power outages,
large-scale breakdowns in the power grid which are invoked by a cascading
series of failures. A different kind of collaboration is observed in rumour or
message spreading, where, caused by the decisions of the individual members, a
YouTube video or message may (or may not) go viral on the Internet in just
a couple of hours. Similar remarks apply to virus spreading, but also in other
biological networks cooperative effects are frequently observed.
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In this thesis, the focus lies on cooperative phenomena on complex network
structures. After the initial introduction to the field and the nomenclature
associated with complex networks in the first chapter, the remainder of the thesis
deals with several dynamical models which illustrate how large-scale collective
behaviour emerges as a consequence of the dynamics of the individual elements
of the network. The results are mainly obtained by exploiting well-known tools
and techniques from statistical physics.

I would also like to stipulate that the results outlined in this thesis only form
a part of the work done in the context of my PhD. Besides the research on
complex networks, two small sideprojects have been performed. First, we have
studied wetting transitions of infinite order and continuously varying order using
renormalisation group calculations with a local interface Hamiltonian approach.
Second, the efficiency at maximal power of a chemical engine, which converts
chemical energy into work, has been discussed in case of linear and non-linear
transport equations for ideal and hard sphere gases. The interested reader can
find the abstracts of these works in the list of publications at the end of this thesis.
In addition to conducting research, a PhD includes other aspects and tasks. In
the last four years I have guided several exercise and lab sessions for various
courses, thereby tutoring to students of the Bachelors in Physics, Mathematics,
Biology, Biomedical Sciences, Medicine and Engineer-Architecture. Moreover, I
was promoter of several Bachelor and Master student-projects and co-supervised
a Master’s thesis. I was also involved in various science popularisation initiatives
and represented the assisting personnel (A/BAP) in various education-related
commissions.

To conclude this preface, I express my dear hopes that the research I performed
the last five years will in some way contribute to the big quest of understanding
real-life complex systems. Having said that, I can only wish the reader a
pleasant journey of discovery along the paths of statistical physics of cooperative
phenomena in complex systems.

Hans Hooyberghs, Heverlee & Westerlo, May 2013
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There’s so much that we share,
That it’s time we’re aware,
It’s a small world after all.

Sherman Brothers 1
Complex Networks

1.1 A connected era

We are living in a globalised world in which connections have never been as
important as today: we daily make use of connected systems like the Internet and
transport systems, and also social ties between people are utilised persistently.
The ideal tool to study this connected world is the concept of a graph or network:
a large set of persons or items, coined nodes or vertices, which are linked in
some way. Networks are encountered in many, if not all, aspects of daily life and
science. They are observed and studied in, amongst other, sociology, chemistry,
biology, economy, technological and computer sciences, engineering and of course
in mathematics and physics.

Social networks guide our interactions with other persons. The simplest example
of a social network is a web of acquaintances, in which the nodes are the
connected persons. Various types of bonds between the individuals are possible:
the network can describe the physical contacts between people on a specific day,
but it might as well deal with on-line communication in an instant-messaging
network. Another well-studied social system is the network of co-authors of
scientific papers. The nodes are authors of scientific papers and a link between
two of them exists if they have co-authored a paper. A similar example models
the actor society with a network in which two actors are linked to one another
if they have appeared in the same film. Also organisational charts are examples
of social networks.

In chemical and biological systems, networks describe the interactions between
different (bio-)chemical particles and molecules, as for instance proteins. In
those networks, the molecules are the nodes and two molecules are linked if
they interact. With similar techniques, metabolic chains are modelled. Other
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Chapter 1. Complex Networks

biological networks deal, for instance, with neural systems, the blood vessels
and the food web.

The most frequently studied economical networks are the distribution systems,
which describe the delivery of goods to consumers. A typical example is the
power grid, which models the delivery of electricity to industrial plants or
individual households, but also other networks which describe the production
and sale of material goods by commercial centres to consumers fit in the
category of distribution networks. Other economical networks describe the
business relations between companies or direction boards.

All man-made networks are brought together under the umbrella of technological
networks. Familiar daily-life examples include transportation networks, like
railway systems and the air-transportation network, information networks, like
the World Wide Web, and communication networks, like the Internet. Note
the difference between the World Wide Web and the Internet: the Internet is
the physical structure, i.e. the cables and rooters, while the World Wide Web
describes the hyperlinks between all websites.

Note, finally, that the subdivision of the networks into different types is of
course not unambiguous. Many of the networks discussed above could be placed
in a different category as well: the power grid, for instance, is both a technological
and an economical distribution network. Moreover, the enumeration used in
this introduction is far from complete. The interested reader will encounter
other networks in the remainder of the Thesis and a plethora of examples can
be found in the specialised literature [Bar03, New03b, New10].

1.2 The birth of the complex network

The study of real-life networks has a long-lasting history within mathematics,
physics and other sciences. The earliest traces date back to the renown Swiss
Leonhard Euler, who studied the problem of the bridges of Königsberg in
the 18th century using graph theory [Eul41]. However, the first systematic
studies and descriptions of networks and graphs only emerged in the early fifties
of the last century when the Russian biologist Anotol Rapoport introduced
the well-known random network and studied some of its properties together
with the American physicist Ray Solomonoff [RS51]. They published their
findings mostly in biology-orientated journals and therefore the work remained
unnoticed by the mathematical community until a couple of years later, when
the random network was rediscovered and studied by the fathers of the modern
theory of random graphs, the Hungarian mathematicians Paul Erdős and Alfréd
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1.2. The birth of the complex network

Rényi [ER60]. Within a series of eight papers by Erdős and Rényi, the graph
theory was definitively launched. Since these seminal papers, the random graph,
which is nowadays also known as the Erdős-Rényi network, has been studied
thoroughly within the mathematics community.

In these early days of graph theory, the research was almost exclusively
limited to analytical studies. Since assembling data of real-life structures by
hand comprised a tremendous effort, studies of real-life networks were seldom
carried out in detail. A notable exception is the work of the British physicist
Derek de Solla Price, who studied the network of citations between scientific
papers and was the first to question the occurrence of random graphs in real-life
system [dSP65].

During the second half of the 20th century, the invention of the computer marked
a turning point. Tools to collect and assimilate data of social, biological and
technological networks became progressively available and an increasing number
of real-life networks was finally analysed. As a consequence of those studies, it
became apparent that the random graph didn’t describe real-life structures in
an accurate manner. Consequently, at the end of the last century, a paradigm
shift towards a new type of networks occurred: the complex network superseded
the Erdős-Rényi network as the leading tool in graph theory. The trigger for
the switch-over was the publication of a couple of ground-breaking papers, the
two most important of which were written by the Australian physicist Duncan
Watts and the American mathematician Steven Henry Strogatz [WS98] and
the Hungarian physicists Albert-László Barabási and Réka Albért [BA99]. The
newly discovered complex networks contained a much richer structure than
the random graphs and turned out to be much more suited to model real-life
networks. Instead of the random way in which links are laid in random graphs,
edges in complex networks are introduced in a specific fashion. The difference
between both types of networks will be discussed in more detail in Section 1.4.

The paradigm shift to complex networks also marked the advent of physicists
in network theory. Before the nineties of the last decade, a majority of the
researchers originated from mathematical sciences. The discovery of the complex
networks attracted many statistical physicists to the field of network theory.
In the complex network, they saw an opportunity to apply their knowledge to
a new branch of science. The statistical physicists were masters in the usage
of probability theory and mean-field theories, concepts which could be used
straightforwardly in network theory. Moreover, in complex networks, global
properties emerge spontaneously as a consequence of the dynamics of the nodes
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Chapter 1. Complex Networks

(i.e. the “microscopic particles”), just like in gases, fluids and other systems
studied in statistical physics.

In recent years, many researchers, originating from as many scientific fields,
found their way to network science. The field nowadays has links with, amongst
other, biology, sociology, economy, geology, meteorology and technological
and computer sciences. Network theory has become a model example of an
interdisciplinary science, in which our understanding of the world around us
advances thanks to the collaboration of researchers with diverse backgrounds.

1.3 Network concepts

Just like every other branch of science, network theory uses its own specific
language, which facilitates the description of random graphs and complex
networks and their properties. The overview in this section familiarises the
reader with the most important network concepts and their corresponding
mathematical description. A more extensive list can be found in the reviews of
Dorogovtsev et al. [DGM08] and Newman [New03b].

Throughout this Thesis, we consider a network with N elements, in the jargon
called nodes or vertices, which are connected by Nl edges or links. Often, the
focus lies on very large networks and most analytical results are only valid
in the limit of an infinitely large network. Therefore, the thermodynamic1 or
macroscopic limit, in which N → ∞, is frequently considered. Moreover, we
focus on sparse networks: the number of links present is much smaller than
the maximal possible number of links. The ratio of the number of links and
the number of nodes, sometimes coined the connectance of the network, is thus
finite in the macroscopic limit.

Individual nodes will be labelled with Roman indices, f.i. i, j, k . . . , while a link
will be denoted by the couple of its two endpoints, f.e. (i, j) indicates a link
between node i and node j. We will not require that the network consists of
one large entity. There could be separate parts, commonly known as clusters,
which are not connected to each other. Starting from a random node in the
network, it is therefore possible that not all other nodes can be reached by
following adjacent links.

1The term thermodynamic limit originates from statistical mechanics, where it indicates
the many-particle limit of a system, in which (classical) thermodynamics is valid.
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1.3. Network concepts

1.3.1 Degree and degree distribution

A key concept in the description of random graphs and complex networks is the
number of links attached to each node, a property which is commonly called
the degree or connectivity of the node. The degree of node i will be indicated
with ki. The degrees will always be limited to a specific range. We denote the
smallest degree in the network as kmin and the largest as kmax.

Rather than specifying the degree of all nodes individually, network scientists
make use of the distribution of the node degrees. The degree distribution, which
will be labelled with P (k), indicates the fraction of nodes which have a degree
k. Mathematically,

P (k) = 1
N

N∑
i=1

δki,k,
�� ��1.1

where δij is the Kronecker delta and the sum runs over all nodes in the network.
The prefactor ensures the normalisation of the degree distribution:

kmax∑
k=kmin

P (k) = 1,
�� ��1.2

where the sum now runs over all possible degrees in the network. In the
remainder of the Thesis, sums over the nodes will always have a summation
index i or j, while sums over the degree distribution will have an index k or q.

The degree distribution is one of the central properties of a network. It is
often used in calculations of ensemble averages of network quantities. A trivial
example is the mean degree 〈k〉 in the network, i.e. the mean number of links
attached to a node in the network, or, mathematically, 〈k〉 = 1

N

∑N
i=1 ki. Using

the degree distribution, the sum over all the nodes can be turned into a sum
over all the possible degrees

〈k〉 =
kmax∑
k=kmin

kP (k).
�� ��1.3

In general, 〈·〉 denotes an average over the nodes, obtained using the degree
distribution:

〈·〉 =
kmax∑
k=kmin

P (k) · .
�� ��1.4

Often, the sum is converted into an integral to facilitate the calculations.
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(a) (b)

Figure 1.1: Two different networks with identical degree distributions. Note that
the left network consists of two clusters.

1.3.2 Correlations

Although the degree distribution fixes important network properties as the
mean degree, it still leaves a lot of freedom to the structure of the network, as
is illustrated in Fig. 1.1. Although both graphs in the Figure have the same
degree distribution, their appearance is completely different. The difference can
be described to correlations in the network.

Networks can be divided in two types: correlated and uncorrelated networks.
The latter are the simplest: in a correlation-free network, the degrees of two
adjacent nodes are unrelated. In most real-life systems, there is a much richer
structure than in those simple uncorrelated networks. For instance, in some
networks nodes with a larger degree are preferentially linked to nodes which
also have many links. There exist various types of correlations, but we will
only introduce the two most simple ones: degree correlations and network
transitivity.

Uncorrelated networks

In uncorrelated complex networks, it is more likely that a randomly chosen link
will lead to a node with a high degree, simply because more links are attached
to nodes with a large degree than to nodes with fewer links. The effect is most
easily studied using the nearest-neigbour distribution Pn(k), which indicates
the probability that a node with degree k is found when a random link in
the network is followed. Equivalently, it indicates the probability that a link
emerging from a random node in the network leads to a node with degree k.
Since the number of links attached to all nodes with degree k is proportional
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to kP (k),

Pn(k) = kP (k)
〈k〉

,
�� ��1.5

which is already correctly normalised.

A related quantity is the mean degree of a nearest-neigbour of a node:
〈kn〉 =

∑
k kPn(k). With the introduction of the second moment of the degree

distribution,

〈kn〉 = 〈k
2〉
〈k〉

.
�� ��1.6

The same quantity expresses the mean degree found at the end of a random link
in the network. Note that the mean degree of a nearest-neigbour of a node is,
as expected for uncorrelated structures, independent of the degree of the node.

Nearest-neighbour degree correlations

The simplest type of correlations are the correlations between two nodes because
of their degree. Two types of those degree correlations are observed in real-life
systems: assortative and disassortative mixing. The former occurs when hubs
are preferentially linked to each other, as happens in most social networks, while
disassortative mixing occurs for example in some biological networks where
low-connected nodes prefer to be linked with hubs [New03b].

The degree correlations between nearest neighbours are described with the
conditional probability Pn(k|q), which expresses the probability that a random
link leads to a node with degree k, given that the link originates from a node
with degree q. Equivalently, Pn(k|q) indicates the probability that a neighbour
of a node with degree q has degree k. The uncorrelated limit is found by the
replacement Pn(k|q)→ Pn(k).

In correlated networks, the mean degree of a nearest-neigbour of a node depends
on the degree of the node. Therefore, we introduce the notation 〈kn〉k for the
mean degree of a node reached by following a link originating from a node with
degree k:

〈kn〉k =
∑
q

qPn(q|k).
�� ��1.7

In simulations, degree correlations are most often studied using 〈kn〉k, since it
is more accessible than the conditional probability. Note that in the limit of an
uncorrelated network, Eq. (1.6) is recovered and thus 〈kn〉k → 〈kn〉 as expected.
If the network is assortatively correlated, 〈kn〉k increases with the node degree
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k, while a decreasing function of the degree is found if the network contains
disassortative mixing.

Some authors prefer the joint probability Pn(k, q), which expresses the
probability that two neighbours of a randomly chosen edge have degrees k
and q. The relation between the joint and the conditional probability is given
by Bayes’ law:

Pn(k, q) = Pn(k|q)Pn(q).
�� ��1.8

Note that always Pn(k, q) = Pn(q, k). In an uncorrelated network, the joint
probability simply factorises:

Pn(k, q) = Pn(k)Pn(q).
�� ��1.9

A third description of the correlations uses either the quantity Nk,q defined as

Nk,q = N〈k〉Pn(k, q) = NqP (q)Pn(k|q),
�� ��1.10

or its fraction per node
nk,q = Nk,q

N
.

�� ��1.11

The advantage of this description lies in the interpretation of Nk,q, since one
can prove that

Nk,q =
{

Number of links between nodes with degrees k and q if k 6= q
2 ·Number of links between nodes with degree k and k if k = q

.

The mean nearest-neigbour degree becomes

〈kn〉k = 1
kP (k)

∑
q

qnk,q.
�� ��1.12

Finally, in an uncorrelated network,

nk,q = kqP (k)P (q)
〈k〉

,
�� ��1.13

as can be deduced from the definition, Eq. (1.10), and the factorisation of the
joint probability in uncorrelated networks, Eq. (1.9). The advantage of this
third policy will become clear when we fully exploit it in Chapter 3.

A simple extension of the nearest-neigbour degree correlations are correlations
between nodes which are further apart. For instance, next-nearest-neighbour
correlations deal with nodes which are separated by two links. Those correlations
can be described with a similar formalism. The details are introduced in Section
3.4, where we also consider correlations between nodes which are separated by
three links, the so-called next-next-nearest-neighbour correlations.
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1.3. Network concepts

Network transitivity or clustering

A more involved type of correlations deals with clustering2, sometimes also
called network transitivity. In many networks, it is observed that, if vertices
i and j and vertices j and k are connected, there is a large probability that
also nodes i and k are connected. Clustering is f.i. often present in social
networks, in which a friend of your friend is likely also your friend. In terms of
network topology, network transitivity deals with a larger number of triangles
in comparison with the expected number in an uncorrelated network. It is
measured using the clustering coefficient C, which we will define as

C = 3x number of triangles in the network
number of connected triples in the network ,

�� ��1.14

where a connected triple is a node which is linked to at least two other nodes.
There are many alternative definitions of the clustering coefficient, but they all
involve the number of triangles in the network [New03b].

In the remainder of the Thesis, we will assume that none of the networks is
clustered. Although most theoretical arguments can be extended to clustered
networks, solving the extended analytical relations is often rather involved.

1.3.3 Distances and the small world

Distances in networks

An important network concept is the distance between nodes. The standard
definition of the distance between two vertices is the shortest-path length, i.e. the
smallest number of links one must cross in travelling from the first to the second
node. The distance between two nodes i and j will be labelled with dij . If there
is no path from node i to node j, the distance is set to infinity.

The “overall” size of the network is indicated by its diameter3, which is the mean
distance between any two nodes in the network. Note that defining the diameter
of a network with different clusters is senseless, and, if more clusters are present,
one therefore rather considers a diameter for every cluster or, alternatively, the
diameter of the largest cluster is used as diameter of the network.

2Note that, although the term may suggest so, clustering has nothing to do with the
presence of unconnected clusters in the network.

3Note that some authors use the maximal shortest-path length as the definition of the
diameter.
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The small world

In random graphs and complex networks consisting of a single cluster, the
diameter grows much slower with the system size than in standard lattices.
Both in random graphs and complex networks, the distance scales at most
logarithmically with the number of nodes in the network, while in a d-dimensional
lattice, the diameter scales with the network size as D ∝ N1/d. Physically, this
implies, even in very large networks, that all nodes are connected with very few
intermediate steps. Consequently, the communication in those networks can
be very efficient. Note that, because of the logarithmic scaling of the diameter
in complex networks, these networks are often said to be of infinite dimension,
i.e. d = +∞.

The logarithmic scaling of the diameter with the network size is known as the
the small-world effect. The Hungarian author Frigyes Karinthy was probably
the first to conjecture the concept in a fictional work in 1929 [New03b], but the
first scientific description is ascribed to the political scientist Ithiel de Sola Pool
and the mathematician Manfred Kochen. In 1979, they published a paper which
was actually written in 1958 and discusses for the first time the occurrence of
“small worlds” in real-life systems [dSPK79].

In popular culture, the small-world effect is more commonly known under the
tag line “Six degrees of separation”. This tantalising formulation dates back
to the research of the American social psychologist Stanley Milgram4. In the
late sixties, Milgram, together with his co-worker Jeffrey Travers, carried out
an experiment in which he tried to track chains of acquaintances between US
citizens [Mil67, TM69]. The researchers randomly distributed 296 postcards,
196 of them in Nebraska and 100 in Boston, with the instruction that the
recipients should forward the letters to a person which they knew such that
the letter would arrive in as few steps as possible to a stockbroker who lived
close to Boston. Milgram and Travers found that, if the letters arrived to
their destination, there were on average 6 intermediate persons. Although the
scientific validity of Milgrams results are doubted [NBW11], the “six degrees
of separation” immediately caught the attention of the general public. The
concept was subsequently further popularised by a play and a film in the early
nineties.

The first generally accepted scientific evidence for the occurrence of the small
world effect in real-life systems dates back to final years of the 1990s, when
Watts and Strogatz observed the effect in the power grid and neural networks in

4Stanley Milgram may be better known for his controversial study regarding the obedience
to authority, in which test persons were instructed to dispense electric pulses as a punishment.
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bacteria [WS98]. Since their hallmark paper, the small-world effect is observed
in many real-life networks. Recently, an extensive study showed that the
average distance between two nodes in the instant-messaging service Microsoft
Messenger, which consists of 180 million nodes, was, on average, approximately
7 steps [LH08]. The publication of the research in newspapers and the reaction
on these articles show that the concept of the small world still tantalises the
general public [PNS08].

Centrality

Closely related to the small world effect is the concept of centrality, or rather
the absence of centrality. Since complex networks are tightly connected, the
“centre” of the network is not formed by a single “central node”, but it rather
consists of a set of strongly connected nodes. The effect is most easily illustrated
by calculating the mean distance to a chosen node i,

di ≡
1
si

∑
j

dij ,
�� ��1.15

where the sum runs over all nodes which belong to the same cluster as node i and
si is the size of this cluster. If there would be a “central node” in the network,
this centre would have a much smaller di than all other nodes. However, in
real-life networks, there is no node which satisfies this demand and an analysis
of the distribution of the distances di teaches us that there is a very large group
of nodes which all have a mean di close to the minimal value.

A popularising description illustrates the concept using the Erdős number,
which measures the distance of a mathematician to Erdős in the network of
scientific publications. Paul Erdős himself has Erdős number zero, and all its
co-authors have Erdős number one. A mathematician who has co-authored with
a co-author of Erdős then has Erdős number two etc. With this definition, the
Erdős number equals the mean distance di to Erdős. An analogue for the actor
network is the Kevin Bacon number, which measures the distance of an actor
to the randomly chosen actor Kevin Bacon. The Bacon number inspired three
Albright College students in the creation of the on-line “Oracle of Bacon” [RT].
An inquiry of the actor network shows that the average Bacon number, being
approximately 2.98, is rather small, which seems to imply that Kevin Bacon
is the centre of the actor network. However, there are in total more than 500
actors with a mean distance di between 2.8 and 3.0 [RT], which proves that the
centre of the network is not formed by a single node, but instead by a group of
strongly connected nodes.
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1.4 Types of networks

In this section, we discuss some of the most commonly used networks in network
theory. We start with an introduction to the classic Erdős-Rényi random graph
and then move on to complex networks. As a prototype, the scale-free network
is introduced. A last subsection discusses some extensions to the basic scale-free
network.

1.4.1 The Erdős-Rényi random graph

The random graph takes its name from the way in which it is constructed.
The starting point is a set of N nodes and each pair of nodes is subsequently
connected with probability p. The constructed network was called5 GN,p by
Erdős and Rényi6 [ER60]. The parameter p is related to the mean degree in
the network. For every node, there are N − 1 possible links, which are all laid
with probability p and, consequently, the mean degree of a node is

〈k〉 = p(N − 1).
�� ��1.16

The number of edges in a realisation of the ensemble GN,p is not fixed. A graph
with Nl edges appears with probability

P (Nl) = pNl(1− p)N
max
l −Nl ,

�� ��1.17

where Nmax
l = N(N − 1)/2 represents the maximal possible number of links in

the network.

Many properties of the Erdős-Rényi network are exactly solvable in the
thermodynamic limit. An example is the degree distribution, which, in the
macroscopic limit, is a Poisson distribution. Since every possible link is present
with probability p, the probability that a node has degree k follows a binomial
distribution:

P (k) =
(
N

k

)
pk(1− p)N−k.

�� ��1.18

5Note that within mathematical graph theory, GN,p is used for the ensemble of all networks
which satisfy the demands. Physicist, however, also use the notation for a single realisation of
a graph in the ensemble.

6Erdős and Rényi also introduced a similar model, GN,Nl , which is the ensemble of networks
with N nodes and Nl edges with all possible graphs appearing with equal probabilities.
We will not go deeper into the properties of GN,Nl , but most of the results carry over
from GN,p [Bol01].
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1.4. Types of networks

If the limit N → ∞ is taken, while 〈k〉 ≈ pN is kept constant, the Poisson
distribution is recovered:

P (k) = 〈k〉
k

k! e−〈k〉.
�� ��1.19

Because of this property, the Erdős-Rényi network is also called the Poisson
random graph. Another interesting property is the second moment of the degree
distribution, 〈k2〉. Some straightforward algebra yields

〈k2〉 = 〈k〉(〈k〉+ 1).
�� ��1.20

Other aspects of the random graph will be discussed in later chapters. The
interested reader can find more about these networks in Ref. [Bol01].

1.4.2 The scale-free network

General definition and historical overview

A scale-free network is marked by the specific asymptotic degree distribution:
the probability that a node has k links decreases as a power-law for large degrees
within these networks:

P (k) ∼ k−γ .
�� ��1.21

The exponent γ is called the topological or scale-free exponent. The American
mathematician Alfred Lotka7 was the first to observe the scale-free characteristic
in real-life networks. In 1926, he studied the productivity of chemists and
physicists and found that the number of papers published by those scientists
decreases as a power-law [Coi77]. Also Derek de Solla Price observed the scale-
free property when studying the network of citations between scientific papers
[dSP65]. In the subsequent years, power-law distributions were also observed in
social and technological networks [New03b]. However, analytical descriptions
of the scale-free network lacked until the very end of the 20th century. The
first scientists who proposed a model with a scale-free distribution were the
three Faloutsos brothers in 1999 in their study of the structure of the Internet
[FFF99].

The genuine birth of the scale-free network, however, occurred one year later,
when Barabási and Albért published a hallmark paper in which they introduced
a network construction model that explains why scale-free networks appear
in real-life systems [BA99]. There are two key ingredients in the Barabási-
Albert network construction model. Firstly, nodes are continuously added

7Alfred Lotka is much better known for his contribution in the invention of the Lotka-
Volterra model for ecological systems.
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Chapter 1. Complex Networks

to the network. This continuous growth is also observed in real-life systems,
it is f.i. a conspicuous characteristic of biological networks. The other main
constituent of the model is coined preferential attachment: newly added nodes
are preferably linked to nodes which already have a large number of links.
This linking behaviour is inter alia observed in the world wide web and in
the air-transportation network, where a new airport will rather introduce a
connection to an airline hub than to some remote airfield. Barabási and Albért
showed that their network growth model leads to a network with a power-law
degree distribution with exponent γ = 3, thereby introducing the first realistic
network construction model which could explain the occurrence of scale-free
networks [BA99].

The advent of the Barabási-Albert model marked the beginning of an
exponential increase of research on scale-free networks. According to Web
of Knowledge, in 2012, more than 650 papers were published on the topic
“scale-free networks”, with a more or less equal portion of analytical work and
real-life data analysis. Nowadays, the scale-free characteristic is observed in a
very wide range of real-life systems. It is, amongst other, observed in social
systems like the actor network and Instant Messaging networks [LH08], in
climate systems [TSR06], in metabolic chains, in economical structures and in
transport systems like the air-transportation network [New03b]. Some more
“exotic” examples include scale-free networks of earth-quakes and aftershocks
[BP04], a graph theoretic description of the Great Barrier Reef [KDP10], a
study of solar flares using network theory [HPD+03] and scale-free behaviour
in bird flocks [CCG+10].

We will not further address the omnipresent occurrence of power-law degree
distributions in real-life networks in this Thesis, but the interested reader can
find a plethora of information in the review of Newman [New03b] and in the
extensive popularising literature [Bar03, Wat04, New10].

Detailed definition

In the previous paragraph, the scale-free network with topological constant γ
was defined as the network with power-law degree distribution

P (k) = ck−γ .
�� ��1.22

The normalisation constant c is determined unambiguously using the demand∑
k P (k) = 1. If the smallest and the largest degree in the network are kmin
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1.4. Types of networks

and kmax respectively, one obtains

c−1 =
kmax∑
k=kmin

k−γ ,
�� ��1.23

in which the sum is often approximated by an integral8:

c−1 ≈
∫ kmax

kmin

dk k−γ = k1−γ
max − k

1−γ
min

1− γ .
�� ��1.24

If the network is infinitely large, also the maximal degree will be infinite.
Therefore, in the macroscopic limit, N → ∞, the normalisation constant
becomes

c = γ − 1
k1−γ

min
,

�� ��1.25

where we used that γ > 1, the reason for which will become clear later.

In the light of Eq. (1.22), three parameters define the scale-free network:
the minimal and maximal degree and the topological constant. Since we will
deduce a relation between the largest degree and the number of nodes in the
following, we might as well use the three parameters γ, N and kmin as the
basic parameters of a scale-free network. Out of these three parameters, the
number of nodes is the only one which does not obey any restrictions. For the
topological exponent, we henceforth assume that γ > 2, the reason for which
will become clear later. Note that in many real-life systems, γ lies between two
and three [New03b]. We will, however, not limit ourselves to this regime and
consider instead all values of γ larger than two. Finally, we assume that in
non-evolving networks kmin ≥ 2, since otherwise the network could consist of a
large set of very small clusters9, while we are rather interested in networks with
large clusters.

Basic properties

We will now discuss the most important properties of scale-free networks. More
details can be found in Ref. [New03b].

8Alternatively, the expression with the exact sums is used, which yields an expression for
c containing Riemann zeta functions [AS65].

9To be more precise, if kmin = 1, the network only contains a cluster containing a
non-vanishing fraction of the nodes if γ ' 3.5.
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Chapter 1. Complex Networks

Absence of correlations First, we spend a few words on the absence of
correlations. The basic version of the scale-free network presented in this
section is uncorrelated. Therefore, the nearest-neigbour distribution is given by
Eq. (1.5) and the mean degree of a nearest-neigbour is provided by Eq. (1.6). In
Section 1.4.3, the correlated scale-free network is studied as a possible extension
of the basic model.

Maximal degree The maximal degree in the network can be related to the
number of nodes. The largest expected degree in a finite network with N nodes
is given by the constraint

1
N

=
∞∑

k=kmax

P (k).
�� ��1.26

Converting the sum into an integral,

kmax ∝ N
1

γ−1
�� ��1.27

is found, such that there is a power-law relationship between the maximal
degree and the number of nodes in the network. Note that Eq. (1.27) implies
that kmax diverges in the macroscopic limit, N →∞, as it should. The finite-
size scaling of the maximal degree will be used when comparing simulations
of finite networks with theoretical arguments. The power-law exponent in
Eq. (1.27) decreases with increasing γ, which implies that the highest degrees
are observed in networks with small topological constants. In other words,
a more heterogeneous degree distribution is found if γ is close to two, while
homogeneous distributions are obtained for large topological constants.

Mean degree The mean degree in a scale-free network is obtained by a
straightforward calculation of 〈k〉 =

∑
k kP (k). Turning the sum over the

degree distribution into an integral yields

〈k〉 =
(
γ − 1
γ − 2

)(
k2−γ

max − k
2−γ
min

k1−γ
max − k1−γ

min

)
,

�� ��1.28

which, in the thermodynamic limit, becomes

〈k〉 = γ − 1
γ − 2kmin.

�� ��1.29

Note that in the last step, γ ≥ 2 is imposed. If γ < 2, the mean degree would
diverge. Since networks in which nodes have, on average, an infinite number of
links are unrealistic, we impose γ > 2 in the remainder of the Thesis. For those
networks, the mean degree decreases as a function of the topological constant.
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1.4. Types of networks

Hubs The interpretation of the power-law degree distribution provides some
clues about the way the network is organised: the vast majority of the nodes
has a small degree, while a tiny fraction of the nodes has a (very) large degree.
The latter nodes are called hubs, and they are the most important nodes in the
network. The hubs will play a crucial role in many network properties and the
behaviour of some dynamical models on networks will be altered drastically due
to the presence of the hubs.

The number of hubs and, as Eq. (1.27) proves, the number of links they possess,
decreases as a function of the scale-free parameter γ. Real-life systems, which
mostly obey 2 < γ < 3, thus contain many hubs. Well-known hubs in real-life
networks are for instance Google in the World Wide Web and London Heathrow
in the air-transportation network.

Variance The presence of hubs is also marked in the variance σ = 〈k2〉 − 〈k〉2
of the degrees. The second moment of the degree distribution is

〈k2〉 =
∑
k

k2P (k) = γ − 1
γ − 3

k3−γ
max − k

3−γ
min

k1−γ
max − k1−γ

min
,

�� ��1.30

where the last step is found by approximating once more the sum by an integral.
The behaviour of the second moment in the limit of large networks depends
crucially on the topological constant. If γ > 3,

〈k2〉γ>3 = γ − 1
γ − 3k

2
min,

�� ��1.31

so that the variance is finite. However, if γ lies between two and three, the
second moment diverges:

〈k2〉2<γ<3 =
(
γ − 1
3− γ

)
k3−γ

max

k1−γ
min
∝ N

3−γ
γ−1 ,

�� ��1.32

and consequently also the variance diverges. Note that Eq. (1.30) is only valid
if γ 6= 3. In the borderline case, γ = 3, it changes to

〈k2〉γ=3 ∝ log
(
kmax

kmin

)
∝ logN,

�� ��1.33

which implies that the variance also diverges in this case.

We conclude that the second moment, and hence the variance, diverges in
scale-free networks if γ ≤ 3. The divergence is caused by the presence of very
large hubs in the network due to the slowly decaying degree distribution. It
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Chapter 1. Complex Networks

also provides the underlying reason for the term “scale-free network”. Because
the degree distribution is so heterogeneous that the standard deviation of the
degrees diverges, there is no “scale” in the network. Moreover, the disappearance
of the divergence upon increase of γ is related to the increasing homogeneity of
the degree distribution in this regime. Note that the divergence of the second
moment also implies that the mean nearest-neigbour degree diverges, as is
shown in Eq. (1.6). The importance hereof will become clear in Chapter 2,
when we study the disintegration of the network when links are removed.

Diameter The presence of the hubs has also important implications for the
diameter of the network. In the regime in which the second moment is finite,
the diameter scales with the logarithm of the network size [CH03]:

Dγ>3 ∝ logN,
�� ��1.34

just like in the Erdős-Rényi random graph. However, if 2 < γ < 3, the scaling
changes to

D2<γ<3 ∝ log logN.
�� ��1.35

The diameter therefore increases slower in scale-free networks for which the
topological constant lies between two and three, than in the small-world random
graphs. Therefore, one sometimes speaks of ultrasmall worlds [CH03]. Since
log logN is nearly constant over many orders of magnitude, the diameter of
real-life scale-free networks is almost independent of the size of the network,
which matches the observations in metabolic networks [JTA+00].

Loops Finally, we discuss loops in scale-free networks. The issue was first
discussed by Bianconi et al. [BM05], who found that the divergence of the second
moment of the degree distribution again plays a key role. In an uncorrelated
network, the number of finite loops of length ` scales as

N` ∝
1
2`

(
〈k2〉 − 〈k〉
〈k〉

)`
,

�� ��1.36

or, in terms of the number of nodes in the network,

N` ∼
1
2`

(
N

3−γ
γ−1

)`
for 2 < γ < 3.

�� ��1.37

In networks with a topological constant between two and three, the number
of loops thus increases as the network grows. In the macroscopic limit, these
networks are consequently very loopy. In an infinite network with γ > 3, on the
other hand, finite loops are more or less absent.
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1.4. Types of networks

(a) Scale free network (b) Random graph

Figure 1.2: Comparison of a small scale-free network with γ = 2 and kmax = 15
and a small Erdős-Rényi random graph with 〈k〉 = 4. Both figures were taken from
Ref. [Vol04].

In addition to the finite loops, there are many loops on a length-scale much
larger than the network diameter. Their number increases exponentially with
the network size,

N`�lnN ∝ eN .
�� ��1.38

The existence of these large loops is essential for the structure of the scale-free
network in the macroscopic limit.

Comparison of the scale-free network and the Erdős-Rényi random graph

There are crucial differences between complex networks and random graphs,
many of which have considerable consequences for real-life concepts. The
principal distinction concerns the hubs, which are only present in the scale-free
network. Since the degree distribution decreases exponentially for large degrees
in an Erdős-Rényi network, the presence of hubs is exponentially suppressed in
those networks.

Mathematically, this distinction is reflected in the moments of the degree
distribution. While the variance diverges in scale-free networks with topological
constant between two and three (see Eq. (1.32)), it always remains finite in
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random graphs (see Eq. (1.20)). The properties of many dynamical processes
on networks are guided by the second moment of the degree distribution.
Consequently, real-life scale-free networks often behave completely different in
comparison with Erdős-Rényi graphs. A striking example is the behaviour of
the network when some of its links or nodes are randomly removed. While
an Erdős-Rényi network suffers greatly from the removal of some of its links,
scale-free networks are very robust against this destruction process, as we will
substantiate in the second chapter. In the remainder of the Thesis, we will
therefore often compare the behaviour of a dynamical process on scale-free
networks with its behaviour on random graphs.

Due to the difference regarding the presence or absence of hubs, scale-free
networks and Erdős-Rényi graphs also have a complete different appearance.
In Fig. 1.2, the difference is visualised with a representation of two small
computer-generated networks. However, one could as well consider those small
networks as the local structure of a larger network. For a glance at a larger
scale-free network, the reader can take a look at figure Fig. 1.3 at the end of this
chapter. The left picture represents a snapshot of the World Wide Web, made
on February 6, 2003. The figure shows the shortest routes from a test website to
about 100 000 other sites, using similar colours for similar web addresses. The
right picture shows the map of interacting proteins. Both figures were taken
from Ref. [BB03].

1.4.3 Extensions of the scale-free model

The scale-free structure is the prototype of a complex network. However, there
are many extensions and adaptations possible. The most important ones for
this thesis are discussed in this subsection. The interested reader can find many
other examples in the extensive reviews in Refs. [DGM08, AB02].

One of the most studied extensions deals with the addition of correlations.
The basic scale-free network is uncorrelated, while many real-life networks are
correlated in very distinguished ways. Therefore, a variety of extensions has been
considered. Often, the modified scale-free networks can only be studied using
simulations, since obtaining analytical results is a complicated task. Only when
the correlations are very simple, some analytical results can be obtained. One of
these cases occurs when the probability of two nodes to be connected depends
on their respective degrees in a non-trivial way, the so-called degree correlated
scale-free network [VM03, GDM03]. In addition to the degree distribution,
also the conditional probabilities Pn(k|q), or equivalently the joint probabilities
Pn(k, q), are fixed in those networks. The machinery introduced in Section 1.3.2
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can then be applied. Other analytical studies also considered models with more
involved types of correlations, such as clustered scale-free networks [SB06], but
they are beyond the scope of this thesis.

Since not all networks can be described using a single type of vertices, another
extension of the scale-free structure deals with structures with multiple types
of nodes. In those networks, links are often running only between nodes of
unlike types. For instance, the network of hetero-sexual contacts is modelled
by two types of vertices, men and women, with links which always connect a
man to a woman. Such networks are called bipartite networks. They appear in
many social structures, for instance in affiliation networks, i.e. in structures of
individuals joined by common memberships of communities. The two types of
vertices then represent the individuals and the groups, while the links between
them indicate group membership [New03b]. One could for instance model the
research interests of physicists: the first type of nodes then represents the
researchers, while the second type of nodes consists of the research topics (for
instance classified according to the PACS). The bipartite network will be used
in detail in Section 2.5.

1.5 Simulations of complex networks

Whatever the beauty of the arguments underlying a physical theory, its results
will always be in doubt without any form of verification. Alas, it is already quite
difficult to deduce interesting simple quantities about the static nature of real-
life scale-free networks, as f.i. the degree distribution and degree correlations,
let alone extracting more involved quantities such as the clustering coefficient
[NSW01]. Performing dynamical processes such as a virus spreading experiment
is of course completely beyond the scope of any investigation in practice.
Fortunately, in this computerised era, network theory can rely on computer
simulations as an alternative. The simulations mostly use Monte-Carlo methods,
which is a generic name for a broad class of computational algorithms that
rely on repeated random sampling to obtain estimates for physical quantities
[NB99].

Generation of complex networks with Monte-Carlo methods

A wide-spread method to construct complex networks with an arbitrary degree
distribution is the configuration model (CM) [New03a]. Within the CM, the
networks are constructed in two steps.
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In a first step, a collection of N nodes with their associated degrees is assembled.
The degrees of all the nodes are generated according to the desired degree
distribution P (k), whereby the minimal possible degree kmin is used as the
lower boundary and the maximal possible degree is set to the number of nodes
minus one to avoid self-linking. A widespread method to generate the random
degrees uses the inverse of the cumulative distribution function F (x) of the
degree distribution,

F (x) =
x∑

k=kmin

P (k).

When a set of variables U is uniformly distributed on the interval [0, 1], the set
F−1(U) will be distributed according to the degree distribution P (k) [NB99,
Coo06]. At the end of this first step, every node has a number of “stubs”, ends
of edges emerging from the node. In the second step, the stubs are connected
at random to each other. During this last process, multiple links between the
same nodes and self-linking are prohibited. To facilitate the construction of the
network, the stubs of the nodes with the largest degrees are connected first.

The method as stated has an important drawback since degree correlations
cannot be controlled. It is therefore impossible to construct a network with
predetermined degree correlations and in some cases it is even impossible
to construct an uncorrelated network. For example, if the CM is used to
build a scale-free network with a topological constant smaller than three, the
network will always be disassortatively mixed, as is observed in simulations
and supported by analytical arguments [BK03]. The origin of these structural
correlations lies in the avoidance of self-linking and multiple links between the
same nodes. Catanzaro et al. resolved this problem for scale-free networks with
the introduction of a cut-off in the degree distribution [CBnPS05]. To avoid
the disassortative mixing of the CM, the maximal possible degree of the nodes
will be limited to10

√
N . The modified method of Catanzaro et al. is known as

the uncorrelated configuration model (UCM).

Uncorrelated complex networks with different degree distributions or correlated
scale-free networks must be built with other routines. The latter can for instance
be obtained using the method of Weber and Porto [WP07]. Within the context
of this thesis, simulations are only performed on uncorrelated scale-free networks
and hence all networks are constructed using the UCM.

10Note that this shows immediately why correlations are absent if γ ≥ 3. Since the maximal
degree attained in the correlated net scales as kmax ∝ N

1
γ−1 , kmax will grow less fast with N

than
√
N if γ ≥ 3.
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Apart from the CM model, a whole variety of network construction methods
exists. Often, specific routines are used to build particular networks. An
example is the aforementioned Barabási-Albert routine, which can be used to
construct scale-free networks with topological exponent γ = 3 [BA99]. The
interested reader can find some other examples in Refs. [DGM08, New03b].

1.6 Outline

In the former sections, we have introduced and discussed the static nature of
complex networks like the scale-free network. Notwithstanding the interesting
properties that can be studied on static networks, most real-life events deal
with dynamic processes on networks and the evolution of networks.

Since the discovery of the scale-free structure in real-life networks and the
advent of a theoretical description in the late 1990s, many dynamical processes
have been studied on complex and scale-free networks. The first dynamical
processes were associated with the resilience of the network as some of its links
or nodes are removed randomly [CEbAH00]. Related to this, studies concerning
targeted attacks [CEbAH01] and virus spreading [PSV01] have been performed.
Other research groups have focussed on black-outs, breakdowns caused by a
series of cascading failures, in distribution systems like the power grid or food
supply chains [GLKK03, ML02]. Also the dynamics of renowned statistical
mechanical spin models like the Ising and the Potts model has been applied to
complex structures [DGM02, IT02, LVVZ02, DGM04, GHI+05]. The study of
concepts originating from social dynamics, such as opinion formation [SR05]
and cooperation [SP05], forms another hot topic in network science. Note that
in all these dynamical models, large-scale characteristics of the network are
influenced by cooperation at the level of the elements of the network. A plethora
of other dynamic processes in which this behaviour is observed, is provided in
Refs. [DGM08, CFL09].

In this thesis, we discuss three dynamical models on complex networks which
illustrate how large-scale phenomena emerge as a consequence of the cooperative
behaviour of the (microscopic) elements of the networks. In Chapter 2, we focus
on the percolation problem, which considers the structure and connectivity of
a network as some of its links are removed. We discuss several topics ranging
from a degree-dependent removal of links on (bipartite) scale-free networks to
explosive processes in which a large cluster appears very abruptly. In Chapter
3, we introduce and discuss a network construction model which provides a
cross-over between the preferential attachment model of Barabási and Albert

23



Chapter 1. Complex Networks

and the explosive processes. In both chapters, we illustrate how the details
of microscopic link addition or removal processes influence the large-scale
characteristics of the constructed networks and the growth or disintegration of
global network structures. In Chapter 4, we introduce an Ising-like spin model
with quenched random fields to describe breakdowns in distribution systems.
The model substantiates how giant black-outs in distribution networks are
caused by the solidarity between the individual suppliers. Finally, we assemble
the main conclusions and discuss some open problems.

