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A general iterative learning control approach

for nonlinear systems

Marnix Volckaert, Moritz Diehl, Jan Swevers

Abstract—This paper discusses a generalized ap-

proach to iterative learning control (ILC) for non-

linear systems. The approach is general in the sense

that it can use a broad class of nonlinear models,

including black box models; it can take input- and

other constraints into account; and it is applicable

to both tracking control and point to point motions.

The algorithm introduces a nonparametric correction

to the nominal model of the system, in the form

of an extra input signal. An optimal value for the

model correction is estimated after each trial. The

solution is then used during a second step to calculate

an optimal input signal for the next trial. Both

estimation and control steps are NLP problems with

a very similar, sparse block structure. The efficient

solution of this class of optimization problems, using

a sparse implementation of an interior point method,

is also discussed. It is shown that a well known

linear ILC approach is a special case of the presented
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approach under certain conditions. The developed

approach is validated in experiments and simulation

on a nonlinear system, both in a tracking control and

a point to point application.

I. INTRODUCTION

Mechatronic systems, such as production

machines or industrial robots, often perform

the same task repeatedly. In many applications

the task is represented by a reference signal

yr that needs to be tracked by the system’s

output y. Traditional controllers provide the

same performance each time the motion is re-

peated, even if that performance is suboptimal,

for example due to model plant mismatch or

repeating disturbances. Moreover, many factors

can reduce the performance over time, such

as slowly changing operating conditions or dy-

namics. Typically these problems lead to costly

recalibration procedures.

Iterative learning control (ILC) is an open

loop control strategy that aims to improve the

tracking control of repeating motions by using
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information about the tracking performance of

the previous motion, also called trial or iter-

ation. Traditional ILC methods formulate an

update equation to calculate the input signal

for the next trial as a function of the tracking

error of the current trial. Widely regarded as

the first international publication on ILC is

[1], which proposes an update law of the form

ui+1 = ui+Γei, with ui the input of trial i and

ei the tracking error, defined as ei = yr − yi,

and Γ a scalar. This update law is called P-type

ILC, because the update to the input signal is

proportional to the error. This concept is easily

extended to more complex update laws with

dynamic, model based operators, typically of

the following form [2]:

ui+1 = Q[ui + L(ei)], (1)

with Q(·) and L(·) a robustness and learning

operator respectively. The learning behavior

can be manipulated by shaping these (linear)

operators.

A common notation in ILC research is to

consider the signals u,y and e as vectors, and

to write linear systems as Markov matrices.

This notation is called the lifted systems nota-

tion. For example, consider a discrete-time LTI

system with relative degree 1, characterized

by the finite impulse response [p1, p2, . . . , pN ].

Assuming an initial state of zero, the input-

output relation of this system can be written

as:
y(1)

y(2)
...

y(N)

 =


p1 0 · · · 0

p2 p1 · · · 0
...

... . . . ...

pN pN−1 · · · p1


︸ ︷︷ ︸

P


u(0)

u(1)
...

u(N − 1)

 ,

(2)

with p1 6= 0 because the output is shifted with

the relative degree of the system. The operators

Q(·) and L(·) can also be written in matrix

form as Q and L. These are not necessarily

lower triangular matrices, since Q(·) and L(·)

can be noncausal systems. However, for LTI

systems, P,Q and L are Toeplitz. (1) has been

extended to LTV systems as well [3], [4], [5].

The lifted systems notation makes it possi-

ble to write the learning algorithm as a large

MIMO system in the trial domain, while the

time domain dynamics are captured in the ma-

trix P. Substituting ei = yr −Pui in equation

(1) and rearranging leads to the trial domain

dynamic equation:

ui+1 = Q(I− LP)ui + QLyr (3)

from which the well known necessary and

sufficient condition for asymptotic stability of

the ILC algorithm is derived:

ρ[Q(I− LP)] < 1. (4)
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This condition is often used to shape the matri-

ces Q and L, to guarantee stability over a broad

frequency range. For this reason Q is often a

zero phase low pass filter, with a magnitude of

1 at low frequencies.

A great deal of research is focused on using

optimization in the design of the ILC controller.

