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Abstract

At the heart of chemistry lies the periodic system of chemical elements. Despite

being the cornerstone of modern chemistry, the overall structure of the periodic

system has never been fully understood from an atomic physics point of view.

Group-theoretical models have been proposed instead, but they suffer from sev-

eral limitations. Among others, the identification of the correct symmetry group

and its decomposition into subgroups has remained a problem to this day.

In an effort to deepen our limited understanding of the periodic law, we have

extended the traditional Lie algebraic framework to account for the peculiar de-

generacy structure of the periodic system. Starting from the four-dimensional

hidden symmetry and accidental degeneracy of the hydrogen atom, as first re-

vealed by Fock in 1935, our research has mainly focussed on the way this

SO(4) symmetry of the Coulomb potential gets broken in the periodic system

as a consequence of the transformation of the hydrogenic (n, l) filling order to

the Madelung (n + l, n) order due to electronic repulsions, relativistic effects and

spin-orbit couplings.

In this PhD dissertation, a new left-step format of the periodic table is first

proposed on the basis of the Madelung rule. Following the particle physics

tradition, the chemical elements are then considered as various states of some

‘atomic matter ’, which is described by a non-compact spectrum-generating dy-

namical Lie group. The chemical elements are shown to form a basis for a

single infinite-dimensional degeneracy space of the SO(4,2) ⊗ SU(2) group. An

explanation for the period doubling is then proposed in terms of a particular

symmetry breaking of the SO(4,2) group to the anti de Sitter SO(3,2) group.

The Madelung rule is rationalized on the basis of nonlinear Lie algebras which

reflect the screening of the Coulomb hole. This opens new perspectives for a

symmetry-based understanding of how the periodic law emerges from its quan-

tum mechanical foundations, and holds the future promise of complementing

our current phenomenological approach by a direct atomic physics approach.
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Nederlandstalige Abstract

De Tabel van Mendelejev vormt de hoeksteen der moderne scheikunde. Nochtans

is de algemene structuur van het periodieke systeem nooit volledig begrepen ge-

weest vanuit het perspectief van de atomaire fysica. Groepentheoretische mod-

ellen werden voorgesteld als alternatief, maar kampen met grote beperkingen.

De identificatie van de correcte symmetriegroep en de breking in subgroepen is

een uitdaging gebleven tot op de dag van vandaag.

Ter verbreding van onze beperkte kennis omtrent de periodieke wet werd

het traditionele Lie algebräısche raamwerk uitgebreid met het oog op het ratio-

nalizeren van de ontaarde structuur van het periodieke systeem. Deze studie

vindt haar oorsprong in de vier-dimensionale verborgen symmetrie en acciden-

tele ontaarding van het waterstofatoom, zoals oorspronkelijk beschreven werd

door Fock. Dit onderzoek heeft zich voornamelijk gericht op de wijze waarop

de SO(4) symmetrie van de Coulomb potentiaal gebroken wordt in het peri-

odieke systeem ten gevolge van de transformatie van de waterstofachtige (n, l)
opvullingssequentie naar de Madelung (n + l, n) volgorde — te wijten aan elek-

tronische repulsies, relativistische effecten en spin-orbitaal koppelingen.

In deze doctoraatsverhandeling wordt op basis van de Madelung regel een

nieuwe vorm van het periodieke systeem voorgesteld met linkse treden. De

chemische elementen worden vervolgens, in analogie met de elementaire deeltjes-

fysica, beschouwd als verschillende toestanden van de ‘atomaire materie’, die

beschreven wordt door een niet-compacte spectrum-genererende dynamische Lie

groep. De elementen vormen dan een basis voor een oneindig-dimensionale

ontaardingsruimte van de SO(4,2) ⊗ SU(2) groep. Een verklaring voor de

perioden-verdubbeling wordt voorgesteld op basis van de symmetriebreking van

de SO(4,2) groep naar de anti de Sitter SO(3,2) groep. De Madelung regel wordt

bestudeerd door middel van niet-lineaire Lie algebras die symbool staan voor

de afscherming van de Coulomb potentiaal. Deze onderzoeksresultaten openen

nieuwe perspectieven voor een symmetrie-gebaseerde verklaring van de wijze

waarop de periodieke wet ontstaat uit haar kwantummechanische fundamenten.

Deze fenomenologische studie zal in de toekomst dan ook worden aangevuld

met een meer directe aanpak vanuit de kwantummechanica.
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A.7.2 Commutation relations for [M̂i, Ĥ ] . . . . . . . . . . . . . 322
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Preface

1 Research problem

The periodic system of the chemical elements represents the undisputed corner-

stone of modern chemistry. Since Mendeleev’s discovery in 1869, the periodic

table has figured as the ultimate paper tool in chemical research. No lecture

theatre or scientific laboratory is complete without a copy of the periodic table

decorating its walls. For over a hundred years, chemists have placed their faith

in this magnificent compass which has guided them through remote oceans in

their exploration of uncharted realms of exotic chemistry.

And yet, the overall structure of the periodic system has never been fully

understood from an atomic physics point of view. We are all familiar with the

oddly shaped format of Mendeleev’s chart, but do we also understand its origin?

Two of the simplest questions that naturally come to mind when glancing at

the general features of the periodic system in figure 1 are:

1. Why are the blocks in the periodic table laid out in this particular order?

2. Why do the different periods come in pairs of equal length, except for the

very first period?

It might come as somewhat of a surprise that both questions have remained

unanswered to this date. Great strides have been made to tackle these questions

from a quantum mechanical viewpoint, but most explanations have been found

wanting in various respects. (The reader is referred to chapter 1 for a survey of

these attempts.)

2 Objectives

The above two questions can be recast as the objectives of this PhD dissertation.

Let us therefore attempt to formulate them a bit more clearly. The periodic

table orders the elements in a tabular array by arranging them according to

increasing atomic number Z, and laying them out in four rectangular blocks:

an s-block to the left, a p-block to the right, a d-block in the middle, and an

xxvii
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Figure 1: The orbital stucture of the periodic table of chemical elements.

f -block at the bottom. Reading out the elements from hydrogen (H, Z = 1) till

ununoctium (Uuo, Z = 118) yields the following orbital filling sequence:

P=1

{1s}
±
dim=2

≪
P=2

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{2s < 2p}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=8

≪
P=3

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{3s < 3p}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=8

≪
P=4

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{4s < 3d < 4p}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=18

≪
P=5

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{5s < 4d < 5p}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=18

≪
P=6

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{6s < 4f < 5d < 6p}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=32

≪
P=7

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{7s < 5f < 6d < 7p}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=32

≪ . . . ,

(0.1)

with P the period number. This filling order has been described by the so-

called Madelung rule or (n + l, n) rule, according to which the orbitals are filled

in order of increasing n + l, and for fixed values of n + l, in order of increasing

n. The importance of this rule cannot be overemphasized, and a great part

of chapter 1 will be devoted to its exploration. The Madelung rule however

merely describes the order in (0.1); it does not explain it. One of the principal

reasons for the current lack of understanding of the periodic law boils down to

the absence of an ab initio derivation of the Madelung rule. Many claims for

a successful derivation have appeared in the scientific literature, but most have

been dismissed.

Another observation can be made on the basis of (0.1). The seven periods in

the periodic table give rise to the series of cardinalities (i.e. number of elements

per period): 2, 8, 8, 18, 18, 32, 32. The pairwise occurrence of every period

length (except for the very first period of dimension 2) is known as the period

doubling, and represents another characteristic feature of the periodic table that

is in desperate need of explanation.
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Given the large number of problems inherent in the quantum mechanical deriva-

tion of the Madelung rule, we have attempted to approach the problem from

a different angle. That is, in an effort to deepen our limited understanding of

the periodic law, we have studied the periodic system from a group-theoretical

point of view. Group theory, we recall, is a mathematical instrument to de-

scribe symmetries; it rationalizes observed degeneracies and patterns, and can

thus be used as a classificatory tool. Two major challenges lie ahead if we want

to rationalize the structure of the periodic system:

1. To reinterpret the Madelung rule in a group-theoretical way;

2. To provide a symmetry-based interpretation of the period doubling.

These then are the objectives of this PhD dissertation.

3 Working hypothesis

It should be emphasized from the very outset that a phenomenological approach

will be taken throughout this dissertation. That is to say, instead of attempting

a derivation of the (n + l, n) rule and the period doubling in an ab initio manner

by studying the symmetries contained in the quantum mechanical Hamiltonian

for many-electron systems, the Madelung order in eq. (0.1) and the resulting

series of period lengths will be taken as an empirical given — codifying the

structure of the periodic table and awaiting a group-theoretical description.

This boils down to the postulation of an overall symmetry group G and a chain

of subgroups G ⊃ G1 ⊃ G2 ⊃ . . . which can rationalize the Madelung rule and the

period doubling.

This approach might appear circular at first sight: after all, the output does

not seem any different from the input, and the question naturally arises as to

what could be the value of such an approach. Are we, in other words, not merely

translating the empirical chemical data into sophisticated mathematical terms?

We will argue on the contrary in this thesis. This standpoint can be defended

on the following grounds:

To start with, it should be stressed that within this approach the chemical

elements are treated as different states of a superparticle, in much the same way

as Heisenberg treated the proton and neutron as two states of the nucleon.

This is a defining characteristic of the phenomenological approach, from the

point of view of which the elements are no longer considered to be concrete,

physical particles. The traditional structural conception of an atom as consisting

of a central nucleus surrounded by a cloud of electrons is thus excluded from

our consideration. What is more, by stripping the atoms from their physical

content, the link with quantum mechanics is also entirely lost. What remains, is

an abstract ‘group-theoretical ’ atom which is represented by a basis vector living
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in an abstract Hilbert space. The main advantage of this group-theoretical

approach is that it enables us to circumvent (at least temporarily) the problems

encountered in quantum mechanics.

The above-mentioned approach has been referred to as the elementary parti-

cle approach (or EPA) since it bears a close resemblance to the course that was

taken in elementary particle physics in the 1960s. Physicists in those days were

baffled by the ever-growing particle zoo, and had no clue as to the possible sub-

structure of the hadrons. As their internal dynamics was shrouded in mist, most

physicists approached the problem from a group-theoretical point of view, by

studying the phenomenology of particle reactions (i.e. conservation laws, tran-

sition probabilities, reaction rates, etc.). This enabled Murray Gell-Mann

and Yuval Ne’eman to postulate a unitary symmetry, from the point of view

of which the hadrons could be grouped together in a number of multiplets as

states of some superparticle. The eight baryons p+, n0, Σ+, Σ0, Σ−, Λ0, Ξ+, Ξ−,

for instance, were conceived as eight different states of some ‘baryonic matter ’

which led to the name eightfold way for the classification schemes.

What is interesting is that this group-theoretical approach also led to the

discovery of the quark structure of the hadrons, which in a sense explained the

origin for the flavour symmetries exhibited in the eightfold way. All of this shed

new light on the internal hadron dynamics between the quarks and the gluons

under the influence of a strong interaction force. These new group-theoretical

insights thus set the scene for the development of quantum chromodynamics

(QCD), the first quantum mechanical theory to describe particle physics.

In exactly the same sense does the group-theoretical (phenomenological)

approach in this dissertation pave the way for a future direct atomic physics

approach (APA). That is, the results obtained in this study can be used in the

future to build an effective one-electron Hamiltonian to describe the screened

Coulomb potential in many-electron systems. By solving the corresponding

Schrödinger equation, it is expected that the Madelung number N = n + l will

be obtained as a new quantum number, thus accounting for the origin of the

Madelung (n + l, n) rule and the period doubling.

In short, the original phenomenological approach taken in this dissertation

only represents a first step towards a more explicative approach in terms of

quantum mechanics (see also figure 2).

4 Preliminary remarks

A lot of material will have to be covered before we can actually tackle the above

objectives with the help of group theory. We do not expect every reader to be

familiar with this branch of mathematics. A brief overview of the main group-

theoretical concepts has therefore been included in chapter 2. In the chapters
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Figure 2: Working hypothesis: The periodic system has its roots in the quantum

mechanics of many-electron systems. Yet, the overall structure of the periodic system

has never been ab initio explained by quantum mechanics. The work presented in this

dissertation is therefore carried out on a phenomenological level. Both the Madelung

order and the period doubling are directly observable in the periodic table, and are

taken as empirical input for a group-theoretical analysis in the elementary particle

approach (EPA). The results thus obtained can be reinterpreted in the future from a

direct atomic physics approach (APA). This, in turn, could serve as input for a possible

quantum mechanical derivation of the Madelung rule and the period doubling.

3–5 that follow, the symmetries of the hydrogen atom will be studied in great

detail. The reason for devoting so much space to the hydrogenic symmetries is

twofold: First, the hydrogen atom is one of the simplest quantum mechanical

systems and is therefore more easily amenable to a group-theoretical analysis

than the periodic system. Secondly, exactly the same symmetries seem to be

hidden in Mendeleev’s chart. The hydrogen atom thus provides an excellent

starting point for our group-theoretical study of the periodic table, which will

be undertaken in chapter 6.

A remark should also be made about the literature study, which has been

broken up in two parts. The first part comprises the entire first chapter and

focusses on the quantum mechanical description of the periodic system, high-

lighting the diverse problems with this approach. A group-theoretical approach

is proposed instead, but is only presented in the most general non-technical

terms. It is hoped that the mathematically less-inclined reader will benefit from
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Figure 3: ‘Where shall I begin, please

your Majesty?’ asked the White Rabbit.

‘Begin at the beginning,’ the King said

gravely, ‘and go on till you come to the

end: then stop.’

this discussion, and that a careful reading of this section will put the reader in

the right mindset to delve into the mathematical details of the chapters 2–6 to

follow. The second part of the literature study appears at the end of chapter 6,

as we felt it more natural to postpone the examination of the group-theoretical

literature until all symmetry groups have been carefully introduced.

The thesis in front of you comprises more than 350 pages. I understand that

reading it from cover to cover can be a daunting task. For the hasty reader, it is

hoped that the annotated chapter outline will serve as a helpful roadmap to this

thesis. A number of section titles in the main text have also been preceded by a

spade (♠) to indicate that they are optional and can be skipped without problem.

Finally, some lengthy derivations have been relegated to the appendices, with

starred equations in the main text referring to those appendices. The highly

enthusiastic reader, on the other hand, can follow the advice given to the White

Rabbit in figure 3.

Carrollian nonsense

Speaking of the White Rabbit, a little word of explanation might be in place

before we embark on our journey. The Rev. Charles Lutwidge Dodgson

(1832–1898) — better known by his pseudonym of Lewis Carroll — was a

celebrated Victorian author of literary nonsense who sparked the imagination of

countless children and adults with his books Alice’s Adventures in Wonderland
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and its 1872 sequel Through the Looking Glass.1

Most people tend to forget however that Dodgson was actually a respected

mathematician at Christ Church in Oxford. His books abound with mathe-

matical reflections on logic, geometry and symmetry, and have been thoroughly

plowed for metaphors by physicists and mathematicians alike.2 Many of the

characters from Alice’s adventures will be called to the scene in this thesis as

Carrollian metaphors for the various concepts that will be discussed. A large

number of pictures from Tenniel’s hand are thus scattered throughout the text,

and although they fail to add anything of scientific value to this dissertation,

“what is the use of a book,” thought Alice, “without pictures or conversations?”

We are running late however, and I believe it is time to chase Alice and the

White Rabbit down the rabbit hole into the Wonderland of higher dimensions

and hidden symmetries.

1See L. Carroll. Alice’s Adventures in Wonderland. London: Macmillan and Co., 1865, and

L. Carroll. Through the Looking-Glass, and What Alice Found There. London: Macmillan

and Co., 1872.
2See in particular M. Gardner. The Annotated Alice. New York: W. W. Nortan & Company,

2000.



xxxiv Preface



Chapter outline

This thesis is subdivided in 3 parts. The dissertation opens with a literature

study in the first part (chapter 1). In the second part (chapters 2–5), the

symmetries of the H atom are examined. The hidden symmetries of the periodic

table are finally introduced in the third part (chapter 6).

Part 1: Literature study

Chapter 1. A critical study of the current literature on the periodic table is

offered in this introductory chapter. The chemical aspects of the periodic table

are considered in §1.2. Special emphasis is laid however on the explanations

provided by the latest physical and mathematical research. A brief review of

the quantum mechanics of atomic systems appears in §1.3, and is followed in

§1.4 by a discussion of the periodic system’s overall structure from an atomic

physics point of view. Two crucially important features of the Mendeleev chart

are revealed in this way: 1. the Madelung (n + l, n) rule, and 2. the doubling

of the periods. Both concepts are discussed in §1.5, and it is argued that our

current lack of understanding of the periodic law finds its roots in the complete

absence of an ab initio derivation of the Madelung rule. Numerous quantum

mechanical interpretations of the (n + l, n) rule are passed in review in §1.6, but

all are found lacking in various aspects. A group-theoretical articulation of the

(n + l, n) rule is proposed instead in §1.7. A concise non-technical description

of this approach is outlined and its historical evolution is briefly sketched.

Part 2: The hydrogen atom

Chapter 2. In a first chapter on the H atom, a short overview is provided of the

group-theoretical tools needed to tackle symmetry in science. After introducing

the idea of a group in §2.2, the important role symmetry plays in quantum

mechanics is elucidated in §2.3. This paves the way to a treatment of Lie

groups and their corresponding Lie algebras in §2.4. The next section §2.5 delves

even deeper into the mathematics of Lie algebras, and develops the machinery

needed to deal with those symmetries by introducing the Cartan subalgebra and

xxxv
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associated Weyl diagrams of a Lie algebra. The angular momentum algebra is

reviewed and leads to a rationalization of the (2l + 1)-fold degeneracy of the

H atom. The chapter is concluded with an introduction of the three pillars of

group theory in §2.6.

Chapter 3. This chapter seeks further physical insight into the n2-degeneracy

of the H atom by examining the conditions and conserved properties that lead

to this ‘accidental ’ degeneracy. Starting from the classical Kepler problem in

§3.2, the Laplace-Runge-Lenz vector A is introduced as an additional constant

of the motion. Following Pauli, the angular momentum L and LRL vector A are

then written as quantum mechanical operators in §3.3, and their commutation

relations are studied. The SO(4) group is identified in this way as the broader

invariance group of the H atom. The Cartan-Weyl basis is constructed in §3.4

and the energy formula is determined. The origin of the accidental degeneracies

is further studied in §3.5 with the help of hodographs in momentum space which

are stereographically projected on a hypersphere.

Chapter 4. This chapter explores the SO(2,1) symmetry of the radial wave equa-

tion of the H atom which links all eigenstates with the same angular momentum

quantum number l, but different principal quantum number n. To that aim,

the concept of a noninvariance group and its associated spectrum-generating

algebra is first introduced in §4.1. The relation between the compact spherical

rotation group SO(3) and its non-compact brother SO(2,1) is then studied in

§4.2. A realization of the so(2,1) generators is given in terms of the radius r

and conjugate momentum pr in §4.3, and by a clever scaling transformation,

the radial Schrödinger equation is turned into an eigenvalue problem for one of

the so(2,1) generators. Based on this, the Bohr formula for the energy levels is

derived in a purely algebraic way.

Chapter 5. In the final chapter on the hydrogenic symmetries, the SO(4,2)

group is introduced as the 6-dimensional spectrum-generating noninvariance

group of the H atom. The construction of this symmetry group is pursued in

§5.1, along the lines set out by Barut. Weight and root diagrams for the baruton

of hydrogenic states are then presented in §5.2 and the Casimir invariants are

considered. The final section §5.3 is devoted to the moves of the ladder operators

in the hydrogenic basis.

Part 3: The periodic table

Chapter 6. The final chapter presents the main theoretical contribution of this

dissertation, and offers a novel group-theoretical articulation of the global group

structure of the periodic system. A brief overview of the methodological and

philosophical premises of this approach is provided in §6.2. The remainder of

this chapter attempts to offer an answer to the questions that were posed in
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the objectives of this dissertation. In §6.3 an analogy is drawn with the rules

of chess, and the hydrogenic symmetries are reconsidered in this light. This

also sets the scene for a treatment of the degeneracy structure of the left-step

periodic system. An explanation for the period doubling is proposed in terms of

a particular symmetry breaking of the SO(4,2) group, and in §6.4 the Madelung

rule is rationalized on the basis of a nonlinear so(4) Lie algebra which reflects

the screening of the Coulomb hole.

A continuation of the literature study is pursued in §6.5. Several authors

before us have attempted to provide a group-theoretical articulation of the pe-

riodic system. Various groups and chains of subgroups have been proposed to

that aim, and are critically reviewed in §6.1. Similarities, but especially differ-

ences, with our approach are indicated, and it is investigated to what extend

these previous studies account for the period doubling. It is argued that none of

these studies has yielded a satisfactory argumentation for the Madelung rule, in

contrast with the scheme proposed in this dissertation.

Summary and perspectives. The results obtained in the last chapter open numer-

ous new perspectives for a symmetry-based understanding of how the periodic

law emerges from its quantum mechanical foundations, and hold the future

promise of complementing our phenomenological approach by a direct atomic

physics approach. This is discussed in the summary and perspectives.
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2 Chapter 1. Literature study

1.1 Introduction

The periodic system represents a classification of the manifold C of chemi-

cal elements. It was proposed by the Russian chemist Dmitrii Ivanovich

Mendeleev (1834–1907) on the 17th of February 1869.1 In addition to bring-

ing order among the plethora of chemical and physical properties, the periodic

table encouraged discussion in atomic physics and helped forging the early the-

ories of quantum mechanics. Anno 2013, Mendeleev’s chart has been elevated

to a polychromatic icon emblematic of the successes of modern science.

And yet, during the ∼150 years that have elapsed since Mendeleev’s initial

proposition, the overall structure of the periodic table has never been derived

from first principles, nor has the origin of the periodic law been fully understood

from a quantum mechanical perspective. Active research continues to illuminate

important aspects of the periodicity phenomena, and makes this subject inter-

esting from both educational, theoretical, historical and philosophical points of

view. Yet, the great majority of chemists remains unaware of this progress, as

they are generally absorbed by their own research in some narrow (and often

highly specialized) subfield of chemistry.2

Chapter outline

The present literature study aims at providing a general overview of the cur-

rent state of our understanding of the periodic law. The chemical periodicity

phenomena which induced Mendeleev to construct his periodic table are intro-

duced in §1.2. The standard formats of the periodic system are discussed and the

problematic accommodation of certain elements is briefly touched upon. Spe-

cial emphasis will be laid however on the explanations provided by the latest

physical and mathematical research. A brief review of the quantum mechanics

of atomic systems appears in §1.3, and is followed in §1.4 by a discussion of the

periodic system’s overall structure from an atomic physics point of view.

Two crucially important features of the Mendeleev chart will be revealed in

this way: 1. the Madelung (n + l, n) rule, which is believed to rationalize the

orbital filling order in many-electron systems, and 2. the doubling of the periods

1D. I. Mendeleev. An Attempted System of the Elements Based on their Atomic Weights and

Chemical Analogies. L. 1869. See also D. I. Mendeleev. “On the Correlation Between the

Properties of the Elements and their Atomic Weights”. In: Zhurnal Russkogo Khimicheskogo

Obshchestva 1.2-3 (1869), pp. 35, 60–77; D. I. Mendeleev. “Versuch eines Systems der

Elemente nach ihren Atomgewichten und chemischen Funktionen”. In: Journal für praktische

Chemie 106 (1869), p. 251; D. I. Mendeleev. “Über die Beziehungen der Eigenschaften zu

den Atomgewichten der Elemente”. In: Zeitschrift für Chemie 5 (1869), pp. 405–406; D. I.

Mendeleev. “Die periodischen Gesetzmässigkeit der chemischen Elemente”. In: Annalen der

Chemie und Pharmacie 8 (Suppl.) (1871), pp. 133–229.
2V. N. Ostrovsky. “Physical Explanation of the Periodic Table”. In: Annals of the New York

Academy of Sciences 988 (2003), p. 183.
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which emerges as a natural consequence of the Madelung rule. Both concepts

are of such paramount importance to the periodic table, that an entire section

§1.5 will be devoted to their study. A modified format of the periodic system

with a distinctive stepped profile will also be proposed on their basis.

One of the principal reasons for the current lack of understanding of the

periodic law is the absence of an ab initio derivation of the Madelung rule.

Many claims for a successful derivation have appeared in the scientific literature,

but most have been dismissed. As a result, the (n + l, n) rule has fallen into

disrepute among many chemists and physicists alike. Its utility in describing

the electronic structure of neutral atoms has been called into question, and its

universal validity has been disputed. An overview of these main reproaches is

given in §1.6. It will be argued that the quantum mechanical interpretation of

the (n + l, n) rule is found lacking in many respects.

Instead, a group-theoretical articulation of the (n + l, n) rule will be proposed

in this dissertation. A concise and non-technical description of this approach

is provided in §1.7. Both the philosophical and methodological implications of

this approach are also discussed. This sets the scene for a detailed treatment of

the symmetries of the periodic table in the chapter 2–6 to follow.

A note on notes: footnotes are denoted by superscript Arabic numbers (1,2,3)
and contain elaborations on the subject matter, as well as references to the pri-

mary sources relevant for this dissertation; superscript Roman numbers (I, II, III)
refer to endnotes at the end of this chapter. These contain additional references

to the broader (scientific, historical and philosophical) literature on the periodic

table, but are of less importance to the research presented here.

The philosophy of the periodic system

The periodic table has proved ‘an excellent arena’ for discussion in the philoso-

phy of chemistry.3 The past few years have seen an upsurge of scholarly interest

in the philosophical implications of the periodic system. Topics of discussion

have included: the dual sense of the epistemological concept of a chemical el-

ement,I the reduction of chemistry (and the periodic system in particular) to

physics (or quantum mechanics),II the ontological nature of atomic orbitals,III

the relationship between chemistry and mathematics, the instrumentalism ver-

sus realism debate,IV and the question of the relative importance of predictions

versus accommodations.V These debates, as stressed by the late theoretical

physicist Valentin N. Ostrovsky (1945–2006), should be based on the re-

sults of modern research, and the advances of the last 30 years should not be

neglected.4 Hence, the importance of this current review.

3E. R. Scerri. Selected Papers on the Periodic Table by Eric Scerri. London: Imperial College

Press, 2009, p. 1.
4Ostrovsky, loc. cit.
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Limitations of the present review

Let us be clear from the outset what this literature study is not about:5

1. No historical account of the discovery of the periodic system will be pro-

vided. Excellent biographies have been written about Mendeleev’s life and

work,VI and the process of his discovery has been analyzed in meticulous

detail, as recounted in numerous books and papers.VII Neither will we study

the history of early quantum mechanics and the important contributions of

Niels Bohr (1885–1962) and other pioneers towards an understanding of

the electronic basis of the periodic law.

2. This study will focus mainly on the periodic system of neutral gas-phase

atoms in their ground state. Excited atomic states, as well as positive ionic

species, will only be considered in so far as they exhibit different periodicites

which form an interesting variation on the ‘standard’ periodic law (§1.6.2).

Other fermionic systems (e.g. nuclei, metallic clusters, and designer atoms)

are also known to display periodicity phenomena, but their properties are

beyond the scope of this review.

3. The classification of molecules will not be considered in this review.VIII Nei-

ther will we study issues of chemical bonding or pursue the question as to

what extend atoms are modified by chemical bonding in molecules.

4. Recent studies of the periodic table belonging to the emerging field of math-

ematical chemistry will not be reviewed, except for the group-theoretical

contributions. However fascinating, space constraints prevent us from dis-

cussing the various cluster analytic, chemometric, topological, information-

theoretical and statistical studies of the periodic system.IX

5. Finally, only the overall structure of the periodic table will be investigated.

The fine structure of the table, however interesting, will not be analyzed; that

is, the detailed properties and peculiarities of the elements will be left aside.

We will not consider the first period anomalies, d-block contraction, lan-

thanide contraction, actinide contraction, gadolinium break, tetrad effects,

diagonal relationships, Knight’s Move and inert-pair effects.X

1.2 Chemical periodicity

A two-step process is needed in order to build a periodic table from scratch.

First, all the elements have to be ordered according to increasing atomic number

5In making this selection, we have largely followed the restrictions made in V. N. Ostrovsky.

“The Periodic Table and Quantum Physics”. In: The Periodic Table: Into the 21st Century.

Ed. by D. H. Rouvray and R. B. King. Baldock, Hertfordshire: Research Studies Press Ltd.,

2004, pp. 331–370.
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Z. This primary classification results in a long horizontal sequence of elements,

and has been called the Mendeleev line.6 It will be noted that certain chemi-

cal and physical properties of the elements recur periodically (i.e. after regular

intervals). These periodicity phenomena are best exhibited by plotting some

chemical or physical property of the elements versus the ordinal (atomic) num-

ber Z. Typical examples include plots of the atomic radii, electronegativities or

first ionization energies of the atoms.

In a second step, termed the secondary classification, the Mendeleev line is

partitioned at certain well defined loci, and the resulting sections (i.e. periods)

are then placed underneath each other so that elements with similar properties

will fall into the same vertical columns, thus forming natural groups and rep-

resenting the periodic law graphically (figure 1.1). In that sense, the periodic

system of the elements could be said to embody the periodic law.

Quasi-periodicity and period lengths

The observed periodicity is of a quasi-periodic nature. Systems exhibiting math-

ematical (instead of chemical) periodicity are typically characterized by a single

period length.7 Mendeleev’s system, on the contrary, contains periods whose

length varies and increases along the table. The standard periodic table, for

instance, consists of seven periods with the following cardinalities (i.e. number

of elements within a period):

2 − 8 − 8 − 18 − 18 − 32 − 32. (1.1)

The set in (1.1) represents a crucial feature of the periodic system. Notice also

that all period lengths occur in pairs, except for the very first period of dimension

2. Other subdivisions of the Mendeleev line (i.e. secondary classifications) are

however possible, and these lead to different sets of period lengths. We will

come back to this in §1.5.

Short, medium-long and long form tables

In this thesis, a distinction will be made between three different formats of the

periodic table. The short form table, depicted in figure 1.1a, differs from the

conventional periodic table in the explicit link between the d-block elements

and the main block elements. In the standard medium-long form periodic table

(figure 1.1b), the d-block elements are separated from the p-block and s-block

elements, but the link is retained by keeping the roman numbering of the groups

(I–VIII) and adding the suffix A or B.

6H. A. Bent. New Ideas in Chemistry from Fresh Energy for the Periodic Law. Bloomington,

Indiana: AuthorHouse, 2006.
7Think of sinusoidal functions, a planet tracing out its orbit around the sun, the start of a new

day every 24 hours, or the return of the winter season every new year.
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(a) Short form periodic table
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(b) Medium-long form periodic table

Figure 1.1: Short form, medium-long form and long form depiction of the periodic

table. Notice that the periods in the short form table have been subdivided in a and

b series (the lanthanides and actinides are not included).

The close relationship between the monovalent alkaline metals (Li, Na, K, Rb,

Cs, Fr) and monovalent coinage metals (Cu, Ag, Au), for example — while ex-

plicit in the short form table — is implicitly retained in the medium-long form

table by placing the alkaline metals in group IA and the coinage metals in group

IB. The oxygen group (VIA) on the other hand is linked with chromium, molyb-
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denum and tungsten in group VIB. Note also that the Mendeleevian transition

metals (i.e. Fe, Co, Ni; Ru, Rh, Pd; and Os, Ir, Pt) are kept in one and the

same group (VIIIB) as is the case in the short form table. It is therefore an

unfortunate truth that the IUPAC (International Union for Pure and Applied

Chemistry) has recommended an alternative numbering system from 1 to 18

(figure 1.1b). Not only does one lose in this way the linkage between d-block

and main block elements, one also loses the association between the group num-

ber and the number of valence electrons of an element. Oxygen, for example,

has six electrons in its outer shell and belongs to group VIA; barium possesses

two valence electrons and has been accommodated in group IIA.

The f -block elements have been placed underneath the main body of the

medium-long form table. When this block is included in the main body, a

long form periodic table is obtained as depicted in figure 1.1c. Medium-long

form tables are however more commonly printed in textbooks because of their

convenient size.

Problematic accommodations

Countless different kinds of periodic tables are currently in circulation. Both

tabular formats, circular systems, complex spirals, zigzag curves, mighty pen-

dula, and numerous other three-dimensional representations of the periodic law

have been proposed by chemists from all over the world — thus literally creat-

ing a periodic table zoo. This fact should not be of any concern to the chemical

community as long as all these tables adhere to the same classification of the

elements — placing the chemical elements in exactly the same groups, and dif-

fering from each other only in their unique layout. Unfortunately, numerous

tables do differ in their elementary classification. This reflects the fact that

chemists are still pondering over the proper accommodation of about 40 ele-

ments (i.e. approximately 34% of all chemical elements) in the periodic table —

placing them in a plethora of different groups.

The position of hydrogen for example — the lightest and most abundant

of all elements — has troubled the chemical community since Mendeleev’s first

periodic table of 1869, and has resulted in at least five different placements.8

In 1870, Mendeleev decided to put hydrogen above the alkali metals in group

IA — a placement which has remained very popular up until now.9 Other

8See for example B. Brauner. “On the Place of Hydrogen in the Periodic System”. In: Chemical

News 84 (1901), pp. 233–234
9D. I. Mendeleev. “Über das natürliche System der Elemente und seine Anwendung zum Er-

mitteln der Eigenschaften unentdeckter Elemente”. In: Berichte der Deutschen chemischen

Gesellschaft 3 (1870), pp. 990–991. Translated from the Russian: D. I. Mendeleev. “Concern-

ing the Natural System of the Elements and Its Application in Determining the Properties of

Undiscovered Elements”. In: Zhurnal Russkogo Khimicheskogo Obshchestva 3 (1871), pp. 7,

25–56. See also E. R. Scerri. “The Placement of Hydrogen in the Periodic Table”. In: Chem-
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chemists, such as Bayley in 1882 and Thomsen in 1895, isolated hydrogen

from the other elements by placing it in a unique position, centrally above

the main body of the periodic table.10 Sometimes, hydrogen was sited im-

mediately above the halogens in group VIIA,11 and less often directly above

carbon.12 Sanderson finally preferred a periodic table with hydrogen directly

above and straddling boron and carbon. Still others, such as the inorganic

chemist Michael Laing, duplicated hydrogen’s position in order to maximize

the obtainable information.13 As Marshall Cronyn disappointedly observed,

“the search for an appropriate chemical family for hydrogen seems to have been

abandoned altogether.”14

Helium poses just as large a problem as does hydrogen. Most chemists

tend to prefer the placement of helium in group 0 (VIIIA) of the periodic ta-

ble.15 Physicists, on the other hand, have often positioned this noble gas above

beryllium in group IIA.16 According to Fathi Habashi, aluminium has been

misplaced in the periodic table for more than one hundred years as well.17 He

thus transfers aluminium from its familiar place below boron to a new position

directly above scandium.