(a) Snapshot of the World Wide Web. (b) Snapshot of a protein interaction network.

Figure 1.3: Snapshots of some real-life networks. These pictures were taken from
Ref. [BB03].
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Decay is inherent in all compounded things.
Siddhattha Gotama Buddha 2

Percolation

2.1 Introduction

A widely studied problem in network and graph theory is the percolation
problem, which considers the structure and connectivity of a lattice or network
as some of its links or nodes are removed. The problem was initially introduced1

by Simon Broadbent and John Hammersley in 1957 to study the mechanism of
charcoal based gas masks [BH57] and, although being more than 50 years old, it
still receives a lot of attention [SA94]. The great interest could be explained by
the simplicity of its definition, although solving the problem is often challenging.

As aforementioned, networks are often not composed of a single entity. Instead,
many small groups of connected nodes, previously coined clusters, are present.
The percolation problem studies the behaviour of these clusters as nodes or
links are removed or included in the network. In the remainder of the chapter,
we focus on a network with N nodes, where N is considered to be large.

A network or lattice in real-life will mostly contain a large cluster which comprises
the vast majority of the nodes. To be more precise, in the macroscopic limit,
N → ∞, there exists a cluster that contains a non-vanishing fraction of the
nodes, the so-called giant cluster. In the standard nomenclature, the cluster
is said to span the network and the network is said to percolate or be in the
percolating phase. From a more sociological perspective, communication between
a very large fraction of the nodes is possible. Upon removing more and more
links or nodes from the network, the giant cluster could break up in many small
clusters, none of which spans the network. From then on, only clusters with a

1Note that some sources report an independent discovery by the French physicist and
Nobel prize winner Pierre-Gilles de Gennes [dGBP+09].
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vanishing fraction of nodes exist in the macroscopic limit and communication
between all nodes becomes impossible; the non-percolating phase has then been
established.

The transition from a regime with a giant cluster to a phase with only small
clusters is called the percolation transition. In other words, the percolation
problem describes the transition in which, upon the removal of links, the
percolating phase turns into the non-percolating phase. Alternatively, we could
run the dynamics in the reverse direction and thereby study the birth of the
giant cluster as more and more links or nodes are included in the network.
Both processes are equivalent, as can be proven mathematically [Bol01]. We
will therefore mainly consider the link-addition process in the remainder of the
chapter.

The percolation transition has first been encountered in the sixties in studies
concerning normal lattices. Early applications of percolation on lattices dealt
with porosity and the mixing of conducting and non-conducting grains [Ess80].
More modern applications include forest fires [SA94] or gelation of polymers
[Jon02]. An early review on percolation is written by Essam [Ess80], while a
modern review and much more examples of applications can be found in the
book by Stauffer and Aharony [SA94]. Erdős and Rényi subsequently introduced
the percolation problem in network theory [ER60], where a distinction between
two major types of percolation can be made. Bond or link percolation discusses
the removal of links from the network, while the term node percolation is used
in case nodes are removed.

In the early days of the 21th century, the percolation problem became one of the
first problems studied on the newly discovered complex structures. Percolation
on complex, and in particular scale-free networks, forms a research topic which
has numerous applications in the description of real-life events. The problem
was initially introduced by Cohen et al. to discuss the resilience of the networks
against random failures or purposeful attacks from inside or outside the network
[CEbAH00, CEbAH01]. Percolation theory may for instance explain why the
Internet is robust against failures, but it also substantiates why a small strike
can cause major issues for public transportation. Also virus spreading in the
Internet or social networks can be modelled with bond percolation on scale-free
networks [PSV01, MPSV02, New02, KR07]. Finally, we mention the wide scope
of applications in biology, where percolation on complex structures could for
instance model the breakdown of certain metabolic networks [DGM08].
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Overview of the chapter

In the remainder of this chapter, we study different types of percolation on
complex networks and we thereby show how the details of microscopic link
addition or removal processes influence the dynamics of the disintegration of
global network structures.

The second section familiarises the reader with the nomenclature and the
physical description of percolation on networks. We discuss the major concepts
related to the percolation transition. The Fortuyn-Kasteleyn construction is
introduced, which provides a link between percolation and a limit of the Potts
model. Such correspondence ensures that traditional techniques used in the
description of spin models, like critical exponents and scaling theory, can be
used in the description of the percolation transition.

The main results concerning the resilience of Erdős-Rényi graphs and scale-free
networks to the random removal of some of their links are briefly discussed in
the third section. We moreover deduce the critical exponents of the transition
using generating functions theory and finite-size scaling. In Section 2.4, we
extend the random removal of links to a degree-dependent removal, the so-called
biased percolation. We focus on the properties of the depreciated networks and
the resilience of scale-free networks, and derive the critical exponents using
finite-size scaling. Since many real-life networks consist of two types of nodes
with links running only between distinct type of nodes, biased percolation is
extended to those bipartite networks in Section 2.5. Once more, the focus lies on
the resilience of the networks and the determination of the critical exponents.

Finally, we focus on a completely distinct type of percolation. In most
percolation transitions, the giant cluster arises continuously as more and
more links are introduced in the network. Recently, however, Achlioptas
et al. discovered a new type of transition, the explosive percolation, which
is marked by an abrupt growth of the giant cluster in the macroscopic limit
[ADS09]. Some examples of explosive models are introduced and we discuss
how the cooperation of a set of more or less equally sized clusters causes a
vanishing transition-width in the thermodynamic limit. Furthermore, we deduce
a criterion for the occurrence of explosive transitions in terms of the mean cluster
size at the onset of the transition. Simulations provide additional support for
the criterion.
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2.2 Description of percolation on complex networks

2.2.1 Basic description

The percolation transition is usually studied using the size of the largest cluster,
whereby the size of a cluster is defined as the fraction of nodes in the network
the cluster contains. Throughout the thesis, si indicates the size of the i-th
cluster, while S denotes the size of the largest cluster. During the percolation
transition, upon increase of the number of links2 in the network, a giant cluster
appears and S changes from zero to non-zero. The transition happens at a
critical point, which is marked by a critical number of links, denoted by N c

l . In
the following, we also introduce some equivalent (critical) parameters. Fig. 2.1
provides an illustration of the percolation transition.

The percolation transition shows all characteristics of a phase transition.
Within the statistical mechanics community, a genuine phase transition deals
with the sudden change, in the thermodynamic limit, of a physical quantity
at a fixed, critical value for a model parameter [BB06]. The quantity which
changes abruptly, usually from zero to non-zero, is called the order parameter.
In the percolation transition, the size of the giant cluster, constitutes the order
parameter. The Ehrenfest classification scheme provides a distinction between
two types of phase transitions [Yeo92, BB06]. In first order transitions, the
order parameter makes a discontinuous jump at the critical point, while in
second order transitions the order parameter continuously changes from zero
to non-zero. In most percolation transitions, S varies continuously and the
transition is thus of second order. Only recently, researchers observed some
exotic percolation models exhibiting a steep rise of the order parameter. We
will discuss the order of those explosive transitions in detail in Section 2.6.

In the remainder of the subsection, we discuss the critical point and the
evolution of the order parameter for arbitrary uncorrelated networks. Extensions
of the general scheme for correlated networks are introduced in Chapter 3.

Critical point

A simple heuristic argument indicates whether or not an arbitrary uncorrelated
network contains a giant cluster in the macroscopic limit. Suppose we perform

2We formulate this paragraph for the inclusion or removal of links in the network, but
with analogous techniques the inclusion or removal of nodes can as well be studied.

28



2.2. Description of percolation on complex networks

N

S

l

Nc
l

Figure 2.1: Schematic rendering of the percolation transition.

a walk trough the infinite cluster in the network. In the limit N →∞, such a
trip can only be continued into eternity if at least one new link departs at every
reached node. The mean degree of a node reached by following a link should
thus at least be two or, mathematically, 〈kn〉 > 2. Using Eq. (1.6), a giant
cluster is present in an uncorrelated network (in the thermodynamic limit) if

〈k2〉
〈k〉
≥ 2.

�� ��2.1

This criterion is called the Molloy-Reed criterion, after the Canadian
mathematicians Michael Molloy and Bruce Reed, who deduced it in 1995 [MR95].

In the foregoing argument, we tacitly assumed that there are no finite loops in
the network. This assumption is called the tree-ansatz, since it implies that the
network locally has a tree-like structure. Note that infinite loops can still be
present. In the remainder of the thesis, simulations and analytical arguments
prove the accurateness of the ansatz. In the absence of finite loops, the exactness
of the Molloy-Reed criterion can be established. We will however not pursue
the detailed mathematical rigour of the mathematical graph theory, but the
interested reader can find the details in the specialised literature [MR95, Bol01].

Using the Molloy-Reed criterion, also the critical point of the percolation
transition can be obtained. During the link removal or addition process, Eq. (2.1)
is therefore evaluated in the instantaneous networks3. When the criterion is
satisfied, the network percolates, while a non-percolating regime is found if the
criterion is unfulfilled. The transition between both regimes marks the critical
point, while the critical number of links, N c

l , is simply the number of links
3In the remainder, we use the phrase “instantaneous” to indicate the network at a fixed

instance during the link addition or removal process, thus for a fixed number of links present.
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Chapter 2. Percolation

present in the network at this moment. In principle, this procedure allows the
determination of N c

l if the evolution of the degree distribution as a function of
the number of edges in the network is known. Indeed, with this knowledge we
can keep track of the Molloy-Reed criterion as the number of links in the network
varies and hence N c

l can be determined. However, an analytical evaluation of
this scheme is only possible in very simple cases, while in more involved models
numerical techniques need to be used. The procedure is illustrated when we
discuss random bond percolation in scale-free networks in Section 2.3.

Note, finally, that the procedure can only be used if the network is uncorrelated
during the entire process, or, in other words, if all instantaneous networks are
uncorrelated. Otherwise, the Molloy-Reed criterion breaks down and other
techniques need to be applied to find the critical point. We will explore this
situation in Chapter 3.

Often, instead of the critical number of links, authors prefer the critical mean
degree 〈k〉c. Since the mean degree is easily related to the number of links in
the network, we have

〈k〉c = 2N c
l

N
.

�� ��2.2

In some models, the link addition rules are composed such that the process
contains a pre-established final state. Hence also the final number of links is
fixed in advance and instead of the critical mean degree, a critical fraction fc is
often used. The critical fraction indicates which fraction of the final number of
links is present at the critical point. Some authors prefer another description
and introduce a critical time, which is usually straightforwardly related to the
number of links in the network, but the actual definition varies from model to
model. In the remainder of the thesis, we use the approach which is most suited
for the model under investigation.

We have now outlined a scheme to deduce the critical point of the percolation
problem. If the network is uncorrelated at any time during the link addition or
removal process, if suffices to know the evolution of the degree distribution to
determine the critical mean degree from Eq. (2.1). With the same knowledge,
also the size of the giant cluster can be obtained. The ideal tools to perform
this task come from generating functions theory, a branch of mathematics which
originates in probability theory.
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2.2. Description of percolation on complex networks

Generating functions

The generating or characteristic function of a sequence an is, by definition,
the power series which has as coefficients the elements of an. Similarly, the
generation function of the degree distribution4 P (k) is the series

G(x) =
kmax∑
k=kmin

P (k)xk.
�� ��2.3

In some cases, we prefer using h, defined by x ≡ e−h, instead of x as the
parameter of the generating function:

G(h) =
kmax∑
k=kmin

P (k)e−hk.
�� ��2.4

In the remainder of the chapter, we will alternate between the parameters x
and h and use the parameter which is most suited for the calculations under
consideration. Note that the moments of the distribution can be obtained by
differentiation of the generating function:

〈kn〉 =
[(
x
d

dx

)n
G(x)

]
x=1

.
�� ��2.5

More details and properties of generating functions are outlined in the
appendix A.1.1.

Four generating functions are of major importance to determine the size
of the giant cluster at a fixed instance during the link addition or removal
process5. The first two are the generating functions of the instantaneous degree
distribution, F0(x), and the instantaneous nearest-neighbour degree distribution
F1(x). The former is defined using Eq. (2.3), while the latter is

F1(x) =
kmax∑
k=kmin

Pn(k)xk−1,
�� ��2.6

where Pn(k) is the instantaneous nearest-neighbour degree distribution. The
exponent of x is lowered by one because the node is reached following a link
and therefore one degree of freedom is already eliminated.

4This generating function of the degree distribution should not be confused with the
moment and the cumulant generating functions. More details about the distinction can be
found in appendix A.1.1.

5We again formulate this paragraph for the removal of links in the network, but with some
simple modifications the removal of nodes can as well be studied.
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Chapter 2. Percolation

The two other key generating functions are related to the probability to find
a finite cluster. We first define ps as the probability that a random node is
part of a cluster of (finite) size s. The generating function of the probability
distribution ps is called H0:

H0(x) =
∑
s

psx
s,

�� ��2.7

where the sum runs over all finite cluster sizes in the network, thus excluding
the giant cluster. The last generating function is H1, which generates the
probability that a randomly chosen edge leads to a finite cluster of any size.

In uncorrelated networks, the generating functions F0, F1, H0 and H1 are
related by two self-consistent equations [CNSW00, NSW01]:

H1(x) = xF1[H1(x)],
�� ��2.8a

H0(x) = xF0[H1(x)].
�� ��2.8b

The proof is a consequence of the basic properties of generating functions and
can be found in appendix A.1.2. There are two important restrictions to this
self-consistent set. First, its derivation is only exact if loops are absent in
finite clusters, i.e. if the finite clusters are tree-like. Simulations support the
validity of this assumption for all types of percolation which are being used in
this thesis: although the giant cluster comprises many small and large loops,
the small clusters almost never contain any loops. Second, the theory is only
applicable as long as the network is uncorrelated during the entire link addition
or link-removal process, since otherwise the self-consistent equations have to be
modified. These modifications will be studied in Chapter 3.

Eqs. (2.8) can be turned into a self-consistent set for the order parameter of
the percolation transition. Because the definition of H0 contains a sum over
all finite cluster sizes, H0(1) indicates the probability that a node belongs to a
cluster of finite size. Consequently,

S = 1−H0(1),
�� ��2.9

since all nodes which do not belong to finite clusters should be part of the
giant cluster. An expression for S is found by solving Eq. (2.8) in case x = 1.
Defining u ≡ H1(1), the self-consistent set

u = F1(u),
�� ��2.10a

S = 1− F0(u),
�� ��2.10b
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2.2. Description of percolation on complex networks

is found. If the degree distribution is known at an instance during the linking
process, the first equation can be solved for u. Insertion of the result into
Eq. (2.10b) yields the size of the giant cluster at that particular instance.
Analytical results can only be found in some trivial cases, in general Eq. (2.10a)
is solved using numerical techniques. Often, a simple iterative method does the
job. Beneath the critical point, the only solution is u = 1, which results in the
absence of a giant cluster (S = 0). When a giant cluster is present, u < 1 and
consequently S > 0.

Also the mean size of a finite cluster to which a node belongs, henceforth
denoted by6 〈C〉, is related to the generating function H0. Since the first
derivative of a generating function links to the first moment of the underlying
probability distribution, 〈C〉 = H ′0(1) is trivially valid. Some elementary algebra
using Eq. (2.8) yields

〈C〉 = 1 + F ′0(1)
1− F ′1(1) ,

�� ��2.11

which holds in non-percolating networks. The mean cluster size diverges if
1 = F ′1(1), which marks the appearance of the giant cluster. In other words, as
long as the network only contains finite clusters,

1 ≥ F ′1(1)
�� ��2.12

must hold. A simple calculation using the definition of F1(x) shows the
equivalence between Eq. (2.12) and the Molloy-Reed criterion, Eq. (2.1).

Finally, recall that the generating functions theory rests on the tree-like
assumption. However, the accurateness of the theory is, as will become clear
in the remainder of the thesis, supported by extensive simulation data for the
size of the giant cluster: for a plethora of percolation models, the numerical
solutions to Eq. (2.10) match with the simulation data within error margins.

2.2.2 Critical exponents

The behaviour of the order parameter and other quantities close to the phase
transition is one of the major research topics in statistical physics. This
critical behaviour is usually studied using critical exponents. Finite-size scaling
theories often provide results for and relations between the major exponents
[Yeo92, BB06].

6Note that 〈C〉 =
∑

s
sps indicates the average cluster size averaged over the nodes. This

quantity differs from the mean cluster size per cluster, 〈s〉0 = N/Nc(1− S), where Nc is the
total number of finite clusters.
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In the remainder of this subsection, we first define the critical exponents of the
bond percolation problem by exploiting the Fortuin-Kasteleyn correspondence
between percolation and a limit situation of the Potts model. Subsequently,
relations between the critical exponents are obtained from a finite-size scaling
theory. Note that the scaling theory and critical exponents which will be
discussed in the remainder of this subsection are only correctly defined for
second order phase transitions. The concepts and findings are therefore only
applicable to non-explosive transitions.

Fortuin-Kasteleyn construction

The Potts model The Potts model is one of the most-studied spin models
in statistical physics. It constitutes a generalisation of the Ising model, which
in turn is a spin model named after the German scientist Ernst Ising7, who
dedicated his thesis to the study of the model as a toy model for phase transitions
in magnetic systems [Isi25]. In the basic version of the Ising model, two-valued
spins σi, which usually take the values +1 and −1, are placed on a lattice. The
configurational energy is described by the Hamiltonian

H = −
∑
(i,j)

Jijσiσj −
∑
i

Hiσi,
�� ��2.13

where the first sum is over all the links in the grid. Jij are the coupling constants
which signify the strength of the interaction between the spins σi and σj , and
Hi are external fields [Yeo92]. Many extensions of the simplest model have been
studied. A straightforward extension uses complex networks, instead of regular
lattices, as the underlying structure. The Ising model on scale-free networks
has previously been studied in Refs. [DGM02, IT02, LVVZ02].

The Potts model forms a generalisation of the Ising model in which each spin
can take q distinct values 0, . . . , q − 1. The Potts Hamiltonian is

H = −
∑
(i,j)

Jijδσi,σj − hkBT
∑
i

δσi,0,
�� ��2.14

where δ is the Kronecker delta function. For simplicity, we assumed that
the external fields are constant and equal to h for all nodes, i.e. Hi = h ∀i.
Moreover, the temperature T and the Boltzmann constant kB are introduced
to facilitate the correspondence with the percolation problem.

7Note, however, that the model was first introduced by Ising’s promoter Wilhelm Lenz.

34



2.2. Description of percolation on complex networks

Link between bond percolation and the Potts model In 1972, Fortuin and
Kasteleyn found an equivalence between a process in which links are randomly
removed or attached to a network, the so-called random bond percolation,
and the q → 1 limit of the q-state Potts model [FK72]. Although initially
used for lattice models, the connection is also applicable to complex networks
[FK72, Wu82]. Moreover, it can be shown that the correspondence is applicable
to any process in which the probability to retain or remove a link depends at
most on the degrees of the adjacent nodes [Hoo09].

The Fortuin-Kasteleyn theorem states that the free energy of the q → 1 limit
of the q-state Potts model is the same as the “free energy” of the percolating
network, where the latter is defined as the generating function of the cluster-size
distribution. In the following, ns will denote the number of clusters of size s
and the free energy of the percolation problem is thus

F(h) =
〈∑

s

nse
−hs

〉
,

�� ��2.15

where the average is performed over all realisations of the network addition or
removal process and the sum runs over all finite cluster sizes. Moreover, the
parameters of the Potts model, Jij and kBT are linked to the probability to
retain a link between nodes with degrees i and j, while the parameter h plays
the role of the external field in the Potts model [HR90, HVSM+10].

From the free energy, we can immediately identify the probability S for a node
to be in the infinite cluster and the average cluster size:

S = 1 + ∂F
∂h

∣∣∣∣
h=0

,
�� ��2.16a

〈C〉 = ∂2F
∂h2

∣∣∣∣
h=0

.
�� ��2.16b

Finally, F(0) gives the total number of finite clusters, henceforth denoted Nc.

Critical exponents and scaling theory

The Potts model at criticality is studied using critical exponents, which, by use
of the Fortuin-Kasteleyn correspondence, are introduced for the percolation
problem. Since we pursue a general description, the addition/removal process
will be studied using a generic time parameter, t, which later on has to be
specified for specific models. As we are interested in the behaviour slightly
above criticality, we introduce

ε = |t− tc|,
�� ��2.17
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where tc marks the critical point. Henceforth, the free energy is a function of
both the external field h and the deviation from the critical point ε, F ≡ F(ε, h).

Critical exponents In the Potts model, the critical exponents α, β, γp and δ
are respectively linked to the critical behaviour of F(ε, 0), ∂hF|h=0, ∂2

h,hF|h=0
and ∂εF|ε=0 [Wu82]. Using the Fortuin-Kasteleyn construction, these critical
exponent are introduced for the percolation problem:

F(ε, 0) ∼ ε2−α,
�� ��2.18a

S(ε) ∼ εβ ,
�� ��2.18b

〈C〉(ε) ∼ ε−γp ,
�� ��2.18c

∂F
∂h

∣∣∣∣
ε=0

+ 1 ∼ h1/δ.
�� ��2.18d

In the following, we introduce finite-size scaling in order to find relations between
the critical exponents near the percolation transition.

Finite-size scaling According to finite-size scaling, the free energy F of a large
but finite network with N nodes close to criticality can be written in the general
form [SA94]:

F(ε, h) = 1
N

F
(
εN1/νε , hN1/νh

)
,

�� ��2.19

where F is a well-behaved function generic to the system. The variable εN1/νε

originates from the existence of a “correlation number” Nξ (instead of a
correlation length) which scales as Nξ ∝ ε−νε such that the first variable
of F can be rewritten as (N/Nξ)1/νε as is found in Refs. [BJP82, BJ83], which
study the finite-size scaling above the upper-critical dimension8. It is then
obvious that close to criticality, the singular part of the free energy scales as:

F(ε, 0) ∝ ενε ,
�� ��2.20a

F(0, h) ∝ hνh .
�� ��2.20b

8These scaling forms are applicable since complex networks have essentially an infinite
dimension.
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As a second scaling ansatz, we assume that, in the macroscopic limit, the scaling
of the cluster-size distribution ns can be written as9:

ns(ε) = s−τG(εsσ),
�� ��2.21

where again G is a well-behaved function. The form of ns one usually has
in mind is ns ∝ s−τe−s/s

∗ [New02], which is essentially a damped power-law
with cut-off s∗, valid for large cluster sizes. At criticality, a very large cluster
arises, caused by the diverging cut-off s∗ according to s∗ ∝ ε−1/σ such that
ns(tc) ∼ s−τ .

Using the scaling forms of Eq. (2.19) and Eq. (2.21), standard techniques
provide us with exponent relations by which all critical exponents can be related
to νh and νε. One arrives at [SA94, Yeo92]

β = νε(1− ν−1
h ),

�� ��2.22a

γp = νε(2ν−1
h − 1),

�� ��2.22b

α = 2− 2β − γp,
�� ��2.22c

σ = (β + γp)−1,
�� ��2.22d

τ = 2 + β(β + γp)−1,
�� ��2.22e

δ = (β + γp)/β.
�� ��2.22f

The problem we are left with is to find the scaling exponents νh and νε for
percolation on scale-free networks. If the exact bond percolation model is known,
the scaling relations are solved using a Landau-like theory which is derived from
the exact self-consistent equations Eq. (2.10). We will illustrate this procedure
in the next section for random bond percolation. In later sections, the procedure
will be extended to include biased percolation on (bipartite) scale-free networks.
Note finally that this finite-size scaling is only applicable if links are removed
from the network in a degree-independent manner or a local degree-dependent
manner10, since otherwise the Fortuin-Kasteleyn construction breaks down.

9Note that for d-dimensional lattices with d > 8, the cluster-size distribution can indeed be
written in this form [SA94, HL81]. Again, the ansatz is justified since our considered complex
networks have essentially an infinite dimension.

10Examples of non-local rules are discussed in Section 2.6.
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2.3 Random bond percolation

In random bond percolation, links are introduced or removed randomly from
lattices or networks. At any instance of the process, all links have the same
probability to be removed or included. We briefly discuss the results of such a
process for Erdős-Rényi random graphs and scale-free networks. For the former
structure, the critical behaviour was discussed by Erdős and Rényi [ER60].
Random bond percolation on scale-free structures was first studied by Albert
et al., who gave a qualitative analysis of the critical point based on simulation
results [AJB00]. The first quantitative studies were made by Cohen et al.11, who
derived an expression for the critical point [CEbAH00] and the basic critical
exponents [CbAH02].

For both structures, the same model is used. The starting point is a complex
network or random graph and gradually links are removed from it. The process
is described in terms of the fraction of nodes or links which are still present
in the network, henceforth denoted by f . An evaluation of the Molloy-Reed
criterion, Eq. (2.1), in the diluted network indicates the critical value fc for which
the percolation transition occurs. Moreover, using generating functions and
finite-size scaling, we determine the critical exponents of the phase transition.

2.3.1 Critical fraction

Since all links are retained with probability f and removed with probability
1− f , the degree distribution in the diluted network is given by

P ′(k) =
kmax∑
q=k

P (q)
(
q

k

)
fk(1− f)q−k,

�� ��2.23

where we introduced the prime to indicate quantities in the diluted network,
i.e. in the network after depreciation. Simple algebra relates the moments in
the diluted network tot the one in the complete graph:

〈k〉′ = f〈k〉,
�� ��2.24a

〈k2〉′ = f2〈k2〉+ f(1− f)〈k〉.
�� ��2.24b

11Note that Cohen et al. focussed on random node percolation, but similar techniques yield
qualitatively similar results for random bond percolation [DGM08].
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Evaluating the Molloy-Reed criterion, Eq. (2.1), in the diluted network leads to
the critical fraction

fc = 1
〈k2〉
〈k〉
− 1

.
�� ��2.25

Eq. (2.25) indicates which fraction of links has to be retained in order to observe
a giant component. If f < fc, too many edges have been removed and the
diluted network contains only small clusters.

An alternative procedure obtains the critical point using the generating
functions theory. Using the degree distribution in the diluted network, Eq. (2.23),
straightforward algebra yields the generating functions F0 and F1 of the diluted
network:

F0(x) =
∑
k

P (k)(1− f + xf)k,
�� ��2.26a

F1(x) = 1
〈k〉

∑
k

kP (k)(1− f + xf)k−1.
�� ��2.26b

The self-consistent equations, Eq. (2.10), reduce to

u = 1
〈k〉

∑
k

kP (k)(1− f + uf)k−1,
�� ��2.27a

S = 1−
∑
k

P (k)(1− f + uf)k.
�� ��2.27b

For general values of f , the size of the largest cluster can be found by numerically
solving these equations. Using Eq. (2.12), it is easily proven that the critical
fraction obtained from the generating functions theory matches the result in
Eq. (2.25).

Note that the preceding results are independent of the topology and can thus
be applied to all types of uncorrelated networks. In the following, we focus on
the Erdős-Rényi random graph and the scale-free network.
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Application to Erdős-Rényi networks

On random graphs, Eq. (2.25) takes a simple form. Since 〈k2〉 = 〈k〉(〈k〉+ 1),
see Eq. (1.20), the critical fraction is

fc = 1
〈k〉

.
�� ��2.28

If the fraction of removed links, 1 − f , is larger than 1 − fc, too many edges
have been removed to retain the giant cluster and hence the non-percolating
phase has been reached. Note that fc ≥ 1 if 〈k〉 < 1, which implies that the
unaffected network, which is retrieved when f = 1, contains only finite clusters
in this regime. On the other hand, if 〈k〉 ≥ 1, the unaffected graph contains a
giant component and hence the critical fraction 〈k〉c equals one. These results
have first been obtained by Erdős and Rényi in one of their seminal papers
[ER60]. The critical point can also be verified using Monte-Carlo simulations.

Application to scale-free networks

An evaluation of Eq. (2.25) on scale-free networks shows that the behaviour
of those networks under the random removal of links solely depends on the
topological exponent. Two distinct regimes can be identified depending on the
finite-size scaling of the second moment.

In Eq. (1.30), it was shown that the second moment is always finite if γ > 3,
while it diverges with the network size if γ ≤ 3. If γ > 3, fc therefore has a finite,
non-zero value in the macroscopic limit. The coherence of the network can be
destroyed by the removal of a finite fraction of the links. Those networks are
therefore called fragile. On the other hand, in scale-free networks in which γ ≤ 3,
the critical fraction vanishes in the macroscopic limit. The network thus always
percolates, irrespective of the number of links that have been removed. The
networks are resilient to random breakdowns and therefore coined robust. In a
robust network, all links must be removed before the giant cluster is completely
destroyed. A heuristic argument relates the robustness or fragility of a network
to the number of hubs. When 2 < γ ≤ 3, the core structure of the network is
formed by a small number of very large hubs. In a random deletion process,
it is very unlikely that these hubs will be deleted and, consequently, the core
structure of the network is untouched by the destruction process. If γ > 3, the
network is more homogeneous and the random removal of links can destroy the
central structure of the network.
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2.3. Random bond percolation

Note that real-life networks are always finite. Consequently, they have a non-
zero critical fraction and, theoretically, they are therefore always fragile. For
finite networks, Eq. (1.32) and Eq. (1.33) yield the finite-size scaling of the
critical fraction:

fc ∼ N
γ−3
γ−1 if γ < 3,

�� ��2.29a

fc ∼
1

logN if γ = 3.
�� ��2.29b

Simulations support the validity of these results [DGM08, Hoo09]. A numerical
evaluation of Eq. (2.29) in networks with 106 nodes furthermore shows that the
critical fraction is very small in case γ < 3. In practice, large real-life networks
are thus often very robust against random failures.

Finally, we briefly comment on the validity of the Molloy-Reed criterion.
Recall that this criterion is only valid if the diluted networks are uncorrelated at
any instance in the removal process. Since the links are removed randomly, this
constraint is trivially satisfied if the original network is uncorrelated. Moreover,
the criterion assumes that the network does not contain finite loops at the
percolation transition. If γ > 3, Eq. (1.37) substantiates this ansatz, while, if
γ < 3, it seems to falsify the ansatz. However, in this regime, the percolation
transition occurs when f = 0. Although the network is largely correlated if
f > 0, it is of course free of any loops if all links have been removed, and
therefore the ansatz is validated.

2.3.2 Critical exponents

The critical exponents of the percolation theory and relations between them
were introduced in the previous section, in which we also concluded that the only
problem left was to find the scaling exponents νh and νε. These two exponents
are now derived using a Landau-like theory which is based on the exact self-
consistent equations, Eq. (2.27). However, we will find that the previously
used forms of the Landau-like theories of Refs. [HHP07, IT02, GDM03] are too
limited for studying the percolation transition in case the distribution function
has a very fat tail, that is when 2 < γ < 3.

In the Landau-like theory, we use a new order parameter,

ψ(ε, h) = 1−H1(ε, h),
�� ��2.30

where we use the conventions of Section 2.3. As we are merely interested in
the behaviour near the transition where ε� 1, h� 1 and ψ � 1, Eq. (2.8a) is
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expanded using the generating functions introduced in Eq. (2.26). We distinguish
between fragile (γ > 3) and robust networks (γ < 3).

Fragile networks

For fragile networks, which obey γ > 3, we find the form:

h = −c1εψ + c2ψ
2 + ...+ csψ

γ−2 + . . . ,
�� ��2.31

in which all ci, as well as the coefficient of the singular term, cs, are positive
constants. Note that this relation is checked using a numerical evaluation of
the self-consistent equation close to criticality [Hoo09]. Eq. (2.31) also follows
from minimisation of the free energy:

F(ε, h) ∝ −hψ − c1εψ
2 + c2ψ

3 + ...+ csψ
γ−1 + . . . ,

�� ��2.32

with respect to the order parameter ψ.

We further distinguish between two cases. Firstly, when 4 < γ, the relevant
part of the equation of state for ψ becomes:

h = −c1εψ + c2ψ
2.

�� ��2.33

Solving for ψ, and substitution of the result into Eq. (2.32), one simply finds
that the free energy scales as:

F(ε, 0) ∝ ε3,
�� ��2.34a

F(0, h) ∝ h3/2.
�� ��2.34b

In other words, when 4 < γ, we find that νε = 3 and νh = 3/2. From these two
exponents, and using Eqs. (2.22), all other exponents are derived. The results
can be found in the last column of Table 2.1.

Secondly, when 3 < γ < 4, the relevant part of Eq. (2.31) reduces to

h = −c1εψ + csψ
γ−2,

�� ��2.35

from which it follows that

νε = γ − 1
γ − 3 ,

�� ��2.36a

νh = γ − 1
γ − 2 .

�� ��2.36b

All other exponents are given in the second column of Table 2.1.
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Robust networks

In case 2 < γ < 3, the critical fraction vanishes and the network is robust.
Again, Eq. (2.8a) is expanded using the small parameters ε� 1, |h| � 1 and
ψ � 1. The equation of state for ψ and the associated free energy become:

h =− cs(εψ)γ−2 + ψ + . . . ,
�� ��2.37a

F(ε, h) ∝ ε
(
−hψ + csε

γ−2ψγ−1 + ψ2

2

)
+ . . . ,

�� ��2.37b

where cs > 0. It follows that

F(ε, 0) ∼ ε
γ−1
3−γ ,

�� ��2.38a

F(ε, h)|ε→0 ∼ |h|
γ−1
γ−2 .

�� ��2.38b

In the last expression, the limit ε→ 0 is only taken in the free energy and h is
taken small and negative such that ψ is still positive. Therefore,

νε = γ − 1
3− γ and νh = γ − 1

γ − 2 .
�� ��2.39

The other exponents are listed in the first column of Table 2.1.

Discussion

We have now derived all the important critical exponents for random bond
percolation on scale-free networks. Some remarks can be formulated. First,
additional support for the critical exponents stems from the Fortuin-Kasteleyn
construction. In the regime 2 < γ < 3, the critical exponent β for the Potts
model on scale-free networks was derived by Dorogovtsev et al. [DGM04]. Their
result is compatible with ours. Second, we have derived the exponents for bond
percolation. Using similar arguments, Cohen et al. deduced the exponents β, σ
and τ for random node removal [CbAH02]. The exponents obtained for node
percolation in case γ > 3 reduce to the ones for bond percolation. However, the
exponents in the first column of Table 2.1 do not coincide with those for node
percolation [CbAH02, LGKK07]. The critical behaviour of node percolation
thus only matches the one for bond percolation if the network is fragile, which
is expected since also the generating functions are only equal in the fragile
regime [DGM08].

From Table 2.1, it is furthermore deduced that, if γ > 4, the exponents agree,
as expected, with the usual mean-field results for percolation on networks or
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2 < γ < 3 3 < γ < 4 γ > 4

Robust Fragile Fragile

β
1

3− γ
1

γ − 3 1

τ
2γ − 3
γ − 2

2γ − 3
γ − 2 5/2

σ
3− γ
γ − 2

γ − 3
γ − 2 1/2

α −3γ − 7
3− γ −5− γ

γ − 3 −1

γp −1 1 1

δ γ − 2 γ − 2 2

Table 2.1: Critical exponents for random bond percolation in scale-free networks.
The first row indicates whether the network is robust or fragile. If the topological
exponents γ are replaced with the exponents γ′ of the depreciated network (see
Eq. (2.60)), the results are also valid for biased percolation.

lattices [Ess80, SA94]. However, in the regime 2 < γ < 4, the critical exponents
differ from the usual mean-field results and become dependent on the exponent
γ. The deviation stems from the fat tail of the degree distribution. The presence
of hubs in heterogeneous scale-free networks thus changes the critical behaviour
of the percolation process in comparison with random graphs and lattices with
a dimension above the upper-critical dimension.

Note, finally, that the mean-field theory is exact above the upper-critical
dimension, du = 6 [SA94]. Since the diameter of the scale-free networks
scales logarithmically with the network size, and those networks therefore
essentially possess an infinite dimension, the exactness of the mean-field results
is anticipated.
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2.4. Biased percolation

2.4 Biased percolation

2.4.1 Degree-dependent removal of links

Real-life link- or node removal processes are often not random. For instance,
in the air-transportation network, it is more likely that a flight between hubs
will be delayed or cancelled since problematic situations occur sooner at larger
airports than at small airfields, while traffic on a network induces high loads
on important connections and highly connected nodes [BBV04]. In general,
hubs and links between them are more prone to failures in technological and
social networks [New03b]. Also targeted attacks will attempt to remove hubs
or edges between them in order to destroy the network more efficiently. The
opposite behaviour is encountered in biological systems. In metabolic systems,
reactions between substances which can only be produced via a small number
of processes, fail more easily [New03b].

Several models have been introduced to study those real-life processes. Cohen
et al. studied an extreme sabotage strategy, in which a fraction f of the sites
with the highest connectivity is removed [CEbAH01]. Under such an extreme
attack, the network breaks down rapidly irrespective of the topological exponent
γ. Even in the case γ < 3, for which the network is robust against random link
or node removal, the network breaks down in the macroscopic limit already
when only a small fraction of the hubs is removed. A more moderate destruction
process was introduced by Gallos et al., who studied degree-dependent node
removal on scale-free networks [GCA+05]. In their model, a node with degree
k is removed from the network with a probability proportional to kα, with α a
real parameter. Gallos et al. concluded that even a small deviation away from
the random percolation can lead to a drastic change in the critical behaviour
[GCA+05].

We focus on the removal of links from the network. In an attempt to model a
realistic link removal process, we introduce biased link percolation on scale-free
networks. This percolation process consists of a degree-dependent removal of
links, i.e. links are removed according to the degrees of the nodes they connect.

The implementation of the biased percolation attaches a degree-dependent
weight to each link: the weight of a link between nodes with degrees ki and kj
is defined as

wij = (kikj)−α,
�� ��2.40
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where we introduced the bias exponent or parameter α. During the depreciation
process, links are retained with a probability pij proportional to wij , or,
equivalently, edges are removed with a probability qij = 1 − pij . By tuning
the bias exponent, we can explore three qualitatively different regimes. In case
α = 0, one simply recovers random edge removal as discussed before. If α > 0,
an attack strategy in which links attached to hubs are more prone to failure
occurs. We henceforth call this process centrally biased (CB) percolation. The
aforementioned failures in airport networks form an example of CB behaviour.
The converse regime, α < 0, is called peripheral bias (PB), which for instance
happens in metabolic networks.

For scale-free networks, we will further demonstrate that if α ≥ 1 the depreciated
network, is no longer scale-free. On the other hand, if α ≤ 2−γ the depreciated
network will possess an infinite mean degree. The allowed range of the bias
exponent is therefore given by12 α ∈]2− γ, 1[.

In the remainder of the section, the most important results concerning biased
percolation on scale-free networks are discussed. We focus on the properties
and structure of the depreciated network, the critical point and the critical
exponents. All results were already published in Refs. [MAHI09, HVSM+10]
and some elaborations can be found in the thesis Ref. [Hoo09].

2.4.2 Two approaches

In our model, we start from a random network with all N node degrees
distributed according to the degree distribution P (k), which is (mostly) assumed
to be scale-free. Initially all edges are removed and we aim at reintroducing
a fraction f of the total number of edges, Nl = 〈k〉N/2, according to the
probabilities pij .

In the remainder, we study two diversifications of the process. In the first
approach, the sequential approach, the edges are re-established one by one. In
contrast, in the simultaneous approach, a certain fraction of links is restored in a
single sweep. Both approaches can be observed in real-life events. For instance,
an attack will most likely result in the simultaneous removal of multiple bonds,
while, on the other hand, in a mechanical breakdown in the Internet routers
will most likely break down one by one instead of multiple routers at the same
time. Note that we are only dealing with independent incidents. Cascades of
failing nodes, as f.i. occur in the power grid, are studied in Chapter 4.

12We remind the reader that γ > 2, since otherwise the mean degree in the unaffected
network is infinite.
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The sequential approach

In the sequential approach, all edges are introduced one by one: during each
time-step, a single link is activated. The probability that the (inactive) edge
between nodes i and j is activated at time t is pij = wij/Zt where Zt is the sum
of the weights wij of all non-activated edges after t − 1 steps. Note that the
weights must be recalculated after every time-step, which makes simulations of
the process time-consuming.

The probability ρij(f) that an edge between nodes i and j is again present after
the re-inclusion of a fraction f of the edges, is

ρij(f) = 1−
fNl∏
t=1

(
1− wij

Zt

)
.

�� ��2.41

For sufficiently large networks wij/Zt is typically small compared to one and
Eq. (2.41) is well approximated by:

ρij(f) ≈ 1− e−Dfwij ,
�� ��2.42

with the positive parameter Df =
∑fNl
t=1 Z

−1
t . A technical computation shows

that
D(f) ≈ − ln(1− f)

〈w〉e
,

�� ��2.43

where 〈·〉e denotes an average over all links. The approximation is valid in the
thermodynamic limit as long as α ∈ [2− γ, 1]. The detailed calculation can be
found in Ref. [Hoo09]. Substitution of Eq. (2.43) in Eq. (2.42) yields

ρij(f) ≈ 1− [1− f ]wij/〈w〉e .
�� ��2.44

Note that this equation reduces to the expected form in two limit situations:
if links are removed randomly, i.e. if α = 0, ρij = f is found, while ρij ∼ 1 if
almost all links are present, i.e. in the limit f → 1.

We proceed by defining the marginal distribution ρk which is the probability
that an edge connected to a node with degree k is present in the network after
reconstruction. A relation between ρk and ρkq is found easily:

ρk =
kmax∑
q=kmin

Pn(q)ρkq,
�� ��2.45
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where Pn(q) anew represents the nearest-neigbour degree distribution. An
analytic approximation to ρk is given by

ρk ≈ 1− [1− f ]k
−α/
√
〈w〉e .

�� ��2.46

This result can be obtained by substituting ρkq into Eq. (2.45), converting the
sum into an integral and using the approximation 0 < α� 2− γ [HVSM+10].
Although the accuracy of Eq. (2.46) can only be proven analytically for this
specified range of α, numerical inspection shows that it is a rather good
approximation to Eq. (2.45) for a wider range of α, including negative values.
In fact, the result is useful in the entire interval of interest α ∈ [2− γ, 1]. Note
also that the correct limit ρk = f is found if α = 0.

An important consequence of Eq. (2.46) is the appearance of a cross-over for
ρk as a function of k when f is neither too small nor too close to 1, such that
ln(1− f) is of order unity. Two asymptotic cases can then be identified. On
the one hand, if

− ln(1− f)√
〈w〉e

k−α � 1,
�� ��2.47

a series expansion of Eq. (2.46) indicates that ρk follows a decreasing power-law
as a function of k:

ρk ∼ k−α
ln(1− f)√
〈w〉e

.
�� ��2.48

On the other hand, if
− ln(1− f)√

〈w〉e
k−α � 1,

�� ��2.49

ρk is almost constant:
ρk ∼ 1.

�� ��2.50

Both for central and peripheral bias, the dependence of ρk on k has a cross-over
between these two regimes. When CB is applied, a cross-over between a regime
with ρk ≈ 1 to a decreasing power-law occurs as the node degree increases. The
opposite behaviour occurs when PB is applied: an increasing node degree will
cause a cross-over between a power-law behaviour at small k and a constant
regime with ρk ≈ 1 for large k. The cross-over degree k× is the same in both
cases and can be deduced from Eq. (2.47) and Eq. (2.49):

k× =
(
− ln(1− f)√

〈w〉e

)1/α

.
�� ��2.51
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In the macroscopic limit the mean weight satisfies [Hoo09]

√
〈w〉e = 〈k

1−α〉
〈k〉

= γ − 2
γ − 2 + α

k−αmin ,
�� ��2.52

hence the cross-over degree becomes

k× =
(
−γ − 2 + α

γ − 2 ln(1− f)
)1/α

kmin.
�� ��2.53

The presence of the cross-over for ρk will cause a cross-over in the degree
distribution in the depreciated network, as we will show further on. In turn, this
latter cross-over influences the resilience of the network to the biased removal
of links.

