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Creeping flow problems in Biology 

Life at a microscopic scale is governed by fluid 

dynamics at a low Reynolds number (Re). Since the 

system is dominated by viscosity and inertial effects 

can be neglected, the flow through narrow channels 

and in small cavities appears to be instantaneous 

and time-reversible. Typical examples in nature are 

the swimming of microorganisms and the motion of 

red blood cells (RBC) in capillaries. In problems in 

which one can ignore the thermal agitation and 

adopt the Re << 1 assumption, one typically applies 

the Stokes equations, a linear and easier-to-solve 

case of the Navier-Stokes equations (NS): 

 

 

Starting from the Smoothed Particle Hydrodyna-

mics method (SPH), we propose an alternative way 

to solve physical problems with a very low Rey-

nolds number. The method is based on an explicit 

elimination of the inertial terms in the normal SPH 

equations, and solves the coupled system to find the 

velocities of the particles, using the conjugate gra-

dient method. The method is called NSPH which 

refers to the non-inertial character of the equations. 

 

Methods and Results 

Whereas the time-step in standard SPH formulati-

ons for low Reynolds numbers is linearly restricted 

by the inverse of the viscosity and quadratically by 

the particle resolution, the stability of the NSPH 

solution benefits from a higher viscosity and is in-

dependent of the particle resolution. We compare 

the accuracy and capabilities of the new NSPH 

method to canonical SPH solutions considering a 

number of standard problems in fluid dynamics: 

e.g. for Poiseuille flow, the relative error between 

SPH and NSPH was typically 0.3%, at the initial 

NSPH step. In addition, we show that NSPH is ca-

pable of modeling more complex physical pheno-

mena such as the motion of a red blood cell in plas-

ma – see Figure 1. 

In the standard SPH formulation, the equation 

which needs to be integrated besides an approx-

imation for the continuity equation for the (fluid) 

density is Newton's equation of motion: 

 

If, on the other hand, the system that is being sim-

ulated is dominated by friction/drag, then the re-

sulting creeping flow equation reads: 

 

where the friction matrix is defined as: 

 

Discussion 

Since this method allows for a larger time-step, it 

solves creeping flow problems with a high resolu-

tion and a long timescale typically three orders of 

magnitude faster than SPH at similar accuracy. 
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Figure 1: Snapshots of RBC configurations in 

Poiseuille flow for SPH (top) and NSPH (bottom) at 

different time points. 

 

 