The main idea is to design an update law that

minimizes the expected tracking error of the

next trial, i.e. to minimize a cost function of

the form [2]:

Ji+1(ui+1) = ei+1
TQjei+1 + ui+1

TRjui+1

+ ∆uT
i+1Sj∆ui+1,

(5)

where ∆ui+1 = (ui+1 − ui), Qj is an N × N

positive-definite matrix, and Rj and Sj are

N×N positive-semidefinite matrices. The term

ui+1
TRjui+1 is used to shape the input signal,

for example to penalize large control effort,

while the term ∆uT
i+1Sj∆ui+1 can be used to

improve the convergence of the algorithm. Note

that (5) depends on the unknown next trial

tracking error ei+1. Therefore the cost function

needs to be approximated, by using a model

P̂ (u) for the system P (u), or in lifted form

P̂ ≈ P.

A common optimization based ILC approach

is found by using the update law (1) and

designing the matrices Q and L such that (5)

is minimized. This approach is called quadrat-

ically optimal ILC [2]. If the change in u

from iteration i to i + 1 is denoted by δi,

then ui+1 = ui + δi, and yi+1 = yi + Pδi.

Therefore the true value ei+1 can be written as

ei+1 = yr − yi − Pδi. Using P̂ ≈ P the error

can be approximated by êi+1 = yr − yi− P̂δi.

Applying the stationary condition for optimal-

ity of (5) leads to

∂Ji+1

∂ui+1

=− P̂TQe(yr − yi + P̂ui − P̂ui+1)

+ Ruui+1 + Sj∆ui+1 = 0

(6)

which after rearranging leads to the conven-

tional ILC update law (1) with the following

operators:

Q = (P̂TQjP̂ + Rj + Sj)
−1(P̂TQeP̂ + Sj)

L = (P̂TQjP̂ + Sj)
−1P̂TQj.

(7)

Note that if Qj = IN×N and Ru = Sj = 0, the

optimal operators are found to be Q = IN×N

and L = P̂−1, which is the simplest form of

model based linear ILC. A drawback of the

quadratically optimal approach is that it cannot

take constraints into account, for example to

avoid actuator saturation.

Other ILC approaches have been developed

based on the same cost function (5). For ex-

ample, the norm-optimal approach described in

[6] uses an indirect approach, with Rj = 0
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and Sj 6= 0, using the solution of the Ricatti

equation. A faster implementation of this ap-

proach is described in [7], and an extension

to the algorithm, including future trials in the

cost function, is described in [8]. Drawbacks of

the norm-optimal approach are that it requires

full state knowledge during the trial, and that

it cannot take constraints into account.

A promising research direction is to solve

the minimization of (5) by a direct dynamic

optimization approach. This requires a good

approximation of ei+1 by êi+1. The authors

of [9] propose a disturbance model structure

for the trial domain dynamics in the following

form:

xi = Fui + di +Nξξi

yi = Gxi + Hui +Nvvi

(8)

with xi,ui and yi the lifted system state, input

and output vectors respectively, and F,G and

H lower triangular matrices representing the

system dynamics, such that P = GF + H.

The vectors ξi and vi represent process and

measurement noise respectively. The vector di

is added to represent the model errors and any

repeating disturbances. di can be seen as a non-

parametric correction to the nominal model, so

a good estimate of di leads to a good estimate

of êi+1. The algorithm described in [9] esti-

mates the vector di using a Kalman filter in the

trial domain, using the measured output yi after

each trial. This estimate is then used to solve

a convex optimal control problem based on (8)

to find the next trial’s input signal. However,

In order to apply this approach to nonlinear

systems, the model should be linearized around

the reference signal, which can be difficult if

the nonlinear model is for example a black box

model. Furthermore, this approach cannot be

used for point to point motions, where an exact

reference is unknown.

This paper introduces a general approach

to iterative learning control for nonlinear sys-

tems with constraints, based on an explicit and

nonparametric model correction. It uses only

output measurements of the previous trial(s),

and directly solves a nonlinear optimal control

problem, both for the estimation of the model

correction and for the calculation of the input

signal, since it will be shown that both prob-

lems have a very similar structure. The efficient

solution of such problems for very long data

records, using a sparse implementation of an

interior point method, is another contribution

of this paper.

Section II will discuss the efficient solution

of nonlinear optimal control problems. This

solution method will be used in section III to

create a generalized ILC algorithm, after intro-

ducing the explicit model correction. A com-

parison with a common linear ILC approach

is also discussed here. Section IV describes
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the results of the experimental and numerical

validation of the algorithm, and conclusions are

drawn in section V.