The simultaneous approach

In the simultaneous approach, we again start from a fully depreciated
uncorrelated network with degree distribution P (k). At each time-step, we
then visit each edge (between nodes i and j) once and activate this edge with
probability

ρij = f
wij
〈w〉e

.
�� ��2.54

In contrast to the sequential approach, ρij is now history-independent. Note
also that 〈ρij〉e = f , as it must be.

In order to have a well-defined process, ρkq must be less than or equal to one
for all possible degrees k and q. This means that Eq. (2.54) is only well-defined
for values of f for which

f < fu ≡
(
〈k1−α〉
〈k〉

)2

× (min(kαmin, k
α
max))2.

�� ��2.55

It can be calculated that, in the macroscopic limit, the right-hand-side of
Eq. (2.55) vanishes when α < 0 and therefore the simultaneous approach is only
meaningful for central bias and provided

f <

(
γ − 2

γ − 2 + α

)2
.

�� ��2.56
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To reach fractions above this limit in the simulations, we iterate the simultaneous
approach. The first iteration involves the usual simultaneous approach with
f = fu; the second iteration is initialised by considering a new network consisting
of all edges that have not been reintroduced during the first sweep. For that
network one calculates the probabilities wij/Z2 and a new value of fu, which is
the minimum of the set {〈w〉e/wij} where also the average is only over edges
of the new network. One then applies the simultaneous approach until the
new fu is reached, after which a third iteration can be initialised if necessary.
Such iterations, however, introduce correlations and history dependence. Note
that the sequential approach can be seen as an extreme case of an iterated
simultaneous approach in which only one edge is reconstructed in each iteration.

The marginal distribution during the first sweep of the simultaneous approach
can be obtained analytically:

ρk = k−α
f√
〈w〉e

.
�� ��2.57

This expression matches Eq. (2.48), which is the large-k limit of the marginal
distribution for a CB process using the sequential approach. The asymptotic
mean probability that an edge connected to a hub is present in the depreciated
network is thus approximately the same for the sequential and the simultaneous
approach in case α > 0.

2.4.3 Structure of the depreciated network

In this subsection, we study the structure of the depreciated network, both for
the simultaneous and the sequential approach. Firstly, the degree distribution
is obtained with techniques similar to those in Section 2.3. Thereafter, we
show that the depreciated network contains degree correlations if the sequential
approach is used, while correlations are absent if the simultaneous approach is
applied. In accord with our previous convention, a prime will indicate quantities
in the diluted network.

Degree distribution

The degree distribution in the depreciated network is obtained using the marginal
probability ρk:

P ′(k) =
kmax∑
q=k

P (q)
(
q

k

)
ρkq (1− ρq)q−k,

�� ��2.58
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which is a straightforward generalisation of Eq. (2.23).

In the simultaneous approach, Eq. (2.57) provides an exact expression for
ρk. Converting the sum in Eq. (2.58) into an integral and approximating the
binomial distribution by a normal distribution, one arrives at [Hoo09]:

P ′(k) ∝ k−γ
′
,

�� ��2.59

where the exponent γ′ is defined as

γ′ = γ − α
1− α .

�� ��2.60

Eq. (2.59) is valid as long as α < 1. In this regime, the degree distribution in
the diluted network is thus again scale-free, but with a different topological
constant γ′. If α = 1, Eq. (2.58) results in P ′(k) being a Poisson-like degree
distribution P ′(k) ∼ k1−γ/k! [HVSM+10]. In the remainder of the chapter, we
demand α < 1. Note that in case α = 0, P ′(k) ∝ k−γ , as it must be.

For the sequential approach, the situation is more complicated: caused by
the cross-over of the marginal distribution ρk, the degree distribution of the
depreciated network will also show a cross-over between two scale-free regimes.

In a centrally biased process, for small degrees, i.e. k � k× where the cross-over
degree is given by Eq. (2.51), ρk ∼ 1 and P ′(k) therefore mimics the behaviour
of P (k): P ′(k) ∝ k−γ . However, for large k, ρk ∼ k−α and consequently
P ′(k) ∼ k−γ

′ . For a CB process, the asymptotic behaviour of the degree
distribution in the diluted network obtained using the sequential approach
therefore matches the one for the simultaneous approach. However, if PB is
applied, the cross-over in ρk is reversed and, consequently, also the behaviour
of P ′(k) is reversed. Consequently,

P ′(k) ∼
{
k−γ

′ if k � k×
k−γ if k � k×

.
�� ��2.61

The asymptotic behaviour of the diluted network thus mimics the one for the
original network. There is however one possible pitfall in this reasoning: in some
cases, the maximal degree in the diluted network is smaller than the cross-over
degree k× and hence the cross-over in the degree distribution is not observed.
When discussing the critical point in the next section, we will illustrate this
situation.

In sum, we conclude that both for CB and PB, the degree distribution in the
diluted network possesses a cross-over between two scale-free regimes if the
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sequential approach is applied. While the smallest of the exponents γ and γ′
governs the distribution for small degrees, the asymptotic behaviour is described
with the largest of the two exponents. This behaviour is verified in simulation
results which are published in Refs. [MAHI09, HVSM+10]. Note, finally, that
the mean degree in the diluted network is only guaranteed to be finite if γ′ > 2,
i.e. if α > 2− γ, which coincides with our restrictions upon the bias exponent.

Degree-degree correlations

Besides the degree distribution, also the joint probability in the depreciated
network, P ′n(k, q), which expresses to probability that two neighbours of a
randomly chosen edge in the diluted network have degrees k and q, is calculated
in Refs. [HVSM+10, Hoo09]. We have obtained

P ′n(k, q) = kq

kmax∑
k0=k

kmax∑
q0=q

P (q0)P (k0)
(f〈k〉)2

(
k0

k

)(
q0

q

)
(ρk0)k(1− ρk0)k0−k

× (ρq0)q(1− ρq0)q0−q fρk0q0

ρk0ρq0

.
�� ��2.62

For general link removal processes, the diluted network is correlated. An
uncorrelated network is only obtained if the joint probability factorises:
P ′n(k, q) = P ′n(k)P ′n(q), where

P ′n(k) = kP ′(k)
f〈k〉

�� ��2.63

is the nearest-neighbour degree-distribution in uncorrelated diluted networks.
It is readily inferred that the joint probability only factorises if

fρkq = ρkρq
�� ��2.64

for all k and q.

Using Eq. (2.57), it is easily verified that Eq. (2.64) is satisfied for the
simultaneous approach and therefore correlations are absent in the reconstructed
network (after a single iteration). For the sequential approach, on the other
hand, Eq. (2.64) is generally not satisfied and the reconstructed network will
be correlated. For central bias (α > 0), the nature of the correlations can
be obtained. Some calculations indicate that if k and q are large, the joint
probability reduces to [Hoo09]

P ′(k, q)
P ′n(k)P ′n(q) = − f

ln (1− f) .
�� ��2.65
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Since the right-hand-side is smaller than one, this relation demonstrates the
presence of disassortative mixing in the depreciated network if a centrally biased
sequential approach is used. In other words, nodes with large degrees tend to
be connected to nodes with small degrees and vice versa. The existence of these
correlations is also substantiated by simulations [HVSM+10].

2.4.4 Percolation threshold

In this subsection, the critical threshold fc for biased percolation is determined.
As for random bond percolation, the finite-size scaling of fc will indicate the
resilience of the network. We first focus on the simultaneous approach, for
which exact results are obtained. Afterwards, heuristic arguments yield the
critical behaviour of the sequential approach.

We start the derivation of fc by expressing the first and second moment of P ′(k)
in terms of the moments of P (k) using13 Eq. (2.58):

〈k〉′ = 〈kρk〉,
�� ��2.66a

〈k2〉′ = 〈kρk(kρk − ρk + 1)〉,
�� ��2.66b

which are valid for both approaches. The Molloy-Reed criterion, Eq. (2.1), then
provides an implicit condition for the critical fraction fc:

2〈kρk〉 = 〈kρk(kρk − ρk + 1)〉.
�� ��2.67

Note that this condition is exact if the diluted network is uncorrelated, a
condition which is only satisfied for the simultaneous approach.

Simultaneous approach

For the simultaneous approach, ρk is known exactly. Substitution of Eq. (2.57)
in Eq. (2.67) yields the critical fraction

fc = 〈k1−α〉2

〈k〉 (〈k2−2α〉 − 〈k1−2α〉) .
�� ��2.68

Eq. (2.68) provides an expression for the critical fraction of a biased percolation
process using the simultaneous approach in terms of quantities in the unaffected
network and the bias constant α. This result is valid for general uncorrelated

13Recall that a prime indicates quantities in the diluted network.
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complex networks, since no restrictions on the degree distribution of the
unaffected network have been imposed in its derivation.

For scale-free networks, replacing the sums over the degree distribution with
integrals, it can be seen that the moments 〈k1−α〉 and 〈k〉 never diverge for
networks with γ > 2 and γ′ > 2, where γ′ is defined as in Eq. (2.60). Both
the moments 〈k2−2α〉 and 〈k1−2α〉 can diverge, but the former will always grow
faster as a function of N than the latter. The finite-size scaling of fc thus
stems from the first term which, for 2 < γ′ < 3, diverges as k3−2α−γ

max . Using the
finite-size scaling for kmax, Eq. (1.27), we obtain

fc ∼ N
γ′−3
γ′−1 if 2 < γ′ < 3,

�� ��2.69

while fc is finite in the thermodynamic limit if γ′ > 3. Whether or not a network
is robust for the degree-dependent attack is thus not solely a property of the
network. Also the exponent α plays a crucial role in the arguments and its
effect can be absorbed by using the exponent γ′ instead of the exponent before
dilution, γ.

Moreover, there is a similarity between Eq. (2.69) and its counterpart for
random percolation, Eq. (2.29). These relations can be converted into one
another by the exchange γ′ ↔ γ. The finite-size scaling of the critical fraction
of a biased process on a network with topological exponent γ is thus the same as
the finite-size scaling of the critical fraction of a random process on a network
with topological constant γ′. In case α = 0, the random removal of links is
therefore correctly retrieved.

Recall that the simultaneous approach is only correctly defined for centrally
biased processes. Consequently, α is positive and γ′ > γ. If the network is
fragile for random percolation, it is therefore also fragile for the biased process.
This behaviour is hardly surprising: the network already easily disintegrates
by randomly removing its links and we expect the CB process to destroy the
network even faster. A more noteworthy situation occurs if γ and α are chosen
such that γ ≤ 3, but γ′ > 3. The network is then robust for the random
removal of links, but fragile for the attack towards the links attached to the
hubs provided by the biased dilution process. The robust network is therefore
turned fragile by the application of a CB process.

Sequential approach

For the sequential approach, a more complicated behaviour occurs; we therefore
make a distinction between central and peripheral bias. In both cases,
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Figure 2.2: The critical fraction fc for the sequential approach as a function of
the network size N . Two regimes are shown: networks with γ = 2.5 submitted to
CB with bias constant α = 0.5 (continuous black line) and networks with γ = 4
submitted to PB with bias constant α = −1 (dashed red line). To compute the
critical fraction we average over 104 network realisations for each set of parameters
and apply for each network the percolation process 100 times. The standard error
is smaller than the symbol sizes.

Eq. (2.67) provides only an approximate criterion for the critical point, since
the correlations in the diluted network are neglected in the derivation. However,
simulations indicate only minor quantitative changes, while the qualitative
behaviour remains unchanged.

For CB, the exponent γ′ governs the asymptotic behaviour of ρk. In the
thermodynamic limit, the arguments of the simultaneous approach thus also
apply to the sequential approach, if the correlations introduced by the latter
are neglected. Fig. 2.2 shows simulation results for a process with a biased
constant α = 0.5 on a network with topological constant γ = 2.5 resulting in
γ′ = 4. We observe that the critical fraction fc converges to a finite value as N
grows, confirming the conjecture that a robust network may turn fragile under
CB. Furthermore, Eq. (2.69) indicates the scaling of fc with the network size
if the exponents γ and α are chosen such that 2 < γ′ < 3. The accurateness
of the exponent in Eq. (2.69) is also observed in simulations [Hoo09], which
substantiates the neglect of the correlations in the determination of the finite-size
scaling of the critical point.
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For peripheral bias, the situation is less clear-cut. For PB, ρk ∼ 1 for
large degrees (k � k×) and one expects that the asymptotic behaviour should
match the one for random percolation, both being governed by the same
exponent γ. However, as already mentioned in the previous section, the maximal
degree in the diluted network may be smaller than the cross-over degree. In
Refs. [MAHI09, Hoo09] we show that this is the case at the critical point if
α < 3− γ < 0. This process is coined the strong peripheral bias regime, while
weak peripheral bias is applied if 3− γ < α < 0.

Weak peripheral bias can only be applied to a fragile network, since it demands
3− γ < 0. Since the topological constant γ also governs the behaviour under
the biased process, the network is also fragile under the biased removal of
links. Although links attached to hubs are spared during the removal process,
the bias is too weak to alter the fragility of the network. If strong peripheral
bias is applied, P ′(k) ∼ k−γ

′ for large degrees and we therefore conjecture
Eq. (2.69) to be valid. Although the validity of Eq. (2.69) cannot be established
analytically, simulations substantiate its accurateness in the strong PB regime.
Fig. 2.2 shows fc for a process with bias constant α = −1 on a network with
topological constant γ = 4 resulting in γ′ = 2.5. The critical fraction decays
with N as a power-law, fc ∼ N−ς . The best fit to the data in this case results
in ς = 0.35± 0.02, consistent with the value 1/3 expected from Eq. (2.69). This
result shows that a fragile network under strong PB will behave in the same
fashion as a robust network with a degree distribution controlled by γ′ under
normal failure.

CB Weak PB Strong PB

α > 0 3− γ < α < 0 α < 3− γ < 0

Governing exponent γ′ γ γ′

Table 2.2: Different regimes of biased percolation. The table indicates whether the
exponent γ or the exponent γ′, defined in Eq. (2.60), governs the finite-size scaling
of the critical point of a biased link removal process with bias exponent α.

In sum, we showed analytically and using simulations that biased percolation
can turn a fragile network robust and vice versa. In Table 2.2 we indicate for
all regimes which exponent governs the finite-size behaviour. The robustness or
fragility of the network can then be inferred from the corresponding exponent.
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2.4.5 Critical behaviour

Critical exponents and relations between them were introduced in Section 2.2.2.
In Section 2.3.2, the exponents for random bond percolation were derived using
a Landau-like theory based upon the exact self-consistent equations, Eq. (2.8).
Here, the scheme is extended to include biased percolation. We limit ourselves
to situations in which the diluted network is uncorrelated, and therefore only use
the simultaneous approach. The calculations will provide additional support for
our simple scaling relation using the exponent γ′ defined in Eq. (2.60). We first
start with a derivation of the generating functions theory for biased percolation.

Generating functions theory

The behaviour of the order parameter for the percolation problem, i.e. the size
of the giant cluster S, is given by the self-consistent equations Eq. (2.10). In
case of random bond percolation, these equations reduce to Eq. (2.27). The only
difference for biased link removal is in the expressions for the (nearest-neighbour)
degree distribution in the depreciated network, which, in turn determine the
generating functions F0 and F1.

Using the expression for the degree distribution in the diluted network, Eq. (2.58),
the generating functions F0 and F1 can be worked out:

F0(x) =
∑
k

P (k)(1− ρk + ρkx)k,
�� ��2.70a

F1(x) = 1
f〈k〉

∑
k

ρk kP (k)(1− ρk + ρkx)k−1.
�� ��2.70b

A detailed calculation is found in Ref. [HVSM+10]. Note that, if α = 0 and
thus ρk = f , these results match with the ones for random bond percolation,
see Eq. (2.26). The self-consistent equations, Eq. (2.10), become

u = 1
f〈k〉

∑
k

ρkkP (k)(1− ρk + ρku)k−1,
�� ��2.71a

S = 1−
∑
k

P (k)(1− ρk + ρku)k,
�� ��2.71b

which also clearly match Eq. (2.27) if α = 0.

Using a simple iteration scheme, Eq. (2.71a) can be solved numerically for u.
The obtained result is then inserted in Eq. (2.71b), which provides numerically
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Figure 2.3: Evolution of the size of the largest cluster in a link-removal process
with biased exponent α = 0.2 on a scale-free network with topological constant
γ = 2.2. The figure compares simulation data (red dots) with analytical results
obtained using the scheme outlined in Eq. (2.71) (black line). The simulation data
are averages over 100 realisations of the link removal process on a network with
106 nodes. The standard errors are smaller than the symbol sizes.

an exact result for the size of the giant cluster in the network. Extensive
simulation data support the correctness of this approach [HVSM+10, Hoo09].
Fig. 2.3 shows an illustration for a link-removal process with biased exponent
α = 0.2 on a scale-free network with topological constant γ = 2.2, resulting in
γ′ = 2.5. Clearly, the simulation data and analytical results match.

Scaling theory and critical exponents

The critical exponents are now derived from the exact self-consistent equations
and the generating functions using a Landau-like theory. The formalism of
Section 2.3.2, using the parameters ε and h, is again used. We therefore define
the order parameter

ψ(ε, h) = 1−H1(ε, h).
�� ��2.72

Again, the self-consistent equations are expanded around the critical point,
i.e. with the assumptions ε � 1, h � 1 and ψ � 1. Some straightforward
calculations indicate that the form of the expanded equations for random
percolation, Eq. (2.31) and Eq. (2.37a), is also valid for the biased percolation
if the topological exponent γ is replaced by the constant γ′ of the diluted
network [Hoo09, HVSM+10]. In particular, the singular terms in Eq. (2.31) and
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Eq. (2.37a) simply alter to csψγ
′−2 and −cs(εψ)γ′−2 respectively. Consequently,

the derivation of the critical exponents uses exactly the same calculations as
those applied in the determination of the critical exponents for random bond
percolation. The only change comprises the replacement of γ by γ′. The critical
exponents for biased edge removal can thus be obtained from those in Table 2.1,
if the change γ → γ′ is performed. Note that also the regimes in which the
critical exponents are valid now depend on the exponent γ′.

2.4.6 Discussion

The obtained critical exponents imply that centrally biased percolation with
bias exponent α(> 0) on a network with topological exponent γ has the same
critical behaviour as a random percolation on a network with degree exponent γ′.
Stated differently, biased percolation is part of the same universality class as
random percolation on a network with a different topological exponent γ′ and,
consequently, the critical behaviour of biased percolation can simply be inferred
from the results for random percolation. The relation is briefly summarised as

(γ, α) ⇐⇒
(
γ − α
1− α , 0

)
.

�� ��2.73

Note that the same equivalence between random and centrally biased percolation
was already found for the finite-size scaling of the critical point, as is shown in
Eq. (2.69).

This important result also appeared in previous work concerning degree-
dependent interactions on scale-free networks [GHI+05, GHI+06]. Giuraniuc et
al. studied the Ising model on scale-free networks with degree-dependent spin
couplings Jij which are taken proportional to14 our wij . In doing so, it was
discovered that a network with “interaction exponent” α and degree exponent
γ has the same critical behaviour as a network with interaction exponent zero
(uniform couplings J) and degree exponent γ′. The same exponent mapping
of the centrally biased percolation thus appears in spin models on scale-free
networks. In view of the Fortuin-Kasteleyn construction, these findings should
be of no surprise.

14The motivation for introducing degree-dependent couplings was the observation that for
γ ≤ 3 the system is always “ordered” (critical temperature Tc =∞) due to the dominance of
the hubs. However, degree-dependent couplings make it possible to compensate high degree
with weak interaction (assuming α > 0) so that the effect of the hubs is neutralised [Ind04].
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2.5 Biased percolation on bipartite networks

Not all networks can be described using a single type of vertices. For instance,
the network of hetero-sexual contacts can be best modelled by two types of
vertices, men and women, where edges always connect a man to a woman.
In general, links often only run between nodes with distinct properties. This
behaviour also appears in affiliation networks, i.e. in structures of individuals
joined by common memberships of communities. The two types of vertices then
represent the individuals and the groups, while the links between them indicate
group membership [New03b]. In Section 1.4.3, we introduced the bipartite
network for these purposes.

Bipartite networks have been studied thoroughly in the network community.
Most studies focussed on the architecture and the building process of the network.
For example, the structure of the sexual-contact network [Erg02], listening habits
and music genres [LA05] and general affiliation networks [RDPS04, PCMG07]
have been studied. It was revealed that in many bipartite networks, the
degree distribution of both types of nodes shows the scale-free characteristic.
This is for instance the case for the hetero-sexual contacts network [LEA+01].
Bipartite networks in which the degree distribution of both types is scale-free,
are henceforth coined scale-free bipartite networks.

In this Section, biased bond percolation on scale-free bipartite networks is
studied. Allard et al. were the first to introduce a general degree-dependent
link removal process on multipartite networks [ANDP09]. In their model, the
degree dependence of the removal is not specified. Using a generating functions
theory, a criterion for the critical point could be obtained. We introduce a
specific degree-dependent removal in which the weights of the previous section
are applied to bipartite networks. We focus on a process in which a fraction
of the links is removed in a single sweep, hence the simultaneous approach is
used. A generating functions theory again provides a criterion for the critical
point, while a finite-size scaling theory yields the critical behaviour. We will
show that the percolation properties of the bipartite network are determined by
the percolation properties of the underlying monopartite networks. The results
are published in Ref. [HVSI10].

2.5.1 The model

We start from a bipartite network with N nodes, divided into NA nodes of type
A and NB nodes of type B, each type with its own degree distribution PA(k)
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and PB(k). Note that also the minimal degrees, kmin,i, and maximal degrees,
kmax,i, may be different in the two networks, hence the subscript i.

Moreover, we assume that no degree correlations between the nodes occur.
The probability PAn (k) that a randomly chosen edge emerging from a node of
type A leads to a type-B node with degree k thus only depends on the degree
distribution PB(k). More precisely,

PAn (k) = kPB(k)
〈k〉B

,
�� ��2.74

where 〈·〉i denotes the average over the nodes of type i, obtained by using the
degree distribution P i(k). Note that the total number of links attached to the
nodes of type A equals the total number of links attached to type-B nodes,
i.e. 〈k〉ANA = 〈k〉BNB .

As previously stated, we perform biased percolation using the simultaneous
process: an edge between nodes with degrees k and q is retained with probability

ρkq = f
wkq
〈w〉e

,
�� ��2.75

where the weights are defined as wkq ≡ (kq)−α, in accordance with the definition
of the simultaneous approach in the previous section. The average weight of an
edge, 〈w〉e, is

〈w〉e = 〈k
1−α〉A〈k1−α〉B
〈k〉A〈k〉B

.
�� ��2.76

We limit to central bias and require that the depreciated network is scale-free,
which results in the demand α ∈ [0, 1[. Note that the random link removal
process is recovered if α = 0. As for simultaneous percolation on monopartite
networks, the depreciation process is only well-defined if ρkq < 1 for all possible
values of k and q. Therefore, our percolation can only be used correctly for
values of f for which

f < fu = 〈w〉e(kmax,Akmax,B)α.
�� ��2.77

An iterative depreciation process, defined similarly to the one for monopartite
networks, provides a procedure to reach larger values of f .

Analogously to Section 2.4, marginal distributions are introduced. The
marginal distribution ρik(f) indicates the mean probability that an edge
connected to a node of type i with degree k is present when a fraction f

61



Chapter 2. Percolation

of links is re-included in the network. Using Eq. (2.45) and Eq. (2.76), we obtain

ρAk = f〈k〉A
〈k1−α〉A

k−α.
�� ��2.78

The marginal distribution ρAk does not depend on the distribution of the nodes
of type B and vice versa. Note that

fρkq = ρAk ρ
B
q ,

�� ��2.79

and thus, according to the arguments which lead to Eq. (2.64), the diluted
network is still uncorrelated.

Using the marginal distribution, the degree distribution P ′i(k) and nearest-
neighbour degree distribution P ′in (k) of nodes of type i in the diluted network
can be deduced. A simple extension of Eq. (2.58) yields

P ′i(k) =
kmax,i∑
q=k

P i(q)
(
q

k

)
(ρiq)k(1− ρiq)q−k,

�� ��2.80a

P ′in (k) = kP ′j(k)
f〈k〉j

.
�� ��2.80b

These distributions will be used in the generating functions theory in the next
section.

2.5.2 Percolation threshold

In Section 2.3.1, we provided a procedure to obtain the percolation threshold
on monopartite networks using a generating functions theory. In this section,
the scheme is extended to bipartite scale-free networks. We remind the reader
that the method is exact if the diluted network is uncorrelated and if loops in
the finite clusters can be ignored. The former demand is justified by Eq. (2.79),
while the latter is sustained by simulation data.

Generating functions

In Section 2.2.1, it was argued that the critical behaviour of a monopartite
graph can be found using four generating functions. For bipartite networks,
the number of generating functions doubles, since each of the two subgraphs
requires its own generating functions.
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First, we introduce the generating functions for the degree distribution, F i0, and
the nearest-neighbour degree distribution, F i1 in the diluted networks. These
distributions are obtained using the distributions in Eq. (2.80),

F i0(x) =
kmax,i∑
k=kmin,i

P i(k)(1− ρik + xρik)k,
�� ��2.81a

F i1(x) =
kmax,i∑
k=kmin,i

P in(k)(1− ρik + xρik)k−1,
�� ��2.81b

with i = A,B. Note that these expressions are straightforward extensions of
Eq. (2.70). The other relevant generating functions for the percolation problem
are the ones associated with the probability distribution of the size of the finite
clusters. Hi

0 generates the probability that a randomly chosen node of type i
belongs to a cluster of a given finite size and Hi

1 is the generating function for the
probability that, upon following a randomly chosen edge emerging from a node of
type i towards the endnode of type j, a cluster of given (finite) size is reached. If
the finite clusters can be treated as trees and the diluted network is uncorrelated,
these generating functions satisfy coupled self-consistency equations, analogous
to those derived for monopartite graphs, Eq. (2.8). For bipartite graphs, we
obtain

HA
1 (x) = xFB1 [HB

1 (x)],
�� ��2.82a

HB
1 (x) = xFA1 [HA

1 (x)],
�� ��2.82b

HA
0 (x) = xFA0 [HA

1 (x)],
�� ��2.82c

HB
0 (x) = xFB0 [HB

1 (x)].
�� ��2.82d

The proof of these relations uses similar techniques as the proof outlined in the
appendix A.1.2 for monopartite networks. Since links originating at a node of
type A always lead to a node of the other type and vice versa, the first two
equations of Eq. (2.82) mix both subgraphs.

Critical fraction

The percolation threshold is again studied using the average cluster size in the
diluted network of type i, 〈C〉i. Using the results of Section 2.2.1, 〈C〉i can be
related to Hi

0:
〈C〉i = Ḣi

0(1),
�� ��2.83
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where the dot represents differentiation with respect to x. An expression for
the average cluster size 〈C〉 in the bipartite network, i.e., the average fraction of
nodes of type A and B in a finite cluster, is then easily obtained:

〈C〉 = 1
2
∑
i=A,B

Ḣi
0(1).

�� ��2.84

By differentiating Eqs. (2.81a) and (2.81b) with respect to x, we obtain:

〈C〉 = 1 + f

2
〈k〉A(1− ḞB1 (1)) + 〈k〉B(1− ḞA1 (1))

1− ḞA1 (1)ḞB1 (1)
.

�� ��2.85

and hence the average cluster size diverges when

1 = ḞA1 (1)ḞB1 (1).
�� ��2.86

The percolation criterion Eq. (2.86) is the extension for bipartite graphs of the
Molloy-Reed criterion, Eq. (2.12). A similar expression for the percolation
threshold was already found in studies concerning percolation on general
multipartite networks [ANDP09].

Using Eqs. (2.78) and (2.81b) an explicit criterion for the critical fraction fc
of our biased removal process is found,

fc =

√√√√ ∏
i=A,B

〈k1−α〉2i
〈k〉i (〈k2−2α〉i − 〈k1−2α〉i)

=
√
fAc f

B
c ,

�� ��2.87

where f ic denotes the critical fraction of a monopartite graph consisting only
of nodes of type i with degree distribution P i(k), see Eq. (2.68). The critical
fraction and resilience of a bipartite graph can thus easily be found if the critical
behaviour of the monopartite graphs consisting of only nodes of type A and B is
known. As a consequence of the form of Eq. (2.87), if one of the two subgraphs
is robust against biased percolation, also the bipartite network will be robust.
Note that this result is valid for general uncorrelated bipartite networks, since
no restrictions have been imposed on the degree distribution of the unaffected
networks so far.

We now focus on bipartite scale-free networks in which both subgraphs are
assumed to be scale-free and the degree distributions thus follow a decreasing
power-law with topological constants γA and γB. For those networks, the
robustness criterion is

min (γ′A, γ′B) < 3,
�� ��2.88
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Figure 2.4: Overview of the different universality regions as a function of the
scale-free exponents γ′A and γ′B. The red line indicates the division between a
fragile network (red dotted regimes, labelled by I, II and II’) and a robust network
(blank regimes, labelled by III, III’, IV and IV’).

where γ′i is defined as in Eq. (2.60). A phase diagram is shown in Fig. 2.4. The
robust regimes are indicated by the blank (undotted) regions. Only if both
γ′A and γ′B are larger than 3, the network is fragile, indicated by the regimes
dotted in red on Fig. 2.4. Note, finally, that Eq. (2.87) reduces to the criterion
for monopartite graphs if γA = γB , as it should.

Finite-size scaling of the critical fraction

For the robust regimes, we determine the scaling relation of fc as a function
of the network size, fc ∝ N ς , by explicitly evaluating the expectation values
in Eq. (2.87). Replacing the sums over the degrees by integrals, it can be seen
that the moments 〈k〉i, 〈k1−α〉i and 〈k1−2α〉i never diverge if α > 0 and γi > 2.
The behaviour of the critical fraction as a function of the maximal degrees thus
stems from 〈k2−2α〉i, which for 2 < γi < 3 diverges as (kmax,i)3−2α−γi . Since
kmax,i ∝ N1/(γi−1)

i , as was proven in Eq. (1.27), the scaling of the critical point
as a function of the network size can be determined.
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If both γ′A and γ′B are smaller than 3 (regimes IV and IV’ on Fig. 2.4), ς is
given by

ς = 1
2

(
3− γ′A
1− γ′A

+ 3− γ′B
1− γ′B

)
.

�� ��2.89

Note that this reduces to the result for monopartite graphs, Eq. (2.69), if
γA = γB. If 2 < γA < 3 < γB (regime III on Fig. 2.4), the exponent ς is the
same as the exponent for a robust monopartite graph of type A:

ς = 3− γ′A
1− γ′A

.
�� ��2.90

Note that the exponent in the regime III’ (2 < γB < 3 < γA) can be found
easily by interchanging γA and γB in Eq. (2.90). An overview of the exponent
ς in the different regimes is provided in Table 2.3.

In sum, we have obtained an extension of the Molloy-Reed criterion for the
critical threshold of biased percolation on general bipartite networks. Our
results show that the critical fraction of a bipartite network is governed by
the critical percolation behaviour of the underlying monopartite graphs. For
bipartite scale-free networks, we have determined a robustness criterion and
calculated the finite-size scaling of the critical fraction for robust regimes. If one
of the underlying monoportatite scale-free networks is robust, also the bipartite
scale-free network will be resilient against the degree-dependent removal of
links.

2.5.3 Scaling theory and critical exponents

Critical exponents and relations between them were introduced in Section 2.2.2.
In Section 2.3.2, the exponents for random bond percolation on monopartite
scale-free networks were derived using a Landau-like theory based upon the
exact self-consistent equations, Eq. (2.8). Those results have been extended to
biased percolation in Section 2.4.5. Here, the latter scheme is generalised to
bipartite networks.

The critical exponents are again derived from the exact self-consistent equations,
Eq. (2.82), and the generating functions, Eq. (2.81), using a Landau-like theory.
The calculations resemble those in Section 2.3.2, but are modified to incorporate
the two types of nodes. The Landau-like theory now comprises two order
parameters:

ψi(ε, h) = 1−Hi
1(ε, h),

�� ��2.91
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where i = A,B. As we are interested in the behaviour near the transition
where ε� 1, h� 1 and ψi � 1, we can expand Eqs. (2.82a) and (2.82b). We
henceforth distinguish between fragile and robust networks.

Fragile networks

We first discuss all regimes in which both γ′A and γ′B are larger than three, i.e.,
the regimes in which the network is fragile and has a finite fc. An expansion of
the self-consistent equations, Eqs. (2.82), yields

h− ψB = −cA1 (fc + ε)ψA + cA2 ψ
2
A + . . .+ cAs (ψA)γ

′
A−2 + . . . ,

�� ��2.92a

h− ψA = −cB1 (fc + ε)ψB + cB2 ψ
2
B + . . .+ cBs (ψB)γ

′
B−2 + . . . ,

�� ��2.92b

wherein all c-constants are positive and according to the percolation criterion
f2
c c
A
1 c

B
1 = 1. Note that these equations reduce to Eq. (2.31) if γA = γB and the

change γ′i → γi is performed. Eqs. (2.92) are derivable by minimisation of the
free energy

F
fc

= ψAψB+
∑
i=a,b

(
−hψi −

ci1(fc + ε)ψ2
i

2 + ci2ψ
3
i

3 + cis(fc + ε)γ′i−2ψ
γ′i−1
i

γ′i − 1

)
+. . . ,�� ��2.93

with respect to the parameters ψi. Using the equations of state, Eqs. (2.92), we
may write at the saddle point

F
fc

=
∑
i=a,b

(
−hψi2 − ci2ψ

3
i

6 + cis(3− γ′i)
2(γ′i − 1) (fc + ε)γ

′
i−2ψ

γ′i−1
i

)
+ . . . .

�� ��2.94

If γ′A and γ′B are both larger than 4, i.e. in regime I of Fig. 2.4, the equations
of state reduce up to lowest order to

h− ψB = −cA1 (fc + ε)ψA + cA2 ψ
2
A,

�� ��2.95a

h− ψA = −cB1 (fc + ε)ψB + cB2 ψ
2
B .

�� ��2.95b

Solving for ψA and ψB and substituting the results into Eq. (2.94) yields

F(ε, 0) ∼ ε3,
�� ��2.96a

F(0, h) ∼ h3/2,
�� ��2.96b

thus, according to Eqs. (2.20), νε = 3 and νh = 3/2. All other exponents can
now be calculated using the scaling relations. We list the results in the first
column of Table 2.3.
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Next, we focus on the regime in which one of the topological exponents
is larger than four, while the other exponent has a value between three and
four. Without loss of generality, we take in the remainder of the text γ′A as
the smallest of the two exponents. The converse situation can be found by
interchanging γ′A and γ′B . The self-consistent equations now reduce to

h− ψB = −cA1 (fc + ε)ψA + cAs ψ
γ′A−2
A ,

�� ��2.97a

h− ψA = −cB1 (fc + ε)ψB + cB2 ψ
2
B ,

�� ��2.97b

from which we obtain

νε = 1
γ′A − 3 ,

�� ��2.98a

νh = 1
γ′A − 2 .

�� ��2.98b

All other critical exponents are given in the second column of Table 2.3. Finally,
we discuss the exponents in case 3 < γ′A < γ′B < 4. Although the self-consistent
equations are slightly different from those in the previous case, we can verify
that νε and νh remain unchanged. The exponents in this regime are thus the
same as in the regime discussed in the previous paragraph. Therefore, we define
region II as the region in which 3 < γ′A < 4 and γ′A < γ′B, as is illustrated in
Fig. 2.4. The exponents in that regime can be found in the second column of
Table 2.3.

Robust networks

We still have to discuss the exponents for robust bipartite networks. First,
regime IV in Fig. 2.4, in which both γ′A and γ′B are smaller than three, is
discussed. Since fc = 0, the self-consistent equations close to the critical point
reduce in lowest order to

h− ψB = −cAs (εψA)γ
′
A−2,

�� ��2.99a

h− ψA = −cBs (εψB)γ
′
B−2,

�� ��2.99b

where cAs > 0 and cBs > 0. These equations can be derived by minimisation of

F
ε

= ψAψB +
∑
i=A,B

(
−hψi −

cisε
γ′i−2ψ

γ′i−1
i

γ′i − 1

)
,

�� ��2.100
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with respect to the order parameters. At the saddle point, we may write:

F
ε

=
∑
i=a,b

(
−hψi2 − cis(3− γ′i)

2(γ′i − 1) ε
γ′i−2ψ

γ′i−1
i

)
.

�� ��2.101

By solving Eqs. (2.99) for ψi and substituting the result in the free energy, one
obtains

νε = (γ′A − 1)(γ′B − 1)
1− (γ′A − 2)(γ′B − 2) ,

�� ��2.102a

νh = γ′B − 1
γ′B − 2 .

�� ��2.102b

The other exponents are listed in the last column of Table 2.3. Finally, we focus
on the regime in which γ′A < 3 and γ′B > 3, i.e. regime III on Fig. 2.4. Although
the expansion of the self-consistent relations depends on the actual value of
γ′B, the scaling of the order parameters does not. After some calculations, we
obtain

νε = 2(γ′A − 1)
3− γ′A

,
�� ��2.103a

νh = 2.
�� ��2.103b

We list the other exponents in the third column of Table 2.3.

A comparison between Table 2.1 and Table 2.3 shows that all exponents
in the regimes I, II and IV reduce to the correct expressions for monopartite
graphs if γ′A = γ′B . Note also that, as expected, the usual mean-field results for
percolation are recovered only in regime I [SA94, Ess80]. In all other regimes,
we find non-universal exponents which depend on the constants γ′i.

2.5.4 Discussion

To summarise, we have calculated the percolation threshold of biased percolation
using the simultaneous approach on bipartite networks. The most important
finding is that almost all results for bipartite graphs are straightforward
extensions of the results for monopartite graphs. For instance, the resilience of a
bipartite network simply depends on the resilience of the underlying monopartite
graphs. If at least one of those monopartite graphs is robust, also the bipartite
network will be robust.
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Regime I Regime II Regime III Regime IV

ς Fragile Fragile 3− γ′A
1− γ′A

1
2

(
3− γ′A
1− γ′A

+ 3− γ′B
1− γ′B

)

β 1 1
γ′A − 3

γ′A − 1
3− γ′A

γ′A − 1
1− (γ′A − 2)(γ′B − 2)

τ 5/2 2γ′A − 3
γ′A − 2 3 2γ′B − 3

γ′B − 2

σ 1/2 γ′A − 3
γ′A − 2

3− γ′A
γ′A − 1

1− (γ′A − 2)(γ′B − 2)
(γ′A − 1)(γ′B − 2)

α −1 −5− γ′A
γ′A − 3 −4(γ′A − 2)

3− γ′A
−7 + 3γ′Aγ′B − 5(γ′A + γ′B)

1− (γ′A − 2)(γ′B − 2)

γ′p 1 1 0 − (3− γ′B)(γ′A − 1)
1− (γ′A − 2)(γ′B − 2)

δ 2 γ′A − 2 1 γ′B − 2

Table 2.3: Critical exponents in the different regimes for which γ′A < γ′B. The
regimes in the table refer to the regimes defined in Fig. 2.4. Note that the exponents
for the primed regimes in Fig. 2.4 can be obtained by interchanging γ′A and γ′B in
the expressions for the regimes without primes.

For bipartite scale-free networks, we have obtained the critical exponents for all
physically relevant regimes using generating functions and finite-size scaling. As
can be inferred from Table 2.3, the critical behaviour only depends on the bias
exponent α through the exponents γ′i defined in Eq. (2.60). Biased percolation
with bias exponent α on a bipartite scale-free network with topological exponents
γA and γB thus has the same critical behaviour as random percolation (α = 0)
on a network with topological exponents γ′A and γ′B. Therefore, we extended
the main result of the study concerning monopartite graphs to bipartite graphs.
Furthermore, in regimes II and III in Fig. 2.4 (and in their primed versions), the
critical exponents only depend on the smallest of the two scale-free exponents
and hence the critical behaviour is dominated by one of the two subgraphs.
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Note that the generating functions theory provided in this section can in
principle be extended to include general multipartite networks with an arbitrary
number of node-types. In such networks, nodes can share edges with nodes of
the other types. For each additional node-type, a new generating function must
be introduced, thereby increasing the complexity of the theory greatly. Since
every new generating function requires an additional self-consistent equation, it
becomes impossible to extract specific results, except in certain limiting cases.
Much progress on this scheme has already been worked out in Ref. [ANDP09],
but the determination of critical exponents remains an open problem.

2.6 Explosive percolation

2.6.1 Explosive transitions

All hitherto studied percolation transitions share some important properties.
First, in all cases the giant cluster grew continuously as more and more links
were introduced in the network. Moreover, the critical behaviour of all preceding
transitions was found using finite-size scaling arguments based on Landau-like
theories.

In this section, we focus on a completely distinct type of percolation.
Achlioptas et al. recently discovered a new type of transition, which is marked
by an abrupt growth of the giant cluster in the macroscopic limit [ADS09]. The
so-called explosive percolation is defined as a percolation process in which the
width of the transition decreases with increasing network size. The width of the
transition is hereby usually defined as the fraction of nodes that must be included
between the first appearance of a cluster of size

√
N and the first appearance of a

cluster of size N/2. Following the ground-breaking work of Achlioptas et al., this
characteristic has been observed and studied in a wide variety of network and
lattice models [Zif09, RF09, CKK10, MOR+10, RMAJ12]. Besides the steep
growth of the giant cluster, explosive transitions also differ from traditional
ones in another aspect: in all explosive processes, the normal finite-size scaling
breaks down. Instead, an unusual finite-size behaviour with non-analytic scaling
functions is obtained [GCB+11].

The exact nature of the transition was unclear for a long time. Some studies
claimed the transition to be first order, i.e. with a discontinuous emergence of the
giant cluster. By now, it is established that the transition caused by the original
process of Achlioptas et al. is a continuous one with a very steep growth of the
giant cluster [dCDGM10, GCB+11, RW11, LKP11, RW12]. Simulation data
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show that the critical exponent β, which quantifies the steepness of the growth,
is approximately 0.0555. On the other hand, in some models the discontinuity
of S has been proven analytically [NLT11, CKK10]. In the following, examples
of such models will be provided. Lastly, for some models the debate is still
ongoing [Man12]. Note that, although the behaviour of the order parameter at
the critical point is distinct in all these explosive transitions, they all share the
occurrence of unconventional finite-size scaling.

In the remainder of the section some examples of explosive models and their
critical behaviour are discussed in detail. We substantiate how the cooperation
of a set of more or less equally sized clusters explains that the width of the
transition vanishes in the thermodynamic limit. We furthermore deduce a
general criterion for the occurrence of explosive transitions in terms of the mean
cluster size at the onset of the phase transition. Simulations provide additional
support for the criterion. The results are published in Ref. [HVS11].

2.6.2 Examples of explosive transitions

Achlioptas process

In 2009, Achlioptas et al. introduced the first explosive process in a
groundbreaking paper [ADS09]. In the so-called Achlioptas process, the starting
point is a network with N nodes, but without any links. Links are subsequently
added one by one. At every time-step, two pairs of unconnected nodes, (i, j)
and (k, l), are chosen randomly. These two pairs constitute two potential links,
one of which is selected and added to the network, while the other will be
discarded. The choice between the two is made based on the sizes of the clusters
to which the nodes belong.

