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Abstract

Two control approaches are presented to improve the energy efficiency of a robot which has to perform point-to-point

motions during a fixed time interval. One is called Proximate Energy Optimal Servo (PEOS) and the other is called

Energy-Optimal Model Predictive Control (EOMPC). The PEOS approach is based on the Proximate Time Optimal

Servo (PTOS) control algorithm whose parameters are optimized in order to achieve energy efficient behavior. The

EOMPC approach developed based on the Time-Optimal Model Predictive Control (TOMPC) approach achieves

energy optimal performance by minimizing the energy losses in the object function. The two developed approaches

are applied to a robot playing badminton and compared to two existing control approaches: the Proximate Time

Optimal Servo (PTOS) and the Time-Optimal Model Predictive Control (TOMPC). The robot is still able to intercept

most of the opponent shuttles on time, while a significant reduction of the energy consumption is demonstrated in

both cases.

Keywords: Motion control, Model based control, Time-optimal control, Energy optimal control, Embedded

mechanical systems.

1. Introduction

Time-optimal motion control [1, 2, 3] received large

attention both in the academic and the industrial world

due to the typical requirement for fast and accurate mo-

tions when maximizing the system’s productivity. Prox-

imate Time-Optimal Servo (PTOS) control [4, 5] is

widely used for point-to-point motion control. Recently

time-optimal Model Predictive Control (TOMPC) [6] is

proposed as an alternative control scheme, where all the

system constraints such as actuator saturation and other

non-linear effects can explicitly be taken into account.

Energy-optimal motion control is also a well researched

area with many references like [7, 8, 9, 10, 11]. Due

to the increasing energy prices and the growing social

awareness to achieve an environmentally sustainable fu-

ture, there is a growing industrial interest in energy effi-

cient systems. Since time- and energy-optimality are of-

ten conflicting requirements, multi-objective optimiza-

tion [12] can be used to find the optimal trade-off be-

tween these requirements. Current results indicate that

for many industrial machines, energy saving is often

possible while preserving the essential productivity of

the machine.

In this paper two approaches are presented. The

first one is a classical approach, where the settings

of an existing PTOS motion controller are adapted

for each motion, such that less energy is consumed.

This method is further referred to as Proximate En-

ergy Optimal Servo (PEOS). The optimization objec-

tive is to achieve energy-optimality while maintaining

motion time requirements. The main advantage of this

approach is its computational simplicity. The second

approach is a modern approach, based on on-line op-

timization, more precisely Model Predictive Control

(MPC). This method is further referred to as Energy Op-

timal Model Predictive Control (EOMPC), the basis of
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which is time-optimal MPC (TOMPC) [6]. The compu-

tational requirements for this approach are higher, but

measurably better performance is obtained. Outline of

the paper: The paper starts with a brief description of

our experimental plant - a badminton robot with exist-

ing PTOS motion controller. The power consumption

model related to our robot is specified. Then the modi-

fied PEOS approach is described, followed by the de-

scription of the EOMPC. Section 4 discusses the ex-

perimental validation of both developed approaches and

critically evaluates the obtained results. In addition, a

comparison of PEOS, PTOS, EOMPC and TOMPC is

provided. The conclusions are drawn in the last section.

2. Experimental setup

2.1. Design of the badminton robot

Fig.1 shows a schematic representation of the exper-

imental test setup. A detailed description of the robot

and its subsystems can be found in [13]. The robot has 3

degrees of freedom - a linear axis, a rotational axis and

a hit axis. The linear axis is used to position the robot

across the field using a linear motor which is the main

energy consumer. The energy consumption of the other

axes is neglected. For this reason, the time-constrained

energy optimal point-to-point motion control of this lin-

ear motor is the subject of this paper.

The dynamics of this linear motor relating the motor

current and position y[m] are modelled as a double in-

tegrator, and hence this model neglects viscous friction

which is an approximation. In model Eq. (1), the po-

sition y[m] is output, the acceleration a[m/s2] is input u

and v[m/s] is the velocity.

ẏ(t) = v(t) (1a)

v̇(t) = a(t) = u(t) (1b)

In this paper, this model Eq. (1) is considered for the

PEOS approach. However, for the EOMPC approach,

a discrete-time state-space model is required. For this

reason, the model used for EOMPC is the zero-order-

hold discrete-time equivalent of model (1), given in Eq.