The accommodation of the lanthanides and actinides has been the subject

of doubt and confusion as well, and will be discussed in more detail in section

§1.5.18 Proposals have been made for squeezing all the lanthanide and actinide

istry International 26.3 (2004), pp. 21–22.
10T. Bayley. “On the Connection between the atomic weights and the chemical and physi-

cal properties of elements”. In: The London, Edinburgh, and Dublin Philosophical Magazine

and Journal of Science 13 (1882), pp. 26–37; J. Thomsen. “Systematische gruppierung der

chemischen elemente”. In: Zeitschrift für anorganische Chemie 9 (1895), pp. 190–193. See

also H. Kaesz and P. Atkins. “A Central Position for Hydrogen in the Periodic Table”. In:

Chemistry International 25.6 (2003), p. 14.
11L. J. Sacks. “Concerning the Position of Hydrogen in the Periodic Table”. In: Foundations

of Chemistry 8.1 (2006), pp. 31–35.
12See for example M. W. Cronyn. “The Proper Place for Hydrogen in the Periodic Table”. In:

Journal of Chemical Education 80.8 (2003), pp. 947–951.
13M. Laing. “Where to Put Hydrogen in a Periodic Table?” In: Foundations of Chemistry 9.2

(2007), pp. 127–137.
14Cronyn, op. cit., p. 947.
15See for example W. Preyer. “Argon und Helium im System der Elemente”. In: Berichte der

Deutschen chemischen Gesellschaft 29 (1896), pp. 1040–1041; W. Crookes. “On the Position

of Helium, Argon, and Krypton in the Scheme of Elements”. In: Proceedings of the Royal

Society of London 63 (1898), pp. 408–411; B. Brauner. “Ueber die Gase des Argon-Helium

Typus und das periodische System”. In: Berichte der Deutschen chemischen Gesellschaft 32

(1899), pp. 708–712.
16See for example O. Novaro. “On the Rightful Place for He within the Periodic Table”. In:

Foundations of Chemistry 10.1 (2008), pp. 3–12.
17F. Habashi. “Aluminium and its Position in the Periodic Table”. In: Chemistry Education

October-December (1994), pp. 18–24; F. Habashi. “Metals: Typical and Less Typical, Tran-

sition and Inner Transition”. In: Foundations of Chemistry (2009), pp. 1–9.
18W. B. Jensen. “The Positions of Lanthanum (Actinium) and Lutetium (Lawrencium) in the

Periodic Table”. In: Journal of Chemical Education 59.8 (1982), pp. 634–636; F. Habashi.
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elements in two pigeonholes underneath scandium and yttrium in group IIIB.

Others have reserved these cases for lanthanum and actinium, or lutetium and

lawrencium — banishing the remaining elements in a stepmotherly fashion from

the main body of the table into a mere footnote at the periphery of Mendeleev’s

system — thus creating a distant and seldom visited island of fourteen misfits.

Chemists wonder, in other words, how one should draw the lanthanide and

actinide boundaries. They do not know where these groups start and end.

Similar problems have cropped up in the discussions about the placement

of zinc, cadmium and mercury as well.19 Most chemists consider these met-

als as transition block elements, but some tend to classify them as main block

elements. Finally, due to both direct and indirect relativistic effects, the chem-

ical and physical properties of the transactinides have turned out to be quite

different from what was expected from their position in the periodic table.

The ambiguity that currently exists in accommodating the abovementioned

elements naturally results in a variety of different periodic tables. A solution to

this conundrum will be offered in §1.5. But for this, we first need to acquaint

ourselves with the quantum mechanical basis of the periodic table.

1.3 Quantum mechanics of atomic systems

With the advent of quantum mechanics at the beginning of the 20th century,

the aforementioned periodicity phenomena received a quantum mechanical un-

derpinning. Historically, the first pioneering work in this direction was pursued

by Niels Bohr. As early as 1913, Bohr used the old quantum theory to pro-

vide a theoretical explanation for the periodicity phenomena on the basis of the

electronic configurations of atoms. Most of his theoretical findings have now

entered mainstream textbook knowledge. However, on a deeper level, many

characterstic features of the periodic system are still in need of explanation.

The goal of this section is to provide a brief summary of the (non-relativistic)

quantum mechanics of atomic systems. We will build up the complexity by

starting with a consideration of the hydrogen atom in §1.3.1. This is one of the

simplest systems in quantum mechanics and sets the scene for a treatment of

“The Rare Earth Metals and Their Position in the Periodic Table”. In: International Sym-

posium on Processing of Rare Metals. Ed. by Zensaku Kouzuka et al. Japan, 1990, pp. 47–

52; M. Laing. “A New Place in the Periodic Table for the Lanthanides”. In: South African

Journal of Science 100 (2004), pp. 198–204; M. Laing. “A Revised Periodic Table: With

the Lanthanides Repositioned”. In: Foundations of Chemistry 7.3 (2005), pp. 203–233; N. B.

Mikheev, S. A. Kulyukhin, and I. V. Melikhov. “Lanthanides and Actinides among Other

Groups of Elements of the Periodic Table”. In: Radiochemistry 49.5 (2007), pp. 449–463.
19See for example W. B. Jensen. “The Place of Zinc, Cadmium, and Mercury in the Periodic

Table”. In: Journal of Chemical Education 80.8 (2003), pp. 952–961; W. B. Jensen. “Is Mer-

cury Now a Transition Element?” In: Journal of Chemical Education 85.9 (2008), pp. 1182–

1183.
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many-electron systems in §1.3.2, which in turn, provides the neccessary back-

ground to tackle the periodic table in §1.4.

1.3.1 The hydrogen atom

Since Schrödinger, the standard way to solve the problem of the hydrogen

atom has been by brute calculation and explicit separation of the variables in

the governing Schrödinger equation:

Ĥ ∣nlm⟩ = (− h̵
2

2m
∇2 − Ze

2

r
) ∣nlm⟩ = En ∣nlm⟩ . (1.2)

This equation is quite involved, but fortunately in the preceding era the French

mathematicians Laplace (1749–1827), Legendre (1752–1833) and Laguerre

(1834–1886) had provided all the analytical tools required to solve the eigenvalue

problem for the bound states.

A quartet of quantum numbers

The corresponding eigenstates of the Hamiltonian, denoted by the ket ∣nlm⟩,
are uniquely characterized by the quantum numbers n, l, and ml; the principal

quantum number n refers to the energy level, and l and ml are the spherical

symmetry labels due to the rotational SO(3) group (cf. chapter 2).20 The orbital

angular momentum quantum number l is a measure for the magnitude of the

orbital angular momentum L:

L =
√
l (l + 1)h̵. (1.3)

In a shell of principle quantum number n, l can take on values from zero to a

maximum value which is n−1 in integer steps. There are, as a result, n different

values of l for a given value of n:

l = 0, 1, 2, 3, . . . , n − 1.

s, p, d, f, . . .
(1.4)

States with different values of l are distinguished by the lowercase Latin letters s,

p, d and f , as outlined above; a state with n = 3 and l = 1, for example, is denoted

as 3p. The orbital angular momentum of an electron is further complicated by

the fact that it is a vector (instead of a scalar) and it can therefore point in

some direction in space. In quantum mechanics, the orientation of the orbital

angular momentum vector around an arbitrary axis (e.g. the z–axis) is quantized

as well. So, for any value of l, the measured value of the angular momentum

along the chosen axis (e.g. the z–direction) is given by:

Lz =mlh̵, (1.5)

20The principal quantum number n is defined as the sum n ≡ nr + l + 1, with nr the radial

quantum number (cf. chapter 4).
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Figure 1.2: Energy

level diagram for

atomic hydrogen. The

n = 1 state is referred

to as the ground state,

while the higher states

(n = 2 → 7) are known

as excited states.
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where ml is called the magnetic quantum number, which can take on 2l + 1

different values, ranging from −l to +l in integer steps:

ml = −l, −l + 1, −l + 2, . . . , l − 2, l − 1, l. (1.6)

Finally, of quintessential importance, the electron itself has an internal (intrin-

sic) angular momentum, called spin, which is simply a part of the electron.

According to quantum mechanics, an electron can have either of two states,

spin up or spin down, represented by the arrows ↑ and ↓ or the Greek letters α

and β. These two spin states are distinguished by a fourth quantum number, the

spin magnetic quantum number ms, as first introduced by Wolfgang Pauli

(1900–1958). This quantum number can have only two values: +1/2 indicates

an ↑ electron and −1/2 indicates a ↓ electron.

‘Accidental’ degeneracies and the Fock (n) rule

The corresponding energy eigenvalue of the hydrogen system is quantized with

En = −
mZ2e4

8h2ε02n2
for n = 1, 2, 3, 4, . . . , (1.7)

with m the reduced mass, Z the atomic number (Z = 1 for hydrogen), e the unit

of electric charge, h Planck’s constant (the logo of quantum mechanics), and ε0

the vacuum permitivity. It is at once evident that this spectrum is many-fold

degenerate in l and ml, dependent only on the quantum number n (figure 1.2).

The total degeneracy (or multiplicity) for the principal quantum number n is
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equal to n2, according to:

n−1

∑
l=0

(2l + 1) = (0 + (n − 1))n +
n−1

∑
l=0

1 = (n − 1)n + n = n2. (1.8)

Although the Schrödinger equation can be solved exactly for the hydrogen atom,

the traditional derivation offers no insight as to the origin of this n2-fold de-

generacy. In chapter 3, we will seek further physical insight into this important

system by examining the conditions and conserved properties that lead to this

remarkable degeneracy. For the moment, we will limit ourselves by observing

that the energy rule in (1.7) gives rise to the following orbital sequence for the

hydrogen atom:

n=1
¬
{1s}
²
dim=2

≪
n=2

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{2s = 2p}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=8

≪
n=3

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{3s = 3p = 3d}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=18

≪
n=4

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{4s = 4p = 4d = 4f}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=32

≪ . . . . (1.9)

We can summarize this sequence of levels of increasing energy by the simple

Fock (n) rule:

Definition 1.1. (The Fock (n) rule): With increasing nuclear charge Z, the nl

orbitals are filled in order of increasing n. ◾

1.3.2 Many-electron systems

The quantum-mechanical description of a multi-electron atom (with atomic

number Z) is compounded by the inception of nuclear shielding effects and in-

terelectronic interactions which dramatically change the hydrogenic order (1.9)

of nl orbitals.21 These factors moreover render the exact analytical solution of

the Schrödinger equation

Ĥ Ψ (r1, r2, . . . , rZ) = EΨ (r1, r2, . . . , rZ) , (1.10)

with

Ĥ = −
Z

∑
i=1

h̵2

2m
∇2
i −

Z

∑
i=1

Ze2

ri
+
Z

∑
i=1

Z

∑
j>i

e2

rij
, (1.11)

impossible and force the theoretical chemist to rely on approximate methods.

The first term in (1.11) contains the kinetic energies for the Z electrons; the

second sum is the potential energy for the attractions of each electron towards

the nucleus of charge Ze; and the last term gives the potential energy of the

electronic repulsions. Notice that an infinitely heavy point nucleus was assumed.

21For a hydrogenic system (H, He+, Li++, etc.), the energy is independent of l so that levels with

larger values of n invariably have higher energies. For many-electron systems, on the other

hand, the energy is dependent on both n and l, and a level with n = 4 and l = 0 (i.e. 4s-orbital),

for example, can lie below the level with n = 3 and l = 2 (i.e. 3d-orbital). See §1.4.
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The orbital approximation

Within the hydrogenic limit (or single-particle approach), the Z electrons are

assumed to behave independently of one another by suppressing the interelec-

tronic repulsion term in (1.11):

Ĥ =
Z

∑
i=1

(− h̵
2

2m
∇2
i −

Ze2

ri
) =

Z

∑
i=1

Ĥi. (1.12)

The total wavefunction Ψ can then be treated as a product of Z one-electron

wavefunctions ψi (orbitals):22

Ψ (r1, r2, . . . , rZ) = ψ1 (r1)ψ2 (r2) . . . ψZ (rZ) =
Z

∏
i=1

ψi (ri), (1.13)

where each electron e− is in one of the states ψi; one says that each electron ‘oc-

cupies’ one of the hydrogenic orbitals ψi. As Ostrovsky noted, “mathematically,

this is a drastic simplification.”23

The self-consistent field approximation

Since each electron moves in the average, self-consistent field created by the

other electrons and the atomic nucleus, it is actually subject to an effective

one-electron potential Veff (ri). On account of the spherical symmetry of this

potential, this approach is also known as the central field approximation. To each

orbital ψi then corresponds a particular energy value, denoted εnl, according to

the analytically solvable time-independent Schrödinger equation for one-electron

systems:24

Ĥiψi (ri) = [− h̵
2

2m
∇2
i + Veff (ri)]ψi (ri) = εnlψi (ri) . (1.14)

We note that a screening function ζ (ri) can be defined which explicitly accounts

for the screening of the nuclear Coulomb potential −Ze2
ri

by writing Veff in the

form:

Veff (ri) = −ζ (ri)
Ze2

ri
. (1.15)

Following Bohr’s Aufbauprinzip (or building-up principle), an atom of atomic

number Z is considered to be the end result of a process of adding Z electrons

in succession to the bare atomic nucleus. During this building-up process, the

electrons tend to occupy the one-electron levels ψi of lowest energy εnl first.

As the number of electrons per orbital is limited by Pauli’s exclusion principle,

more and more spin orbitals are progressively occupied with increasing atomic

22The total wavefunction Ψ is also called the Hartree wave function.
23V. N. Ostrovsky. “What and How Physics Contributes to Understanding the Periodic Law”.

In: Foundations of Chemistry 3.2 (2001), p. 151.
24The atomic energy levels εnl are also referred to as the spectral terms of the atom.
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number Z.25 The order in which these orbitals are sequentially occupied is

known as Bohr’s Aufbau scheme, and the final orbital occupation is referred to

as the atom’s electronic ground state configuration.

The Hartree-Fock approximation

One of the most exact and fundamental schemes, used in computational chem-

istry to deal with many-electron systems, is the Hartree-Fock (HF) approxima-

tion (or central-field approximation). The importance of this method is reflected

by the fact that is often used as a first approximation for quantitatively more

correct methods — methods which take electron correlation effects into account

for example (e.g. configuration mixing or density functional theory).26 It will be

argued however that the HF method is in many ways too advanced a method for

tackling the overall properties of the periodic system (cf. §1.4.1). In the words of

Richard Latter, “the numerical complexity of the Hartree and Hatree-Fock

methods makes it difficult to obtain an overall picture of atomic behaviour.”27

The Thomas-Fermi approximation

A cruder approximation is provided by the Thomas-Fermi (TF) statistical model

of the atom, which assumes the electron to behave as a free electron gas obeying

Fermi-Dirac statistics. To proceed along the lines described above, it is essential

to obtain a mathematical expression for Veff (or the screening function ζ) based

on a particular theory of the atom. To this end, TF provides a particularly

simple and semiclassical framework for the derivation of the explicit form of ζ.

This has been pursued by Latter, Klechkovskii, Wong, and Essén.28 The

value of this approach will be briefly considered in §1.5.5.

25We remind the reader that the Pauli exclusion principle follows from the indistinguishability

of the electrons (or fermions in general): that is, the act of exchanging two electrons should

remain hidden from direct observation. A more accurate statement of the Pauli principle

therefore enounces that the wavefunction Ψ should be antisymmetrized under the permutation

of electrons. The electrons consequently lose their individuality, and the quantum numbers n,

l, ml and ms no longer ‘belong’ to any individual electron, but label the one-electron orbitals

ψi instead. Ostrovsky thus stressed that “using atomic configurations does not mean that an

orbital, or set of quantum numbers are ascribed to any particular electron.” See Ostrovsky,

loc. cit.
26In those cases, the wave function Ψ is written as an infinite sum over different configurations.

However, usually one term in the sum predominates. For this reason, none of these methods

will be reviewed in this study. The same applies to relativistic effects.
27R. Latter. “Atomic Energy Levels for the Thomas-Fermi and Thomas-Fermi-Dirac Poten-

tial”. In: Physical Review 99.2 (1955). L, p. 510.
28Latter, op. cit.; V. M. Klechkovskii. In: Soviet Physics - Journal of Experimental and The-

oretical Physics 14 (1962), pp. 334–335; D. P. Wong. “Theoretical Justification of Madelung’s

Rule”. In: Journal of Chemical Education 56.11 (1979), pp. 714–717; Hanno Essén. “Periodic

table of the elements and the Thomas–Fermi atom”. In: International Journal of Quantum

Chemistry 21.4 (1982), pp. 717–726.
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1.4 Quantum mechanics of the periodic system

Having briefly reviewed the quantum mechanics of atomic systems in §1.3, all

ingredients are in place for a quantum mechanical description of the periodic

system. This description, we repeat, is based on the following three principles:

1. The quantum numbers n and l: Many-electron atoms are characterized by

a set of principal and orbital quantum numbers {n, l} that label occupied

one-electron wavefunctions (orbitals).

2. The Pauli exclusion principle: No two electrons can share the same set of

four quantum numbers n, l, ml and ms. Each orbital can accommodate at

most two electrons, which differ in their spin projection ms = ± 1
2
; that is, one

with spin up, the other with spin down.

3. The Aufbau principle: One-electron wavefunctions are sequentially filled with

electrons in order of increasing energy.

Based on 1–3, the ground state configurations of the elements can be determined,

and a periodic table can be constructed where elements with the same electronic

valence shell configuration are grouped together into the same column. The

periodic system thus reflects the order of filling the electron nl (sub)shells.

1.4.1 A philosophy of approximations

The ground state configuration of each element is dependent upon the nature of

the Aufbau scheme, whose outline is given by the energetic distribution of the

one-electron levels within a neutral atom. This energetic order is determined

by the form of the atomic potential Veff in (1.14). A variety of periodic tables

with radically different periodicity patterns (i.e. set of period lengths) can thus

be obtained, depending on the exact form of the potential Veff.29

The search for an effective potential Veff that rationalizes the structure of

the standard periodic table has posed severe challenges to quantum chemists.

Both the Hartree-Fock and Thomas-Fermi methods, described in the preceding

section, are in many ways too sophisticated to account for the overall properties

of the periodic system. In Ostrovsky’s opinion, the Hartree-Fock approximation

“presents ‘magnifying glasses’ that are too strong to treat the overall structure

of the periodic table.”30 Admittedly, the HF method can partly account for

the quasi-periodic variation of certain atomic properties (such as the ioniza-

tion potential) with increasing Z, but these results are obtained from “piece-

wise calculations for individual atoms.”31 This is undoubtedly an outstanding

29Ostrovsky, op. cit., p. 154 and Ostrovsky, “Physical Explanation of the Periodic Table”,

p. 186
30V. N. Ostrovsky. “On Recent Discussion Concerning Quantum Justification of the Periodic

Table of the Elements”. In: Foundations of Chemistry 7.3 (2005), p. 237.
31Ibid., p. 236.
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achievement, but it should be emphasized that the successful reproduction of

empirically obtained plots, such as I (Z), by brute force numerical calculations

does not necessarily mean that physicists have provided an explanation for the

periodicity phenomena. In our opinion, these computational results merely re-

confirm the validity and power of quantum mechanics.

Ostrovsky, in particular, has emphasized this point of view on numerous

occasions, arguing that some sort of complementary relation seems to exist

between numerical accuracy on the one hand and physical explanation on the

other.32 The periodic law is certainly too complicated to be subjected to far-

fetched quantitative analyses. As our aim is to provide an explanation of the

broadest and most general trends of the periodic system, we will be forced to

rely on certain approximations. This necessarily happens at the expense of

numerical precision and quantitative agreement, but as Ostrovsky convincingly

argued: “refusing to accept approximations may hopelessly destroy the entire

explanatory framework.”

So in order to arrive at an insightful explanation for the oddly shaped peri-

odic chart, it will be important to keep the subject matter simple enough. In the

following sections, three effective one-electron potentials Veff of increasing com-

plexity will be reviewed, and it will be ascertained whether the corresponding

Aufbau schemes (or energy ordering rules) are capable of yielding the correct

sequence of energy levels to account for the structure of the periodic system.

1.4.2 The Fock (n) rule

Many chemists intuitively assume Veff (r) to be described by the pure hydrogenic

Coulomb potential −Ze
r

. This yields the Aufbau scheme (1.9) as described by

the Fock (n) rule (definition 1.1).

Based on this scheme and the rules 1–3, the electron in atomic hydrogen (H,

Z = 1) goes to the 1s-orbital with n = 1, l = 0, ml = 0, and ms = +1/2. Its ground

state configuration is therefore 1s1. Moving on to helium (He, Z = 2), a second

electron with opposite spin (i.e. ms = −1/2) is added to the 1s-orbital, yielding

the electron configuration 1s2. This exhausts all the possibilities for the n = 1

state, and results in a closed shell (a shell with its full complement of electrons),

denoted [He] when it occurs as a core in other atoms.

Next comes lithium (Li, Z = 3) which has three electrons; after the first

two huddle in the n = 1 state, the third electron must go into the n = 2 state.

But here, a problem arises! According to the Aufbau scheme (1.9), both the

32See, in particular, V. N. Ostrovsky. “Towards a Philosophy of Approximations in the ’Exact’

Sciences”. In: HYLE 11.2 (2005), pp. 101–126. See also Ostrovsky, “What and How Physics

Contributes to Understanding the Periodic Law”, pp. 147-150, Ostrovsky, “Physical Expla-

nation of the Periodic Table”, p. 184 and Ostrovsky, “The Periodic Table and Quantum

Physics”, pp. 333-334.
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2s-orbital and the three 2p-orbitals have the same energy; so the question arises

whether the third electron should occupy a 2s-orbital or one of the three 2p-

orbitals?!

1.4.3 The hydrogenic (n, l) rule

The Fock (n) rule fails to account for the ground state electronic configurations

of the elements because it completely ignores the presence of other electrons

which typically screen the nuclear charge. In a first, crude approximation, one

therefore assumes the Coulomb potential to be slightly distorted ; that is, one

postulates that Veff corresponds to a weakly perturbed Coulomb potential. Let

us see how far this assumption can lead us in the next few sections.

Screening effects

The energy with which an electron is held in a hydrogenic atom is proportional

to Z2/n2:

En = −
mZ2e4

8h2ε0
2n2

for n = 1, 2, 3, 4, . . . . (1.16)

Formula (1.16) is instrumental in calculating the n-th ionization energy In(X) of

a many-electron atom X in the gaseous phase.33 Admittedly, such calculations

only yield approximate values for In. Table 1.1, for instance, illustrates that the

experimentally observed ionization energies are always less than the theoretically

deduced values.

This discrepancy can be explained by the fact that in many-electron systems,

the presence of the other electrons causes the atomic nucleus to be screened.

Each electron therefore experiences an effective nuclear charge,34 denoted Zeff,

which is smaller than the actual nuclear charge Z by a factor σ according to

Zeff = Z − σ ≤ Z, (1.17)

33For the ground state configuration of the hydrogen atom (Z = 1), for instance, the electron is

located in the 1s-orbital (n = 1), with an energy of E1 = −13.6 eV, thus yielding an ionization

energy of I1(H) = 13.6 eV. This value is remarkably close to the experimentally obtained

ionization energy of hydrogen I1(H) = 13.59844 eV (see also table 1.1). Similar calculations

can be performed on the other elements. Helium (Z = 2) and lithium (Z = 3), for example,

have their outermost valence electron located in the 1s- and 2s-orbital respectively, which

yields the following ionization energies:

I1(He) = 4

1
I1(H) = 54.4 eV;

I1(Li) = 9

4
I1(H) = 30.6 eV.

34The effective nuclear charge is also called the core charge or kernel charge; the kernel being

defined as the ensemble of the nucleus with the shielding electrons.
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Table 1.1: Calculated and observed ionization energies for the first five elements:

hydrogen (Z = 1), helium (Z = 2), lithium (Z = 3), beryllium (Z = 4) and boron

(Z = 5). The discrepancy between the observed and calculated values is due to a

screening of the nuclear charge by the other electrons. The effective nuclear charge

Zeff and shielding constant σ are listed for the outermost valence electron.

I1 I2 I3 I4 I5 Zeff σ

H calc. 13.6 eV — — — — 1.00 0.00

obs. 13.6 eV — — — — 1.00 0.00

He calc. 54.4 eV 54.4 eV — — — 2.00 0.00

obs. 24.6 eV 54.4 eV — — — 1.34 0.66

Li calc. 30.6 eV 122.4 eV 122.4 eV — — 3.00 0.00

obs. 5.39 eV 75.6 eV 122.5 eV — — 1.26 1.74

Be calc. 54.4 eV 54.4 eV 217.6 eV 217.6 eV — 4.00 0.00

obs. 9.32 eV 18.2 eV 153.9 eV 217.7 eV — 1.65 2.35

B calc. 85.0 eV 85.0 eV 85.0 eV 340.0 eV 340.0 eV 5.00 0.00

obs. 8.30 eV 25.2 eV 37.9 eV 259.4 eV 340.2 eV 1.56 3.44

with σ the shielding or screening constant (see also table 1.1). The nuclear

charge, as felt by the valence electrons of He, Li and Be, for instance, gets re-

duced from 2, 3 and 4 to 1.34, 1.26 and 1.65. From this point of view, the

shielding constant stands for the average number of electrons between the nu-

cleus and the electron in question.35

The orbital penetration effect

Let us briefly consider the case of the lithium atom (Z = 3) with which we

ended the last section and whose ground-state configuration is known to be

1s22s1. Figure 1.3 exhibits the radial probability distribution for various hydro-

genic atomic orbitals. It follows from this graph that the electron density of the

2s valence electron is predominantly situated outside the 1s-orbital. This sug-

gests that the +3 nuclear charge of lithium will be screened by two 1s-electrons,

yielding a Zeff of +1.36 The reason why Zeff(Li) = 1.26 rather than 1.00 (cf. ta-

35Values of the shielding constant can be determined via the semi-empirical Slater rules or

via quantum mechanical calculations. See J. C. Slater. “Atomic Shielding Constants”. In:

Physical Review 36.1 (1930), pp. 57–64 and E. Clementi and D. L. Raimondi. “Atomic

Screening Constants from SCF Functions”. In: The Journal of Chemical Physics 38.11 (1963),

pp. 2686–2689 as well as E. Clementi, D. L. Raimondi, and W. P. Reinhardt. “Atomic

Screening Constants from SCF Functions. II. Atoms with 37 to 86 Electrons”. In: The Journal

of Chemical Physics 47.4 (1967), pp. 1300–1307.
36In electrostatics, Gauss’s law shows that for a point outside a charged sphere, the entire

electrical charge can be treated as a point charge situated at the origin of the sphere.
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Figure 1.3: Radial probability distribution for various hydrogenic atomic orbitals.

The radial probability 4πr2R2
n,l has been plotted in function of the radial distance r

from the nucleus in a.u.

ble 1.1) is due to another (smaller) bump in the radial probability plot of the

2s-orbital, whose peak coincides with the maximum of the 1s-curve (see figure

1.3). This implies that the 2s-electron slightly penetrates the 1s-orbital, causing

its effective nuclear charge to increase a little.

This penetrating power P of an orbital is dependent on the orbital quantum

number l — a phenomenon referred to as the orbital penetration effect. The

penetrating power is greatest for an s-orbital (l = 0) and decreases with increas-

ing l: Ps > Pp > Pd > Pf . Due to this variation in penetrating power, electrons

with different l-values will also experience different shieldings. An electron in

an s-orbital, for example, is less effectively screened by the electrons in the

other orbitals, and experiences a larger effective nuclear charge because of its

highly penetrating power. This also means, conversely, that an s-electron will

have greater shielding power than electrons in a p-, d- or f -orbital of the same

n-shell. As a general rule, the shielding constant σ increases with increasing l

(σs < σp < σd < σf ), and Zeff decreases with increasing l according to (1.17).
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The hydrogenic (n, l) rule

As a consequence of the above mentioned screening effects, the degeneracy in

the orbital quantum number l will be lifted for orbitals in multi-electron atoms,

and as a general rule εs < εp < εd < εf within an n-shell. This leads to an

important modification of the (Fock) orbital sequence in (1.9):

n=1
¬
{1s}
²
dim=2

≪
n=2

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{2s < 2p}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=8

≪
n=3

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{3s < 3p < 3d}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=18

≪
n=4

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{4s < 4p < 4d < 4f}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=32

≪ . . . , (1.18)

which can be summarized by the hydrogenic (n, l) rule:

Definition 1.2. (The hydrogenic (n, l) rule): With increasing nuclear charge

Z, the orbitals are filled in order of increasing n; and for fixed n, the orbitals

are filled according to increasing l. ◾

The first part of this rule corresponds to the Fock (n) rule for a pure unscreened

Coulomb field, whereas the second part accounts for the screening effects which

lift the degeneracy over l. The orbitals in (1.18) have been grouped according

to the same value of n. Taking into account the possible values for the magnetic

and spin magnetic quantum numbers ml and ms then leads to the following

series of dimensionalities for the above sequence:

2 − 8 − 18 − 32 − 50 − . . . , (1.19)

as summarized by the Stoner formula 2n2.

According to the Aufbau scheme (1.18), the 2s-orbital is lying lower in en-

ergy than the 2p-orbital, which accounts for the [He] 2s1 configuration of lithium

(Li, Z = 3). As a matter of fact, the (n, l) rule correctly describes the electronic

configurations of the first 18 elements (H → Ar). It radically fails to account

however for the ground state configurations of the elements with Z ≥ 19. For ex-

ample, based on the energy sequence in (1.18), one would expect the electronic

configuration of potassium (K, Z = 19) to be [Ne] 3s23p63d1, whereas spectro-

scopic research has revealed its configuration to be [Ne] 3s23p64s1! Clearly then,

the (n, l) rule “generates an incorrect periodicity pattern [for neutral atoms]”

and another filling rule will have to be invoked.37

1.4.4 The Madelung (n + l, n) rule

The reason behind the total breakdown of the (n, l) rule after Z = 18 lies in

the erroneous assumption that with the potential deepening at intermediate

and small r, the corresponding lowering of the nl energy levels remains small

enough so as not to affect the major n-grouping.38 That is, while the typical

37Ostrovsky, “What and How Physics Contributes to Understanding the Periodic Law”, p. 186.
38Ostrovsky, “The Periodic Table and Quantum Physics”, pp. 344-345.
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order of energies εns < εnp < εnd < εnf within an n-shell can be rationalized by

assuming Veff to be a weakly perturbed Coulomb potential, this simple (quali-

tative) picture falls short in yielding an explanation for the fact that ε4s < ε3d

for instance.

In reality, the effective one-electron potential Veff for neutral atoms is seen

to deviate so strongly from the pure Coulomb potential −Ze
r

, that it would be

better to describe it by a new (non-Coulomb) potential altogether. As a result,

a dramatic re-arrangement of the nl levels is effected with substantial overlap

between levels of different n (thus explaining ε4s < ε3d for instance). Despite

this fact, “a new type of regularity emerges in the form of the Madelung rule.”39

Definition 1.3. (The Madelung (n + l, n) rule): With increasing nuclear charge

Z, one-electron orbitals are filled according to increasing N = n + l, being the

sum of the principal quantum number n and the orbital quantum number l; and

for fixed N , the orbitals are filled in order of increasing n. ◾

The [Ne] 3s23p64s1 configuration of potassium can now be explained on the

basis of the lower n + l value for the 4s-orbital (n = 4, l = 0 → n + l = 4) as

compared to the 3d-orbital (n = 3, l = 2 → n + l = 5). A full application of the

(n + l, n) rule gives rise to the following orbital sequence:

n+l=1

{1s}
±
dim=2

≪
n+l=2

{2s}
±
dim=2

≪
n+l=3

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{2p < 3s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=8

≪
n+l=4

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{3p < 4s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=8

≪
n+l=5

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{3d < 4p < 5s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=18

≪

n+l=6
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{4d < 5p < 6s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=18

≪
n+l=7

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{4f < 5d < 6p < 7s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=32

≪
n+l=8

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{5f < 6d < 7p < 8s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=32

≪ . . . ,

(1.20)

with grouping according to constant N = n+l. This corresponds to the following

series of repeated “double squares”:40

2 − 2 − 8 − 8 − 18 − 18 − 32 − 32 − . . . . (1.21)

Interestingly, on comparing with (1.19), the hydrogenic dimensions are seen to

appear exactly twice in the Madelung sequence — a phenomenon known as the

period doubling. Both the Madelung rule and the period doubling are of such

paramount importance to the periodic system that an entire section will be

devoted to their detailed description (see §1.5).

1.4.5 Intermediate (n + βl) rules

Before concluding this section on the different filling rules, a brief overview will

be provided of some intermediate (n + βl) rules, and their domain of application.

39Ostrovsky, “What and How Physics Contributes to Understanding the Periodic Law”, p. 156

(emphasis added).
40Per-Olav Löwdin. “Some Comments on the Periodic System of Elements”. In: International

Journal of Quantum Chemistry S3 (1969). L, Paper Format, p. 331.
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The hydrogenic (n, l) rule for ions

In 1964, Samuel A. Goudsmit and Paul I. Richards observed that the

hydrogenic (n, l) rule, though foundering in the neutral regime, did apply to

the ground state configurations of positively charged ions with charge q ≥ +3.41

The inner–shell properties of atomic ions were later studied in more detail by

Manson et al.42

A tentative explanation for this effect runs along the following lines: for

positive ions, an electron at large distances r from the nucleus experiences a

stronger Coulomb potential (as compared to the neutral case) since the nuclear

charge Z is screened by less core electrons. As a result, the potential deepening

that occurs when the electron moves inwards towards the nucleus (r = ∞ → 0)

will be less pronounced than for neutral atoms. Hence, no overlap will be

manifested between the nl orbitals of different n levels, and the resulting Aufbau

scheme reduces to the hydrogenic order (1.18).43

Intermediate (n + βl) rules

If the (n + l, n) rule has proved instrumental in the neutral regime, and the

(n, l) rule has been successfully applied to highly ionized atoms (q ≥ +3), per-

haps an intermediate (n + βl) rule (with 0 ≤ β ≤ 1) might apply to ions with

+1 ≤ q < 3? This idea had first been pursued by Goudsmit and Richards.44

Neubert described this gradual transformation of the Madelung spectrum into

the hydrogenic spectrum by a continuous rotation in quantum number space.45

A similar comparison was made by Katriel and Jørgensen in 1982.46 By

drawing a qualitative correlation diagram (figure 1.4), an intriguing relation was

suggested, not only between the Madelung (n + l) and hydrogenic (n) rule, but

also with the harmonic (n − l
2
) and complementary (n + l

2
) rules. D. Purdela

was the first to explore the ‘regular periodic table’ resulting from an application

of the (n + l
2
) filling scheme (β = 1

2
).47

41S. A. Goudsmit and P. I. Richards. “The Order of Electron Shells in Ionized Atoms”. In:

Proceedings of the National Academy of Sciences of the United States of America 51 (1964),

pp. 664–671.
42S. T. Manson, C. E. Theodosiou, and M. Inokuti. “Spectral and Electron-Collision Proper-

ties of Atomic Ions. II. Inner-Shell Properties”. In: Physical Review A 43.9 (1991), pp. 4688–

4694.
43See also Ostrovsky, “The Periodic Table and Quantum Physics”, p. 345.
44Goudsmit and Richards, op. cit.
45D. Neubert. “Double Shell Structure of the Periodic System of the Elements”. In: Zeitschrift

für Naturforschung 25a (1970), pp. 210–217.
46J. Katriel and C. K. Jørgensen. “Possible Broken Supersymmetry behind the Periodic

Table”. In: Chemical Physics Letters 87.4 (1982), pp. 315–319.
47D. Purdela. “A Regular Periodic Table of the Elements and its Quantum Mechanical Re-

quirement”. In: International Journal of Quantum Chemistry 34.2 (1988), pp. 107–119. See

also D. Purdela. “Relationships of the Regular Periodic Table. Part 1. With Atomic Elec-

tronegativities”. In: Journal of Molecular Structure: THEOCHEM 245 (1991), pp. 119–137.
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1.5 The Madelung (n + l, n) rule

The previous section has revealed the existence of a particular Madelung order

(1.20) among the nl orbitals of many-electron systems. The Madelung (n + l, n)
rule thus holds the promise of yielding a deeper explanation for the periodicity

phenomena described in §1.2. It is indeed sufficient to glance at the periodic

table in figure 1.5 to see that the Madelung (n + l, n) rule faultlessly accounts

for its overall structure. As Goudsmit and Richards observed, the (n + l, n)
rule “is remarkably well obeyed throughout the periodic table.”48 It correctly

accounts for the first occurrence of the atomic subshell occupations in the Auf-

bau sequence of the periodic system — predicting the inset of the transition

metal block (3d-block) after the 4s-block, as well as the start of the lanthanide

and actinide series (f -block elements) after the 6s- and 7s-elements respectively.