In order to achieve this behaviour, Achlioptas et al. introduced two possible
weight functions. In the first alternative, the weight w(1)

ij of a link (i, j) is
defined as

w
(1)
ij = sisj ,

�� ��2.104

in which si and sj are the sizes of the clusters to which i and j belong. The edge
having the lowest weight is then included, while the other link is discarded. When
both weights are equal, one of the two edges is chosen randomly. The selected
link is thus the one minimising the product of the sizes of the components it
merges and hence the process is coined the product rule (PR). The process is
illustrated in Fig. 2.5.
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2.6. Explosive percolation

Figure 2.5: Illustration of a time-step of the Achlioptas process. In every time-step,
two random edges, e1 and e2, are selected but only one of them is added to the
network. Using the product rule, the selected link is the one minimising the product
of the sizes of the components it merges. In this example, link e1 will be added,
since its weight is 2 · 7 = 14, while the weight of e2 is 4 · 4 = 16. In the min-cluster
rule, on the other hand, the link which minimises the size of the cluster formed
is introduced. Therefore, edge e2 will be laid, since it assembles a cluster with
8 nodes, while the cluster formed by edge e1 contains 9 nodes. The figure was
originally published in Ref. [ADS09].

Alternatively, instead of the product of the cluster sizes, also the sum can be
used. The second weight function is thus defined as

w
(2)
ij = si + sj .

�� ��2.105

The link with the smallest weight is again introduced in the network, while the
other link is discarded. When both weights are equal, one of the two edges is
again selected randomly. Since this link addition rule selects the edge which
minimises the size of the component formed, the process is often coined the
min-cluster rule (MC). The process is illustrated in Fig. 2.5.

The aim of Achlioptas et al. was to suppress the growth of the clusters.
This impediment of large clusters has two major consequences. First, it delays
the formation of the giant cluster and thereby also the occurrence of the
percolation transition. Simulations indicate that the critical point is given
by 〈k〉c ≈ 1.78 [ADS09], which has to be compared with the critical point
in Erdős-Rényi networks, which was found to be 〈k〉c = 1.0 in Section 2.3.
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Second, the link addition rule causes a sudden rise of the giant cluster, which
is quantified using the broadness of the transition. Simulation data indicate
that the transition width decreases with the network size for the entire range
of network sizes accessible in simulations [ADS09]. Note that these results
show that the transition is very steep, but they do not pass judgement on the
macroscopic limit.

An intuitive argument explains the sudden rise of the giant cluster. The link
addition rules cause the creation of a number of equally sized clusters. These
clusters then combine in a short time into one giant cluster. In other words,
the steep rise of the giant cluster is caused by the “cooperation” of many
small clusters. This behaviour contrasts sharply with the one for non-explosive
transitions, for which the network consists of one large cluster and many very
small clusters, which are, as time evolves, continuously added to the largest
cluster. In this way, the giant cluster arises smoothly. Although this intuitive
difference between explosive and “classic” percolation is discussed here for the
Achlioptas process, in the following we will substantiate its validity for all
explosive transitions considered in this thesis. Based on these insights, we
deduce a criterion which quantifies the occurrence of explosive transitions in
terms of the number of clusters at the onset of the transition in Section 2.6.3.

We end this brief introduction with a last remark concerning the non-locality
of the Achlioptas process. Whereas the weights in non-explosive percolation
transitions usually use local quantities, like the degree of a node, the weights in
the Achlioptas process contain non-local quantities like the cluster size. Indeed,
in complex networks, individual members of the network who have the desire
to determine the size of the cluster they belong to, often need information
concerning a large part of the network. Not only do the weights use non-local
quantities, the link addition process also chooses between two unrelated, and
thus possibly distant, links. The Achlioptas process can therefore be considered
as “doubly non-local”. In general, all explosive processes which are observed up
to now use non-local addition rules15. It remains an open question whether or
not rules based solely on local quantities could induce explosive transitions.

15Note that D’Souza et al. claimed the introduction of a “local” explosive process [DM10].
In their process, the two vacant edges have to be adjacent to each other, i.e. they have to
share one vertex. However, the determination of which link will be added still uses the weights
of the original Achlioptas process. Since we consider the weights as being non-local, also this
process is, by our definition, non-local.
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Simple extenstions of the Achlioptas process

A straightforward extension of the standard Achlioptas process is easily
formulated: instead of selecting only 2 pairs of unconnected nodes at every
time-step, q > 1 pairs of nodes could be considered. The weights and procedure
defined above are straightforwardly extended to treat the q possible links. Those
extensions are henceforth labelled as PR-q if the product rule is used to select
the edge to be laid, while the notation MC-q is introduced if the min-cluster rule
is applied. Since the growth of the clusters is suppressed more efficiently if more
vacant links are considered, the delay of the critical point and the steepness of
the transition are expected to increase if q grows. Simulations confirm these
conjectures [FL09, NLT11].

An interesting extreme case is the so-called global competition, in which all
possible pairs of unconnected nodes are taken into account. In the macroscopic
limit, this process can be considered as the q →∞ extension of the Achlioptas
model. For this special situation, the evolution of the cluster-size distribution is
the same for the product and the min-cluster rule, since, in both processes, all
vacant links are considered and a link between two of the smallest clusters in the
network is laid. If the number of nodes is an integer power of two, the cluster-size
distribution becomes trivial since maximally two cluster sizes are present in
this limit. For instance, in the initial stages of the linking procedure, individual
nodes are combined into pairs. When N/2 edges are present, all clusters contain
two nodes. The subsequent N/4 links each connect two 2-clusters to form
4-clusters. Generalising these arguments, the cluster-size distribution can be
known exactly at all times. It is also easily understood that the critical point
is delayed maximally in this procedure, since the formation of large clusters is
maximally suppressed. It is analytically deduced that the percolation transition
happens at 〈k〉c = 2 and that the growth of the giant cluster is discontinuous
[NLT11]. Simulation data support these claims.

The order of the Achlioptas phase transitions and their extensions, for finite q,
was a major issue in the early days of explosive percolation. Initially, simulation
data seem to indicate that the transition was of first order [ADS09, FL09],
but subsequently, the situation started changing and a number of publications
suggested the continuity of the phase transition. By now, the continuity of
the Achlioptas process has been proven analytically [RW11, RW12] and using
simulation data [dCDGM10, GCB+11, LKP11].

Moreover, the rigorous analytical work of Riordan and Warnke is applicable
to a wide class of Achlioptas-like processes [RW11, RW12]. The arguments are
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valid for all processes in which a finite number of vacant links, called a set, is
selected at every time-step. Subsequently, one or more links of this set must be
added to the network. Note that these conditions are satisfied for the PR-q and
the MC-q model, if q is finite. Conversely, the arguments do not apply to the
global competition, for which the discontinuity of the phase transition can be
established analytically. In the following subsection, we discuss another process
which does not meet the requirements of the theorem of Riordan and Warnke.

Cho-Manna process

Explosive transitions were also observed in a percolation process which was
introduced independently by Cho et al. [CKK10] and Manna et al. [MC11]. In
their process, henceforth called the Cho-Manna process (CM), the probability
to attach a link to a cluster is proportional to a power of the size of the cluster.
The starting point is anew a network consisting of N nodes without links. At
each time-step, two clusters are selected according to the weights

wi ∝ sωi ,
�� ��2.106

where si is the size of the cluster and ω a real parameter ∈ [0, 1]. The two
selected clusters may be the same. A new link is then laid between a randomly
chosen node in the first cluster and a randomly chosen node in the second
cluster16. Self-linking and multiple links between the same nodes are prohibited.

Using simulation data, the ensuing percolation transition was found to be
explosive if ω < 0.5 and non-explosive otherwise [CKK10, MC11]. For general
values of ω, Cho et al. derived a rate equation which describes the evolution
of the cluster-size distribution. Analytical approximations to and numerical
solutions of the rate equation support the discontinuity of the transition if
ω < 0.5 [CKK10].

A special explosive process is found in the limiting case ω = 0, which represents a
random cluster-linking process: at every time-step, a link is introduced between
two randomly selected clusters. In this special case, the rate equation for the
cluster-size distribution is exactly solvable. The resulting size of the largest
cluster is [CKK10]

S =
{

0 if 〈k〉 < 2
1 if 〈k〉 > 2 .

�� ��2.107

16The precise choice of the nodes is of no importance for the evolution of the cluster-size
distribution and, consequently, it does not influence the percolation properties of the network.
Note that the choice of the nodes is important for the degree distribution in the network, but
we will not consider this quantity.
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At the percolation transition, which is marked by 〈k〉c = 2, the order parameter
thus jumps from zero to one. In the other limiting case, ω = 1, the weight of a
cluster is proportional to its size. The process then mimics the construction
of the Erdős-Rényi networks, in which, at each time-step, a link is introduced
between two randomly chosen nodes. In Section 2.3, it was found that the
critical point occurs when 〈k〉c = 1 and that the transition is of second order.

In the remainder of the section, simulations using the CM-process in the extreme
cases, ω = 0 and ω = 1, will support our criterion for the occurrence of explosive
transitions. The random cluster-linking process will later on also appear as
a limit situation of the network construction process which will be studied in
Chapter 3.

2.6.3 Criterion for explosive percolation

The powder keg

An important step towards a more profound understanding of explosive
transitions was made by Friedman and Landsberg [FL09]. They put forward
the criterion that a necessary condition for the appearance of an explosive
transition is the presence, at the onset of the phase transition, of a special cluster
content. The criterion uses the concept of the powder keg, F (t(Nσ), N1−β),
which quantifies the number of nodes in clusters of size larger than N1−β at
time t(Nσ) when the first cluster of size Nσ makes its appearance. A trivial
constraint is 0 < 1 − β < σ < 1. Usually the choice σ = 0.5 and β = 0.6 is
made. Friedman and Landsberg argued, using intuitive analytical arguments,
that the transition is explosive if

F (t(Nσ), N1−β)
N

> 0
�� ��2.108

in the thermodynamic limit at the onset of the phase transition. Simulation
data also support the criterion [FL09]. In other words, at the onset of the
phase transition, which is marked by the appearance of a cluster of size Nσ,
a non-zero fraction of nodes is contained in clusters with sizes ranging from
N1−β to Nσ. Although each individual cluster in the powder keg only contains
a vanishing fraction of nodes, they collectively enable the occurrence of the
explosive transition. Furthermore, the criterion of Friedman and Landsberg
provides the insight that the key ingredient for the occurrence of explosive
transitions is the special preparation that occurs beforehand.
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In this section, we attempt to gain additional insight by presenting a more
simplified criterion. Therefore, we consider the implications of a non-zero
fraction of nodes in the powder keg on the cluster-size distribution.

Derivation of the criterion

We assume that, close to the phase transition in the non-percolated regime, the
number of clusters of size s, denoted by ns, is approximately described by a
power-law with a cut-off s∗ for large s. Thus

ns = As−τe−s/s
∗

for s→∞.
�� ��2.109

Here the normalisation constant A is fixed by the constraint

N =
∑
s

sns
�� ��2.110

and, as occurs also for second-order percolation transitions [SA94], the cut-off
length scales as a power of the network size. In other words s∗ ∝ N ς with ς a
non-negative exponent. Cluster-size distributions of the form of Eq. (2.109) are
for instance encountered for the Achlioptas process on scale-free networks [RF09],
the CM-model [CKK10], the explosive model of D’Souza et al. [DM10] and the
extension of the Achlioptas process by Da Costa et al. [dCDGM10]. However,
some studies reveal devious cluster-size distributions [AH10, PKS+11, NLT11].
We will address these deviating models later on.

Converting sums over the cluster-size distribution into integrals, the powder
keg is given by

F (t(Nσ), N1−β) ≈
∫ N

N1−β
sns ds.

�� ��2.111

Using the assumption s∗ ∝ N ς , Eq. (2.110) and Eq. (2.111) can be evaluated
exactly. We obtain

F (t(Nσ), N1−β) = N
Γ(2− τ,N1−β−ς)

Γ(2− τ,N−ς) ,
�� ��2.112

with Γ(a, x) =
∫∞
x
sa−1e−sds the upper incomplete Gamma-function [AS65].

For large networks, this expression can be evaluated using asymptotic expansions
of the (incomplete) Gamma function. We obtain:

1
N
F (t(Nσ), N1−β) ∝ N (1−β)(2−τ) if τ > 2,

�� ��2.113a

F (t(Nσ), N1−β) ∝ N if τ ≤ 2.
�� ��2.113b
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The fraction of nodes in the powder keg thus vanishes in the thermodynamic
limit if τ > 2. Conversely, the powder keg contains a non-zero fraction of
nodes if τ ≤ 2. In both regimes, the results are verified numerically by an
explicit evaluation of the integral in Eq. (2.111). Note that the conclusions are
independent of the value of ς and the exact definition of the upper and lower
boundary of the powder keg, quantified by the exponents σ and β. Therefore,
we establish the criterion that the percolation transition is of the explosive type
if τ ≤ 2 at the onset of the phase transition.

The actual determination of τ in simulations is rather difficult. As an
alternative, we present an equivalent criterion in terms of the mean number
of nodes per cluster17 at the onset of the phase transition18, 〈s〉o, the latter
being a more easily accessible quantity in simulations. Let Nc be the number of
clusters, then 〈s〉o = N/Nc. Since Nc =

∑
s ns, the mean cluster size 〈s〉o can

be evaluated analytically using Eq. (2.109). We obtain

〈s〉o = s∗
Γ(2− τ, s−1

∗ )
Γ(1− τ, s−1

∗ )
.

�� ��2.114

Using the asymptotic expansions of the (incomplete) Gamma function, it is
easily shown that, in the thermodynamic limit, 〈s〉o diverges if and only if
τ ≤ 2, a statement which is verified numerically. In other words, a percolation
transition will be explosive if the mean number of nodes per cluster diverges
at the onset of the phase transition, i.e. before the giant cluster is formed19.
For non-explosive transitions, a divergence of 〈s〉o can solely be caused by the
formation of a giant cluster.

Our criterion involving 〈s〉o quantifies the intuitive mechanism underlying
explosive processes, which all aim at avoiding any cluster size to become much
larger than any other, therefore giving rise to a network with a small amount of
clusters, all of which have more or less the same size [CKK10, MC11, MOR+10].
Quantitatively, the transition will be explosive if the cluster density Nc/N
vanishes in the thermodynamic limit, i.e. if, upon increase of the network size
N , the number of clusters does not grow proportional to N .

Our presented analysis thus far relied crucially on the ansatz for the cluster-
size distribution, Eq. (2.109). However, in explosive models a variety of exotic

17Note the difference between the mean number of nodes per cluster, 〈s〉, and the average
size of a cluster to which a node belongs, 〈C〉, which was introduced before.

18The subscript indicates that we consider the quantity at the onset of the phase transition.
19Note, however, that at the onset of the phase transition, the average cluster size averaged

over the nodes, 〈C〉, must vanish in the thermodynamic limit in order for the network not to
be percolated.
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cluster-size distributions has been obtained. A power-law distribution with a
bump is observed in the PR-10 and MC-10 model [PKS+11], while a lattice
model yields a Gaussian cluster-size distribution [AH10]. On the other hand, in
the global competition model, the cluster-size distribution is highly discrete since
at each time-step maximally two cluster sizes are present in the network [NLT11].
In the following, we perform Monte-Carlo simulations and analytical calculations
for various (non-)explosive models with distinct cluster-size distributions. The
results indicate that our criterion does not depend crucially on the ansatz and
is generally valid.

Application to (non-)explosive models

First, we examined the CM-process introduced before. Fig. 2.6 shows the mean
number of nodes in a cluster at the appearance of the first cluster of size

√
N ,

which is henceforth considered as the onset of the phase transition. The non-
explosive regime with ω = 1 corresponds to random percolation on Erdős-Rényi
networks. An expression for the cluster-size distribution for random percolation
was obtained in Refs. [Ess80, SA94]. An exact computation of the mean cluster
size per cluster in the thermodynamic limit then reveals the finite asymptotic
limit 〈s〉o = 2, which nicely corresponds to our simulation data as shown by the
black circles and dotted line in Fig. 2.6.

Also in the explosive regime, ω = 0, the cluster-size distribution can be obtained
analytically [CKK10]. When the average degree in the network is 〈k〉, it is
found that

ns(〈k〉) = N

(
1− 〈k〉2

)2( 〈k〉
2

)s−1
.

�� ��2.115

For fixed 〈k〉, the cluster-size distribution thus follows an exponential decay.
Consequently, the mean number of nodes per cluster is

〈s〉 = 2
2− 〈k〉 .

�� ��2.116

An expression for 〈s〉 at the onset of the phase transition, i.e. when exactly one
cluster contains more than

√
N nodes, is then found by solving the equation

1 =
∞∑

s=
√
N

ns(〈k〉)
�� ��2.117

for 〈k〉 and introducing the result in Eq. (2.116). Results of a numerical
evaluation of this procedure are shown in Fig. 2.6, which also shows the value of
〈s〉o determined in the simulations. The theory is found to agree well with the
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Figure 2.6: Log-log plot of 〈s〉o, the mean number of nodes per cluster at the onset
of the phase transition, as a function of the network size N for various percolation
processes. The onset of the phase transition coincides with the time when the
first cluster of size

√
N appears. For the Cho-Manna process (CM), results for

an explosive regime (ω = 0, green right triangles) and the non-explosive random
percolation on Erdős-Rényi networks (ω = 1, black circles) are shown. The (black)
dotted line shows the analytically obtained asymptotic limit for the non-explosive
regime, while the (magenta) dot-dashed line gives the analytical result for the
explosive regime. Also shown are simulation results for the explosive min-cluster
sum rule (MC-10, blue up triangles) and the explosive extended-product rule (PR-10,
red down triangles). All data points are averages over at least 20 realisations of the
percolation process. The standard errors are smaller than the symbol sizes.

simulations. Both reveal a mean cluster size per cluster which diverges upon
approach of the thermodynamic limit as 〈s〉o ∝ Nγ with γ = 0.42± 0.02. We
conclude that simulations and analytic computations on the Cho-Manna model
confirm our second criterion.

Second, we focus on models in which the cluster-size distribution shows a
profound bump. In those models, ns is characterised by a power-law behaviour
for small cluster sizes and an exponential cut-off for large sizes, but contains a
pronounced bump for intermediate sizes. This behaviour is for instance observed
in the MC-10 and PR-10 process [PKS+11]. Nevertheless, as shown in Fig. 2.6,
for both processes the mean number of nodes per cluster follows a diverging
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power-law of the network size, 〈s〉o ∝ Nγ . For the MC-10 rule, we obtain
γ = 0.44± 0.02, while γ = 0.47± 0.01 for the extended product rule. Although
the derivation presented is based on Eq. (2.109), it seems that our criterion also
holds in explosive models in which the ansatz is no longer true. In our opinion,
the models with a bumped cluster-size distribution still satisfy our criterion
since their distributions contain two essential ingredients, that is, a power-law
distribution at low cluster size and an exponential cut-off length which diverges
in the thermodynamic limit.

Finally, we have also tested our criterion using the global competition
introduced in Section 2.6.2. Recall that if the number of nodes is an integer
power of two, the cluster-size distribution is trivial since maximally two types
of clusters exist at each time-step. Suppose that 2ξ is the largest power of two
smaller than

√
N , thus 2ξ <

√
N ≤ 2ξ+1. At the moment of the first formation

of a cluster of size
√
N or larger, there is a single cluster of size 2ξ+1, while all

other nodes belong to clusters of size 2ξ. Since there are 2−ξN − 2 such clusters,
we obtain

〈s〉o = N

2−ξN − 1 >

√
N

2 .
�� ��2.118

In the thermodynamic limit, the mean number of nodes per cluster diverges at
the onset of the phase transition. This exact calculation thus shows that our
criterion is also valid in a model in which only a finite number of cluster sizes
are present.

In sum, under general conditions a percolation process will be explosive if the
mean number of nodes per cluster diverges at the onset of the phase transition
in the thermodynamic limit. Equivalently, if the cluster density Nc/N vanishes
prior to the critical point, the transition is explosive. Although the criterion
is deduced with a specific ansatz for the cluster-size distribution, simulations
and analytical calculations on various explosive models indicate a more general
validity.

2.7 Conclusions

We have performed a detailed study of four specific percolation models on
complex networks and have thereby shown how the details of microscopic link
addition or removal processes influence the dynamics of the growth of global
network structures.
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As a first approach to model failures in real-life systems, we have discussed
the random removal of links from complex networks introduced by Cohen et
al. The Molloy-Reed criterion, which determines the percolation threshold for
uncorrelated networks, has been found by means of standard combinatorial
methods. The resilience of the network is indicated by the finite-size scaling
of the critical point. For scale-free networks, if γ > 3 the depreciation process
will reach the percolation threshold at a finite fraction of retained edges and
the network is therefore coined fragile. Conversely, if γ ≤ 3, the critical fraction
vanishes in the macroscopic limit and the network is coined robust. A generating
functions approach moreover allows to obtain the time evolution of the size of
the giant cluster if the network is tree-like and uncorrelated.

Using the Fortuin-Kasteleyn construction, an equivalence between the q →
1 limit of the Potts model and edge percolation, critical exponents for the
percolation problem have been obtained. Combining the Potts model free
energy with the generating functions approach and finite-size scaling, we have
extracted the critical exponents of the percolation transition for uncorrelated
networks. If γ > 4, the exponents agree with the usual mean-field results for
percolation on random networks or lattices, but in the regime 2 < γ < 4, the
critical exponents become dependent on the exponent γ. The presence of hubs
in heterogeneous scale-free networks thus changes the critical behaviour.

In order to model the removal of links in real-life systems more accurately,
we have introduced biased percolation on scale-free networks. Our removal
process involves the degree-dependent removal of edges, more specifically, we
assumed that the probability to retain an edge is proportional to (kikj)−α with
ki and kj the degrees of the attached nodes. For α > 0 the bias is central
since links between highly connected nodes are preferentially depreciated, while
the converse, peripheral bias, corresponds to α < 0. Two distinct approaches
by means of which a network can be reconstructed, the sequential and the
simultaneous approach, have been introduced to perform the edge removal
process.

For both diversifications, the characteristics of the depreciated network have
been determined. The degree distribution in the diluted network is still scale-free
but with topological constant γ′ = (γ−α)/(1−α) in the simultaneous approach,
while it possesses a cross-over between two scale-free regimes if the sequential
approach is applied. The main finding as regards the correlations is that the
sequential approach causes disassortative mixing in the depreciated network
when α > 0, while the diluted network is uncorrelated for the simultaneous
approach.

Using basic combinatorial techniques, we have obtained a criterion for the
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percolation threshold of degree-dependent percolation on uncorrelated networks.
The criterion implies that the exponent which governs the asymptotic behaviour
of the degree distribution at criticality indicates the resilience of the network.
The correct exponent is listed in Table 2.2, from which it can be inferred that it
is possible to turn a robust network fragile and vice versa. For the simultaneous
approach, we have moreover extended the generating functions theory and finite-
size scaling to degree-dependent link removal. The obtained critical exponents
are functions of γ′ which reduce to the exponents of random percolation if the
change γ′ → γ is performed.

In sum, our most important result is that, at criticality, the properties of a
network with bias exponent α and degree exponent γ are the same as those of
random edge percolation on a network with degree exponent γ′ = (γ−α)/(1−α),
or degree exponent γ, depending on the sign and the range of α. We have
furthermore used extensive Monte-Carlo simulations to verify the analytical
results. Overall, we conclude that good agreement has been found between
simulations and theory.

Since not all networks consist of a single type of vertices, the simultaneous
approach to biased percolation has been extended to (scale-free) bipartite
networks. Our most important finding is that almost all results for bipartite
graphs are extensions of the results for monopartite graphs. A modification
of the generating function scheme demonstrates that the critical fraction of a
bipartite network is simply related to the product of the critical fractions of the
underlying monopartite graphs. Consequently, the resilience of the bipartite
network simply depends on the resilience of its subgraphs: if one of them is
robust, also the bipartite graph will be robust. Moreover, for scale-free networks,
at criticality, the properties of a biased link removal process are anew the same
as those of random edge percolation on a different scale-free network.

Finally, we have focussed on a more abrupt process, the explosive percolation,
for which the cooperation of a set of more or less equally sized clusters implies
that the width of the transition vanishes in the thermodynamic limit. We have
provided a criterion for the occurrence of explosive transitions which quantifies
the special cluster content at the onset of the phase transition: under general
conditions a percolation process will be explosive if the cluster density Nc/N
vanishes in the thermodynamic limit prior to the critical point. Although the
criterion has been deduced with a specific ansatz for the cluster-size distribution,
simulations and analytical calculations on various explosive models indicate a
more general validity.
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The road to success is always under construction.
Lily Tomlin 3

Network Growth

3.1 Introduction

An important research topic in network theory concerns the way in which
networks grow. A few decades ago, network construction models almost
exclusively used random link addition. In the mean time, a paradigm shift
occurred, influenced by the realisation that the growth of real-life complex
systems can be better described by a process which exploits specific linking
rules. The inaugural paper of Barabási and Albert was the first to capture
two key ingredients of network growth in real-life structures [BA99]. First,
there is a continuous growth in the model, i.e. the number of nodes in the
network increases gradually. The other main constituent of the model is coined
preferential attachment: newly added nodes are preferably linked to nodes which
already have a large number of links. This characteristic is for instance observed
in social systems, where a new member of a club will most likely become friends
with one of the chairmen. In the Barabási-Albert model, the probability that a
newly added node links to an older node is proportional to the degree of the
older node [BA99]. Krapivsky et al. used a more general approach in which
the probability to link to a node is proportional to a power of the node degree
[KR01].

Not all construction models however aim at introducing the most realistic
description of real-life processes. Instead, a large class of network growth models
is designed to study the effect of specific linking rules on the evolution of the
network structure. The explosive processes discussed in the previous chapter
forms an example of these: the models aim at an abrupt percolation transition,
without worrying too much about the less-realistic nature of the linking rules.

85



Chapter 3. Network Growth

We introduce a network growth process which provides a cross-over from
a preferential attachment rule to a process featuring explosive percolation.
In our model, links are introduced between a fixed number of nodes using
linking probabilities which depend solely on the node degrees. To illustrate our
findings using simulations, we study in detail two diversifications in which a
single parameter α determines the dynamics. The parameter may be used to
interpolate between different regimes: depending on the sign of α new edges
are preferably attached to nodes with larger or smaller degrees. The extremal
values of α correspond on the one hand to the attachment rule by Barabási and
Albert, and, on the other hand, to an explosive process.

One of the major advantages of our model is its ease of handling: the model
is solvable for all values of the parameter α. Numerical results to exact rate
equations provide expressions for the degree distribution and degree correlations
in the constructed networks by means of which the percolation properties can
be studied accurately within a generating functions formalism. We will indicate
how the details of microscopic link addition processes influence the large-scale
characteristics of the constructed networks and the growth of global network
structures. Monte-Carlo simulations will support our findings.

The outline of the chapter is as follows. In the next section, we introduce
our network growth process and compare it with existing models. In order to
illustrate our findings with simulations, we moreover provide two diversifications,
the bachelor and the pair model. In the remainder of this chapter, the most
prominent properties of the growth process and the constructed networks are
studied. In the third and fourth section, we study rate equations which determine
the evolution of the degree distribution and degree correlations for general linking
rules. For our two diversifications, numerical solutions to this approach are
compared with simulations. Using the detailed structure of the constructed
networks, Section 3.5 discusses the percolation transition in detail. Throughout
the chapter, we pay special attention to the parameter regimes for which
explosive percolation and preferential attachment are recovered. Expansions and
special analytical techniques provide deeper insight into these limit situations.
In Section 3.6, we consider a special regime of the model in which a single node
acquires a macroscopic number of links, the formation of a giant node.

Finally, note the difference between the link addition processes from the previous
chapter and the network construction process of this chapter. In the main part
of the previous chapter, we discussed a dynamical model, the removal or re-
introduction of links, on a given, fixed network structure (with the section
concerning explosive processes constituting the only exception). Here, the focus
lies on the growth process of a complex network. Although similar techniques
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are used, the objectives of this chapter are thus completely different: while the
final structure of the link addition model was fixed in the main part of the
previous chapter, here it constitutes one of the main research topics.

3.2 The model

3.2.1 Linking probabilities

Consider a network consisting of N sparsely-connected nodes. As time evolves,
links are added between the nodes. The probability to attach an edge to node i
depends only on its instantaneous degree ki. In general, we define the linking
weights pki as

pki ≡ pk = fki
c(t) ,

�� ��3.1

with

c(t) = 1
N

N∑
j=1

fkj
�� ��3.2

the time-dependent normalisation1. Here fk is an algebraic function of the
degree k, which will be specified later on. At each time-step, two nodes are
selected according to the probability of Eq. (3.1) and a new link is introduced
between them. Multiple links between the same nodes and self-linking are
avoided. The linking procedure can continue until a fully-connected network
is reached, but we are mainly interested in the percolation transition, which
happens usually early in the linking process. Moreover, in the remainder of the
text, we focus on the macroscopic limit, thus implicitly assuming N →∞.

In most network growth models, both the number of links and nodes evolves
dynamically. Our model differs in the sense that the number of nodes in the
network is fixed. A notable model with a constant number of nodes is discussed2

by Barabási et al. In their model, at each time-step a random node is linked to
a node chosen using preferential attachment [BAJ99]. Our model differs since
both nodes are chosen according to a probability function pk.

1Note that we define the linking weights such that N =
∑

i
pki and thus 1 =

∑
k
pkP (k).

We use this convention since it greatly simplifies the notation in the remainder of the chapter.
2Note that, although the model is also elaborated by Barabási and Albert, it differs from

the so-called Barabási-Albert model, which does contain a variable node content.
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3.2.2 The bachelor and the pair model

To illustrate our findings using simulations we introduce two diversifications
of the model. In the first variant, we focus on a model with the most simple
initial condition, i.e. all nodes are isolated at the start of the linking procedure.
The linking probability is defined by

f bk = (k + 1)−α,
�� ��3.3

with a single parameter α and for k ≥ kbmin = 0. The specific type of the
function f bk ensures that the weights are always well-defined. Since initially all
nodes are isolated, we call this model the bachelor model.

In the second variant we assume that

fpk = k−α.
�� ��3.4

Since the above function is ill-defined for connectivity k = 0, all nodes are
initially combined into pairs and the minimal connectivity is therefore kpmin = 1.
The model is henceforth denoted as the pair model. Links can be classified as
either initial-time or finite-time links.

The differences and similarities between both models are discussed thoroughly
in the remainder of this chapter. We use the convention that in case no index
is specified, results apply to both models. Note that the evolution of all weights
and therefore also the normalisation c(t) is the same in both models.

In both models, a single parameter α determines the dynamics. The value
α = 0 indicates random network growth amounting to an Erdős-Rényi network
with a Poisson-like degree distribution [ER60], as was explained in Section
1.4.1. For positive α, nodes with a small degree are most likely selected which
prevents the formation of hubs. For negative α, on the other hand, links
are most likely attached to hubs. A similar degree-dependent attachment is
found in the Barabási-Albert model and the extension thereof by Krapivsky
et al. [BA99, KRL00, KR01]. In their models, nodes are continuously added
to the network and connected in a degree-dependent manner with older nodes.
Krapivsky et al. used the same linking probability as in our pair model, pk ∝ k−α,
while in the Barabási-Albert model α = −1 is used. In the following sections,
we discuss the differences between models with a fixed number of nodes and
models in which the number of nodes evolves by comparing our model with
those of Krapivksy et al. and Barabási et al.
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In the next three sections, we limit α to the range [−1,+∞[. If α < −1,
simulations indicate that a single node, henceforth coined the giant node, can
capture a non-vanishing fraction of all the links. This special case will be studied
in Section 3.6 separately. In the lower limit, α = −1, the process shares the link
attachment rule with the Barabási-Albert model [BA99]. In the other extreme
case, α = +∞, a new link will always be laid between (two of) the smallest
nodes in the network. If all nodes contain at least one and at most two links,
this routine is identical to one in which links are laid between two end-nodes
of two randomly chosen clusters, a cluster-linking process which was studied
in Section 2.6 as the ω = 0 limit of the Cho-Manna process. There it was
shown that this link addition procedure gives rise to an explosive, first order
percolation transition. Our single-parameter model thus quantifies a crossover
from a preferential-attachment regime, analogous to the one present in the
Barabási-Albert model, to a regime exhibiting explosive percolation.

In the remainder of the chapter, we study the degree distribution, correlations
and percolation properties in the different regimes. Special attention is devoted
to the transition to both limiting cases.

3.3 Degree distribution

3.3.1 Rate equation

A central property in network theory is the degree distribution P (k), which
indicates the fraction of nodes with k links. In our model, the time evolution of
the degree distribution is described by a mean-field rate equation:

∂

∂t
P (k) = pk−1P (k − 1)− pkP (k).

�� ��3.5

The first term on the right-hand-side describes the gain in nodes with degree k
in case a node with degree k − 1 is selected, while the second term quantifies
the loss if a node with degree k is chosen. The time t is defined such that t
increases with ∆t = 2/N each time a single link is laid. Eq. (3.5) is exact in the
macroscopic limit (N → ∞) when ∆t → 0. A detailed derivation of the rate
equation can be found in appendix A.2.1.

Note that, upon discretisation of the time derivative, Eq. (3.5) will also be exact
for finite networks when averaging over different identical realisations and upon
exclusion of self-linking and multiple links between the same nodes. In practice,
the possibility of self-linking is small at all stages of the linking procedure. As
long as there are no giant nodes, i.e. as long as α > −1, the probability to select
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a node twice at the same time is proportional to N−1, which is negligible in
the limit of an infinite network. The probability to add a second link between
the same nodes is negligible during the early stages of the network growth.
Simulations indicate that multiple linking does not occur if α ≥ −1 as long as
〈k〉 . 35. Since we are mostly interested in the percolation transition, which
happens when 〈k〉 ≤ 2, we neglect the possibility of multiple linking.

The rate equation Eq. (3.5) can be directly integrated with numerical
techniques, however, we continue now by solving it exactly. If fk 6= fq for
all k and q, its solution can be cast into the form:

P (k, t) =
k∑

q=qmin

A(q, k)[x(t)]fq ,
�� ��3.6

where we also explicitly denoted the time dependence of the degree distribution.
The sole time dependence stems from the function x(t), defined as

x(t) = exp
(
−
∫ t

0

1
c(t′)dt

′
)
.

�� ��3.7

Substitution in the rate equation yields the time-independent constants,

A(q, k) = fq
fk

k∏
m 6=q

(
1− fq

fm

)−1
.

�� ��3.8

Due to the specific structure of Eq. (3.6), x(t) can be obtained without
performing a numerical integration but by solving the following differential
equation:

dx

dt
= −x(t)

c(t)
�� ��3.9a

= − x(t)∑
k fk

∑k
q=qmin A(q, k)[x(t)]fq

,
�� ��3.9b

where we also used that c(t) =
∑
k fkP (k). Applying separation of variables,

we obtain

t =
∑

k=qmin

k∑
q=qmin

fk
fq
A(q, k)

(
1− [x(t)]fq

)
.

�� ��3.10

This implicit equation for the time-dependent part of the degree distribution
can be solved numerically. This routine can be performed at each time-step
separately with an arbitrary accuracy, thereby avoiding cumulative errors,
unavoidably associated with the numerical scheme necessary to integrate
Eq. (3.5) directly.
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3.3.2 Application to the pair and the bachelor model

The application of the general scheme developed in the previous section, is
illustrated using the bachelor and the pair model. The initial conditions are
different in both models. In the bachelor model, all nodes are initially isolated,
while all nodes are paired-up for the pair model. For the degree distribution,
this entails:

P b(k, t = 0) =δ0,k ⇒ 〈k〉b(t = 0) = 0,
�� ��3.11a

P p(k, t = 0) =δ1,k ⇒ 〈k〉p(t = 0) = 1.
�� ��3.11b

Moreover, the time is directly related to the average degree since t = 〈k〉b for
the bachelor model, while t = 〈k〉p − 1 for the pair model. Note finally that the
procedure outlined in Eqs. (3.6) - (3.10) becomes ill-defined if α = 0, since the
weights are constant in this special case. We will discuss this random linking
limit separately further on.

For α 6= 0, it is by inspection easily verified that

f bk = fpk+1,
�� ��3.12a

Ab(q, k) = Ap(q + 1, k + 1),
�� ��3.12b

xb(t) = xp(t),
�� ��3.12c

cb(t) = cp(t),
�� ��3.12d

where the last two expressions are proven using Eq. (3.10). These relations
are anticipated since the evolution of the weights is the same in both models.
Consequently, the time-dependent parts of the degree distributions are also
equal, such that, at any time, a simple relation between the degree distributions
of both models exists:

P p(k + 1, t) = P b(k, t).
�� ��3.13

Thus, at any time, the probability to observe a node with degree k + 1 in the
pair model is the same as the probability to observe a node with degree k in
the bachelor model.

Throughout this chapter, numerical solutions to the analytical results are
compared with Monte Carlo simulations using networks with 106 nodes. We
always average over 100 realisations of the network growth. An excellent
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Figure 3.1: Comparison of analytical results (full lines) and simulations (symbols)
for the degree distribution in networks with 〈k〉 = 2. The Figure shows results for
the bachelor model with α = −0.5 (orange squares and blue line) and for the pair
model with α = 1 (red dots and black dot-dashed line) on a logarithmic scale. All
simulation data are averages over 100 realisations of the growth of a network with
106 nodes.

agreement between the numerical and the simulational degree distribution is
found for both models and for a wide range of α-values. As an example, Fig. 3.1
shows the results for the pair model with α = 1 and for the bachelor model
with α = −0.5, both for 〈k〉 = 2.

Extensive studies of simulation data indicate that, within the range α ∈
]− 1,+∞]\{0}, a power-law degree distribution is never found and the
constructed networks are thus not of the scale-free type. Krapivsky et al. found
similar results in their model. They could only construct a scale-free network
in case α = −1, while for 0 > α > −1 their networks comprised a stretched-
exponential degree distribution [KR01]. The special cases α = 0 and α = −1
are solved analytically in the next subsection.

3.3.3 Special cases

Although for general values of α the rate equations must be solved with numerical
techniques, we can progress analytically in some special cases. We focus on
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random link addition (α = 0), preferential attachment (α = −1) and the
transition towards an explosive process (α → ∞). Note that these limit
situations capture three qualitatively distinct regimes.

Random link addition (α = 0)

Upon solving Eq. (3.5) in the previous subsection it was assumed that fk is not
constant. In the special case α = 0, these derivations therefore no longer hold
and the constants A(q, k) are ill-defined. Using a generating functions approach
we can however proceed analytically in this special case.

If α = 0, the rate equation Eq. (3.5) reduces to the simple form:

∂

∂t
P (k) = P (k − 1)− P (k).

�� ��3.14

Note that the bachelor model for α = 0 is equivalent to the widely studied
construction process of the Erdős-Rényi random network, which was introduced
in Section 1.4.1. The rate equation can now be solved using generating functions
theory3. Introducing the generating function F(z, t) =

∑
k P (k, t)zk, Eq. (3.14)

becomes:
∂F
∂t

(z, t) = (z − 1)F(z, t).
�� ��3.15

By inspection, it is verified that the differential equation and the initial conditions
are satisfied if

Fb(z, t) = e(z−1)t,
�� ��3.16a

Fp(z, t) = xe(z−1)t.
�� ��3.16b

Expansion in factors of z yields:

P p(k + 1, t) = P b(k, t) = tk

k!e
−t.

�� ��3.17

We thus find that the relation between the degree distributions of both models,
P p(k+ 1, t) = P b(k, t), which was derived for the case α 6= 0, still holds if nodes
are selected randomly. In Eq. (3.17) one recognises the Poisson distribution
with mean 〈k〉, which is, as we already mentioned in Eq. (1.19), a well-known
result for Erdős-Rényi networks [ER60, Bol01].

3The reader who is unfamiliar with those techniques can find a brief introduction in
Appendix A.1.1.
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Preferential attachment (α = −1)

In the limiting case α = −1, the probability to attach a link to a node with
degree k is proportional to k, which is the preferential attachment rule of the
well-known Barabási-Albert model [BA99]. Recall that our model differs since
the number of nodes in our model is fixed. In this special case, the degree
distribution can again be obtained analytically.

Consider first the solution of Eq. (3.8) for the A(q, k) coefficients. The product
it contains can be split into the following two products which can be simplified
in case α = −1:

q−1∏
m=1

( q
m
− 1
)−1

= 1,
�� ��3.18

and
k∏

m=q+1

(
1− q

m

)−1
=
(
k

q

)
.

�� ��3.19

The implicit equation for x(t), Eq. (3.10), then takes the simple form

t = 1− x
x

.
�� ��3.20

The degree distribution is thus readily derived as

P p(k + 1, t) = P b(k, t) = 1
1 + t

(
t

1 + t

)k
.

�� ��3.21

Simulations again confirm these analytic expressions. For both models, at
each time-step, the degree distribution is of the form P (k) ∝ Ck with a (time-
dependent) constant C. Although preferential attachment is present, the degree
distribution is not of a scale-free nature. A similar observation has been made
by Barabási et al., who argued that both preferential attachment and network
growth are essential for the formation of a scale-free network [BAJ99]. However,
they use a model in which one endpoint of a new link is chosen using preferential
attachment, while the other is chosen randomly. Our findings extend their
results to a growth model with preferential attachment at both ends of a new
link.
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Approximation for large values of α

Before we consider the case of large α, let us consider the limit situation α→∞.
The growth rule then selects (two of) the nodes with the smallest degrees and
connects them. Consequently, only two node degrees will have a non-zero density
and they will evolve linearly in time. For instance, the degree distribution in
the pair model for small times (0 < t < 1) is:

P p(k = 1, t) = 1− t and P p(k = 2, t) = t.

Moreover, both the bachelor and the pair model have exactly the same evolution
in case 〈k〉 ≥ 1. Indeed, in the early stages (t ≤ 1) of the bachelor model, all
nodes are combined into pairs, which yields exactly the initial structure of the
pair model when 〈k〉 = 1. In the following, we focus on the degree distribution
in the initial stages (0 < t < 1, i.e. 1 ≤ 〈k〉 ≤ 2) of the pair model for large but
finite α. Note that other times can be considered with similar arguments.

In the initial stages, most nodes have degree one or two, but, for large but
finite α, a significant fraction of the nodes has three links. The probability that
these are formed is proportional to fp2 = 2−α. In the following, this constant
will be called ε ≡ 2−α and we study the asymptotic case using an expansion in
the parameter ε. Expanding up to first order in ε, we find the expressions for
the constants Ap(q, k) of Eq. (3.8):

Ap(1, 1) = 1,
�� ��3.22a

Ap(1, 2) = −1− ε,
�� ��3.22b

Ap(2, 2) = 1 + ε,
�� ��3.22c

Ap(1, 3) = ε,
�� ��3.22d

Ap(2, 3) = −1− ε,
�� ��3.22e

Ap(3, 3) = 1.
�� ��3.22f

Similar coefficients for the bachelor model are then straightforwardly obtained
using Eq. (3.12b). Note finally that a small minority of the nodes will have
more than three links, but henceforth these nodes are neglected.

Let us continue by assuming that we can expand the function x(t) (see Eq. (3.7))
up to first order in ε as

x(t) = x0(t) + εx1(t).
�� ��3.23
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Inserting this expansion and the constants A(q, k) into Eq. (3.6) yields:

P p(k = 1, t) = x0(t) + εx1(t),
�� ��3.24a

P p(k = 2, t) = 1− x0(t) + ε[1− x0(t) + ln x0(t)− x1(t)],
�� ��3.24b

P p(k = 3, t) = ε[x0(t)− ln x0(t)− 1].
�� ��3.24c

We made two assumptions: first, the expansion xε = 1 + ε ln x+O(ε2), which
is valid as long as ε ln x � 1 and, second, 3−α � 2−α = ε. Note that the
expanded degree distribution P p(k, t) is normalised. We are left with solving
the differential equation Eq. (3.9a) for x0(t) and x1(t). Eq. (3.9a) can be split
into two coupled differential equations:

dx0

dt
= −1,

�� ��3.25a

dx1

dt
= 1− x0(t)

x0(t) .
�� ��3.25b

The system is straightforwardly integrated:

x0(t) = 1− t,
�� ��3.26a

x1(t) = −[t+ ln(1− t)],
�� ��3.26b

and thus

P p(k = 1, t) = 1− t− ε[t+ ln(1− t)],
�� ��3.27a

P p(k = 2, t) = t+ 2ε[t+ ln(1− t)],
�� ��3.27b

P p(k = 3, t) = ε[t+ ln(1− t)],
�� ��3.27c

c(t) = 1− t− ε ln(1− t).
�� ��3.27d

Similar expressions for the bachelor model are obtained using the transformation
of Eq. (3.13).

