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ABSTRACT

Context. Recent studies of the electromagnetic electron whistler-cyclotron instability in anisotropic bi-Kappa distributed plasmas
claim that the instability threshold conditions do not depend on the power index, κe, of the electron distribution function, but that the
maximum growth rate (γm) strongly depends on this parameter. But these two statements contradict each other because the instability
threshold conditions are derived with respect to the threshold levels of the maximum growth rates (e.g.,γm/Ω = 10−1, 10−2, etc.).
Aims. This paper proposes to clarify this inconsistent issue, refining the analysis of the electron-whistler cyclotron instability. In
anisotropic plasmas far from Maxwellian equilibrium, this instability represents one of the most plausible constraints for the electron
temperature anisotropy Te,⊥ > Te,‖, (where ‖ and ⊥ denote directions relative to the local stationary magnetic field).
Methods. In the context of a suprathermal solar wind, where the electron populations are well fitted by the advanced Kappa distribu-
tion functions, these models are expected to provide a more realistic description for the critical conditions of stability. The unstable
solutions are derived exactly numerically, providing accurate physical correlations between the maximum growth rates and the thresh-
old conditions.
Results. Thresholds of the temperature anisotropy are derived for the full range of values of the plasma beta including both the solar
wind and magnetospheric plasma conditions. The lowest thresholds, which are the most relevant for the marginal stability, are found
to decrease with the increase in density of the suprathermal populations. This result is well correlated with an opposite effect on the
corresponding growth rates (at small anisotropies), as their maximum values are enhanced in the presence of suprathermal electrons.
The new marginal thresholds calculated with a bi-Kappa model accurately predicts the limits of the suprathermal halo populations
observed in the solar wind.
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1. Introduction

The electron and proton distribution functions detected in the
solar wind and the magnetosphere of the Earth display a bidi-
rectional temperature anisotropy A ≡ T⊥/T‖ , 1, where the
parallel and perpendicular subscripts indicate directions with re-
spect to the uniform magnetic field (Pilipp et al. 1990, Salem
et al. 2003, Hellinger et al. 2006, Stverak et al. 2008, Bale et
al. 2009). However, these deviations from isotropy are not large
as predicted by the low-collisional exospheric models, implying
the existence of some constraints, e.g., instabilities or collisions,
that should limit the growth of the anisotropy and explain the ob-
servations. Collisions are less effective at time and space scales
in the solar wind plasma, but the limits observed for the tempera-
ture anisotropy seem to be well explained by the dissipation and
scattering of plasma particles by the wave instabilities predicted
by the linear dispersion theory: e.g., any excess of temperature
in the direction parallel to the magnetic field (T‖ > T⊥) is con-
strained by the firehose instability (Paesold & Benz 1999), Gary
& Nishimura 2003, Stverak et al. 2008), while perpendicular
temperature (T⊥ > T‖) is limited by the whistler instability (Gary
& Wang 1996, Stverak et al. 2008, Schlickeiser et al. 2011).

The electron whistler-cyclotron signals with frequencies be-
tween the electron and ion gyro-frequencies, |Ωe| < ω < Ωi,
and a prevailing right-handed (RH) circular polarization have
first been observed as low-frequency whistlers in atmospherics
? e-mail: mlazar@tp4.rub.de

(Helliwell et al. 1956). These electromagnetic modes are trig-
gered by the kinetic anisotropies and suprathermal populations
of electrons, (Mace 1998, Lazar et al. 2008a), expecting to play
a major role at dissipative scales in the solar wind and planetary
magnetospheres (Pilipp et al. 1990, Salem et al. 2003, Stverak et
al. 2008). Because plasma is dilute and poor-collisional in these
environments, only the wave-particle interactions can explain
the deviations from Maxwellian equilibrium, which are perma-
nently confirmed by the observations. Suprathermal populations
are present at all altitudes in the solar wind (Feldman et al. 1975,
Pilipp et al. 1987, Fisk & Gloeckler 2006) and corona (Pierrard
et al. 1999, Scudder 1992), being associated with the high en-
ergy tails of the measured distributions, which are overall best
modeled by the family of Kappa functions (Vasyliunas 1968,
Scudder 1992, Maksimovic et al. 1997, Pierrard et al. 2001).