The Madelung rule can be invoked for that reason to resolve the accommo-

dation issues of §1.2, as will be explained in §1.5.1. A new format of the periodic

table will also be introduced in §1.5.2 on the basis of the (n + l, n) rule. This will

lead to a discussion of the important period doubling in §1.5.3. A brief history

of the Madelung rule is offered in §1.5.4. We end this section with a critical

overview of the numerous claims that have appeared in the scientific literature

for an ab initio derivation of the (n + l, n) rule in §1.5.5.

1.5.1 Resolving accommodation issues

A few years ago, Clark and White described the three most common ways

of representing the f -block elements in the medium-long form periodic table.49

This burning issue rekindled the discussion on the accommodation of the lan-

thanides and actinides.50 As will be demonstrated, this issue can be solved by

48Goudsmit and Richards, op. cit., p. 664.
49R. W. Clark and G. D. White. “The Flyleaf Periodic Table”. In: Journal of Chemical

Education 85.4 (2008), p. 497. Clark and White labeled these representations 15LaAc, 14CeTh

and 14LaAc, where the first two digits refer to the number of groups in the f -block, and the

two element symbols refer to the first elements in each row of the f -block. In the 15LaAc

representation, for example, 15 represents the number of groups in the f -block and La and

Ac are the first elements of the 4f - and 5f -series respectively.
50See L. Lavelle. “Lanthanum (La) and Actinium (Ac) Should Remain in the d-Block”. In:

Journal of Chemical Education 85.11 (2008), pp. 1482–1483, P. J. Stewart. “The Flyleaf

Table: An Alternative”. In: Journal of Chemical Education 85.11 (2008), p. 1490, L. Lavelle.

“Response to “The Flyleaf Periodic Table””. In: Journal of Chemical Education 85.11 (2008),

p. 1491, W. B. Jensen. “The Periodic Table: Facts or Committees?” In: Journal of Chemical

Education 85.11 (2008), pp. 1491–1492, R. W. Clark. “Author of “The Flyleaf Periodic

Table” Responds”. In: Journal of Chemical Education 85.11 (2008), p. 1493, W. B. Jensen.

“Misapplying the Periodic Law”. In: Journal of Chemical Education 86.10 (2009), p. 1186,

L. Lavelle. “Response to Misapplying the Periodic Law”. In: Journal of Chemical Education

86.10 (2009), p. 1187, M. Laing. “More About the Periodic Table”. In: Journal of Chemical

Education 86.10 (2009), p. 1189 and E. R. Scerri. “Which Elements Belong in Group 3”. In:
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Figure 1.5: The overall stucture of the periodic table of chemical elements.

reconsidering the electronic ground state configurations of lanthanum, actinium,

lutetium and lawrencium in the light of the Madelung rule.51

Application of the Madelung rule gives rise to the data shown in table 1.2.

From this table, it is evident that the 4f -block starts with lanthanum (La=57)

and ends with ytterbium (Yb=70), whereas lutetium (Lu=71) is the first mem-

ber of the 5d-block. The 5f -block starts with actinium (Ac=89) and ends with

nobelium (No=102). Lawrencium (Lr=103), starts the 6d-block. According

to the Madelung rule, lutetium and lawrencium should thus be placed in the

third group (IIIB) underneath scandium and yttrium, whereas lanthanum and

actinium should be regarded as the first representatives of the f -block elements,

in perfect agreement with the periodic table in figure 1.5.

The accommodation issues surrounding hydrogen (H=1) and helium (He=2)

can be similarly resolved. Both elements belong to the 1s-block according to

table 1.2 and should be placed above lithium (Li=3) and beryllium (Be=4).

Notice that in this light, helium is considered to be an alkaline earth metal and

does no longer belong to the noble gases in group 0 (VIIIA).

1.5.2 The left-step periodic table

The quantum map in table 1.2 could be alternatively used as a framework for

a new representation of the periodic system, as depicted in figure 1.6. This

form, known as the eight-period or left-step periodic table (LSPT), was first

Journal of Chemical Education 86.10 (2009), p. 1188.
51P. Thyssen and K. Binnemans. “Accommodation of the Rare Earths in the Periodic Table:

A Historical Analysis”. In: Handbook on the Physics and Chemistry of Rare Earths. Ed. by

K. A. Gschneidner. Vol. 41. Burlington: Academic Press, 2010, pp. 1–94.
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Table 1.2: Application of the empirical (n + l, n) rule (also known as the Madelung

rule) according to which the orbitals in neutral atoms are filled in order of increasing

n + l, and n for fixed n + l. The exact filling sequence is obtained by reading the

quantum map from left to right, and top to bottom.

n + l l = 3 l = 2 l = 1 l = 0 Nmax
n+l Zi → Zf Xi →Xf

1 — — — 1s2 2 1→ 2 H → He

2 — — — 2s2 2 3→ 4 Li → Be

3 — — 2p6 3s2 8 5→ 12 B → Mg

4 — — 3p6 4s2 8 13→ 20 Al → Ca

5 — 3d10 4p6 5s2 18 21→ 38 Sc → Sr

6 — 4d10 5p6 6s2 18 39→ 56 Y → Ba

7 4f14 5d10 6p6 7s2 32 57→ 88 La → Ra

8 5f14 6d10 7p6 8s2 32 89→ 120 Ac → 120

devised by the engineer and amateur biologist Charles Janet (1849–1932) in

1929 (figure 1.7).52 Janet had originally designed his LSPT without taking into

account the old quantum theory of Bohr, Stoner and Sommerfeld. One

year later however, Janet did notice the perfect agreement between his LSPT

and Bohr’s planetary atomic model.53 Anteceding Madelung by 6 years, Janet

moreover recognized the importance of the n + l rule, as can be seen from a

graph which he produced in a paper of 1930 (figure 1.8).54 He also adopted the

actinide and transactinide classification, which is usually attributed to Glenn

Seaborg (1912–1999).

52C. Janet. Considérations sur la structure du noyau de l’atome considérée dans la classifi-

cation périodique des Eléments Chimiques. Beauvais: Imprimerie Départementale de l’Oise,

1929. A preliminary helical version of the LSPT was published by Janet in 1927. See C. Janet.

La structure du noyau de l’atome considérée dans la classification périodique des Eléments

Chimiques. Beauvais: Imprimerie Départementale de l’Oise, 1927. This also explains Janet’s

preferred use of the term ‘hélicöıdale’ (helicoid) for the LSPT, notwithstanding his later

adoption of the adjective ‘scalariforme’ (stepped). Various other geometrical forms of the

LSPT were designed in subsequent years. See for example C. Janet. Essai de classification

hélicöıdale des eléments chimiques. Beauvais: Imprimerie Départementale de l’Oise, 1928a

and C. Janet. La classification hélicöıdale des eléments chimiques. Beauvais: Imprimerie

Départementale de l’Oise, 1928b. For a detailed account of Janet’s periodic systems, see P. J.

Stewart. “Charles Janet: Unrecognized Genius of the Periodic System”. In: Foundations of

Chemistry (2009), pp. 1–11. A brief biography of Janet can be found in L. Casson. “Notice Bi-

ographique sur la Vie et de l’Oeuvre de Charles Janet”. In: Bulletin de la Société Académique

de l’Oise (2008), p. 232.
53C. Janet. Concordance de l’arrangement quantique de base des électrons planétaires des

atomes avec la classification scalariforme hélicöıdale des elements chimiques. Beauvais: Im-

primerie Départementale de l’Oise, 1930.
54ibid. This also explains the alternative names ‘fdps table’ or ‘n+ l ordinal table’ for the LSTP.
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Despite the power and elegance of Janet’s scheme, his classifications failed to

attract the attention of the scientific community until the present century. In

recent times, Scerri, Katz, Bent and Tsimmerman have all advocated the

use of the LSPT, arguing that it offers certain advantages in comparison with

the more conventional medium-long form of the periodic system:55

1. First, the periods in Janet’s table are characterized by a constant value of

N = n + l, and this without any exception. In the medium-long form, on the

other hand, it seems that the periods are characterized by a constant value of

n, but this rule is violated several times. Examples include the unexpected

appearance of the 3d-block in the fourth period and the sudden emergence of

a 4f -block into the sixth period. The LSPT is therefore in better agreement

with the Madelung (n + l, n) rule, and suggests the possibility of elevating

N = n + l to a new quantum number for the periodic table.

2. Second, by organizing the elements in periods of constant n+ l and groups of

constant l, ml and ms, the period doubling naturally occurs as an essential

feature of the periodic system. The pairing of the periods is responsible for

the distinctive stepped profile of the LSPT, and leads to the following set of

cardinalities:

2 − 2 − 8 − 8 − 18 − 18 − 32 − 32. (1.22)

This should be contrasted with the more artificial sequence of cardinalities

in (1.1) for the traditional seven-period periodic table.56

3. Finally, the ordering of the blocks is in a sense more ‘natural’ in the LSPT

than in the conventional long form periodic table since it follows the natural

filling of the orbitals (compare f -d-p-s with s-f -d-p). This ordering leads to

a gradual change from strong horizontal relationships within the lanthanide

and actinide series at the left of the chart, to pronounced vertical relationships

among the main-block elements at the right.57

A disadvantage, according to many chemists, is the placement of helium among

the alkaline earth metals in group IIA. Despite its agreement with quantum

mechanics, numerous chemists have advocated against this placement on the

basis of empirical data — a conduct referred to as the tyranny of the chemist.58

55See, for example, E. R. Scerri. “Chemistry, Spectroscopy, and the Question of Reduction”. In:

Journal of Chemical Education 68.2 (1991), pp. 122–126; G. Katz. “The Periodic Table: An

Eight Period Table for the 21st Century”. In: Chemical Educator 6 (2001), pp. 324–332; E. R.

Scerri. “Some Aspects of the Metaphysics of Chemistry and the Nature of the Elements”.

In: HYLE 11.1-2 (2005), pp. 127–145; Bent, op. cit.
56Katz, op. cit., p. 325.
57L. M. Simmons. “A modification of the periodic table”. In: Journal of Chemical Education

24.12 (1947), p. 589.
58E. R. Scerri. “The Tyranny of the Chemist”. In: Chemistry International 28.3 (2006), p. 11.
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The most interesting question is whether, explicitly or implicitly, Janet saw the (n ? ‘)
rule, 6 years before Madelung. He surely cannot have seen Karapetoff’s formulation,
published obscurely in 1930 (Ostrovsky 2004, pp. 346–347). There can be no doubt of his
implicit recognition of the rule. On page 47 of his 1930 paper he sets out the relationship
between the quantum numbers and the numerical ‘addresses’ of the elements in his table.
For the principal quantum number he gives the formula n = NP - NN ? 1, in which NP is
the number of the period and NN that of the ‘coil’. The periods are numbered 1–8, starting
at the top, and the ‘coils’ 1–4, starting on the right. NN is thus the same as k and is equal to
‘ ? 1. Rearranging his formula, NP = n ? NN - 1 = n ? ‘. He produces a graph that is
essentially the same as Madelung’s: Fig. 5 (Janet 1930, Fig. 12).

After Janet

Janet’s work on the Periodic System began to be misrepresented even before his death—in
an article attributed to him! The Chemical News (Janet 1929a) published a summary of his
work in two instalments, amounting to a total of only about 1,100 words. One must
suppose that it was a translation of a paper submitted by Janet in French, but it is
impossible to believe that he would have approved it as printed. It seems likely that the
editor, impatient with its length, replaced the detailed account of the 12 figures by a badly
drafted summary on the last page. Two of the figures are not referred to (vi and xii); the
reference to Fig. ii is incomprehensible; the reference to Fig. ix should probably be to
Fig. vi; Fig. x does not correspond with its description as ‘free of sinuosities’; Fig. xi is not

Fig. 5 The build-up of electron shells in terms of quantum numbers (Janet 1930)

P. J. Stewart

123

Figure 1.8: Graph produced

by Janet exhibiting the se-

quential building-up of elec-

tronic shells in terms of the

quantum numbers n and k.

1.5.3 The period doubling

In the foregoing discussion, the period doubling emerged as a characteristic fea-

ture of the periodic system. This section offers some empirical evidence to

support this claim. The doubling of the periods leads to important secondary

periodicity phenomena. Secondary trends in the periodic table have long been

recognized and include, among others, the d-block contraction, lanthanide con-

traction, tetrad effects, gadolinium break, diagonal relationships, Knight’s Move

and inert-pair effects (see endnote X).

In the case of the period doubling, the manifold of chemical elements natu-

rally splits into two sets with n + l even or odd. Elements from the same (even

or odd) set are as a result chemically more similar than elements from differ-

ent sets. This phenomenon was first brought to the attention of the chemical

community by R. T. Sanderson in 1952.59 Numerous examples can be cited:

1. Among the hydrides of the third group, B2H6 and Ga2H6 are volatile, but

(AlH3)x is non-volatile;

2. SiH4 is more readily oxidized and hydrolyzed than CH4 and GeH4;

3. N(III) and As(III) are weaker reducing agents than P(III).

An important implication of the period doubling is that the properties of the

congeners within a major group will not vary in a regular and continuous man-

ner, but in a harmonically alternating way. Following Sanderson, this can be

easily visualized by plotting some atomic property X of the elements in function

59R. T. Sanderson. “An Explanation of Chemical Variations within Periodic Major Groups”.

In: Journal of the American Chemical Society 74.19 (1952), pp. 4792–4794.
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Figure 1.9: The electroneg-

ativity of the main block ele-

ments is plotted for each chem-

ical group as a function of N =

n+l. The oscillatory behaviour

is especially pronounced for the

group III elements. [Adapted

from D. Neubert. “Double

Shell Structure of the Periodic

System of the Elements”. In:

Zeitschrift für Naturforschung

25a (1970), p. 212.]
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of N = n + l for constant values of l, ml and ms. An oscillatory trend is then

observed, which could be seen as a superposition of two continuous functions

for n + l odd or even.60

Similar plots were produced by Neubert in 1970 for the electronegativity

and first ionization energy of the main block elements (figure 1.9).61 Neubert

referred to this discontinuous behaviour as evidence for a double shell structure

in the periodic table; not only is there a doubling of the states in the horizontal

direction due to the electronic spin s = ±1/2, a second doubling seems to occur

in the vertical direction, which Neubert attributed to a new quantum number,

denoted c = ±1/2.

The doubling of the periods and their empirical ramifications were further

studied by Halis Odabaşi (1931–2011).62 Once again, the ionization potentials

for neutral atoms and singly ionized ions were observed to be separated into

two groups according to whether n+ l is even or odd. For each group, a smooth

curve was obtained, and with the help of curve fitting procedures, Odabaşi

extrapolated these curves to regions where Z > 120.

The above discussion highlights the importance of the period doubling as a

characteristic feature of the left-step periodic system. Accordingly, this property

will have to be explained if a deeper understanding of the periodic law is ever

to be arrived at. An explanation in group-theoretical terms will thus be offered

in the final chapter of this dissertation (cf. chapter 6).

60See ibid., p. 4793 as well as R. T. Sanderson. Chemical Periodicity. New York: Reinhold

Publishing Corporation, 1960, p. 35.
61Neubert, op. cit.
62H. Odabasi. “Some Evidence about the Dynamical Group SO (4,2). Symmetries of the Pe-

riodic Table of Elements”. In: International Journal of Quantum Chemistry 7.S7 (1973),

pp. 23–33. See also E. U. Condon and H. Odabasi. “The Order of Electron Shells for Atoms

and Ions”. In: Atomic Structure. Cambridge: Cambridge University Press, 2010, pp. 514–525.
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♠1.5.4 History of the Madelung rule

When considering the history of the Madelung rule, priority issues are seen to

abound.63 As Ostrovsky remarked, “it is difficult to trace the origin of this rule

that looks like a kind of scientific folklore.”64 We will divide the history in a

pre- and post-1936 era.

Pre-1936 era

It seems that the electrical engineer and inventor Vladimir Karapetoff

(1876–1948) was the first to publish the (n + l, n) rule in 1930.65 Unfortunately,

his article was published in the Journal of the Franklin Institute and failed to

attract the attention of the scientific community. Most probably, Janet was

unaware of this obscure publication as well, and can therefore be considered an

independent discoverer (§1.5.2).

Six years later, the German physicist Erwin Madelung (1881–1972) for-

mulated his (n + l, n) rule in the third edition of his textbook Die mathema-

tischen Hilfsmittel des Physikers.66 As B. O. Koopman remarked, “it [was]

intended as a table [of mathematical results] rather than a textbook.”67 Yet, to-

wards the end of the book, Madelung included a section on quantum mechanics,

summarizing its principal facts and formulas. In his discussion of Bohr’s Auf-

bauprinzip, Madelung briefly stated the (n + l, n) rule. Interestingly, Madelung

named it ‘eine lexikographische Ordnung ’ in order to highlight its purely em-

pirical character (‘einer empirischen Regel’). This brief comment appeared

unchanged in all subsequent editions.

Post-1936 era

Although nowadays the (n + l, n) rule is usually credited to Madelung, it re-

mained unknown to most chemists until the late 1950s. As a consequence, the

simple n+l rule was rediscovered numerous times during the 20 years after Kara-

petoff and Madelung’s first formulation. The renowned quantum chemist Per-

Olov Löwdin (1916–2000) attributed the rule to Bohr, adding however that

“Bohr himself was never too explicit about his “Aufbau”-principle, and [that

63One author who has studied the history of the Madelung rule in some detail is Valentin N.

Ostrovsky. See Ostrovsky, “Physical Explanation of the Periodic Table” and Ostrovsky,

“The Periodic Table and Quantum Physics”, pp. 345–349
64Ostrovsky, “What and How Physics Contributes to Understanding the Periodic Law”, p. 157.
65V. Karapetoff. “A chart of consecutive sets of electronic orbits within atoms of chemical

elements”. In: Journal of the Franklin Institute 210.5 (1930), pp. 609–624.
66E. Madelung. Die mathematischen Hilfsmittel des Physikers. 3rd. Berlin: Springer Verlag,

1936, p. 359. The first two editions appeared in 1922 and 1925, while subsequent editions

appeared in 1950, 1953, 1957 and 1964.
67B. O. Koopman. “Review: Die mathematischen Hilfsmittel des Physikers, by E. Madelung”.

In: Bulletin of the American Mathematical Society 30.5 (1924), p. 272.
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the (n + l, n) rule] is sometimes referred to as the Goudsmit-rule or the Bose-

rule.”68 Yet, Samuel Abraham Goudsmit (1902–1978), the Dutch-American

physicist celebrated for his discovery of the electron spin with George Eugene

Uhlenbeck in 1925, never claimed to have played any part in the discovery of

the (n + l, n) rule. He did recall however that Madelung had told him about his

rule as early as December 1926.69

In 1945, William Wiswesser published a triad of papers on The Periodic

System and Atomic Structure, in which he mentioned the sequential filling of

orbitals “in increasing order of n + l (rather than n alone).”70 One year later,

Yeou Ta introduced the new quantum number t = (n + l), which she termed

‘nombre quantique mixte de transition’ (mixed quantum number of transition).71

She enounced the (n + l, n) rule as follows:

Les électrons forment des sous-couches successives autour du noyau

d’un atome normal de telle façon que le quantum mixte t croisse

régulièrement. Mais plussieurs sous-couches peuvent avoir pour ce

nombre la même valeur. La formation commence alors à la sous-

couche se rapportant à la plus petite valeur de n.72

She moreover remarked that the period lengths are naturally determined by the

(n + l, n) rule, and noted the series of cardinalities 2 – 2 – 8 – 8 – 18 – 18 – 32

if one would terminate each period with an alkaline earth metal.

In 1947, L. M. Simmons proposed a modified long form periodic table, which

retained most features of Janet’s left-step periodic table, but accommodated

H and He above F and Ne (figure 1.10).73 Although Simmons indicated the

appropriateness of the n+l sum when determining the period number of an atom,

68Löwdin, op. cit., p. 332. For Bohr’s original publication, see N. Bohr. “Der Bau der Atome

und die physikalischen und chemischen Eigenschaften der Elemente”. In: Zeitschrift für Physik

9.1 (1922), pp. 1–67. English translation in
69Goudsmit and Richards, op. cit., p. 670. Ostrovsky has recently questioned Goudsmit’s

testimony as Goudsmit failed to mention the Madelung rule in any of his other publications.

See Ostrovsky, “The Periodic Table and Quantum Physics”, p. 346.
70W. J. Wiswesser. “The Periodic System and Atomic Structure. I. An Elementary Physical

Approach”. In: Journal of Chemical Education 22.7 (1945), p. 319 (emphasis in original). See

also W. J. Wiswesser. “The Periodic System and Atomic Structure. II. Detailed Introduction

to the Wave Mechanical Approach”. In: Journal of Chemical Education 22.8 (1945), pp. 370–

379 and W. J. Wiswesser. “The Periodic System and Atomic Structure. III. Wave Mechanical

Interpretations”. In: Journal of Chemical Education 22.9 (1945), pp. 418–426.
71Yeou Ta. “Une Nouvelle Représentation du Tableau Périodique des Éléments”. In: Annales

de Physique 1 (1946), p. 93.
72Ibid., pp. 93-94.
73Simmons, op. cit. Although Simmons compared his table to Janet’s helicoidal classification

(i.e. LSPT), he seems to have been unaware of the fact that Janet had proposed precisely the

same form in 1928. Simmons’ table was also recently advanced by Eric Scerri as an improved

variant of the LSPT since it contains two additional atomic number triads {H, F, Cl} and {He,

Ne, Ar}. See E. R. Scerri. “The Role of Triads in the Evolution of the Periodic Table: Past

and Present”. In: Journal of Chemical Education 85.4 (2008), pp. 585–589. A modified form
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DECEMBER, 1947 

RARE EARTH ELEMENTS 

Lanthsnide Series c 
La Ce Pr Nd I1 Sa Eu Gd Tb Dy Ho Er Tm Yb E 
57 58 59 60 61 62 63 
Ac Th Pa U Np Pu Am Cm 
89 90 91 92 93 94 95 96 

Actinide Swies / 

seem to he generally recognized that the hydrogen atom 
tends rather to  complete than to lose its electronic 
shell. Thus, the so-called hydrogen ion is nearly 
always solvated, e. g . ,  as H:o:H+. . . Unsolvated hy- 

H 
drogen ions occuf as H- in molten metal hydrides. If 
the existence of protons in the gaseous state be used as 
an argument in favor of grouping H with the alkali 
metals, similar argument would class helium with the 
alkaline earth metals. 

Vertical and Horizontal Relationships. The elements 
a t  the left of the new long chart show very strong 
chemical relationships along the two horizontal series; 
one of these horizontal groups of closely related ele- 
ments is referred to by Foster as the Lanthanide Series 
of rare earth elements, while Seaborg has suggested 
that the second of these horizontal groups shall be 
called the Actinide Series. Proceeding toward the 
right of the chart, the transitional elements are en- 
countered; these elements show only slight horizontal 
similarity. Still further to  the right the coinage metals 
(Cu, Ag, and Au) and volatile metals (Zn, Cd and Hg) 
show strong vertical relationships. To the right of the 
volatile metals the relationships become very strong 
along vertical lines, while horizontal relationships 
almost disappear. 

This gradual change from strong horizontal relation- 
ships a t  the left of the chart, to strong vertical relation- 
ship a t  the right, is marked by the stepped form of the 
new long chart. 

Integral Zones. The new' long chart displays the 
elements in integral zones (solid blocks) of related ele- 
ments. Thus the lowest.step, at the left of the tahle, 

contains the rare earth elements; the next step con- 
tains the transitional elements. At the right of the 
tahle are the alkali and alkaline earth metals; these may 
he regarded as constituting a zone of alkalme metals. 
To the left of the alkaline metal zone is one consisting 
of only the inert gases. At the left of these gases, 
omitting the contentious case of hydrogen, is a triangu- 
lar zone of valencied nonmetals, cornered by B, F, and 
element 85 (Astatine). The elements As, Se, Sb, and 
Te, which show sufficient metallic and nonmetallic 
properties to  render classification difficult, form a 
square zone overlaying the middle of the hypotenuse . . . . 
of the triangle.' 

Between the triangle of valencied nonmetals and the 
volatile metals is another trianmlar zone. cornered hv 
Al, T1, and Po. This zone contains ail the metars 
having fragmentary p electron subgroups. 

The main zones may therefore be enumerated as 
follows : 

(i) Rare earth metals. 
(ii) Transitional metals. 
(iii) Coinage and volatile metals. 
(iv) Alkaline metals. 
(v) Inert gases. 

(vi) Valkncied nonmetals. 
(vii) p-valencied metals. 
The Periods and Grouys of the New Long Chart. The 

period numher of an atom in the new long chart may be 
found in the following way. The principal quantum 
number of'each electron in the atom is added to its 
serial quantum numher, and the maximum sum thus 
obtained is the period numher of the atom. 

The hydrogen atom possesses only one electron; its 

Figure 1.10: Simmons’ modified long-form periodic table of 1947. This table retains

most features of Janet’s left-step periodic table, but relocates H and He into the groups

of halogens and inert gases respectively.

he failed to credit either Karapetoff or Madelung. In a second paper however,

while discussing his new Arithmetical Table, Simmons acknowledged the work

of Yeou Ta, and called the (n + l, n) rule the Yeou Ta rule.74 He also observed

fourteen exceptional configurations which were in conflict with Yeou Ta’s rule

(see also §1.6). In the final section of his paper, Simmons acknowledged the work

of Pao-Fang Yi and Reino W. Hakala who devised useful mnemonics “for

reconstructing the order in which the electronic subshells of atoms are filled.”75

of the same table appeared in E. R. Scerri. “The Past and Future of the Periodic Table”.

In: American Scientist 96.1 (2008), pp. 52–58. See also the cover design of Scerri, Selected

Papers on the Periodic Table by Eric Scerri. For more information on the concept of atomic

number triads, see E. R. Scerri. “Response to The Role of Triads”. In: Journal of Chemical

Education 86.10 (2009), p. 1185 and E. R. Scerri. “Explaining the Periodic Table, and the

Role of Chemical Triads”. In: Foundations of Chemistry 12.1 (2010), pp. 69–83.
74L. M. Simmons. “The display of electronic configuration by a periodic table”. In: Journal of

Chemical Education 25.12 (1948), p. 659.
75ibid., p. 661. See Pao-Fang Yi. In: Journal of Chemical Education 24.11 (1947), p. 567 and

R. W. Hakala. “Letter to the Editor”. In: Journal of Chemical Education 25.4 (1948), p. 229.

The Aufbau diagrams of Yi and Hakala are precursors of the now famous diagonal rule which

is presented in most textbooks on general chemistry, and used by students the world over to

determine electronic configurations of the elements. For other variations on the diagonal rule,

see for example Darsey’s ‘Pascal’s Christmas Tree’ in J. A. Darsey. “A New Approach for

Determining Electronic Configurations of Atoms”. In: Journal of Chemical Education 65.12

(1988), p. 1036. See also A. K. Carpenter. “4s, 3d, What?” In: Journal of Chemical Education

60.7 (1983), p. 562; A. Garofalo. “Housing Electrons: Relating Quantum Numbers, Energy

Levels, and Electron Configurations”. In: Journal of Chemical Education 74.6 (1997), pp. 709–

710; S. T. Mabrouk. “The Periodic Table as a Mnemonic Device for Writing Electronic

Configurations”. In: Journal of Chemical Education 80.8 (2003), pp. 894–898 and references

therein.
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During the second half of the 20th century, Madelung’s rule became more and

more established in mainstream chemistry. The (n + l, n) rule was advocated by

Benjamin Carroll and Alexander Lehrman for obtaining the electronic

ground state configurations of the chemical elements,76 and in 1969, Harriman

Dash proposed a ‘quantum table’ which was clearly based on Madelung’s rule.77

An independent formulation of the (n + l, n) rule was finally given by Robert

Ausubel as late as 1976. None of these authors acknowledged Madelung or

Karapetoff as the real discoverers.78

A systematic and highly detailed study of the (n + l, n) rule was carried out

by the Russian chemist Vsevolod Klechkovskii (1900–1972). His results

were published in numerous papers and culminated in the publication of an

entire monograph on the (n + l)-rule.79

1.5.5 Ab initio derivation of the (n + l, n) rule

Despite the rising popularity of the (n + l, n) rule (§1.5.4), the Madelung rule

remained a purely empirical (or ‘lexicographic’) rule. Allen and Knight called

it a ‘somewhat mysterious algorithm’,80 while Ostrovsky wondered about the

“dynamical origin of the sum of principal n and orbital l quantum numbers.”81

76B. Carroll. “The Electron Configuration of the Ground State of the Elements”. In: Journal

of Chemical Education 25.12 (1948), pp. 662–666.
77H. H. Dash. “A Quantum Table of the Periodic System of Elements”. In: International Journal

of Quantum Chemistry S3 (1969), pp. 335–340.
78R. Ausubel. “A Simple Method for Determining the Order in which Electrons Fill Subshells”.

In: Journal of Chemical Education 53.10 (1976), p. 645.
79The great majority of papers by Klechkovskii appeared in Russian journals and are not so

easily accessible. Some papers were fortunately translated into English. A complete reference

list is here given: V. M. Klechkovskii. In: Doklady Akademii Nauk 80 (1951), p. 603; V.

M. Klechkovskii. In: Doklady Akademii Nauk 83 (1952), p. 411; V. M. Klechkovskii. In:

Zhurnal Eksperimental’noi i Teoreticheskoi Fiziki 26 (1952), p. 760; V. M. Klechkovskii.

In: Doklady Akademii Nauk 86 (1952), pp. 691–694; V. M. Klechkovskii. In: Doklady

Akademii Nauk 92 (1953), p. 923; V. M. Klechkovskii. In: Zhurnal Eksperimental’noi i

Teoreticheskoi Fiziki 25 (1953), pp. 179–187; V. M. Klechkovskii. In: Doklady Akademii

Nauk 95 (1954), p. 1173; V. M. Klechkovskii. In: Zhurnal Eksperimental’noi i Teoretich-

eskoi Fiziki 30 (1956), pp. 199–201; V. M. Klechkovskii. In: Soviet Physics - Journal of

Experimental and Theoretical Physics 3 (1956), pp. 125–127; V. M. Klechkovskii. In: Dok-

lady Akademii Nauk 135 (1960), p. 655; V. M. Klechkovskii. In: Zhurnal Eksperimental’noi

i Teoreticheskoi Fiziki 41 (1961), pp. 465–466; Klechkovskii, V. M. Klechkovskii. In: Op-

tika i Spektroskopiya 12 (1962), p. 434; V. M. Klechkovskii. In: Optics & Spectroscopy 12

(1962), p. 238; V. M. Klechkovskii. In: Optika i Spektroskopiya 19 (1965), p. 441; V. M.

Klechkovskii. In: Optics & Spectroscopy 19 (1965), p. 245; V. M. Klechkovskii. Rasprede-

lenie Atomnyh Elektronov i Pravilo Posledovatel’nogo Zapolnenya (n + l)-Grupp [In Russian:

The Distribution of Atomic Electrons and the Rule of Successive Filling of (n + l)-Groups].

Moscow: Atomizdat, 1968.
80L. C. Allen and E. T. Knight. “The Löwdin Challenge: Origin of the n + l, n (Madelung)

Rule for Filling the Orbital Configurations of the Periodic Table”. In: International Journal

of Quantum Chemistry 90.1 (2002), p. 83.
81Ostrovsky, “What and How Physics Contributes to Understanding the Periodic Law”, p. 158.
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In 1969, during the centennial anniversary of Mendeleev’s discovery, Per-Olov

Löwdin published Some Comments on the Periodic System of the Elements,

noting how remarkable it was that “in axiomatic quantum theory, the simple

(n + l, n) energy rule has not yet been derived from first principles.”82 He con-

cluded his paper by the words:

It would certainly be worth while to study the (n + l, n) energy

rule from first principles, i.e. on the basis of the many-electron

Schrödinger equation. If the orbitals in the neutral atoms are ar-

ranged after (n + l, n), and the orbitals in the hydrogen-like ions are

arranged after n, one may also ask the question at what degree of

ionization the energy rule has become changed.83

The quest for an ab initio derivation of the Madelung rule became known as

the Löwdin challenge — the ‘oldest and largest standing problem in quantum

chemistry’.84 The goal was to solve the many-electron Schrödinger equation and

obtain this particular linear combination of quantum numbers as a result.85

Many claims to a successful derivation have appeared in the scientific literature

since Löwdin’s plea, but most have been dismissed. This section presents a brief

summary and critical examination of the most important attempts to meet the

Löwdin challenge (in chronological order).

Thomas-Fermi statistical model

A successful derivation of the first (n+l) part of the Madelung rule was obtained

by recourse to the Thomas-Fermi (TF) statistical model of the atom. In 1971,

Adolf A. Abrahamson theoretically predicted the first occurrence of atomic

subshell occupation in the Aufbau sequence of the periodic system using TF.86

He found that the subshells with orbital angular momentum quantum numbers

l = 0, 1, 2, and 3 (corresponding to the appearance of s, p, d and f electrons)

occurred for the first time in the elements having atomic numbers Z(l = 0) = 1

(H), Z(1) = 5 (B), Z(2) = 21 (Sc) and Z(3) = 58 (Ce). Notice that this last

value does not conform with the (n + l, n) rule which predicts the f -block to

start at Z(l = 3) = 57 (La) (see also §1.5.1).87

82Löwdin, loc. cit.
83ibid., p. 334. The relations between the hydrogenic (n, l) and Madelung (n + l, n) ordering

have been briefly described in §1.4.
84Allen and Knight, loc. cit.
85Ostrovsky, loc. cit.
86A. A. Abrahamson. “Onset of Atomic-Subshell Filling in Ordinary and Superheavy Ele-

ments”. In: Physical Review A 4.2 (1971), pp. 454–456.
87Abrahamson moreover calculated the atomic numbers Z(l = 4,5,6) = 122, 222 and 367 respec-

tively, marking the onset of the filling of the g, h and i–block. These values differ from the

Madelung values Z(l = 4,5,6) = 121, 221 and 365.
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Also, for a fixed value of n+ l, TF is not able to predict the correct filling order

of the nl orbitals; that is, TF cannot account for the second (n) part of the

(n + l, n) rule.