(2). The selected sampling frequency is 100[Hz].

xk+1 = Axk +Buk (2a)

yk =Cxk = xk(2) (2b)

vk =Cvxk = xk(1) (2c)

in which

A =

[
1 0

0.01 1

]

,B =

[
0.01

0.00005

]

,C =
[
0 1

]
,Cv =

[
1 0

]

Figure 1: Concept of the robot playing field and the visual system

and k is the discrete time index. Input u is accelera-

tion a[m/s2], velocity v[m/s] and position y[m] are the

first and the second state variables of the system respec-

tively.

a,v and y are bounded by their corresponding maxi-

mum values - maximum acceleration â, maximum ve-

locity v̂ and maximum position ŷ, imposed by the phys-

ical limitations of the system. Hence, the constrains on

a,v and y shown in Eq. (3) are taken into account.

−ŷ,−v̂,−â ≤ y,v,u ≤ ŷ, v̂, â (3)

A stereo camera system is used to detect the shuttle

cock. Based on shuttlecock location measurements, the

shuttle cock trajectory is estimated. Interception logic

determines the appropriate hit time and the robot con-

figuration (i.e. hit angle, rotational angle and position

along the linear axis) in order to hit back the shuttle to

the human opponent at a point along the predicted shut-

tlecock trajectory. After the hit, the robot moves back

to the homing position, the center of the linear motor,

with a given constant homing time and waits for the next

desired setpoint requested. Because the shuttlecock tra-

jectory is known with a large uncertainty immediately

after the human player has hit the shuttlecock, the inter-

ception point (position and time) estimation is repeated

continuously during the motion. Since these estimates

can change drastically during the motion, the developed

control algorithms must be able to deal with continu-

ously changing interception points.

2.2. The robot power consumption

A power consumption model for the linear axis of the

robot has been established experimentally. First, energy

measurements were performed on the 3-phase entrance

of the electrical cabinet of the robot. During an approxi-

mately 500 seconds, the three currents and voltages and
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robot position along the linear axis were measured while

the linear motor performs a sequence of typical point-

to-point motions. Energy consumption estimates are

hence obtained by multiplying and adding correspond-

ing phase current and voltage samples. Ethercat devices

were used for high sampling rate analog-digital conver-

sion. These energy consumption estimates were also

verified using dedicated high precision, slow sampling

energy measurement equipment. By differentiating and

double differentiating the synchronously recorded posi-

tion measurements, estimates of velocity and accelera-

tion were obtained. The resulting set of velocity, ac-

celeration, and energy consumption estimates are hence

used to identify an power consumption model for the

linear motor. The structure of this model is determined

based on the following physical considerations:

• Due to the fact that acceleration is proportional

to linear motor forces for the badminton robot

(mainly inertial forces), which is on itself propor-

tional to motor currents, and resistive losses are

proportional to the square of the current, it is rea-

sonable to assume that power consumption model

contains an acceleration squared term.

• Due to the fact that viscous friction losses are re-

lated to the velocity of the linear motor and cor-

responding power consumption are equal to force

times velocity, an velocity squared term is added to

the power consumption model of the motor.

• Due to the presence of Coulomb friction, which de-

pends on the sign of the velocity, also the absolute

value of the velocity is part of the power consump-

tion model.

Based on this physical reasoning, first a regression

model depending on all possible monomials of velocity

v, acceleration a, and |v| up to degree 2 (for example a2,

a×v, v2, a, v, · · · ) was explored, and the statistical con-

tribution of each factor was evaluated. This statistical

analysis revealed that losses due to Coulomb friction are

negligible for this system, and only the following terms

significantly contribute to the power consumption: v2,

a2, and a× v. The first two term are motivated above.