Distribution functions of Kappa-type are power-laws, with
the power-index κ determining the slope of the high energy tails
in the velocity spectrum of plasma particles. For large values
of κ → ∞, the Kappa function degenerates into a Maxwellian
(Summers & Thorne 1991). An anisotropic distribution (T⊥ ,
T‖) can be modeled using a bi-Kappa function introduced here in
Eq. (1). This distribution has widely been exploited to describe
kinetic instabilities of a drifting or a non-drifting plasma, e.g, the
ion acoustic instability (Summers & Thorne 1992), the electro-
magnetic ion-cyclotron and the firehose instabilities (Summers
& Thorne 1992, Xue et al. 1996a, 1996b, Lazar & Poedts 2009),
the mirror unstable mode (Leubner & Schupfer 2000, 2001), and
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the electron whistler and cyclotron instabilities (Mace 1998),
Xiao et al. 1998, Tripathi & Singhal 2008, Lazar et al. 2008a),
and the weakly propagating instabilities in less magnetized
plasmas (Lazar et al. 2008b, 2009, 2010). It was found that
suprathermal populations significantly alter both the dispersion
and stability properties, and a bi-Kappa model predicts that the
instability of the whistler-cyclotron modes is, in general, in-
hibited (Lazar et al. 2008a, 2011a). But for small anisotropies,
A < 2, the effect is opposite, the growth rate is decreasing with
the increase of κ-index (Mace 1998, Tripathi & Singhal 2008,
Mace & Sydora 2010). The same effect must govern the low-
est threshold conditions close to the marginal stability, and this
seems in disagreement with recent claims that the instability
thresholds do not depend on the power index κ, but the maxi-
mum growth rate depends strongly on it.

In order to clarify these contradictory issues, in the present
paper, we present a new rigorous investigation of the threshold
conditions for the whistler-cyclotron instability, driven by the
temperature anisotropy of a bi-Kappa distributed plasma. The
analysis is restricted to parallel propagation (slab mode) because
in this case the electromagnetic and electrostatic modes are de-
coupled, and the energy exchanged between particles and waves
at oblique propagation is apparently less important. Below the
electron gyrofrequency ω < |Ωe| = Ω, the RH electromagnetic
branch includes the electron cyclotron modes with ω . Ω, and
the whistler modes with ω � Ω, but both have subluminal phase
velocities, ω/k < c (where c is the speed of light in vacuum), and
frequencies sufficiently high to neglect the ions reaction.

2. Dispersion and stability theory

To characterize the anisotropic distributions with high energy
tails we use a bi-Kappa distribution function

F(v‖, v⊥) =
1
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In the limit of a very large spectral index κ → ∞, θ‖,⊥ → vT,‖,⊥,
and the bi-Kappa distribution function approaches the standard
bi-Maxwellian.

Assuming an excess of perpendicular temperature (T⊥ > T‖),
the electromagnetic whistler cyclotron mode is enhanced lead-
ing to a wave instability of finite frequency Re(ω)≡ ωr , 0, and
growth rate Im(ω)≡ ωi > 0. Because the growth rate is maxi-
mum for propagation parallel to the magnetic field (k = k‖), we
restrict the analysis only to the parallel electromagnetic modes
with right-hand (RH) circular polarization. These are described
by the general dispersion relation (Gary 1993)
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where Ωa = qaB0/(mac) is the (non-relativistic) gyrofrequency,
and ωp,a = (4πnae2/ma)1/2 is the plasma frequency for the par-
ticles of sort a, and c is the speed of light in vacuum. For the
bi-Kappa distribution (1), partial derivatives in the Eq. (4) are
calculated in the Appendix A, yielding the dispersion relation
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Here we use the modified (Kappa) plasma dispersion function
(Lazar et al. 2008b)
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of argument
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The general dispersion relation in Eq. (5) enables to consider an
arbitrary number of plasma species, and for large values of the
power index κ → ∞, it reduces exactly to the standard form of
a bi-Maxwellian model (Gary 1993). At high frequencies of the
whistler-cyclotron modes, ions do not react, and the dispersion
relation simplifies to
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We neglect ω2 � k2c2 (subluminal modes), and, for simplicity,
we note Ω = |Ωe| and omit the subscript ”e” for all other sym-
bols.