Ostrovsky’s Fish-Eye potential

In 1972, Yury N. Demkov and Valentin N. Ostrovsky proposed an effec-

tive one-electron potential

Veff(r) = −
2v

r ⋅R ⋅ (r +R)2
, (1.23)

with v and R constants, which enabled them to derive both parts of the (n + l, n)
rule.88 The analytical expression of this potential resembles the potential sug-

gested by Tietz within the Thomas-Fermi approach (vide supra). Plugging in

the potential (1.23) in the Schrödinger equation admits an exact solution, and

yields the sum n + l as a new quantum number.

Unfortunately, the potential field (1.23) suffers from several non-physical

properties; e.g., when r → ∞, Veff(r) ≈ −r−3 instead of Veff = 0. In order to

circumvent these shortcomings, Yutaka Kitagawara and Asim O. Barut

proposed a modified potential.89 Still, no explanation was offered as to the exact

origin of these effective one-electron potentials, which is a severe drawback of

the current approach.

Ordinal explanation of the periodic system

Eric R. Scerri, Vladik Kreinovich, Piotr Wojciechowski and Ronald

R. Yager approached the Löwdin challenge in mathematical terms.90 In their

paper, each nl orbital is represented by an ordered pair of non-negative integers

(n, l) with n > l and n > 0. A total order is then applied on the set S of all

pairs (n, l), where (n, l) < (n′, l′) means that the nl orbital is filled before the

n′l′ orbital. The periodic system embodies the (n + l, n) rule, and therefore

corresponds to the linear order :

(1,0) < (2,0) < (2,1) < (3,0) < (3,1) < (4,0) < (3,2) < (4,1) < . . . (1.24)

88Yu. N. Demkov and V. N. Ostrovsky. “n+l Filling Rule in the Periodic System and Focusing

Potentials”. In: Soviet Physics JETP 35.1 (1972), pp. 66–69.
89Y. Kitagawara and A. O. Barut. “Period Doubling in the n+ l Filling Rule and Dynamical

Symmetry of the Demkov-Ostrovsky Atomic Model”. In: Journal of Physics B: Atomic and

Molecular Physics 16.18 (1983), pp. 3305–3327; Y. Kitagawara and A. O. Barut. “On the

Dynamical Symmetry of the Periodic Table: II. Modified Demkov-Ostrovsky Atomic Model”.

In: Journal of Physics B: Atomic and Molecular Physics 17 (1984), pp. 4251–4259.
90E. R. Scerri et al. “Ordinal Explanation of the Periodic System of Chemical Elements”. In:

International Journal of Uncertainty, Fuzziness and Knowledge-Based Systems 6.4 (1998),

pp. 387–399.
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The hydrogenic order, on the other hand, is given by the sequence:

(1,0) < (2,0) < (2,1) < (3,0) < (3,1) < (3,2) < (4,0) < (4,1) < . . . (1.25)

Scerri et al. first established that both orders are local (or shift-invariant) by

defining the following invariance property:91

Definition 1.4. Let S denote the set of all pairs (n, l) of non-negative integers

with n > 0 and n > l. We will say that a total order < on the set S is shift-

invariant if the following property is satisfied: for every two elements (n, l)
and (n′, l′) of S and for every integers a and b such that (n + a, l + b) and

(n′ + a, l′ + b) are also in S,

(n, l) < (n′, l′) if and only if (n + a, l + b) < (n′ + a, l′ + b) .

At the end of their paper, a proof is offered of the following theorem, which the

authors claim explains both the Madelung (n + l, n) order and the hydrogenic

(n, l) order:92

Theorem 1.1. Every shift-invariant order can be described as follows: On a

2D plane R2 = {(x, y) ∣x ∈ R,y ∈ R}, let r be a ray (half-line) coming from the

origin, and let r′ be the opposite ray. Then (n, l) > (n′, l′) if and only if the

difference (n − l, n′ − l′) is positive, and the set P of positive elements is defined

as follows:

1. If the ray r is of an irrational slope, then the set P coincides with all the

points lying in (precisely) one of the half-planes determined by the line rr′;

2. If the ray r is of rational (or infinite) slope, then there are four possible sets

P : the set P contains one of the half-planes as before and, additionally, one

of the rays r or r′. ◾

The (n + l, n) order then corresponds to a slope k = −1 of the ray r = {(x, k ⋅ x) ∣x >
0}, while the hydrogenic (n, l) order is characterized by the slope k = −∞.

We would like to make two remarks which question to what extent Scerri et

al. have actually proved the Madelung rule:

1. First, the validity of theorem 1.1 relies on the assumption that the Madelung

order is shift-invariant, a fact which was observed rather than proved.

2. Secondly, a particular value of k is postulated which leads to the correct

Madelung ordering. But instead of deriving this value from first principles,

Scerri et al. obained the slopte k = −1 by recourse to the Madelung sequence,

rendering their proof completely circular.
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Figure 1.11: Pyramidal periodic table.

Reproduced from Löwdin (1969).

ALLEN AND KNIGHT

(also generally identified as their binding energies)
and plots for each period, taken from Desclaux’s
Fock–Dirac eigenvalues [8], are shown in Figure 2.
The resulting one-electron potential energy surface
shows that the s- and p-blocks have invariant shapes
for the whole table, and that the s and p orbitals of
the p-block have the largest energy range. In con-
trast, the d- and f -blocks have an irregular pattern
and a smaller energy spread. The radial extent of
the s- and p-blocks similarly dominates the size of
orbitals in the table: the n value for any given pe-
riod is adopted by the s and p orbitals while the d

and f orbitals have principal quantum numbers of
n ! 1 and n ! 2, respectively. The s- and p-blocks
provide the large scale framework of the table while
the d- and f -blocks are acting as an internal pertur-
bation that increases electron density [3, 6]. (It is not
surprising that chemistry has tended to divide itself
into a representative atom constituency and transi-
tion metal practitioners.) It is interesting to note that
as N. Bohr was devising his concept of atomic con-
figurations for his 1922 Nobel address, he was using
the Bayley (1882)–Thomsen (1895) form of the peri-
odic table [9] and Löwdin [4] has schematized his
thinking in the diagram below–an arrangement that
suggests our s, p framework perturbed by d and f
orbitals.

The [(n ! 1) + (! + 1)]
Perturbation Operator

We now set up a perturbation operator that will
act on the orbitals of the s, p framework table in a
search to find orbitals that have the smallest possi-
ble energy difference from those of the framework

FIGURE 2. One electron energy levels (hartree atomic units = 2 rydberg = 27.212 e.v.) versus atomic number (Z = 1
to 118). • s-orbitals, ! p-orbitals, " d-orbitals.

84 VOL. 90, NO. 1

A perturbation operator approach to solving the (n + l, n) rule

In 2002, Leland C. Allen and Eugene T. Knight derived the (n + l, n) rule

from a perturbation operator approach.93 They treated the appearance of the d-

and f -blocks in the periodic system as an ‘internal perturbation’ of the large

scale framework of the table, i.e. the s- and p-blocks. This idea is also suggested

by the pyramidal form of the periodic tables of Thomas Bayley and Julius

Thomsen, as schematized in Löwdin’s original paper (figure 1.11).94

In order to generate the d- and f -blocks in the s, p framework, a perturbation

operator [(n − 1) + (l + 1)] is introduced which acts on any nl orbital to yield

a new (n − 1) (l + 1) orbital of lower energy. The occurrence of the 3d-block in

the fourth period is thus explained by a perturbation of the 4p-block:

[(n − 1) + (l + 1)]4p→ 3d. (1.26)

A further perturbation of the newly formed 3d-period results in a non-existing

2f -series, and is discarded by the authors. A full perturbation treatment of the

s, p framework results in the standard form of the periodic system:

Number of Elements

2 (2l + 1)
n = 1 1s 2

n = 2 2s − 2p 8

n = 3 3s − 3p 8

n = 4 4s − 3d← 4p 18

n = 5 5s − 4d← 5p 18

n = 6 6s − 4f ← 5d← 6p 32

n = 7 7s − 5f ← 6d← 7p 32

(1.27)

91Ibid., p. 395.
92Ibid., pp. 395-396.
93Allen and Knight, op. cit.
94See Bayley, op. cit.; T. Bayley. “Connection Between the Atomic Weights and the Chemical

and Physical Properties of Elements”. In: Journal of the Chemical Society 42 (1882), pp. 359–

360 and Thomsen, op. cit.
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which, the authors claim, presents a successful derivation of the (n + l, n) rule.

This bold conclusion can be called into question however, based on the following

set of critical remarks:

1. It is not clear to which physical perturbation the operator [(n − 1) + (l + 1)]
corresponds. In a recent commentary on Allen & Knight, Eric R. Scerri

wondered whether the proposed perturbation approach “might be just a for-

mal exercise.”95 No differential formulation (in terms of the canonical vari-

ables r̂ and p̂) is provided for this operator, which leaves the reader in doubt

as to the origin and nature of this perturbation operator.96

2. The formation of the periodic system in (1.27) results from a perturbation

of the s, p framework which, however, is simply given at the outset. Rather

than explaining the overall structure of the periodic system, the perturbation

treatment is thus limited to predicting the location of the d- and f -blocks

in the s, p framework. The authors also failed to recognize that (the left-

step form of) the periodic system can be derived from a perturbation of the

s-block only (thus predicting the occurrence of p-blocks as well):

Number of Elements

n + l = 1 1s 2

n + l = 2 2s 2

n + l = 3 2p← 3s 8

n + l = 4 3p← 4s 8

n + l = 5 3d← 4p← 5s 18

n + l = 6 4d← 5p← 6s 18

n + l = 7 4f ← 5d← 6p← 7s 32

n + l = 8 5f ← 6d← 7p← 8s 32

(1.28)

3. The above table also shows that it is not only the s-block that is internally

perturbed, but also the p- and d-blocks. As Scerri noted with regard to the

formation of the f -block, “what seems to be ignored here is that contrary to

previous claims about perturbation of the s, p framework this transformation

involves perturbation of the d-block, something that is not envisaged by the

author’s scheme.”97

Group-theoretical derivation of the (n + l, n) rule

The various claims for a successful derivation of the (n + l, n) rule in group-

theoretical terms will be critically examined at the end of chapter 6.

95E. R. Scerri. “Commentary on Allen & Knight’s Response to the Löwdin Challenge”. In:

Foundations of Chemistry 8.3 (2006), p. 288 (emphasis added).
96Application of the perturbation operator on any nl orbital, keeps n + l invariant as

[(n − 1) + (l + 1)] lowers n by 1, but raises l by the same amount. In that sense, the per-

turbation operator resembles the chiral bishop, to be introduced in chapter 6.
97Scerri, op. cit., p. 289.



42 Chapter 1. Literature study

1.6 Misapplying the Madelung rule

1.6.1 The n + l blunder

The validity and utility of the (n + l, n) rule has recently been under severe at-

tack by Eugen W. H. Schwarz.98 He remarked that “it has been deplored

from time to time that the Madelung rule has not yet been derived quantum-

theoretically,” (§1.5.5) but added that “this is of course impossible since this

approximate rule of thumb is at variance with too many facts.”99 According

to Schwarz “no general convincing theoretical derivation exists because the

Madelung rule does not hold in general for the atomic valence shells, and not

at all for the core shells” (vide infra).100

In his opinion, the (n + l, n) rule represents “a nonrealistic and chemically

misleading order of atomic orbitals,”101 which “is of limited value in chem-

istry.”102 Referring to it as ‘the n + l blunder,’103 Schwarz concluded that all

“previous wisdom of the periodic system has suffered from the invention of such

scientific facts.”104

Let it be clear at the outset that we do not agree with Schwarz’ conclusions.

Although the (n + l, n) rule might be ‘at variance with many facts,’ its explana-

tory power should not be underestimated, as we hope to explain in what follows.

Having said this, we admit that Schwarz has raised a number of important is-

sues which would benefit from closer scrutiny, and which particularly show the

need for a correct interpretation of the (n + l, n) rule.

1.6.2 The concept of an element

Before offering two possible interpretations of the (n + l, n) rule in §1.6.3, the

aim of this section is to show that the applicability of the Madelung rule greatly

depends on the definition given to the concept of a chemical element. A dis-

tinction should be made with respect to the kind of atoms corresponding to a

98S. G. Wang and W. H. E. Schwarz. “Icon of Chemistry: The Periodic System of Chemi-

cal Elements in the New Century”. In: Angewandte Chemie International Edition 48 (2009),

pp. 3404–3415; W. H. E. Schwarz and S. G. Wang. “Some Solved Problems of the Peri-

odic System of Chemical Elements”. In: International Journal of Quantum Chemistry 110.8

(2010), pp. 1455–1465; W. H. E. Schwarz and R. L. Rich. “Theoretical Basis and Correct

Explanation of the Periodic System: Review and Update”. In: Journal of Chemical Education

87.4 (2010), pp. 435–443; W. H. E. Schwarz. “The Full Story of the Electron Configurations

of the Transition Elements”. In: Journal of Chemical Education 87.4 (2010), pp. 444–448.
99Schwarz and Rich, op. cit., p. 441.

100Schwarz and Wang, op. cit., p. 1461.
101Ibid., p. 1457.
102Schwarz and Rich, loc. cit.
103Wang and Schwarz, op. cit., p. 3412.
104ibid., p. 3404. He conjectured however that “since the rule occurs in all textbooks and is

absorbed by all students and teachers, it will die out only very slowly.”ibid., p. 3412.
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given element. We will distinguish between 1. free and bound atoms, 2. neutral

atoms and ionic species, and 3. atoms in their ground and excited state. By

way of example, this section will focus on the element nickel (Ni, Z = 28).

Free versus bound atoms

Ni0 as a free atom has a ground state electronic configuration [Ar] 3d84s2,

whereas the dominant configuration for Ni0 in nickel metal (as a bounded atom)

or in tetracarbonyl nickel Ni(CO)4 is [Ar] 3d10.105 Manifestly, free atoms and

bound atoms are very different. The (n + l, n) rule correctly determines the

configuration for Ni as a free atom, but does not apply to the configuration of

Ni as a bound atom.

The origin of these dissimilar configurations can be traced back to a destabi-

lization of the (n + 1) s atomic orbital (AO) in compounds. An (n + 1) s AO is

spatially more extended than an nd-orbital. When the atom is surrounded by

other atoms in a chemical compound, the (n + 1) s AO overlaps with the AOs of

the other atoms, and becomes destabilized due to the Pauli exclusion principle.

As a consequence, nd ≪ (n + 1)s energetically, which explains the pure dgs0

configuration for transition metals in compounds (with g the group number).106

Neutral atoms versus charged ions

The ground state configurations for all free transition metals Mi (i = 0,+1,+2)

from the 3d–5d-block are given in table 1.3.107 Among the neutral transition

metal atoms M0, only one, palladium (Pd) has a dgs0 configuration with empty

s AO (with g the group number). Nearly half of the transition metal cations

M+, on the other hand, have pure d ground states dg−1s0 with empty s shell;

and among the higher charged cations Mi+ (i > 1), practically all have ground

state configurations dg−is0 with empty s AOs.

This indicates that for higher ionic charges (and thus larger Zeff), nd <
(n + 1)s energetically. This is in agreement with the hydrogenic (n, l) rule, but

in stark contrast with the Madelung (n + l, n) rule. The Madelung rule therefore

only applies to neutral atoms, whereas for ions different filling rules apply.108

Ground versus excited states

Finally, it must be emphasized that all traditional periodic systems represent

the electronic configurations of the elements in their (stable) ground state, and

105For this reason, transition metal chemistry is often termed ‘pure d–shell chemistry.’ See also G.

Frenking and N. Fröhlich. “The Nature of the Bonding in Transition-Metal Compounds”.

In: Chemical Reviews 100.2 (2000), pp. 717–774, section III.
106Wang and Schwarz, op. cit., p. 3406.
107See also C. E. Moore. Atomic Energy Levels as Derived from the Analyses of Optical Spectra.

Washington: U. S. Government Printing Office, 1949, 1952, 1958.
108See §1.4.5 and Goudsmit and Richards, op. cit.
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not in a (metastable) excited state. Based on this, and the last two sections,

one can conclude that the validity of the (n + l, n) rule is limited to ground state

electronic configurations of neutral atoms as free gas-phase species in vacuum.

(Though most interesting, we will not pursue the naturally arising question

whether free atoms in vacuum represent the elements as basic substances.)

1.6.3 Two interpretations of the (n + l, n) rule

The (n + l, n) rule as Aufbau principle

Among the most common interpretations of the (n + l, n) rule, is the assumption

that the Madelung rule affords us with a correct ordering of the different nl

states in terms of increasing energy; that is:

ε(1s) ≪ ε(2s) < ε(2p) ≪ ε(3s) < ε(3p) ≪ ε(4s) < ε(3d) < ε(4p) ≪ . . . . (1.29)

This order is assumed to be fixed and universal.109 That is, the energetic order

ε(4s) < ε(3d), for example, is asserted to hold at all times. We will challenge

this interpretation 1. by a brief consideration of the famous 3d/4s issue, and

2. by putting the Madelung sequence in the broader context of AO sequences.

The 3d/4s issue. Let us verify the validity of (1.29) by building a scandium (Sc)

atom from scratch. We start with a bare 45
21Sc nucleus, consisting of 21 protons

(p+) and 24 neutrons (n0), and proceed by adding a total of 21 electrons (e−)

to form a neutral Sc atom. This addition happens in a stepwise manner (one

electron at a time); each electron is accommodated in an nl orbital according

to the above Aufbau principle (1.29) while keeping Pauli’s exclusion principle

in mind.

After addition of 18 electrons, a Sc3+ ion is formed with argon configuration

[Ar] = [Ne] 3s23p6. The next electron is placed in the 4s-orbital, in accord with

(1.29), to yield a Sc2+ cation with configuration [Ar] 4s1. The 4s-shell is then

completed by the addition of the 20th electron, resulting in a Sc+ ion with [Ar]

4s2 configuration. The 21st and last electron ends up in a 3d-orbital, yielding

a neutral Sc atom with configuration [Ar] 3d14s2. This Aufbau process can be

summarized as follows:

Sc3+ → Sc2+ (4s1)→ Sc+ (4s2)→ Sc (3d14s2). (1.30)

This, however, is contradicted by the experimental data (table 1.3) which shows

that:

Sc3+ → Sc2+ (3d1)→ Sc+ (3d14s1)→ Sc (3d14s2). (1.31)

Here, the first valence electron goes into the energetically lower 3d-shell, contrary

to the (1.29) ordering. A second difference concerns the 3d14s1 configuration of

109The universality of (1.29) has already been disputed in §1.6.2.
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Sc+, which is explained by the fact that the 3d AO is spatially more compact

than the 4s AO. The electron-electron repulsion is therefore much higher in the

3d-orbital than in the larger 4s-shell, and this energetically favors the 3d14s1

configuration, with a second valence electron being placed in the higher 4s AO

where it experiences smaller repulsion.110

The common textbook dictum “4s is occupied first, but 4s is also ionized

first,” which according to Schwarz “seems to violate the principle of microscopic

reversibility,”111 should thus be corrected by saying that in a transition metal

atom 3d is occupied before 4s, wherefore 4s is logically easier to ionize.112 This,

we repeat, is at variance with the energy sequence in (1.29), and challenges the

abovementioned interpretaton of the (n + l, n) rule as an Aufbau principle.

Different AO sequences. According to Schwarz, this misinterpretation is due to

the fact that “most chemistry textbooks teach one single AO sequence, corre-

sponding to the Madelung rule,” whereas at least five sequences are known to

exist.113 The Fock (n) sequence (without screening by other electrons)

1s≪ 2s = 2p≪ 3s = 3p = 3d≪ 4s = 4p = 4d = 4f ≪ 5s = 5p = 5d = . . . , (1.32)

and the Madelung (n + l, n) sequence (with strongly screened nucleus)

1s≪ 2s < 2p≪ 3s < 3p≪ 4s < 3d < 4p≪ 5s < 4d < 5p≪ 6s < 4f < . . . , (1.33)

represent two limiting cases, with the (actual) realistic sequences lying in be-

tween these two extremes as intermediates.114 The AO sequence for the inner

110Wang and Schwarz, op. cit., p. 3407.
111Ibid., p. 3406.
112See also S. G. Wang et al. “The Challenge of the So-Called Electron Configurations of the

Transition Metals”. In: Chemistry - A European Journal 12.15 (2006), pp. 4101–4114 and

J. B. Mann et al. “Configuration Energies of the d-Block Elements”. In: Journal of the Amer-

ican Chemical Society 122.21 (2000), pp. 5132–5137. The seemingly preferential occupation of

the 4s-level before the 3d-level, according to (1.29), has been the source for numerous heated

discussions in the scientific literature. See F. L. Pilar. “4s is Always Above 3d! or, How to tell

the orbitals from the wavefunctions”. In: Journal of Chemical Education 55.1 (1978), pp. 2–6;

T. S. Carlton. “4s Sometimes is below 3d”. In: Journal of Chemical Education 56.11 (1979),

p. 767; F. L. Pilar. “4s Sometimes is below 3d (the author replies)”. In: Journal of Chemical

Education 56.11 (1979), p. 767; E. R. Scerri. “Transition Metal Configurations and Limita-

tions of the Orbital Approximation”. In: Journal of Chemical Education 66.6 (1989), pp. 481–

483; L. G. Vanquickenborne, K. Pierloot, and D. Devoghel. “Electronic Configuration

and Orbital Energies: the 3d-4s Problem”. In: Inorganic Chemistry 28.10 (1989), pp. 1805–

1813; L. G. Vanquickenborne, K. Pierloot, and D. Devoghel. “Transition Metals and

the Aufbau Principle”. In: Journal of Chemical Education 71.6 (1994), pp. 469–471; M. P.

Melrose and E. R. Scerri. “Why the 4s Orbital is Occupied before the 3d”. In: Journal of

Chemical Education 73.6 (1996), pp. 498–503; J. L. Bills. “Why the 4s Orbital is Occupied

before the 3d”. In: Journal of Chemical Education 74.6 (1997), p. 616; M. P. Melrose and

E. R. Scerri. “Why the 4s Orbital is Occupied before the 3d (the authors reply)”. In: Journal

of Chemical Education 74.6 (1997), p. 616; J. L. Bills. “Experimental 4s and 3d Energies in

Atomic Ground States”. In: Journal of Chemical Education 75.5 (1998), pp. 589–593.
113Wang and Schwarz, op. cit., p. 3407. See also Schwarz and Wang, op. cit.
114Wang and Schwarz, op. cit., p. 3409.
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atomic core shells, for instance, follows the hydrogenic (n, l) rule:

1s≪ 2s < 2p≪ 3s < 3p < 3d≪ 4s < 4p < 4d < 4f ≪ 5s < 5p < 5d < . . . , (1.34)

where as a general rule ns < np≪ nd⋘ nf due to a difference in angular mo-

mentum L =
√
l (l + 1)h̵ and shielding/penetrating power (see §1.4.3). This has

been experimentally verified via X–ray spectroscopy and quantum mechanical

calculations.

For the outer valence shells, these shifts become even more pronounced, as

determined by UV/Vis spectroscopy, resulting in the following AO sequence:

1s≪ 2s < 2p≪ 3s < 3p≪ 3d < 4s < 4p≪ 4d < 5s < 5p≪ 4f < 5d < . . . . (1.35)

Notice how, as compared to (1.34), the 3d-level approaches 4s, and how the

4f -orbitals are shifted above the 5s and 5d AOs.

These screening effects are largest for the alkali and alkaline earth metals

of group 1 and 2, on account of the large ratio of screening core electrons to

valence electrons. This yields a slightly modified AO sequence for the valence

electrons of the electropositive elements:

1s≪ 2s < 2p≪ 3s < 3p≪ 4s < 3d < 4p≪ 5s < 4d < 5p≪ 6s < 4f . . . , (1.36)

where the (n + 1) s AOs move down below the nd AOs.115 The Madelung se-

quence (1.33) is most similar to this last sequence; this has induced Schwarz to

downgrade the universality of the Madelung rule as applying “only to the first

two groups of the periodic system.”116

Conclusion. The sheer variety of AO sequences and the induced configurational

reorganizations when adding electrons to a bare nucleus, refute the simplistic

interpretation of the (n + l, n) rule as a fixed energy ordering principle. The

change in the order of nl orbitals when moving from the inner core to the

outer valence regions of the atom reduces the Madelung sequence to an overly

simplistic summary of the spectroscopic results, and calls for an alternative

interpretation (vide infra).

The (n + l, n) rule as a tool for predicting electron configurations

Although the (n + l, n) rule fails to accurately describe the entire building-up

process of an atom (as exemplified by the Sc case above), it does seem to cor-

rectly predict the overall (final) electronic ground state configuration of a neu-

tral atom. Stated somewhat differently, the (n + l, n) rule establishes in which

nl spin orbital the differentiating electron should go.117

115Ibid., p. 3408.
116Schwarz and Rich, op. cit., p. 436.
117The differentiating electron is defined as that electron by which two successive elements differ.
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Table 1.4: Ground state electronic configurations for 19 elements exhibiting anoma-

lous configurations which do not obey the (n + l, n) rule. [Data obtained from the

National Institute of Standards and Technology (NIST) Atomic Spectra Database.

Available online: http://physics.nist.gov/asd]

Element Predicted Madelung Experimentally obtained

ground state configuration ground state configuration

Cr [Ar] 3d44s2 [Ar] 3d54s1

Cu [Ar] 3d94s2 [Ar] 3d104s1

Nb [Kr] 4d35s2 [Kr] 4d45s1

Mo [Kr] 4d45s2 [Kr] 4d55s1

Ru [Kr] 4d65s2 [Kr] 4d75s1

Rh [Kr] 4d75s2 [Kr] 4d85s1

Pd [Kr] 4d85s2 [Kr] 4d10

Ag [Kr] 4d95s2 [Kr] 4d105s1

La [Xe] 4f16s2 [Xe] 5d16s2

Ce [Xe] 4f26s2 [Xe] 4f15d16s2

Gd [Xe] 4f86s2 [Xe] 4f75d16s2

Pt [Xe] 4f145d86s2 [Xe] 4f145d96s1

Au [Xe] 4f145d96s2 [Xe] 4f145d106s1

Ac [Rn] 5f17s2 [Rn] 6d17s2

Th [Rn] 5f27s2 [Rn] 6d27s2

Pa [Rn] 5f37s2 [Rn] 5f26d17s2

U [Rn] 5f47s2 [Rn] 5f36d17s2

Np [Rn] 5f57s2 [Rn] 5f46d17s2

Cm [Rn] 5f87s2 [Rn] 5f76d17s2

Yet, many exceptions are known to exist which undermine this second inter-

pretation of the Madelung rule. Terry L. Meek and Leland C. Allen

have listed a total of 19 elements (10 d-block and 9 f -block elements) exhibiting

anomalous configurations which differ from those predicted by the (n + l, n) rule

(table 1.4).118 It is interesting to note that the configurations of the 10 d-block

elements present a deviation from the first (n + l) part of the Madelung rule,

whereas the configurations of the 9 f -block elements violate the second (n) part.

Seventeen of these ‘non-Madelung’ configurations differ from the predicted con-

figurations by a single electron; whereas palladium (Pd) and thorium (Th) differ

by two electrons (see also figure 1.12).

118T. L. Meek and L. C. Allen. “Configuration Irregularities: Deviations from the Madelung

Rule and Inversion of Orbital Energy Levels”. In: Chemical Physics Letters 362.5-6 (2002),

pp. 362–364.
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Figure 1.12: Madelung filling scheme, illustrating the empirical ground state con-

figurations of the chemical elements (with Z = 1 → 120). The vertical axis represents

the atomic number Z; the one-electron nl orbitals are ordered along the horizontal

axis according to the (n + l, n) rule. Blackened areas correspond to filled states. An

ideal realization of the (n + l, n) rule results in a perfectly triangular diagram. Minor

deviations from the triangular shape are observed, corresponging to the 19 anomalous

configurations of §1.6.3. These are also indicated in the rightmost column.

Being subject to no less than 19 exceptions, many an author has called into

doubt the lawfulness of the (n + l, n) rule. J. F. Ogilvie, for instance, down-

graded the (n + l, n) rule to an “ad hoc rule [. . .] of quite limited utility.”119

Benjamin Carroll and Alexander Lehrman , on the other hand, consid-

ered these exceptions “relatively unimportant to the chemist”.120 After all, the

19 ‘anomalous atoms’ have excited states near the ground state which do satisfy

the (n + l, n) rule.

119J. F. Ogilvie. “The Nature of the Chemical Bond — 1990: There Are No Such Things as

Orbitals!” In: Journal of Chemical Education 67.4 (1990), p. 282.
120Carroll, op. cit., p. 662.
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In that regard, Yury N. Demkov and Valentin N. Ostrovsky offered an

interesting comparison of the hydrogenic (n, l) and Madelung (n + l, n) rules

(figures 1.12 and 1.13).121 An exact implementation of one of these rules would

result in a perfectly triangular diagram. The (n + l, n) filling rule (figure 1.12)

shows some minor deviations from the triangular shape which correspond to the

19 anomalous configurations of table 1.4. Yet, the overall triangular shape is

clearly visible, and as Ostrovsky noted, “hardly any objective observer would

deny that the rule describes well the major trend and thus organizes our knowl-

edge about electron configurations in atoms.”122

This becomes particularly evident when one compares the (n + l, n) filling

scheme with the alternative hydrogenic (n, l) scheme (figure 1.13). Although

both rules work just as fine for low atomic numbers (Z < 19), a complete break-

down of the (n, l) rule is observed for higher ordinal numbers (Z ≥ 19). Unmis-

takably then, the (n + l, n) rule quite successfully describes the electronic struc-

ture of the periodic system (notwithstanding the few imperfections), whereas

the (n, l) rule fails over the entire line.

1.7 Group theory and the periodic system

Neither of the above two interpretations of the Madelung rule have proved to be

flawless (§1.6.3). This raises the question whether one should not better abandon

the (n + l, n) rule altogether? We will argue on the contrary. Despite its many

shortcomings, we believe the (n + l, n) rule has a fundamental role to play in

our quest for a deeper understanding of the periodicity phenomena. The goal

of this last section is twofold: 1. to present the principal explanatory merit of

the (n + l, n) rule, and 2. to offer a possible solution for the numerous problems,

raised in §§1.5.5, 1.6.1–1.6.3, by offering a group-theoretical interpretation of the

Madelung rule.

The explanatory merit of the (n + l, n) rule

Granting that the (n + l, n) rule is found lacking in its description of the ground

state electronic configurations of the chemical elements, it does predict the on-

set of all atomic subshell occupations in the Aufbau sequence of the periodic

system (§1.5); that is, it effectively foretells the beginning of the transition met-

als, lanthanide and actinide series. It rationalizes, in other words, the overall

structure of the periodic system by providing us with a recipe for laying out the

121Demkov and Ostrovsky, op. cit. Original Russian publication: Yu. N. Demkov and V. N.

Ostrovsky. “n + l Filling Rule in the Periodic System and Focusing Potentials”. In: Zhurnal

Éksperimental’nŏı i Teoreticheskŏı Fiziki (ZhÉTF) 62 (1972), pp. 125–132. See also Ostro-

vsky, “The Periodic Table and Quantum Physics”, pp. 342-345.
122Ibid., p. 342.
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different s-, p-, d- and f -blocks in the table. As a welcome extra, the Madelung

rule also discloses the period doubling as an essential feature of the periodic

system (§1.5.3). In that sense, the power of the (n + l, n) rule lies not so much

in its (rather ambiguous) relation to the quantum mechanics of many-electron

systems, but in its ‘architectural description’ of the Mendeleev chart.

Towards a group-theoretical interpretation of the (n + l, n) rule

In this dissertation, a group-theoretical articulation of the (n + l, n) rule will be

suggested as a substitute for the quantum mechanical interpretations that have

been proposed rather unsuccessfully in the last few sections. We remind the

reader that group theory is a mathematical instrument to describe symmetries;

it rationalizes observed degeneracies and patterns, and can thus be used as a

classificatory tool.123 This raises many questions: In which sense can one speak

of the symmetries of the periodic system? How are these symmetries described

by a group? And how does one get from these symmetry groups to an actual

classification of the elements and rationalization of the Madelung (n + l, n) rule

and period doubling?

Answering these questions is the aim of the entire thesis. In this chapter,

we will limit ourselves to briefly reviewing the historical evolution of the group-

theoretical approach to the periodic table in §1.7.1. A scientific examination of

this field will only be undertaken in the final section of chapter 6. Finally, to con-

clude this literature study, a non-technical introduction to the theory of groups

will be offered. It is our hope that this last section will help the mathematically

less-inclined reader to understand the broader framework and philosophy behind

our approach, without having to lose himself in the mathematical details.

The group-theoretical principles of particle classification will first be ex-

plained on a general basis in §1.7.2, and will then be applied to the periodic

system in §1.7.3. The latter section also contains some philosophical reflections,

which will be worked out in more detail in chapter 6 where the (cosmogenic)

importance of symmetry breaking will be argued for.

The group-theoretical approach to the periodic table has been criticized by

numerous authors. According to Pekka Pyykkö, there is “no deep group-

theoretical principle” behind the apparent symmetry of the periodic system.124

Schwarz argued that this approach reduces to the “design of a symmetry group

123An introduction to group theory is provided in chapter 2.
124P. Pyykkö. “Relativistic Effects on Periodic Trends”. In: The Effects of Relativity in Atoms,

Molecules and the Solid-State. Ed. by S. Wilson, I. P. Grant, and B. L. Gyorffy. New York

and London: Plenum, 1991. See also P. Pyykkö and Y. Zhao. “The Elements of Flatland:

Hartree-Fock Atomic Ground States in Two Dimensions for Z = 1–24”. In: International

Journal of Quantum Chemistry 40.4 (1991), pp. 527–544; P. Pyykkö. “A Note on Nodal

Structures, Partial Screening, and Periodic Trends among Alkali Metals and Alkaline Earths”.

In: International Journal of Quantum Chemistry 85.1 (2001), pp. 18–21.
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that just fits to the Madelung [atomic orbital] order.”125 Scerri et al. finally,

regretted that this approach yields explanations that are “based on symmetry

groups, which, by themselves, have to be chosen empirically.” This “defeats the

original purpose” to obtain a “fundamental explanation of the periodic table,

that is not based on empirical evidence, but on first principles.”126

Many of these criticisms can be countered by making a clear distinction

between the elementary particle approach that is phenomenological in nature,

and the atomic physics approach that is more ‘fundamental’ in the above sense.

We will come back to this point in chapter 6.

♠1.7.1 Historical prelude

The mathematical theory of abstract groups had been used as a classificatory

tool in the 1960s by Murray Gell-mann and Yuval Neeman to classify the

zoo of elementary particles. This group theoretical approach led to the eightfold

way and the discovery of the quark structure of hadrons, both of which were

described by the unitary SU(3) group.127

Following the particle physics tradition, a handful of scientists deemed it

probable that there existed a more sophisticated, symmetry-based way of un-

derstanding how the chemical elements should be accommodated in the periodic

table. Some even believed that group theory could shed some light on the way

the periodic law emerges from its quantum mechanical foundations.

The phenomenological study of the global group structure of the periodic

system thus originated in the 1970s with the pioneering work of a small group

of theoretical physicists. As so often happens in the history of science, multiple

independent discoveries typically occur when the time is ripe.128 The applica-

tion of group theory to the periodic system forms no exception; at least four

independent research groups in Novosibirsk, Boulder (Colorado), Mexico City

and St. Petersburg simultaneously saw the potential uses of group theory to

explain the structure of Mendeleev’s table.