The term a× v relates to the mechanical power that is

put in the robot and is being transformed into (or from)

kinetic energy of the moving mass. Eq. (4) shows the

selected power consumption model structure:

P = c0 + c1 × v2 + c2 ×a× v+ c3 ×a2 (4)

The energy consumption is obtained by integration

of Eq. (4) over time. The parameters ci (i = 0, · · · ,3)

of this model are estimated in a linear least squares

sense using the experimental data discussed below. Ta-

ble 1 presents the estimated parameters. Figure 2 shows

Table 1: Estimated parameters

c0

[W ]
c1

[Ws2/m2]
c2

[Ws3/m2]
c3

[Ws4/m2]

0.120 0.081 0.062 0.005

the experimental validation of the identified power con-

sumption model (4) for a set of point-to-point motions

executed using the PTOS [5] controller and the PEOS

controller (discussed below). Using PTOS and PEOS,

the model-based energy predictions are 247.7[kJ] and

115.1[kJ] respectively and the energy consumption es-

timates based on 3-phase current and voltage measure-

ment are 247.0[kJ] and 115.7[kJ] respectively. Hence,

in this case, the prediction errors are less than 1.0%

which is small. The model-based energy consumption

predictions and the energy consumption estimates based

on 3-phase current and voltage measurement match

quite well for both controllers.

0 100 200 300 400 500
0

100

200

time [s]

3-
p
h
as
e
en

er
gy

[k
J
] PTOS

PEOS

Figure 2: Model-based energy consumption predictions

3. Energy optimal motion control

Fig. 3 shows the general control scheme of the bad-

minton robot. A trajectory and feedforward generator

provides the trajectory yr and the feedforward signal u f f

to the robot. A position feedback tracking controller

is utilized to guarantee stable and accurate positioning.

The sampling rate of the feedback control loop is 1kHz.

Both the PEOS and the EOMPC approaches dis-

cussed below are used as the trajectory and feedforward
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uff

yr
Plant

ym

 uff and yr

  generator  
Tracking 
controller

Figure 3: Control structure of the badminton robot linear axis

generator in this configuration, i.e. are used in combi-

nation with the tracking controller in order to perform

energy-optimal point-to-point motions.

3.1. PEOS with Genetic Algorithm (GA) tuning

Since PTOS [5] is the basis of our PEOS approach,

this algorithm is first presented. The PTOS algorithm

generates control signals u(t) for time-optimal point-to-

point motions assuming ideal double integrator system

dynamics (1) and for given constraints v̂ and â on the

velocity and acceleration respectively. If the goal is

to move from y = 0 to a desired position y = ydes, the

PTOS control signal u has the following form:

u(t) = âsat1(k2(satv̂( fptos(e(t)))− v(t))) (5a)

e(t) = ydes − y(t) (5b)

where

fptos(e(t)) =

{

sgn(e(t))(
√

2âα|e(t)|− J), |e(t)|> yl
k1

k2
e(t), |e(t)| ≤ yl

(6a)

k1 =
2αξ2

yl

, k2 = 2ξ2

√

2α

âyl

, J =
1

√
2

âαyl

(6b)

satX (x) =







−X , x <−X

X , x > X

x, otherwise.

(6c)

The controller parameters k1, k2, J depend on the de-

sign parameters yl , ξ, α which can be used to gain ro-

bustness at the cost of a small loss of time optimality.

yl is the size of the region near the target ydes, where

the PTOS algorithm behaves like a linear controller. In

the linear region ξ is the desired damping of the closed

loop system. α≤ 1 is a discount factor to obtain a safety

margin during the deceleration.

The total time available for the badminton motion is

limited by the expected fly-time of the badminton shut-

tlecock (usually less than 1 sec). For this reason orig-

inally a PTOS algorithm was implemented for the tra-

jectory and feed–forward generation of the linear axis

of the robot, as shown on Fig. 2. This algorithm aims to

ydes

Interception 
time

Interception
reference

yr

uff

Lookup table
logic

P T O S S
1

S
1

a v

Figure 4: PTOS (solid line) and PEOS (solid and dashed line) used as

trajectory and feedforward generator

position this axis in the hit configuration as fast as possi-

ble taking into account actuator constraints. As a result

the robot arrives in most cases too early and consumes

high amounts of energy.

According to (4) an effective method to reduce en-

ergy losses, is to reduce the velocity and acceleration

of the linear axis during the motion of the robot. The

idea in the PEOS approach is to adapt the v̂ and â pa-

rameters in the PTOS equation (5) for each hit of the

robot depending on the available time and the distance

to be traveled in order to increase the energy efficiency.

While in the original PTOS scheme â and v̂ are constant

and determined by the physical limitations of the sys-

tem, in the new scheme in Fig. 4 the interception point

and time are processed by lookup tables in order to mod-

ify â and v̂. A practical method for the off-line calcula-

tion of these lookup tables is presented in the following

steps.

