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Abstract This paper studies the redundancy properties of the constraints
used when formulating the well known Latin Square problem. This prob-
lem is often formulated using either (N − 1) ∗ N2 binary disequalities or
2 ∗ N all different global constraints. Both formulations contain redundant
constraints. A complete classification of all redundant sets of constraints, be
they binary or global, is performed for any N .
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1 Introduction

The search for a solution to a constraint problem can sometimes be sped
up by either adding or removing redundant constraints (also called implied
or entailed constraints; see for instance pages 376 and 431 in [8]), that is,
constraints that do not change the set of solutions to the problem. Therefore, it
is useful to be able to identify redundant constraints in a problem specification
(or model), and also to infer new, redundant constraints that could be added to
it. Redundant and implied constraints, and their effects on performance, have
been studied for instance in [10] and [5] in the context of Linear Programming,
and in [1] and [7] in Constraint Programming. In particular, [7] studied the
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addition of constraints to the usual definition of the cardinality matrix problem
(which includes the Latin Square) to improve its performance. Our motivation
is however different: our aim is to study the redundancy properties of the
constraints already present in the problem, rather than infer new redundant
constraints.

While disequalities are commonly used to model constraint problems, de-
termining whether a disequality is redundant or not is not easy due to, among
other things, their lack of transitivity and their dependence on the domains of
the variables. For instance, from a chain of disequalities x1 6= x2 6= · · · 6= xn

between boolean variables, one may conclude that x1 6= x4 (amongst others),
but if the domains have a larger cardinality, this conclusion is no longer valid.

This paper studies the redundancy properties of the disequality constraints
used for modelling the Latin Square [2] problem of sizeN , which requires filling
out an N2 square with numbers from 1 to N in such a way that each row and
column contains every number exactly once. A common model of Latin Square
as a constraint satisfaction problem uses (a) N ×N variables xij , i, j ∈ [1..N ],
representing the value assigned to the cell in row i and column j of the square,
(b) N2 domain constraints indicating that the domain of each variable xij is
[1..N ], and (c) 2N all different global constraints [6, 4] of N variables each,
one for the variables in each column and in each row. We refer to this model,
that is, to the set of variables, domain constraints and all different constraints,
as LatinSquare(N).

An alternative model substitutes each of the all different global constraints
by the conjunction of the N ∗ (N − 1)/2 binary disequality constraints on
its input variables. For example, all different({x, y, z}) is substituted by the
conjunction of constraints x 6= y, x 6= z, and y 6= z. We refer to this alternative
model as LatinSquareBin(N). It has the same number of variables and domain
constraints as LatinSquare(N), but N2 ∗ (N − 1) disequalities rather than 2N
all different global constraints.

We provide a complete classification of all redundant and non-redundant
sets of constraints used in LatinSquare(N) and LatinSquareBin(N). To
achieve this, we first classify any pair of disequalities as either redundant
or non-redundant. This works well for Latin Square because the number of
different pairs of disequalities is small when considered up to symmetry, that
is, when considered up to the spatial symmetries of a square (any row, col-
umn and diagonal symmetries). Once this is done, we prove that any set of
disequalities either contains at least one non-redundant pair and is, therefore,
non-redundant, or otherwise is redundant. We believe this method will work
also for other problems in which a limited number of small patterns of dise-
qualities provably occurs in any non-redundant set of disequalities. Constraint
satisfaction problems with many symmetries seem good candidates. While our
proofs are formal, some of the intuition behind the proofs resulted from run-
ning a constraint logic program for small values of N . We used B-Prolog [11]
for this, although any Prolog with constraints would be adequate.
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2 Redundancy of sets of binary disequalities in LatinSquareBin(N)

Our results for disequalities can be easily visualized using a constraint graph
where nodes represent the variables in LatinSquareBin(N) and edges represent
the disequalities. We define two particular subsets of these edges:

R1(N) = {(x1i, x1j)|1 ≤ i < j ≤ N}
R2(N) = {(x11, x1j)|1 < j ≤ N} ∪ {(xi1, xj1)|1 < i < j ≤ N}

Fig. 1: R1(4) and R2(4)

Informally, R1(N) contains all disequali-
ties between any two variables in row 1, while
R2(N) contains all disequalities in row 1 in-
volving the top-left variable (x11), and also all
the disequalities in column 1 not involving x11.
Figure 1 shows these sets for N = 4.

This section proves not only that both
R1(N) and R2(N) are redundant sets of dise-
qualities, but also that, up to symmetry, they
are the only maximal redundant sets. That is, the only ones that cannot be
extended without becoming non-redundant. Note that when we say “up to
symmetry” we refer to the symmetries of the square, that is, those formed by
exchanging any two rows, any two columns, reflecting the square upon any
diagonal, or any combination of these. While Latin Square has other symme-
tries (e.g., those formed by exchanging any two values), these are irrelevant,
since the symmetries we are considering are those of the associated constraint
graph only, not all those of the Latin Square problem.