A very first (but rather vague) suggestion in this direction came however

from the German physicist D. Neubert who believed that “the high symmetry

of the [periodic system could] be of interest from different point of views.”129

125Schwarz and Wang, op. cit., p. 1461.
126Scerri et al., op. cit., p. 6.
127M. Gell-Mann and Y. Ne’eman. The Eightfold Way. Advanced Book Classics. Boulder,

Colorado: Westview Press, 2000.
128According to Robert K. Merton, these ‘multiples’, rather than ‘singletons’ (i.e. a discovery

made by a single individual), represent the common pattern in science. See R. K. Merton.

“Singletons and Multiples in Scientific Discovery: A Chapter in the Sociology of Science”. In:

Proceedings of the American Philosophical Society 105.5 (1961), pp. 470–486. Or, to put it

more poetically: “When the time is ripe for certain things, these things appear in different

places in the manner of violets coming to light in early spring” — Farkas Bolyai.
129Neubert, op. cit., p. 216.
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Rumer, Fet and Konopel’chenko (Novosibirsk, USSR)

In the same year, the renowned Soviet physicist Yurij Borisovich Rumer

(1901–1985) and the mathematician Abram Ilyich Fet (1924–2007) published

a book on The Theory of Unitary Symmetry Groups.130 Rumer had been an

assistant of Max Born (1882–1970) during his internship at the University of

Göttingen in the period 1929–1932. After serving as a professor at the Moscow

State University from 1932 till 1938, Rumer was arrested as an accomplice of

Lev Landau (1908–1968) and was sent to Soviet camps. More than a decade

later, Rumer finally moved to Novosibirsk where he intended to apply the prin-

ciples of group theory and representation theory to problems in biology and

chemistry.131

In the field of biology, Rumer studied the symmetries of the genetic code,

along with B. G. Konopel’chenko. Around the same time, Rumer wrote his

book with Fet on Unitary Symmetry Groups, dedicated to the symmetries of

elementary particle physics. The writing of this monograph stimulated Rumer

and Fet to embark on a “non-traditional [project] — the group theoretical de-

scription of the system of chemical elements.”132 Their first paper appeared in

1971 in the journal of Theoretical and Mathematical Physics and offered a de-

tailed description of the periodic system based on a two-sheeted covering of the

SO(4) group.133

These initial ideas were further developed by Fet during the following ten

years in a number of papers and conference proceedings. The SO(4) group

was broadened to the conformal SO(4,2) group by Konopel’chenko in 1972,134

and in 1975, Fet proposed the direct product group SO(4,2) ⊗ SU(2) which

will form the basis for our own research.135 In 1984, Fet wrote a complete

130Yu B. Rumer and A. I. Fet. Teoriya Unitarnoi Simmetrii [In Russian: The Theory of Unitary

Symmetry]. Moscow: Nauka, 1970, p. 400. Another result of their fruitful collaboration was

the book Yu B. Rumer and A. I. Fet. Group Theory and Quantum Fields. Moscow: Nauka,

1977, p. 248.
131A. I. Fet. Symmetry Group of Chemical Elements. Novosibirsk: Nauka, 2010, p. 5 (in Russian).
132Quoted from a letter Rumer wrote to the academician M. A. Leontovich. See ibid., p. 4.
133Yu B. Rumer and A. I. Fet. “The Group Spin (4) and the Mendeleev System”. In: Teoretich-

eskaya i Matematicheskaya Fizika 9.2 (1971), pp. 203–210. Translated from the Russian: Yu

B. Rumer and A. I. Fet. “The Group Spin (4) and the Mendeleev System”. In: Theoretical

and Mathematical Physics 9.2 (1971), pp. 1081–1085.
134B. G. Konopel’chenko. “Gruppa SO(2,4)+R i Tablitza Mendeleeva [In Russian: The

SO(2,4)+R Group and Mendeleev’s Table], Preprint IYaF 40-72”. L. Novosibirsk, 1972 (in

Russian). See also B. G. Konopel’chenko and Yu B. Rumer. “Atoms and Hadrons (Classifi-

cation Problems)”. In: Soviet Physics Uspekhi 22.10 (1979). L, pp. 837–840. Translated from

the Russian: B. G. Konopel’chenko and Yu B. Rumer. “Atoms and Hadrons (Classification

Problems)”. In: Uspekhi Fizicheskikh Nauk 129 (1979). L, pp. 339–342.
135A. I. Fet. “Conformal symmetry of the chemical elements”. In: Theoretical and Mathematical

Physics 22.3 (1975), pp. 227–235. Translated from the Russian: A. I. Fet. “Conformal sym-

metry of the chemical elements”. In: Teoreticheskaya i Matematicheskaya Fizika 22.3 (1975),

pp. 323–334. A popular account of Fet’s work appeared in V. M. Byakov et al. “Group-
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monograph on the Symmetry Group of Chemical Elements.136 The entire book

was linotyped by the Siberian division of the Nauka publishing house and was

ready for publication when it was suddenly withdrawn from printing due to an

order of some academic functionary.137 According to the author’s widow, this

order was solely political and had no relation to science. R. G. Khlebopros

believed the reason was to be found in Fet’s personality:

A talented mathematician and physicist, a very well-educated and

intelligent person with a sense of dignity and independence, he was

of course envied and hated by ungifted science bureaucrats.138

Two years later, Fet was fired from the institute “for lack of publications.” In

1992, the book came out in abridged form in the collected works of Mathematical

Modelling in Biology and Chemistry.139 Only after Fet’s death, and thanks to

the efforts of Prof. Khlebopros, was the book finally published in its entirety as

it was supposed to be issued in 1984.140

Barut and Odabaşi (Boulder, Colorado, USA)

In 1971, Asim O. Barut (1926–1994) from the University of Colorado was the

visiting Erskine Fellow at the University of Canterbury, in Christchurch New-

Zealand. During that time, Barut attended the Rutherford Centennial Sympo-

sium on the Structure of Matter, which was held in Christchurch from 7 till 9

July 1971. His visit to New-Zealand yielded two important documents about the

group structure of the periodic table. One is a contribution in the proceedings

Theoretical Classification of Chemical Elements. I. Physical Foundations”. Moscow, 1976;

V. M. Byakov et al. “Group-Theoretical Classification of Chemical Elements. II. Description

of Applied Groups”. Moscow, 1976; V. M. Byakov et al. “Group-Theoretical Classification

of Chemical Elements. III. Comparison with the Properties of Elements”. Moscow, 1977. Fet

laid special emphasis on A. I. Fet. The System of the Elements from the Group-Theoretic

Viewpoint. 1979. This preprint was later reproduced in A. I. Fet. “The System of Elements

from the Group-Theoretic Viewpoint”. In: Periodic Systems and their Relations to the Sys-

tematic Analysis of Molecular Data. Ed. by Ray Hefferlin. Lewiston, New York: The Edwin

Mellen Press, 1989, pp. 41–86.
136As far as we can judge, this is the only book ever written on the group theory of the periodic

system. We want to emphasize however that the results obtained in this dissertation have

induced us to write a textbook Shattered Symmetry: From the Eightfold Way to the Periodic

Table which is currently under review at Oxford University Press.
137Private communication with Ludmila Petrova-Fet, the author’s widow. See also Fet, Sym-

metry Group of Chemical Elements, p. 6.
138Ibid., p. 6.
139A. I. Fet. “Gruppa Simmetrii Khimicheskikh Elementov [In Russian: Symmetry Group of

Chemical Elements]”. In: Matematicheskoe Modelirovanie v Biologii i Khimii [in Russian:

Mathematical Modelling in Biology and Chemistry]. Ed. by R. G. Khlebopros. Novosibirsk:

Nauka Publishers, 1992, pp. 118–203 (in Russian).
140Fet, Symmetry Group of Chemical Elements (in Russian).
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of the Rutherford symposium.141 The other is a booklet, containing notes of the

lectures which Barut gave in the same year as Erskine Fellow.142 In these lec-

tures Barut explained the construction of the non-compact Lie group SO(4,2),

which is the covering spectrum-generating group for the hydrogen problem.

Impressed by Barut’s group theoretical treatment of the periodic system,

Halis Odabaşi (1931–2011) felt inclined to explore these ideas somewhat fur-

ther. At the Sanibel Symposium of 1973,143 which was held in honour of Ed-

ward Uhler Condon (1902–1974), Odabaşi presented convincing evidence

for the chain of subgroups which had been proposed by Barut back in 1971.144

Novaro, Wolf and Berrondo (Mexico City)

The Mexican scientist Octavio Novaro, who was also present at the Sanibel

Symposium, picked up the thread where Odabaşi had left off and provided ‘geo-

metrical images’ for Barut’s chain of groups.145 Novaro had obtained his doctoral

degree in physics under the supervision of Marcos Moshinsky (1921–2009)

in 1969. His first attempts at a group theoretical justification of Bohr’s Aufbau

scheme had started in 1971, when he convinced his office colleague Bernardo

Wolf to team up with him.146

Starting from the groundbreaking work of the Soviet physicist Vladimir

A. Fock (1898–1974), who had explained the ‘accidental degeneracy ’ of the

hydrogen atom in terms of a four-dimensional symmetry (chapter 3), Novaro

and Wolf subsequently tried to break this O(4) symmetry.147 Despite the cold

reaction from Moshinsky, Novaro’s work attracted the attention of Per-Olov

Löwdin who invited him to speak at the abovementioned symposium.148

With the help of Carl Wulfman, Elpidio Chacón and A. Freyre,

141A. O. Barut. “Group Structure of the Periodic System”. In: The Structure of Matter: Ruther-

ford Centennial Symposium. Ed. by B. G. Wybourne. Christchurch, New Zealand: University

of Canterbury Press, 1972, pp. 126–136.
142A. O. Barut. Dynamical Groups and Generalized Symmetries in Quantum Theory (With

Applications in Atomic and Particle Physics). University of Canterbury, Christchurch, New-

Zealand: Bascands Ltd., 1972.
143The Sanibel Symposium was an international scientific conference on atomic, molecular and

solid-state physics and quantum biology. It was founded by Per-Olov Löwdin in 1960 and

was held every winter on Sanibel Island on the Gulf coast of Florida.
144Odabasi, op. cit. See also Condon and Odabasi, op. cit. This is a paperback re-issue of the

original volume which was published in 1980.
145O. Novaro. “Comment on the Group Theoretical Justification of the Aufbau Scheme”. In:

International Journal of Quantum Chemistry 7.S7 (1973), pp. 53–56.
146All historical recollections in this section are taken from O. Novaro. “Symmetries of the

Periodic System”. In: AIP Conference Proceedings 1323.1 (2010), pp. 244–256.
147O. Novaro and K. B. Wolf. “A Model Hamiltonian for the Periodic Table”. In: Revista

Mexicana de Fisica 20 (1971), pp. 265–268.
148In his reminiscences of that period, Novaro later wondered whether Moshinsky’s close friend-

ship with Vladimir Fock might explain his reservations. Perhaps he felt “we didn’t do justice

to [Fock’s] elegant and esthetic theory,” said Novaro in Novaro, op. cit., p. 244.
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Novaro forged ahead, and elucidated in which way the O(4) and U(3) symmetries

were broken in the first and second periods of Mendeleev’s table.149 However

fascinating, this research only galvanized Novaro’s curiosity as to whether there

existed a global symmetry for the periodic system. Being familiar with Barut’s

work, Novaro felt it lacking in its description of the period doubling.

Around that time, Manolo Berrondo returned to Mexico after obtaining

a PhD with Löwdin. Soon after, Novaro and Berrondo embarked on their quest

for the hidden symmetries of the periodic system.150 Despite this joint effort,

they did not settle the entire issue. In 1989, Novaro concluded that “despite

many attempts and some advances, it is still necessary to accept that Löwdin’s

call for a more sustained effort to understand the periodic system of the elements

is still a valid challenge for theoretical chemists and physicists.”151

Although Novaro had hoped to revive his efforts with Berrondo in 2009 to

obtain a final answer to Löwdin’s plea, his hopes were not fulfilled.152

Demkov and Ostrovsky (St. Petersburg, USSR)

In 1972, Yury N. Demkov (1926–2010) and Valentin N. Ostrovsky (1945–

2006) formulated an atomic model based on a rather peculiar family of one-

electron potentials (§1.5.5):

Veff (r) = − 2v

r2R2 [(r/R)µ + (R/r)µ]2
, (1.37)

with v, µ and R constants.153 In their study of these so-called fish-eye potentials

with special focusing properties,154 Demkov and Ostrovsky discovered that they

149O. Novaro. “Validity of O(4) Symmetry in 2nd Row Atoms”. In: Physics Letters A 33.2

(1970). L, pp. 109–110; E. Chacon et al. “O(4) and U(3) Symmetry Breaking in the 2s-

2p Shell”. In: Physical Review A 3.1 (1971). L, pp. 166–179; O. Novaro and A. Freyre.

“O(4) and U(3) Symmetry Breaking in the Second Row of the Periodic Table”. In: Molecular

Physics: An International Journal at the Interface Between Chemistry and Physics 20.5

(1971). L, pp. 861–871.
150O. Novaro and M. Berrondo. “Approximate Symmetry of the Periodic Table”. In: Journal

of Physics B: Atomic and Molecular Physics 5.6 (1972), pp. 1104–1110; M. Berrondo and

O. Novaro. “On a Geometrical Realization of the Aufbau Scheme”. In: Journal of Physics

B: Atomic and Molecular Physics 6.5 (1973), pp. 761–769.
151O. Novaro. “Group Theoretical Aspects of the Periodic Table of the Elements”. In: Journal

of Molecular Structure: THEOCHEM 199 (1989), p. 117.
152Novaro, “Symmetries of the Periodic System”, p. 245.
153Demkov and Ostrovsky, “n+ l Filling Rule in the Periodic System and Focusing Potentials”.

Translation from the Russian: Demkov and Ostrovsky, “n + l Filling Rule in the Periodic

System and Focusing Potentials”.
154See Yu. N. Demkov and V. N. Ostrovsky. “Internal Symmetry of the Maxwell ”Fish-Eye”

Problem and the Fock Group for the Hydrogen Atom”. In: Soviet Physics JETP 13.6 (1971),

pp. 1083–1087 and Yu. N. Demkov, V. N. Ostrovsky, and N. B. Berezina. “Uniqueness of

the Firsov Inversion Method and Focusing Potentials”. In: Soviet Physics JETP 33.5 (1971),

pp. 867–870.
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held the somewhat surprising promise of explaining Bohr’s Aufbau scheme if µ

was set equal to 1
2
.

Ostrovsky had reproached Rumer and Fet, Barut, Novaro and Berrondo, and

Konopel’chenko of not having made the connection with the inner dynamics of

many-electron systems when proposing the SO(4,2) ⊗ SU(2) group. Based on

his fish-eye potential, Ostrovsky was now able to study the dynamic group of

the periodic system from an atomic physics point of view.155 Interestingly,

Ostrovsky’s research only confirmed the phenomenological claim that SO(4,2)

⊗ SU(2) was indeed the symmetry group for the periodic system.

Ostrovsky’s findings were called into doubt however by A. O. Barut and Y.

Kitagawara in 1983.156 Although modelling the (n + l, n) rule, Ostrovsky’s

potential did not yield an SO(4,2) symmetry. As a matter of fact, the fish-eye

potential gave rise to a degeneracy algebra which did not quite close under the

usual commutation relations. We will come back to this intriguing point at the

end of this dissertation (see chapter 6).

Later developments

In July 2003, the second International Conference on the Periodic Table was

held in Banff (Canada).157 A whole session was devoted to the group theoretical

aspects of the periodic law, with three presentations by Novaro, Ostrovsky,

and the Frenchman Maurice Kibler.158 In Novaro’s words, “the different

155V. N. Ostrovsky. “Dynamic Symmetry of Atomic Potential”. In: Journal of Physics B:

Atomic and Molecular Physics 14 (1981), pp. 4425–4439. See also V. N. Ostrovsky. “Group

Theory and Periodic System of Elements”. 1996; Ostrovsky, “What and How Physics Con-

tributes to Understanding the Periodic Law”; Ostrovsky, “Physical Explanation of the Pe-

riodic Table”; Ostrovsky, “The Periodic Table and Quantum Physics”.
156Kitagawara and Barut, “Period Doubling in the n + l Filling Rule and Dynamical Sym-

metry of the Demkov-Ostrovsky Atomic Model”. See also Kitagawara and Barut, “On the

Dynamical Symmetry of the Periodic Table: II. Modified Demkov-Ostrovsky Atomic Model”.
157The first International Conference on the Periodic Table celebrated the centennial of

Mendeleev’s discovery and was held in Turin and Rome during the third week of Septem-

ber 1969. On the list of contributors figured some of the greatest and most distinguished

academicians of that time: J. P. Elliott, G. N. Flerov, M. Gell-Mann, M. Häıssinsky,

L. A. Radicatti, T. Regge, E. Segré, I. Talmi, V. F. Wiesskopf and J. A. Wheeler to

name just a few. For the conference proceedings, see: Atti del Convegno Mendeleeviano. Peri-

odicità e Simmetrie Nella Struttura Elementaire Della Materia. Turin and Rome: Accademia

Delle Scienze di Torino, 1971. Last year, in August 2012, the third International Conference

on the Periodic Table was held in Cusco (Peru).
158See O. Novaro. “Group Theory of the Periodic Table”. In: The Mathematics of the Periodic

Table. Ed. by Dennis H. Rouvray and R. Bruce King. New York: Nova Science Publishers,

Inc., 2006, pp. 217–235; M. R. Kibler. “A Group-Theoretical Approach to the Periodic

Table: Old and New Developments”. In: The Mathematics of the Periodic Table. Ed. by D.

H. Rouvray and R. B. King. New York: Nova Science Publishers, Inc., 2006, pp. 237–263;

V. N. Ostrovsky. “Group Theory Applied to the Periodic Table of the Elements”. In: The

Mathematics of the Periodic Table. Ed. by D. H. Rouvray and R. B. King. New York: Nova

Science Publishers, Inc., 2006, pp. 265–311.
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approaches and conclusions of these three papers [showed] that the subject is

far from exhausted.”159

Although Kibler cannot be counted among the pioneers who started the

group theoretical study of the periodic system, he has been an ardent advocate

of using the SO(4,2) ⊗ SU(2) group as a starting point for all group-theoretical

articulations of the periodic law.160 Kibler is to be congratulated for his efforts

to disseminate this research among a broader scientific audience. His papers

typically have an educational flavour — introducing the many group-theoretical

concepts needed to tackle the periodic system. Recently, L. I. Gurskĭi et al.

also studied the SO(4,2) group and its subsequent breaking as a tool to classify

the chemical elements.161 We end this bibliographic section by mentioning two

more papers which have alluded to the importance of symmetry principles in

understanding the periodic law.162

1.7.2 Principles of particle classification

This section offers a non-technical introduction to the group-theoretical princi-

ples of particle classification. These principles will be subsequently applied to

the periodic table in §1.7.3. To start, let us imagine P = {α, β, γ, . . .} to be

a family of particles (denoted α, β, γ, . . .). From the point of view of group

theory, these particles are considered to be states of a single system S .

Transitions

Each system S can undergo transitions from any state α into any other state β.

Such a transition will be denoted as α → β, and represents the formal transition

159Novaro, “Symmetries of the Periodic System”, p. 255.
160M. R. Kibler. “The Periodic System of Chemical Elements: Old and New Developments”.

In: Journal of Molecular Structure: THEOCHEM 187 (1989), pp. 83–93; M. R. Kibler.

“On a Group-Theoretical Approach to the Periodic Table of Chemical Elements”. In: XI

International Conference on Symmetry Methods in Physics. Prague, 2004; M. R. Kibler.

“Classifying Chemical Elements and Particles: From the Atomic to the Sub-Atomic World”. In:

The Periodic Table: Into the 21st Century. Ed. by D. H. Rouvray and R. B. King. Baldock:

Research Studies Press, 2004, pp. 297–329; M. R. Kibler. “From the Mendeleev Periodic

Table to Particle Physics and Back to the Periodic Table”. In: Foundations of Chemistry 9.3

(2007), pp. 221–234; M. R. Kibler. “Sur la Route de Mendelëıev: De la Chimie à la Physique

des Particules”. In: La G@zette de l’IPNL 14 (2007), pp. 7–8. See also M. R. Kibler and T.

Negadi. “On the q-Analogue of the Hydrogen Atom”. In: Journal of Physics A: Mathematical

and General 24.22 (1991), p. 5283; T. Negadi and M. R. Kibler. “The Periodic Table in

Flatland”. In: International Journal of Quantum Chemistry 57.1 (1996), pp. 53–61; M. R.

Kibler. “On the Use of the Group SO(4,2) in Atomic and Molecular Physics”. In: Molecular

Physics 102.11-12 (2004), pp. 1221–1229.
161L. I. Gurskĭı, L. I. Komarov, and A. M. Solodukhin. “Group of Symmetry of the Periodic

System of Chemical Elements”. In: International Journal of Quantum Chemistry 72.5 (1999).

L, pp. 499–508.
162Katriel and Jørgensen, op. cit.; W. B. Jensen. “Classification, Symmetry and the Periodic

Table”. In: Computers & Mathematics with Applications 12B.1/2 (1986), pp. 487–510.
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from particle α into particle β. We note two important properties of these

system transitions:

1. Transitivity. When transitions are possible from state α to state β and

from state β to state γ, then the transition from α to γ is also possible. In

mathematical notation:

∀α,β, γ ∈ P ∶ (α → β ∧ β → γ)⇒ α → γ. (1.38)

2. Reversibility. When a transition from state α to state β is possible, then the

inverse transition from β to α is also possible. In mathematical syntax:

∀α,β ∈ P ∶ α → β ⇒ β → α. (1.39)

Operators

Transitions are effected under the action of certain operators. Henceforth, op-

erators will be denoted as Â, B̂, Ĉ, . . . The transition of α to β under the action

of Â is then written as

β = Âα. (1.40a)

An operator, such as Â, should never be identified with a single transition.

Rather, Â should be considered the common cause of a whole series of such

transitions; e.g.:

β′ = Âα′; (1.40b)

β′′ = Âα′′. (1.40c)

Groups

We continue by reformulating the transition properties (1.38) and (1.39) in

operator form. This will lead to the following properties of operators:

1. Closure. Suppose that two operators, Â and B̂, act in succession on the

states of a system S . The first operator Â acts on α to yield β according to

(1.40a), while B̂ further acts on β to yield the state γ according to

γ = B̂β. (1.41)

Then, according to the transitivity of transitions (Eq. 1.38), a third operator

Ĉ should exist which converts the initial state α directly into γ according to

γ = Ĉα. (1.42)

This shows that the product of two operators B̂Â can always be written as

a third operator Ĉ:163

Ĉ = B̂Â. (1.43)

163Note that a product of operators always acts from the right on a state. Thus the product B̂Â

means that Â acts first, and B̂ second.



1.7 Group theory and the periodic system 61

α

21

34

β

32

41

γ

43

12

δ

14

23

ε

34

21

ζ

23

14

η

12

43

θ

41

32
Figure 1.14: Eight differ-

ent states of the square.

This operator property is known as closure.

2. Inverse element. The reversibility property (1.39) indicates that every tran-

sition can be reversed. Since Â turns α into β, there should exist another

operator turning β back into α. Denoting this operator by Â−1, we obtain:

α = Â−1β. (1.44)

Â−1 is called the inverse of Â.

Two more operator properties can be added to our list:

3. Identity element. When a state remains unchanged (e.g. α → α), we say it

has been acted upon by the identity operator Î:

α = Îα. (1.45)

4. Associativity. Consider the product of operators D̂B̂Â, acting on a state α.

It is immaterial whether you first act on α with B̂Â = Ĉ and then with D̂,

or first with Â and then with D̂B̂ = F̂ :

(D̂B̂) Â = D̂B̂Â = D̂ (B̂Â) . (1.46)

In view of the above four properties, the operators Î, Â, B̂, . . . are said to form

a group G. Notice how naturally the notion of groups entered our picture of

particle classification by looking at the most general properties of transitions

and operators. Admittedly, neither the power nor the beauty of group theory

is apparent at this point, but as we will proceed ever deeper into the realm

of symmetries, group theory will emerge as the most powerful of mathematical

theories to tackle the hidden symmetries of the periodic system.

Subgroups

In order to arrive at a classification of the particles in P, we will need one

more concept, namely that of a subgroup, which we will introduce by means of

a simple example. Let the system S be represented by a square whose vertices



62 Chapter 1. Literature study

Table 1.5: Table showing the results of acting on one of the eight states α, β, γ, δ, ε,

ζ, η, or θ (shown in the leftmost column) with one of the eight operators Î, R̂π/2, R̂π,

R̂3π/2, m̂h, m̂v, m̂D or m̂d (shown in the uppermost row). For example, a counter-

clockwise rotation by 3π/2 transforms the δ state into γ according to γ = R̂3π/2δ.

Î R̂π/2 R̂π R̂3π/2 m̂h m̂v m̂D m̂d

α α β γ δ ε η θ ζ

β β γ δ α θ ζ η ε

γ γ δ α β η ε ζ θ

δ δ α β γ ζ θ ε η

ε ε ζ η θ α γ δ β

ζ ζ η θ ε δ β γ α

η η θ ε ζ γ α β δ

θ θ ε ζ η β δ α γ

are labelled 1, 2, 3, and 4 (see figure 1.14). The square can be positioned in

eight different ways, each of which represents a different state of the system

(denoted α, β, γ, δ, ε, ζ, η or θ).

A square has eight symmetries — four rotations, two mirror reflections and

two diagonal flips — corresponding to the different operations that can be per-

formed upon the square without changing its overal appearance. We will rep-

resent these operations by the operators Î, R̂π/2, R̂π, R̂3π/2, m̂h, m̂v, m̂D and

m̂d respectively. Their action on the states of the system are listed in table 1.5.

The set of operators {Î , R̂π/2, R̂π, R̂3π/2, m̂h, m̂v, m̂D, m̂d} forms a finite

group G of order 8 with respect to the successive application of the symmetry

transformations. This can best be seen by constructing a multiplication table

(table 1.6). Variously known as a composition table or a Cayley table (after

the Britisch mathematician Arthur Cayley), a multiplication table portrays

the structure of finite groups. Each entry in the table is obtained by making

the product of the element labeling the top row times the element labeling the

leftmost column.164

A closer examination of the multiplication table 1.6 reveals that the subset

of rotation operators {Î , R̂π/2, R̂π, R̂3π/2} forms a group as well. We call this a

subgroup of G, and denote it G1.165 In set theoretical language: G ⊃ G1. Other

(smaller) subgroups can be found; e.g. {Î , R̂π}, {Î , m̂h}, {Î , m̂v}, {Î , m̂D} and

{Î , m̂d}.

164Because many groups are non-Abelian, the convention of first applying the row operation and

secondly the column operation is of the utmost importance.
165Every group G is of course a subgroup of itself. Also, the identity element Î always forms a

trivial subgroup {Î} of G. These are called improper subgroups. The set {Î, R̂π/2, R̂π , R̂3π/2},

on the other hand, is said to form a proper subgroup of G.
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Table 1.6: Multiplication table for the group of symmetries of the square. Most

operators are their own inverse (e.g. m̂−1
v = m̂v). The only exceptions are R̂π/2 and

R̂3π/2 where R̂−1
π/2 = R̂3π/2.

Î R̂π/2 R̂π R̂3π/2 m̂h m̂v m̂D m̂d

Î Î R̂π/2 R̂π R̂3π/2 m̂h m̂v m̂D m̂d

R̂π/2 R̂π/2 R̂π R̂3π/2 Î m̂D m̂d m̂v m̂h

R̂π R̂π R̂3π/2 Î R̂π/2 m̂v m̂h m̂d m̂D

R̂3π/2 R̂3π/2 Î R̂π/2 R̂π m̂d m̂D m̂h m̂v

m̂h m̂h m̂d m̂v m̂D Î R̂π R̂3π/2 R̂π/2

m̂v m̂v m̂D m̂h m̂d R̂π Î R̂π/2 R̂3π/2

m̂D m̂D m̂h m̂d m̂v R̂π/2 R̂3π/2 Î R̂π

m̂d m̂d m̂v m̂D m̂h R̂3π/2 R̂π/2 R̂π Î

Multiplets

As long as the system S is subject to the group G, every state can be trans-

formed into every other state under the action of one of the 8 operators of G (cf.

table 1.5). A phase space could be drawn where each state is represented by a

point, and where the action of the different operators is symbolized by arrows

connecting any two of these points. Then, under the action of G, each point will

be connected with every other point by exactly one arrow.

If, however, we subject the system S to the subgroup G1 of G, consisting

of the four rotation operators {Î , R̂π/2, R̂π, R̂3π/2}, then the phase space will

split in two disjoint subspaces {α, β, γ, δ} and {ε, ζ, η, θ} (see table 1.5). That

is, whereas the four states α, β, γ and δ remain transformable into one another

under Î, R̂π/2, R̂π and R̂3π/2 (and similarly for ε, ζ, η and θ), it is no longer

possible to connect states from different subspaces. Henceforth, classes of states,

such as {α, β, γ, δ} or {ε, ζ, η, θ}, will be referred to as multiplets.

A further reduction of G1 to its subgroup G2 = {Î , R̂π} leads to a further

breaking of these multiplets into the submultiplets {α, γ}, {β, δ}, {ε, η} and

{ζ, θ}. Finally, under the action of the trivial subgroup G3 = {Î} of G2, these

doublets split into the singlets {α}, {β}, {γ}, {δ}, {ε}, {ζ}, {η} and {θ}.

Classification via symmetry breaking

A classification of the eight states {α, β, γ, δ, ε, ζ, η, θ} has thus been obtained

by the formation of a decreasing chain of subgroups:

G ⊃ G1 ⊃ G2 ⊃ G3, (1.47)



64 Chapter 1. Literature study

Figure 1.15: A group the-

oretical classification of the

eight different states of the

square.
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representing the stepwise breaking of the initial symmetry as described by the

group G (figure 1.15). Let us dwell a little on these important results. Closely

related states, such as α and γ, require only a small group of operators to be

transformed into one another (e.g. G2). Less kindred states, such as α and β,

on the other hand, are grouped together in one multiplet only under a larger

group (e.g. G1). The most disparate states, finally, such as α and ε, can only

be related via the initial group G.

Labelling the states

The place of each state in the classification scheme (figure 1.15) can be indicated

by labelling the different multiplets. The set of states P = {α, β, γ, . . .} breaks

into two different multiplets under G1 which can be labelled a and b. Under the

action of G2, each of these multiplets splits in two doublets which will be labelled

1 and 2. These doublets finally break down into singlets under the action of

G3 which are labelled + 1
2

or − 1
2
. The ‘address’ of the state α is then {a,1, 1

2
},

whereas the state η could be labeled as {b,1,− 1
2
}.

Principles of particle classification

We can summarize the above discussion with the following definition:

Definition 1.5. Principles of particle classification: Let S represent a

system of states α, β, . . . and suppose that all states are transformable into one

another under the action of a set of operators Â, B̂, . . . forming a group G. In
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that case, S is said to be irreducible with respect to G. Let now G1 be a sub-

group of G: G1 ⊂ G. Under the action of G1, S will break down in two or more

subsystems Si with a smaller number of states, which are said to constitute a

multiplet of S . Within a multiplet, all states remain transformable into one

another under G1; states from different multiplets, however, can no longer be

transformed into one another. A further reduction of G1 to one of its subgroups

G2 leads to a further breaking of the multiplets in submultiplets. In the end,

this process leads to a complete decomposition of the global irreducible repre-

sentation in subgroup irreducible representations with smaller dimensionalities.

This gives rise to structure, and can be used to classify the states which can be

labeled by a series of numbers indicating its position in the hierarchy of nested

multiplets. ◾

1.7.3 Group theoretical classification of the elements

The principles of particle classification (§1.7.2) will presently be applied to the

system of chemical elements. Although a complete group-theoretical treatment

of the periodic system will have to await chapter 6, some introductory remarks

can be made here. The following sections offer a short description of a. the

different states α, β, γ, . . . of b. the system S , and c. the symmetry group G,

with d. its chain of subgroups. In section e., a refinement will be proposed of the

current approach in order to deal with quantum systems (rather than with clas-

sical systems). Finally, section f. offers a justification for the phenomenological

approach that will be taken in this dissertation.

a. The concept of an atom

The concept of an atom in the elementary particle approach differs significantly

from the commonplace conception of an atom as defined in mainstream chem-

istry or quantum mechanics. We enumerate its most distinguishing properties:

1. The atoms of all the different chemical elements are considered to be various

states α, β, γ, . . . of a single system S . The latter has been variously named:

Rumer and Fet called S a ‘Coulombian system’,166 or a ‘superparticle’,

whereas Barut preferred the term ‘atomic matter ’.167 We will follow Barut’s

terminology and adopt the term ‘atomic matter’ or ‘primary matter ’ (vide

infra).

It is important to contrast this approach with the group-theoretical treatment

of the hydrogen atom in chapters 2–5, where only one atom is studied, and

166Rumer and Fet, “The Group Spin (4) and the Mendeleev System”. Translated from the

Russian: Rumer and Fet, “The Group Spin (4) and the Mendeleev System”.
167Barut, “Group Structure of the Periodic System”, p. 127.
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where the different ground and excited states of that single atom represent

the different states of the quantum system:

Quantum system (S ) ↔ Different states (α,β, . . .)

Hydrogen atom ↔ Ground and excited states

Atomic matter ↔ Chemical elements as states

2. The atoms of the chemical elements are treated as structureless particles;

the traditional conception of an atom as consisting of a central nucleus sur-

rounded by a cloud of electrons is thus excluded from our consideration. As

Byakov et al. emphasized, the group-theoretical approach “is not a [quan-

tum] theory of electronic shells.”168 Any talk of orbitals, quantum numbers,

or ground state electronic configurations, is considered meaningless and de-

void of explanatory power. This will be referred to as the Cheshire Cat

principle (figure 1.16).

The reader might wonder whether such an approach is justified: after all,

there is no disputing that atoms do have a complex structure, so why ignore

it? An answer to this question will be formulated in section f. (vide infra).

3. At a more philosophical level, it is tempting to identify the atoms of the

chemical elements in our approach with the elements as basic substances

(rather than as simple substances). All allotropes (e.g. graphite vs. diamond),

isotopes (e.g. 12
6C vs. 14

6C), atoms, ions (e.g. C vs. C4+), ground and excited

states of an element are treated as one and the same state of the system

S . The atom of a chemically specific element is thus nothing more than the

carrier of all possible chemical properties.169 Its only characteristic properties

are the atomic number Z, and a set of four ‘quantum numbers’ which label

the atom.

b. Atomic matter

The system S is treated as a superparticle whose states are the different el-

ements. From that point of view, S resembles the proto hyle of the ancient

Greek philosophers. Otherwise known as Aristotle’s materia prima, the proto

hyle was considered to be the prime matter from which emanated all material

manifestations. Being itself without substantial form, the primordial matter

could be impressed with different kinds of form to yield all the different ‘stuff’

of our universe.170 In a sense, the proto hyle was the bearer of all chemical and

168Byakov et al., “Group-Theoretical Classification of Chemical Elements. I. Physical Founda-

tions”, p. 3.
169Ibid., pp. 3, 19.
170These manifestations were called hylomorphic compounds — compounds of matter (hyle) and

form (morphe).
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physical properties, while being itself devoid of any properties. It had, in other

words, the potentiality of being imbued with any form, but remained denuded

from any property as long as no particular form was actualized and a specific

compound materialized.171 In short:

Matter (hyle) + form (morphe) → (hylomorphic) compound.

