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Abstract—In time-optimal robot path following a predeter-
mined geometric trajectory is followed exactly in a time-optimal
way considering system constraints, e.g. actuator constraints. For
a simplified robotic manipulator, this optimization problem can
be reformulated into a convex optimization problem when only
considering some system constraints. In this paper the convex
approach is extended to account for Cartesian acceleration
constraints, and in turn account for inertial forces an torques
acting on a load held by the robot. The focus of this paper lies
on the reformulation of these Cartesian acceleration and inertial
forces and torques to preserve the convexity of the optimization
problem. We present a series of applications that result in solving
a convex optimization problem, illustrating the practicality of the
proposed reformulations.

I. INTRODUCTION

Path following deals with the problem of following a
geometric path without any preassigned timing information.
Many industrial robot tasks, such as welding, glueing, laser
cutting and milling can be cast as path following problems.
In addition, path following is often considered to be the low
level stage in a decoupled motion planning approach [1], [2].
First, a high level planner determines a geometric path ignoring
the system dynamics but taking into account geometric path
constraints. Second, an optimal trajectory along the geometric
path is determined that accounts for the system dynamics
and limitations. Since the dynamics along a geometric path
can be described by a scalar path coordinate s and its time
derivatives [1], [2], the decoupled approach simplifies the
motion planning problem to a great extent. Recently it was
shown that the path following problem for a robotic manipulator
with simplified constraints can be cast as a convex optimization
problem [3]. This guarantees the efficient computation of
globally optimal solutions.

This paper extends the framework developed in [3] such
that it can deal with Cartesian acceleration constraints and
constraints on inertial forces and torques acting on a load,
attached to the robot, while preserving convexity. This work
is based on the ideas presented in [4]. The theoretical part
on the Cartesian and inertial force and torque constraints has
been extended to be general. Furthermore, some applications
have been added to illustrate the practicality of the proposed
reformulations. In the original paper [4], optimal tool selection

was considered by including inertial load effects into the robot
dynamics. This is an application of the inertial force and torque
reformulation. Since this is considered there it is not included
in this paper.

In many applications it is useful to include a Cartesian
acceleration constraint on the motion of the end effector of
a robotic manipulator, e.g. in moving fragile objects [5]. In
this case, the Cartesian acceleration of the robot end effector,
expressed in the end effector frame must be constrained to
avoid the objects from being damaged. We show that these
types of constraints preserve the convexity of the optimization
problem.

Furthermore, in other applications it is useful to include
constraints on the inertial forces and torques, acting on a load
held by the robot. Examples are found in moving loosely
stacked objects on a pallet (also referred to as the tip slip lift
problem) to prevent the objects from falling off, or moving
an open barrel filled with a liquid to prevent overflowing of
the liquid. We show that these force and torque constraints
are related to Cartesian acceleration constraints and that they
preserve convexity.

Similar time-optimal trajectory generation problems have
challenged scientists for a long time. However, they came to
applicable solutions only with the disposability of computers,
mainly starting in the 1980s. This allows for efficient numerical
computations of the optimal solution. A more detailed review
is given in [1].

The paper is organized as follows. Section II reviews
the convex reformulation of the time-optimal path following
problem of [3]. Section III presents the proposed additions to
the convex framework. Here the derivation of the Cartesian
acceleration and inertial force and torque formulations are
treated in detail. Section IV illustrates the practical use of the
proposed extensions with some applications, simulations and
experiments.

Throughout the paper we indicate scalars with a lower-case
letter, e.g. n, vectors with a bold lower-case letter, e.g. q and
matrices with an upper-case letter, e.g. M . Furthermore, v

fv
o
w

indicates the velocity of the reference point v on the body with
frame {o} with respect to the frame {w}, expressed in the
frame {f}, and ff

o[u] indicates the force on the body with



frame {o}, attached to the frame {u}, expressed in the frame
{f}.

II. PROBLEM STATEMENT

Consider a robotic manipulator with n degrees of freedom
and joint angles q ∈ Rn. The equations of motion are given
by

τ =M(q)q̈ + C(q, q̇)q̇ + g(q), (1)

where τ ∈ Rn are the joint torques, M ∈ Rn×n is the mass
matrix, C ∈ Rn×n is a matrix, linear in q̇, accounting for
Coriolis and centrifugal effects and, g is a vector accounting
for gravity and other position dependent torques.