II. EFFICIENT SOLUTION OF NONLINEAR

OPTIMAL CONTROL PROBLEMS

This section introduces a general formulation

for nonlinear optimal control problems as non-

linear programming (NLP) problems, and then

discusses an efficient solution method using an

interior point algorithm. This approach allows

the exploitation of the sparse structure of the

NLP problem. It will be shown in the next

section that this solution method can be used to

create a versatile ILC algorithm for nonlinear

systems.

A. General problem formulation

The general optimal control problem

consists of finding control inputs uc, given a

model of the system, exogenous inputs w, and

an initial state xinit, such that a norm of a set

of signals e is minimized. This problem is

illustrated in figure 1. The functions f and h

are the state and output equations respectively.

x ∈ Rn×N contains the differential states, with

n the order of the model and N the length of

the signal, while z ∈ Rs×N contains algebraic

states. These are defined by a function c, and

are added to the problem in order to take

multiple objectives or constraints into account.

u

w
e

x(k + 1) = f [x(k),u(k),w(k)]

y(k) = h[x(k),u(k),w(k)]

z(k) = c[x(k),u(k),w(k)]

Fig. 1. General formulation of a nonlinear optimal control
problem

w ∈ Rq×N contains the exogenous inputs

that are assumed to be known. uc ∈ Rm×N

contains the control inputs that need to be

calculated, and e ∈ Rp×N contains the signals

to be minimized.

In general x,uc,w, z and e are two dimen-

sional matrices for MIMO systems, with one

dimension being time instants k and the other

one the number of individual signals. However,

in the construction of the optimization problem,

each term is stacked in a one dimensional

supervector, noted as x̄, ūc, w̄, z̄ and ē, on a

sample by sample basis, such that:

ē = [e0(0), e1(0), . . . , ep−2(N−1), ep−1(N−1)]T .

(9)

It is assumed that ē is a function of x̄, ūc and w̄

only, and is independent of the algebraic states

z̄.

The considered application minimizes the 2-

norm of ē, such that the objective function

October 21, 2011 DRAFT
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for the general optimal control problem can be

written as:

J = ēTQē + ūc
TRūc + z̄Sz̄. (10)

The matrix Q ∈ RpN×pN is positive definite,

while R ∈ RmN×mN and S ∈ RsN×sN are

positive semidefinite. These matrices determine

the weights of the multiple objectives in J , and

are assumed to be diagonal and stacked in the

same order as equation (9).

An efficient and robust formulation of the

optimization problem can be achieved by

adding x̄ and z̄ to the optimization vector,

containing ūc. This vector v is therefore of

length (n+m+s)N and is stacked as follows:

v = [x0(0), x1(0), . . . , u0(0), u1(0),

z0(0), z1(0), . . . , x0(1), . . .]
(11)

This definition of the optimization vector leads

to the following equality constraints:

g(v) =


x(0)− xinit[
z(k)− c[x(k),u(k),w(k)]

]0→N−1
k[

x(k + 1)− f [x(k),u(k),w(k)]
]0→N−2
k

,

(12)

for which it must hold that g(v) = 0, with

g(v) ∈ R(n+s)N×1. The derivative of g(v) with

respect to v, the Jacobian matrix Jg, plays a

crucial role in the minimization of (10) subject

to (12). Since v and g(v) contain (n+m+ s)

and (n + s) elements per time instant k, and

since the constraints are evaluated at each time

instant separately, the matrix Jg has dimension

(n+ s)N by (n+m+ s)N , but it has a sparse

block structure and contains one block for each

k = 0, . . . , N −1. As an example, consider the

case n = m = s = 1, such that

Jg =



1 0 0 0 · · ·

− ∂c
∂x(0)

− ∂c
∂u(0)

1 0 · · ·

− ∂f
∂x(0)

− ∂f
∂u(0)

0 1 · · ·

0 0 0 − ∂c
∂x(1)

· · ·
...

...
...

... . . .


.

(13)

This means that Jg can be efficiently stored,

and that it is easy to construct it by calculating

partial derivatives of f and c, avoiding the

need to calculate Jg completely.

Another important matrix that is used to

solve the optimization problem is the Hessian

H of the Lagrangian function L, defined

as L = J(v) − λTg g(v) − µT
hh(v). Since

(10) is the objective function of a nonlinear

least squares problem, the Hessian can be

approximated by JTj Jj , with Jj the Jacobian

matrix of the residual function. The matrix

H has a similar sparse block structure as Jg,

and can be easily constructed using partial

derivatives of h. The main advantage of the

October 21, 2011 DRAFT
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favorable structure of Jg and H is that the

problem scales very well for longer signals,

since the number of nonzeros of both matrices

increases linearly with N . To exploit this

advantage, the optimization algorithm should

process these matrices in a sparse, efficient

manner. The application of such an algorithm

is discussed in the next section.