We can conceive of the system S in a similar vein as representing the primary

(atomic) matter which contains the potentiality of materializing into every pos-

sible element when impressed with the appropriate form. Later on, the system

S will also be called the ‘baruton’ in honour of the Turkish-American theoret-

ical scientist Asim Orhan Barut (1926–1994) who initiated the quest for a

group-theoretical understanding of the periodic system (§1.7.1).

171“Prime matter is matter in the unqualified sense.” Quoted from J. F. Wippel. “The Distinction

between Matter and Form”. In: The Metaphysical Thought of Thomas Aquinas: From Finite

Being to Uncreated Being. Catholic University of America Press, 2000, p. 298. The primordial

substance derives its name from the Latin substantia, which literally means ‘that which stands

under,’ i.e., underlies.

Figure 1.16: The Cheshire Cat principle. In the group-

theoretical approach to the periodic system, the real quantum-

mechanical atom is stripped from its physical content until

a structureless particle remains that is completely detached

from the natural world. In the process, the link with quan-

tum mechanics is also entirely lost. This is reminiscent of the

Cheshire Cat whose body slowly vanished in front of Alice’s

eyes. What remained was the Cat’s weird grin: the group-

theoretical atom, which is treated as an abstraction of the

physically real atom. “Well! I’ve often seen a cat without

a grin,” said Alice; “but a grin without a cat! It’s the most

curious thing I ever saw in all my life!” Yet, the Cheshire Cat

principle holds the key to a phenomenological description of

the periodic system.
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c. The symmetry group G

In analogy with the example of the square in §1.7.2, the system S is subject

to a symmetry group G. This group will later be identified with the direct

product group SO(4,2) ⊗ SU(2). A thorough description of this non-compact

spectrum-generating dynamical Lie group will appear in the next chapters.

At this point, it suffices to state that the symmetry group G consists of op-

erators Â, B̂, Ĉ, . . . which act on the states of S to transform them into one

another. Worded somewhat more concretely, the group G is said to be capable

of ‘transmuting ’ every element into every other. It could on that account be

compared to the philosophers’ stone (or lapis philosophorum) of the Medieval

alchemists — a legendary substance which had the ability to turn base met-

als (e.g. lead) into noble metals (e.g. gold or silver). We do want to emphasize

however that this analogy is merely used as a convenient metaphor ; the transfor-

mations, induced by G, are abstract mathematical transformations which have

no real counterpart in our physical world.

Returning for a moment to the hylomorphic doctrine of Aristotle, the sym-

metry group G possesses the power to inform the primary matter with any form

to create whatever element. It is the common cause of all elemental transfor-

mations by annihilating one particular form (i.e. reducing the element to the

proto hyle) and creating another.

d. The periodic system

The periodic system results from a systematic breaking of the symmetry group

G into smaller subgroups G1, G2, G3, . . . As will be expounded in the chapters to

follow, the periodic system is described by the decreasing chain of subgroups:

SO(4,2)⊗ SU(2) ⊃ SO(4,2) ⊃ SO(3,2) ⊃ SO(4)’ ⊃ SO(3). (1.48)

With each subsequent symmetry breaking act, the states of the system S break

down into multiplets and submultiplets until a complete classification of the

states has been obtained.

e. From phase space to Hilbert space

For a classical system, such as the square in §1.7.2, the states of the system S

could be represented by points in phase space. The superparticle S , in contrast,

will be represented in a Hilbert space, and the states α, β, γ, . . . are considered

to be vectors in this linear vector space R:

System (S ) ↔ State representation

Classical ↔ Points in phase space

Quantum ↔ Vectors in vector space
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In order to distinguish states in phase space from states in Hilbert space, we

will adopt Paul Dirac’s bra-ket notation and represent every quantum state

by a ket vector ∣α⟩, ∣β⟩, ∣γ⟩, . . . in the vector space R. The vector space R is

said to be:

1. Linear : If ∣α⟩ and ∣β⟩ are vectors in R, then ∣α⟩ + ∣β⟩ also belongs to R.

2. Complex : Let c be a complex number; then c ∣α⟩ is also a vector of R.172

3. Infinite-dimensional : The different chemical elements form a basis for the

vector space R. Since the number of elements is denumerably infinite (at

least theoretically), R will be infinite-dimensional.

The probability for a transition from ∣α⟩ to ∣β⟩ can be determined by defining

the inner product of two states, denoted ⟨α∣β⟩.173 This turns the vector space

R in a Hilbert space H. Then, if both ∣α⟩ and ∣β⟩ are normalized, the probability

for a transition from ∣α⟩ to ∣β⟩ is given by the squared probability amplitude

∣⟨α∣β⟩∣2.

Transitions are still effected under the action of operators T̂A, T̂B , T̂C , . . .,

which form a representation {Tg} of the group G called the symmetry group of

the system S ; in this dissertation, G will always be a Lie group. The represen-

tation {Tg} is operative in the space R of the quantum system and is defined by

the action of the operators T̂A, T̂B , . . . on the basis vectors ∣α⟩, ∣β⟩, . . . That is,

the basis vectors are said to form a basis for an infinite-dimensional irreducible

representation (or unirrep) of the dynamical symmetry group G.

As will become clear in later chapters, all quantum transitions are carried

out under the action of operators of the form T̂A + iT̂B , where T̂A and T̂B are

generators of the Lie algebra g (corresponding to the Lie group G), and where

the operators T̂A+ iT̂B constitute ladder operators from the complex hull of this

Lie algebra.174 As an example of such ladder operators, we briefly mention the

raising and lowering operators L̂x± iL̂y of the angular momentum algebra so(3)
which shift a state ∣nlm⟩ to the new state ∣nl(m ± 1)⟩.

f. Justification of the elementary particle approach

Anteriorly, the question was raised whether it was justified to completely ignore

the atomic substructure. We will argue in favour of the aforementioned approach

inasmuch as it parallels the course taken in elementary particle physics in the

1960s. Neither Murray Gell-Mann nor Yuval Ne’eman (or any other

physicist for that matter) had any clue as to the possible substructure of the

172Technically, ∣α⟩ and c ∣α⟩ (with c a complex number) represent the same quantum state. It is

therefore better to speak of rays c ∣α⟩ rather than vectors ∣α⟩ as representing quantum states.
173The left part ⟨α∣ is called a bra vector, and the inner product is called a bracket.
174The complex hull of a Lie algebra g is obtained by taking the tensor product of g with the

complex field C. This is also referred to as the complexification of g.
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hadrons. Yet, this did not prevent them from proposing a group theoretical

classification of the particle zoo (§1.7.1).

Admittedly, the eightfold way did point to a hadronic substructure which

later led to the quark hypothesis. In much the same way is it possible to interpret

our group-theoretical analysis as pointing to the underlying quantum mechanics

of many-electron systems, but this line of thought will not be pursued in this

dissertation.

But “what is the gain of ignoring the detailed description of [the] atom?” in-

quired Byakov et al.175 The elementary particle approach offers two important

advantages:

1. First of all, the entire set of chemical elements is treated as a whole; they

are considered to be states of a single quantum system, whereas quantum

mechanics treats each element as a separate quantum system. In exactly

the same sense did Gell-mann’s eightfold way consider families of baryons or

mesons as states of a single quantum system.

2. Secondly, since there is no talk about quantum numbers, this approach might

circumvent the problems encountered in the quantum mechanical analysis of

the periodic system (see in particular §1.6).

175Byakov et al., op. cit., p. 4.
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Bulletin de la Société Académique de l’Oise (2008), p. 232.

Cater, E. D. “High Temperature Chemistry of Rare Earth Compounds: Dramatic

Examples of Periodicity”. In: Journal of Chemical Education 55.11 (1978), pp. 697–

701.

Chacon, E. et al. “O(4) and U(3) Symmetry Breaking in the 2s-2p Shell”. In: Physical

Review A 3.1 (1971). L, pp. 166–179.

Clark, R. W. “Author of “The Flyleaf Periodic Table” Responds”. In: Journal of

Chemical Education 85.11 (2008), p. 1493.

Clark, R. W. and G. D. White. “The Flyleaf Periodic Table”. In: Journal of Chemical

Education 85.4 (2008), p. 497.

Clementi, E. and D. L. Raimondi. “Atomic Screening Constants from SCF Func-

tions”. In: The Journal of Chemical Physics 38.11 (1963), pp. 2686–2689.

Clementi, E., D. L. Raimondi, and W. P. Reinhardt. “Atomic Screening Constants

from SCF Functions. II. Atoms with 37 to 86 Electrons”. In: The Journal of Chem-

ical Physics 47.4 (1967), pp. 1300–1307.

Condon, E. U. and H. Odabasi. “The Order of Electron Shells for Atoms and Ions”.

In: Atomic Structure. Cambridge: Cambridge University Press, 2010, pp. 514–525.

Cronyn, M. W. “The Proper Place for Hydrogen in the Periodic Table”. In: Journal

of Chemical Education 80.8 (2003), pp. 947–951.

Crookes, W. “On the Position of Helium, Argon, and Krypton in the Scheme of

Elements”. In: Proceedings of the Royal Society of London 63 (1898), pp. 408–411.

Darsey, J. A. “A New Approach for Determining Electronic Configurations of

Atoms”. In: Journal of Chemical Education 65.12 (1988), p. 1036.

Dash, H. H. “A Quantum Table of the Periodic System of Elements”. In: International

Journal of Quantum Chemistry S3 (1969), pp. 335–340.

Demkov, Yu. N. and V. N. Ostrovsky. “Internal Symmetry of the Maxwell ”Fish-

Eye” Problem and the Fock Group for the Hydrogen Atom”. In: Soviet Physics

JETP 13.6 (1971), pp. 1083–1087.

— “n + l Filling Rule in the Periodic System and Focusing Potentials”. In: Soviet

Physics JETP 35.1 (1972), pp. 66–69.

— “n + l Filling Rule in the Periodic System and Focusing Potentials”. In: Zhurnal
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l’Oise, 1929.

— Concordance de l’arrangement quantique de base des électrons planétaires des
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Paris: Éditions Seghers, 1963.

Konopel’chenko, B. G. “Gruppa SO(2,4)+R i Tablitza Mendeleeva [In Russian: The

SO(2,4)+R Group and Mendeleev’s Table], Preprint IYaF 40-72”. L. Novosibirsk,

1972.

Konopel’chenko, B. G. and Yu B. Rumer. “Atoms and Hadrons (Classification

Problems)”. In: Soviet Physics Uspekhi 22.10 (1979). L, pp. 837–840.

— “Atoms and Hadrons (Classification Problems)”. In: Uspekhi Fizicheskikh Nauk

129 (1979). L, pp. 339–342.

Koopman, B. O. “Review: Die mathematischen Hilfsmittel des Physikers, by E.

Madelung”. In: Bulletin of the American Mathematical Society 30.5 (1924),

p. 272.

Kultgen, J. H. “Philosophic Conceptions in Mendeleev’s Principles of Chemistry”.

In: Philosophy of Science 25.3 (1958), pp. 177–183.

Laing, M. “The Knight’s Move in the Periodic Table. A Regularity Amongst the d10

Metals on the Lower Right-Hand Side”. In: South African Journal of Science 87

(1991), pp. 285–287.

— “The Knight’s Move in the Periodic Table. A Regularity Amongst the d10 Metals

on the Lower Right-Hand Side”. In: Journal de la Société Algerienne de Chimie
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2.1 Introduction

Symmetry lies at the heart of the world. From the 6-sided snowflakes in winter

to the floral patterns in summer, symmetry is all around us. Its myriad manifes-

tations overwhelm us: there is the bilateral symmetry in the animal kingdom,

the rotational symmetry in flowers, the helical symmetry of seashells, the spiral

symmetry of the Andromeda galaxy, and the cubic symmetry of salt crystals.

But symmetry also inspires; it stirs our imagination, awakens our creativity.

Think of Escher’s masterpieces or the stories of Carroll, the fugues of Bach

or Balanchine’s ballet choreographies.

And yet, perhaps most importantly, symmetry intrigues us; it stimulates our

thinking and drives us onward in our quest to understand.

Not surprisingly then, symmetry has become a central principle in science,

underlying many of the revolutionary concepts of modern physics. As Steven

Weinberg (Nobel laureate in Physics) recently said, symmetry provides a key

to Nature’s secrets (figure 2.1).1 It unlocks the door to a profound understanding

of the physical world and all the wonders it entails.

2.1.1 Symmetry defined

This chapter aims to provide a short introduction to the mathematical tools

needed to tackle symmetry in science. Due to space constraints, this overview

is bound to be incomplete, and we refer the reader to the general literature on

group theory for more details.

Before we start, let us attempt to define symmetry. Although everyone

intuitively feels what symmetry is, most of us would have a hard time coming

up with a precise definition. Many people associate symmetry with harmony

and balance; the Greeks, for instance, introduced the word συμμετρια to mean

well-proportioned (literally: with measure, from συν + μετρον). Symmetry is

also considered a sign of beauty and perfection; we find symmetrical objects to be

aesthetically appealing. But how should one translate all this in mathematical

terms? How does it relate to physics?

Let us be clear at the outset that we will not be concerned with the sym-

metries of objects, however beautiful or awe-inspiring they might be. Rather,

we will focus our attention on the symmetries of physical laws. And since we

will mostly deal with quantum mechanics, the law that will interest us most is

the time-dependent Schrödinger equation ih̵∂ψ/∂t = Ĥ ψ which describes the

evolution of a quantum system, just as Newton’s laws of motion describe the

evolution of a classical system.

1S. Weinberg. “Symmetry: A ‘Key to Nature’s Secrets’”. In: The New York Reviews of Books

(2011). See also S. Weinberg. “Varieties of Symmetry”. In: Symmetry: Culture and Science

23.1 (2012), pp. 5–16.
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Figure 2.1: Symmetry provides

a key to Nature’s secrets, which

opens the door to a deeper under-

standing of the natural phenom-

ena that surround us.

Now, a law of science is said to be symmetric when it remains invariant under a

change of perspective (i.e. a transformation). Symmetry is all about this quest

for permanence in a world of constant flux. To make this more clear, consider

two observers studying the evolution of a particular system; one observer could

be moving at a constant speed relative to the other, or he might be positioned

or oriented differently in space. If, despite their different reference frames, both

observers would describe the evolution of the system according to the same

set of laws, then there is a symmetry and the laws of evolution are said to be

invariant under a change in velocity (boosts), shifts in space or time (space-time

translations), or different orientations (rotations).

The possible transformations that leave a law of science unchanged are called

symmetry transformations, and they form what scientists call a symmetry group.

The branch of mathematics that deals with symmetry is therefore called group

theory and will be introduced in §2.2.

At this point, one should also make a distinction between the passive and

active interpretation of a symmetry. So far, we haven’t touched the system,

merely looked at it from different perspectives. What has been changed is our

reference frame. This is called the passive interpretation. Alternatively, one

could also transform the system itself (shift it in space or time, orient it differ-

ently, or move it at a certain speed), while keeping our reference frame fixed.

This is the active interpretation. Both points of view are perfectly equivalent,

and are therefore easily mixed up. Our choice will be to leave the observers

where they are, and to transform the system instead.

Although the above-mentioned symmetry principles were implicitly present

in the works of the scientific giants of modernity, such as Kepler (1571–1630),

Galilei (1564–1642), and Newton (1642–1727), symmetry arguments started
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to play an important (conscious) role in modern physics only at the beginning of

the 20th century with the introduction of Einstein’s (1879–1955) special and

general theories of relativity.2 With the development of quantum mechanics in

the early 1920s, symmetry was finally elevated to a central concept that guided

fundamental research.3

As will be made clear further on, the description of a quantum mechanical

system is often greatly simplified by studying its symmetry properties. An

elucidation of the symmetry group (or invariance group) of the system facilitates

the calculations and limits the number of possible solutions, thereby rendering

the problems in front of us more manageable.

Chapter outline

After introducing the idea of a group in §2.2, the important role symmetry plays

in quantum mechanics will be elucidated in §2.3. This will pave the way to a

treatment of Lie groups and their corresponding Lie algebras in §2.4. Lie groups

result from continuous symmetries (such as rotations or translations), and are

ubiquitous in many parts of contemporary mathematics, as well as in modern

theoretical physics and chemistry. The different symmetry groups of the hydro-

gen atom and the periodic system (to be introduced in the following chapters)

are all Lie groups. In §2.5, we will delve even deeper into the mathematics of

Lie algebras, developing the machinery needed to deal with those symmetries.

We conclude with a brief summary in §2.6.

2.2 Algebraic group theory

In this section, the general definition of a group will be introduced. Once the al-

gebraic structure of a group has been described (§2.2.1), the concept of Abelian

groups and subgroups will be discussed (§2.2.2). We conclude with a brief ac-

count of isomorphisms and homomorphisms (§2.2.3).

2.2.1 Mathematical definition

In mathematics, an abstract group is an algebraic structure consisting of a set

of elements, together with an operation that combines any two of its elements

to form a third element. To qualify as a group, the set of group elements and

the operation must satisfy a few conditions which are called the group axioms.

In the simplest of cases, the elements of a group are just numbers. However, the

elements may also be matrices, mathematical operations, or physical operations

(e.g. rotations or other symmetry transformations).

2M. Livio. “Physics: Why Symmetry Matters”. In: Nature 490.7421 (2012), p. 472.
3D. J. Gross. “The Role of Symmetry in Fundamental Physics”. In: Proceedings of the National

Academy of Sciences 93.25 (1996), p. 14256.
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Definition 2.1. (Group): A group (G,⋆) is a nonempty set of elements a ∈ G
along with a group multiplication operation ⋆ (called the product) that combines

any two elements a and b to form another element from the group, denoted a⋆b
or ab. To qualify as a group, the set and operation (G,⋆) must satisfy four

requirements known as the group axioms or group postulates:

1. Closure. For all a, b in G, the result of the operation a ⋆ b is also in G. The

set G is said to be closed under the group multiplication.

2. Associativity. For all a, b and c in G, the associative law (a ⋆ b)⋆c = a⋆(b ⋆ c)
holds true.

3. Identity. There exists an element e in G, such that for every element a in

G, the equation e ⋆ a = a ⋆ e = a is obeyed. The element e is called the unit

element or identity element.

4. Invertibility. For each a in G, there exists an element a−1 in G such that

a⋆a−1 = a−1⋆a = e, where e represents the identity element, and a−1 is called

the inverse element. ◾

Corollary 2.1. A group (G,⋆) is said to be finite when it contains a finite

number g of group elements. The number g is called the order of the group

and is denoted by the symbols o(G) or ∣G∣. Infinite groups contain an infinite

number of elements and are said to be of infinite order. ◾

Finite groups are always discrete; infinite order groups, on the other hand, can

be divided into discrete and continuous groups.

Corollary 2.2. An infinite group (G,⋆) is said to be discrete when its elements

a are denumerably infinite (that is, countably infinite). An infinite group (G,⋆)
is said to be continuous when its elements a are nondenumerably infinite (that

is, non-countably infinite); the elements a are then specified by a number n of

continuously varying parameters, α1, α2, . . . , αn. ◾

Note that the product symbol ⋆ can be used to denote any kind of combination

operation. It does not only symbolize the possible multiplication of the group

elements (a × b), as its (misleading) name may seem to imply at first sight;

the product symbol could just as well represent a simple addition of the group

elements (a + b), or it might be used to denote the consecutive application of a

symmetry transformation.

In the case of transformation operators, for instance, the product T̂2 ⋆ T̂1

simply means to carry out both transformations consecutively. Note that the

second transformation T̂2 is written before the first transformation T̂1, meaning

that the sequence of operations should be applied from right to left (and not from

left to right, although this is the dominant direction for reading and writing in
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English). This follows from the fact that transformation operators act according

to the same arithmetical rules as differential operators. For example,

d

dx
x f (x) (2.1a)

means to first multiply the function f(x) by x, and secondly differentiating the

result. This is of course completely different from

x
d

dx
f (x) , (2.1b)

where the function f(x) is first differentiated and then multiplied by x.

2.2.2 Abelian groups and subgroups

The order in which the group operations are carried out is therefore significant;

the combination of element a with element b is not necessarily the same as the

combination of element b with element a; the equation a ⋆ b = b ⋆ a does not

always hold (figure 2.2). Whenever the equation does hold true, the elements

a and b are said to commute. Groups for which all the elements commute

are called Abelian in honour of the Norwegian mathematician Niels Hendrik

Abel (1802–1829), and the product rule is said to be commutative.

Definition 2.2. (Abelian group): A group (G,⋆) is said to be Abelian if all the

group elements commute; i.e. if a ⋆ b = b ⋆ a for every pair of elements a, b ∈ G.

The multiplication rule (⋆) is said to be commutative. Conversely, all groups

with a non-commutative product rule are called non-Abelian. ◾

The set of all positive and negative integers, including zero, forms an Abelian

integer addition group (Z,+) under the mathematical operation of addition. As

another example, consider the set G = {1, −1, i, −i}, which forms a finite group

(G,×) of order 4 with respect to the multiplication operation. This can be

clearly seen by constructing the multiplication table:

1 −1 i −i

1 1 −1 i −i
−1 −1 1 −i i

i i −i −1 1

−i −i i 1 −1

Since multiplication in C is commutative, the group (G,×) is Abelian. This fact

can also be deduced from the multiplication table by noting that it is symmetric

along its diagonal axis; i.e. a × b = b × a ∀a, b ∈ G. Not all groups are Abelian

however; most symmetry groups for instance are non-Abelian.
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Figure 2.2: A mad tea-party. ‘You should say what you mean,’ the March Hare

went on. ‘I do,’ Alice hastily replied; ‘at least — at least I mean what I say — that’s

the same thing, you know.’ ‘Not the same thing a bit!’ said the Hatter. ‘You might

just as well say that “I see what I eat” is the same thing as “I eat what I see”!’ ‘You

might just as well say,’ added the March Hare, ‘that “I like what I get” is the same

thing as “I get what I like”!’ ‘You might just as well say,’ added the Dormouse, who

seemed to be talking in his sleep, ‘that “I breathe when I sleep” is the same thing as

“I sleep when I breathe”!’ ‘It is the same thing with you,’ said the Hatter, and here

the conversation dropped.

Definition 2.3. (Subgroup): If from a group (G,⋆) a new group (H,⋆) is

formed under the same composition law by taking a subset H of G (H ⊂ G),

then (H,⋆) is said to form a subgroup of (G,⋆), denoted (H,⋆) ⊂ (G,⋆). ◾

Every group (G,⋆) is of course a subgroup of itself. Also, the identity element

e always forms a trivial subgroup {e} of (G,⋆) of order one. These are called

improper subgroups. The set H = {1,−1}, on the other hand, is said to form a

proper subgroup (H,×) of the group (G,×) with G = {1, −1, i, −i}.

2.2.3 Isomorphisms and homomorphisms

Within abstract group theory, the elements of a group are meaningless symbols,

devoid of any physical reality; these symbols combine according to a given prod-

uct rule, the structural properties of which are summarized in a multiplication

table. Whenever the nature of the elements is specified however, a concrete

group is obtained, which is just one out of an infinite number of possible re-

alizations of the abstract group. One says that the abstract group has been

represented by the concrete group.
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Definition 2.4. (Isomorphisms and homomorphisms): A mapping φ of G onto

G′ allows each element a of G to be assigned to an element a′ = φ(a) of G′.
If φ is a one-to-one mapping between the elements of G and G′ for which the

composition rule is preserved:

a ⋆ b = ab↔ φ(a) ⋆′ φ(b) = φ(ab), (2.2)

then φ is called an isomorphism and G and G′ are said to be isomorphic to

one another: G ≈ G′, with ∣G∣ = ∣G′∣. When φ is a many-to-one mapping that

preserves the product rule, then φ is called a homomorphism and G and G′ are

said to be homomorphic to one another, with ∣G∣ ≠ ∣G′∣. ◾

2.3 Symmetry in quantum mechanics

The relevance of the group concept for physics and chemistry has its origin

in the fundamental connection between the algebraic structure of a group and

the symmetry transformations of a system. That is to say, the complete set

of symmetry transformations of an object or a law along with the operation of

combining two such transformations by performing one after the other forms a

so-called symmetry group, as we shall demonstrate in this section.

To see this more clearly, consider the idea of mirror symmetry. Scientists

long believed that the laws of physics were invariant under mirror reflections.

Whether one observes Nature through a mirror or looks at it directly, physics

still works the same (figure 2.3). Now, the two possible transformations (i.e. the

identity and the reflection) form a symmetry group, isomorphic to the group

(H,×) of order 2, introduced in the previous section, with H = {1,−1}.

An important distinction will have to be made however between the trans-

formations of spacetime coordinates used to describe a system in physical space

(§2.3.1), and the corresponding transformations of the wavefunction describing

the state of the system in Hilbert space (§2.3.2).

With this distinction in place, we can study the nature of these quantum

mechanical transformations (§2.3.3) and study how observables transform under

their action (§2.3.4). Central among the observables in quantum mechanics, is

the total energy E of the system. Since this observable is represented by the

Hamiltonian operator Ĥ , it will prove interesting to examine how Ĥ transforms

under a given symmetry transformation (§2.3.5).

This consideration will lead to one of the most important results of this chap-

ter: symmetry gives rise to degeneracy ; the greater the degeneracies observed in

a system, the greater the symmetry underlying that system (§2.3.6). The explo-

ration of this idea will form a recurrent team in the chapters to follow. Finally, a

proof will be given that the symmetry transformations of a quantum mechanical

system indeed form a group — the symmetry group of the Hamiltonian (§2.3.7).
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Figure 2.3: Alice through the looking glass. Scientists long thought that the laws

of science would stay the same if you stepped in a mirror world, like Alice. We now

know that the symmetry between left and right is sometimes violated by Nature. This

is referred to as parity violation.

2.3.1 Coordinate transformations

Consider an observer’s Cartesian frame of reference Σ with respect to which

the coordinates x1, y1 and z1 of a point P1 are measured. The functional form

of the wavefunctions and operators depends on the coordinates of P1, and will

typically change when a different point P2 is adopted. The change from one

point P1 to another point P2 is described by an active transformation T of the

x1, y1, and z1 coordinates, which expresses the new coordinates x2, y2, and z2

in terms of the old ones x1, y1, z1:

T ∶
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x1 → x2 = f (x1, y1, z1)
y1 → y2 = f (x1, y1, z1)
z1 → z2 = f (x1, y1, z1)

. (2.3)

A uniform translation of the point P1 to P2 by a translation vector (∆x,∆y,∆z),
for example, changes the coordinates as follows:

T ∶
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x1 → x2 = x1 +∆x

y1 → y2 = y1 +∆y

z1 → z2 = z1 +∆z

. (2.4)

As a second example, consider the general linear homogeneous transformation

T ∶
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x1 → x2 = t11x1 + t12y1 + t13z1

y1 → y2 = t21x1 + t22y1 + t23z1

z1 → z2 = t31x1 + t32y1 + t33z1

, (2.5)



102 Chapter 2. Group theory in a nutshell

which could represent a rotation, reflection or inversion of the point P1. In

matrix formulation:

T

⎡⎢⎢⎢⎢⎢⎢⎣

x1

y1

z1

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

x2

y2

z2

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

t11 t12 t13

t21 t22 t23

t31 t32 t33

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

x1

y1

z1

⎤⎥⎥⎥⎥⎥⎥⎦

, (2.6a)

or in shorthand:

Tr1 = r2 = Tr1. (2.6b)

2.3.2 State vector transformations

To each linear transformation T of the spacetime coordinates used to describe a

system S , there corresponds an operator T̂ which operates on the wavefunctions

ψ of the system, and transforms them into new functions ψ′.

It will be convenient to introduce Dirac’s bra-ket notation. The wavefunction

ψ is then written as a bra ⟨ψ∣ or as a ket ∣ψ⟩, and the action of T̂ on the ket

∣ψ (x, y, z)⟩ = ∣ψ (r)⟩ is given by the following equation:

T̂ ∣ψ (r)⟩ = ∣ψ′ (r)⟩ . (2.7a)

The corresponding transformation in the dual bra space is written as

⟨ψ (r)∣ T̂ † = ⟨ψ′ (r)∣ , (2.7b)

with T̂ † denoting the adjoint (or Hermitian conjugate) of T̂ . The operator T̂ is

said to represent the transformation T and induces a ‘rotation’ in the abstract

Hilbert space H of wavefunctions.

Expressing ∣ψ′⟩ in terms of ∣ψ⟩

The value of the new function ∣ψ′⟩ in the transformed point r′ must be the same

as the value of the old function ∣ψ⟩ in the initial point r:

∣ψ′ (r′)⟩ = ∣ψ (r)⟩ . (2.8)

Using (2.6b), one obtains:

∣ψ′ (Tr)⟩ = ∣ψ (r)⟩ . (2.9)

In order to determine ∣ψ′⟩, one has to express it in terms of r, as in (2.7a), rather

than in terms of Tr as above. Multiplying both sides of (2.9) with T −1 gives

∣ψ′ (T −1Tr)⟩ = ∣ψ (T −1r)⟩ .

And since T −1T = I, we have

∣ψ′ (r)⟩ = ∣ψ (T −1r)⟩ . (2.10)
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Combining (2.7a) and (2.10) leads to the important relation:

T̂ ∣ψ (r)⟩ = ∣ψ′ (r)⟩ = ∣ψ (T −1r)⟩ . (2.11a)

And since the linear transformation T is represented by the matrix T in (2.6b):

T̂ ∣ψ (r)⟩ = ∣ψ′ (r)⟩ = ∣ψ (T−1r)⟩ . (2.11b)

2.3.3 Unitarity of symmetry operators

Let us inquire into the nature of the operator T̂ , which we introduced in §2.3.2.

Suppose a system is in a state ∣φ⟩. Then the probability that a measurement of

an operator will yield an eigenvalue that corresponds to the eigenfunction ∣ψ⟩
of this operator will be ∣⟨φ ∣ ψ⟩∣2. It is assumed that this probability remains

invariant under a symmetry operation T̂ . That is:

∣⟨φ ∣ ψ⟩∣2 = ∣⟨φ′ ∣ ψ′⟩∣2 . (2.12)

One way to satisfy this equation is by postulating that the scalar product ⟨φ ∣ ψ⟩
remains invariant:

⟨φ ∣ ψ⟩ = ⟨φ′ ∣ ψ′⟩ = ⟨φ∣ T̂ †T̂ ∣ψ⟩ , (2.13)

where (2.7a) and (2.7b) have been used. In order for this equality to hold,

T̂ †T̂ = Î , (2.14)

with Î the identity operator. This means that

T̂ † = T̂ −1, (2.15)

and that the symmetry operator T̂ must be unitary. Generalizing this finding

leads to Wigner’s famous theorem:4

Theorem 2.1. (Wigner’s theorem): Every operator T̂ which corresponds to a

symmetry transformation T must be unitary; that is T̂ † = T̂ −1. ◾

2.3.4 Transformation of observables

Next, let us investigate how observables change under a transformation T̂ . The

expectation value ⟨Â ⟩ of an observable A (corresponding to the operator Â),

with respect to the original state ∣ψ⟩ is given by

⟨Â ⟩ = ⟨ψ∣ Â ∣ψ⟩ . (2.16)

4This theorem originated in the writings of Eugene Wigner in 1931. See E. P. Wigner. Group

Theory and its Applications to the Quantum Mechanics of Atomic Spectra. New York: Aca-

demic Press, 1959. It must be remarked that theorem 2.1 is a simplified version of Wigner’s,

as it does not mention the existence of anti-unitary symmetry operators, which are used to

describe time-reversal symmetry.
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It is assumed that this expectation value remains invariant during a transfor-

mation T̂ . That is, the expectation value of A with respect to the original state

∣ψ⟩ should be the same as the expectation value of the transformed observ-

able A′ with respect to the transformed state ∣ψ′⟩. Denoting this transformed

expectation value by ⟨Â′ ⟩ = ⟨ψ′∣ Â′ ∣ψ′⟩, one has

⟨ψ∣ Â ∣ψ⟩ = ⟨ψ′∣ Â′ ∣ψ′⟩ = ⟨T̂ψ∣ Â′ ∣T̂ψ⟩ = ⟨ψ∣ T̂ †Â′T̂ ∣ψ⟩ . (2.17)

This leads to the following equality:

Â = T̂ †Â′T̂ , (2.18)

or, using (2.15),

Â′ = T̂ ÂT̂ †, (2.19)

relating the untransformed and transformed observables Â and Â′ via the uni-

tary operator T̂ that was used to describe the rotation of the state ket ∣ψ⟩.
If the observable Â is invariant under T̂ (i.e. T̂ ÂT̂ † = Â′ = Â), then the

transformed observable Â′ equals Â, and the above equation reduces to

Â′ = T̂ ÂT̂ † = Â, (2.20)

which implies that T̂ Â = ÂT̂ , and thus [Â, T̂ ] = 0.

Definition 2.5. (Invariance of observables): An observable Â is said to be

invariant under T̂ when it commutes with T̂ : [Â, T̂ ] = 0. ◾

2.3.5 Symmetry transformations of the Hamiltonian

Let Ĥ represent the Hamiltonian of a particular quantum system S , with H
the Hilbert space of eigenvectors ∣ψ⟩ for which the time-independent Schrödinger

equation applies:

Ĥ ∣ψ⟩ = E ∣ψ⟩ . (2.21)

Acting with T̂ on both sides of the Schrödinger equation yields:

T̂Ĥ ∣ψ⟩ = T̂E ∣ψ⟩ , (2.22)

or

T̂Ĥ T̂ −1T̂ ∣ψ⟩ = ET̂ ∣ψ⟩ . (2.23)

Suppose furthermore that Ĥ is invariant under the transformation T̂ ; that is:

T̂Ĥ T̂ −1 = Ĥ ′ = Ĥ . (2.24)

In that case, T̂ is called a symmetry transformation of Ĥ . Alternatively, equa-

tion (2.24) can be written as

T̂Ĥ = Ĥ T̂ , (2.25)

or

[Ĥ , T̂ ] = 0. (2.26)
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Definition 2.6. (Commutation): Let Ĥ denote the Hamiltonian of a quantum

system S which is invariant under the action of a symmetry operator T̂ ; then

Ĥ commutes with the operator T̂ : [Ĥ , T̂ ] = 0. ◾

2.3.6 Symmetry and degeneracy

Whenever a symmetry of the Hamiltonian has been revealed, degeneracies are

seen to arise: the greater the symmetry, the greater the degeneracy. In order to

see this more clearly, let us rewrite (2.23) in the light of (2.24) to yield:

Ĥ ∣ψ′⟩ = E ∣ψ′⟩ , (2.27)

where the new state vector T̂ ∣ψ⟩ has been written as ∣ψ′⟩ according to (2.11b).

The wavefunction ∣ψ′⟩ is a new eigenfunction of Ĥ which belongs to the same

eigenvalue E as ∣ψ⟩ if ∣ψ′⟩ ≠ c ∣ψ⟩; ∣ψ⟩ and ∣ψ′⟩ are said to be degenerate eigenkets.