Consider a prescribed geometric path q(s) as a function of
a scalar path coordinate s, given in joint space coordinates.
The time dependence of the path is determined through s(t).
Without loss of generality it is assumed that the trajectory starts
at t = 0, ends at t = T and, 0 = s(0) ≤ s(t) ≤ s(T ) = 1. It
is furthermore assumed that we always move forward along
the path, i.e. ṡ(t) ≥ 0,∀t ∈ [0, T ].

Using the chain-rule we rewrite joint velocities and acceler-
ations as

q̇(s) = q′(s)ṡ and, q̈(s) = q′′(s)ṡ2 + q′(s)s̈, (2)

where q′ = dq(s)/ds and, q′′ = d2q(s)/ds2. Substitution of
the above equations in (1) projects the equations of motion
onto the path [3]:

τ (s) =m(s)s̈+ c(s)ṡ2 + g(s). (3)

By introducing the variables

b(s) = ṡ2 and a(s) = s̈, (4)

it was shown in [3] that the time-optimal path following
problem is transformed into a convex optimization problem.
Indeed, since b(s) ≥ 0, the total motion time

T =

∫ T

0

1dt =

∫ 1

0

1

ṡ
ds =

∫ 1

0

1√
b(s)

ds,

is a convex function. Furthermore torque constraints are linear
in b(s) and a(s). The convex time-optimal path following
problem is then reformulated as

minimize
a(.),b(.)

∫ 1

0

1√
b(s)

ds,

subject to τ (s) =m(s)a(s) + c(s)b(s) + g(s),

τ (s) ≤ τ (s) ≤ τ (s),
b(0) = ṡ20, b(1) = ṡ2T ,

b(s) ≥ 0,

b′(s) = 2a(s),

for s ∈ [0, 1].

(5)

Where τ (s) ≤ τ (s) ≤ τ (s) ensures that the actuator limits
are not exceeded.

In [3] some additions are listed that preserve the convexity of

the optimization problem, e.g. joint velocity and acceleration
constraints and Cartesian velocity constraints. Cartesian
acceleration constraints were already mentioned in [3] but not
treated in detail.

III. ADDITIONS TO THE FRAMEWORK

This section discusses the addition of constraints on Cartesian
accelerations and inertial forces and torques to the convex
framework stated above.

A. Cartesian acceleration

In this section, it is shown that the Cartesian acceleration of
any frame of the robot (link, end effector, ...) with respect to
any other frame (link, end effector, base, ...) linearly depends
on the optimization variables a(s) and b(s). A special case
which has a lot of practical use is the acceleration of the end
effector frame {ee} with respect to the robot base frame {bs}.

The Cartesian acceleration is derived from the expression of
the velocity twist, v

f t
o
w ∈ R6×1, representing the Cartesian

translational v
fv

o
w ∈ R3×1 and rotational v

fω
o
w ∈ R3×1 velocity

of the reference point v on the body with frame {o} with
respect to the frame {w}, expressed in the frame {f}.

tv o
f w(s) =

(
vv o

f w(s)

ωv o
f w(s)

)
.

The Cartesian velocity twist and joint velocity are related by
the geometric Jacobian Jv o

f w(q) ∈ R6×n [6]:

tv o
f w(s) = Jv o

f w(q(s)) q̇(s). (6)

Now, the Cartesian acceleration twist (time derivative of the
velocity twist) is calculated by differentiating (6) to time

ṫ
v o

f w(s) =

(
v̇v o

f w(s)
ω̇v o

f w(s)

)
= Jv o

f w(s) q̈(s) + J̇v o
f w(s) q̇(s). (7)

In order to derive the relation between the Cartesian accelera-
tion and the optimization variables, the time derivative of the
Jacobian is reformulated

J̇v o
f w(s) =

∂
(
Jv o

f w(s)
)

∂s

ds

dt
= Jv o

f w
′(s)ṡ, (8)

Substituting (2), (4) and (8) into (7) results in the Cartesian
acceleration twist