2.1. The instability thresholds

The unstable wave-numbers are usually limited between a
maximum cutoff (kM), which increases with the temperature
anisotropy T⊥/T‖, and a minimum cutoff wave number (km),
which increases with the magnetic field (compare, for instance
the three panels in Fig. 2, or in Fig. 3). Increasing the magnetic
field strength will also reduce the (maximum) growth rate, and
can evenly suppress the instability if the anisotropy is not large
enough. At the limit of marginal stability, the maximum growth
rate decreases to zero γm → 0, and the two cutoffs approach each
other km = kM . Theoretically, this is the condition of marginal
stability, but an exact analytical form is not easily provided be-
cause km can be expressed analytically only for a large | f | > 1,
while kM for a small | f | < 1. These cutoffs can, however, be
derived exactly numerically, but, again, to correlate plasma pa-
rameters for the limit condition km = kM at marginal stability
(γm = 0) is not straightforward. Instead, numerically, we can de-
rive finite instability threshold conditions corresponding to small
values of the maximum growth rate, small enough to approach
the marginal limit of stability (γm → 0).

Using the dispersion relation (8), the electron whistler-
cyclotron instability thresholds are derived exactly numerically
for four different levels of the maximum growth rates γm/Ω =
10−4, 10−3, 10−2 and 10−1. The anisotropy thresholds are cal-
culated for an extended range of the plasma beta parameter
0.01 ≤ β‖ ≤ 10, including the solar wind and magnetospheric
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Table 1. Electron temperature anisotropy fitting parameters from Eq. (8).

γ/Ω = 10−1 γ/Ω = 10−2 γ/Ω = 10−3 γ/Ω = 10−4

κ a b a b a b a b
2 1.23 0.54 0.42 0.49 0.16 0.52 0.06 0.55
6 0.97 0.53 0.39 0.48 0.22 0.51 0.14 0.54
∞ 0.92 0.53 0.43 0.47 0.25 0.50 0.19 0.52

Fig. 1. Effect of power-index κ =2, 6, ∞ (Maxwellian) on the thresh-
olds of the electron whistler cyclotron instability for four levels of the
maximum growth rates γm/Ω = 10−1, 10−2, 10−3 and 10−4.

plasma conditions. The inverse correlation law between temper-
ature anisotropy, A = T⊥/T‖, and plasma beta, β‖, is obtained by
fitting thresholds with (Gary & Wang 1996)

A = 1 +
a
βb
‖

, (9)

where the fitting parameters a and b are shown in Table 1.
Contours of the maximum growth rates (in units of Ω) are dis-
played in Fig. 1, with solid lines for a bi-Maxwellian, and dashed
lines for a bi-Kappa (with different values for the power index).
As expecting, the anisotropy thresholds decrease with plasma
beta as for a hotter plasma we need lower anisotropies to ignite
the instability.