1. Calculation of optimal values for v̂ and â using a

multi-objective Genetic Algorithm (GA) for a large

set of motion times and distances.

2. Construction of lookup tables from the large set of

optimized v̂ and â values through spatial averaging.

It is important to note that the fundamental structure

of PTOS and PEOS are the same and hence no signifi-

cant increase of the online computational complexity is

introduced by the proposed modification.

3.1.1. Multi-objective tuning of v̂ and â in simulation

The core of our approach is the formulation of the se-

lection of optimal values for â and v̂ as a multi-objective

optimization problem, trading-off the energy E con-

sumed during a point-to-point motion, the correspond-

ing motion time T and at the same time the travelled

distance ydes that has to be maximized. We note this

multi-objective problem as (E ↓,T ↓,ydes ↑). A practical

and relatively simple approach to solve such problems

is using a Multi-Objective Genetic Algorithm (MOGA)

[14, 15].
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For this purpose each individual is parametrized by a

chromosome containing a triplet (â, v̂, ydes). The cost

function used to minimize the values in the sense of

Pareto has the following form

(â, v̂,ydes)
cost
−−→ (E,T,

1

ydes

), (7)

where the problem (E ↓,T ↓,ydes ↑) is replaced with the

equivalent (E ↓,T ↓,1/ydes ↓) problem. E and T are

calculated using motion data obtained by simulating the

linear motor axis model (1), in closed loop configuration

Fig. 3 with PTOS as reference and feedforward genera-

tor for given values of ydes, v̂ and â. The motion time T

directly follows from the simulation, the consumed en-

ergy E is calculated using equation (4) with the values

from Table 1. An abstract representation of the function

that calculates T and E is given by equation (8):

(â, v̂,ydes)
simulation
−−−−−→ (E,T ) (8)

The described multi-objective genetic algorithm was

run for 50 generations, each of 200 individuals with the

cost function (7). The result is a 3-d Pareto front in

(E,T,ydes) space represented by a large number of op-

timal solutions of the multi-objective problem (E ↓,T ↓
,ydes ↑) like in [14, 15].

3.1.2. Constructing the â and v̂ lookup tables

For each point (E,T ,ydes) on the above Pareto front,

the corresponding acceleration and velocity values from

the chromosome triplet (â, v̂, ydes) are available. This

permits us to construct the functional maps

(T,ydes) 7→ â

(T,ydes) 7→ v̂, (9)

which can be used to determine the PTOS settings (â,

v̂). Alternatively E and T can be obtained from mea-

surements on the real robot. To construct these maps,

the points from the Pareto front above were processed

as follows. The procedure performs spatial averaging

of the Pareto front points, where the goal is to obtain

robust low dimensional lookup tables representing suf-

ficiently well the functional maps. The spatial averaging

procedure consists the following steps:

1. The (T ,ydes)-plane is divided into a

grid, consisting of all combinations from

the sets T ∈ {0.75,1,1.25,1.5}, ydes ∈
{0.4,0.6,0.8,1,1.25,1.5,1.75,2,2.25}.

0

1

2

3

0.8
1

1.2
1.4

1.6

0

10

20

30

40

50

T [s]
X [m]

A

Figure 5: Maximum acceleration lookup table (T,ydes) 7→ â

0

1

2

3

0.8
1

1.2
1.4

1.6

0

1

2

3

4

5

6

T [s]
X [m]

V

Figure 6: Maximum velocity lookup table (T,ydes) 7→ v̂

2. For each point of the grid, the 50 closest points

from the Pareto front are selected using Euclidean

metric.

3. Two linear surface fits are performed of these 50

points - one for the (T,ydes) 7→ â relationship and

another for (T,ydes) 7→ v̂, resulting in two sets of

linear approximating coefficients. The linear sur-

faces values are then re-evaluated on the grid point

(T ,ydes) and the resulting are stored in the lookup

table cell corresponding to the grid point.

The above procedure it performed only once off-line.

The resulting (T,ydes) 7→ â and (T,ydes) 7→ v̂ of lookup

tables are easy and quick to evaluate in real time. They

are shown on Fig. 5 and Fig. 6.