ṫ
v o

f w(s) = ja
v o
f w(s)a(s) + jb

v o
f w(s)b(s), (9)

with

ja
v o
f w(s) = Jv o

f w(s)q
′(s),

jb
v o
f w(s) = Jv o

f w(s)q
′′(s) + Jv o

f w
′(s)q′(s),

which is linear in a(s) and b(s). Hence adding an inequality
constraint on the Cartesian acceleration twist to optimization
problem (5) preserves convexity. This derivation is independent
of the choice of v, {f}, {o} and {w}, which can be any
frame on the robot. A special case is the acceleration of the
end effector with respect to the base frame of the robot, hence
{o} = {ee} and {w} = {bs}. For this choice there are three



{u} = {ee}

eep
ee,t

{t}

Fig. 1. Configuration of a robot holding a load.

natural representations [7]: body-fixed: v = ee, f = ee, inertial:
v = bs, f = bs and hybrid: v = ee, f = bs. Depending on
the choice of the frames, the vectors v

fja
o
w and v

fjb
o
w will

be different, but the overall formulation of the optimization
problem remains the same.

B. Inertial forces and torques acting on a load

If a robot is moving a load, indicated by load frame
{t} in figure 1 and attached to the robot at frame {u}, the
acceleration of the robot will result in inertial forces and
torques acting on that load. Figure 1 shows this set-up in the
case of {u} = {ee}. In this section we show that these inertial
forces and torques are linear in the optimization variables.
Hence, constraints on these forces preserve convexity. In this
paper we consider loads that do not move with respect to the
frame {u}.

The load frame {t} represents the frame with the principal
axes of inertia of the load and has the center of gravity as its
origin. Here Itt is the inertia tensor for the principal axes and
m the mass of the load. We assume that the load frame {t}
is translated with vector pu,tu (p as shorthand notation) and
rotated with the constant rotation matrix Rtu with respect to the
robot frame {u} [8]. Since the load does not move with respect
to {u}, p and Rtu are constants with respect to time t and the
path coordinate s. Furthermore we have that Rtu = Ru T

t . The
forces and torques acting on the load, due to the movement of
the robot, are derived using the above description of the system.

1) Inertial force: The inertial force can be determined from
general expressions of inertial forces in a frame moving with
acceleration ṫ

u u

u bs =
(
v̇u u

u bs
T , ω̇u u

u bs
T
)T

. The Coriolis terms
are zero since the load does not move inside the robot frame
{u}. The inertial force acting on the load {t}, attached to the

robot at frame {u}, expressed in the load frame {t}, can be
written as

f
t[u]

t (iner) = −m Rut [ v̇u u
u bs + ω̇u u

u bs × p+ ωu u
u bs × ( ωu u

u bs × p)]

Now using (9) and tu u
u bs =

(
vu u

u bs
T , ωu u

u bs
T
)T

= ja
u u
u bs

√
b

(see (6)), the inertial force acting on the load, expressed in the
load frame {t}, can be written as

f
t[u]

t (iner)(m,p, s) = f
t[u]

t a (m,p, s)a(s) + f
t[u]

t b (m,p, s)b(s),

where

f
t[u]

t a (m,p, s) = −m Rut [ jat

u u
u bs(s) + jar

u u
u bs(s)× p],

f
t[u]

t b (m,p, s) = −m Rut [ jbt

u u
u bs(s) + jbr

u u
u bs(s)× p

+ jar

u u
u bs(s)× ( jar

u u
u bs(s)× p)],

and jat =
(
I3, 03×3

)
ja (with identity matrix In ∈ Rn×n),

jar =
(
03×3, I3

)
ja, jbt =

(
I3, 03×3

)
jb and

jbr =
(
03×3, I3

)
jb. Hence the constants in f

t[u]
t (iner)

only depend on Rut , the mass m of the load, the position of
the load p, and the vectors ja and jb.

2) Gravitational force: Gravity acting on the load, expressed
in the load frame {t}, can be written as

g
t[u]

t (m, s) = Rut Rbs
u (s) (0, 0,−mg)T ,

where Rbs
u is the rotation matrix of the robot base frame {bs}

with respect to the robot frame {u} and g is the gravitational
acceleration.