The symmetry transformation T̂ of the Hamiltonian Ĥ can thus be used to

relate the different eigenkets of one energy level (E) to one another (∣ψ⟩↔ ∣ψ′⟩).
This allows us to discuss the degree of degeneracy of that particular energy level

— an important line of thought which will be further developed in §2.5.2.

2.3.7 Symmetry group of the Hamiltonian

Theorem 2.2. Let {T} be the set of symmetry transformations, and {T̂} the set

of corresponding operators, under which the Hamiltonian Ĥ remains invariant.

Then {T} forms a group G, with {T̂} a representation of that group. ◾

Proof that {T} forms a group: It is evident that the sequential execution of two

symmetry transformations, T2T1, is also a symmetry transformation T3. That

is, if T1r = r′ and T2r
′ = r′′, then T3r = r′′. The associative law also holds since

the execution of T1 and then T3T2 is the same as first executing T2T1 and then

T3. The identity transformation I leaves the spatial points untouched: Ir = r.

Finally, for each transformation T , there is an inverse transformation T −1 which

undoes the first transformation; i.e. if Tr = r′, then T −1r′ = r. This proves that

the set {T} forms a group G. ◾

Proof that {T̂} forms a representation of G: Now, let T1 and T2 denote two lin-

ear transformations, and suppose that

T2T1 = T3. (2.28)

Following (2.11a), we describe the action of the corresponding operators T̂1 and

T̂2 as follows (leaving out the brackets for notational simplicity):

T̂1 ψ (r) = ψ′ (r) = ψ (T −1
1 r) ; (2.29a)

T̂2 ψ
′ (r) = ψ′′ (r) = ψ′ (T −1

2 r) . (2.29b)
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Substituting T̂ −1
2 r for r in the definition of ψ′ yields:

ψ′ (T −1
2 r) = ψ (T −1

1 (T −1
2 r)) = ψ (T −1

1 T −1
2 r) = ψ ((T2T1)−1r) . (2.30)

Substitution of this result in (2.29b) finally gives:

T̂2T̂1 ψ (r) = ψ ((T2T1)−1r) = ψ (T −1
3 r) = T̂3 ψ (r) , (2.31)

or simply:

T̂2T̂1 = T̂3. (2.32)

This shows that the operators T̂ are multiplied in the same order as the trans-

formations T . Also, the product of two operators T̂2T̂1 is seen to yield another

operator T̂3. This is called closure.

Substituting T −1
1 for T2 in (2.31) yields:

T̂1−1 T̂1 = Î , (2.33)

with Î the identity operator. It follows that T̂1−1 is the inverse of T̂1 :

T̂1−1 = (T̂1)
−1
. (2.34)

This verifies all group postulates, and proves that the symmetry operators {T̂}
form a group. Since each element T of G is assigned an operator T̂ operating

in the Hilbert space H of eigenvectors ψ (r), it is said that the operators {T̂}
form a representation of the group G. ◾

2.4 Lie groups and Lie algebras

Discrete transformations give rise to discrete symmetry groups. According to the

standard model of particle physics, for instance, the laws of physics are invariant

under charge-conjugation transformations, parity transformations, and time-

reversal transformations (figure 2.4). The corresponding C, P and T symmetries

each consist of two symmetry operators, which could be labeled by a discrete

parameter that takes only two values, say 0 and 1: T̂ (0) = Î would denote the

identity operator, and T̂ (1) the Ĉ, P̂ or T̂ operator.

In many cases however, the parameters vary over a continuous interval, and

continuous symmetry groups arise. These groups are also called Lie groups in

honour of the Norwegian mathematician Sophus Lie (1842–1899) who laid the

foundations of the theory of continuous transformation groups. The rotation

group in two dimensions, for example, denoted SO(2), consists of an infinite

number of rotation operators R̂ (θ) which are distinguished by the parameter

θ (the rotation angle) that continuously varies over the interval [0,2π]. Since

the group elements depend on θ in a differentiable manner, it is possible to
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Figure 2.4: The characters

of Tweedledee and Tweedle-

dum are symmetrical reflec-

tions of each other. They

have been referred to as

an enantiomeric pair, mir-

ror twins, or a matter and

its corresponding antimatter

particle.

study infinitesimal symmetry operations; these are also called the generators of

a symmetry because all group elements R̂(θ) can be obtained from this small

set of generators (§2.4.1).

We have seen that any two elements of a Lie group can be combined so as

to form a third one. In a similar vein, two infinitesimal transformations can

be combined to yield a third one. Interestingly, this operation no longer has

the familiar properties of a Lie group multiplication. Rather, a new algebraic

structure is seen to arise, which is referred to as a Lie algebra (§2.4.2).

Lie generators play a central role in quantum mechanics because they are

represented by Hermitian operators (§2.4.3) which in turn correspond to physical

observables. As will be shown in §2.4.4, this leads to conserved quantities (or

constants of the motion), and this observation sets the scene for a treatment of

the profound relation that exists between symmetries and conservation laws, as

first described by Noether’s theorem (§2.4.5).

In a final section §2.5.2, we want to delve even deeper into the variegated

anatomy of Lie algebras in order to reveal their inner workings. One way of

uncovering the full power of a Lie algebra is by introducing its Cartan subalgebra

and associated Weyl diagram. This will be exemplified by a brief consideration

of the angular momentum algebra in §2.5.3.

2.4.1 Lie generators

A construction of immense utility in the study of Lie groups, which was intro-

duced and extensively studied by Lie, is the infinitesimal generator. The idea

behind this is that instead of having to consider the group as a whole, for many

purposes it is sufficient to consider an infinitesimal transformation around the

identity. The reason is that the group is uniform everywhere, and it is therefore

sufficient to explore the neighbourhood of the identity element only. Let us
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see how this works in the case of the 2-dimensional rotation group SO(2). The

identity transformation corresponds to θ = 0; the corresponding operator which

acts on the wavefunctions can then be written as

R̂ (0) = Î , (2.35)

with Î, the identity operator. Expanding R̂(θ) in a Taylor series around the

identity (θ = 0) then yields the Maclaurin series:

R̂(θ) = R̂(0) + dR̂(θ)
dθ

∣
θ=0

θ + 1

2!

d2R̂(θ)
dθ2

∣
θ=0

θ2 + . . . . (2.36)

The coefficients in this series can be determined directly from the matrix form

of R̂(θ):

R̂(θ) =
⎡⎢⎢⎢⎣

cos θ − sin θ

sin θ cos θ

⎤⎥⎥⎥⎦
. (2.37)

Differentiating R̂(θ) with respect to θ and setting θ = 0 gives:

dR̂(θ)
dθ

∣
θ=0

=
⎡⎢⎢⎢⎣
− sin θ − cos θ

cos θ − sin θ

⎤⎥⎥⎥⎦

RRRRRRRRRRRθ=0

=
⎡⎢⎢⎢⎣

0 −1

1 0

⎤⎥⎥⎥⎦
= X̂. (2.38)

It can be shown that the higher-order derivatives of R̂(θ) equal

dnR̂(θ)
dθn

∣
θ=0

= X̂n. (2.39)

Substituting this expression into the Maclaurin series (2.36) yields:

R̂(θ) = Î + X̂θ + 1

2!
X̂2θ2 + 1

3!
X̂3θ3 + . . . , (2.40)

which can be written in compact sigma notation as

R̂(θ) =
∞

∑
n=0

1

n!
(X̂θ)n , (2.41)

where X̂0 = Î and 0! = 1. It follows that

R̂(θ) = exp (θX̂) . (2.42)

Every rotation R̂(θ) by a finite angle θ can be obtained from the exponentiation

of the operator X̂, which is therefore called the generator of the two-dimensional

rotation group SO(2).

Generalization

The notion of a generator can be generalized to any continuous Lie group. Let

G denote a Lie group, the elements of which are characterized by a finite set

of n real independent parameters αi (1 ≤ i ≤ n) which vary continuously over
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a particular interval. Denoting the elements of the group by T̂ (α1, α2, . . . , αn),
or T̂ (α) for short, with α = {α1, α2, . . . , αn}, the group G is said to be an n-

parameter group, or to be a continuous group of order n.5 Following (2.42), we

arrive at the definition:

Definition 2.7. (Lie generators of a Lie group): To every unitary symmetry

operator T̂ (α) of a Lie group G, which depends analytically on the parameters

α = {α1, α2, . . . , αn}, there corresponds a set of n Lie generators X̂i according

to the equation

T̂ (α) = exp(
n

∑
i=1

iαiX̂i) , (2.43)

where

X̂i =
∂T̂ (α)
∂αi

∣
αi=0

, (2.44)

and where i has been introduced for further convenience. ◾

2.4.2 Lie algebras

The infinitesimal generators of a Lie group G do not in any way belong to the

Lie group they generate. Instead, they are seen to form a very different kind of

structure, called the Lie algebra g of the group G.6 In general, an n-parameter

Lie group gives rise to n generators X̂i which form an n-dimensional Lie algebra:

Definition 2.8. (Lie algebra): An n-dimensional Lie algebra g is a linear vector

space over some field F, spanned by n generators X̂i (i = 1→ n), that is equipped

with a multiplication operator (i.e. product rule) [ ⋅ , ⋅ ] ∶ g×g→ g, called the Lie

bracket, for which

[X̂i, X̂j] =
n

∑
k=1

fijkX̂k ≡ fijkX̂k, (2.45)

with fijk the different structure constants. ◾

The Lie bracket is usually defined as

[X̂i, X̂j] ∶= X̂i ⋆ X̂j − X̂j ⋆ X̂i. (2.46)

If the generators are written in matrix form, the product symbol ⋆ denotes

matrix multiplication, and the Lie bracket corresponds to the commutator of

X̂i and X̂j . If the generators are written in operator form, the product symbol

⋆ stands for the consecutive application of X̂i and X̂j . The Lie bracket should

satisfy the following properties:

5Note that whereas the order of finite groups refers to the numbers of elements, the order of

infinite continuous groups refers to the number of parameters.
6Lie algebras are usually denoted by small Gothic letters a, b, . . . , g, . . . . Since in this thesis,

every Lie algebra will be associated with a Lie group, we will use the spelling of the Lie group.

Thus, the Lie algebra of the Lie group SO(2), for example, will be denoted so(2).
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1. Bilinearity. The Lie bracket is bilinear for all scalars λ, µ in F and all elements

X̂i, X̂j and X̂k in g:

[λX̂i + µX̂j , X̂k] = λ [X̂i, X̂k] + µ [X̂j , X̂k] ;

[X̂k, λX̂i + µX̂j] = λ [X̂k, X̂i] + µ [X̂k, X̂j] .
(2.47a)

2. Self-commutation. The Lie bracket satisfies:

[X̂i, X̂i] = 0. (2.47b)

3. Jacobi identity. The Lie bracket satisfies the Jacobi identity for all X̂i, X̂j

and X̂k in g:

[X̂i, [X̂j , X̂k]] + [X̂j , [X̂k, X̂i]] + [X̂k, [X̂i, X̂j]] = 0. (2.47c)

The first and second properties (2.47a) and (2.47b) imply that

0 = [X̂i + X̂j , X̂i + X̂j] = [X̂i, X̂i] + [X̂i, X̂j] + [X̂j , X̂i] + [X̂j , X̂j]
= [X̂i, X̂j] + [X̂j , X̂i] ,

or

[X̂i, X̂j] = − [X̂j , X̂i] . (2.47d)

This is known as the anti-symmetry or skew-symmetry property.

The dimension d = dimg = n of a Lie algebra is defined as the dimension of

the vector space g, spanned by the generators X̂i (i = 1 → n). A basis B can

then be introduced:

B = {X̂i ∣ i = 1,2, . . . , n}. (2.48)

The structure constants fijk in (2.45) contain all the structural information

needed to uniquely define a Lie algebra; knowledge of these constants allows

the computation of every possible commutator. To see this, let X̂ denote a

general element from the Lie algebra g. Since the n generators X̂i form a basis

of the Lie algebra g, every X̂ ∈ g can be written as a linear combination of the

X̂i’s:

X̂ =
n

∑
i=1

ciX̂i ≡ ciX̂i; ci ∈ F, (2.49)

where we have used Einstein’s summation convention in the second equality.

By equations (2.45) and (2.49), the commutator of any two general elements

X̂ = ∑ni=1 ciX̂i and X̂ ′ = ∑nj=1 c
′
jX̂j of g can be written as

[X̂, X̂ ′] =
⎡⎢⎢⎢⎣

n

∑
i=1

ciX̂i,
n

∑
j=1

c′jX̂j

⎤⎥⎥⎥⎦

=
n

∑
i,j=1

cic
′
j [X̂i, X̂j]

=
n

∑
i,j,k=1

cic
′
jfijkX̂k.

(2.50)
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This illustrates that the commutator of any two elements of g can be determined

from a knowledge of the structure constants fijk.

The skew-symmetric property of the Lie bracket (2.47b) or (2.47d) can be

restated in terms of the structure constants as

fiik = 0 or fijk = −fjik. (2.51)

That is, the structure constants are anti-symmetric in their first two indices.

The Jacobi identity (2.47c) becomes

d

∑
m=0

(fjklfilm + fkilfjlm + fijlfklm) = 0. (2.52)

The connection between the n generators X̂i of a Lie algebra g and the group

elements T̂ (α) of a Lie group G, as given in (2.43), is often referred to as the

exponential map and forms one of the fundamental theorems of Lie’s theory:

Definition 2.9. (Exponential map): Each T̂ (α) ∈ G can be expressed in terms

of a finite set of n generators X̂i via the exponential map exp ∶ g→ G, given by

T̂ (α) = exp(
n

∑
i=1

iαiX̂i) ,

where the X̂i are elements of the corresponding Lie algebra g. ◾

We end this section with two definitions that will be needed in §2.5.2:

Definition 2.10. (Abelian Lie algebra): An Abelian Lie algebra g is a Lie

algebra for which all structure constants fijk are equal to zero. As a result,

[X̂, X̂ ′] = 0 for all elements X̂ and X̂ ′ of the Lie algebra. ◾

Definition 2.11. (Subalgebra of a Lie algebra): Let g represent a Lie algebra

of dimension n, spanned by the generators X̂i (i = 1 → n), and equipped with

the commutator [ ⋅ , ⋅ ] ∶ g× g→ g. Then H is called an m-dimensional subalgebra

of g (with m ≤ n) when it contains a subset of elements of g that themselves

form a Lie algebra under the same commutation rule as g. If m < n, H is said

to be a proper subalgebra of g, denoted g ⊃ H. ◾

2.4.3 Hermiticity of the Lie generators

Let us return for a moment to the SO(2) group of two-dimensional rotations.

For an infinitesimal rotation over δθ, one assumes that R̂(δθ) will differ infinites-

imally from the unit operator R̂(0). Using (2.38) and rewriting (2.36) to second

order then leads to:

R̂(δθ) = Î + iδθX̂ +O(δθ2), (2.53)

where O(δθ2) denotes terms of higher order in δθ, and where i has been intro-

duced for further convenience.
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Following Wigner’s theorem 2.1, R̂(δθ) must be unitary:

R̂†(δθ)R̂(δθ) = Î . (2.54)

Writing the adjoint of (2.53) as

R̂†(δθ) = Î − iδθX̂†, (2.55)

and substituting in (2.54) gives:

(Î − iδθX̂†) (Î + iδθX̂) = Î . (2.56)

Working out the brackets and keeping everything to first order yields:

Î + iδθ (X̂ − X̂†) = Î , (2.57)

and thus

X̂ = X̂†. (2.58)

One says that the generator X̂ of the unitary transformation R̂(θ) is a Hermitian

operator. The importance of this statement follows from the fact that Hermitian

operators correspond to physical observables in quantum mechanics. We will

come back to this point in §2.4.4. Generalizing the above-mentioned for any Lie

group:

Definition 2.12. (Hermiticity of Lie generators): The n Lie generators X̂i of

an n-parameter Lie group G act as Hermitian operators: X̂i = X̂
†
i . ◾

We end this section by reconsidering the invariance of observables, introduced

in §2.3.4. Supposing that (2.20) holds true, we have using (2.43):

[Â, T̂ ] = [Â, exp(
n

∑
i=1

αiX̂i)] = 0, (2.59)

and thus

[Â, X̂i] = 0, ∀i = 1→ n. (2.60)

Specializing to the Hamiltonian case as in §2.3.5 leads to:

[Ĥ , X̂i] = 0, ∀i = 1→ n. (2.61)

Definition 2.13. (Commutation): Let Ĥ denote the Hamiltonian of a quan-

tum system S which is invariant under the action of a symmetry operator

T̂ (α), with α = {α1, α2, . . . , αn}; then Ĥ commutes with the n generators of T̂ :

[Ĥ , X̂i] = 0 (i = 1→ n). ◾
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2.4.4 Conserved quantities in quantum mechanics

In order to address the intimate relationship between the symmetry properties

of a physical system and the conservation laws characterizing that system, it

will be useful to express the time-dependent Schrödinger equation in both bra

and ket space. In ket space,

ih̵
d ∣ψ⟩
dt

= Ĥ ∣ψ⟩ , (2.62a)

where ∣ψ⟩ is the wave function of the system and Ĥ is the Hamiltonian operator,

which one assumes to be independent of time. When written in the dual bra

space (taking the Hermitian character of Ĥ into account):

−ih̵d ⟨ψ∣
dt

= ⟨ψ∣ Ĥ . (2.62b)

We have seen in definition 2.12 that the generator X̂ of a unitary symmetry

transformation T̂ of Ĥ corresponds to a physical observable X. For X to be

conserved, its expectation value ⟨X̂⟩ must not change in time. That is:

d ⟨X̂⟩
dt

= 0. (2.63)

With the help of the time-dependent Schrödinger equation (2.62a) and (2.62b),

this can be rewritten as

d ⟨X̂⟩
dt

= d

dt
⟨ψ∣ X̂ ∣ψ⟩

= (d ⟨ψ∣
dt

) X̂ ∣ψ⟩ + ⟨ψ∣ (∂X̂
∂t

) ∣ψ⟩ + ⟨ψ∣ X̂ (d ∣ψ⟩
dt

)

= i

h̵
⟨ψ∣ Ĥ X̂ ∣ψ⟩ + ⟨ψ∣ (∂X̂

∂t
) ∣ψ⟩ − i

h̵
⟨ψ∣ X̂Ĥ ∣ψ⟩

= ⟨ψ∣ (∂X̂
∂t

) ∣ψ⟩ + i

h̵
⟨ψ∣ [Ĥ , X̂] ∣ψ⟩ = 0.

Assuming X̂ to be independent of time, this expression reduces to

d ⟨X̂⟩
dt

= i

h̵
⟨ψ∣ [Ĥ , X̂] ∣ψ⟩ = 0. (2.64)

It follows that d ⟨X̂⟩/dt will be zero (i.e. X will be conserved), when Ĥ and X̂

commute:

[Ĥ , X̂] = 0. (2.65)

This is known as Ehrenfest’s theorem, after the Austrian physicist and mathe-

matician Paul Ehrenfest (1880–1933).
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Theorem 2.3. (Ehrenfest’s theorem): Let X̂ represent a Hermitian operator.

If X̂ commutes with the Hamiltonian Ĥ , i.e. [Ĥ , X̂] = 0, then X is a conserved

physical quantity, according to

d ⟨X̂⟩
dt

= i

h̵
⟨ψ∣ [Ĥ , X̂] ∣ψ⟩ = 0.

The physical observable X is said to be a constant of the motion. ◾

Since the Hamiltonian Ĥ naturally commutes with itself (i.e. [Ĥ , Ĥ ] = 0),

the energy E is conserved, and is called a constant of the motion.7

2.4.5 Noether’s theorem

Summarizing the previous sections, we have seen that when the Hamiltonian

Ĥ of a quantum system is invariant under a unitary transformation T̂ , gen-

erated by the Hermitian operator X̂, Ĥ commutes with both T̂ and X̂, i.e.

[Ĥ , T̂ ] = [Ĥ , X̂] = 0. If a physical observable X corresponds to the generator

X̂, then it will be conserved in time, i.e. d ⟨X⟩/dt = 0, and X is said to be a

constant of the motion. In short, symmetries give rise to conserved quantities.

Conversely, each conserved quantity implies that the system is invariant under a

group of continuous symmetry transformations. This is easily illustrated in the

Hamiltonian context of quantum mechanics (see §§2.4.3–2.4.4). Yet, this revo-

lutionary idea first originated in the Lagrangian context of classical mechanics

through the work of the mathematician Emmy Noether (1882–1935) who first

derived it in the year 1915. It is therefore known as Noether’s first theorem:

Theorem 2.4. (Noether’s first theorem): For every continuous symmetry prop-

erty of a dynamical system, there corresponds a quantity whose value is con-

served in time, and vice versa. ◾

Physical experiments are assumed to have the same outcome regardless of their

location and orientation in space, or their position in time. The laws of physics

are invariant under spatial translations (r′ = r + c), time translations (t′ =
t+c), and rotational transformations (r′ = R (θ) r).8 Without these invariances,

the scientific method would crumble in the light of the irreproducibility of our

experiments.

Following Noether, there is a conservation law for each of these continuous

symmetries: the isotropy of space (i.e. space translation symmetry with transla-

tionally invariant potentials) gives rise to the conservation of linear momentum

p; the isotropy of time (i.e. time translation symmetry) gives rise to the con-

servation of energy E; and the rotation symmetry with rotationally invariant

potentials allows for the conservation of angular momentum L.

7Although numerous constants of the motion will pass in review in the following chapters,

motion in itself does not always need to be involved, just evolution in time.
8In this sense, symmetry principles represent meta-laws that the laws of nature have to obey.
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2.5 The Cartan-Weyl basis

Let g represent a Lie algebra of dimension n, spanned by the generators X̂i

(i = 1→ n), which satisfy the commutation rules:

[X̂i, X̂j] =
n

∑
k=1

fijkX̂k ≡ fijkX̂k, (2.66)

where fijk are the structure constants. The n generators are said to form a

basis B for the Lie algebra. It is of course possible to choose different bases for

any particular Lie algebra g. In the case of the angular momentum algebra, for

instance, a change of basis is often made from {L̂x, L̂y, L̂z} to {L̂+, L̂−, L̂z}, as

will be explained in §2.5.3.9 One particularly useful basis is called the Cartan-

Weyl basis, which will be introduced in this section.

The reason for devoting an entire section to this basis arises from the intimate

relation between symmetries and degeneracies, as first described in §2.3.6. That

is, given the time-independent Schrödinger equation

Ĥ ∣ψ⟩ = E ∣ψ⟩ , (2.67)

and invoking the commutation relationship (2.61), X̂i ∣ψ⟩ is an eigenket of Ĥ

as well:

X̂iĤ ∣ψ⟩ = X̂iE ∣ψ⟩
Ĥ X̂i ∣ψ⟩ = EX̂i ∣ψ⟩ .

(2.68)

The symmetry generators X̂i can thus be used to relate the different eigenkets of

a degenerate energy level. To that end, one traditionally replaces the generators

X̂i by a linearly independent set of Cartan and Weyl operators Ĥi and Êα which

form the Cartan-Weyl basis {Ĥi; Êα} of g. Whereas the Cartan generators

merely label the different degenerate eigenstates, the Weyl generators act as

shift operators or ladder operators between the different eigenkets, and enable

us to transform one eigenket into another.

The construction of the Cartan-Weyl basis proceeds along a threefold path,

as will be outlined in §2.5.2. But before we embark on our journey, the concept

of a ladder operator must first be introduced in §2.5.1.

2.5.1 Ladder operators and eigenoperators

The eigenvalue problem of quantum mechanics consists of finding the eigenkets

∣ai⟩ and eigenvalues ai of a Hermitian operator Â with the eigenvalue equation

Â ∣ai⟩ = ai ∣ai⟩ . (2.69)

9Note that the structure constants are basis-dependent. That is, a change of basis generally

leads to different values for the structure constants.
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One particularly powerful way of solving the eigenvalue problem involves the use

of so-called ladder operators. The ladder operator method is an algebraic tech-

nique of surprising simplicity that fully exploits the commutation relations of a

given Lie algebra g by introducing a set of mathematical raising and lowering

operators which are collectively known as ladder operators.10 This method is

usually credited to the British theoretical physicist Paul A. M. Dirac (1902–

1984), who first used it to solve the angular momentum wave equations (see also

§2.5.3).
A ladder operator B̂ is an operator that transforms the eigenkets of Â into

new eigenkets of Â, with the eigenvalue ai being either raised or lowered by a

certain constant value c (figure 2.5). That is:

ÂB̂ ∣ai⟩ = (ai + c) B̂ ∣ai⟩ . (2.70)

Thus, if ∣ai⟩ is an eigenket of Â with eigenvalue ai, then B̂ ∣ai⟩ represents another

eigenket of Â with eigenvalue ai + c. The operator B̂ is said to be a raising

operator for Â when the constant c is real and positive, and is called a lowering

operator for Â when c is real but negative. An inquiry into the nature of B̂ has

lead to the formulation of an interesting theorem which lists the fundamental

10Some authors prefer the term step operators or shift operators. Raising operators are also

sometimes called creation operators, while the lowering operators are termed annihilation (or

destruction) operators.

Figure 2.5: Let Alice and Humpty Dumpty represent

two states ∣A⟩ and ∣HD⟩ of the system, with different

eigenvalues (heights). With the help of ladder operators,

Alice can either climb up to Humpty Dumpty, or Humpty

Dumpty can make his great fall. That is, if a raising oper-

ator B̂+ acts on the state ∣A⟩, a new state ∣HD⟩ is created

with raised eigenvalue: B̂+ ∣A⟩ → ∣HD⟩. The opposite

transformation is effected under the action of a lowering

operator B̂− which acts on ∣HD⟩ to yield ∣A⟩ with lowered

eigenvalue: B̂− ∣HD⟩→ ∣A⟩.
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operator relation between Â and B̂ that should be satisfied in order for B̂ to

behave as a ladder operator:

Theorem 2.5. (Ladder operators): An operator B̂ will function as a ladder

operator for the eigenvalues of a Hermitian operator Â whenever its commutator

with Â satisfies the operator relation

[Â, B̂] = ÂB̂ − B̂Â = cB̂, (2.71)

for some non-zero real scalar c. ◾

Proof. Given the eigenvalue equation for Â in (2.69), it is clear that the operator

B̂ will act on ∣ai⟩ in such a way as to shift the eigenvalue by the amount c:

ÂB̂ ∣ai⟩ = (B̂Â + [Â, B̂]) ∣ai⟩
= (B̂Â + cB̂) ∣ai⟩
= B̂Â ∣ai⟩ + cB̂ ∣ai⟩
= B̂ai ∣ai⟩ + cB̂ ∣ai⟩

ÂB̂ ∣ai⟩ = (ai + c) B̂ ∣ai⟩ ,

(2.72)

where use was made of equation (2.71). ◾

Just as ∣ai⟩ is called an eigenfunction of Â with eigenvalue ai in view of (2.69),

B̂ is said to be an eigenoperator of Â with eigenvalue c in view of (2.71).

2.5.2 The threefold path towards a Cartan-Weyl basis

Step 1: The Cartan subalgebra and Cartan generators

In a first step, we find the maximal subset of commuting generators X̂i (i =
1 → m), which we will denote by the new symbol Ĥi for further convenience.

The operators Ĥi form a basis for a maximal Abelian subalgebra H of g, whose

dimension m < n equals the number of commuting generators. We note that

the subalgebra H is maximal since there does not exist an Abelian subalgebra

of higher dimension F ⊂ g such that H ⊂ F.

Definition 2.14. (Maximal Abelian subalgebra): An Abelian subalgebra H of

a Lie algebra g is said to be maximal when there are no additional elements of

the algebra g which commute with all the elements of the subalgebra of H. ◾

The subalgebra H is better known as the Cartan subalgebra of g, and the number

of elements m in the Cartan subalgebra is called the rank of the Lie algebra g.

Definition 2.15. (Cartan subalgebra of a Lie algebra): Let g denote an n-

dimensional Lie algebra. Then the set of all mutually commuting basis elements

{X̂i = Ĥi} (i = 1 → m) of g forms a basis for a maximal Abelian subalgebra H

of g. This is called the Cartan subalgebra of g. ◾
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Definition 2.16. (Rank of a Lie algebra): The dimension m of the Cartan

subalgebra H ⊂ g defines the rank of the Lie algebra g. ◾

The elements of the Cartan subalgebra Ĥi are called the Cartan generators or

Cartan elements.11 They satisfy the simple commutation relations:

[Ĥi, Ĥj] = 0 ∀i, j = 1, . . . , m. (2.73)

This means that all Ĥi are simultaneously diagonalizable. Denoting their eigen-

values by hi, one obtains the following eigenvalue equations:

Ĥi ∣h1, h2, . . . , hm⟩ = hi ∣h1, h2, . . . , hm⟩ , ∀i = 1→m. (2.74)

The eigenvalues hi are called weights, and can be considered as components of

an m-dimensional vector h, which is termed the weight vector. The weights of a

Cartan subalgebra can thus be used as quantum numbers to label the substates

of a given multiplet.

Step 2: Weyl generators and Weyl diagrams

In a second step, we combine the remaining generators X̂i of g (i = 1 → n −m)

that are not elements of the Cartan subalgebra H into linear combinations so

as to form a linearly independent set of raising and lowering operators. We will

denote these ladder operators by the general symbol Êα. The different Êα’s are

also called Weyl generators or Weyl elements.

Along with the Cartan generators Ĥi, they constitute the Cartan-Weyl basis

for the Lie algebra g. The Lie algebra g has actually been decomposed into a

direct sum of the Cartan subalgebra H (spanned by the m Ĥi’s) and n − m
one-dimensional subalgebras Eα, generated by the Weyl generators Êα:

g = H
n−m

⊕
α=1

Eα = H⊕E1 ⊕E2 ⊕ . . .⊕En−m. (2.75)

In view of their function as step operators, the Êα’s are eigenoperators of the

Cartan generators Ĥi. That is, they satisfy the following commutation relation:

[Ĥi, Êα] = αiÊα, ∀i = 1→m, α = 1→ n −m. (2.76)

We can rewrite this as

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

[Ĥ1, Êα]
[Ĥ2, Êα]

⋮
[Ĥm, Êα]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1

α2

⋮
αm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Êα = αÊα. (2.77)

11The Ĥi’s are also called Abelian generators or diagonal operators.
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The different αi’s are called the roots of Êα; the set of αi’s can be considered

as the components of a vector α, called the root vector, which lies in an m-

dimensional root space.12

By thus displaying the root vector for every Weyl generator Êα in a diagram,

we obtain a particularly powerful graphical representation of the Lie algebra g.

This is called a root diagram or a Weyl diagram, the dimension of which is

defined by the rank m of the Lie algebra. Notice that all Cartan generators Ĥi

have their roots αi = 0 in view of (2.73) and lie at the center of the graph.

Naturally, root diagrams for rank m ≥ 3 are difficult to visualize. For this

reason, an alternative metod of displaying root diagrams was introduced by

the Russian mathematician Eugene Borisovich Dynkin (○1924). However,

since the rank of the Lie algebras which will be considered in this dissertation

will never exceed the number 3, it will be unnecessary for us to delve into the

symbolism of Dynkin diagrams.

Step 3: Casimir operators

In a third and final step, we can construct a number of Casimir operators Ĉµ

that commute with all the operators X̂i:

[Ĉµ, X̂i] = 0, ∀µ = 1→m, i = 1→ n. (2.78)

The number of Casimir operators for a given Lie algebra g is given by the rank

m of that Lie algebra. This is also called Racah’s theorem, which we will state

without further proof:

Theorem 2.6. (Racah’s theorem): For every Lie algebra g of rank m, there

are a total of m Casimir operators Ĉµ (µ = 1 → m) which commute with the

generators X̂i (i = 1→ n) of g. ◾

As a consequence, all Ĉµ’s also commute with the Cartan generators Ĥi:

[Ĉµ, Ĥi] = 0, ∀µ, i = 1→m. (2.79)

One can therefore find a complete set of states that are simultaneous eigen-

states of all Ĉµ and Ĥi. Denoting the eigenvalues of Ĉµ and Ĥi by cµ and hi

respectively, we can represent the corresponding eigenstates as

∣c1, c2, . . . , cm;h1, h2, . . . , hm⟩

or ∣cµ;hi⟩ for short. This gives rise to the following eigenvalue equations:

Ĉµ ∣cµ;hi⟩ = cµ ∣cµ;hi⟩ ; (2.80a)

12Notice the difference between the roots αi, which are associated eigenvalues of the eigengener-

ators Êα, and the weights hi which are eigenvalues of eigenfunctions.
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Ĥi ∣cµ;hi⟩ = hi ∣cµ;hi⟩ . (2.80b)

for all µ, i = 1→m. We conclude that the Casimir operators Ĉµ and the gener-

ators Ĥi of the Cartan subalgebra allow us to label every state of a multiplet,

while the ladder operators Êα enable us to move between the states within that

multiplet, as illustrated in a Weyl diagram. That is, when a Weyl generator Êα

acts on the ket ∣cµ;hi⟩, it shifts the eigenvalue of the operators Ĥi by an amount

αi according to

Êα ∣cµ;hi⟩ ≈ ∣cµ;hi + αi⟩ , (2.81)

in analogy with the raising and lowering operators L̂+ and L̂− of the angular

momentum algebra. This can be seen as follows, using (2.76) and (2.80b):

ĤiÊα ∣cµ;hi⟩ = ([Ĥi, Êα] + ÊαĤi) ∣cµ;hi⟩
= (αiÊα + Êαhi) ∣cµ;hi⟩
= (hi + αi) Êα ∣cµ;hi⟩ ,

(2.82)

which leads to (2.81).

2.5.3 Review of the angular momentum algebra

The Cartan subalgebras and Weyl diagrams, introduced above, will reveal them-

selves as crucial tools in our analysis of the Lie groups and corresponding Lie

algebras of the hydrogen atom and the periodic system. The importance of these

concepts cannot be stressed enough therefore, and we will end this chapter by

reviewing some of the more important properties of the angular momentum

algebra, illustrating the principles of §2.5.2 along the way.