3.2. Energy-Optimal MPC

The basic concept of the proposed Energy-Optimal

MPC (EOMPC) method is similar as in [16]. However,
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compared with [16], some improvements and exten-

sions of the EOMPC method are presented in this paper:

(i) a more accurate, experimentally verified power con-

sumption model is used, (ii) more details of the math-

ematical formulation of the EOMPC QP problem are

provided, (iii) a more extensive experimental validation

is presented.

3.2.1. The basis of EOMPC - TOMPC

Energy-optimal MPC (EOMPC) is developed based

on TOPMC [6] which is a MPC approach for time-

optimal point-to-point motion control of linear time-

invariant (LTI) systems. TOMPC is formulated as a

two-layer optimization problem. First the settling time,

which is defined as the number of discrete time sam-

pling instances required for the system to be at rest at

the desired set point, is minimized so that the time op-

timality is achieved. Once the minimal settling time is

determined, the optimal signal sequence is obtained by

solving the MPC optimization problem. Details of the

TOMPC approach are discussed in [6].

Similar to PTOS and PEOS, TOMPC and EOMPC

are used as a reference trajectory yr and feedforward u f f

generator as described in Fig. 7 and Fig. 3 considering

ideal double integrator system dynamics (2). The sam-

pling rate of the TOMPC/EOMPC is limited to 100Hz

due to the computational complexity of the MPC real-

time optimization. However, the sampling rate used in

the feedback control scheme shown in Fig. 3 is 1kHz.

Due to this sampling rate difference, sub-sampling is

performed on the interception data and zero-order-hold

extrapolation is performed on the TOMPC/EOMPC

control signals as indicated in Fig. 7. In order to ob-

tain the smooth reference signal yr, the zero-order-hold

extrapolation is performed in between the two single in-

tegrators. Beside the sub-sampling and the zero-order-

hold extrapolation which are utilized only in Fig. 7,

trajectory and feedforward generator control schemes

shown in Fig. 4 and Fig. 7 are exactly the same.

Remark that in case TOMPC is used, the interception

time provided by the shuttle cock interception logic is

not used because TOMPC always tries to bring the robot

to the desired position (interception reference) as soon

as possible, regardless of the interception time.

3.2.2. Two-layer optimization problem

EOMPC is a control method to realize energy-

optimal point-to-point motions within a given motion

time. It is essentially using the TOMPC approach de-

scribed in [6] to guarantee the settling time of the sys-

tem is equal to the requested interception time while

ydes
Interception
reference

yr

uff

TOMPC
or 

EOMPC

S
1

Fast-to-Slow 
  Transition Slow-to-Fast

Transition
u

Interception 
time

S
1

Figure 7: TOMPC (solid line) and EOMPC (solid and dashed line)

used as trajectory and feedforward generator

achieving the energy optimality. In the EOMPC the mo-

tion time minimization using TOMPC is stopped once

the requested interception time is reached. Energy opti-

mality is achieved by setting the object function of the

MPC optimization problem equal to the system’s en-

ergy consumption. As a result, the motion will be ex-

ecuted within the interception time, and not faster, and

the energy consumption will be minimized. If for some

reason the interception time is too short for the consid-

ered system and displacement considering the system

constraints, EOMPC approach will perform exactly the

same as TOMPC - in this case it will automatically find

the shortest possible motion time (which obviously will

be larger than the interception time) and realize the mo-

tion in a time-optimal way. Because of the real-time

solution strategy, the requirements on interception time

and interception reference can be changed during the

motion.

Similar to the TOMPC, the EOMPC optimization

problem is formulated as a two-layer optimization prob-

lem. The top layer is called ’Problem B’ and deter-

mines the settling time. The settling time is defined as

the number N of discrete time sampling instances re-

quired for the system to be at rest at the desired inter-

ception point. Finding the settling time involves solv-

ing a series of feasibility problems. This feasibility

problem is the second layer and is called ’Problem A’.

The optimal control sequence is the last feasible solu-

tion of ’Problem A’. The following paragraphs describe

’Problem A’ and ’Problem B’ in detail.

’Problem A’ denoted as PA(x̂l ,N) is defined in

Eq. (10). It calculates the energy optimal control signal

for a given N (which is obtained by solving ’Problem

B’) while respecting the system constraints.