For high levels of the maximum growth rates, e.g., γm/Ω 6
10−2, the anisotropy threshold increases in the presence of
suprathermal populations, making this instability less effective
in a bi-Kappa distributed plasma. This could explain the sta-
ble plasma configurations in the fast solar wind, which are re-
strained to narrow limits of small β‖ < 1 (Stverak et al. 2008).
However, for the lowest levels of the maximum growth rates,
e.g., γm/Ω < 10−2, which are more relevant for the marginal
stability (γ → 0) of the (non-streaming) plasma, the anisotropy
threshold is markedly lowered in the presence of suprathermal
electrons, for the full range of plasma beta 10−2 6 β‖ 6 10.
Thus, the effect of suprathermal populations is found to be non-
uniform, and the switch between these two opposite behaviors is
localized close to the level γm/Ω = 10−2, where the anisotropy
threshold does not change much with values of the power-index
κ.

2.2. Correlating thresholds and growth rates

Growth rates of the of the electron whistler-cyclotron instabil-
ity are derived exactly numerically and are displayed in Figs. 2
and 3 for two relevant values of the plasma beta parameter,
βp,‖ = 0.01 and βp,‖ = 1, respectively. The opposite effects
of suprathermal populations can easily be recognized, first sup-
pressing the higher growth rates (top panels), or enhancing the
lower growth rates (bottom panels). In order to correlate with
the instability threshold conditions, temperature anisotropies are
chosen in the range of their threshold values in Fig. 1. The ef-
fect of suprathermal electrons on the growth rates is indeed in
agreement with that observed for the threshold limits. At lower
thresholds (γm/Ωp < 10−2) close to the marginal instability con-
ditions, the corresponding growth rates increase with an enhance
of suprathermal populations (small values of κ-index). Close to
the switch level (γm/Ωp = 10−2) the influence of power index κ is
again minimal. As mentioned above, this critical threshold is not
always the same but it depends on plasma beta: for βp,‖ = 0.01
it is found close to Ap = 2.2, while for βp,‖ = 1 it approaches
Ap = 1.3. Over this critical level, growth rates are inhibited by
the suprathermal populations, and the higher anisotropy thresh-
olds (γm/Ωp = 10−1) must increase.

The influence of suprathermals on the oscillatory frequency
of this instability is shown in Fig. 4, with the remark that the



4 M. Lazar, S. Poedts and M. J. Michno: Whistler-cyclotron instability in bi-Kappa plasmas

Fig. 2. Effect of power-index κ =2, 4, 6, 8, ∞ (Maxwellian) on the
growth rates of the electron whistler-cyclotron instability for β‖ = 0.01,
and three values of the temperature anisotropies A = T⊥/T‖ = 4.5 (top),
2.2 (middle), 1.5 (bottom).

effect can be important (lowering the wave frequency) only for
a sufficiently large anisotropy (far from threshold conditions).
Otherwise for small anisotropies close to thresholds, changes
are minimal. Concluding, we have found that marginal thresh-
olds (γm/Ωp 6 10−3) for the electron whistler-cyclotron in-
stability are lowered in the presence of suprathermal electrons
leading to a maximum threshold for an ideal bi-Maxwellian
plasma. These results clarify and rectify the recent claims (Mace
& Sidora 2010, Lazar et al. 2011a) that these threshold condi-
tions are not dependent on the power index κ.

2.3. Predicting the electron temperature anisotropy in the
solar wind

Whether the whistler-electron-cyclotron waves are generated
in the solar wind through a nonlinear cascade (from larger to
lower scales), or are furthermore enhanced by the temperature
anisotropy, it is still a challenge to identify the origin of this
temperature anisotropy as it can itself be generated by the in-

Fig. 3. Effect of power-index κ =2, 4, 6, 8, ∞ (Maxwellian) on the
growth rates of the electron whistler-cyclotron instability for β‖ = 1.0,
and three values of the temperature anisotropies A = T⊥/T‖ = 2.0 (top),
1.3 (middle), 1.2 (bottom).

teraction between these modes and electrons. Knowing the wave
instability thresholds, enables to predict which are the expected
values of the anisotropy in the solar wind, where the observed
Kappa distributions are invariably anisotropic and in a quasi-
equilibrium with a certain level of these waves.