3) Inertial torque: The inertial torque is the torque required
to ensure the rotational motion of the load and can be described
as

τ
t[u]

t (iner) = −
(
Itt Rut ω̇u u

u bs + ( Rut ωu u
u bs)×

(
Itt Rut ωu u

u bs

))
,

which can be written as

τ
t[u]

t (iner)( I
t
t , s) = τ

t[u]
t a ( Itt , s)a(s) + τ

t[u]
t b ( Itt , s)b(s),

where
τ
t[u]

t a ( Itt , s) = − Rut Itu jar

u u
u bs(s),

τ
t[u]

t b ( Itt , s) = − Rut [ Itu jbr

u u
u bs(s)

+ jar

u u
u bs(s)× ( Itu jar

u u
u bs(s))],

where Itu = Rtu Itt Rt T
u . Hence the constants in τ

t[u]
t (iner) only

depend on Rut , the inertia tensor Itt of the load and the vectors
ja and jb.

From here on we suppose the mass m, inertia I and position
p of the load to be fixed, hence we neglect the dependency of
the forces and torques upon these parameters for notational
simplicity.

Forces and torques linear in the optimization variables



The forces (inertial and gravitational) and torques (inertial),
acting on the load, are now stacked in the wrench

w
t[u]

t (s) =

(
f
t[u]

t (s)

τ
t[u]

t (s)

)
=

(
f
t[u]

t (iner)(s) + g
t[u]

t (s)

τ
t[u]

t (iner)(s)

)
,

= w
t[u]

t a (s)a(s) + w
t[u]

t b (s)b(s) + w
t[u]

t c (s). (10)

with

w
t[u]

t a (s) =

(
f
t[u]

t a (s)

τ
t[u]

t a (s)

)
, w

t[u]
t b (s) =

(
f
t[u]

t b (s)

τ
t[u]

t b (s)

)

and w
t[u]

t c (s) =

(
g
t[u]

t (s)
0

)
.

Hence, the wrench resulting from gravity and inertial forces
and torques acting on a load, is linear in the optimization
variables. This derivation is independent of the choice of {u},
which can be any frame on the robot.

IV. APPLICATIONS

This section illustrates the convex framework for time-
optimal path following with the proposed extensions given
in Section III with five applications. First of all, a Cartesian ac-
celeration twist constraint is added to the original optimization
problem (5) in Section IV-A. A special case of this problem
is the handling of fragile products, treated in Section IV-B.
After this, the transportation of non-fixed bodies in the end
effector frame is treated in 2D in Section IV-C and in 3D
in Section IV-D. This results in inertial force and torque
constraints.

The optimization problems considered in the applications
are implemented in MATLAB using the free high-level op-
timization modeling tool YALMIP [9] on an Intel Core i3
CPU running at a 2.53GHz Windows machine. All numerical
examples illustrating the applications are considering a seven
degree of freedom robot executing a planar trajectory. The
kinematic and dynamic parameters of the robot are given in
the Appendix. The optimization problems are discretized as
in [3].

A. Cartesian acceleration twist constraint

Here an example of a time-optimal motion with a Cartesian
acceleration twist constraint is given (see III-A) by means
of an experiment. In the experiment, a robot moves the end
effector along a horizontal linear path, parallel to the y-axis
of the robot base frame. Hence we consider only a body-fixed
Cartesian acceleration of the end effector in the y-direction,
which was limited to 5 m/s2. In Fig. 2 the measured (full
line) and the desired acceleration (dashed line) are plotted as
a function of time.

It can be seen that the measured acceleration roughly
follows the desired acceleration. However due to high,
unmodelled, joint flexibilities there are large acceleration
overshoots and vibrations. To enhance the performance these
flexibilities should be incorporated in the dynamic model or
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Fig. 2. Measured and desired y component of the body-fixed Cartesian
acceleration twist of the end effector, constrained to 5 m/s2.
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jerk constraints could be added to constrain the excitation of
the flexible resonant modes. However this would render the
problem non-convex.