As noted before, the expansion for the degree distribution is valid as long
as |ε ln[x(t)]| � 1 and (3/2)−α � 1. Using Eq. (3.26a), the former demand
becomes

|ε ln(1− t)| � 1.
�� ��3.28

The approximation therefore breaks down if t approaches one, a limitation that
stems from the initial assumption 1 < 〈k〉 < 2. If 〈k〉 > 2, the nodes will most
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Figure 3.2: Comparison of the approximated degree distribution, Eq. (3.27), and
the exact degree distribution in networks with 〈k〉 = 1.9 for the pair model.
Approximated results are shown as circles (α = 3), triangles (α = 5) and squares
(α = 8). The exact results, which are connected with lines, are obtained by solving
Eq. (3.6), Eq. (3.8) and Eq. (3.10) and are indicated with crosses (α = 3), stars
(α = 5) and plus-signs (α = 8).

likely have degree two and three, with a growing fraction of nodes with four
links. The assumptions also break down if α is too small which is again related
to the neglect of factors n−α if n > 2. In case either one of these conditions is
not met, the approximation can be improved by the addition of the higher-order
terms n−α for n > 2.

In Fig. 3.2 we compare the approximated degree distribution of Eq. (3.27)
with the exact results for networks at time 〈k〉 = 1.9 for different values of α.
The exact results are derived from the rate equations but are verified using
simulations. The values of the test parameters, (|ε ln(1− t)| and (3/2)−α) are
(0.288, 0.296) in case α = 3, (0.072, 0.131) in case α = 5 and finally (9 · 10−3,
3.9 · 10−2) for α = 8.

Clearly our approximation fails if α = 3 and improves upon increase of α.
The graph shows that the approximation overestimates the number of nodes
with degree one and three, while the number of nodes with degree two is
underestimated. These effects are caused by a prominent (negative) feedback
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mechanism in the differential equation for n1. For large values of α, a very good
agreement between the exact and the approximated degree distribution is found.
For instance, for α = 8, the deviations are always smaller than one percent.

In sum, we determined the degree distribution in the bachelor and the pair
model. For general values of α, we have to rely on numerical techniques, but
analytical results can be found for some important special cases. Although it
may appear so far that the relation between the pair and the bachelor model is
trivial, in next sections it will become clear that distinctions are present when
looking at their correlations and therefore also the percolation properties differ.

3.4 Degree correlations

As was thoroughly illustrated in section 1.3.2, correlations are omnipresent in
real-life networks. Since our model uses node degrees to construct the network,
henceforth, we limit to degree correlations between nodes. These nodes may
be nearest neighbours but we also introduce correlations between nodes which
are farther apart. Similar correlations are also present in scale-free networks
created by the Barabási-Albert linking process, as was proven by Barrat and
Pastor-Satorras using a rate equation approach [BPS05].

In the first subsection below, we study the evolution laws followed by nearest-
neighbour and next-nearest-neighbour degree correlations during general network
growth processes with a fixed number of nodes and degree-dependent link
addition probabilities. This provides a sufficient framework for accurately
describing the bachelor model. We then focus on the pair model where
correlations are introduced by the special initial conditions and these tend
to be of great importance.

3.4.1 Nearest-neighbour degree correlations

Nearest-neighbour degree correlations are studied using the quantityNk,q defined
in Eq. (1.10) and its fraction nk,q, as introduced in Eq. (1.11). We briefly remind
the reader that Nk,q is related to the number of links between the nodes with
degrees k and q: if k 6= q, Nk,q is the number of links between nodes with degrees
k and q, while Nk,k is twice the number of links between nodes with degrees
k. In simulations, an easy-accessible quantity is the mean nearest-neighbour
degree of a node with degree q, 〈kn〉q. The quantity 〈kn〉q is related to nk,q by
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the expression
〈kn〉q =

∑
k

kPn(k|q) = 1
qnq

∑
k

knk,q.
�� ��3.29

Recall also that two qualitatively different behaviours for the degree correlations
may be distinguished: assortative and disassortative mixing. The former occurs
when hubs are preferentially linked to one another, while disassortative behaviour
happens when sparsely connected nodes prefer to be linked with hubs.

The time evolution of nk,q is, in a mean-field approach, described by a rate
equation. Simple, intuitive arguments lead to

dnk,q
dt

= pk−1nk−1,q + pq−1nk,q−1 + pk−1pq−1P (k − 1)P (q − 1)

− nk,q (pk + pq) ,
�� ��3.30

which is valid for k, q > kmin. For k = kmin, this rate equation only makes sense
if we assume nk,kmin−1 = 0 for all k. The first two terms on the first line of
Eq. (3.30) describe the gain in nk,q if a new link is attached to a node with degree
k− 1 or a node with degree q− 1, which happens with probability pk−1P (k− 1),
and pq−1P (q − 1) respectively. If a node with degree k − 1 is chosen, the factor
Nk,q increases with the average number of nearest neighbours with degree q of
a node with degree k− 1. This quantity is simply (k− 1)Pn(q|k− 1), since each
of the k − 1 links of the chosen node has a probability Pn(q|k − 1) to lead to a
node with degree q. Using Eq. (1.10), the gain term related to the selection of
a node with degree k − 1 is found to be pk−1nk−1,q, which is the first term in
Eq. (3.30). Similarly, the second line in the rate equation represents the loss
in case a node with degree k or q is selected. The last term on the first line is
special in the sense that it quantifies the possibility to add a new link between
a node with degree k − 1 and a node with degree q − 1, in which case Nk,q
increases by one. A full and detailed derivation can be found in Appendix A.2.2.

The rate equations can only be solved if the correct initial conditions are
provided. For instance, for our bachelor model, in which no links are present at
t = 0, the initial condition is trivial:

nbk,q(t = 0) = 0 ∀k, q.
�� ��3.31
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For the pair model, on the other hand, we need to express the presence of the
initial links, which all run between nodes with degree one. Consequently,

npk,q(t = 0) = 0 if (k, q) 6= (1, 1),
�� ��3.32a

np1,1(t = 0) = 1,
�� ��3.32b

as can be deduced from the link between Nk,q and the number of links between
nodes with degrees k and q.

Uncorrelated network can only occur if the network growth rules allow them.
If the criterion for an uncorrelated network, nk,q = kqP (k)P (q)/〈k〉, is inserted
into the rate equation, Eq. (3.30), a condition upon the linking probabilities is
found:

pk−1 = kP (k)
〈k〉P (k − 1) ∀k > kmin.

�� ��3.33

Only linking processes which satisfy this condition with a constant-in-time
right-hand-side, grow uncorrelated networks. We will explore this condition for
the bachelor and the pair model further on.

3.4.2 Next-nearest-neighbour degree correlations

Degree-dependent attachment rules induce not only nearest-neighbour degree
correlations, but also correlations amongst nodes which are farther apart. Here
we extend our previous discussion and analysis to next-nearest-neighbour
correlations, i.e. to correlations between nodes which are separated by two
links.

Analogously to the arguments in the previous subsection and to the complete
derivation in the Appendix A.2.2, it is possible to deduce a rate equation for
the next-nearest-neighbour correlations. We introduce Nq,k,s, the number of
connected triplets in the network in which the middle node has degree k, while
the other two nodes have degrees s and q, and its fraction nq,k,s = Nq,k,s/N .
Note that ns,k,q = nq,k,s 6= nk,s,q.

Some authors prefer the quantity P (q, k, s), which describes the probability to
find a node with degree k, which is moreover linked to a node with degree q
and a node with degree s. One can easily see that

nq,k,s = (〈k2〉 − 〈k〉)P (q, k, s)
�� ��3.34
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provides an easy link with our preferred quantity nq,k,s, since the prefactor
counts the total number of triples in the network. In an uncorrelated network,
the quantity P (q, k, s) is greatly simplified:

P (q, k, s) = 1
〈k2〉 − 〈k〉

P (k) · kPn(q) · (k − 1)Pn(s).
�� ��3.35

Indeed, the right-hand-side provides a normalised expression for the probability
to find a node with degree k [P (k)], whereof a link leads to a node with degree q
[kPn(q)] and wherefrom another link leads to a node with degree s [(k−1)Pn(s)].
Consequently, in an uncorrelated network,

nq,k,s = 1
〈k〉2

k(k − 1)P (k) qP (q) sP (s).
�� ��3.36

In order to compare the theory with simulations, we define the mean degree of
a node which is two links away from a node with connectivity q:

〈knn〉q =
∑
s,k

sPnn(s, k|q),
�� ��3.37

where
Pnn(s, k|q) = ns,k,q∑

t,v nt,v,q

�� ��3.38

represents the probability to find first a node with degree k which links to a
node with degree s, given that we are following randomly a single link emerging
from a node with degree q. In an uncorrelated network, Eq. (3.36) is valid and
the mean next-nearest-neighbour degree becomes

〈knn〉q = 〈k〉
2

〈k〉
,

�� ��3.39

which expresses, as expected, that the mean degree of a next-nearest neighbour
equals the mean degree of a nearest neighbour.

A rate equation for nk,q,s can be found using arguments similar to those in
the previous subsection:

dns,k,q
dt

= − (pk + pq + ps)ns,k,q + ps−1ns−1,k,q + pk−1ns,k−1,q

+ pq−1ns,k,q−1 + pk−1ps−1nk−1,qP (s− 1)

+ pq−1pk−1nk−1,sP (q − 1).
�� ��3.40
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This equation is valid if s, k and q are larger than kmin. The first term on the
first line stems from the loss of (s, k, q)−triplets if a node with degree s, k or q
is selected; analogously, the other two terms on the first line and the first term
on the second line express the gain if a node with degree s− 1, k − 1 or q − 1
is selected. Finally, the second term on the second line and the term on the
last line indicate the gain in triplets if a link between nodes with degrees s− 1
and k− 1 or between nodes with degrees k− 1 and q− 1 is laid. The formation
of triangles in the network is neglected, an assumption which is correct in the
thermodynamic limit and which is verified in simulations with 106 nodes.

Note that with an analogous scheme, a rate equation for even higher-order
correlations can be introduced. However, the computational complexity increases
as the distance between the nodes increases and therefore we will not pursue
such an endeavour in this chapter.

In the following, we apply the rate equations for the degree correlations to the
pair and the bachelor model separately. We will also observe next-next-nearest
neighbour correlations in simulations using the mean degree of a node which is
separated by three links from a node with connectivity q, 〈knnn〉q.

3.4.3 Degree correlations for the bachelor model

Nearest-neighbour correlations

Since the network in the bachelor model initially contains no links, degree
correlations can only arise due to the continuous growth of the amount of links
in the network. In this section we study in detail those degree correlations
caused by the degree-dependent attachment rule, thereby fully exploiting the
strength of the rate equation approach discussed in the foregoing section.

Although the network is correlated in general, for some values of α an
uncorrelated network is retrieved. For α = 0 and α = −1, the degree
distributions are exactly known (see Eq. (3.17) and Eq. (3.21)) and some
straightforward calculations yield that the attachment rule satisfies Eq. (3.33) in
both cases. The absence of correlations for these special cases is also confirmed in
simulations and, for α = 0, it is a well-known property of Erdős-Rényi networks
[ER60, Bol01]. For α = −1, on the other hand, it is a nice particularity of our
model. In models with the same attachment rule but with a variable number
of nodes, like the Barabási-Albert model, the network is correlated due to the
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Figure 3.3: Comparison of the nearest-neighbour correlations in simulations with
theoretical results in the bachelor model. The figure shows the mean nearest-
neighbour degree 〈kn〉q as a function of the degree q of a node. Both simulation
data (symbols) and numerical solutions using the rate equation, Eq. (3.30), (lines)
are plotted. Results are shown for α = 1 (blue diamonds, dot-dot-dashed line),
α = 2 (green triangles down, dot-dashed line), α = 3 (red squares, dotted line),
α = 4 (brown triangles down, dashed line), α = 5 (orange circles, full line) and
α = 10 (yellow triangles right, dot-dashed-dashed line). All simulation data are
averages over 100 realisations of the growth of a network with 106 nodes. The
standard errors are smaller than the symbol sizes.

degree-dependent attachment rule [KRL00, BBV04]. We conclude that these
correlations can be attributed to the continual addition of nodes to the network.

By inserting the numerically obtained degree distribution into the rate equation
for nk,q it is found that the network is assortatively mixed if α /∈ {0, 1}. Nodes
with a large degree are thus preferentially linked to one another. However, the
correlations are very small for negative α. We quantify the importance of the
correlations using the fractional difference

µn ≡
|〈kn〉q=1 − 〈kn〉q=5|

〈kn〉q=1

∣∣∣∣
〈k〉=2

,
�� ��3.41

which expresses the deviation of 〈kn〉q from the straight-line behaviour observed
in uncorrelated networks. Within the interval [−1, 0], the largest µn occurs
around α ≈ −0.65, for which µn ≈ 6 · 10−4, which is smaller than the error
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margins obtained in simulations. The correlations are thus negligible for
negative α. For positive α, on the other hand, the nearest-neighbour correlations
are much larger and will have a substantial influence on the percolation properties
as will be discussed further on. For example, µn approximates 1.2 · 10−2 if
α = 1, which is two orders of magnitude larger than for α = −0.65. Fig. 3.3
shows that the importance of the correlations further increases with increasing
α and attains a maximum around α ≈ 4. For larger α, the correlations decrease
again and in the limit α→∞ they become negligible. More specifically, we find
µn = 0.103 for α = 3, µn = 0.111 for α ≈ 4, µn = 0.107 for α = 5, µn = 0.043
for α = 10 and µn = 0.019 for α = 15.

In Fig. 3.3, simulation data are moreover compared with numerical solutions to
the rate equation, Eq. (3.30), for positive α. The agreement between theoretical
results and simulations is exceptionally good. The rate-equation approach thus
provides an accurate description of the nearest-neighbour degree correlations.

Next-nearest-neighbour correlations

Let us now focus on the (next-)next-nearest-neighbour correlations for the
bachelor model. The presence of non-zero correlations for positive α is clearly
seen in simulations. In Figs. 3.4 and 3.5, simulation data for 〈knn〉q and 〈knnn〉q
as a function of the node degree q are shown. The next-nearest neighbours
clearly show disassortative mixing while the next-next-nearest-neighbours are
assortatively mixed. A link attached to a neighbour of a node with many links
has thus a higher probability to lead to a small node than to another large node.
A node reached after randomly following three links is most likely again a node
with a more-than-average amount of links. For negative α, simulations again
indicate that the correlations are very small, while they are completely absent
at all times in the special cases α = 0 and α = −1.

For both 〈knn〉q and 〈knnn〉q, the importance of the correlations attains anew a
maximum around α = 4. Furthermore, the effect of the correlations decreases
as the distance between the nodes enlarges, that is, if the order of the degree
correlations increases. These effects are quantified with the fractional differences
µnn and µnnn, which are defined analogous to µn (see Eq. (3.41)) but for 〈knn〉q
and 〈knnn〉q instead of 〈kn〉q. For instance,

µnn ≡
|〈knn〉q=1 − 〈knn〉q=5|

〈knn〉q=1

∣∣∣∣
〈k〉=2

.
�� ��3.42

Simulations yield µn = 0.107, µnn = 0.056 and µnnn = 0.037 for α = 5, while
µn = 0.043, µnn = 0.027 and µnnn = 0.023 for α = 10. The correlations between
nearest neighbours are thus more important than the correlations between next-
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Figure 3.4: Higher-order degree correlations in the network in the bachelor model as
expressed by the mean next-nearest-neighbour degree. Simulation data are shown
with symbols and we also show numerical solutions to the rate equation Eq. (3.40)
using lines. The cases considered are α = 1 (blue diamonds, dot-dot-dashed line),
α = 2 (green triangles down, dot-dashed line), α = 3 (red squares, dotted line),
α = 4 (brown triangles down, dashed line), α = 5 (orange circles, full line) and
α = 10 (yellow triangles right, dot-dashed-dashed line). All simulation data are
averages over 100 realisations of the growth of a network with 106 nodes. The
standard error is smaller than the symbol size.

next-nearest neighbours. For α = 5, the importance of the correlations falls
down one order of magnitude between µn and µnnn. In case α = 10, the effect
is much smaller.

Fig. 3.4 also compares simulation data with analytical results, which are obtained
by solving the rate equations Eq. (3.30) and Eq. (3.40) simultaneously using
numerical methods. The theoretical results clearly match the simulations for
all values of α. Once again the rate equation approach correctly predicts the
network properties.

We conclude that, in the bachelor model, degree correlations are present
if α /∈ {0, 1}. However, for negative α the correlations are small and can be
neglected. For positive α, there is assortative mixing between nodes which
are separated by one or three links, while there are disassortative correlations
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Figure 3.5: Higher-order degree correlations in the network in the bachelor model
as expressed by the mean next-next-nearest-neighbour degree as a function of the
degree q of a node. Simulation data are shown with symbols. The cases considered
are α = 1 (blue diamonds), α = 2 (green triangles down), α = 3 (red squares),
α = 4 (brown triangles down), α = 5 (orange circles) and α = 10 (yellow triangles
right). All simulation data are averages over 100 realisations of the growth of a
network with 106 nodes. The standard error is smaller than the symbol size.

between nodes separated by two links. The magnitude of the correlations
decreases drastically as the nodes are farther and farther apart and, as a
function of α, the correlations are the most important around α = 4. In all
cases, the correlations are well described by analytical results obtained using a
rate equation approach.

3.4.4 Degree correlations for the pair model

The description of correlations in the pair model is more involved than the one
for the bachelor model. The initial-time links which, at time zero, combine all
nodes into pairs introduce initial degree correlations. Furthermore, additional
correlations arise as a consequence of the degree-dependent attachment rule.
The evolution of the total correlations is then described by the rate equations,
Eq. (3.30) and Eq. (3.40). We will however not solve these relations numerically,
but instead proceed analytically by disentangling the initial-link and finite-time
correlations.
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Disentanglement of initial-link and finite-time correlations

To disentangle the initial-link and the finite-time correlations, we write the
fraction of links between nodes of degree k and q as the sum

npk,q = nik,q + nfk,q,
�� ��3.43

where the first term represents the initial-time links and the second term the
links which are laid later on.

Consider first the initial-time links between nodes of degree k and q. Since these
links were laid randomly and each node has exactly one such link, connected
nodes are initially uncorrelated and will remain so at finite time such that the
fraction nik,q is at all times:

nik,q = P p(k)P p(q).
�� ��3.44

We continue by a substitution of Eq. (3.43) and Eq. (3.44) into its dynamic,
Eq. (3.30). It is then straightforwardly calculated that the dynamical equation
of nfk,q is exactly the one of Eq. (3.30) but with nk,q replaced by nfk,q. Since the
initial condition nfk,q(t = 0) = 0 coincides with the one for the total correlations
of the bachelor model and f bk = fpk+1, it is straightforwardly derived that

nfk,q = nbk−1,q−1.
�� ��3.45

In other words, the nearest-neighbour degree correlations of the pair model
can be decomposed into initial-link correlations, which satisfy Eq. (3.44), and
correlations that, after a shift of degrees, are exactly equal to the one appearing
in the bachelor model.

In order to further disentangle the initial-link and the finite-time correlations,
we make a crude approximation by neglecting the latter. All nodes of degrees k
and q have k−1 and q−1 finite-time links such that their associated link fraction
nfk,q is proportional to (k − 1)(q − 1)P p(k)P p(q). Therefore, the normalised
expression for npk,q is:

npk,q = P p(k)P p(q) + (k − 1)(q − 1)P
p(k)P p(q)

t
.

�� ��3.46

Alternatively, this equation can be found by neglecting the finite-time
correlations in Eq. (3.45). This implies a replacement of nbk−1,q−1 by its
uncorrelated counterpart (k − 1)(q − 1)P b(k − 1)P b(q − 1)/〈k〉b, which yields

nfk,q = (k − 1)(q − 1)P
p(k)P p(q)

t
,

�� ��3.47
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in accord with Eq. (3.46). Straightforward calculations provide an expression
for the mean nearest-neighbour degree:

〈kn〉q = −1
q

(
(〈k2〉 − 〈k〉)

t
− 〈k〉

)
+ 〈k

2〉 − 〈k〉
t

.
�� ��3.48

These degree correlations, caused by the initial-time links, are clearly assortative
since 〈kn〉q increases with increasing degree q. Note that the parameter α appears
only implicitly in the expression for 〈kn〉 through the second moment of the
degree distribution.

Results

In the special case α = 0, inserting the exact degree distribution, into Eq. (3.48)
yields

〈kn〉|α=0 = −1
q

+ 〈k〉+ 1.
�� ��3.49

The initial-link correlations are thus also present in this random-linking limit.
Moreover, Eq. (3.33) is never satisfied for the pair model, even not if α = 0 or
α = −1. Degree correlations are therefore always present in the pair model.
The correlations are again quantified with the quantity µn defined in Eq. (3.41).
In order to observe only the initial-link correlations, the quantity is calculated
with the assumption of zero finite-time correlations, thus using Eq. (3.48). We
obtain µn = 0.12 for α = 3, µn = 0.4 for α = 0 and µn = 0.80 for α = −1.
Within the limitations set for α the largest correlations are thus observed for
α = −1, which contrasts sharply with the behaviour for the bachelor model.

In Fig. 3.6, we compare the mean nearest-neighbour degree obtained by
disregarding finite-time correlations, Eq. (3.48), with simulation data for two
different values of α. For α = 3, we give results for two different times: 〈k〉 = 2
and 〈k〉 = 2.5. For the former time-step, the agreement between Eq. (3.48)
and the simulations is remarkably good. When 〈k〉 = 2.5, however, there is
a significant discrepancy. Simulations indicate that this difference grows with
time. At an early stage in the linking process, the initial-link correlations thus
dominate the correlations due to the degree-dependent attachment for the pair
model and Eq. (3.48) provides a good approximation for the nearest-neighbour
correlations. In the latter stages, the correlations due to the degree-dependent
attachment are also important and Eq. (3.48) becomes inaccurate.

For the special case α = 0, Fig. 3.6 shows 〈kn〉 at the moment when 〈k〉 = 2.5.
The network is clearly strongly correlated. However, in this random linking
limit, the only correlations are the initial-link correlations. The result of the
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Figure 3.6: Degree correlations as expressed by the mean next-nearest-neighbour
degree (Eq. (3.37)) against node degree in the pair model. The mean nearest-
neighbour degree 〈kn〉q is plotted as a function of the node degree q. The figure
shows both simulation data (symbols) and the results of disregarding finite-time
correlations, Eq. (3.48) (lines), for two different time-steps. For 〈k〉 = 2.5 we show
the cases α = 0 (black triangles and dashed line) and α = 3 (blue diamonds and full
line), while for 〈k〉 = 2 we only show results for α = 3 (red squares and dot-dashed
line). All simulation data are averages over 100 realisations of the growth of a
network with 106 nodes. The standard errors are smaller than the symbol sizes.

approach without finite-time correlations, Eq. (3.48), is thus exact in case α = 0,
as is verified in Fig. 3.6.

Also higher-order correlations exist in the pair model in agreement with the
separation of the correlations in Eq. (3.43). Simulations and numerical solutions
to the rate equations indicate that their properties are reminiscent of the
bachelor model: the next-nearest-neighbour correlations are disassortative while
the correlations between nodes separated by three links are again assortative.
The importance of the correlations anew decreases as the nodes are farther
apart.

We conclude that, although the degree distributions in both models are
related in a trivial manner, the degree correlations turn out to be completely
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different. The correlations in the pair model are much larger due to the presence
of correlations at the start of the linking procedure. In the early stages of the
linking procedure, these initial-link correlations dominate the correlations due
to the preferential attachment and the latter can therefore be neglected. For
later times, the rate equation Eq. (3.30) should be solved numerically using the
correct initial conditions. Simulations again substantiate the accurateness of
this approach.

3.5 Percolation properties

The percolation problem, which studies the connectivity of the network under
a link addition process, was introduced in detail in the previous chapter. We
briefly recall the main ideas. At the stage of initial network growth, the amount
of clusters in the network is proportional to the amount of nodes. As more and
more links are introduced in the network, the separated clusters join into larger
clusters. At the critical percolation point a phase transition to a network with
one giant connected component occurs. The transition is described using the
order parameter S which quantifies the fraction of nodes in the largest cluster
of the network. A generating functions formalism provides a self-consistent
equation for the time evolution of the order parameter. Below a critical threshold,
the only solution is S = 0, which corresponds to a network without a giant
cluster, while a solution with a non-zero S exists above criticality, that is when
t > tc, or, equivalently, 〈k〉 > 〈k〉c. Note however that the generating functions
scheme of the previous chapter is only valid in uncorrelated networks and must
thus be modified since the constructed networks in this chapter are highly
correlated.

3.5.1 Generating functions formalism

Analytical results are obtained using the generating functions formalism, which
is described in more detail in Appendix A.1.1. As a first approach, we assume
equivalence of all links in the networks as is valid for the bachelor model.
However, such theory does not apply to the pair model since the initial-time
links are not equivalent to the finite-time links. A corrected formalism will later
on be presented for the pair model.
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In an uncorrelated network, the size of the giant cluster S is given by the
system of self-consistent equations

u =
∑
q

Pn(q)uq−1,
�� ��3.50a

S = 1−
∑
k

P (k)uk,
�� ��3.50b

which already appeared in Eq. (2.10). The self-consistent system is
straightforwardly generalised to a network with degree correlations only between
nearest-neighbours:

uk =
∑
q

Pn(q|k) (uq)q−1
,

�� ��3.51a

S = 1−
∑
k

P (k) (uk)k .
�� ��3.51b

Here uk is the probability that, upon starting from a random node of connectivity
k, one follows a random link to the other side and arrives at a cluster of finite
size. The first line now represents a set of self-consistent equations for a set of
parameters uk. The proof of these self-consistent equations can be found in
Appendix A.1.3. The system can again be solved numerically with a simple
iterative scheme.

The effect of the next-nearest-neighbours correlations can be captured using
the numerical results for nk,q,s. The size of the largest cluster is given by
self-consistent equations for the nearest-neighbour order parameters uk and the
next-nearest-neighbour order parameters uk,q:

uq,k =
∑
s

Pnn(s|q, k) (us,q)s−1
,

�� ��3.52a

uk =
∑
q

Pn(q|k) (uq,k)q−1
,

�� ��3.52b

S = 1−
∑
k

nk (uk)k ,
�� ��3.52c

where uk is defined as before and uq,k is its generalisation to next-nearest
neighbours. The probability Pnn(s|q, k) indicates the probability that a node
with degree q is connected to a node with degree s, given that the q-node was
reached at the end of a link emerging from a node with degree k. Therefore:

Pnn(s|q, k) = ns,q,k∑
t nt,q,k

.
�� ��3.53
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Figure 3.7: The percolation transition in the bachelor model. The figure shows
the size of the largest cluster as a function of the mean degree 〈k〉 in the network.
Both simulation data (symbols) and various theoretical approximations (lines) are
shown for α = 2 (red, upper three lines and blue squares), α = 3 (black, middle
three lines and green circles) and α = 8 (magenta, lower three lines and orange
triangles). The dotted lines show the numerical solutions of the generating functions
theory without correlations, Eq. (3.50), the dashed line indicates the theoretical
results with only nearest-neighbour correlations, Eq. (3.51), and finally the full line
uses also next-nearest-neighbour correlations, Eq. (3.52). All simulation data are
averages over 100 realisations of the growth of a network with 106 nodes. The
standard errors are smaller than the symbol sizes.

Here ns,q,k satisfies the rate equation, Eq. (3.40). The proof is a simple extension
of the proof for the self-consistent set for networks with only nearest-neighbour
correlations, which is outlined in Appendix A.1.3.

3.5.2 Application to the bachelor model

In Fig. 3.7, simulation data and various theoretical results for the time evolution
of the size of the giant component are plotted for the bachelor model. The
dotted lines show the numerical solutions of the generating function theory
without correlations, Eq. (3.50). Clearly, the results fail to give a result close to
the simulation data. The underlying reason is the assortative mixing present
in the network that enlarges the number of links between hubs and thus
enhances the formation of the largest cluster. Since Eq. (3.50) neglects these
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correlations, it results in a too small giant cluster and a too high critical
point. The approximation with nearest-neighbour correlations, Eq. (3.51), for
which numerical results are shown with a dashed line, is better although it
overcompensates the error of the approach without correlations. For α = 2,
these theoretical results with nearest-neighbour correlations suffice to give a
reasonably accurate result. For the case α = 3, on the other hand, the results
are well off and the incorporation of next-nearest-neighbour correlations, as
given by the system of Eqs. (3.52), is necessary. Numerical solutions for this
scheme are shown in Fig. 3.7 as solid lines. Clearly, the results match much
better with the simulations.

These findings once again illustrate the enlarging importance of the correlations
as α increases from two to three and the decreasing importance as α further
increases above four. To visualise the latter statement, we also show the results
in case α = 8 on Fig. 3.7. The agreement between the generating functions
theory with next-nearest-neighbour correlations and the simulations is anew
very convincing.

Note, finally, for all three cases the alternating compensation of errors, caused
by the alternation between assortative and disassortative correlations upon
increase of the distance between the different nodes. The deviations of our best
approach with the exact result for α = 3 are related to the assortative next-
next-nearest-neighbour correlations. The theory neglects them and predicts a
largest-cluster size which is slightly too small. As mentioned in the previous
section, the correlations decrease if α increases beyond four.

The influence of the degree correlations on the percolation properties is
also conspicuous in the results for the critical fraction, 〈k〉c. In Fig. 3.8, the
critical point observed in simulations is compared with a numerical solution to
the uncorrelated generating functions scheme, Eq. (3.50). At first glance, the
numerical results lie close to the simulation data for all values of α. However,
a detailed study in the regime α ∈ [2, 4] shows that the approximation yields
a too high critical fraction in this regime, as is expected from the reasoning
above.

We conclude that the percolation properties of the bachelor model can be
found accurately within the generating functions framework. However, the
inclusion of correlations is of vital importance. Depending on the value of α
and the required accuracy, different types of correlations must be incorporated.
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Figure 3.8: Critical point of the percolation transition as derived from simulations.
The plot shows the critical mean degree 〈k〉c in the network as a function of α, both
for the bachelor (black stars) and the pair (red crosses) model. The limiting value
for α→∞, 〈k〉c = 2, is indicated with blue dots. For the pair model, numerical
results to the relation Eq. (3.58) are shown with a cyan line. Furthermore, the
plot visualises the effect of the correlations: lines indicate the critical point that
can be found by solving numerically the uncorrelated generating functions theory,
Eq. (3.50). These approximations are shown with an orange, dashed line (pair
model) and a green, dot-dashed line (bachelor model). Finally, some exact results
are indicated with purple squares. The inset shows the data for the bachelor model
in the regime α ∈ [1.5, 4]. All simulation data are averages over 100 realisations of
the growth of a network with 106 nodes. The standard errors are smaller than the
symbol sizes.

3.5.3 Application and modification for the pair model

In order to properly study the percolation properties of the pair model, we repeat
that a distinction between two types of links has been made: the initial-time
links are laid at time zero in contrast to the finite-time links. Both types must
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be incorporated separately into a modified generating functions formalism. In
Sect. 3.4.4 we wrote nk,q as a sum of initial-link correlations nik,q and finite-time
correlations nfk,q. From Eq. (3.44) and Eq. (3.45), one can readily deduce
the conditional nearest-neighbour degree probabilities P in(q|k) and P fn (q|k),
conditional on the fact that an initial-time link respectively a finite-time link
has been followed:

P in(q|k) = P p(q),
�� ��3.54a

P fn (q|k) =
nfk,q

(k − 1)P p(k) .
�� ��3.54b

We can extend Eq. (3.51) to also include the initial-link correlations:

uik =
∑
q

P in(q|k)
(
ufq
)q−1

,
�� ��3.55a

ufk =
∑
q

P fn (q|k)uiq
(
ufq
)q−2

,
�� ��3.55b

S = 1−
∑
q

P p(q)uiq
(
ufq
)q−1

.
�� ��3.55c

The proof of this extension can be found in Appendix A.1.3. The expressions for
the correlations, Eq. (3.54a), can be introduced and the self-consistent equations
can be reduced to a set of equations as a function of ufk only:

ufk =
∑
s,q

nfk,q
(k − 1)P p(k)P

p(s)
(
ufq
)q−2 (

ufs
)s−1

,
�� ��3.56a

S = 1−
∑
k,q

P p(k)P p(q)
(
ufk

)k−1 (
ufq
)q−1

.
�� ��3.56b

Note that we can also extend these self-consistent equations to incorporate
next-nearest-neighbour correlations. The details can be found in Appendix
A.1.3.

Rather than solving these exact equations numerically, we again proceed ana-
lytically by neglecting the finite-time correlations. In that case, approximation
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Eq. (3.47) is valid and can be introduced into Eq. (3.56):

uf = 1
〈k〉 − 1

∑
k,q

(q − 1)P p(k)P p(q)
(
uf
)k+q−3

,
�� ��3.57a

S = 1−
∑
k,q

P p(k)P p(q)
(
uf
)k+q−2

.
�� ��3.57b

Below the critical point, the sole solution is uf = 1, which corresponds to a
network in the absence of a giant cluster. An expansion around this critical
value determines the critical threshold 〈k〉c:

0 = 〈k2〉c + 〈k〉2c − 6〈k〉c + 4,
�� ��3.58

where the subscript indicates that all quantities are evaluated at the critical
point. Eq. (3.58) results from the neglect of correlations which are caused by
the degree-dependent attachment. This assumption is of reasonable validity
since the percolation transition occurs when 〈k〉 ≤ 2 and in the discussion
of Fig. 3.6, we argued that the finite-time correlations are negligible in this
regime. Therefore, we expect the approximation to be very accurate. Numerical
solutions to Eq. (3.58) and simulation data indeed match within the error
margins, as can be seen in Fig. 3.8.

Note, however, that the inclusion of initial-link correlations is very important.
If, on top of the neglect of the finite-time correlations, also the initial-link
correlations are discarded, the analytical results no longer match the simulation
data. In Fig. 3.8, we also show approximated results for the critical point in
the pair model in the absence of all types of correlations. These results are
obtained by numerically solving the uncorrelated generating functions scheme,
Eq. (3.50). Clearly, the uncorrelated critical points are well off when α is small,
which is exactly the regime in which the initial-link correlations are important.

A similar conclusion can be drawn when the evolution of the size of the largest
cluster is investigated. Fig. 3.9 compares simulation data for S with various
approximations for the case α = 2. A first approximation uses the results of the
self-consistent system Eq. (3.50) which ignores all kinds of correlations in the
network. In the second approximation, shown with a blue dash-dotted curve,
we use Eq. (3.52). In this approach, finite-time correlations are taken into
account but the special initial condition associated with the initial-time links is
neglected. Both approximations deviate significantly from the simulation results
near the transition. In order to describe the initial-link correlations correctly,
the modified generating functions scheme, Eq. (3.57), must be used. Although
the finite-time correlations are neglected, numerical solutions to Eq. (3.57)
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Figure 3.9: The percolation transition for the pair model. The figure shows the size
of the largest cluster as a function of the mean degree 〈k〉 in the network. Various
theoretical approximations (lines) are compared with simulation data (red circles)
for the case α = 2. We also show simulation data for the bachelor model with α = 2
(green squares). The orange dashed line uses Eq. (3.50) and ignores all correlations,
while the blue dash-dotted line uses Eq. (3.52) and therefore only incorporates the
finite-time correlations. Lastly, the full line uses Eq. (3.57), which does take the
initial-link correlations into account but neglects the finite time correlations. All
simulation data are averages over 100 realisations of the growth of a network with
106 nodes. The standard errors are smaller than the symbol sizes. The standard
errors are smaller than the symbol sizes.

coincide with the simulation data. This implies that, for the time-scales under
consideration, the initial-link correlations dominate the finite-time correlations
and therefore determine the macroscopic structure af the constructed networks.

We conclude that the percolation properties of the pair model can be found
with a modified generating functions theory. The initial-link correlations are
incorporated in this modified theory, while the finite-time correlations can be
neglected.
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3.5.4 The bachelor and pair model at criticality

Simple heuristic arguments predict the dependence of the critical connectivity
on α. For very large and positive α, nodes can only have one or two links, while,
upon decrease of α, non-zero densities for all degrees appear. Therefore the
percolation transition happens earlier in the linking procedure for smaller values
of α. Moreover, we expect to observe this qualitative behaviour in both the
bachelor and the pair model. Fig. 3.8 shows simulation results for the critical
mean degree 〈k〉c as a function of α for both models. In the asymptotic limit
α → ∞, the value 〈k〉c = 2 is reached such that the percolation transition
happens when all nodes have two links. For the pair model, 〈k〉c increases
gradually starting at 〈k〉c(α = −1) = 4/3, while in the bachelor model the
increase is much steeper, from 〈k〉c(α = −1) = 1/2. The increase of 〈k〉c for
the bachelor model also follows a different behaviour: around α = 2, a kink
between two regimes is observed.

Moreover, for all values of α, the percolation transition occurs at a higher mean
degree in the pair model compared to the bachelor model. Due to its specific
initial configuration, all clusters contain exactly two nodes when 〈k〉 = 1 in the
pair model, while in the bachelor model much larger clusters already exist when
〈k〉 = 1. The formation of a giant cluster is therefore delayed in the former,
which explains the higher critical point. Our results indicate that not only the
linking probabilities, but also the initial condition of the growth process greatly
influences the percolation properties.

In some special cases, the critical behaviour of the percolation transition
can be studied analytically in more detail. Exact solutions for the generating
functions formalism exist if α = 0 and α = 1, both for the pair and the bachelor
model, while an approximation is constructed for large α. Not only the critical
point, but also the critical behaviour of the giant cluster is determined. The
latter is studied using the standard techniques developed for the percolation
phase transition in Section 2.2. Recall that the critical exponent β and critical
constant A are defined with the relation S = A(t − tc)β , which holds closely
above the critical point.

Special case: α = 0

In the case of random link addition, there are no finite-time correlations in
the network. Eq. (3.50) therefore provides an exact expression for the size
of the largest cluster for the bachelor model, while Eq. (3.57) is the exact
self-consistent set for the pair model. Using the exact degree distribution, which
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was determined in Section 3.3.3, S is given by

ub = et(u
b−1),

�� ��3.59a

Sb = 1− et(u
b−1),

�� ��3.59b

for the bachelor model and

up = e2t(up−1),
�� ��3.60a

Sp = 1− e2t(up−1),
�� ��3.60b

for the pair model. Note that the result for the bachelor model contains the well-
known generating functions for the Erdős-Rényi graph [NSW01]. The equations
imply a simple relation between the percolation properties for the bachelor and
the pair model. The size of the largest cluster is related by Sb(2t) = Sp(t), which
also implies a relation between the critical points: tbc = 2tpc or, equivalently,

〈k〉bc = 2〈k〉pc − 2.
�� ��3.61

The self-consistent equation for ub can be solved exactly:

ub(t) = −1
t
LambertW(−te−t),

�� ��3.62

where the LambertW-function is introduced [OLBC10]. A similar solution exists
for the pair model. The critical point is found by solving the demand ub = 1,
which yields

〈k〉bc = 2〈k〉pc − 2 = 1.
�� ��3.63

Note that the result for the bachelor model matches the result for the Erdős-
Rényi graph obtained in Section 2.3. Moreover, both critical points are confirmed
by simulations, as can be seen in Fig. 3.8. The critical behaviour can be found
by expanding Eq. (3.62) around the critical point and inserting the result into
Eq. (3.59b). One obtains

Sb ∼ 2(〈k〉 − 1),
�� ��3.64a

Sp ∼ 4
(
〈k〉 − 3

2

)
.

�� ��3.64b

In both cases, the critical exponent β thus equals one, while the critical constant
A depends on the model. The results for the bachelor model match once again
the well-known expressions for the Erdős-Rényi graph [Bol01]. The validity
of these analytical findings for the critical behaviour is substantiated by a
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numerical evaluation of the generating functions theory. Close to the critical
point, the results for the size of the largest cluster can be fitted to S = A(t−tc)β .
For instance, performing the numerical scheme for the pair model yields

〈k〉pc = 1.498± 0.002,
�� ��3.65a

β = 1.01± 0.02,
�� ��3.65b

A = 3.92± 0.10,
�� ��3.65c

which agrees, within the error margins, with the analytical results in Eq. (3.64b).

Special case: α = −1

Finite-time correlations are also absent in the preferential-attachment limit,
i.e. when α = −1. Eq. (3.50) and Eq. (3.57) again provide exact expressions for
the size of the largest cluster in the bachelor respectively the pair model. With
the results of Section 3.3.3, we obtain

ub =
(

1
1 + t(1− ub)

)2
,

�� ��3.66a

Sb = 1− 1
1 + t(1− ub) ,

�� ��3.66b

for the bachelor model, and

up =
(

1
(1 + t(1− up))

)3
,

�� ��3.67a

Sp = 1−
(

1
1 + t(1− up)

)2
,

�� ��3.67b

for the pair model.

The size of the largest cluster in the bachelor model is found by solving a
cubic equation for ub and subsequently plugging the result into the expression
for Sb. The only physically acceptable solution is

Sb =

 0 if t < 1
2

t−2+
√
t(4+t)

t+
√
t(4+t)

if t > 1
2

.
�� ��3.68
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The critical point 〈k〉bc = 1/2 agrees with simulation data, as can be seen in
Fig. 3.8. An expansion of Eq. (3.68) around the critical point yields the critical
behaviour

Sb ∼ 8
3

(
〈k〉 − 1

2

)
,

�� ��3.69

which matches numerical solutions to the generating functions formalism.

A similar calculation is performed for the pair model. The fourth degree equation
for up induces an elaborate expression for Sp, which can again be expanded to
obtain the critical behaviour. The final results are

〈k〉pc = 4
3 ,

�� ��3.70a

Sp ∼ 3
(
〈k〉 − 4

3

)
.

�� ��3.70b

The critical point is again supported by simulation data, as is once more shown
in Fig. 3.8. Solutions to the rate equation for the degree distribution and the
generating functions theory also confirm the critical behaviour. Numerically
solving the generating functions theory leads to the results

〈k〉pc = 1.33± 0.01,
�� ��3.71a

β = 0.99± 0.03,
�� ��3.71b

A = 2.93± 0.15,
�� ��3.71c

which again match, within the error margins, the analytical results.

Special case: large α

In the limit α → +∞, new links are always laid between (two of) the nodes
that have the lowest connectivities. If 1 ≤ 〈k〉 ≤ 2, the time-evolution of the
cluster-size distribution is then equivalent to the one in a process in which new
links are always laid between two randomly chosen clusters. Consequently, also
the percolation properties match with the one in such a process, which was
studied in Section 2.6.2 as the ω = 0 limit of the explosive Cho-Manna process4.
In this section, we study the transition to the explosive limit situation using an
expansion for large α. Recall moreover that in the limit α→ +∞, the bachelor

4Note that the initial conditions of the Cho-Manna process and our pair model do not
match. It can however be shown analytically that this does not affect the occurrence of an
explosive transition.
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and the pair model are equal if 〈k〉 ≥ 1. We therefore limit our studies for large
α to the percolation properties of the pair model and anticipate the differences
with the bachelor model to be small.