In Fig. 5 we compare the results obtained here with the
observational data (after Stverak et al. 2008), showing that
suprathermal electrons described by the bi-Kappa model are
present in a natural plasma, and that values of the measured
temperature anisotropy are well predicted by our calculations.
The instability constraints derived in Eq. (9) and Table 1 are in-
deed relevant for the suprathermal halo, approaching its limits
much better for small values of κ → 2, than for an idealized
Maxwellian model (κ → ∞). Towards the lowest thresholds cor-
responding to the marginal condition of instability (γ → 0),
the best fit with the observed margins of the halo population
anisotropy is provided by a κ = 2 model. Instead, thermal core
populations displayed in the second panel bottom are better con-
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Fig. 4. Effect of power-index κ =2, 4, 6, 8, ∞ (Maxwellian) on the fre-
quencies of the electron whistler-cyclotron instability for β‖ = 1, and
two values of the temperature anisotropies A = T⊥/T‖ = 2.0 (top), 1.3
(bottom).

strained by the instability thresholds provided by a Maxwellian
model.

3. Conclusions

Distributions of electrons measured in the solar wind and mag-
netosphere exhibit a constant and finite thermal spread, and are
overall better described by the Kappa distribution functions,
which incorporate both the cooler core, and the suprathermal
and highly anisotropic halo populations. In this paper, we have
investigated the electron whistler-cyclotron instability driven by
a temperature anisotropy (T⊥ > T‖) of a bi-Kappa distributed
plasma, for conditions typically encountered in magnetosphere
and different altitudes in the solar wind. This instability stimu-
lates the electron cyclotron emissions which are widely invoked
in astrophysics and fusion plasma experiments.

Previous studies limited to approach only the effects of
suprathermal electrons (parameterized by the power index κ) on
the growth rates of this instability, leading, however, to a wrong
conclusion that the instability threshold conditions (including
the limit of marginal stability) are not affected by the presence
of suprathermals. Here, instead, we have found that, depending
on their levels, the instability thresholds including the marginal
ones are very sensitive to the value of κ-index.

The instability thresholds have been determined exactly
numerically, and in close correlations with the growth rates,
which exhibit a nonuniform dependence of the power-index
κ and implicitly of the density of suprathermal populations.
Consequently, the effect of suprathermal electrons is found to
be markedly dependent of the temperature anisotropy and the
plasma beta. Thus, the lowest thresholds, γm/Ωp 6 10−3, close
to the marginal stability conditions, decrease with the increase

Fig. 5. Fitting the new instability constraints with the observed temper-
ature anisotropy (gray scale data) in the solar wind for the suprathermal
halo (top panel) and populations of the thermal core (bottom panel).
(Adapted after observational data from Stverak et al. 2008)

of suprathermal populations. This result is fully predicted by
the enhanced fluctuations of this instability for sufficiently small
temperature anisotropies. For a large βp,‖ > 1, the increase of
parallel temperature is constrained by the firehose instability
(Lazar & Poedts 2009, Lazar et al. 2011b).

For higher anisotropies, far from threshold conditions, the
presence of suprathermal electrons has an opposite effect sup-
pressing the growth rates and increasing the thresholds. This
evolution does not apply to the marginal conditions of instability,
but could be relevant in the context of an interplay with the mir-
ror instability, which grows in the same conditions, but for which
the (linear) dispersion theory predicts smaller growth rates.

Finally, in Fig. 5, our results are contrasted with the obser-
vations in the solar wind, using a diagram of the temperature
anisotropy measured for electrons versus their parallel plasma
beta parameter. We have shown that the new marginal thresholds
of stability calculated with a bi-Kappa model accurately predicts
the limits of the suprathermal halo populations observed in the
solar wind. An idealized bi-Maxwelian model can only explain
the margins of the thermal core populations.
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Appendix A: Derivatives of the distribution function

The partial derivatives in the dispersion relation (4) are provided
here for the bi-Kappa function (1)
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