2.1 R1(N) and R2(N) are redundant sets of disequalities

Lemma 1 For all N > 0, R1(N) is a redundant set of disequalities.

Proof Consider the model obtained from LatinSquareBin(N) by removing the
disequalities in R1(N). Let s be any solution of this modified model, and I
any number in [1..N ]. Since in every column of s all elements are known to be
different, smust containN occurrences of the number I, one per column. Since
in every row, except the top one, all elements are also known to be different,
the lower rows must contain N − 1 occurrences of I. Thus, the remaining
occurrence of I must be in the top row. Since this reasoning applies to each
value in [1..N ], the top row must contain every I ∈ [1..N ]. As a result, all
variables in the first row of any solution s must be different and, therefore,
R1(N) is redundant. ⊓⊔

Lemma 2 For all N > 0, R2(N) is a redundant set of disequalities.

Proof Let us define four regions of any solution as shown in the figure at
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A B

C D

the right: A as the upper left cell, B the upper row
without A, C the left column without A, and D the rest
of the square. Consider the model obtained by removing
from LatinSquareBin(N) the disequalities in R2(N). It
is easy to see that for any solution s and any number I
in region B of s, the number of occurrences of I in B
is 1, since there are disequalities between each pair of
variables in B. Also, I occurs N−1 times in B∪D, since
there are disequalities between each pair of variables in
any of its columns. Therefore, I occurs N − 2 times in D. Further, I also
occurs N − 1 times in C ∪D, since there are disequalities between each pair
of variables in any of its rows. Therefore, I occurs once in C.

As a result, the set of numbers occurring in C and occurring in B are
the same, which means all different(C) holds for any s. Further, since the
number in A cannot appear in B, all disequalities in R2(N) hold for any s
and, therefore, R2(N) is redundant. ⊓⊔

Let R(N) = {R1(N), R2(N)} and S denote any set of disequalities. We
say that S is covered by R(N) if, up to symmetry, S is a (possibly non-strict)
subset of R1(N) or R2(N). Otherwise, we say S is not covered. It is clear that
any set S covered by R(N) is redundant.

2.2 Non-redundant pairs of disequalities

Clearly, any single disequality is covered by R(N). We thus turn our attention
to pairs of disequalities. Figure 2 shows all pairs of disequalities in Latin-
SquareBin(4) up to symmetry. We denote them by Pi, i = 1..8 as numbered in
the figure. For N > 4, the exact same eight pairs exist, and up to symmetry,
no more. This can be proven by exhaustively considering all possibilities as
follows: two different disequalities have a variable in common or not. In the
former case, the three variables lie either in the same row (P7) or not (P4).
In the latter case, the four variables lie either in the same row (P8), in two
different rows (P1, P2 and P3), or in three different rows (P5 and P6).

5

1 2

6

3

7 8

4

Fig. 2: All possible pairs of disequalities for N = 4, up to symmetry

For N = 3, P3 and P8 do not exist, and for N = 2, only P1 and P4 exist.
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Clearly, pairs P6, P7 and P8 are covered by R(N) and, therefore, they are
redundant. None of the remaining pairs is covered by R(N) and, as we prove,
they are all non-redundant.

Theorem 1 Consider the model obtained by removing from LatinSquareBin(N)
the disequalities in some Pi, i ∈ 1..5. For N > 3, this modified model has at
least one more solution than LatinSquareBin(N).

Proof We first prove the case N = 4: we present graphical proofs for each Pi in
the style of [3], where each proof consists of a box with two pictures. The top
picture represents a solution to LatinSquareBin(4) where only a few numbers
are explicitly given (it is easy to see that each top picture can be completed to
several solutions). The bottom picture is obtained from the top one by altering
only the encircled numbers, and it represents a solution to the model obtained
by eliminating Pi, that is not a solution to LatinSquareBin(4) (as shown by the
violated disequalities displayed in the picture as an arc between two numbers).
Together, the two pictures of box i show that there exists a solution to the
model obtained by eliminating Pi, that is not a solution of LatinSquareBin(4).