For safety reasons, also the joint speed and joint acceleration
was constrained in this experiment. Figure 3 shows the
desired angular speed of joint 1 and 4. These two joint speed
constraints and the Cartesian acceleration constraint are the
only constraints that are determining (become active) in the
optimization. We can see from these figures that the motion
is of the bang-bang type since, at any s, one of these three
constraints is active. This result was to be expected for a
time-optimal motion.

B. Handling fragile products

If we want to handle fragile products with a robot, we must
ensure that these products are not damaged. For a rigid body,
the damage boundary theorem [5] states that the damage



boundary is a bound on the peak-acceleration acting on the
body, also called the fragility F . If the accelerations acting on
the product exceed the bound, the product may be damaged.
So when handling fragile products, one must ensure that the
resulting acceleration (peak) on the body does not exceed the
fragility, multiplied by a safety factor γ. This safety factor
accounts e.g. for unmodelled flexibilities. It is relevant to take
the fragility into account in the optimization problem since
the fragility for items with delicate mechanical alignments
(e.g. sensors, ... ) goes down to 15g or less (where 1g = 9.81
m/s2) while accelerations of pick and place robots go up to
40g [10].

Suppose we have l products with mass mi and frame
{ti}, attached to the robot at frame {ui} (e.g. the end effector
frame {ee}). The origin of frame {ti} is the products center
of gravity and lies at pi with respect to the origin of the the
robot frame {ui}. Then, for the i-th (i = 1, . . . , l) product, the
constraint on the resulting translational acceleration, acting on
the product, expressed in the product frame, can be formulated
as

∥∥∥m−1
(
f
ti[ui]

ti (iner)(mi,pi, s) + g
ti[ui]

ti (mi, s)
)∥∥∥

2
≤ γi Fi

for i = 1, . . . , l

We now define the translational acceleration

α
ti[ui]

ti (s) = m−1
(
f
ti[ui]

ti (iner)(mi,pi, s) + g
ti[ui]

ti (mi, s)
)

= α
ti[ui]

ti a (mi,pi, s)a(s)

+ α
ti[ui]

ti b (mi,pi, s)b(s) + α
ti[ui]

ti c (mi, s) (11)

for i = 1, . . . , l where α
ti[ui]

ti (s) = (αx,αy,αz)
T and αx

is the x-component of the acceleration α
ti[ui]

ti (s). Hence, the
constraint on the translational acceleration can be written as
∥∥∥ α

ti[ui]
ti a (mi,pi, s)a(s) + α

ti[ui]
ti b (mi,pi, s)b(s)

+ α
ti[ui]

ti c (mi, s)
∥∥∥
2
≤ γi Fi for i = 1, . . . , l

Since the 2-norm of a convex function is a convex function,
these l constraints preserve the convexity of the optimization
problem.

Figure 4 shows the simulated resulting translational
acceleration acting on the product, attached to the end effector,
for a seven dof robot executing a linear path in the xy-plane
under 45◦ with respect to the x-axis, without rotation of
the end effector. We can see that the resulting translational
acceleration is less than or equal to the fragility (F = 5 m/s2)
multiplied by a safety factor (γ = 0.45).

C. Moving non-fixed bodies: 2D case

Suppose a body with frame {t} lies, not fixed, on a plate
attached to the frame {u}, here assumed to be the end effector
frame {ee}, and it is desired that this body is transported
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Fig. 5. Illustration of the proposed set-up for transporting non-fixed bodies.

time-optimally without moving on the plate or falling off. This
requirement can be written as a set of convex constraints using
the expression for the inertial forces and torques. Since the
results of a 2D motion can be extrapolated to 3D motions, we
first consider a rectangular body in a 2D motion along the
x−axis in this section. The next section discusses the 3D case
for a cylindrical and rectangular object.