The optimization vector v is bounded by vl

and vu as lower and upper bounds respectively,

leading to the following inequality constraints:

h(v) =

v − vl

vu − v
(14)

for which it must hold that h(v) ≥ 0. By

combining equations (10), (12) and (14), the

general formulation can be summarized as:

minimize
v

J(v) (15a)

subject to g(v) = 0 (15b)

h(v) ≥ 0. (15c)

This is an NLP problem, since (15a) and

(15b) are nonlinear functions of the variable

vector v. Note that the bounds on v are

the only inequality constraints. For applica-

tions with inequality constraints on (linear or

nonlinear) functions of x̄, ū or w̄, any num-

ber of algebraic states can be added to v,

in combination with the equality constraint

z(k) − c[x(k),u(k),w(k)] = 0 for every k,

and then a bound can be put on z̄. In this way

all inequality constraints become bounds on v.

This is advantageous in the application of a

particular interior point method to solve (15).

B. Implementation using IPOPT

A necessary condition for optimality of an

optimizer v∗ of (15) is the following Karush-

Kuhn-Tucker equation [10]:

∇J(v∗)− JTg (v∗)λg − JTh (v∗)µh = 0, (16)

with ∇J(v) the gradient of J(v), Jg and Jh

the Jacobian matrices of g(v) and h(v) respec-

tively, and λg,µh the corresponding Lagrange

multipliers. In order to treat the inequality

constraints h(v) ≥ 0, the following conditions

also have to be satisfied:

h(v) ≥ 0

µh ≥ 0

h(v)µh = 0

(17)

These are non-smooth conditions, preventing

the use of Newton’s method. The idea of an

interior point method is to replace the condi-

tions (17) by the approximation h(v)µh = τ ,

with τ > 0 small. This results in smooth

KKT conditions, such that Newton’s method

can be applied to yield estimates v(τ),λ(τ)

and µh(τ). These estimates can then be used

as starting values for a problem defined by a

October 21, 2011 DRAFT
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lower value of τ . It can be shown that if τ → 0

then v(τ)→ v∗.

A particular implementation of an interior

point method for large scale sparse problems

is the open source package IPOPT, written in

C++ and available under the Eclipse Public

License [11]. The user of the algorithm must

create a number of functions that define the

optimization problem. The IP method itself is

provided by IPOPT and is called to solve the

user defined problem in the main function. The

user defined functions include:

• get nlp info, get bounds info: these func-

tions define the number of non zeros in

Jg and H , for efficient memory allocation,

and define the bounds on v. Bounds do

not have to be declared separately as in-

equality constraints.

• eval f : evaluation of the objective func-

tion, J .

• eval grad f : evaluation of the gradient,

∇J .

• eval g: the equality constraint function

g(v).

• eval jac g: the Jacobian Jg. Only the non

zero elements have to be provided, with

their row and column index.

• eval h: the Hessian H . Since this is a

symmetric matrix, only the lower left half

has to be provided, again in sparse form.

III. GENERALIZED NONLINEAR ILC

This section presents a generalized ILC ap-

proach for nonlinear systems. The developed

approach is model based, however the only

assumption is that the model P̂ is a discrete

time state space model of the following form:

P̂ =

x(k + 1) = f [x(k), u(k)]

ŷ(k) = h[x(k), u(k)],
(18)

with x the state vector of size n, u the input

and ŷ the model output. Note that the algorithm

is presented for SISO systems, but it is equally

applicable to MIMO systems.

The aim of the ILC algorithm is to make

the output of the system P track the reference

signal yr, which can be represented by a vector

of size N . The algorithm can be summarized

in the following steps:

1) Assume an initial guess of the input

signal, u1. This initial guess can be for

example the solution of an optimal con-

trol problem using the nominal model P̂ .

2) Apply the input signal to the system, and

measure and record the output, yi, with

i the trial index.

3) Use ui and yi to solve a large parameter

estimation problem of size N , to improve

P̂ .

4) Calculate a new optimal input signal,

based on the improved model.
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5) Advance the trial index i and return to

step 2.

First the model correction will be discussed in

detail. It will be shown that the quadratically

optimal ILC algorithm for linear systems im-

plicitly makes such a correction, and that the

general ILC approach for nonlinear systems

can be developed by making this step explicit.