6



V ∗
A = min

u
Eloss(u) (10a)

s.t. x0 = x̂l (10b)

xk+1 = Akxk +Bkuk, k = 0,1, · · · ,Nmax −1 (10c)

yk = xk(2), k = 0,1, · · · ,Nmax (10d)

vk = xk(1), k = 0,1, · · · ,Nmax (10e)

−ŷ,−v̂,−â ≤ yk,vk,uk ≤ ŷ, v̂, â (10f)

yk = ydes, k = N, · · · ,N +n−1 (10g)

uk = 0, k = N, · · · ,Nmax −1 (10h)

In Equation (10), u = [u0, . . . ,uNmax−1] is the deci-

sion variable over the prediction horizon Nmax. x̂l in

Eq. (10b) is the system state at time instance l. Since

the EOMPC is used here in an open-loop configuration

generating reference position yr and acceleration feed

forward u f f , x̂l is obtained through open-loop simula-

tion of the double integrator system model (2). The op-

timization is based on the discrete-time state-space sys-

tem model Eq. (10c) with sampling time Ts = 0.01[s].
The two state variables are the position and velocity as

shown in Eq. (10d) - (10e). Eq. (10f) specifies the con-

straints on the position, the velocity, and the accelera-

tion of the system. Eq. (10g) - (10h) are moving end-

point constraints and impose the system to be at rest at

the desired interception point ydes within N time steps.

The discrete-time state-space system dynamic matri-

ces Ak and Bk in Eq. (10c) are time dependent because

of the non-equidistant sampling time considered in the

prediction horizon, which is called ’Blocking’. Block-

ing means instead of using equidistant time intervals,

non-equidistant time intervals as shown in Eq. (11) are

utilized such that a sufficiently large prediction time

horizon can be achieved with limited Nmax.

[
b0 b1 b2 · · · bNmax−1

]

︸                                  ︷︷                                  ︸

Nmax

×Ts (11)

where bk with k ∈ {0,1, · · · ,Nmax −1} is an integer and

bk ≥ 1. Obviously if b0 = b1 = · · · = bNmax−1 = 1, the

sampling intervals are equidistant. The matrices Ak

and Bk corresponding to discrete-time sampling inter-

val tk = bk ×Ts are:

Ak =Abk , k = 0,1, · · · ,Nmax −1 (12a)

Bk =
bk−1

∑
i=0

AiB, k = 0,1, · · · ,Nmax −1 (12b)

with A and B the discrete-time state-space matrices de-

fined in Eq. (2).

The outcome of problem PA(x̂l ,N) is that it is either

feasible or not. Infeasibility of PA(x̂l ,N) means that the

system can not be at rest at the interception point ydes

within N time steps while respecting system constraints.

Therefore, an admissible set X(N) is defined:

X(N) = {x̂l |PA(x̂l ,N)is feasible} (13)

X(N) is the set of system states from which the inter-

ception point can be reached within N time steps, while

respecting all system constraints Eq. (10f).

’Problem B’ denoted as PB(x̂l ,N), calculating the

settling time N, is defined as follows:

V ∗
B (x̂l ,K

∗) = min N (14a)

s.t. x̂l ∈ X(N) (14b)

max(Nmin,K
∗)≤ N ≤ Nmax (14c)

where K∗, the index of the sampling interval within the

prediction horizon that contains the interception time T ,

is defined as follows:

K∗ = k, s.t. (15a)

k

∑
i=0

bi ×Ts <T,
k+1

∑
i=0

bi ×Ts ≥ T, (15b)

k ∈ {0,1, · · · ,Nmax −2} (15c)

In Equation (14), N is bounded by Nmax and the max-

imum of Nmin and K∗. To guarantee unconstrained solv-

ability, Nmin should be selected bigger than n/nu with n

the number of states and nu the number of inputs [17].

Hence, at each time instance l, ’problem B’ minimizes

N up to K∗ if ydes can be reached in K∗ time steps

(PA(x̂l ,K
∗) is feasible) except if (i) ydes can be reached

in less than or equal to Nmin time steps with K∗ < Nmin,

yielding N = Nmin or if (ii) ydes can’t be reached in K∗

time steps, yielding N > K∗.

3.2.3. Quadratic Problem (QP) formulation

The object function Eloss in Eq. (10a) is based on the

experimentally identified energy model Eq. (4) and is

formulated as follows:

Eloss = vTR1v+uTR2v+uTR3u (16a)

R1 = c1 ∗ Ir (16b)

R2 = c2 ∗ Ir (16c)

R3 = c3 ∗ Ir (16d)

with c1,c2,c3, the identified coefficients in Table 1.