The starting point of the study of the percolation transition is the expanded
degree distribution for large α, Eqs. (3.24a) - (3.24c), which is valid as long as
(3/2)−α � 1 and |ε ln(1− t)| � 1, where, as before, ε = 2−α. The finite-time
correlations are once more discarded, since they vanish for α→∞. There are
two possible ways in which the expanded degree distributions can be used in the
generating functions theory. First, the approximated degree distribution can be
used in the uncorrelated generating functions theory. Inserting Eqs. (3.24a) -
(3.24c) into Eq. (3.50) yields an approximated expression for the critical point:

x0(tc) = 2εx1(tc),
�� ��3.72

in which the functions x0(t) and x1(t) are evaluated at the critical time tc =
〈k〉c − 1. Eq. (3.72) implies a criterion for tc:

1− tc = −2ε[tc + ln(1− tc)].
�� ��3.73

Using the LambertW-function [OLBC10], this implicit equation can be solved
for the critical point:

tc = 1− 2ε
1− 2εLambertW

(
1− 2ε

2eε

)
.

�� ��3.74

The resulting tc can be found numerically, or, if 2ε� 1, approximated by

tc = 1− 2εLambertW
(

1
2eε

)
.

�� ��3.75

A numerical analysis indicates that this approximation accurately solves
Eq. (3.73) if α & 6.

Alternatively, the approximated degree distribution can be plugged into the
modified generating functions theory, in which the initial-link correlations are
also considered. The criterion for the critical point, Eq. (3.58), becomes

x0(tc)[1− x0(tc)] = 2εx1(tc),
�� ��3.76

or, equivalently, in terms of tc:

tc(1− tc) = −2ε[tc + ln(1− tc)].
�� ��3.77

This implicit equation can only be solved using numerical techniques. Note that
these calculations are only meaningful in case the large α-expansion is still valid

122



3.5. Percolation properties

4 8 16
α

0.1

0.2

2-<k>

Exact results

5 10 15 20α

100

1000

1e4

Ac

Approximations
with correlations
without correlations

Figure 3.10: Comparison of different approximations for the critical connectivities
for large values of α with numerical results of the generating functions theory
(black stars). The main figure shows results for the critical point 2 − 〈k〉c in a
semi-logarithmic scale. The dashed, blue line indicates the numerical solutions to
the large α approximation with correlations, Eq. (3.77), while the full red line is
the solution to the approximation without correlations, Eq. (3.73). In the inset, the
parameter A of the expansion S = A(t− tc)β around the critical point is shown
as a function of α. The full red line again represents the approximation without
correlations. The black stars indicate the results of a fit S = A(t − tc) to the
numerical solution of the generating functions theory.

at the critical point, i.e. if the obtained critical point satisfies |ε ln(1−tc)| � 1 for
large values of α. A numerical evaluation indicates that the factor |ε ln(1− tc)|
decreases with increasing α. We obtain 0.0745 for α = 5, while for α = 10,
we obtain 0.0048. The expanded degree distributions can thus be used at the
critical point for large values of α.

In Fig. 3.10, the approximated critical points 〈k〉c, obtained using Eq. (3.74)
or by solving Eq. (3.77) numerically, are compared with numerical solutions
to the exact self-consistent equations 〈k〉c,exact. Clearly, the approximations
improve significantly upon increase of α. Their accuracy can be quantified with
the parameter γ which is defined as follows:

γ = 1− 2− 〈k〉c,appr

2− 〈k〉c,exact
.

�� ��3.78
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For the uncorrelated approximation, γ = 4.9 · 10−3 for α = 5 and it further
decreases towards γ = 2.9 · 10−4 for α = 10. In the expansion with correlations,
these quantities are 8.1 · 10−3, respectively 3.1 · 10−4.

Curiously, the approximation without correlations performs better than the
one with correlations. The cause is a cancellation of errors in the former.
The correlation-free approximation introduces two inaccuracies. First, the
assortative correlations are neglected. In the approximation the percolation
transition therefore appears at a later stage than the exact transition. Second,
the expanded degree distribution is only an approximation of the exact one.
As can be seen in Fig. 3.2, the importance of the nodes with degree three is
overestimated. Since larger nodes facilitate the formation of a giant cluster, the
approximated percolation transition occurs at an earlier stage than the exact
transition. The two errors thus partially cancel one another: the absence of
correlations increases 〈k〉c,appr wrt. 〈k〉c,exact, while the effect of the error in
the degree distribution decreases 〈k〉c,appr. Since the inaccuracy related to the
correlations impacts less on the size of the giant cluster than the deviation in
the degree distribution, the latter error causes a larger effect than the first one.
Therefore, the estimate for the critical point is smaller than the exact result,
as is confirmed in Fig. 3.10. Since both errors diminish upon increase of α the
agreement between the approximation and the theory also ameliorates. Due to
the partial cancellation, the approximation is useful for α ' 6.

In the approximation with correlations, the cancellation is no longer present.
The difference between the approximation and the exact result is solely caused
by the errors in the degree distribution. As α increases, the correlations in
the network diminish and the difference between both approximations also
decreases. In practice, the difference is negligible for α ' 8.

Within the large-α approximation, the critical exponent β and the critical
constant A can be determined. We define ξ ≡ t − tc and work in the regime
ξ � 1. The functions x0(t) and x1(t) are expanded in ξ:

x0(t) ≈ x0(tc)− ξ,
�� ��3.79

x1(t) ≈ x1(tc) + ξ
dx1

dt

∣∣∣∣
t=tc

= x1(tc) + ξ

(
1− x0(tc)
x0(tc)

)
.

�� ��3.80
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3.5. Percolation properties

Insertion in the uncorrelated generating functions theory5, Eq. (3.50), and
retaining only the lowest order in ξ yields S ∼ Aξβ , with β = 1 and

ANC = 2
3

1 + tc
1− tc

(
1 + 2εtc

1− tc

)
,

�� ��3.82

where only the lowest-order contribution in ξ is retained. Insertion of the
critical point, see Eq. (3.74), provides a numerical result for ANC , while an
analytical approximation is obtained by inserting the approximated critical
point, Eq. (3.75), into Eq. (3.82) and expanding the result in a Laurent series.
Retaining only the leading two terms of the series,

ANC ≈
2
3ε

(
1 + 1

LambertW
( 1

2eε
))− 2

3

(
3 + 1

LambertW
( 1

2eε
)) �� ��3.83

is obtained. A numerical analysis indicates that this approximation for ANC is
accurate if α & 7. Since LambertW(x) diverges if x→∞ [OLBC10], Eq. (3.83)
straightforwardly implies that ANC diverges if ε→ 0 and thus if α→∞.

The validity of the expansion for large values of α is again supported by a
numerical evaluation of the exact generating functions theory. Close to the
critical point, the numerical results for the size of the giant cluster can be fitted
to S = A(t− tc)β . Within the error margins, the critical exponent β is equal to
one for all values of α. The inset of Fig. 3.10 compares the estimate ANC with
the value of A which is obtained in the fit. The approximated result is found to
agree with the theoretical results if α ' 5.

The results explain how the transition from the normal to the explosive
percolation regime occurs in our model. The critical exponent β equals one for
all finite values of α. Contrarily, the critical constant A increases rapidly as
the explosive regime is approached. The transition to the explosive percolation
for α → +∞ is thus not caused by a vanishing critical exponent β, but by a
diverging critical constant A.

5Instead of the uncorrelated generating functions theory, the modified generating functions
scheme with initial correlations, Eq. (3.57), could as well be used. The differences between
both approaches are, however, negligible for large α: the exponent β remains unchanged,
while the constant A changes to

AC =
4
3

tc

1− tc

(
2tc − 1 +

2εtc
1− tc

)
.

�� ��3.81

A numerical evaluation indicates that the difference between ANC and AC is negligibly small
for α & 5.
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3.6 The formation of a giant node

3.6.1 Gelation transition or network condensation

A particular situation occurs in our models for negative α, i.e. when the
probability to attach a link to a node increases with the degree of the node.
The largest sites are thus the fastest growing and a rich-get-richer phase is
observed. Consequently, the degree distribution is stretched and the network
contains many hubs. If α is small enough, an extreme version of this behaviour
is observed. Simulations indicate that a single node acquires a macroscopic
number of links if α . −1.45. Stated differently, the degree k of a node becomes
extensive:

k = yN,
�� ��3.84

with y strictly larger than zero. We call such a node a giant node and refer to y
as the size of the giant node. Note that a giant node is, just like a giant cluster,
absent in the initial stages of the linking process, but as more and more links
are included, a giant node appears if α is small enough. In previous works, the
transition from a regime without a giant node to a regime with one is coined
the gelation transition or network condensation.

The gelation transition was first noticed by Krapivsky et al., who observed it
in their extension of the Barabási-Albert model [KRL00, KR01]. Recall that
in their model nodes are added continuously to the network and subsequently
connected with older nodes. The linking probability to an older node with
degree k is proportional to k−α. Krapivsky et al. have proven analytically, using
a rate equation for the maximal degree in the network, the formation of a giant
node if α < −1 in the so-called winner-takes-it-all scenario. If α < −2, there is
a non-zero probability that the giant node is connected to every other node in
the network.

A similar transition occurs in network construction models with continuous node
addition in which some sites intrinsically have a higher probability to become
highly connected. In those models, each node is born with a fitness ηi and a link
is attached to a node with a probability proportional to kiηi, with ki the degree
of the node. The fitnesses ηi are drawn from a random distribution, they could
for instance be normally distributed. An equivalence between the transition
in fitness-models and the formation of a Bose-Einstein condensate in a bose
gas [Ann03] was developed by Bianconi and Barabási. In their correspondence,
each node represents an energy level with energy εi = − 1

β log ηi, where β is
a parameter which plays the role of the inverse temperature. A link between
two nodes corresponds to the presence of two particles, one in each energy
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level. Clearly, if a macroscopic number of links is attached to a node, the
corresponding energy level will acquire a non-zero fraction of the particles. But
on top of that, Bianconi and Barabási showed that the Bose statistics arise
naturally in the model [BB01, Ann03]. We will not discuss this correspondence
in detail, but refer the reader to Refs. [BB01, BB07].

In the remainder of the section, we show the occurrence of a giant node for
α . −1.45 using simulation data. We limit the discussion to the bachelor model,
but similar arguments can be formulated for the pair model. In the remainder
of the section, we will therefore neglect the super- and subscript “b”. We also
briefly comment on the breakdown of the rate equation approach in the presence
of network condensation. Note also that simulations seem to indicate that, in
some cases, multiple giant nodes can exist next to each other. In those regimes,
we will only consider the largest of them as the giant node.

3.6.2 Simulation results

Occurrence of giant nodes

Fig. 3.11 shows simulation results for the size of the giant cluster in a growth
process with parameter α = −1.5. A giant node is clearly present irrespective of
the network size if t & 1.5. Moreover, the size of the giant node increases with
the number of nodes in the network. A giant node therefore certainly appears
in the macroscopic limit, N →∞, if α is small enough.

From Fig. 3.11 it is moreover deduced that the birth of the giant node happens
much later in the linking process than the formation of the giant cluster. Indeed,
the latter occurs, in the regime α < −1, at a mean degree which is always
smaller than 〈k〉 = 0.5. Consequently, the network first contains a giant cluster
and only much later a giant node appears within the giant cluster. In some
simulations, a second node with a macroscopic number of links appears later
on within the giant cluster, as we already shortly mentioned in the last lines of
the previous section.

Another difference between the birth of a giant node and a giant cluster deals
with the fluctuations. Recall that for the size of the largest cluster, in all figures,
the standard error was smaller than the symbol size. In case of the size of the
largest node, the standard errors are much larger, as is observed in Fig. 3.11.
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Figure 3.11: Finite-size analysis of the evolution of the giant node for a network
growth process with α = −1.5. The main graph shows the evolution of y as a
function of the mean degree 〈k〉 for different network sizes. The cases considered
are, from bottom to top, N = 0.5 · 105 (black), N = 1 · 105 (green), N = 2.5 · 105

(blue), N = 5.0 · 105 (cyan), N = 1.0 · 106 (red), N = 1.5 · 106 (violet) and
N = 2.0 · 106 (orange). The inset shows the size of the giant node as a function
of the network size for networks in which 〈k〉 = 2. In all simulations, α = −1.5 is
used. The number of network realisations depends on the size of the network and
varies from 10,000 to 30, as is indicated in the legend by Nnet. No error bars are
shown if the errors are smaller than the symbol sizes.

The differences between different realisations of the growth process are thus
much more important for the formation of the giant node6.

Finite-size analysis

We now focus on the nature of the condensation transition and try to deduce
whether it represents a genuine phase transition or not using a finite-size analysis.
Recall that a genuine (physical) phase transition deals with the sudden change of
a physical quantity in the thermodynamic limit at a fixed, critical value of some
model parameter [Yeo92]. The percolation transition for instance describes the

6Note that additional realisations of the growth process could increase the accuracy of the
results. However, for networks with more than one million nodes, the simulations are very
time-consuming.

128



3.6. The formation of a giant node

sudden appearance of the giant cluster when 〈k〉 = 〈k〉c, but a sudden transition
in the behaviour of S is only observed in the limit N →∞.

A striking feature in Fig. 3.11 is the slow pace at which a giant node is
formed, an effect which is observed for all network sizes. Even for very large
networks, the growth of the largest node is very smoothly. This finite-size
behaviour contrast sharply with the one for the percolation transition, in which
finite-size effects are negligible for networks with the same order of magnitude.
For instance, in Fig. 3.7, simulation data for networks with 106 nodes clearly
demonstrate the sharpness of the percolation transition for these network sizes.

Since the giant node still arises smoothly for a network with two million nodes,
it is anticipated that the birth of the giant node is not a genuine phase transition.
Rather, it seems to be a continuous process, which lasts during a broad transition
interval, instead of a sudden phase transition occurring at fixed moment in time.
On the other hand, it is also possible that the asymptotic regime, in which
the genuine phase transition can be observed, is only approached very slowly.
However, the scaling behaviour seems to indicate that, even in the macroscopic
limit, a slow growth takes place, since the curves for increasing network sizes
do not converge towards a curve with a sudden transition. This effect again
contrasts sharply with the finite-size behaviour in other phase transitions in
statistical physics and network theory. For instance, in the percolation transition
on scale-free networks, the results for the giant cluster for enlarging network
sizes converge towards a result with a sudden (phase) transition [Hoo09].

We conclude that it remains an open problem whether or not the condensation
transition in our model is a genuine phase transition, but that most evidence
points in the direction of the absence of a phase transition.

Influence of the parameter α

The influence of α on the size of the giant node is shown in Fig. 3.12. The
figure focusses on two time-steps during the linking procedure, 〈k〉 = 1.5 and
〈k〉 = 2. As expected, y increases if the network has been growing for a longer
time. Moreover, the critical region in which the giant node appears is highly
dependent on the parameter α. For instance, for α = −1.48, the birth of the
giant node takes place somewhere between 〈k〉 = 1.5 and 〈k〉 = 2.0, while for
α = −1.52 the transition already takes place when 〈k〉 < 1.5. Note that the
general behaviour is thus similar to the one of the percolation transition: the
mean degree at which the giant node appears, decreases with decreasing α.
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Figure 3.12: Effect of α on the size of the giant node. The figure shows y in
function of the parameter α at two stages during the linking process. Blue squares
show data for 〈k〉 = 1.5, while red circles provide results for 〈k〉 = 2.0. All data
points are averages over 100 realisations of a growth process of a network with 106

nodes. The error bars indicate the statistical errors.

3.6.3 Breakdown of the rate equation approach

Although the formation of a giant node is observed in simulations, the details
of the phenomenon cannot be studied in the rate equation approach introduced
in Section 3.3. The reason hereof lies in the breakdown of the formalism if the
network condensates. The rate equation for the degree distribution, Eq. (3.5),
becomes, for α < −1, ill-defined in case a giant node is present, since the
normalisation constant c(t) =

∑
k P (k)(k + 1)−α diverges.

The divergence of c(t) is most easily seen by splitting the sum over the degrees
in a sum over all finite degrees and a term related to the giant node:

c(t) =
∑′

k

P (k)(k + 1)−α + 1
N

(yN)−α
�� ��3.85a

= 〈(k + 1)−α〉
′
+ y−αN−1−α,

�� ��3.85b

where
∑′

k indicates a sum over the finite degrees and 〈·〉′ an average over all
nodes but the giant node. In the macroscopic limit, the second term diverges if
a giant node is present and α < −1. Since the time evolution within the rate
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equation approach is determined by 1/c(t), as can be seen in Eq. (3.9a), the
increase of the node degrees ceases if c(t) diverges.

A correct theoretical description of the phase with a giant node is still lacking.
A possible way out is the development of a separate rate equation for the size of
the giant node7, while, in this formalism, a modification of Eq. (3.5) describes
the evolution of the distribution of all finite degrees. We anticipate that such a
theory could answer some of the questions which arose during the examination
of the simulation data. In particular, an analytical expression for the behaviour
of the size of the giant node as a function of 〈k〉 and α would probably indicate
whether or not the transition forms an example of a genuine phase transition.
A correct theory could as well enable a detailed determination of the occurrence
of giant nodes as a function of α and the mean degree in the network.

3.7 Conclusions

We have introduced a network growth model which provides a cross-over from
a preferential attachment rule to a process featuring explosive percolation. In
our analytically solvable model, links are introduced between a fixed number of
nodes using linking probabilities which solely depend on the node degrees. We
have shown how the details of microscopic link addition processes influence the
large-scale characteristics of the constructed networks and the growth of global
network structures.

To illustrate our findings using simulations, we have introduced two diversifi-
cations of the model: the bachelor model, with initially a set of unconnected
nodes, and the pair model, in which nodes are initially coupled into pairs. In
both variants, a single parameter α determines the dynamics. If α is negative,
links are preferably laid between nodes with a larger degree, while the reverse
statement holds for positive α. If α vanishes, the model mimics the network
growth of the Erdős-Rényi random network, while α = −1 corresponds to the
preferential attachment of the Barabási-Albert model. In the limit α→∞, an
explosive process is retrieved.

We have performed a detailed study of the construction process and the
constructed networks. Rate equations determine the time evolution of the
degree distribution and the degree correlations for general network growth
processes with a fixed number of nodes and degree-dependent link addition

7Note that this approach needs additional rate equations if the network contains multiple
giant nodes.

131



Chapter 3. Network Growth

probabilities. For our two diversifications, numerical solutions to the rate
equations are in accord with the outcome of Monte-Carlo simulations. The
results show that power-law degree distributions are never obtained in our
model, which extends the finding of Barabási et al. that only growing networks
facilitate the scale-free structure.

Although the degree distributions of both models are trivially related to
one another, the different initial conditions cause major distinctions for the
degree correlations in the constructed networks. While in the bachelor model
correlations only appear as a consequence of the linking process, the network is
already highly correlated in the initial stage if the pair model is used. Yet, in
both models, the same tendency is observed. The nearest-neighbour correlations
are always assortative, while, upon increase of the distance between the nodes,
an alternation between assortative and disassortative correlations appears.

A generating functions formalism provides accurate results for the percolation
properties, but the incorporation of degree correlations in the theory is of vital
importance. In the pair model, it suffices to include the initial-link correlations,
since they are dominant at criticality, while, depending on the value of α
and the required accuracy, different types of finite-time correlations must be
incorporated for the bachelor model. Our results indicate that not only the
linking probabilities, but also the initial condition of the growth process greatly
influences the percolation properties. These effects are for instance illustrated by
the model-dependence of the critical mean degree. We have paid special attention
to three qualitatively different limit situations: α = 0 (random percolation),
α = −1 (preferential attachment) and α→∞ (explosive percolation). For large
α, the construction process is studied using approximated degree distributions
and expanded generating functions, which indicate that the transition to the
explosive regime is marked by a rapid increase of the critical constant, while the
critical exponent remains unchanged and equal to one for all finite values of α.

For α < −1.45 we have observed a rich-get-richer phase in which a single node
captures a macroscopic number of links. Since a theoretical description of the
birth of this giant node is lacking, the nature of the transition remains unclear,
although most evidence points in the direction of the absence of a genuine phase
transition. A modified rate equation approach in which the size of the giant
node is described separately may resolve this open problem.
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I resolved to stop accumulating and begin the infinitely
more serious and difficult task of wise distribution.

Andrew Carnegie 4
Distribution Networks

4.1 Introduction

4.1.1 Breakdowns of distribution networks

The distribution of goods from producers to consumers is a keystone of the
globalised world. In modern times, provisions are usually no longer produced
by the end users themselves but instead manufactured by SMEs (Small and
Medium-sized Enterprises), large companies or big multinationals and then
distributed to all consumers. The delivery of goods to consumers is most easily
described with the aid of a network structure: the distribution network. A
familiar example is the power grid, which models the delivery of electricity, but
also other networks which describe the production and sale of material goods
by commercial centres to consumers fit in the category of distribution networks.
In those networks the occurrence of hubs is rather common (main providers,
supermarkets,...) and the scale-free network will be the most logical choice.

A typical characteristic of distribution models is the occurrence of black-
outs, major breakdown events of which the most well-known examples present
themselves in the electricity grid. The reader may be familiar with the large
power outage that stroke parts of the Northeastern and Midwestern United
States and the Canadian province Ontario in August 2003 and left world cities
as New York without electricity for approximately 12 hours. The massive
impact of the black-out is vouched by its total cost, approximately 6 billion
USD and the fact that it contributed to at least 11 deaths [Min08]. Another
large power outage is the 2009 Brazil and Paraguay black-out, which affected
an estimated 70 million people [Con10]. The largest event hitherto occurred in
India in July 2012, when 620 million people, around 9% of the world population,
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were affected [Tod12]. Avalanches of failures however not only happen in those
large-scale systems. Also the food distribution in a town can collapse if the raw
materials are depleted. We aim at a formalism which encompasses breakdowns
of distribution networks of all sizes.

The underlying reason of many black-outs in real-life is independent of the
details of the distribution system. The cause of the collapse is a small, local
failure in one of the elements of the network. Due to the disappearance of
the part, the surrounding parts undergo a greater burden, which makes them
vulnerable too. A small initial problem may thus trigger a chain reaction of
malfunctions. These cascades of failures are for instance easily observed in the
initial stages of real-life power outages. Studies revealed that the Northeast
black-out of 2003 was caused by a single high voltage wire which hit an overgrown
tree as a consequence of the heat production related to the high current coursing
through it [Min08]. Subsequently, other voltage wires hit trees as well since
their current increased. Similarly, the 2009 Brazil and Paraguay power outage
started when heavy rains caused three transformers on a key high-voltage
transmission line to short circuit [Con10]. The line was forthwith shut down,
causing the complete shutdown of the Itaipu Dam, which resulted in a large
under production.

4.1.2 Economic principles

Cascading failures in distribution networks are caused by the underlying
economic principles of the distribution systems. We present three policies:
a cooperative, a competitive and a solidarity-driven market. The main goal in
this Chapter will be to demonstrate how a policy in the latter category can
cause a breakdown of the distribution network.

The first policy is one that is guided by demand. The distribution centres
aim at satisfying the consumer demand as closely as possible. They will strive
to adjust their activity to that of neighbouring centres so that the difference
between demand and delivery is minimal for all consumers. The demand-guided
policy is characteristic of a market in which compensation or complementarity
is more important than competition. Many physical, chemical and biological
systems are equipped with similar negative feedback mechanisms, rendering
operation stable under small enough perturbations.

The second distribution policy concerns a competitive market guided by product
quality and quantity. In this policy, production or distribution centres strive to
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maximise their activity in order to get their deliverables consumed rather than
those of their rivals. The centres aim at manipulating consumers by creating
new demands, preferably in situations where the existing demand is low. In
this product-guided policy the centres tend to become active especially when
their neighbours are already satisfying the consumer demand. This policy can
therefore be mimicked by maximising the difference between supply and demand,
which is opposite to what we postulated in the demand-guided policy described
before.

Thirdly, we wish to capture a policy of solidarity rather than competition, in
which providers display a voluntary or forced shut-down in situations where too
high a demand cannot reasonably be met. As long as all centres are active there
are no problems, but as soon as some become inactive, the burden of satisfying
the high consumer demand can become too heavy to carry. The centres can be
unwilling or plainly incapable of rectifying the drop in supply, and increasingly
so as time progresses and more neighbouring centres fail. This is a pronounced
positive feedback mechanism which can lead to black-outs in power stations
or certain kinds of strikes (when workers are unable or unwilling to do more
than their peers). A similar conduct may be observed, for example, among
partners in projects. Companies tend to close or, equivalently, persons tend to
stop doing their job, when their co-workers no longer invest in a joint project.
Like in the (second) competitive policy we discussed, in this (third) solidarity
policy the difference between supply and demand is again maximised, but this
time by the supply dropping to zero.

4.1.3 Modelling breakdowns in distribution networks

Cascades of failures in distribution networks have been a key subject in network
science in the last decade. Most studies focussed on the breakdown of transport
in scale-free networks, using a description based on critical loads [SCL00, Wat02,
ML02, CLM04]. In those models, a parameter characterises the maximal traffic
load a link can cope with. If the critical load of a link is exceeded, transport
across it breaks down and other links should serve as back-up. A series of
cascading failures starts if the critical threshold of the alternative links is also
exceeded. Other studies observed avalanches in sand piles. Goh et al. introduced
a model in which sand particles are deposited one by one on the links or nodes
of a scale-free network [GLKK03]. All nodes or links again possess a maximal
load they can carry. If the critical value of sand grains is exceeded, particles roll
to neighbouring sites. If also their critical load is exceeded, an avalanche starts.
Breakdowns also occur as a consequence of the interplay between two networks.
The power grid and the Internet are for instance interdependent since loss of
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communication in the Internet causes failures in the power supply and vice
versa. These black-outs were studied in Refs. [BPP+10, PBH10, HKCH11].

We opt for a totally different approach, which captures the three types
of common distribution policies in realistic trade environments by the
implementation of an appropriate Ising spin Hamiltonian with quenched random
fields on a complex network, mainly of the scale-free type. In our approach,
nodes model the suppliers and the consumers will be represented by the links
between them. The focus mostly lies on the third policy: we describe avalanches
which are caused by the solidarity among suppliers.

In the next section, the model is discussed in detail. Both the static distribution
network and a Hamiltonian which governs the dynamics and the breakdowns
are introduced. To facilitate the derivation of analytical results, a mean-field
approximation is introduced. In the third section, we deduce the values of the
model parameters for which a breakdown to an inactive state can occur. In
Section 4.4, we observe the collapses in simulations and discuss the properties
of the avalanches of failures thoroughly. The main results of those sections
were published in Ref. [HVLG+12] and some elaborations were discussed in
the Master’s thesis of Sander Van Lombeek [VL10]. A last section deals with
strategies to protect and strengthen the distribution networks.

4.2 Ising model for distribution systems

4.2.1 Distribution networks

In our model, we envisage distribution centres as nodes and consumers as
links on a network. All consumers (links) are thus served by two centres (the
adjacent nodes) in this model, which is not unusual since many consumers rely
on an alternative option in case their normal provider is unavailable. In our
description, a single link can represent more than one consumer or even a region
across which the products are distributed. All consumers sharing the same
distribution centres will be represented by one and the same link.

The distribution centres, labelled with Roman letters as indices, spread the
deliverables. They can be active or inactive depending on internal conditions
and on external criteria such as the demands of consumers that are linked to
them and the status of other nearby centres. The spin variables σi indicate the
status of the suppliers: a distribution centre i is active or up when σi = 1 and
inactive or down when σi = −1. Every active node delivers a fixed amount Li of
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goods to all its consumers. Inactive nodes do not supply any goods. A consumer
(link), provided with goods by its two suppliers i and j will be denoted by (i, j).
The consumer has a certain demand, Dij , which the adjacent nodes will try to
fulfil with the total delivery Lij = Li + Lj to the link.

The underlying network structure will mainly be of the scale-free type and
the distribution of the number of consumers of a single supplier thus follows a
power-law with topological constant γ, which is compatible with the occurrence
of hubs like hypermarkets and main providers in real-life distribution systems.
We will moreover assume that the scale-free network is uncorrelated. Most
analytical results can however be straightforwardly generalised to all types of
(un)correlated (complex) networks. We will only briefly consider the Erdős-Rényi
random network as a point of comparison.

4.2.2 Breakdowns

Hamiltonian

In order to integrate the three policies of Section 4.1.2, the dynamics of the
model is described with an Ising-like model with quenched random fields. The
basic Ising model was introduced in more detail in Section 2.2.2. It constitutes
a spin model in which the spins can take two distinct values, +1 and −1. The
dynamics of the spins is described by the Hamiltonian

H = −
∑
(i,j)

Jijσiσj −
∑
i

Hiσi,
�� ��4.1

where the sum is over all the links in the grid. Jij are the coupling constants
which signify the strength of the interaction between the spins σi and σj , and
Hi are external fields [Yeo92]. Many extensions of the simplest model have been
studied. Here we focus on the Ising model with quenched random fields, in which
the constants Jij and the external fields hi are drawn from a random distribution.
The term “quenched” is used to signify that the random numbers are fixed, even
in the presence of thermal fluctuations. Both the simple Ising model and the Ising
model with quenched random fields have been studied on scale-free networks in
the absence of external fields [DGM02, IT02, LVVZ02, GHI+05, GHI+06]. Our
distribution model is found by exploiting specific degree- and model-dependent
definitions for the coupling constants and the external fields.

According to the policies described above, the Hamiltonian in our model
expresses the difference between the delivery to and the demand of a link. The
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energy of a link is simply defined as

Eij(σi, σj) = −J(Lij −Dij)2,
�� ��4.2

where the nearest-neigbour coupling J is introduced. The Hamiltonian of the
Ising distribution network is the sum of these energies over all links. We obtain
the spin Hamiltonian of a given realisation of a network:

H({σ}) =
∑
(i,j)

Eij(σi, σj) = −J
∑
(i,j)

(Lij −Dij)2,
�� ��4.3

where the sum is over all the links in the network.

The economic policy of the distribution model is reflected in the sign of
the interaction constant J . In the anti-ferromagnetic case, i.e. if J < 0, the
lowest total energy is reached if the function |Lij − Dij | is minimal for all
links. The distribution centres strive to adjust their delivery such that the
difference between the demand and the supply is minimal. This behaviour
clearly mimics the demand-guided policy introduced in Section 4.1.2. Avalanches
in anti-ferromagnetic spin systems with a uniform external field on complex
networks have already been studied in Ref. [MAK+07]. In our model, the focus
lies on the third policy introduced in Section 4.1.2. We describe avalanches
in distribution networks which occur due to the solidarity among suppliers.
To achieve this, ferromagnetic couplings are required. If J > 0, the energy is
minimised if the difference between the demand and the delivery is maximised.
A distribution centre thus tends to become inactive when the demand is too
high, which is exactly the behaviour observed in collapses due to the policy of
solidarity.

In the following paragraphs, we will introduce the supply and demand
functions. We work with functions which are as simple as possible, but still
capture the basic economic principles we want to describe.

Delivery function

In real-life distribution systems, all producers have a different capacity. Here,
we assume that the total delivery of a supplier depends on its degree. Therefore,
we define the delivery of a supplier to one of its adjacent links as

Li = 1
kµi

(
1 + σi

2

)
,

�� ��4.4
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4.2. Ising model for distribution systems

where ki and σi are the degree and the spin of the distribution centre. The
delivery exponent µ controls the total production of a supplier. When node
i is active, or σi = +1, supplier i furnishes 1/kµi products to each of its ki
consumers. The total delivery of an active node is thus k1−µ

i . Note that, as
desired in our model, the delivery vanishes if the suppliers are inactive.

Based on these arguments, we can make a distinction between three different
regimes depending on the sign of µ. We discuss the situation in a completely
active network, i.e. when all suppliers are operating. First, if µ > 0, the delivery
is a decreasing function of the degree of the supplier. Hubs deliver less goods to
a single consumer and, consequently, consumers attached to highly-connected
nodes receive a smaller amount of goods. In the special case µ = 1 all nodes
produce the same amount of goods. For µ = 0, all consumers receive the same
amount of products, which also implies that hubs have to deliver more goods in
total. Finally, µ < 0 corresponds to the situation in which the highly-connected
suppliers deliver more goods to each consumer. Obviously, the hubs have to
produce more goods in total in this regime. No upper bound on µ is introduced,
but as a lower bound we use µ > γ − 2, the reason of which will become clear
later on.

In sum, Eq. (4.4) implies that the total delivery to a link between nodes with
degrees ki and kj is

Lij = 1
kµi

(
σi + 1

2

)
+ 1
kµj

(
σj + 1

2

)
.

�� ��4.5

Although various extensions of this delivery could be introduced, we stick to
this minimalistic form in the remainder of the Thesis.

Demand function

The demand of a link (i, j) between nodes i and j is a combination of a
link-dependent and a homogeneous part:

Dij = a

2

(
1
kµi

+ 1
kµj

)
+ b

2
〈k1−µ〉
〈k〉

,
�� ��4.6

where a and b are the demand parameters. The first term, the supply-adjusted
demand is a consequence of the form of the delivery Lij in Eq. (4.5). The
parameter a controls which fraction of the normal capacity is demanded by the
consumers on the link. To keep the model physically consistent, we assume
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henceforth that a > 0. Each link also features an intrinsic uniform demand,
independent of the deliveries of the nodes i and j. The second term in Eq. (4.6),
regulated by the constant b, provides such a global demand. As we shall clarify,
this term is chosen such that the onset of a homogeneous consumer demand
(b 6= 0) results in a field which has, in an active state, the same order of
magnitude as the mean-field caused by the delivery. Note that in certain
systems individual consumers can deliver goods to the market. For instance,
individual households can contribute to the power grid with the output of their
own solar cells. Negative values of b are therefore not excluded.

Total Hamiltonian

The total Hamiltonian is found by introducing Eq. (4.5) and Eq. (4.6) in
Eq. (4.3):

H({σ}) = −J
∑
(i,j)

(
L2
ij − 2LijDij +D2

ij

)
.

�� ��4.7

With some elementary algebra, the sum over the links can be converted into a
sum over the nodes in the network. We obtain

H({σ}) = −
N∑
i=1

(Hi + Ii({σ}))σi + const.
�� ��4.8a

with Ii({σ}) = J

2kµi

ki∑
j=1

σj
kµj
,

�� ��4.8b

and Hi = J

2kµi

ki∑
j=1

(
(1− a)

(
1
kµi

+ 1
kµj

)
− b 〈k

1−µ〉
〈k〉

)
.
�� ��4.8c

The sums over j run over the ki neighbours of node i. The spin-independent
constants (the last terms in Eq. (4.8a)) are irrelevant for our purposes and will
henceforth be omitted. The calculation leads to two fields applied to each node
i. The quenched random field Hi is inherent in the network and independent
of the spins of the neighbouring sites, while the interaction field Ii originates
from the interactions with spins linked to supplier i. The latter term will play
a prominent role in the cascading effect.
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4.2. Ising model for distribution systems

The total quenched random field acting on node i is now given by

Hi + Ii({σ}) = J

2

(
(1− a)k1−2µ

i + b
〈k1−µ〉
〈k〉

k1−µ
i

+k−µi
ki∑
j=1

k−µj (1− a+ σj)

 .
�� ��4.9

For general values of µ, both the interaction and the quenched random field
applied on node i will depend on the connectivity of node i and its neighbours.
However, in some special cases simplifications apply.

If µ = 0, the parameters a and b can be replaced by a single parameter
a0 = a+ b/2. The total field then simplifies to

Hi + Ii({σ}) = Jki (1− a0) + J

2

ki∑
j=1

σj ; for µ = 0,
�� ��4.10

and both the interaction field and the quenched random field acting on a node
are independent of the degrees of the neighbouring sites. Another exception
occurs if a = 1, in which case only the interaction fields depend on the degree of
the neighbouring nodes, while the quenched random fields are independent of the
characteristics of the neighbouring nodes. Note finally that for a = 1 and b = 0
the demand just matches the average supply (the average being taken over active
and inactive providers) and the quenched random field vanishes, i.e., Hi = 0,
∀i. An Ising model with connectivity-dependent coupling constants in the
absence of an external field was studied by Giuraniuc et al. [GHI+05, GHI+06].
It was shown to be equivalent to a model with homogeneous couplings and
with a modified topological exponent γ′ = (γ − µ)/(1− µ), as was discussed in
Chapter 2.

Dynamics

The discussion so far introduced the Hamiltonian, which fixes the ground state
of the distribution system. However, the dynamics towards the equilibrium state
was not yet fixed. We opt for the simplest possible choice and use single-spin1

flip Metropolis dynamics, in which spins are updated one by one [NB99]. At
1Note that in real-life distribution models sometimes multiple suppliers fail at the same

time, when for instance raw materials are exhausted. However, we will not consider this
behaviour but rather allow for random technical failures besides deliberate decisions arising
from interactions, making it unlikely that multiple suppliers break down exactly simultaneously.
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each time-step, a random spin i is chosen. If the total energy of the distribution
system decreases upon flipping the spin of node i, its spin is automatically set
to −σi. Otherwise, the spin flip is accepted according to Boltzmann statistics,
i.e. the probability that the spin flips is given by

PBoltz. = exp
(
− 1
kBT

∆E
)
,

�� ��4.11

where kB is the Boltzmann constant and ∆E > 0 is the total energy change
caused by the spin-flip. The more the total energy increases, the smaller the
probability that the spin flips. The generic “temperature” T quantifies the rate
of random spin fluctuations, from the active to the inactive state and back.
More precisely, the ratio kBT/J is a measure of their importance. If T = 0, the
energy of the system can only decrease. Upon increase of the temperature, the
probability to accept an energy-increasing spin-flip enlarges.

In real-life distribution systems the fluctuations are caused by distribution
centres which temporarily fail to deliver their goods. Suppliers can for instance
break down due to a defect or a malfunction in the production process or
because an occasional maintenance shut-down happens. In most cases, the
delivery resumes afterwards and the distribution centre flips back to the active
state.

4.2.3 Mean-field theory

The quenched random and interaction fields featured in Eq. (4.8) depend on the
local structure of each network. Useful analytic approximations are obtained by
an ensemble average over different network realisations with the same degree
distribution. The approximation is found in two steps. First, we apply a
mean-field approximation, in which we replace the field on a node with degree
i by a mean-field caused by its neighbours, and discuss the accuracy of this
approximation. In the final paragraph, an average over the degree distribution
yields the mean-field Hamiltonian averaged over different realisations of the
same network.

Topological and thermal mean-field approximation

Two types of mean-field approximations are applicable in our model. In the
topological mean-field approach, the fields on node i are averaged over the degrees
of its neighbours. Since we assumed that the underlying network structure
is uncorrelated, the nearest-neigbour degree distribution Pn(k), discussed in
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4.2. Ising model for distribution systems

Eq. (1.5), is suited. The mean field on a node is found by taking an average
over the degrees of all its neighbours:

〈〈Hi + Ii{σ}〉〉i ≡
ki∏
j=1

kmax∑
kj=kmin

kjP (kj)
〈k〉

(Hi + Ii{σ}) ,
�� ��4.12

where the product again runs over the ki neighbours of node i.

Moreover, we may wish to apply a thermal mean-field approximation to the
thermally fluctuating spin variables and replace the actual spins of the neighbours
by a mean spin. For simplicity, we furthermore assume that the mean spin σav
is independent of the degree of the node and thus homogeneous throughout the
network.

The application of both mean-field approaches is illustrated with the
interaction field. Firstly, the thermal approximation is applied and the spins
are replaced by their mean value:

Ii(σav) = J
σav

2kµi

ki∑
j=1

1
kµj
.

�� ��4.13

The topological approximation requires the calculation of

〈〈Ii(σav)〉〉i = J
σav

2kµi

ki∏
j=1

kmax∑
kj=kmin

kjP (kj)
〈k〉

(
ki∑
h=1

1
kµh

)
.

�� ��4.14

The term within brackets is a sum of ki terms which all depend on the degree
of a specific neighbour of node i. The average therefore factorises in ki equal
terms:

〈〈Ii(σav)〉〉i = J
σav

2kµi
ki

kmax∑
k=kmin

kP (k)
〈k〉

1
kµ

= J k1−µ
i

〈k1−µ〉
〈k〉

σav.
�� ��4.15

Similarly, a mean-field approximation for the external field on node i is
found. The interested reader can find a detailed calculation in the appendix of
Ref. [VL10]. The average quenched random fields on node i are

〈〈Hi〉〉i = Jk1−2µ
i

1− a
2 + Jk1−µ

i

〈k1−µ〉
2〈k〉 (1− a− b) ,

�� ��4.16a

〈〈Ii(σav)〉〉i = Jk1−µ
i

〈k1−µ〉
2〈k〉 σav,

�� ��4.16b
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and the mean-field Hamiltonian is

H({σ}) = −
N∑
i=1
〈〈Hi + Ii(σav)〉〉i σi .

�� ��4.17

Three important remarks can be made. Both types of demands and the delivery
induce a field on node i which is proportional to 〈k1−µ〉/〈k〉. As we indicated
earlier, the global demand thus induces a field on node i which has, in an active
state, the same order of magnitude as the mean-field on node i caused by the
supply-adjusted demand and the delivery. This explains the specific form of
the second term in Eq. (4.6). Second, a simple calculation, using the conversion
of the sum into an integral, shows that the mean fields on a node diverge in the
macroscopic limit N →∞ for µ ≤ 2−γ, where γ is the scale-free constant. This
rectifies why we limit our attention to the case µ > 2−γ. Since we only consider
scale-free networks with a finite mean degree, i.e., with γ > 2, the limitation is
only important for µ < 0. Finally, the topological mean-field approximation is
exact if µ = 0 since the fields on node i are then independent of the degrees of
the neighbours. A direct comparison of Eq. (4.16) and Eq. (4.10) also shows
that the mean-field Hamiltonian equals the exact Hamiltonian in this special
case. Note that the thermal mean-field approach, on the other hand, is still
only approximatively correct.

Random field fluctuations

Random field fluctuations limit the validity of the topological mean-field
approximation. The fluctuations are quantified by the variance of the fields on
node i. It follows from Eq. (4.9) that the only quantity subject to the random
field fluctuations is

Ai({σ}) ≡ k−µi
ki∑
j=1

k−µj (1− a+ σj),
�� ��4.18

since all other terms in the total field are independent of the degree of the
neighbouring nodes and thus unaffected by the mean-field approximation. The
variance of the thermal average of this quantity is

Var (Ai(σav))i =
〈〈(

Ai(σav)− 〈〈Ai(σav)〉〉i
)2
〉〉

i

,
�� ��4.19

and its standard deviation is

SD (Ai(σav))i =
√
Var (Ai(σav))i .

�� ��4.20
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Deviations from mean-field behaviour are important if the relative standard
errors,

δi = SD(Ai(σav))i
〈〈Ai(σav)〉〉i

,
�� ��4.21

are significantly large. The calculation of δi exploits techniques similar to those
used in the calculation of 〈〈Ii((σav))〉〉 in the previous paragraph. The full
details can be found in the appendix of Ref. [VL10]. We obtain

Var (Ai(σav))i = k1−2µ
i (1− a− σav)2

(
〈k1−2µ〉
〈k〉

− 〈k
1−µ〉2

〈k〉2

)
,

�� ��4.22

and consequently

δi = 1√
ki

√
〈k1−2µ〉〈k〉
〈k1−µ〉2

− 1.
�� ��4.23

The relative standard deviations follow a decreasing power-law of the degree
of a node, δi ∝ 1/

√
ki. Fluctuations and deviations from mean-field theory are

thus more important for the poorly connected nodes than for the hubs. By
determining the fields Hi and Ii(σav) in simulated scale-free networks, it is
indeed observed that a wide spread is found for the smallest nodes, while the
fields for the hubs all more or less match the mean-field results.

In the special case µ = 0, all δi vanish, which once more proves the exactness
of the topological mean-field approach in this special case. For general values
of µ, the dependence of the standard deviations on the delivery exponent µ is
indicated by the amplitude of the power-law, i.e. by the square-root term in
Eq. (4.23). A numerical evaluation of this term indicates that deviations from
mean-field behaviour grow in importance if the absolute value of µ increases. For
instance, if µ = 0.2, the term under the square root equals 0.129 in a scale-free
network with 1000 nodes, kmin = 2 and γ = 3, while in the same network but for
µ = 1.0 we obtain 0.494. These effects are also observed in simulated scale-free
networks, in which the distribution of the mean-fields becomes much broader if
µ increases.