3 4 521

22

2

2

3

3

2

3

2

3

3

3

3

1 2

2

1 2

1 2

3

3

1 1

2 3 3

21 1

2 2

1 2

1 2

22

11

1 2

2 1

While the pictures above give a proof for N = 4, it is straightforward to see
that they apply to any N > 3, since one can simply add more dots for extra
columns and rows. One merely needs to prove that there is always a solution
of LatinSquareBin(N) with N > 3 starting with the numbers explicitly given
in the top picture of each box. This can be done easily for boxes 2 up to 5 by
rotating the successive rows. For box 1, one can use Theorem 2 from [9]. ⊓⊔

2.3 Up to symmetry, R1(N) and R2(N) are the only maximal redundant sets

Theorem 2 Every set S of disequalities from LatinSquareBin(N) with N > 3
either contains a non-redundant pair or is covered by R(N).

Proof There are three cases for S. (1) All disequalities in S affect variables in
the same line (i.e., column or row). In this case S is clearly covered by R1(N)
and does not contain a non-redundant pair. (2) Some disequalities of S appear
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in different parallel lines. In this case, S must contain a non-redundant pair
from either P1, P2 or P3, and is thus not covered by R(N). (3) All disequalities
of S must now appear in exactly two crossing lines. Let us assume, without
loss of generality, that the lines are column 1 and row 1. By Figure 2 we know
that any crossing pair in S must be in P4, P5 or P6. If S contains a pair in
P4 or P5, then S contains a non-redundant pair and is not covered by R(N).
Else, S is only allowed to have pairs of disequalities derived (via symmetry)
from P6 and, thus, they are all in R2(N). ⊓⊔

It follows from the above theorem that R1(N) and R2(N) are the only two
maximal redundant sets of disequalities for N > 3.

The special case N = 3: The reasoning used in Theorem 1 to prove that P1 is
a non-redundant pair is not valid for N = 3, since the initial configuration used
in box 1 cannot be completed to a solution of LatinSquareBin(3). However, for
N = 3 it is easy to exhaustively enumerate all maximal sets of disequalities,
which are shown in Figure 3. Note that the rightmost set contains P1 and
therefore (by Theorem 1) cannot be generalized to N > 3.

Fig. 3: All maximal redundant sets of disequalities for N = 3

3 Redundancy of all different constraints in LatinSquare(N)

Theorem 2 directly implies the following result:

Corollary 1 Exactly one all different constraint in the formulation of Latin-
Square(N) is redundant.

Proof Every single all different constraint is clearly redundant, as every such
constraint is equal to R1(N) up to symmetry and, thus, covered by R(N).
Moreover, no two all different constraints together can be covered by R(N),
since they always would contain a non-redundant pair: either in P1, P2 and
P3 if the constraints appear in parallel lines, or in P4 and P5 if they cross.
Therefore, no combination of two all different constraints is redundant. ⊓⊔

4 Conclusion

This paper studies the redundancy relationships of the binary disequality con-
straints and global all different constraints used to model the Latin Square
program of size N . In particular, we have identified all maximal redundant sets
found both when the problem is specified using all different constraints, and
when it is specified using binary disequality constraints. For the former case,
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we have proved that every all different constraint is redundant and no two
such constraints are redundant. For the latter case, we have characterized all
possible sets of binary equalities as either covered by one of our two maximal
redundant sets, or containing a non-redundant pair. That is, a pair of dise-
qualities that – if missing – allows the problem to have solutions other than
those of LatinSquare(N). We find the fact that a single pair of disequalities
can modify the problem so fundamentally, quite surprising. A small exper-
iment showed that taking out the redundant constraints from the problem
description reduces performance by an order of magnitude even for problem
sizes as small as N = 6, and that this reduction grows with N .

The method used to prove the above results is based on first classifying
any pair of disequalities (P1, · · · , P8) as either redundant or non-redundant,
and then proving that any set of disequalities S either contains at least one
non-redundant pair and is, therefore, non-redundant, or otherwise is redun-
dant. We believe this method will work also for other problems in which a
limited number of small patterns of disequalities provably occurs in any non-
redundant set of disequalities. Note that both the results and the methodology
are quite different from those in [3], where we proved for 3x3-Sudoku that up
to six all different constraints (out of the usual 27 with which the problem
is defined) are redundant, and we gave a full classification of such sets of six.
We also found that many subsets of 162 disequalities are redundant for 3x3-
Sudoku and conjectured that no more is possible. No results for NxN-Sudoku
for general N were obtained. In contrast, for the Latin Squares problem, a full
classification is obtained not only for the redundant all different constraints,
but also for the redundant binary disequality constraints. Moreover, the results
were obtained for all problem sizes N . Further, the methodology used in [3]
was based on a series of constructive lemmas where given a set of disequalities,
a new redundant disequality was inferred.

We hope that by studying particular constraint problems (like Latin Square
here, and Sudoku elsewhere [3]), we will get a varied toolset of methods with
which to determine the redundancy properties of disequality constraints in a
wide set of problems.
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