It will then be shown how steps 3 and 4 can

be regarded as two dynamic optimization prob-

lems that can be efficiently solved as discussed

in section II.

A. Explicit model correction

The quadratically optimal ILC algorithm ap-

proximates the next iteration tracking error as

êi+1 = yr − yi − P̂δi. Using δi = ui+1 − ui

and rearranging leads to:

êi+1 = yr −
[
P̂ui+1 + (yi − P̂ui)

]
. (19)

The term P̂ui+1 is the expected next iteration

output based on the nominal model. Therefore

it is clear that for the quadratically optimal

ILC algorithm, a correction term (yi − P̂ui)

is implicitly added to the modeled output, in

order to estimate the next iteration tracking

error better than using the nominal model only.

To construct the matrices Q and L the model

should be linear, such that it can be written in

lifted form by the matrix P̂.

The same principle can however be applied

to nonlinear models if the correction term is

made explicit. For example, the next iteration

tracking error can be approximated as follows:

êi+1 = yr −
[
P̂ (ui+1) + αi

]
(20)

with αi a correction signal to be estimated

after the previous iteration. The sum of the

nominal model and the correction signal can be

considered as a corrected model P̂c(ui+1). It is

clear that if P̂ (ui+1) is a linear model, and αi is

estimated as yi− P̂ui, then the approximation

of êi+1 is the same as for the quadratically opti-

mal linear ILC. However, explicitly estimating

αi makes it possible to manipulate this signal,

for example to constrain it, or to change its

features in time- or frequency domain before it

is used to approximate êi+1. Another advantage

is that in this case the correction signal is not

necessarily additive to the model’s output, as it

is for the linear ILC approach.

Assume the nominal model P̂ (u) is given

in the form of (18). Then α can enter the

corrected model P̂c(u) in several ways. For

example α can be additive to the model output,

P̂c(u) = P̂ (u) + α, or additive to the input,

P̂c(u) = P̂ (u + α), or in even more complex

forms. Regardless of the choice of how to cor-

rect the nominal model, P̂c(u) can be written

October 21, 2011 DRAFT
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as

P̂c :

x(k + 1) = f [x(k), u(k), α(k)]

y(k) = h[x(k), u(k), α(k)]
,

and the signal α can be considered to be an

additional input. This means that it is possible

to formulate an optimal control problem for the

estimation of α, analogous to the problem of

finding an optimal input signal. The solution of

these 2 problems constitute steps 3) and 4) of

the generalized ILC approach.

B. Two step procedure

The goal of model correction is to make the

corrected model P̂c(u) correspond better with

the real system than the nominal model P̂ (u).

Therefore the aim of the ILC algorithm is to

find a pair of vectors (u∗,α∗) that correspond

to P̂c(u
∗,α∗) = P (u∗) = yr. However,

u∗ and α∗ cannot be found simultaneously

because it is unknown beforehand how well P̂

corresponds to the real system P , and therefore

it is impossible to differentiate between both

signals. The solution lies in solving the

problem alternatively for α and for u, using

the other signal as a known exogenous input,

and repeating these two steps for each trial

in an iterative manner. In this way α will

drive the corrected model P̂c closer to the true

system P since αk ≈ α∗ for increasing k ,

while u will drive the model output ŷ closer

to the reference yr, so uk ≈ u∗ for increasing

k.

Note that both steps are separate instances

of the same problem. Therefore both steps can

be written in the general problem formulation

of section II-A. The formulation requires three

signals to be defined:

• ē: the signal to be minimized in the ob-

jective function

• ūc: the control input, which is the signal

to be calculated

• w̄: the exogenous input, known before-

hand

1) Step 1: estimation: The aim of this step,

after trial i, is to find a value for the model

correction signal αi, such that the modeled

output ŷ follows the actual measurement yi

more closely. Therefore the following signals

are defined:

Estimation step:


ē = yi − ŷ

ūc = α

w̄ = ui

, (21)

and the weighting matrices in (10) are written

as Qe,Re and Se. Since α is the control

input for this step, the regularization term

ūTc Reūc can be used to tune and shape α

at this stage. Possible applications include a

frequency weighting on the correction, to limit
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the learning behavior to a certain bandwidth, or

manipulations in time domain, such as enabling

and disabling learning at specific time intervals

along the trial.