We now assume that the plate lies in the end effector xy-
plane and that the end effector z-axis is pointing downward
when the plate is placed. The orientation of the plate with
respect to the {ee} frame remains constant during the mo-
tion. This set-up is shown in Figure 5. Suppose that forces
f
t[u]

t (s) = (fx(s), fy(s), f z(s))
T and torques τ

t[u]
t (s) =

(τ x(s), τ y(s), τ z(s))
T are acting on a rectangular object lying

on a plate, where x, y and z denote the x, y and z component
in the {t} frame. Furthermore, it is supposed that there is
Coulomb friction between the plate and the object with friction
coefficient µ. Since the object is not fixed to the plate, three
cases can be identified where the object starts to move. The
object either starts to slip on the plate, tips over or lifts from



Fig. 6. Forces and torques acting on a rectangle just before tip around A
(left) or B (right).

the plate.
From figure 6 it can be seen that there will be no slip if

the resulting x-force fx is smaller than the Coulomb friction
force fc = µfz . There will be no tip if the resulting inertial
torque τ y +hfx around the corner A or −(τ y +hfx) around
the corner B is smaller than the gravitation torque w1fz or
w2fz respectively. This can be summarized as: no tip over
corner A if the resulting torque τA = τ y + hfx − w1fz at
corner A is smaller than zero, and analogous for corner B if
τB = −(τ y + hfx)− w2fz is smaller than zero. There will
be no lift if the resulting z-force fz is bigger than zero. By
defining the matrices

A2D =
(
1 0 0 0 0 0

)
, D2D =

(
0 0 1 0 0 0

)
,

B2D =

(
h 0 0 0 1 0
−h 0 0 0 −1 0

)
, C2D =

(
w1

w2

)
.

the constraints on the forces and torques can be summarized
as constraints on the wrench w

t[u]
t

no slip: |A2D w
t[u]

t | − µD2D w
t[u]

t < 0,

no tipping over: B2D w
t[u]

t − C2DD2D w
t[u]

t < 0,

no lift: −D2D w
t[u]

t < 0,

which are convex in w
t[u]

t . The resulting optimization problem
is then formulated as

minimize
a(.),b(.)

∫ 1

0

1√
b(s)

ds,

subject to τ (s) =m(s)a(s) + c(s)b(s) + g(s),

τ (s) ≤ τ (s) ≤ τ (s),
b(0) = ṡ20, b(1) = ṡ2T , b(s) > 0,

b′(s) = 2a(s),

w
t[u]

t (s) = w
t[u]

t a (s)a(s) + w
t[u]

t b (s)b(s)

+ w
t[u]

t c (s)

|A2D w
t[u]

t (s)| − µD2D w
t[u]

t (s) < 0

B2D w
t[u]

t (s)− C2DD2D w
t[u]

t (s) < 0

−D2D w
t[u]

t (s) < 0

for s ∈ [0, 1].

Here, the mass and inertia of the plate and object are included
in the robot model vectors m, c and g as in [4].

D. Moving non-fixed bodies: 3D case

This section extends the reasoning for the 2D case to 3D
cases. Again, the resulting constraints preserve the convexity of
the optimization problem. Only two geometries are discussed
(a rectangular prism and a cylinder) to keep the discussion
brief, however, the same reasoning could be used for other
geometries.

1) Rectangular Prism: Consider a rectangular prism stand-
ing on a plate attached to the robot. The ideas for the 2D
rectangle are used here to derive constraints to prevent tipping
over, slip and lift for the 3D prism. The definition of the
dimensions of the body is analogous to the 2D case, where
the width of the prism in the x or y direction is indicated with
an index x or y.

There will be no translational slip if the resulting xy-force
fr = ||

(
fx,fy

)T ||2 is smaller than the Coulomb friction
force fc = µfz (rotational slip is not considered here, but
adding it would not affect convexity). To derive the tipping over
constraints, we decouple the 3D prism as two 2D rectangles
either in the x or y direction, since it can be shown that the
object will always tip over one of the sides and not over the
corner (only in an exceptional case where tipping over the
corner is equivalent with tipping over the sides). We consider
four possible tip situations: no tip over at edge A or B in the
x-direction if τA,x < 0 or τB,x < 0 or in the y-direction if
τA,y < 0 or τB,y < 0. To prevent lift, the downwards force
fz should again be bigger than zero.