Due to the fact that a constant in an object function
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doesn’t contribute to the optimal solution, c0 is ignored

in Eq. (16).

Ir ∈RNmax∗Nmax is a diagonal matrix but not an identity

matrix due to the blocking. Based on the blocking in

Eq. (11), Ir is defined as follows:

Ir = Ts ×










b0 0 0 · · · 0

0 b1 0 · · · 0

0 0 b2 · · · 0
...

...
...

. . .
...

0 0 0 · · · bNmax−1










(17)

The kth element on the diagonal of Ir, bk−1 ×Ts is the

kth element in Eq. (11) indicating the duration of the

kth discrete-time interval within the prediction horizon,

and is a direct consequence of the fact that model equa-

tion (4) represents the power consumption in Watt, and

the energy loss Eloss is the integral (summation over

time) of this power, expressed in Joule. An advantage of

EOMPC is obviously shown here that different models

of the energy losses can be easily dealt with by defining

different weighting matrices R1, R2 and R3.

The EOMPC optimization problem is a convex

quadratic program (QP). It is solved using the

qpOASES [18] open source on-line active set C++ soft-

ware. In order to use this active set method, the prob-

lem is condensed first. Condensing means that all states

and related equality constraints are eliminated from the

optimization problem such that it depends only on the

current state x0 and the decision variable u.

As a result of condensing, the velocity v and the po-

sition y can be written as a function of the input u as

shown in Eq. (18):

v = Uvu+ vl−1 (18a)

y = Yxx0 +Yuu (18b)

where vl−1 is the velocity at the time instance prior to

the current time instance, that is at the time instance l−
1. According to the selected sampling intervals shown

in Eq. (11),the matrices Uv, Yx and Yu are defined as

follows:

Uv = Ts ×










b0 0 0 · · · 0

b0 b1 0 · · · 0

b0 b1 b2 · · · 0
...

...
...

. . .
...

b0 b1 b2 · · · bNmax−1










(19)

Yx =










C

CAb0

CAb0+b1

...
CAb0+···+bNmax−1










(20)

Yu =









0 0 · · · 0

b0CAs0 B 0 · · · 0

b0CAs1 B b1CAs0 B · · · 0

...
...

. . .
...

b0CAsNmax−1 B b1CAsNmax−2 B · · · bNmax−1CAs0 B









(21)

where

sk =
k

∑
i=0

bi −b0, k ∈ {0,1, · · · ,Nmax −1} (22)

The size of this QP is constant and hence independent

of the interception reference.

3.2.4. Optimization procedure

The algorithmic implementation of ’Problem B’ of

the EOMPC approach is described in Table 2.

4. Experimental results

The two proposed control schemes PEOS and

EOMPC were implemented on the badminton robot

hardware and tested. Since it is difficult to compare the

performance and energy-efficiency of the robot during a

real badminton game because the same series of the mo-

tions can never be repeated exactly, a standard series of

test motions of approximately 10 minutes was recorded

and repeated twice on the robot, once using the PEOS

and once using the EOMPC approach with Nmax = 35.

A total of 84 shuttle hits are performed during the play.

Keeping in mind our original multi-objective formu-

lation, the following criteria are evaluated:

• the energy consumption for a series of the motions

• the on-time arrival of the robot at the interception

points

A representative zoom of part of the results are shown

in Fig. 8. Remark that the interception time does not

necessarily change linearly with time and also the in-

terception reference changes during motion. This is be-

cause the interception logic continuously updates the in-

terception point.
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Figure 8: (a) Interception time (b) Motor positions (c) Motor velocity

(d) Motor acceleration (e) Motor power

Table 2: Algorithmic implementation of ’Problem B’