It is also possible to define one or more

algebraic states z̄, and to penalize them in

the objective function. This can be used for

example to penalize large deviations of α from

trial to trial, in order to increase the robustness

of the algorithm to non repeating disturbances

such as measurement noise.

The solution of the estimation step after trial

i is αi.

2) Step 2: control: The aim of this step is to

use the estimated αi in order to find the optimal

input signal for the next trial, ui+1. For this step

the signals are defined as follows:

Control step:


ē = yr − ŷ

ūc = u

w̄ = αi

, (22)

and the weighting matrices are written as

Qc,Rc and Sc. During this step it is possible

to use the regularization term ūTc Rcūc to tune

the input signal directly. Such a regularization

can be necessary in the application of the ILC

algorithm to non-minimum phase systems [12],

or it can be used to penalize large control

efforts. An algebraic state z̄ can for example be

defined as the time difference of u, such that

z(k) = u(k)−u(k− 1), in order to smooth u.

Another candidate for z̄ is the control signal of

a feedback controller, in case the ILC algorithm

is applied to a closed loop system with actuator

constraints.

During both steps the weight on ē can be

varied over the trajectory. This makes it easy to

apply the algorithm to point to point motions,

by eliminating the tracking at the time instants

during the motion.

The presented algorithm can be used with

a broad class of systems and applications. Its

strength lies in the flexibility with which the

user can adapt the algorithm, by choosing ap-

propriate weighting matrices, constraints, and

defining appropriate algebraic states. All these

manipulations require no changes to the under-

lying optimization problems on the side of the

user.

C. Linear case: quadratically optimal ILC

The presented algorithm is a generaliza-

tion of iterative learning control, which means

that many common ILC algorithms are special

cases of this general approach, that can be

found by a suitable choice of model correc-

tion and of the weight terms in the objective

functions of both steps. For example, consider a

linear system and model in matrix form, P and

P̂. Assume the correction term α is additive to

the output, such that the corrected model can
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be written as:

P̂c(u,α) = P̂u + α (23)

1) Estimation: Consider the estimation step

with weighting terms Qe = I, and Re =

0, without algebraic states and with ±∞ as

bounds on v. In this case the objective function

for this step is:

Jα(αi) =
[
yi−P̂c(ui,αi)

]T [
yi−P̂c(ui,αi)

]
(24)

Taking the derivative of (24) and using (23), the

stationary condition for optimality becomes:

∂Jα
∂αi

= I(yi − P̂ui + αi) = 0 (25)

αi = yi − P̂ui. (26)

It was shown in section I that the quadratically

optimal ILC algorithm implicitly makes a cor-

rection equal to (24).

2) Control: Consider the control step with

arbitrary weighting terms Qc and Rc, without

algebraic states and with ±∞ as bounds on v.

The objective function becomes:

Ju(u) = (27)[
yr − P̂c(u,αi)

]T
Qc

[
yr − P̂c(u,αi)

]
+ uTRcu

Taking the derivative of (27) and using (23), the

stationary condition for optimality becomes:

∂Ju
∂ui+1

=− P̂TQc(yr − P̂ui+1 − yi + P̂ui)

+ Rcui+1 = 0,

and after rearranging

ui+1 = (P̂TQcP̂ + Rc)
−1P̂TQcP̂︸ ︷︷ ︸

Q[
ui + (P̂TQcP̂)−1P̂TQc︸ ︷︷ ︸

L

ei
]
. (28)

Equation (28) gives the update law that follows

from the general ILC approach under the given

conditions, and it is clear that the same update

law is found as for the quadratically optimal

linear ILC algorithm of (1) and (7). The role of

the robustness filter Q is played by a suitably

chosen regularization term in the control step,

uTi+1Rcui+1, by penalizing the sample by

sample difference in the input signal, denoted

by δ = [δ(0), δ(1), . . . , δ(N − 1)] = [u(0) −

uinit, u(1) − u(0), . . . , u(N − 1) − u(N − 2)],

with uinit the input that is required to keep the

system at the initial state xinit. This is clear in

the following example:

Consider a discrete time second order system

with transfer function Hs(z) and a sampling

time of 1. The resonance frequency of this

system is denoted by ωn. To simulate a model

October 21, 2011 DRAFT
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System Model
0.2918z

z2−1.592z+0.892
0.4357z

z2−1.412z+0.8669

TABLE I
SIMULATION DATA FOR THE COMPARISON OF THE GENERAL
ILC APPROACH WITH A QUADRATICALLY OPTIMAL LINEAR

APPROACH

plant mismatch, a model for this system is as-

sumed to have a resonance frequency of 0.8ωn

but equal damping, leading to the transfer func-

tion Hm(z). The parameters of both transfer

functions are listed in table III-C2. The model

is used to design both a quadratically optimal

ILC algorithm and an equivalent generalized

ILC algorithm, using Qe = I,Re = 0 such that

(25) holds (α is assumed to be output additive),

and with Qc = I in the control step. If the

desired penalty term δTRδδ is achieved with

a matrix Rδ = rδIN×N , then this term can be

written as uTi+1Rcui+1 by using the following

matrix Rc:

Ru =



rδ −rδ 0 · · · 0

−rδ 2rδ −rδ · · · 0

0 −rδ 2rδ · · · 0
...

...
... . . . ...

0 0 0 · · · rδ


. (29)

The value of rδ is set to 0.1 for this simulation.

Such a choice for the weighting matrix Rc

results in a robustness operator Q(·) that acts

as a zero phase low pass filter. This is clear
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Fig. 2. System, model and .

from figure 2, which shows the magnitude and

phase of the system, the model, and the Q(·)

filter. The reference for both algorithms is a

smoothed step, using a trapezoidal velocity

profile. The result of both approaches is shown

in figure 3. The initial input signal is assumed

to be zero and is not shown in the figure. In

order to slow down the convergence of the ILC

algorithm, to better visualize its effect, only a

fraction of the update to the input signal is

applied for both approaches, and this fraction is

chosen as 0.7. It is clear that the quadratically

optimal linear ILC algorithm is a special case

of the generalized approach. The same perfor-

mance can be achieved by the latter approach,

which has several advantages over the former

approach, such as the ability to use nonlinear

models, and the ability to take constraints into
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Fig. 4. Photo (left) and schematic (right) of the lab scale
overhead crane

account directly.

IV. EXPERIMENTAL AND NUMERICAL

VALIDATION

The generalized ILC approach is validated

experimentally and in simulation on a lab scale

model of an overhead crane, see fig. 4. The

position of the cart is denoted by xc, the

position of the load by xL. The length of the

pendulum is fixed at l, and the angle of the

pendulum with respect to the vertical is θ.

xc is measured with an encoder on the cart,

while another encoder in the point where the

pendulum is attached measures θ. The goal of

the experiment is to control the position of

the load in open loop, i.e. without feedback

of θ. Therefore the output of the system is

xL. The input signal is the reference signal

for a feedback position controller of the cart.

Since the pendulum has very little damping, the

load must hang perfectly still at the end of the

motion. Other feedforward approaches, such as

input shaping, rely on exact knowledge of the

length of the pendulum to solve this problem.

However, it is assumed that this knowledge

is unavailable. The pendulum has a length of

45.7cm (and therefore a resonance frequency

of 0.74Hz), but the length is modeled as 35cm.

The feedback controller for the cart is designed

as a PD controller with a bandwidth of 3Hz.

The dynamics of the crane are governed by the

following nonlinear equation [?]:

l θ̈ + ẍc cos θ + g sin θ = 0. (30)

This leads to a 4th order nonlinear state space

model, with x = [xc, ẋc, θ, θ̇]
T . This model is

discretized by a forward Euler method, with

a sample frequency of 200Hz. The model is

augmented by a correction signal α, additive
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to the model output. The corrected model P̂c is

given as:

x(k + 1) = A(k)x(k) +B(k)u(k) (31)

+
[
0 0 0 −0.14 sin[θ(k)]

]T
y(k) = xc + l sin[θ(k)] + α(k)

with

A =


1 0.005 0 0

−14.25 −0.073 0 0

0 0 1 0.005

40.99c 3.07c 0 1

 (32)

B =
[
0 14.25 0 −40.99c

]T
(33)

and c = cos[θ(k)]. Two experiments involving

tracking control are carried out using the real

setup, while an application of a point to point

motion is tested in simulation.

A. Experiments

The aim of the experiments is to track a

smoothed step of 15cm in 1 second, shown in

figure 5, without residual swinging. The first

input signal is found by solving the control

step with the nominal model, so α = 0.