By defining the matrices

Apr =

(
1 0 0 0 0 0
0 1 0 0 0 0

)
, Dpr =

(
0 0 1 0 0 0

)
,

Bpr =




h 0 0 0 1 0
−h 0 0 0 −1 0
0 h 0 1 0 0
0 −h 0 −1 0 0


 , Cpr =




wx1

wx2

wy1

wy2


 .

the constraints on the forces and torques can be summarized
as constraints on the wrench w

t[u]
t

no slip: ||Apr w
t[u]

t ||2 − µDpr w
t[u]

t < 0,

no tipping over: Bpr w
t[u]

t − CprDpr w
t[u]

t < 0,

no lift: −Dpr w
t[u]

t < 0,

which are convex in w
t[u]

t .
Figure 7 and 8 illustrate the results of an optimization for

a seven dof robot, transporting a rectangular box with mass
m = 1kg, moving along a circular trajectory in the xy−
plane with radius 0.2m. The end effector, and hence the box,
does not rotate during the trajectory and the x and y-axes
of {ee} and {t} are aligned with the world frame x and y-
axes. The set-up is shown in Figure 5. The box dimensions
(wx,1 = wx,2 = wy,1 = wy,2 = 0.025 m and h = 0.05 m)
and the friction between the plate and the box (µ = 0.8) are
chosen such that the tip constraint is dominant over the slip
constraint.
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Fig. 7. Tipping torques as a function of s, acting on a rectangular prism
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Fig. 8. Slip and lift forces as a function of s, acting on a rectangular prism

Figure 7 shows the tipping torques (τA,x, τB,x, τA,y and
τB,y), which are constrained to be less than zero, as a function
of s. As can be seen from this figure, due to the time-optimal
behaviour, there is always one active constraint. Depending
on the x+, x−, y+ or y− direction the robot is moving in,
the respective tipping constraint will become active. Figure 8
shows that, due to the choice of the box dimensions, the slip
constraint never becomes active, since the resulting xy-force
fr is always lower than the Coulomb friction force fc. This
figure also shows that, due to the horizontal trajectory, the lift
constraint never becomes active since the downwards force is
always bigger than zero (here equal to the constant gm where
g is the gravitational acceleration).

2) Cylinder: Consider a cylinder standing on a plate attached
to the robot. From figure 9 it can be seen that there will be no
translational slip if the resulting xy-force ||

(
fx,fy

)T ||2 is
smaller than the Coulomb friction force fc = µfz (rotational
slip is not considered here, but adding it would not affect
convexity). There will be no tipping over if the resulting inertial
xy torque ||

(
τ y + hfx, τx + hfy

)T ||2 around the bottom
edge is smaller than the gravitational xy torque rfz . There
will be no lift if the resulting z-force fz is bigger than zero.

Fig. 9. Forces and torques acting on a Cylinder

By defining the matrices

Acy =

(
1 0 0 0 0 0
0 1 0 0 0 0

)
, Bcy =

(
h 0 0 0 1 0
0 h 0 1 0 0

)
,

Dcy =
(
0 0 1 0 0 0

)
.

the constraints on the forces and torques can be summarized
as constraints on the wrench w

t[u]
t

no slip: ||Acy w
t[u]

t ||2 − µDcy w
t[u]

t < 0,

no tipping over: ||Bcy w
t[u]

t ||2 − rDcy w
t[u]

t < 0,

no lift: −Dcy w
t[u]

t < 0,

These convex constraints are similar to the ones for the
rectangular prism.

V. CONCLUSION

The Cartesian acceleration of the end effector of a robotic
manipulator and the inertial forces and torques acting on a load
can be written as a linear function of the optimization variables,
for the convex path following problem (5) [3]. Using these
results, a series of applications can be formulated that result in
convex optimization problems. From the experiment in section
IV-A we see that flexibilities in the joints of the robot result
in oscillations on the desired Cartesian acceleration. In future
work we will incorporate the effects of these flexibilities to
enhance the performance.

APPENDIX

In this appendix we include the dynamic model of the
considered robot. The kinematics of the robot are described
using Denavit-Hartenberg coordinates [6]. Table I and II give
the Denavit-Hartenberg coordinates and dynamic parameters,
respectively, for each joint. Here Ixx, Iyy and Izz represent the
inertia [6] of each link, rx, ry and rz represent the location of
the center of gravity in the link frame [6] of each link. The
mass m of each link is assumed to be 2 kg for each link.
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