For negative µ, diverging moments can be present. The only moment that can
diverge in the macroscopic limit within the limitations on the delivery constant
is 〈k1−2µ〉. Turning the sum into an integral, it is straightforwardly deduced
that the variance diverges if 2− γ > 2µ. Consequently, when

2− γ < µ <
1
2(2− γ) < 0,

�� ��4.24

the mean fields are finite, but their relative standard deviations diverge in the
macroscopic limit. Since distribution models deal with finite networks, the
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variance will never actually diverge, but even in networks with 1000 nodes
the random field fluctuations dominate the mean-field theory. Henceforth, the
mean-field approach will only be used if µ > (2− γ)/2. But even in this regime,
deviations are sometimes important, as will become clear in the remainder of
the chapter.

Hamiltonian averaged over different network realisations

In a second step, we average over different realisations of the same network. The
starting point is the mean-field Hamiltonian, Eq. (4.17). The only remaining
dependence on the network structure is through the degree distribution P (k).
In a first step, the dependence on the spins is removed by a second thermal
mean-field approximation:

H(σav) = −σav

N∑
i=1
〈〈Hi + Ii(σav)〉〉 .

�� ��4.25

The sum over the nodes can now be transformed into a sum over the degree
distribution of the network. Inserting the mean fields found in Eq. (4.16), we
obtain

〈H(σav)〉 = −NJσav

(
1− a

2 〈k1−2µ〉+ (1− a− b+ σav) 〈k
1−µ〉2

2〈k〉

)
.

�� ��4.26

Eq. (4.26) provides a mean-field expression for the Hamiltonian averaged over
different realisations of the same network.

4.3 Requirements for network black-outs

4.3.1 The distribution model at zero temperature

In this section, we investigate the requirements and favourable circumstances
for a network collapse. We exploit the ferromagnetic phase which appears in the
Ising model at sufficiently low temperatures and for sufficiently weak random-
field fluctuations [Yeo92]. In this phase, the ground state, i.e. the lowest-energy
state consists, in the absence of external fields, of two degenerate configurations:
the active network in which all distribution centres are operating and thus
σi = +1 for all i, and the inactive network in which ∀i, σi = −1. By applying
a uniform bulk field, the degeneracy is lifted and a unique equilibrium state
emerges. Nevertheless, the network can reside for a long time in the oppositely
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magnetised “metastable” state if the fields and (thermal) spin fluctuations are
too small to trigger the collapse to the ground state. Note that, in our context,
metastability is defined dynamically with respect to single-spin flip dynamics,
in contrast with absolute stability, which expresses stability with respect to
general dynamics, in which more spins could flip simultaneously.

In our model, the random fields of microscopic origin are inhomogeneous and
regulated by the parameters a, b and µ. Consequently, the ground state may be
non-trivial and will coincide with the all-up or all-down states only under certain
conditions on the random fields. Therefore, considering metastable states, we
need to distinguish between states that decay to a ferromagnetic state or evolve
to a “glassy” state, in which some of the spins are active and others are inactive.
We will be interested mostly in decays towards the ferromagnetic state because
in a glassy state the network is still more or less active.

In the next subsection we introduce the basic requirements under which a
decay from a metastable active state to an inactive ground state could occur. The
conditions are then solved numerically and analytically within the mean-field
approximation in the subsequent subsection.

4.3.2 Conditions for a network collapse

We start from an active network and determine under which conditions a break-
down or collapse to the inactive ground state is likely to occur. After an active
period, avalanches to the inactive state can only take place if the system initially
resides in a metastable active state and then decays to the energetically more
favourable inactive state. In the following paragraphs, these two requirements
are converted into conditions in terms of the constants of the distribution model.

Metastability of the active state

The first requirement concerns the metastability of the active state: the active
state should remain intact for a sufficiently long time. Focussing on single-spin
flip dynamics, this requirement corresponds to the impossibility that, at zero
temperature, a spin spontaneously flips from +1 to −1 while its surrounding
remains active. Fig. 4.1 illustrates such a forbidden process.

In such a hypothetical single-spin flip process, only the local energy associated
with node i changes by an amount ∆Esf

i given by

∆Esf
i = 2(Hi + Ii(σav = +1)).

�� ��4.27
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Figure 4.1: Example of a forbidden process in a metastable active state at zero
temperature.

At zero temperature, a single-spin flip of spin i is excluded provided ∆Esf
i > 0.

The definition of the fields, Eq. (4.9), then leads to the requirement

b <
〈k〉
〈k1−µ〉

1− a
kµi

+ 2− a
ki

ki∑
j=1

1
kµj

 ∀i,
�� ��4.28

where the sum is over the ki neighbours of node i. The conditions depend on
the specific local structure around each node in the network. Note that there is
a condition for each node in the network, since we demand that all single-spin
flips are excluded.

In order to obtain a simple and useful analytical approximation to Eq. (4.28),
we can apply a topological mean-field approximation and average over the degree
of the nearest neighbours. The averaging procedure introduced in Eq. (4.12)
entails the replacement

ki∑
j=1

1
kµj
→ ki

〈k1−µ〉
〈k〉

.
�� ��4.29

If we apply this receipt to Eq. (4.28), we find that, within the topological
mean-field approximation, the active state is metastable (i.e. stable against
single-spin flips at T = 0) if for all possible degrees ki

b <
〈k〉
〈k1−µ〉

(1− a)
kµi

+ 2− a ∀ ki.
�� ��4.30

Note that Eq. (4.30) is equivalent to the demand

〈〈Hi + Ii(σav = +1)〉〉i > 0 ∀i,
�� ��4.31

148



4.3. Requirements for network black-outs

which is the metastability criterion for the mean fields defined in Eq. (4.16).
The mean-field approximation could therefore as well be formulated directly in
terms of the mean fields.

Both the exact, Eq. (4.28), and the mean-field demand, Eq. (4.30), clearly
set an upper limit to the global demand. If the parameter b is too large, a
metastable active state is impossible and an “immediate” decay to the inactive
ground state occurs.

For the mean-field demands two situations can be distinguished depending on
the signs of 1− a and µ. If the delivery exponent is positive, µ > 0, and a < 1,

(1− a)k−µmax < (1− a)k−µi ,
�� ��4.32

for all possible degrees ki. It suffices then that the largest degree, kmax, satisfies
Eq. (4.30). On the other hand, for µ > 0 and a > 1,

(1− a)k−µmin < (1− a)k−µi ,
�� ��4.33

for all possible degrees ki and consequently the smallest degree, kmin, is the
important one. For negative demand parameters, µ < 0, the situation reverses:
if a < 1 the smallest degree is the important one, while the largest degree
governs the behaviour if a > 1.

The exact criterion, Eq. (4.28), or its mean-field version, Eq. (4.30), indicate
the metastability with respect to single-spin flip dynamics. However, the result
can be extended to include multiple-spin flips. The energy difference associated
with a multiple-spin-flip process can be smaller in magnitude than the energy
difference pertaining to a single-spin-flip process. For instance, for a process
in which two nearest neighbours i and j flip, the total energy difference of the
double-spin-flip process ∆Edfij would be

∆Edf
ij = ∆Esf

i + ∆Esf
j − 2J(kikj)−µ,

�� ��4.34

which, for J > 0, is not only always lower than the sum of the energy differences
of the two single-spin-flip processes separately (∆Esf

i + ∆Esf
j ), but can even be

lower than the energy change involved in a single-spin-flip process. This can be
appreciated by considering for example the special case a = b = 1, for which
the average value

〈〈
∆Esf

i

〉〉
i
vanishes. The energy difference may in general be

reduced further if more than two neighbouring spins can flip simultaneously.
However, as discussed before, we only model random failures and thus limit to
single-spin flip dynamics in the remainder of the chapter.
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Inactive ground state

As a second restriction, we require that the inactive state is the ground state at
zero temperature. We thus demand that the inactive state has a lower total
energy than any other state. The condition ensures that the breakdown occurs
towards the inactive state rather than to another, glassy state, which minimises
the energy in regions of the parameter space where the local random fields
dominate the ferromagnetic interaction. The reason for this limitation is that
we wish to study principally the black-out phenomenon in which, after some
time, a state with very low activity is reached.

A sufficient condition for the inactive state to be the ground state (at T = 0) is
that all local quenched random fields have the same sign, in this case negative.
The exact requirement is Hi < 0 for all nodes, or

b > (1− a) 〈k〉
〈k1−µ〉

 1
kµi

+ 1
ki

ki∑
j=1

1
kµj

 ∀i.
�� ��4.35

In the mean-field approximation, the demand becomes

b >
〈k〉
〈k1−µ〉

(1− a)
kµi

+ 1− a, ∀ki.
�� ��4.36

The restriction Eq. (4.35), or its mean-field version Eq. (4.36), provides a
threshold for the global demand sufficient to observe decays to the inactive
state. When the parameter b is smaller than the threshold-value, the absolute
stability of the inactive state is not guaranteed. In this case, the system may
remain stable in the active configuration or evolve to a glassy state. Once
more, different regimes can be identified according to the values of a and µ.
For example, for positive µ, if a < 1 it suffices that the smallest degree satisfies
Eq. (4.36). However, if a > 1, the relevant quantity is the largest degree. These
statements are to be interchanged if µ is negative.

4.3.3 Phase diagram

The two conditions, Eq. (4.28) and Eq. (4.35), or their topological mean-field
approximations, Eq. (4.30) and Eq. (4.36), provide restrictions upon the delivery
exponent µ and the demand parameters a and b. If the parameters satisfy both
demands, collapses of an active network to an inactive one should be observable.
Moreover, if the delivery exponent µ is kept fixed, the requirements delimit a
region in the phase space of the demand parameters a and b where collapses of
an active network to an inactive one should be observable.
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Figure 4.2: Phase diagram in (a, b)-space of the distribution model for a scale-free
network with 1000 nodes, topological constant γ = 3 and minimal degree kmin = 2.
Part (a) corresponds to µ = 0, while part (b) pertains to µ = 0.2. The uppermost
(dotted) lines indicate the upper-boundaries of metastable active states for single-
spin flip dynamics at T = 0. The second uppermost lines (solid) denote the lower
limit of the absolute stability of the inactive state at T = 0. The dark-grey region
filling the space between the uppermost and second uppermost lines corresponds
to a regime in which, at T > 0, a single-spin flip can cause an avalanche starting
from a metastable active state leading to the inactive state. The next lower line
(dash-dotted; coincident with the foregoing one in part (a) but not in part (b) of
the figure) marks the upper-limit of the absolute stability of the active state at
T = 0. In Fig. (b), the ground state is unknown in the no-man’s land between
the two absolute stability lines, indicated by the light-grey shading. Finally the
lowermost lines delineates the lower boundaries of metastable inactive states for
single-spin-flip dynamics at T = 0. In part (b) the white cross indicates the specific
values of a and b used in Fig. 4.5(a). The results are averages over 10 realisations
of the scale-free networks. The standard error is smaller than the line thickness.

Simulation results

A graphical representation of a phase diagram in (a, b)-space for distribution
models with delivery exponents µ = 0 and µ = 0.2 can be found in Fig. 4.2. The
exact requirements, Eq. (4.28) and Eq. (4.35), are evaluated using simulated
scale-free networks, which were generated according to the rules described in
Section 1.5. In the remainder of the chapter, we use scale-free networks with
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1000 nodes and kmin = 2. In Fig. 4.2, we use γ = 3 on top. The results obtained
from different network realisations differ slightly. In practice, averaging over
10 networks is sufficient to obtain accurate and reproducible results. In this
manner, we deduce the exact upper bound for the stability of the active state
against single-spin flips at T = 0, the so-called metastability limit, given by
Eq. (4.28), and the exact lower bound for the absolute stability of the inactive
state, given by Eq. (4.35). The former is indicated with the (uppermost) dotted
line, while the latter is shown by the (second uppermost) solid line. The shaded
region between both lines indicates the ranges of the demand parameters a
and b within which the distribution network is susceptible of black-outs. In
this region, at T > 0, a single-spin flip can cause an avalanche starting from a
metastable active state leading to an inactive ground state.

The model possesses an overall symmetry, which is reflected in the phase
diagrams in Fig. 4.2. Inspecting Eq. (4.8), we conclude that the full Hamiltonian
is invariant under the transformation: a → a′ = 2 − a; b → b′ = −b; σ →
σ′ = −σ (flipping all the spins). The symmetry implies that the lines in the
phase diagram pertaining to the absolute stability of the active state and the
metastability of the inactive state can easily be drawn by applying the above
transformation of the demand parameters on the lines associated with the
absolute stability of the inactive state resp. the metastability of the active state.

In particular, the lowermost (dashed) line marks the lower boundary of the
metastability of the inactive state, and the second lowermost line (dash-dotted;
broken for µ 6= 0) indicates the upper limit of the absolute stability of the active
state. Below this line the active state is, with certainty, the ground state. A
remarkable feature of the phase diagram now emerges. For µ = 0, the two
boundaries of absolute stability coincide and hence only the active and the
inactive (ferromagnetic) state can be ground states. However, if µ 6= 0, a new
zone, in which the ground state is not with certainty ferromagnetic, appears.
We term this zone the “no-man’s land” and shade it in light grey. Note that
the width of this zone vanishes when the random fields are all of the same sign,
as happens in our model for a = 1, and also for b = 0. Within the no-man’s
land, the ground state may, at low T , be a glassy state, characterised by local
random fields of either sign (up or down) that try to orient the spins along their
direction as they compete with the ferromagnetic spin-spin coupling.

Influence of the model parameters

The region in which avalanches can occur depends sensitively on the delivery
exponent µ. Comparing Fig. 4.2(a), Fig. 4.2(b) and Fig. 4.3(b), the size of
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Figure 4.3: (a) Comparison of two mean-field and two exact phase diagrams for
a distribution model on a network with topological exponent γ = 3, 1000 nodes
and minimal degree kmin = 2, and with delivery parameter µ = 0.2. The Figure
shows the upper limit of the metastable active state for single-spin-flip dynamics
at T = 0 (uppermost curves; dotted line for the exact result and dashed line
for the mean-field approximation) and the upper limit of absolute stability of the
active state at T = 0 (lowermost curves; dash-dotted line for the exact result and
dashed line for the mean-field approximation); (b) Phase diagram for γ = 3 and
µ = 1. The uppermost broken curve is the upper limit of metastability of the active
state for single-spin flips at T = 0 in the mean-field approximation (dashed line).
The smooth curve below it (dotted) is the numerically exact result for that same
metastability limit. Also shown are two crossing lines. The upper segments (solid)
form the lower limit of absolute stability of the inactive state at T = 0, while the
lower segments (dash-dotted) mark the upper limit of absolute stability of the active
state at T = 0. The region that is (most likely) susceptible of avalanches is the
small triangle shaded in dark grey. The no-man’s land, with an unknown ground
state, is shaded in light grey. The white crosses indicate the specific values of a
and b used in Figs. 4.5(b) and 4.5(c). The results are averages over 10 realisations
of the scale-free networks. The standard error is smaller than the line thickness.

the region in which black-outs are possible shrinks significantly as µ increases.
The same trend is observed when µ is decreased from zero [VL10]. If the
network topology is kept fixed, the region in parameter-space in which the two
requirements for avalanches are fulfilled is thus the largest in case µ = 0. Recall
that this case corresponds to an equal distribution to all consumers. If the
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goods are distributed more heterogeneously, there is a smaller spread of demand
parameters for which avalanches from a metastable active state to an inactive
state can occur.

Also the network topology exerts a crucial influence on the phase diagram. We
verified in simulations that the phase diagram changes in a non-trivial way if
the scale-free exponent γ is modified. The region susceptible to avalanches from
a metastable active state to an inactive state shrinks if the topological constant
γ decreases. For instance, when γ is decreased from five to two there appear
typically more nodes with higher degrees. If µ > 0, this raises the absolute
stability limit of the inactive network for a < 1 and lowers the metastability
limit of the active state for a > 1, while leaving the other segments of the phase
boundaries unchanged, as can be seen qualitatively by inspecting the equations
for the mean-field (meta-)stability criteria, Eq. (4.30) and Eq. (4.36). As a
consequence the region susceptible of avalanches is squeezed more tightly about
the centre (a = 1, b = 0) of the phase diagram. The magnitude of the squeezing
depends non-trivially on the delivery exponent. Detailed results can be found
in Ref. [VL10].

The case µ = 0 provides an exception. As aforementioned, the single parameter
a0 = a+ b/2 regulates the Hamiltonian if the delivery exponent vanishes. The
conditions Eq. (4.28) and Eq. (4.35) then correspond to the simple requirement

1 < a0 <
3
2 ,

�� ��4.37

which does not depend on the network structure. Therefore, the topology of
the network does not affect the ground state of the system at zero temperature
if µ = 0. Simulations on Erdős-Rényi and scale-free networks support this
prediction [VL10]. Note that the independence of the network structure could
be anticipated from the Hamiltonian. Indeed, in Eq. (4.10), it can be seen that
the sign of the quenched random field is independent of the network structure.

At this point we would like to mention other studies in which the resistance
against cascades was studied as a function of geometrical disorder. In models
based on critical loads and percolation in interdependent networks it was
found that a heterogeneous structure is less resistant against higher loads
than a homogeneous one [ML02, CLM04, BPP+10]. In our model, degree
heterogeneity, i.e. low γ, appears to strengthen the network at low values of the
demand parameter a but to weaken it at high a.

Finally, the size of the network also influences the region available for collapses,
mainly through the maximal degree kmax which depends on N . The region
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in which avalanches can be observed decreases if more suppliers are present
in the network, as can be seen from the mean-field criteria Eqs. (4.30) and
(4.36). However, a numerical evaluation of the exact requirements, Eqs. (4.28)
and (4.35), indicates that the effect of the number of suppliers is rather small
compared to the effects of the values of µ and γ [VL10].

We conclude that the ranges of the demand parameters a and b for which
collapses occur are influenced most strongly by the network topology and the
degree dependence of the delivery in the distribution system, while the size of
the system is of minor importance.

Mean-field approximation

In the following, we go into more detail as regards the interesting comparison
of the mean-field approximation and the exact results for the boundaries in the
phase diagram. As we already noted, the topological mean-field approximation is
(only) exact for µ = 0. In this special case, the mean-field conditions for the phase
diagram, Eq. (4.30) and Eq. (4.36), lead to the restriction 2− 2a < b < 3− 2a,
which is, with a0 = a + b/2, equivalent to the exact condition, Eq. (4.37).
The phase diagram calculations thus support the exactness of the topological
mean-field approach for µ = 0.

For general values of the delivery exponent, random field fluctuations cause
deviations from mean-field behaviour. To estimate the quantitative difference
between, for example, Eq. (4.28) and Eq. (4.30), we exploit the relative standard
deviation from mean-field behaviour, δi, given in Eq. (4.23).

First, we assess the difference between the exact metastability limit of the
active state, Eq. (4.28), and its mean-field counterpart, Eq. (4.30). Fig. 4.3
shows that the mean-field approximation leads to a continuous piecewise linear
curve which is broken at a = 1, since for a < 1(> 1) the right-hand-side of
Eq. (4.30) is minimised by the maximal (minimal) degree present in the network.
Interestingly, the exact (dotted) curve for µ = 0.2, shown in Fig. 4.3(a) and
also in Fig. 4.2(b), is a straight line, without any singularity, since the second
term in the right-hand-side of Eq. (4.28) is typically minimised by a node i
of degree ki = 2 connecting two hubs. The minimal value lies some 3 to 4
standard deviations below the mean. Consequently, the entire right-hand-side
of Eq. (4.28) is minimised by one and the same node i with a small degree for
all a ∈ [0, 2]. For µ larger than some threshold this is no longer the case and the
numerically exact metastability limit is no longer a straight line but a gently
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bent concave curve. Still, its shape appears smooth and is therefore qualitatively
different from the broken curve found in the mean-field approximation. This is
conspicuous in Fig. 4.3(b) where both are shown for µ = 1.

We repeat our analysis for the absolute stability limit of the active state. This
is the curve below which the active state is with certainty the ground state
at zero temperature. It is derived exactly by applying the transformation
a→ a′ = 2− a; b→ b′ = −b to Eq. (4.35) and in the mean-field approximation
by applying the same symmetry to Eq. (4.36). Fig. 4.3(a) compares the exact
and the mean-field curves for the absolute stability limit of the active state
for µ = 0.2. In contrast with the metastability limit, the slope of the absolute
stability limit displays a discontinuity at a = 1 for both the exact and the
mean-field versions, as expected since both Eq. (4.35) and Eq. (4.36) contain
the pre-factor 1− a. For a < 1 the limit is defined through a hub (typically the
node with the highest degree) and for a > 1 through a node with a low degree.
For the former case, the mean-field approximation is accurate, as expected since
δi ∝ 1/

√
ki, which ensures that the random field fluctuations are small for the

hubs. For the latter case, random field fluctuations are more important and,
indeed, a clear difference emerges between the mean-field upper bound and the
exact one.

We conclude that the mean-field approximation predicts accurately the
borders of the absolute stability regions in the phase diagram. Minor deviations
occur especially in case the limit is defined through the smallest nodes in the
network. Contrarily, the metastability limits are only poorly approximated
by the mean-field approach and accurate results can only be found by the
evaluation of the exact conditions in simulations.

4.4 Breakdown properties

4.4.1 The distribution model at finite temperature

In the previous section, we identified parameter values for which collapses from
a metastable active state to an inactive ground state should be observable. At
small but finite temperatures, due to thermal fluctuations, the distribution
system is no longer trapped in the metastable active state. Random single-spin
flips can cause the system to escape from the metastable state and subsequently
decay into the inactive ground state. In this section, the occurrence of the
decays is studied in simulations.
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Figure 4.4: Schematic illustration of the behaviour of the “final” magnetisation M ,
obtained after 5000 time-steps, as a function of the temperature. The Figure uses
Tb = 0.2 and Tc =∞.

The simulations start from a metastable active state, with parameter values
such that the ground state, at zero temperature, is the inactive state. During
the dynamics, the activity of the distribution system is measured by the time
evolution of the mean spin magnetisation

M = 1
N

∑
i

σi,
�� ��4.38

where the sum is over the nodes in the network. We define the time such that
during a single time-step, each spin will, on average, be updated once. In the
remainder, the simulations run mostly for 5000 time-steps.

At sufficiently low temperatures, the metastable state remains stable on the
time-scale of the simulations and the final magnetisation (after 5000 time-
steps) remains close to one. Repeating this procedure for a sequence of fixed
temperatures, upon increase of the temperature a transition to the regime in
which the active state is no longer metastable on the time-scale of the simulations
is observed. This (non-equilibrium) transition, which takes place at a breakdown
temperature Tb, is marked by a magnetisation jump to a negative value. An
inactive state, with σav & −1, is then reached before the end of the simulations,
i.e. before 5000 time-steps are completed. At still higher temperatures, the
final magnetisation becomes smaller in absolute value and displays a Curie-
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Weiss behaviour reminiscent of the paramagnetic state: the final magnetisation
approaches zero at the equilibrium critical temperature Tc. Obviously, Tb < Tc.
At high temperatures, the system will therefore evolve towards a state in which
about half of the distribution centres is active, while the other half is inactive.
We will, however, focus mainly on lower temperatures, still in the ferromagnetic
regime, for which a network collapse to an inactive ground state can occur. In
Fig. 4.4, a schematic illustration of the behaviour of the “final” magnetisation,
obtained after 5000 time-steps, as a function of the temperature is shown.

Collapses are observed in simulations for various values of the parameters
µ, a, b of the distribution model and for different network topologies. Some
examples of avalanches are shown in Fig. 4.5. Distinct types of breakdowns
are observed for different values of the model parameters. In the following, we
discuss the properties of the collapses in detail. Heuristic physical arguments
substantiate the observed characteristics.

4.4.2 Precursors of the collapse

A first point of attention concerns the nodes which initiate the breakdowns.
Information about the type of nodes that start the collapse is of great interest
in the protection of real-life networks. If the hubs are more likely to commence
an avalanche of failures, it is best to invest more effort in protecting them rather
than the least connected nodes, while the converse is true if the poorly-connected
nodes are more prone to initiate a collapse.

Apart from the mean magnetisation of the network, Fig. 4.5 also shows the
mean magnetisation of the highly connected nodes (with at least 8 links) and
the poorly connected nodes (with only two neighbours). Mathematically, these
quantities are defined as

M(k > 8) =
∑

i : ki>8
σi, and M(k = 2) =

∑
i : ki=2

σi,
�� ��4.39

where the sums run only over the nodes which satisfy the demands on the degrees.
In the first and second collapse, Fig. 4.5(a) and Fig. 4.5(b), the poorly connected
nodes exhibit the largest fluctuations before the onset of the collapse. The nodes
with a low degree thus initiate the breakdown. However, the genuine collapse
only takes place when also the hubs start to flip. As long as the hubs remain
active, their large influence in the network prevents a black-out. The opposite
behaviour is found in the avalanches shown in Fig. 4.5(c) and Fig. 4.5(d), in
which the hubs initiate the collapse. Again, the mean magnetisation remains
close to one until the multitude of less-connected nodes also starts to collapse.
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Figure 4.5: Typical examples of breakdowns in distribution networks. The graphs
show the mean magnetisation M in the network as a function of time. All figures
show simulation results for the distribution model on scale-free networks with γ = 3,
1000 nodes and kmin = 2. The values of the demand parameters a and b and
the delivery exponent µ differ in the different sub-figures. They correspond to
the positions of the crosses in the phase diagrams Fig. 4.2(a) and Fig. 4.3(b) for
µ = 0.2 and µ = 1, respectively. The solid (black; middle) curve indicates the
mean magnetisation as defined in Eq. (4.38). The dot-dashed (green; top in (a)
and (b), bottom in (c) and (d)) curve gives the mean magnetisation of the nodes
with 8 or more neighbours (M(k > 8)) while the dashed (red; bottom in (a) and
(b), top in (c) and (d)) curve shows the mean magnetisation of the nodes with 2
neighbours (M(k = 2)), as defined in Eq. (4.39).
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In all four cases, a certain subset of nodes thus initiates the collapse, but
the network only undergoes a full breakdown as a consequence of a collective
effect, in which all nodes are involved. Our model thus displays correctly the
cooperative character of the solidarity policy introduced in section 4.1.2.

Activation temperature

A heuristic mean-field argument suggests a condition to determine whether the
hubs or the poorly connected nodes initiate the collapse. The collapse is initiated
by the nodes which have the largest fluctuations in the active state. Therefore,
we introduce an activation temperature for a node with degree k, Tact(k), by
equating its thermal fluctuation energy to the average energy needed to spin-flip
a node with degree k from +1 to −1, ∆E+→−(k, σav). When T > Tact(k), the
spin of the node will be subject to significant thermal fluctuations and undergo
regular spin-flips from active to inactive and the other way round. Within the
mean-field approximation, Tact(k) is given by

kBTact(ki, σav) = ∆E+→−(ki, σav) = 2 〈〈Hi + Ii(σav〉〉i
�� ��4.40

= Jk1−2µ
i (1− a) + Jk1−µ

i

〈k1−µ〉
〈k〉

(1− a− b+ σav) .

We are interested in collapses from an active to an inactive state and therefore
focus on the degree-dependent activation temperature when the network is in
an (almost) fully active state, thus with σav . 1:

kBTact(k, σav = +1) = Jk1−2µ
i (1− a) + Jk1−µ

i

〈k1−µ〉
〈k〉

(2− a− b) .
�� ��4.41

The nodes with the smallest Tact(k, σav = +1) display the largest fluctuations
in the active state and thus initiate the collapse of the network when T is slowly
raised from zero. Note that the activation temperature is calculated within the
mean-field approximation, random field fluctuations can thus cause important
deviations. Recall that the fluctuations are more important for the small nodes
in the network and gain in importance if |µ| increases, as is indicated by the
relative standard deviations δi.

Whether the activation temperature Tact(k, σav = +1) is either increasing
or decreasing as a function of the node degree depends non-trivially on the
signs of the demand parameters and the delivery exponent. More precisely, the
quantities 1 − a, µ − 1/2 and 2 − a − b are important. Let’s test these ideas
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against some of the simulations of network breakdowns shown in Fig. 4.5. For
example, using the model parameters associated with Fig. 4.5(a), we obtain
kBTact(k, σav = +1) ≈ J(0.30 q0.6 + 0.31 q0.8), which implies that the activation
temperature increases with the node degree. Moreover, for µ = 0.2, the random
bond fluctuations only cause minor deviations from the mean-field behaviour,
as is anticipated since δi ≈ 0.129/

√
ki is rather small for all degrees. Therefore,

the poorly connected nodes should initiate the collapse, which is confirmed by
the simulations.

Taking the parameters associated with Fig. 4.5(d), kBTact(k, σav = +1) ≈
J(0.28 + 0.15 k−1) is found and the highly connected nodes should therefore
initiate the collapse. In this case, the mean-field arguments should however be
treated with some care since in simulations the observed activation temperatures
exhibit a large spread around the mean-field value, as might be anticipated from
the rather large standard deviations δi ≈ 0.494/

√
ki. On the other hand, the

simulations as well confirm that the hubs indeed initiate the network collapse.
Similar comments can be made for the parameters in Fig. 4.5(b), for which
Tact(k, σav = +1) increases with the node degree, but for which random bond
fluctuations also cause major deviations from the mean-field behaviour. However,
once more, the heuristic argument accurately predicts the nodes which initiate
the collapse.

We thus find that, for both parameter sets, the heuristic argument concerning
which nodes initiate the collapse is rather robust against the random field
fluctuations. However, the situation is not always as clear-cut as this. Deviations
from the heuristic argument are especially important if Tact(k, σav = +1) is
almost independent of the degree k, which for instance happens if the delivery
exponent vanishes (µ = 0) and the demand constants are both approximately
equal to one (a ≈ b ≈ 1). Simulations indicate that in this regime both the
hubs and the less-connected nodes can initiate a breakdown [VL10].

We conclude that, if the activation temperature Tact(k, σav = +1), defined in
Eq. (4.40), has a clear-cut dependence on the degree, the heuristic argument
predicts accurately which type of nodes start the collapse and could therefore be
used to strengthen networks purposefully against the consequences of accidental
malfunction of distribution centres. However, a certain reluctance should be
used if the activation temperature varies only gently with the node degree and
if the random field fluctuations are very large. In Section 4.5, we introduce
a basic protection mechanism and study in detail the utility of the heuristic
argument.
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4.4.3 Effective strength of thermal fluctuations

As can be seen in Fig. 4.5, the magnitude of the thermal fluctuations depends not
only on the value of T but also on that of other parameters of the distribution
model. Even if the demand is fixed (constant a and b), thermal fluctuations may
still be reduced or amplified depending on the network structure and depending
on the delivery in the model. In the following, we investigate the influence of the
topological constant γ and the delivery exponent µ on the thermal fluctuations
using mean-field theory.

Effective temperature

The starting point of our further analysis is the Hamiltonian averaged over
spin variables and network configurations, Eq. (4.26). The expression for this
Hamiltonian, together with the expression for the amplitude of the fluctuations
of the non-local term in the quenched random fields, Eq. (4.23), suggest that,
subject to conditions to be specified, the dependence on the network topology
and on µ might be captured by the single parameter 〈k1−µ〉2/〈k〉. In other
words, we conjecture that the mean Hamiltonian may possess the following
scaling property,

〈H(σav)〉 ≈ −NJσav
〈k1−µ〉2

2〈k〉 f(a, b, σav),
�� ��4.42

where the function f(a, b, σav) is independent of µ and γ.

The ansatz Eq. (4.42) is most likely valid in at least one of the two following
circumstances. First, if the demand parameter a is sufficiently close to one
(a ≈ 1), the first term in Eq. (4.26) is negligible compared to the second
one and Eq. (4.42) holds with f(a, b, σav) ≈ −b + σav. The second situation
occurs for large networks and small enough absolute values of µ, i.e. when
|µ| � γ − 2, which leads to 〈k1−2µ〉 ≈ 〈k1−µ〉2/〈k〉, as can straightforwardly be
shown analytically. Indeed, in the macroscopic limit, N →∞, also the maximal
degree diverges, and converting sums over the degree distribution into integrals,
one finds2

〈k1−2µ〉〈k〉
〈k1−µ〉2

≈ 1 + µ2

(γ − 2)2
1

1 + 2µ
γ−2

,
�� ��4.43

which is close to one if |µ| � γ−2. Note that, in view of Eq. (4.23), the condition
|µ| � γ − 2 also ensures that random-field fluctuations are small and that the

2Note that a numerical calculation of 〈k1−2µ〉〈k〉
〈k1−µ〉2 using the exact sums over the degree

distribution yields similar results. There are only small numerical differences.
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mean-field Hamiltonian can thus be used. Under these circumstances, Eq. (4.26)
takes the scaling form of Eq. (4.42) with f(a, b, σav) = 2−2a−b+σav. Although,
strictly speaking, this last result is only valid for the range of µ specified above,
numerical inspection indicates that it is a good approximation for positive
values of µ up till about 0.5, provided the network is large enough for the
kmax-dependence of the averages to be negligible. In general, the approximation
remains useful also for finite networks, as numerical analysis shows. The
situation is, however, less clear-cut if µ is negative, because the variance of the
mean fields can diverge in this situation. Therefore, we assume µ ≥ 0 in the
remainder of this section.

According to Boltzmann statistics and using the ansatz of Eq. (4.42), the
probability to observe a network with mean spin σav satisfies

P(σav) ∝ exp
(
NJ

kB

〈k1−µ〉2

T 〈k〉
σavf(a, b, σav)

2

)
.

�� ��4.44

Apart from the constants a and b related to the demand function, all model
parameters (µ, γ and T ) are only present in the second factor in the exponential
function. We therefore absorb the dependence on the delivery exponent, the
topology and the temperature into a single parameter Θ, defined as

Θ = 〈k〉
〈k1−µ〉2

T.
�� ��4.45

For systems with fixed a and b, the finite-temperature behaviour of the system
is thus controlled by Θ, which acts as an effective temperature: the probability
to observe a network with mean spin σav is given by

P(σav) ∝ exp
(
NJ

kBΘ
σavf(a, b, σav)

2

)
.

�� ��4.46

Random-bond fluctuations

In addition to this “mean-field” effect, there is an effect of the fluctuations of
the quenched random nearest-neighbour couplings, or random-bond fluctuations.
These are of topological origin and induced by the degree fluctuations of the
nodes. To understand this, we recall that previous studies have shown that the
(equilibrium) critical temperature Tc of the model in zero external field depends
rather sensitively on the values of γ and µ. In particular, for µ = 0, the critical
temperature is finite as long as the second moment of the degree distribution
is finite, but diverges as a function of the network size N when 〈k2〉 diverges
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[AHS02, DGM08], which is the case for γ ≤ 3. For µ 6= 0, whether or not Tc is
finite (for an infinite network) is determined by the effective exponent

γ′ = γ − µ
1− µ ,

�� ��4.47

which also appeared in studies concerning percolation, see Chapter 2. If γ′
exceeds the value 3, Tc diverges in the macroscopic limit [GHI+05, GHI+06].
The value of the effective topological parameter γ′ thus determines whether
we are dealing with a strongly expanded temperature scale (Tc → ∞) or a
normal one (with finite Tc). Therefore, it is important to check also the value
of γ′ in our distribution systems. In particular, when µ is increased (from 0
towards 1), the exponent γ′ increases and the hubs become less numerous and
less pronounced. Consequently, Tc decreases and this also renders the thermal
spin fluctuations more important. This effect will be most relevant for networks
with γ ≤ 3 and γ′ > 3.

In the next subsections, the influence of both the delivery exponent µ and the
topological constant γ on finite-temperature collapses is investigated separately
using the mean-field concept of the effective temperature and the quenched
random-bond fluctuations. The effects are studied in simulations in which the
mean “final” magnetisation, obtained after 5000 time-steps, is tracked as a
function of temperature.

Effect of the delivery exponent µ

We first focus on a distribution model with fixed demand constants a and b on a
scale-free network with fixed topological constant γ and investigate the effect of
different values of the delivery exponent µ ∈ [0, 1]. Since 〈k1−µ〉 decreases with
increasing µ, the effective temperature Θ of the network, defined in Eq. (4.45),
increases as a function of µ. Thermal spin fluctuations are thus more important
in a distribution model with larger µ than in a model with smaller µ at the
same temperature T . The considered distribution network could therefore be
effectively strengthened by a decrease of µ, i.e., by rendering the amounts of
goods delivered to each customer more homogeneously distributed.

The effects we described are confirmed by simulations. Simulation results of
the magnetisation as a function of the temperature for different values of µ are
shown in Fig. 4.6(a), for a = 1, and in Fig. 4.6(c) for a 6= 1. The magnetisation
curves tend to be stretched and shifted as µ decreases, reflecting the fact that
networks remain stable up to a higher temperature for smaller values of µ.
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Figure 4.6: Effect of the delivery exponent µ on the thermal fluctuations. The
figures show the “final” mean magnetisation, obtained after 5000 time-steps, as
a function of the temperature T (left graphs) and as a function of the effective
or scaled temperature Θ (right graphs) for different values of µ. The demand
parameters are distinct for the upper and the lower figures. All simulations are done
on scale-free networks with 1000 nodes, kmin = 2 and γ = 3. All data points are
averages over 100 network realisations.

Interestingly, for a = 1, if the magnetisation as a function of the effective
temperature Θ is plotted a good data collapse occurs, as is conspicuous in
Fig. 4.6(b). Not only do the different curves for T > Tb in Figs. 4.6(a) fall
onto a single curve in Fig. 4.6(b), but also the different values of Tb lead to
practically one and the same value of Θb. We argue that the high quality of
the data collapse has two reasons. First, as explained before, for a = 1 the
scaling-ansatz Eq. (4.42) is properly valid at mean-field level. Secondly, the
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equilibrium critical temperatures for the different networks (in zero field) are
not very different. In all but one cases, Tc is finite in the absence of external
fields, since the parameter γ′, defined in Eq. (4.47), is larger than three if γ = 3
and µ > 0. An exception could, in principle, have occurred in the borderline
case γ = 3 and µ = 0, for which Tc diverges. However this divergence is very
slow, in the manner Tc ∝ logN for large N [GHI+05], and for our moderate
network sizes (1000 nodes) the divergence is thus of small importance.

The quality of the data collapse degrades significantly if a 6= 1, as can be
inferred by a comparison of Figs. 4.6(b) and 4.6(d). In addition, there is now
also a significant spread on the values of Θb. These effects could have been
expected, since the scaling ansatz Eq. (4.42) is not well satisfied for a 6= 1 if µ is
arbitrary. Note that for the two smallest values of the delivery exponent, µ = 0
and µ = 0.2, the collapse is still acceptable. In these two cases, the requirement
µ � γ − 2 is more or less satisfied and a good collapse occurs because the
approximation Eq. (4.43) is adequate, as is proven by a numerical elaboration.

We conclude that, at least in the range 0 < µ < 1, the effects of varying
µ and varying T are not independent. A change in µ can be compensated or
“absorbed” by a change in T . This effect is most clearly for a ≈ 1 and for γ
sufficiently large (i.e., in practice for γ ≥ 3).

Effect of the topology

In a second application of the use of the effective temperature, we determine
the effect of the network topology on the network activity. We focus on the
distribution model on scale-free networks with kmin = 2 and 1000 nodes, for
which the values of a, b and µ are constant, while the topological exponent γ is
varied. Converting sums over the distribution function into integrals, Eq. (4.45)
leads to

Θ = (γ − 2 + µ)2

(γ − 1)(γ − 2)

(
k2−γ

max − k
2−γ
min

)(
k1−γ

max − k
1−γ
min

)
(
k2−γ−µ

max − k2−γ−µ
min

)2 T.
�� ��4.48

A detailed calculation can be found in Ref. [VL10].

At mean-field level, the behaviour of Θ as a function of γ is generally complex
and depends both on the delivery exponent µ and on the size of the network
through the maximal degree kmax. However, when µ = 0 or µ > 1, some
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Figure 4.7: Effect of the topology on the thermal fluctuations.The figures show the
“final” mean magnetisation, obtained after 5000 time-steps and as a function of the
effective or scaled temperature T (left graphs) and the parameter Θ (right graphs)
for different values of γ. The delivery exponent is distinct in the upper and the
lower graphs, while the demands constants are a = 1.0 and b = 0.2 in all figures.
All simulations were done on scale-free networks with 1000 nodes and kmin = 2.
All data points are averages over 100 network realisations.

simplifications apply. For µ = 0, Eq. (4.45) is trivially simplified to

Θ = T

〈k〉
,

�� ��4.49

and consequently Θ increases with increasing γ, regardless of the minimal and
maximal degree in the network. The network becomes more vulnerable if γ
increases, i.e. when there are more smaller nodes. The opposite behaviour occurs
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for µ ≥ 1. For constant temperature T , a numerical evaluation of Eq. (4.48)
shows that Θ decreases with increasing γ. The network thus becomes more
vulnerable to collapses when γ is decreased, i.e. when there are more hubs.
In both cases (µ = 0 and µ ≥ 1), the network is thus more resilient against
collapses when there are more nodes of the more-producing type.

Between these two regimes, i.e., for 0 < µ < 1, there is a complex transition
region in which the behaviour of Θ as a function of γ depends more subtly on the
value of µ and the size of the network. Numerical elaborations of Eq. (4.48) and
simulations indicate that the effect of the topology on the thermal fluctuations
is rather small in this regime.

We illustrate the above qualitative features with simulation results in Fig. 4.7.
In Fig. 4.7(a), the simulations use a distribution model with µ = 0, while in
Fig. 4.7(c) µ = 1 is taken. In both cases a = 1 is assumed so that the mean-field
Hamiltonian has the simple scaling form of Eq. (4.42). For µ = 0 network
collapses occur at lower temperatures for networks with larger γ, which implies
that networks with more hubs are more robust against thermal fluctuations.
The opposite behaviour is observed for µ = 1 (see Fig. 4.7(c)). The simulations
thus confirm our expectations based on the dependence of Θ on µ and γ.

In Figs. 4.7(b) and 4.7(d), the magnetisation of the networks for the systems of
Figs. 4.7(a) and 4.7(c) is plotted as a function of the parameter Θ. In Fig. 4.7(b)
the data collapse is far from perfect. This is at first sight surprising because the
conditions a = 1 and µ = 0 seem ideal prerequisites from the point of view of
the validity of the ansatz Eq. (4.42). From a mean-field perspective, an excellent
data-collapse is thus expected. However, random-bond fluctuations throw a
spanner in the arguments. The networks examined are qualitatively different in
the sense that for γ ≤ 3 the degree fluctuations are important (〈k2〉 diverges for
N →∞), while for γ > 3 they are not. If we take into account the finite network
size, we obtain the following estimates for the equilibrium critical temperatures
in zero external field, using the analytic results of previous works [GHI+05]. For
γ = 5, 3, and 2.2 we find kBTc/J ≈ 0.60, 1.95 and 3.89, respectively, which span
a broad range. These values appear consistent with the behaviour of M(T ) (in
non-zero external field) shown in Fig. 4.7(a). The simple “mean-field” scaling
underlying the definition of the effective temperature Θ is not quite sufficient
to suppress the rather large effect of the degree fluctuations for low γ. This is
why the magnetisation curves and the breakdown temperatures show only a
rather poor data collapse in Fig. 4.7(b).

In contrast, a much better “universality” is clearly emerging in Fig. 4.7(d),
which is for systems with µ = 1. For these systems γ′ =∞ so that the networks
all behave effectively as random graphs, with a finite Tc which scales in a simple
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manner with 〈k〉 [DGM08]. It is conspicuous in Fig. 4.7(d) that both the M(T )
and the effective breakdown temperatures coincide well for all three cases.

We conclude that, at least in the range 0 < µ < 1, the effects of varying the
topological constant γ and varying T are not independent. A change in γ can
be compensated or “absorbed” by a change in T . This effect is most clearly
seen for distribution models for which the random bond fluctuations are not
too large, i.e. for models for which both γ − 3 and γ′ − 3 have the same sign.