The estimation step is performed in the same

way for both experiments, using Qe = I, and

Re = Se = 0. There are no algebraic states,

and the bounds on the optimization variables

are ±∞. For the control step, a penalty term is

put on the time difference of the input signal,
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Fig. 5. Reference load position: smoothed step.

in order to smooth u. Therefore an algebraic

state is defined as z(k) = u(k) − u(k − 1)

for k = 1, . . . , N . The weighting matrices are

defined as Qc = I,Rc = 0, and Sc = 0.5I. The

bounds on x and u are ±∞. The difference be-

tween both experiments is the choice of bounds

on z: for experiment 1 this bound is constant

at ±0.1 cm/sample, while for experiment 2 this

bound is varied over the trajectory.

The result of experiment 1 is shown in

figure 6. It is clear that the first motion

leads to a large tracking error, due to the

model error that was assumed. However, the

tracking error reduces over multiple trials,

and after 7 trials the tracking is near perfect.

The correction signal α has converged to

the value α∞ = yr − P̂ (u∞), and therefore

captures the model error. However, it is clear

that the ILC algorithm has also introduced an

unwanted vibration in the input signal. The

reason is most likely an unmodelled error
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Fig. 6. Input signal (top), tracking error (middle) and
correction signal (bottom) for the first experiment, for iterations
1, 2 and 7

in the feedback loop of the cart. However,

because of the small effect of this vibration on

the tracking error, the ILC algorithm cannot

correct it, but only prevent its increase.

In order to remove this unwanted behavior

in the second experiment, the bound on z is

reduced to 1× 10−7 before and after the actual

motion, as shown in figure ??. The result of

the second experiment is shown in figure 8. It

is clear that the performance of the algorithm

is as good as for the first experiment, but

the unwanted vibration of the input signal is

suppressed by the bound on z.
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Fig. 7. Bound on the sample by sample difference of the input
signal during the second experiment (reference shown on top)
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Fig. 8. Tracking error (top) and input signal (bottom) for the
first experiment, for iterations 1, 2 and 7

B. Simulation

The crane is simulated by a system of the

same structure as (31), but derived using the

real length l = 45.7cm. This system is used to

perform a simulation for a point to point motion

of the crane. The objective for the load is to

arrive at a point 20cm from the starting point,
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Fig. 9. Model correction signal α for the first experiment
(top) and the second experiment (bottom), for iterations 1, 2
and 7

after 0.75 second. For the estimation step, the

weight on the residual is Qe = diag(we), with

we = 0 for t < 0.75s, and we = 1 for

t ≥ 0.75, and Re = Se = 0. There are

no algebraic states, and all bounds are ±∞.

The control step is performed with an extra

algebraic state, namely the control signal that is

sent by the position controller of the cart. The

algebraic state is not penalized in the objective,

so Rc = Sc = 0, but it is bounded in order to

constrain the velocity of the cart. The weight on

the residual is the same as during the estimation

step, so Qc = Qe. The bounds on x and u

are ±∞, while the bound on z is ±0.8V. The

result of the simulation is shown in figure 9. It

is clear that the ILC algorithm converges to a

smooth point to point motion without residual

swinging of the pendulum, while satisfying

the bound on the cart velocity. The optimal

input signal, being the reference to the position

controller, is discontinuous, since no smoothing

was applied. Note that the estimation of α only

depends on the error after 0.75s, while the

largest updates to the input signal are before

0.75s, demonstrating the non causality of the

ILC algorithm.

V. CONCLUSIONS

This paper discusses a generalized approach

to ILC for nonlinear systems. The approach is

based on the explicit estimation of a model cor-

rection signal. An optimal value of this signal is

estimated after each trial, based on the known

input and measured output of the past trial. The

corrected model is then used to calculate an

optimal input signal for the next trial, based

on the reference. Both the estimation and the

control step are formulated as an NLP problem.

A general formulation and solution strategy for

this class of problems is also discussed in this

paper. It is shown that the formulation leads

to sparse and block structured matrices, that

can be efficiently processed by IPOPT, a sparse

implementation of an interior point method.

The generalized ILC approach is versatile

and can be easily adapted by selecting appro-

priate weights and bounds of the optimization

problems, in order to add multiple objectives or
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constraints. It can use a broad class of nonlinear

models, including black box models, and it is

applicable both to tracking control problems

and point to point motion control problems.

It is shown that a common optimization based

linear ILC algorithm is a special case of the

generalized approach under certain conditions.

The presented algorithm was validated on

a lab scale model of an overhead crane, both

experimentally and in simulation. These exper-

iments have demonstrated the ability of the

algorithm to compensate for a considerable

model plant mismatch by means of model

correction, leading to accurate tracking control

and smooth point to point motions.
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