Optimization procedure :

inputs: x̂l,K
∗

output: u∗,N
start with a smart initial guess of N (i.e. N = K∗)

solve QP problem PA(x̂l ,N)
if PA(x̂l ,N) feasible then

while PA(x̂l ,N) is feasible do

store u∗ = u0(x̂l ,N)
N = N −1

if N ≥ max(K∗,Nmin) then

solve PA(x̂l ,N)
else

break

end if

end while

else if PA(x̂l ,N) infeasible then

while PA(x̂l ,N) is infeasible do

N = N +1

if N ≤ Nmax then

solve PA(x̂l ,N)
else

break

end if

end while

store u∗ = u0(x̂l ,N)
end if

According to the summary of the experimental val-

idation results shown in Table 3, the EOMPC requires

less energy than PEOS. For the experiment discussed

above, EOMPC and PEOS consume 130kJ and 137kJ

respectively. Fig. 9 shows the positioning error, that is

the difference between the actual position at the speci-

fied hit time and the interception point, for each of the

the 84 requested shuttle hits. Due to the high band-

width of the position feedback controller, the position-

ing error is mainly caused by the reference generating

(PEOS and EOMPC) algorithms. A positioning error

larger than 3cm is considered as a missed hit. Fig. 9

clearly shows that the EOMPC, which has 2 missed hits,

performs better than the PEOS approach, which has 7

missed hits. This is because that EOMPC is able to

trade-off on-time arrival and energy consumption in a

more appropriate way than PEOS. EOMPC perfroms an

energy optimal motion if the interception time is larger

than the possible minimal motion time (corresponding

to time-optimal motion), and otherwise automatically

performs time optimal motions regardless of the energy

consumption. PEOS however is a proximate energy op-

timal method and it’s lookup table is calculated assum-
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Figure 9: Interception errors at hit moment

ing that initial velocity is equal to zero. This means on-

time arrival cannot be ensured using PEOS when initial

velocity is nonzero.

Finally, the energy consumption and the hitting per-

formances of the two proposed energy-optimal control

scheme and of the PTOS and TOMPC time-optimal

control schemes are compared, the summary of which

is presented in Table 3. The same zoom part of the re-

sults using EOMPC and TOMPC are shown in Fig. 10.

Table 3: Summary of the experimental validation

Method Missed hits Measured Eloss [kJ]

EOMPC 2 130

PEOS 7 137

TOMPC 2 238

PTOS 2 233

TOMPC consumes 238kJ with 2 missed hits and

PTOS consumes 233kJ with 2 missed hits. A huge re-

duction of the energy, about 40%, is obtained by us-

ing EOMPC and PEOS comparing with TOMPC and

PTOS. In short, EOMPC achieves the best performance

( 2 missed hits out of 84 ) while consuming the least

energy.

5. Conclusion

In this paper two approaches for energy optimal mo-

tion are presented. The first approach is based on a clas-

sical and mature industrial technology, namely PTOS.

It is tuned using genetic algorithm with the aim to im-

prove the energy efficiency of the motion. The second

approach EOMPC is based on model-predictive control

61 62 63 64 65 66 67 68 69

−1

0

1

p
o
si
ti
o
n
[m

]

(b)

reference

EOMPC

TOMPC

61 62 63 64 65 66 67 68 69
0

0.2

0.4

0.6

0.8

1

in
te
rc
ep
ti
o
n
ti
m
e
[s
]

(a)

61 62 63 64 65 66 67 68 69
−4

−2

0

2

4

ve
lo
ci
ty
[m

/s
]

(c)

EOMPC

TOMPC

61 62 63 64 65 66 67 68 69
−40

−20

0

20

40

ac
ce
le
ra
ti
o
n
[m

/s
2
]

(d)

EOMPC

TOMPC

61 62 63 64 65 66 67 68 69
0

2,000

4,000

6,000

time [s]

p
ow

er
[W

]

(e)

EOMPC

TOMPC

Figure 10: (a) Interception time (b) Motor positions (c) Motor velocity

(d) Motor acceleration (e) Motor power
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and includes optimization on each time-step of the cost

function based on actual energy of the robot.

Both approaches show very good results. A strong

reduction of the dissipated energy is obtained compared

to time-optimal control while the performance degrada-

tion is negligible. EOMPC outperforms PEOS - both in

energy and in precision because the EOMPC can make

a good trade-off between the energy consumption and

the positioning error. On the other hand, the PEOS ap-

proach is much more simple and requires less perfor-

mant hardware to implement. The EOMPC approach

also relies on the availability of cost function describing

the energy in a quadratic form, which is probably not

possible for all systems.

Future work can apply the approach to higher dimen-

sional systems with more flexible modes. In this case

EOMPC, which can deal with high dimension systems,

have a very strong advantage with respect to PEOS. On-

line estimation of the energy cost of the system and cor-

responding update of the optimization coefficients in the

EOMPC could also be another interesting extension.
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