4.5 Protection mechanisms

Avoiding black-outs is a major concern in real-life distribution systems like the
power-grid. The use of efficient protection mechanisms is thereby of crucial
importance. In previous sections, it was substantiated that the most efficient
protection scheme could be deduced from the behaviour of the degree-dependent
activation temperature. We argued that the nodes which have the lowest
Tact(k, σav = +1) are the most prone to failure and therefore cause the black-
out of the network. Using degree-dependent control sets, this knowledge is
brought into practice. Recall furthermore that the activation temperature is
derived using mean-field arguments, which are only exact if µ = 0. In the
following, deviations from mean-field theory will cause unexpected effects.

4.5.1 The model

The network is protected through the concept of a control set, a group of nodes
which are heavily monitored during the dynamics of the distribution system. In
real-life situations, one can think of a special set of suppliers for which additional
protection measures are taken. In our model, the control set contains pN nodes
whose spins are often reactivated. The protection parameter p ∈ [0, 1] is an
indication for the strength of the protection. If p is small, only a few nodes
are eligible for reactivation and, consequently, the presence of the control set
will not alter the dynamics greatly. However, if p increases, the importance of
the protection mechanism enlarges and, if p is large enough, drastic effects are
anticipated.

More in detail, there is a random choice between a regular Monte-Carlo step
and a revival-step at each update. The former choice comprises, as usual, the
update of a randomly chosen spin using the Metropolis algorithm. Also in the
revival-step, a random node is chosen. If the node is part of the control set, its
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spin is set to +1. Note that this only implies a spin-flip if the node was initially
inactive. If the node was already active or if a node outside the control set is
chosen, no action is performed in the revival-step3. To accord the definition of
the time with the one of the previous section, a single time-step has 2N updates,
such that every node is, on average, updated and possibly revived once during
each time-step.

We introduce two types of selection procedures to construct the control set.
In both procedures, the probability to select a node is a function of the degree
of the node. In the first method, two extreme and one comparison set are
formed. The first set, the hubs control set, contains the pN largest nodes in the
network, while the second set, the smallest-nodes control set contains the pN
nodes with the smallest degree. The choice between nodes with equal degrees is
made randomly. As a reference, we also define the random control set which
contains pN randomly chosen nodes. In total, we thus identify three different
control sets in this extreme-protection mechanism.

In a more moderate selection procedure, the gentle-protection mechanism, the
probability to select a node with degree k is proportional to kσ, where σ is the
selection parameter. The control set is formed by throwing pN random numbers
according to those degree-dependent probabilities. If σ < 0, small nodes are
preferably added to the control set, while in case σ > 0, the protection of hubs
is favoured. If σ = 0, the random control set of the first procedure is recovered.

4.5.2 Results

The protection mechanisms are applied for the three sets of model parameters
which are used in Fig. 4.5. In Fig. 4.8, the extreme-protection mechanism is
applied, while results for the gentle protection are shown in Fig. 4.9.

For µ = 0.2, a = 0.7 and b = 0.9, results are shown in Fig. 4.8(a). As
expected, the final magnetisation does not alter drastically for small values
of the protection parameter: all networks do collapse to the inactive state
and the protection only provides a little solace. Note that although only a
small difference between the three control sets is observed, the largest final
magnetisation and thus the most efficient protection is clearly obtained with
the hubs control set. At larger values of p, a cross-over to a regime in which
a large fraction of the networks remains active is observed. As a result, the

3Consequently, p is only an indication for the number of revivals, although simulations
indicate that the number of revivals increases monotonically with p.
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Figure 4.8: Effect of the extreme-protection mechanism. The graphs show the
"final" mean magnetisation, obtained after 5000 time-steps as a function of the
protection parameter p for three different sets of parameters. In each subfigure,
two different temperatures are used. The smallest-nodes control set is indicated
with circles (light-green for the lower and dark-green for higher temperature), the
random control set with diamonds (red for the lower and orange for the higher
temperature) and the hubs control set with triangles (blue for lower and cyan for
the higher temperature). All simulations are done on scale-free networks with 1000
nodes, kmin = 2 and γ = 3 and all data point are averages over 500 network
realisations. The standard errors are smaller than the symbol sizes.
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Figure 4.9: Effect of the gentle-protection mechanism. The graphs show the "final"
mean magnetisation, obtained after 5000 time-steps as a function of the protection
parameter p for three different sets of parameters. In each subfigure, the results for
four different values for the selection parameter σ are shown. We use σ = −1 (blue
circles), σ = 0 (orange diamonds), σ = 2 (black right-triangles) and σ = 4 (green
up-triangles). All simulations are done on scale-free networks with 1000 nodes,
kmin = 2 and γ = 3 and all data point are averages over 500 network realisations.
The error bars indicate the standard errors.
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mean final magnetisation increases drastically. In this regime, the most efficient
protection occurs for the smallest-nodes control set. Note that the cross-over
value for p is highly temperature dependent: a small increase of the temperature
shifts the cross-over to much higher p values. Similar effects are observed for
the gentle-protection mechanism, as can be seen in Fig. 4.9(a). If p ' 0.30, the
effectiveness of the protection increases with decreasing σ, while the reverse
behaviour is found for smaller values of p. However, the difference between the
distinct sets is not as large as for the extreme protection, and in particular, the
difference between the results for σ = 2 and σ = 4 lies entirely within the error
margins.

In previous sections, we deduced that Tact(k, σav = +1) increases with the node
degree for this set of model parameters and it is therefore anticipated that
protecting the small nodes is more efficient than protecting the hubs. If p is
large enough and a substantial amount of the networks thus stays active due to
the protection mechanism, the observed simulation data match the predictions
of the heuristic arguments since the small-node control set clearly provides the
most efficient protection4. Once more, simulation data thus support the concept
of the activation temperature.

Conversely, for small p, a discrepancy between the simulations and the heuristic
arguments seems to be present. However, if only a small fraction of the nodes
is eligible for revival, the networks collapse anyhow and the concept of the
activation temperature is no longer applicable since a majority of the nodes
is inactive. Instead, we should consider at the energy difference associated
with a spin-flip from an inactive to an active node in an inactive background
(σav = −1), given by ∆E−→+(k, σav = −1) ≡ −2 〈〈Hi + Ii(σav = −1)〉〉i. Using
the mean fields, it is found that this quantity is much larger than the energy
scale kBT/J ≈ 0.1 applied in the simulations, which implies that thermal
fluctuations are absent after the collapse, as can also be inferred from Fig. 4.5(a).
Consequently, the degree-dependence of ∆E−→+(k, σav = −1) is unimportant
and the best protection is obtained by activating the nodes with the largest
influence in the network, which are, as always, the hubs.

Similar comments can be made for the other two parameter sets. However,
as aforementioned, the random bond fluctuations are much more important for
these parameter sets, which will cause some complications.

4Note that the monotonic increase of Tact cannot explain why the protection of hubs
outperforms the protection of randomly chosen nodes for T = 0.12. The origin of this deviation
from the heuristic arguments is caused by the great importance of the hubs in the network.
Consequently, a forced spin-flip of a hub has a larger effect than a spin-flip of a randomly
chosen node.
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For the second set of parameters, µ = 1, a = 0.85, b = 0.4, a transition between
two regimes is again recovered, as can be clearly seen in Fig. 4.8(b) for the
extreme and in Fig. 4.9(b) for the gentle protection. However, the regimes
are interchanged in comparison with the first set of parameters: the smallest-
nodes control set provides the best protection for the regime at small p, while
protecting the hubs is more efficient if the protection set is larger. Recall that
for this set of parameters the activation temperature is a decreasing function of
the node degree. As for the first set of parameters, the activation temperature
thus correctly predicts which nodes are best protected in case a substantial
amount of the networks remains active. The situation for small p-values is less
clear. Using the mean fields, it is found that ∆E−→+(k, σav = −1) increases
with increasing degree k. Since we want to sustain the nodes which are the most
inactive and thus have the least fluctuations in the inactive state, protecting
the hubs seems to be the best option. The heuristic argument thus fails in this
regime. However, simulations indicate that ∆E−→+(k, σav = −1) is subject to
large random field fluctuations, which explains the incorrectness of the heuristic
arguments based on a mean-field theory.

The situation is much clearer for the third set of parameters, µ = 1, a = 1.15
and b = −0.25, for which simulations indicate that the smallest-nodes control
set provides the most efficient protection for all values of p. This behaviour is
in accord with the heuristic arguments: since Tact(k, σav = −1) increases and
∆E−→+(k, σav = −1) decreases with the node degree, the mean-field arguments
anticipate that protecting the smallest nodes should always be the most efficient
strategy. The heuristic arguments are thus robust against the large random
field fluctuations for this set of parameters.

In sum, simulations indicate that our protection mechanism ensures the
resilience against breakdowns of a significant fraction of the networks if the
protection parameter is large enough. Moreover, a heuristic argument based
on the activation temperature indicates which type of nodes is best protected.
If the random field fluctuations are not too large, mean-field arguments also
explain whether or not a different behaviour is observed for smaller values of
the protection parameter.
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4.6 Conclusions

In this chapter, we have introduced a spin model to describe cooperative
behaviour in various real-life distribution systems. The model substantiates
how large-scale black-outs in these systems could be caused by the solidarity
between the individual suppliers.

We have specialised to networks in which a policy of solidarity among suppliers
takes effect so that there is a tendency towards maximising the gap between
delivery and demand due to the reluctance to meet a too high demand. The
resulting positive feedback mechanism can cause an initially active network
to function during a certain time and then collapse to an inactive state. To
implement this, our model utilises a ferromagnetic Ising-spin system with
quenched random fields. Each node models a supplier which has a certain
degree-dependent delivery controlled by an exponent µ and each link models (a
number of) consumers with a certain demand, controlled by the amplitudes a
(supplier-adjusted demand) and b (global demand). The degree distribution P (k)
is (mostly) of power-law type, pertaining to a scale-free network with topological
exponent γ. The system has been studied analytically, in part by using mean-
field approximations, and numerically using Monte-Carlo simulations with the
Metropolis updating rule.

Avalanches between an active and an inactive state are typically only observed
if the inactive state has a lower total energy than the active state, and if a
metastable active state is present initially. These conditions lead to restrictions
on the demand parameters a and b. If the demand is too large, the active
state will immediately decay to the ground state and no metastable active state
exists. If the demand is too small, the active state or some glassy state with
lower activity is the ground state and no black-outs can be observed. The
parameter-regimes for which collapses can occur also depend on the topological
exponent γ of the network and on the delivery exponent µ.

Random malfunction in the suppliers is modelled by a temperature parameter T .
At finite temperatures, thermal fluctuations can cause network collapses, which
are prevented at T = 0 by the metastability of the active state. During a collapse
the role of the hubs and of the poorly connected nodes has been monitored
separately. It has been possible to identify which type of nodes is responsible
for initiating the breakdown as a function of the distribution and network
parameters. The lowest temperature Tb at which a network blackout takes
place depends strongly on the different parameters in the model. Increasing this
“breakdown temperature” is of great interest in the protection of the distribution
system. The most stable situation appears to be that in which there are many
large suppliers in the network.
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Not all model parameters are independent. We have identified a scaled or
effective temperature variable Θ which incorporates the γ and µ dependencies
in such a way that a good data collapse can occur when the network activity
for various cases is measured as a function of Θ instead of T . While this scaling
is very useful at the level of a mean-field approximation, we have also observed
that fluctuations in the node degree, which are large for networks with γ ≤ 3,
are responsible for deviations from simple scaling if also γ′ = (γ−µ)/(1−µ) ≤ 3.

Protection against random malfunctions is a major concern in real-life systems.
We have introduced a protection scheme in which we aim at strengthening
the nodes which initiate the collapse. Using mean-field arguments, the correct
control set has been composed. Simulations indicate that the protection renders
a convincing fraction of the networks resilient against break-downs if a significant
fraction of the nodes is strengthened. The exact number of nodes that must be
protected is highly dependent on the model parameters and the temperature.

Outlook

The similarity between the model and real-life distribution systems can be
improved in various ways. In the distribution model all the consumers depend
on two suppliers. Using a bipartite network, we can extend the model to
incorporate an unrestricted number of suppliers for each consumer, reflecting
the consumer’s freedom of choice. Another extension is concerned with partly
active suppliers. In the current model, a node is active or inactive. Using
continuous spins, or discrete Potts spins, we could also model suppliers with
tunable activity. Extensions of our model could also describe systems that
evolve in time, for instance by implementing the model on growing networks or
on networks in which rewiring is possible. Time-dependent demand parameters
a and b could be used to model the evolving economic characteristics of the
consumers, etc. Also the protection scheme can be rendered more realistic if
the concept of a fixed control set is loosened and the group of controlled nodes
can evolve in time.

We conclude that our distribution model offers a possible starting point for
studying collapses in certain real-life distribution systems, from the viewpoint
of the phenomenology of dynamical critical phenomena with a non-conserved
order parameter. Note that in contrast with (most) other models of distribution
or transportation networks [SBP+08] there is no conservation law or continuity
equation in our network. The amounts of goods flowing along the edges of the
network are stochastic variables controlled by fluctuating spin states. In this
sense our distribution network based on spin variables provides a complementary
approach.
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The universe is full of magical things patiently waiting for
our wits to grow sharper.

E. Phillpotts in "A shadow passes" 5
Conclusions and Prospects

We have discussed three dynamical models on complex networks which illustrate
how large-scale phenomena emerge as a consequence of the cooperative behaviour
of the (microscopic) elements of the networks. Using various percolation and
network construction models, we have illustrated how the details of microscopic
link addition or removal processes influence the large-scale characteristics of
the constructed networks and the growth or disintegration of global network
structures. An Ising spin model with quenched random fields furthermore
explains how large-scale black-outs in distribution systems could be caused by
the solidarity between the individual suppliers.

In the first chapter, we have introduced four different percolation processes.
For the random bond percolation, in which links are removed at random from a
network, simple combinatorial methods and numerical solutions to a generating
functions theory determine the behaviour of the giant cluster as a function
of the number of links in the depreciated network. For power-law degree
distributions, the networks are found to be robust if the topological constant lies
between two and three. Finite-size scaling furthermore determines the critical
exponents of the percolation transition. For a more realistic degree-dependent
link removal process, the biased percolation, we have analytically established
the degree distribution and degree correlations in the depreciated network and
used these results to determine a relation for the critical point of the percolation
transition. In scale free-networks, the asymptotic degree distribution in the
diluted network is again of the scale-free type but the power-law exponent may
change. Consequently, at criticality, the properties of the degree-dependent link
removal are the same as those of a random link removal process on a scale-free
network with the same or a different degree exponent, depending on the specific
characteristics of the removal process. Fragile networks can therefore turn
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robust and vice versa under the biased removal of links. In particular, if links
between hubs are targeted, a generating functions theory indicates that the
critical exponents of a biased process are the same as those of random bond
percolation on a different scale-free network. Since not all networks consist of
a single type of vertices, we have extended the biased percolation to bipartite
networks. Our most important finding is that almost all results for bipartite
graphs are extensions of the results for the underlying monopartite graphs. For
instance, a bipartite scale-free network is robust against a degree-dependent link
removal if one of its underlying monopartite scale-free graphs is robust against
the same process. A special situation occurs in case of explosive percolation,
for which the cooperation of a set of more or less equally sized clusters provides
the trigger for a very abrupt phase transition. We have quantified this special
cluster content and shown that the transition is explosive if the cluster density
vanishes at the onset of the phase transition. Note finally that for all four
percolation transitions, Monte-Carlo simulations substantiate the analytical
results.

Secondly, we have introduced a new network construction model which
provides a cross-over between explosive percolation models and the preferential
attachment rule observed in many real-life growth processes. The main
properties of the constructed network and the construction process have been
studied. Rate equations determine the time evolution of the degree distribution
and the degree correlations for general network growth processes with a fixed
number of nodes and degree-dependent link addition probabilities. For two
specific choices of the linking probabilities, numerical results to the rate equations
are in accord with the outcome of Monte-Carlo simulations. A generating
functions formalism moreover provides accurate results for the evolution of the
largest cluster in the network. Our main finding is that the characteristics of the
percolation transition strongly depend on the degree distribution and the degree
correlations in the network. Consequently, not only the linking probabilities, but
also the initial condition of the network growth greatly influences the percolation
properties. We have paid special attention to two limits situations and have
shown that the transition to the explosive regime is marked by a rapid increase
of the critical constant, while the critical exponent remains equal to one. In a
rich-get-richer phase, we have also observed a particular situation in which a
single node captures a macroscopic number of links.

In the third chapter, we have introduced a spin model with quenched random
fields to describe cascades of failures in distribution networks caused by an
economic policy of solidarity. In these systems, the gap between the delivery
to and the demand of a consumer is maximised due to the reluctance to meet
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a too high demand. We have determined the model parameters for which,
within single-spin flip dynamics, an initially active network functions during a
certain amount of time and then collapses to an inactive state. Monte-Carlo
simulations indicate that black-outs are indeed observed as a consequence of
the solidarity between the elements of the system if suited parameter values are
used. Mean-field arguments furthermore accurately demonstrate which nodes
in the network initiate the collapse and using this knowledge we have developed
an efficient protection scheme in which the weakest elements of the network are
strengthened. Both findings are again backed up by simulations. Finally, we
have shown that not all model parameters are independent: a scaled or effective
temperature incorporates the thermal behaviour, the parameter that regulates
the delivery and the influence of the network. Simulation data substantiate the
scaling behaviour if some restrictions on the demand parameters are met and
in case the mean-field treatment is accurate.

As indicated in the previous chapters, there are many unresolved topics
within the context of this thesis. Some examples include the determination
of the exact nature of the birth of the giant node in our (and other) network
growth models and a detailed study of more involved protection schemes in
the distribution model. In addition to those open problems, there are many
opportunities in extending the current network models. It would for instance
be interesting to study the biased percolation on more involved structures, like
clustered networks and general multipartite systems, while a useful extension
of our distribution model uses an Ising spin model on evolving structures like
growing networks or graphs with continuous rewiring.

The future of complexity science

The ultimate aim of complexity science is to introduce dynamical models to
describe accurately cooperative phenomena in real-life interacting systems.
Although much progress has been made, the final goal is still well beyond
our current reach. For instance, the networks which are being used are still
far too simplistic to actually describe and predict the occurrence of real-life
events like power grid outages. Instead of the greatly idealised uncorrelated
scale-free network, more adjusted structures like clustered networks should be
used. However, the extraction of results on those strongly correlated networks
is, at the moment, only possible using simulations, since a generally accepted
analytical treatment of those structures is still lacking.

Not only the network structure, but also the dynamical models which are
being used are still too simplified to accurately model many real-life processes.
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However, the major challenge lies not in the invent of more involved models,
rather it is of vital importance to develop minimalistic paradigms which still
capture the essence of the real-life events. In other words, the major challenge
lies in finding the correct balance between a realistic but hard to solve model
and a conceptual but more easily understandable description.

We conclude this thesis with the observation that the quest for a more
realistic modelling of cooperative behaviour in complex systems forms one of the
most important and most-studied research themes within contemporary science.
Although the path is strewn with obstacles, ever-improving modelling techniques
and computer facilities reassure the steady pace at which our knowledge advances.
For sure, bright times are ahead within the interdisciplinary research on complex
systems since, as E. Phillpotts once said, our universe is full of many magical
things patiently waiting for our wits to grow sharper.
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Pure mathematics is, in its way, the poetry of logical ideas.
Albert Einstein A
Extended derivations

The purpose of this Appendix is to illustrate some of the mathematical techniques
and derivations which have been skipped in the main text.

A.1 Generating functions formalism

Generating or characteristic functions provide a tool which is used in a wide
range of mathematical problems concerning sequences and probability theory. In
this section, we first provide an introduction to generating functions and discuss
their main properties. Thereafter, the concepts are applied to the percolation
problem.

More details on general generating functions can be found in standard works,
for instance Ref. [Wil90], while all properties used in the application to complex
networks are discussed in Ref. [NSW01].

A.1.1 Definition and the powers property

The generating function of a sequence an is, by definition, the power series
which has as coefficients the elements of an. Similarly, the generation function
of the distribution P (k) is the series

G(x) =
kmax∑
k=kmin

P (k)xk,
�� ��A.1

which is well defined if 0 ≤ x ≤ 1 for all distributions. In some cases, instead of
x, we prefer using h, defined by x ≡ e−h, as the parameter of the generating
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function

G(h) =
kmax∑
k=kmin

P (k)e−hk.
�� ��A.2

The generating function1 G(x) of a distribution contains all the information
contained in the distribution2. The associated degree distribution of a generating
function G(x) is found by expanding G in a Taylor series around x = 0:

P (k) = 1
k!

dkG

dxk

∣∣∣∣
x=0

,
�� ��A.5

while its moments are obtained by a clever differentiation of the generating
function:

〈kn〉 =
[(
x
d

dx

)n
G(x)

]
x=1

.
�� ��A.6

The normalisation of the distribution further implies G(1) = 1.

The advantage in working with the generating functions is contained in the
powers property, which explains how independently repeated experiments are
easily treated using generating functions. If the distribution of a property k of
an object is generated by a function G(x), the distribution function of the sum
of m independent realisations of k is generated by (G(x))m. For instance, if we
choose m nodes in our scale-free network, the distribution of the sum of the
degrees is generated by (G0(x))m, where G0(x) is the generating function of the

1Besides the generating function of the degree distribution, some other generating functions
are sometimes used in probability theory. The moment generating function M(x) is the power
series in which the coefficients are related to the moments of the distribution:

M(x) =
∑

n

〈kn〉
n!

xn.
�� ��A.3

Note that d
dx
M(0) gives the n-th moment of the distribution and that M(x) = 〈exz〉, which

implies that M(x) is the Laplace transform of the degree distribution. In the literature, one
also uses the cumulant generating function C(x), which is defined as

C(x) = lnM(x).
�� ��A.4

The coefficients of the power series of C(x) define the cumulants of the degree distribution. For
instance, the first cumulant is simply the mean degree, and the second cumulant is its variance.
General cumulants are in none-trivial ways related to the moments of the distributions.

2Note that although generating functions are in this thesis solely used for discrete
distributions, the techniques as well apply to continuous distributions. It is in principle
not clear that a power series, with a countable number of terms, determines uniquely a
continuous distribution. Carleman’s theorem shows that this is the case if all moments are
finite and the moment generating function, defined in Eq. (A.3), is well-defined [Wil90].
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degree distribution. A more elaborate illustration of this property is found in
Ref. [NSW01]. In the following, the powers property will be the key ingredient
in the derivation of the self-consistent equations for the percolation threshold.

A.1.2 Generating functions scheme for uncorrelated networks

In the main text, we introduced the generating functions F0 and F1 related to
the degree distribution and the nearest-neighbour degree distribution:

F0(x) =
kmax∑
k=kmin

P (k)xk,
�� ��A.7a

F1(x) =
kmax∑
k=kmin

Pn(k)xk−1,
�� ��A.7b

and the generating functions H0(x) and H1(x) which are related to the
probability to observe finite clusters:

H0(x) =
∑
s

psx
s,

�� ��A.8a

H1(x) =
∑
s

p̃sx
s,

�� ��A.8b

where ps represent the probability that a node belongs to a finite cluster of
size s and p̃s represents the probability that a link leads to a cluster of size
s. In uncorrelated networks, these generating functions are related by two
self-consistent equations:

H1(x) = xF1[H1(x)],
�� ��A.9a

H0(x) = xF0[H1(x)].
�� ��A.9b

In this section, these self-consistent equations are derived. We closely follow
the arguments of Newman et al. presented in Ref. [NSW01, CNSW00], and the
graphical representation hereof in Ref. [DGM08].

The proof relies on a graphical representation of the quantities H0 and H1.
We briefly discuss the essential arguments of the proof, which are shown in
Fig. A.1. The graphical representation of H1(x) is introduced in Fig. A.1(a): it
simply indicates the probability that a link leads to a finite cluster. As shown in
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Figure A.1: Proof of the self-consistent equations for uncorrelated networks,
Eqs. (A.9). More details are discussed in the text. The graph is a modification of a
figure taken from Ref. [DGM08].

Fig. A.1(b), this probability can, in the approximation of a tree-like structure,
be expressed as a sum over the degree of the node reached by following the
edge. The link only leads to a finite cluster if all the other links emerging
from the neighbouring node on turn lead to a finite cluster. Using the powers
property for generating functions, for a node with degree k, this probability is
(H1(x))k−1. Therefore, Fig. A.1(b) implies the relation

H1(x) = x
∑
k

Pn(k)(H1(x))k−1,
�� ��A.10

where the prefactor x appears since we reach the node by following a link. A
careful examination of the definition of F1(x) indicates that Eq. (A.10) reduces
to the first self-consistent relation, Eq. (A.9). Similarly, Eq. (A.9b) follows from
Fig. A.1(c). The interested reader is invited to work out the details.

In this derivation, we assumed that the network is locally treelike. In fact, we
only assumed that the small clusters in the network do not contain any loops,
while the giant cluster may actually be very loopy. Moreover, it is assumed that
all links in the network have an equal probability to lead to a small cluster,
hence the networks must be uncorrelated. In the next section, the scheme is
adapted for correlated networks.

A.1.3 Generating functions scheme for correlated networks

In correlated networks, the derivation of the previous paragraph breaks down.
However, if the correlations are not too complex, the scheme can easily be
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adapted. Here, we first study the extension of the self-consistent equations
to networks with nearest-neighbour degree correlations. In a second step, a
procedure to cope with specific initial conditions is outlined. We focus on a
growth model in which all nodes are initially combined into pairs, as in the case
for the pair model discussed in Chapter 3.

Nearest-neighbour degree correlations

In networks with nearest-neighbour degree correlations, the degrees of the two
endnodes of a link are not independent, which implies that the distribution
Pn(q) becomes ill-defined and one must use the conditional probabilities Pn(k|q)
instead. Consequently, also the definition of F1 is meaningless and one should
instead use a set of generating functions, {F q1 }q, each of which generate the
probability that a randomly chosen node of a given degree q leads to a node
with degree k. To incorporate the dissimilarity of the links, the self-consistent
equations moreover require a more involved formalism in which the arguments
of the generating functions F0 and F q1 are vectors. Therefore, we define

F0(~x) =
kmax∑
k=kmin

P (k)(xk)k,
�� ��A.11a

F q1 (~x) =
kmax∑
k=kmin

P (k|q)(xk)k−1,
�� ��A.11b

where ~x is the vector (xkmin , xkmin+1, . . . , xkmax). Similarly, the functions Hq
1 (x)

are introduced, while H0(x) is defined in the same way as in the previous section.
Note that the arguments of the functions Hq

1 (x) and H0(x) are scalars. The
self-consistent equations now become

Hk
1 (x) = xF k1 [{Hq

1 (x)}q],
�� ��A.12a

H0(x) = xF0[{Hq
1 (x)}q],

�� ��A.12b

where {Hq
1 (x)}q is, for every 0 ≤ x ≤ 1 the vector (Hkmin

1 (x), Hkmin+1
1 (x), . . . ,

Hkmax
1 (x)). Note that if we define uq ≡ Hq

1 (1) and substitute x = 1 in Eq. (A.12),
the self-consistent set reduces to Eq. (3.51).

The derivation of these equations proceeds analogously to the derivation in case
of uncorrelated networks, but with a careful treatment of the degree correlations.
Hence, for all links, the degree of the node at one end is not independent of
the degree of the node at the other end. In the approximation of a tree-like
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structure, Hq
1 is again expressed as a sum over the degree of the node reached

by following the edge. Again, the link only leads to a finite cluster if all the
other links emerging from the neighbouring node lead to a finite cluster, but
this time the latter probability also depends on the degree of the neighbouring
node. Therefore, Fig. A.1(b) implies the relation

Hq
1 (x) = x

∑
k

Pn(k|q)(Hk
1 (x))k−1,

�� ��A.13

which reduces to the first self-consistent equation if the correct definition of
F q1 is inserted. The derivation of the second self-consistent equation proceeds
analogously.

Similar arguments yield self-consistent sets for higher order degree correlations.
For instance, for next-nearest-neighbour degree correlations, we obtain3

Eq. (3.52). Note that all these relations are only exact if no correlations
beyond the ones incorporated in the theory are present in the network.

Degree correlated networks with initial correlations

In our pair model, the network starts from an initial state in which all nodes are
combined into pairs. Recall that, this special initial configuration introduces
correlations, as is discussed in Chapter 3. Here, we study the implications
of the initial-time links on the self-consistent set Eq. (A.12). We introduce
the conditional nearest-neighbour degree probabilities P in(k|q) and P fn (k|q),
conditional on the fact that an initial-time link respectively a finite-time link
has been followed, and the generating functions Hq,i

1 and Hq,f
1 which generate

the probability that an initial-time, respectively, a finite-time link originating at
a node of degree q leads to a finite cluster at the other end. Techniques similar
to those applied in the previous sections yield self-consistent equations for Hq,i

1
and Hq,f

1 . If we keep in mind that a node with degree k has a single initial-time
link, while all other k − 1 links are laid at finite time, the probability that an
initial-time link leads to a small cluster, is generated by

Hq,i
1 (x) = x

∑
k

P in(k|q)(Hk,f
1 (x))k−1,

�� ��A.14

while the self-consistent equation for Hq,f
1 becomes

Hq,f
1 (x) = x

∑
k

P fn (k|q)Hk,i
1 (x)(Hk,f

1 (x))k−2.
�� ��A.15

3The interested reader is invited to work out the details.
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Similarly, an expression for H0(x) is found:

H0(x) = x
∑
k

P (k)Hk,i
1 (x)(Hk,f

1 (x))k−1.
�� ��A.16

These three relations provide a closed self-consistent set for the size of the giant
cluster, which, by introduction of uiq ≡ Hq,i

1 (1) and ufq ≡ Hq,f
1 (1), for x = 1

becomes

uik =
∑
q

P in(q|k)
(
ufq
)q−1

,
�� ��A.17a

ufk =
∑
q

P fn (q|k)uiq
(
ufq
)q−2

,
�� ��A.17b

S = 1−
∑
q

P (q)uiq
(
ufq
)q−1

.
�� ��A.17c

These self-consistent equations match the one in Eq. (3.55) and can be reduced
to a system with only two equations:

ufk =
∑
q,v

P in(v|q)P fn (q|k)
(
ufv
)v−1 (

ufq
)q−2

,
�� ��A.18a

S = 1−
∑
q,k

P (q)P in(k|q)
(
ufk

)k−1 (
ufq
)q−1

.
�� ��A.18b

Finally, note that in case of next-nearest-neighbour correlations, a similar
derivation yields:

ufq,k =
∑
s,v

P in(v|s)P fnn(s|q, k)
(
ufv
)v−1 (

ufs,q
)s−2

,
�� ��A.19a

ufk =
∑
q,v

P in(v|q)P fn (q|k)
(
ufv
)v−1 (

ufq,k

)q−2
,

�� ��A.19b

S = 1−
∑
k,q

P (q)P in(k|q)
(
ufk

)k−1 (
ufq
)q−1

,
�� ��A.19c

where P fnn(s|q, k) gives the next-nearest-neighbour conditional probability of
the finite-time links:

P fnn(s|q, k) = P fn (s, q, k)∑
s P

f
n (s, q, k)

.
�� ��A.20

The proof is again left as an exercise for the interested reader.
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A.2 Rate equations

In this section, some of the mean-field rate equations of Chapter 3 are derived.
We illustrate the techniques with a derivation of the rate equation for the degree
distribution, Eq. (3.5), and the rate equation for the nearest-neighbour degree
correlations, Eq. (3.30).

A.2.1 Rate equation for the degree distribution

We start with a detailed derivation of the rate equation

d

dt
P (k) = pk−1P (k − 1)− pkP (k),

�� ��A.21

which we will prove to hold in the thermodynamic limit N →∞. The derivation
describes the evolution of the number of nodes with k links, Nk = NP (k). The
alteration of Nk at a single time-step is denoted as

∆Nk(t) ≡ Nk(t+ ∆t)−Nk(t),
�� ��A.22

where ∆t is the duration of a time-step. If we take into account the fact that
two nodes are chosen at the same time, different cases will contribute to ∆Nk.
In the remainder of the section, we will denote the case in which nodes with
degrees k1 and k2 are selected as [k1, k2]. Note that the behaviour of [k1, k2] and
[k2, k1] is similar, therefore both will be considered simultaneously, which will
induce the introduction of factors of two. The five possible cases contributing
to ∆Nk are

1. [k, x] with x 6= k − 1, k

2. [k − 1, x] with x 6= k − 1, k

3. [k − 1, k]

4. [k, k]

5. [k − 1, k − 1]

The selection probability and the change in Nk are now determined for the
different possibilities. Recall that the probability to select a single node with
degree k is pk/N . The probability to select a node with degree k is thus pkP (k).
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The selection probability of case 1 is

p(1) = 2pkP (k)(1− pkP (k)− pk−1P (k − 1)),
�� ��A.23

since the probability to select the node with degree k is pkP (k) and the
probability to select the node with a degree different from k and k − 1 is
(1 − pkP (k) − pk−1P (k − 1)). The factor 2 appears since [k, x] and [x, k] are
distinguishable. If this case occurs, the number of nodes with degree k diminishes
by one. The change in Nk due to the first case is thus

∆N (1)
k = −2pkP (k)(1− pkP (k)− pk−1P (k − 1)).

�� ��A.24

Similarly, the second case contributes

∆N (2)
k = +2pk−1P (k − 1)(1− pkP (k)− pk−1P (k − 1))

�� ��A.25

to ∆Nk. The third case actually does not contribute to ∆Nk, since there is
no net change in the number of nodes with degree k. In the fourth case, the
selection probability amounts

p(4) = p2
kP (k)2,

�� ��A.26

without factor two since the two possibilities are indistinguishable in this case.
The number of nodes with degree k diminishes by two if two nodes with degree
k are selected. Therefore,

∆N (4)
k = −2(pkP (k))2.

�� ��A.27

By the same token, for case 5,

∆N (5)
k = +2(pk−1P (k − 1))2.

�� ��A.28

The total change in Nk due to the single time-step is now

∆Nk = ∆N (1)
k + ∆N (2)

k + ∆N (4)
k + ∆N (5)

k

�� ��A.29a

= 2(pk−1P (k − 1)− pkP (k)),
�� ��A.29b

and, consequently,

∆P (k) = P (k, t+ ∆t)− P (k, t)
�� ��A.30a

= 2
N

(pk−1P (k − 1)− pkP (k)).
�� ��A.30b

Since the time increases by 2/N every time-step, i.e. ∆t = 2/N , taking the limit
N →∞ implies

∆P (k)
2/N → ∂

∂t
P (k),

�� ��A.31

which leads straightforwardly to Eq. (A.21).
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A.2.2 Rate equation for the nearest-neighbour degree corre-
lations

In this subsection, we show how simple arguments lead to the mean-field rate
equation for nearest-neigbour degree correlations,

dnk,q
dt

= pk−1nk−1,q + pq−1nk,q−1 + pk−1pq−1P (k − 1)P (q − 1)

− nk,q (pk + pq) ,
�� ��A.32

where all quantities are defined as in Section 3.4. The derivation proceeds
along the lines which were used in the previous subsection and therefore we
only highlight the major ingredients. The key quantity is Nk,q = Nnk,q, which
equals the number of links between nodes with degrees k and q if k 6= q, while
Nk,k = Nnk,k represents twice the number of links between two nodes with
degree k. Due to this deviating definition if k = q, this special case must be
treated separately. In the derivation, we describe the evolution of Nk,q at a
single time-step and therefore introduce its variation

∆Nk,q(t) ≡ Nk,q(t+ ∆t)−Nk,q(t),
�� ��A.33

where ∆t is the duration of a time-step.

Derivation of the rate equation for Nk,q with k 6= q

If we take into account the fact that two nodes are chosen simultaneously,
different cases will contribute to ∆Nk,q if k 6= q. As in the previous section,
we will denote the case in which nodes with degrees k1 and k2 are selected as
[k1, k2] and consider the behaviour of the case in which [k2, k1] is chosen at
the same time, which will induce the introduction of factors of two. The eight
possible cases in which ∆Nk,q changes, are then

1. [k, x] with x 6= q − 1, q

2. [x, q] with x 6= k − 1, k

3. [k − 1, x] with x 6= q − 1, q

4. [x, q − 1] with x 6= k − 1, k

5. [k, q]

6. [k − 1, q]
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7. [k, q − 1]

8. [k − 1, q − 1]

The selection probability and the change in Nk,q are now determined for the
different possibilities. The selection probability of case 1 is

p(1) = 2pkP (k)(1− pqP (q)− pq−1P (q − 1)),
�� ��A.34

where the factor two indicates that [k, q] and [q, k] are indistinguishable. In
a mean-field approximation, Nk,q decreases with the average number of links
attached to a node with degree k which leads to a node with degree q. Since
each of the k links attached to the k-node end at a q-node with probability
Pn(q|k), the total change in Nk,q is

∆N (1)
k,q = −2pknk,q(1− pqP (q)− pq−1P (q − 1)),

�� ��A.35

where we also used that nk,q = kP (k)Pn(q|k), see Eq. (1.10). Similar calculations
yield the change in the cases 2 to 7:

∆N (2)
k,q = −2pqnk,q(1− pkP (k)− pk−1P (k − 1)),

�� ��A.36a

∆N (3)
k,q = +2pk−1nk−1,q(1− pqP (q)− pq−1P (q − 1)),

�� ��A.36b

∆N (4)
k,q = +2pq−1nk,q−1(1− pkP (k)− pk−1P (k − 1)),

�� ��A.36c

∆N (5)
k,q = −2pkpqnk,q(P (q) + P (k)),

�� ��A.36d

∆N (6)
k,q = 2pk−1pq(P (q)nk−1,q − P (k − 1)nk,q),

�� ��A.36e

∆N (7)
k,q = 2pkpq−1(P (k)nk,q−1 − P (q − 1)nk,q).

�� ��A.36f

In case 8, the derivation changes slightly because the insertion of a link between
a node with degree k − 1 and q − 1 causes the introduction of an extra link in
the set of links between nodes with degrees k and q. Therefore,

∆N (8)
k,q = 2pk−1pq−1 (P (k − 1)nk,q−1 + P (q − 1)nk−1,q + P (k − 1)P (q − 1)) .�� ��A.37

Adding all eight terms and using an A4-sized paper to perform straightforward
scratching operations, yields the total change in Nk,q:

∆Nk,q = 2
(
pk−1nk−1,q + pq−1nk,q−1 + pk−1pq−1P (k − 1)P (q − 1)

− nk,q (pk + pq)
)
.

�� ��A.38a
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Appendix A. Extended derivations

Since the time increases by 2/N every time-step, taking the limit N → ∞
implies

∆Nk,q
2 → ∂

∂t
nk,q,

�� ��A.39

which proves the correctness of Eq. (A.32) if k 6= q.

Derivation of the rate equation for Nk,k

The derivation of a rate equation for nk,k proceeds analogously, but we have to
keep in mind that the definition of nk,k and Nk,k differs since the latter quantity
represents twice the number of links between two nodes with degrees k. To
facilitate the notation, we introduce Ñk,q = Nk,q/2. A change in Ñk,k is only
observed in one of the following cases:

1. [k, x] with x 6= k − 1, k

2. [k − 1, x] with x 6= k − 1, k

3. [k − 1, k]

4. [k − 1, k − 1]

5. [k, k]

Since Ñk,k represents the number of links, its alteration for the first three cases
is exactly the same as for the corresponding cases in the previous section, i.e.

∆Ñ (1)
k,k = −2pknk,k(1− pkP (k)− pk−1P (k − 1)),

�� ��A.40a

∆Ñ (2)
k,k = +2pk−1nk,k−1(1− pkP (k)− pk−1P (k − 1)),

�� ��A.40b

∆Ñ (3)
k,k = 2pk−1pk(nk,k−1P (k)− P (k − 1)nk,k).

�� ��A.40c

In the last two cases, caution should be used, since the two possibilities are now
indistinguishable. Of course, the links attached to both endpoints of the new
link must be counted in the change of Ñk,k, which yields

∆Ñ (4)
k,k = −2(pk)2P (k)nk,k,

�� ��A.41a

∆Ñ (5)
k,k = 2(pk−1)2P (k − 1)nk,k−1 + (pk−1P (k − 1))2,

�� ��A.41b
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A.2. Rate equations

where the last term again stems from the addition of the extra link. A back-of-
the-envelope calculation yields

∆Ñk,k = 2(−pknk,k + pk−1nk,k−1) + (pk−1P (k − 1))2.
�� ��A.42

Since the time increases by 2/N every time-step, taking the limit N → ∞
implies

∆Ñk,q →
∂

∂t
nk,q.

�� ��A.43

Thus
∂

∂t
nk,q = 2(−pknk,k + pk−1nk,k−1) + (pk−1P (k − 1))2,

�� ��A.44

which is exactly the k = q limit of Eq. (A.32). We conclude that we have
proven the validity of this rate equation for all possible cases. However, I do not
officially end this thesis without expressing my great gratitude and sympathy
to everyone who made it this far without skipping any page4.

4Note that the constraint is stringent.
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If I have seen further it is by standing on the shoulders of giants.
Isaac Newton
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Abstract
A cyclically operating chemical engine is considered that converts chemical
energy into mechanical work. The working fluid is a gas of finite-sized
spherical particles interacting through elastic hard collisions. For a generic
transport law for particle uptake and release, the efficiency at maximum
power ηmp takes the form 1/2 + c∆µ + O(∆µ2), with 1/2 a universal
constant and ∆µ the chemical potential difference between the particle
reservoirs. The linear coefficient c is zero for engines featuring a so-called
left/right symmetry or particle fluxes that are antisymmetric in the applied
chemical potential difference. Remarkably, the leading constant in ηmp is
non-universal with respect to an exceptional modification of the transport
law. For a nonlinear transport model with zero linear transport coefficient,
we obtain ηmp = 1/(n + 1), with n ≥ 3 the (odd) power of ∆µ in the
transport equation.
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Abstract
We study the effect of thermal fluctuations on the wetting phase transitions
of infinite order and of continuously varying order, recently discovered
within a mean-field density-functional model for three-phase equilibria in
systems with short-range forces and a two-component order parameter.
Using linear functional renormalization group (RG) calculations within
a local interface Hamiltonian approach, we show that the infinite-order
transitions are robust. The exponential singularity (implying 2−αs =∞)
of the surface free energy excess at infinite-order wetting as well as
the precise algebraic divergence (with βs = −1) of the wetting layer
thickness are not modified as long as ω < 2, with ω the dimensionless
wetting parameter that measures the strength of thermal fluctuations.
The interface width diverges algebraically and universally (with ν⊥ = 1/2).
In contrast, the non-universal critical wetting transitions of finite but
continuously varying order are modified when thermal fluctuations are
taken into account, in line with predictions from earlier calculations
on similar models displaying weak, intermediate and strong fluctuation
regimes.

208





FACULTY OF SCIENCE
DEPARTMENT OF PHYSICS AND ASTRONOMY

INSTITUTE FOR THEORETICAL PHYSICS
Celestijnenlaan 200D

B-3001 Heverlee


	Contents
	List of Network Properties
	Preface
	Complex Networks
	A connected era
	The birth of the complex network
	Network concepts
	Types of networks
	Simulations of complex networks
	Outline

	Percolation
	Introduction
	Description of percolation on complex networks
	Random bond percolation 
	Biased percolation
	Biased percolation on bipartite networks
	Explosive percolation 
	Conclusions

	Network Growth
	Introduction
	The model
	Degree distribution
	Degree correlations
	Percolation properties
	The formation of a giant node 
	Conclusions

	Distribution Networks
	Introduction
	Ising model for distribution systems
	Requirements for network black-outs 
	Breakdown properties
	Protection mechanisms
	Conclusions

	Conclusions and Prospects
	Extended derivations 
	Generating functions formalism
	Rate equations

	References
	List of publications