The well-known commutation relations between the components of the an-

gular momentum operator L̂ are given by:

[L̂x, L̂y] = ih̵L̂z; [L̂y, L̂z] = ih̵L̂x; [L̂z, L̂x] = ih̵L̂y. (2.83)

These commutation rules are said to define the angular momentum algebra,

which is isomorphic to the so(3) Lie algebra. Notice that none of the L̂i opera-

tors commutes among each other. In order to disclose the consequences of this

algebra, we select the L̂z operator as the only Cartan generator, forming the

Cartan subalgebra H. The square of the total angular momentum

L̂2 = L̂2
x + L̂2

y + L̂2
z (2.84)

commutes with all the angular momentum operators:

[L̂2, L̂x] = [L̂2, L̂y] = [L̂2, L̂z] = 0, (2.85)

and by virtue of this property, L̂2 is called a Casimir operator of the angular

momentum algebra. Since H is one-dimensional (i.e. the so(3) algebra is of rank

1), this is the only Casimir operator of the so(3) algebra (theorem 2.6).
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The commutation relations in (2.83) and (2.85) imply the existence of a com-

plete set of states which are simultaneous eigenstates of L̂2 and L̂z. We denote

the eigenvalues of L̂2 and L̂z by l and ml respectively, and represent the cor-

responding eigenstates as ∣l,ml⟩. This gives rise to the following eigenvalue

equations:

L̂2 ∣l,ml⟩ = l (l + 1) h̵2 ∣l,ml⟩ ; (2.86a)

L̂z ∣l,ml⟩ =mlh̵ ∣l,ml⟩ . (2.86b)

Ladder operators

The remaining two operators L̂x and L̂y are then combined into the following

linear combinations:

L̂± ≡ L̂x ± iL̂y. (2.87)

The introduction of L̂+ and L̂− gives rise to a number of new commutation rela-

tions. First of all, since L̂2 commutes with all the angular momentum operators,

it also commutes with L̂+ and L̂−:

[L̂2, L̂+] = [L̂2, L̂−] = 0. (2.88)

Of greater importance are the commutation relations of L̂+ and L̂− with the

Cartan generator L̂z:

[L̂z, L̂±] = ±h̵L̂±. (2.89)

Since (2.89) satisfies the defining operator relation (2.76) for ladder operators

(see also theorem 2.71), L̂+ and L̂− are called Weyl generators. Along with

the Cartan generator L̂z, they constitute the Cartan-Weyl basis of the so(3)
algebra.

In view of (2.89), the operation of L̂+ or L̂− on one of the simultaneous

eigenkets of L̂2 and L̂z transforms this eigenket ∣l,ml⟩ into another eigenket of

L̂2 and L̂z with the same eigenvalue l for L̂2, but with the eigenvalue ml raised

or lowered by one:

L̂± ∣l,ml⟩→ ∣l,ml ± 1⟩ . (2.90)

By virtue of these properties, L̂+ is called a raising operator and L̂− a lowering

operator. Starting from a given eigenket ∣l,ml⟩, a ladder of eigenkets can thus

be produced by the repeated application of L̂+ and L̂−:

. . .
L̂±←→ ∣l,ml − 1⟩ L̂±←→ ∣l,ml⟩

L̂±←→ ∣l,ml + 1⟩ L̂±←→ . . . . (2.91)

However, it turns out that the values of ml are bounded from above and below

by the value of l, ranging over the interval {−l, −l + 1, . . . , l − 1, l}. To every

eigenvalue l, there thus corresponds a multiplet of 2l + 1 eigenkets, which are

interconnected via the ladder operators L̂+ and L̂−:

∣l,−l⟩ L̂±←→ ∣l,−l + 1⟩ L̂±←→ . . .
L̂±←→ ∣l, l − 1⟩ L̂±←→ ∣l, l⟩ . (2.92)
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Figure 2.6: a) Root diagram of the so(3) algebra. The L̂z operator lies in the center

of the graph and is used to label the eigenkets of a given multiplet. The L̂+ and L̂−
operators act as shift operators. b) Weight diagram for the multiplet with l = 5/2.

Each eigenket is depicted by a point on the L̂z axis which denotes its ml-value.

This can also be represented diagramatically. To this aim, we use the ml values

as coordinates to plot the 2l + 1 substates of a given multiplet on the axis of

L̂z eigenvalues (in units of h̵). In such weight diagrams, a given multiplet thus

appears as a line with a set of equidistant points, symbolizing the ladder of

eigenstates. An example is shown in figure 2.6b for the multiplet with l = 5/2.

By choosing the z-axis as the axis of quantization, we have placed the L̂z

operator in the center of the angular momentum algebra. That is, the diagonal

operator L̂z has been used to identify all components of a given multiplet.

Eigenoperators

One can go one step further and represent the generators themselves in a dia-

gram. For this, we need to recall the concept of an eigenoperator. It is clear

that the Cartan generator L̂z is an eigenoperator of itself, with eigenvalue 0:

[L̂z, L̂z] = 0L̂z. (2.93)

The operators L̂x and L̂y, on the other hand, are not eigenoperators of L̂z since

their commutators do not return L̂x resp. L̂y:

[L̂z, L̂x] = +ih̵L̂y; (2.94a)

[L̂z, L̂y] = −ih̵L̂x. (2.94b)

To find proper eigenoperators we need to make linear combinations of the x-

and y-components. The resulting combinations are precisely the raising and

lowering operators L̂+ and L̂−:

[L̂z, L̂+] = +h̵L̂+; (2.95a)

[L̂z, L̂−] = −h̵L̂−. (2.95b)

The corresponding eigenvalues for the L̂+ and L̂− eigenoperators are respectively

+h̵ and −h̵ as is evident from the above equations. The generators of the angular
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momentum algebra are thus represented by 3 points (or roots) with coordinates

−1, 0, and +1 (in units of h̵) in a one-dimensional root space. The resulting root

diagram with root vectors for L̂+ and L̂− is shown in figure 2.6a.

The L̂z operator forms an so(2) subalgebra on its own since it generates

an infinitesimal rotation around the z-axis. Of course in the present case this

Cartan subalgebra is rather trivial since it contains only one element. In sub-

sequent chapters we will meet extended quantization schemes where several

quantum numbers are needed to characterize shell components.

2.6 The three pillars of group theory

Let us attempt to summarize in a couple of lines what has been introduced in

this chapter. In a nutshell, we have seen that a constant of the motion X is a

telltale sign for the existence of a particular symmetry group G of the system

S , which in turn can be invoked to rationalize the degeneracies observed in the

energy eigenspectrum of S . One could of course reason the other way around as

well — starting from an observed degeneracy and looking for its corresponding

symmetries and conservation laws. In short, we are faced with the following

important interconnections:

Conservation Law←→ Symmetry←→Degeneracy (2.96)

As should be clear from this and the schematic depiction in figure 2.7, the con-

servation laws, symmetries and degeneracies of a system are not to be seen as

independent or disconnected. Rather, they form a closely woven tapestry, with

the theorems of Noether, Ehrenfest and Wigner acting as a metaphorical Ari-

adne’s thread interweaving these three pillars into a harmonious and powerful

whole. Not surprisingly then, the relations in (2.96) will permeate our presen-

tation of the hydrogen atom in the next chapters, and will figure prominently

in our discussion of the hidden symmetries of the periodic system in chapter 6.
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On the 17th of January 1926, the Zeitschrift für Physik received a paper from

the Austrian theoretical physicist Wolfgang Pauli (1900–1958).1 In his study

“On the hydrogen spectrum from the standpoint of the new quantum mechanics”,

Pauli exploited Heisenberg’s matrix mechanics to derive the spectrum of atomic

hydrogen. Besides angular momentum, Pauli also introduced the quantum me-

chanical analogue of the classical Laplace-Runge-Lenz vector, to be studied in

§3.2.4. The invariance of the Hamiltonian under these operators proved to be

sufficient to explain the complete degeneracy of the hydrogen spectrum. The

corresponding algebra could moreover be identified as the Lie algebra of the

rotational group in four dimensions, isomorphic to the special orthogonal group

SO(4). In the present chapter we will reconstruct Pauli’s scheme and relate it

to the generators of the so(4) algebra.2

It is amazing to note how Pauli’s approach led to the energy eigenvalues

of the hydrogen atom, and many of its constraints and features — free of the

Schrödinger wave equation, and the accompanying conditions of square integra-

bility. At the time, neither Heisenberg (1901–1976) nor Pauli expected that

the whereabouts of the electron in the attractive potential of a proton could

be represented by a continuous field, as Erwin Schrödinger’s (1887–1961)

wave equation was about to show. Schrödinger’s first paper on the new wave

mechanics arrived at the editorial office of the Annalen der Physik only ten

days later, on the 27th of January 1926.3

1See W. Pauli. “Über das Wasserstoffspektrum vom Standpunkt der neuen Quantenmechanik”.

In: Zeitschrift für Physik 36 (1926), pp. 336–363. An English translation of Pauli’s paper

appeared in W. Pauli. “On the Hydrogen Spectrum from the Standpoint of the New Quantum

Mechanics”. In: Sources of Quantum Mechanics. Ed. by B. L. van der Waerden. New York:

Dover Publications, Inc., 1967. Chap. 16, pp. 387–415
2Two monographs that deal especially with the symmetries of the hydrogen atom are M. J.

Englefield. Group Theory and the Coulomb Problem. New York: Wiley-Interscience, 1972

and V. Guillemin and S. Sternberg. Variations on a Theme by Kepler. Vol. 42. American

Mathematical Society Colloquium Publications. Providence: American Mathematical Society,

1990. For a review on group theory and the hydrogen atom, see M. Bander and C. Itzyk-

son. “Group Theory and the Hydrogen Atom (I)”. In: Reviews of Modern Physics 38.2 (1966),

pp. 330–345 and M. Bander and C. Itzykson. “Group Theory and the Hydrogen Atom (II)”.

In: Reviews of Modern Physics 38.2 (1966), pp. 346–358. See also C. E. Burkhardt and J. J.

Leventhal. Topic in Atomic Physics. New York: Springer, 2006 and W. Greiner and B.

Müller. “Dynamical Symmetries”. In: Quantum Mechanics: Symmetries. Berlin: Springer-

Verlag, 2001. Chap. 14, pp. 477–496. Other short accounts appeared in M. I. Petrashen

and E. D. Trifonov. “Additional Degeneracy in a Spherically Symmetric Field”. In: Appli-

cations of Group Theory in Quantum Mechanics. New York: Dover Publications, Inc., 1969.

Chap. 14, pp. 185–196, A. W. Joshi. “Dynamical Symmetry”. In: Elements of Group Theory

for Physicists. New Delhi: Wiley Eastern Limited, 1977. Chap. 5.8, pp. 171–176 and H. F.

Jones. “‘Accidental’ degeneracy of the H atom and SO(4)”. In: Groups, Representations and

Physics. New York: Taylor & Francis Group, LLC, 1998. Chap. 7.2, pp. 124–127. As a math-

ematical supplement, consider S. Frank Singer. Linearity, Symmetry, and Prediction in the

Hydrogen Atom. New York: Springer, 2005.
3E. Schrödinger. “Quantisierung als Eigenwertproblem”. In: Annalen der Physik 386.18
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3.1 Accidental degeneracy and dynamical

symmetries

The three pillars depicted in figure 2.7 will form a central theme in this chapter.

We already saw that systems with spherical symmetry are (2l + 1)-fold degen-

erate with respect to the z-component of the orbital angular momentum L̂; the

fact that states of the same l but different m possess the same energy is thus

accounted for by this symmetry. The degeneracy of the three 2p-orbitals (2px,

2py and 2pz with l = 1 and m = −1, 0, 1), as illustrated in figure 1.2, is thus a

consequence of the hydrogen atom possessing rotational symmetry, as described

by the SO(3) group. Since the SO(3) group is generated by the angular mo-

mentum operators L̂i (i = 1, 2, 3), this symmetry manifests itself to us as the

conservation of angular momentum L. In brief:

Conservation of

Angular Momentum
←→ Spherical

Symmetry
←→ (2l + 1) - fold

Degeneracy
(3.1)

Interestingly, the hydrogen atom has additional degeneracy beyond that asso-

ciated with rotational symmetry; that is, states of the same n but different l

possess the same energy as well. This leads to an n2-fold degeneracy, rather

than the (2l + 1)-fold degeneracy described above. The 2s orbital, for instance,

(with n = 2 and l = 0) belongs to the same energy level as the 2px, 2py and

2pz orbitals (with n = 2 and l = 1). For a long time, these degeneracies were

said to be accidental, since physicists had no clue as to their exact origin. But

as Harold V. McIntosh recounted in the 1970s: “There [had] always been

a feeling that accidental degeneracy might not be so much of an accident after

all, in the sense that there might actually have been a larger group which would

incorporate [. . . ] the overt [i.e. geometrical] symmetry group.”4

The idea is thus to look for an additional symmetry of the system, above and

beyond the spherical symmetry, that could account for the increased degeneracy

of the hydrogen atom. It is clear that this symmetry cannot be of a geomet-

rical nature. Rather, the hydrogen atom seems to be endowed with a hidden

symmetry, which arises from the particular 1/r form of the Coulomb poten-

tial. That is to say, whereas all systems with a central potential V (r) = V (r)
are spherically symmetric and thus exhibit the familiar (2l + 1)-fold degeneracy,

the n2-fold degeneracy is unique for the hydrogen atom, and inherent in the

Coulomb potential. This is referred to as an internal symmetry or a dynamical

symmetry.5 We also expect to find an extra constant of the motion associated

(1926), pp. 109–139.
4H. V. McIntosh. “Symmetry and Degeneracy”. In: Group Theory and Its Applications. Ed. by

E. M. Loebl. Vol. II. New York and London: Academic Press, 1971. Chap. 2, p. 79 (emphasis

added).
5For multi-electron systems, the nucleus gets shielded due to the presence of inner electrons.
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with this additional dynamical symmetry. In short:

Extra Constant

of the Motion
←→ Dynamical

Symmetry
←→ n2- fold

Degeneracy
(3.2)

We are thus faced with the following two interrelated questions: First, what

is the nature of this dynamical symmetry that contains the SO(3) group as a

subgroup? And secondly, which observable, other than the angular momentum

L, is conserved in time for the hydrogen system?

In the case of geometrical symmetries, the nature of a symmetry group can

usually be inferred from the corresponding classical system. But for dynamical

symmetries, this is not generally the case as most quantum systems have no

classical analogue (think of the electron spin, or the nuclear isospin). The hy-

drogen atom, however, represents a special case in that it does have a classical

analogue under the form of the so-called Kepler problem. We thus expect the

dynamical symmetries and conserved properties of the hydrogen atom to mani-

fest themselves in a classical formulation of the Kepler problem, and this is why

we start this chapter with an in-depth investigation of the hydrogen atom from

a classical point of view.

3.2 Classical Kepler problem

We start this section with a brief consideration of central forces and potentials.

Definition 3.1. (Central force): A force F that is radially directed from the

center of force O, and whose magnitude F only depends on the distance r from

the object to the center, is called a central force. If we take the origin of a

coordinate system as the center of force, and let r denote the position vector of

the object, then:

F (r) = F (r)er, (3.3)

with er a unit vector in the radial direction. This moreover implies that the

force field is spherically symmetric. ◾

The general relationship between a force F and the potential energy V in Carte-

sian coordinates x, y and z is given by

F ≡ −∇V = −∂V
∂x

ex −
∂V

∂y
ey −

∂V

∂z
ez, (3.4)

with ∇ the del operator (or gradient operator),6 and ex, ey and ez the unit

vectors along the three Cartesian directions. Each of the partial derivatives in

The effective nuclear Coulomb potential therefore differs from the attractive 1/r potential for

hydrogen, and the dynamical symmetry gets broken, with the degeneracy lowering to 2l + 1.
6The squared del operator ∇2 = ∇ ⋅∇ = ∆ = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
is called the Laplacian.



3.2 Classical Kepler problem 131

(3.4) can be written in terms of the spherical coordinates r, θ and φ by the

multivariable chain rule. For example:

∂V

∂x
= ∂V
∂r

∂r

∂x
+ ∂V
∂θ

∂θ

∂x
+ ∂V
∂φ

∂φ

∂x
. (3.5)

However, when dealing with a central force, the corresponding potential is spher-

ically symmetric: V (r) = V (r). Therefore:

∂V

∂θ
= 0 and

∂V

∂φ
= 0, (3.6)

which simplifies (3.5) to
∂V

∂x
= dV
dr

∂r

∂x
. (3.7)

Rewriting ∂r/∂x as

∂r

∂x
=
∂ (x2 + y2 + z2)

1
2

∂x

= 1

2
(x2 + y2 + z2)−

1
2 2x = x

r
,

(3.8)

yields
∂V

∂x
= x
r

dV

dr
. (3.9a)

We similarly obtain:

∂V

∂y
= y
r

dV

dr
and

∂V

∂z
= z
r

dV

dr
. (3.9b)

Substituting these results in (3.4) gives

F = −x
r

dV

dr
ex −

y

r

dV

dr
ey −

z

r

dV

dr
ez

= −1

r

dV

dr
(xex + yey + zez) ,

(3.10)

or

F = −dV
dr

r

r
, (3.11)

with r/r = er, the unit vector in the r direction, showing once again that a

central force is always radially directed.

3.2.1 General formulation

In classical Newtonian mechanics, the Kepler problem (named after Johannes

Kepler, see §3.2.6) is a special case of the two-body problem, where two bodies

interact via a central force whose strength F varies as the inverse square of the

distance r between the two bodies:

F (r) = k

r2
, (3.12)
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where k is a constant proportional to the strength of the force. The Kepler

problem arises in numerous situations, but has been especially important in

celestial mechanics, since Newtonian gravity obeys an inverse square force law:

F (r) = G m1m2

r2
, (3.13)

where G is the gravitational constant, m1 and m2 are the masses of the two

bodies, and r is the distance between them. Examples include a satellite revolv-

ing around a planet (like the moon orbiting the earth), a planet moving about

its sun, or binary stars about each other.

The Kepler problem is also applicable to the motion of two charged particles,

as given by Coulomb’s law of electrostatics:

F (r) = 1

4πε0

q1q2

r2
, (3.14)

with ε0 the permittivity of the vacuum, and q1 and q2 the two point charges.

The most important example here is of course the motion of an electron around

a proton in the hydrogen atom.

The quantum mechanics of the hydrogen atom, and the celestial mechanics

of our solar system clearly belong to two different realms of reality; they inhabit,

so to speak, different (microscopic versus macroscopic) worlds. Yet, there is a

deep connection between both systems in that both are subject to an inverse

square force law. We will make great use of this connection. After describing the

Kepler problem for the classical hydrogen atom, we will attempt to translate our

results in quantum mechanical terms and apply them to the quantum hydrogen

atom and its discrete spectrum of energy states.

The hydrogen atom

The electrostatic interaction between the electron e− and the hydrogen nucleus

p+ can be described with the aid of Coulomb’s law (3.14). Since the scalar

definition of the law merely describes the magnitude of the electrostatic force,

the vector form will be used instead — describing both the magnitude and the

direction of the force F. From (3.3) and (3.14), we have:

F (r) = 1

4πε0

(+Ze) (−e)
r2

er = −
k

r2
er, (3.15)

with er a unit vector along the line connecting the nucleus with the electron

(i.e., the force F points in the radial direction) and

k = Ze2

4πε0
> 0. (3.16)

The charge of the electron is denoted by −e, while the nuclear charge of the

hydrogen atom equals +e, or more generally +Ze for a hydrogen-like ion with a
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nucleus containing Z protons. The distance between the two charges is given by

r. The minus sign in (3.15) refers to an attractive force, providing a potential

well centered at the origin; a plus sign, on the other hand, would correspond to a

repulsive force, such as the force between two charges of equal sign, pushing the

interacting particles to infinity. Since we are dealing with the hydrogen atom,

we will restrict ourselves to a consideration of the attractive force.

Upon comparison of (3.11) with (3.15), we see that

dV

dr
= k

r2
. (3.17)

Integration then yields

∫ dV = k∫
1

r2
dr, (3.18)

or

V = −k
r
+C, (3.19)

with C an arbitrary integration constant which we shall take to be zero so

that the Coulomb potential V tends to zero when the two charges are infinitely

separated.

Since er = r/r (with r the position vector of the electron), equation (3.15)

can be rewritten as follows:

F = − k
r2

er = −
k

r3
r. (3.20)

Following Newton’s second law, F =ma, the Coulombic force can also be written

as

F =ma =mdv

dt
= dp
dt
. (3.21)

Equating (3.20) with (3.21) results in the following differential equation of mo-

tion:
dp

dt
= −k r

r3
. (3.22)

Whether one is studying the behaviour of planets or the properties of hydrogen,

the problem in each of these cases consists of finding the positions and velocities

of the two interacting bodies over time. Using classical mechanics, the solution

to (3.22) can then be expressed as a Kepler orbit.

A derivation of the equations of motion will be deferred to §3.2.5. For now,

we will content ourselves with a brief statement of the main results. The solu-

tions to the Kepler problem are conic sections: circles, ellipses, parabolas and

hyperbolas. Most familiar among those mathematical curves are the elliptical

orbits that the planets in our solar system trace out through space (figure 3.1).

The following properties of ellipses can be introduced:

Definition 3.2. (Apoapsis and periapsis): The apoapsis or apocenter A of an

ellipse is defined as the point on the ellipse for which the distance to one of the
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Figure 3.1: Elliptical orbit

of a planet circling the sun.
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the two foci of the ellipse.
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two foci is greatest; the periapsis or pericenter P , conversely, represents the

point of closest approach to the focus.7 ◾

The straight line AP , connecting the apoapsis with the periapsis, is referred to

as the line of apsides. This is the major axis of the ellipse, which runs through

both foci.

Definition 3.3. (Semi-major and semi-minor axes): The semi-major axis, de-

noted a in figure 3.1, is equal to half the distance from pericenter to apocenter.

The semi-minor axis b is perpendicular to the semi-major axis a. ◾

3.2.2 Hamiltonian formulation

We are now in a position to derive the classical Hamiltonian H for the hydrogen

system. Denoting the masses of the proton and the electron by mp and me, and

their velocities by vp and ve respectively, we have:

H ≡ T + V = mpvp
2

2
+ meve

2

2
− k
r
. (3.23)

The first two terms represent the kinetic energy T of the proton and the electron,

while the last term V is the contribution of the Coulomb potential, as given in

(3.19).

7The terms perihelion and aphelion can be used when describing the revolution of a planet

around the Sun, located at one of the foci.
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Reduction to a one-body problem

This two-body system can now be reduced to a one-body problem in a central

potential; that is, the motion of the two particles can be separated in the uniform

motion of the center of mass and the relative motion of a single effective particle

with respect to the mass center of both. The position of the center of mass is

given by:

R = mprp +mere

mp +me
. (3.24)

The velocity of the mass centre is thus given by:

dR

dt
= mpvp +meve

mp +me
. (3.25)

The corresponding kinetic energy TR equals

TR = mp +me

2
(dR
dt

)
2

= mp +me

2
(mpvp +meve

mp +me
)

2

= mp +me

2

(mp
2vp

2 +me
2ve

2 + 2mpmevp ⋅ ve)
(mp +me)2

= mp
2vp

2 +me
2ve

2 + 2mpmevp ⋅ ve
2 (mp +me)

.

(3.26)

When we subtract the kinetic energy of the mass center from the total kinetic

energy T, we obtain the kinetic energy associated with the relative motion:

T − TR = mpvp
2

2
+ meve

2

2
− mp

2vp
2 +me

2ve
2 + 2mpmevp ⋅ ve

2 (mp +me)

= mpmevp
2 +mpmeve

2 − 2mpmevp ⋅ ve
2 (mp +me)

=
mpme (vp2 + ve2 − 2vp ⋅ ve)

2 (mp +me)

= 1

2

mpme

(mp +me)
(vp − ve)2

.

(3.27)

The factor
mpme

mp+me
is called the reduced mass, which we will denote for simplicity

as m. It represents the mass of an effective particle associated with the relative

motion of the electron with respect to the proton. The associated velocity is the

relative velocity vp − ve, and will be denoted as v. Since the potential energy

term only depends on the relative position of the particles with respect to each

other, the motion of the center of mass can effectively be separated out, and the

Hamiltonian reduces to:

H = T + V = mv
2

2
− k
r
= p2

2m
− k
r
. (3.28)
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3.2.3 Constants of the motion

Our main interest in the Kepler problem concerns the constants of motion

(i.e. conserved quantities), which will find operator equivalents in the quantum

mechanics of the hydrogen problem in §3.3.1.

Conservation of angular momentum L

Evidently, since H possesses rotational symmetry, the orbital angular momen-

tum L = r ×p is a constant of the motion, as was already mentioned in chapter

2; that is:
dL

dt
= d

dt
(r × p) = r × dp

dt
+ dr
dt

× p = 0. (3.29)

This results from the fact that dp/dt is parallel to r according to (3.22), and

that dr/dt is parallel to p since p = mv = mdr/dt. In fact, the invariance of

angular momentum implies not less than three conservation laws, since each of

the three Cartesian components of this vector is conserved. Notice also that the

angular momentum is conserved for any central force problem.

Conservation of energy E

The total energy E itself, given by H in equation (3.28), is also independent of

the time (dH /dt = 0), and therefore represents another constant of the motion.

This can be shown by calculating the time derivative of the Hamiltonian:

dH

dt
= d

dt
( p2

2m
− k
r
) = 1

2m

dp2

dt
− k d

dt
(1

r
) . (3.30)

Using Leibniz’s law to find the derivatives of products of functions, as well as

the quotient rule to find the derivatives of quotients of functions:

d

dx
(f.g) = df

dx
g + f dg

dx
; (3.31a)

d

dx
(f
g
) =

df
dx
g − f dg

dx

g2
, (3.31b)

equation (3.30) can be rewritten as

dH

dt
= 1

2m
[dp
dt

⋅ p + p ⋅ dp
dt

] − k

r2
[d1

dt
r − 1

dr

dt
]

= p

m

dp

dt
+ k

r2

dr

dt
.

(3.32)

In order to further solve the above equation, the following equality will prove

very useful:

r ⋅
dr

dt
=

1

2
(
dr

dt
⋅ r + r ⋅

dr

dt
) =

1

2

d

dt
(r ⋅ r) =

1

2

d

dt
r2

=
1

2
(
dr

dt
r + r

dr

dt
) = r

dr

dt
. (3.33)
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With the help of equation (3.33) and (3.22), equation (3.32) can be rewritten

as

dH

dt
= mv

m
(−k r

r3
) + k r

r3

dr

dt

= −k r

r3

dr

dt
+ k r

r3

dr

dt
= 0,

(3.34)

proving that the energy is indeed a constant of the motion.

3.2.4 The Laplace-Runge-Lenz vector

The conservation of angular momentum, which is due to the rotational symme-

try of the central attraction force, locks the orbit into a plane through the origin

O, perpendicular to the direction of L. For convenience sake, we will take the

xy-plane as the orbital plane, with L pointing in the z-direction.

The Kepler orbits in this plane are subject to further constraints however.

Indeed, the orbiting particle is confined to an ellipse which is fixed in space;

that is, the major and minor axes of the ellipse retain a fixed orientation in

the plane. There is, in other words, no precession of the orbit, implying that

the ellipse is closed : after a full turn, the orbiting particle always returns to its

original starting point, retracing its own path ad infinitum.

Although the planarity of the orbits is a common feature for any central

force system, the closure of the Keplerian orbits only occurs for the particular

form of the central potential for Newtonian attraction, where V (r)∝ 1/r. Any

departure from this magical potential destroys the closure of the orbits.8 That

is to say, even the smallest deviation of the potential energy from the Newtonian

form V (r) = −k/r (to V (r) = −k/r1.1 say) would cause the major axis PA of the

ellipse to precess slowly: although the orbit would remain roughly elliptical, it

would no longer be closed, and a ‘rosette’ would be traced out over time (figures

3.2 and 3.3). The orbits are then said to be space-filling, which is the case for

most central forces.

In the words of McIntosh: “The orbits of the Kepler problem are thus almost

unique among all the central force problems in that the bounded orbits are

simple closed curves.”9 This strongly suggests that there is some additional

constant of the motion, other than H and L, that can be used to characterize

the orientation of the major axis in the orbital plane — thus closing the orbit.

We expect this to be a constant vector, which we will denote by M, and which

should lie along the major axis, pointing from O to P or from O to A.

8The harmonic oscillator potential V (r) = 1
2
kr2 is the only other central potential for which

the orbits are closed. This is referred to as Bertrand’s theorem in honour of the French mathe-

matician Joseph Louis François Bertrand (1822–1900). See also J. Bertrand. “Théorème

Relatif au Mouvement d’un Point Attiré vers un Centre Fixe”. In: Comptes rendus des séances

de l’Academie des Sciences 77 (1873), pp. 849–853
9McIntosh, op. cit., p. 81.
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Figure 3.2: Precession of

the perihelion (I). Any de-

parture from the 1/r poten-

tial destroys the conserva-

tion of the LRL vector. As

a consequence, the LRL vec-

tor starts to rotate slowly,

causing the elliptical orbit to

precess.
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Such a vector has indeed been discovered and rediscovered a number of times

in the history of classical mechanics (see §3.2.7). Among others, the names of

Hermann, Bernoulli, Laplace and Hamilton are all associated with this vector.

Since Pauli, the name Laplace–Runge–Lenz vector (or simply LRL vector) is

mostly in use. We write it in the somewhat peculiar form:10

M ≡ p ×L −mk r

r
. (3.35)

Conservation of the LRL vector M

The fact that the LRL vector is a constant of the motion is perhaps a little bit

more difficult to prove. Taking the time derivative of M yields:

d

dt
M = d

dt
(p ×L) −mk d

dt

r

r

= [(dp
dt

×L) + (p × dL
dt

)] −mk 1

r2
[dr
dt
r − r

dr

dt
]

= F ×L − mk
r3

[dr
dt
r2 − rr

dr

dt
] ,

(3.36)

where in the third line, the conservation of angular momentum (3.29) was used,

and the fact that F = dp/dt [(3.21)]. It will prove interesting to look at the

problem for the most general case where F could denote any central force (not

10The exact definition of the LRL vector tends to vary from author to author. Some define it

as M = 1
mk

p ×L − r
r

. Others, such as Pauli, prefer the form M = 1
mk

L × p + r
r

.
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Figure 3.3: Precession of the perihelion (II). Over time, a rosette is formed, and the

orbits are said to be space-filling.

necessarily of an inverse square nature). Then, by (3.3):

d

dt
M = F (r) r

r
×L − mk

r3
[r2 dr

dt
− r(r ⋅ dr

dt
)]

= F (r)
r

r × (r × p) − k

r3
[r2p − r (r ⋅ p)] ,

(3.37)

where the identity (3.33) was invoked in the first line, and the fact that p =
mv = mdr/dt and L = r × p in the second line. With the help of the vector

relation

a × (b × c) = (a ⋅ c)b − (a ⋅ b)c, (3.38)

we rewrite (3.37) as

d

dt
M = F (r)

r
[(r ⋅ p) r − (r ⋅ r)p] − k

r3
[r2p − r (r ⋅ p)]

= F (r)
r

[(r ⋅ p) r − r2p] + k

r3
[(r ⋅ p) r − r2p]

= [(r ⋅ p) r − r2p] [F (r)
r

+ k

r3
] .

(3.39)
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It follows that

d

dt
M = 0 ⇔ F (r)

r
= − k

r3
⇒ F (r) = − k

r2
. (3.40)

That is to say, the LRL vector is a constant of the motion if and only if the

force F varies as the inverse square of the distance r, which is the case for the

Kepler problem, as shown in (3.15). Actually, since M is a vector, it represents

not less than three conserved quantities through its three Cartesian components

Mx, My and Mz. In view of (3.40), the LRL vector is said to be a dynamical

invariant since it depends on the particular form of the force law. The angular

momentum L and the energy E, in contrast, are geometrical invariants since

they depend on the geometries of Euclidean space and time.

With our elucidation of the LRL vector as a new constant of the motion, an

important piece of the puzzle (3.2) has fallen into place:

Conservation of

the LRL vector
←→ Dynamical

Symmetry
←→ n2- fold

Degeneracy
(3.41)

From Noether’s theorem, we expect M to be related to an additional dynamical

symmetry of the Kepler problem, beyond the spherical symmetry of all central

force problems. The question remains however as to what the exact nature is

of this hidden symmetry. We will return to this point in §3.4.

Direction of the LRL vector M

Since M is conserved for the Kepler problem, its direction in space is fixed. In

order to determine in which direction the LRL vector points, we first note that

the vector p × L in (3.35) is perpendicular to both p and L. Given that the

momentum vector p is tangential to the orbit, and that L is perpendicular to

the plane of the orbit, p × L must lie in the xy-plane. Since the unit vector

er = r/r also lies in the plane, M is forced to lie in the xy-plane.

In order to determine its position in the xy-plane, we write down the x- and

y-components of M (Mz is of course equal to zero). We thus have,

M = p ×L −mk r

r

=

RRRRRRRRRRRRRRRR

ex ey ez

px py pz

Lx Ly Lz

RRRRRRRRRRRRRRRR

− mk
r

(xex + yey) .
(3.42)

This then yields:

Mx = (pyLz − pzLy) −
mk

r
x; (3.43a)

My = (pzLx − pxLz) −
mk

r
y. (3.43b)
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Figure 3.4: The orientation of the LRL vector M at four different points (denoted

by the position vectors r1 → r4) on a bound elliptical orbit. Since L is conserved, M

lies in the xy-plane of a Cartesian coordinate system with the center of attraction as

the origin O. The coplanar vectors p ×L and mker are indicated for each of the four

positions. The momentum vectors p are tangential to the orbit. Notice that M is

constant in both direction and magnitude; that is, M is a constant of the motion for

the Kepler problem.

Since the angular momentum vector L points in the z-direction, Lx = Ly = 0.

This further simplifies the above equations to

Mx = pyLz −
mk

r
x; (3.44a)

My = −pxLz −
mk

r
y. (3.44b)

Now, consider the situation when the orbiting particle (planet or electron)

crosses the x-axis. Obviously y = 0 at that point. Also, the momentum vector

p (being tangential to the orbit) will point in the y-direction, and thus px = 0.

Substitution in (3.44b) then shows that My = 0; that is, when crossing the x-

axis, the LRL vector M is pointing in the x-direction. But since the direction

of M never changes over time, according to (3.40), this implies that for the

elliptical orbit of a classical particle, M is always pointing from the focus O to

the periapsis P along the major axis of the ellipse (see figure 3.4).
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Note that for any central force, other than the inverse square force, d
dt

M ≠ 0

according to (3.40). Since the LRL vector is no longer conserved, it starts

rotating in the xy-plane, and the orbit is seen to precess slowly. This is actually

the case in our solar system since the planets are not only attracted to the sun,

but also feel the influence of each other, thus causing a slight deviation of the

central potential from the perfect 1/r form.11

Important relations with the LRL vector

The following two relations will have a direct bearing on the quantum mechanical

treatment of the hydrogen atom in §3.3:

L ⋅M = 0; (3.45a)

M2 = 2mH L2 +m2k2. (3.45b)

The orthogonality of L and M is a direct consequence of their orientation. The

vector L is defined as the vectorial product (r × p) and will thus be orthogonal

to the orbital plane defined by the radius vector and the displacement of the

particle. The vector M is lying entirely in this plane: its first part (p ×L) is

orthogonal to L and its second part −mk er is along the radius vector. The

second proposition (3.45b) can be proven as follows:

M2 = [p ×L −mk r

r
]
2

= [p × (r × p)]2 − 2mk

r
[p × (r × p)] ⋅ r +m2k2 r ⋅ r

r2
.

(3.46)

Expanding the triple product p × (r × p) with the help of (3.38) yields

M2 = [(p ⋅ p) r − (p ⋅ r)p]2 − 2mk

r
[(p ⋅ p) r − (p ⋅ r)p] ⋅ r +m2k2. (3.47)

Working out the brackets:

M2 = [p4r2 − 2 (p ⋅ r)2
p2 + (p ⋅ r)2

p2] − 2mk

r
[p2r2 − (p ⋅ r)2] +m2k2

= 2m [ p
2

2m
− k
r
] [p2r2 − (p ⋅ r)2] +m2k2.

(3.48)

After introducing the Hamiltonian (3.28), and the square of the angular mo-

mentum L2 = p2r2 − (p ⋅ r)2
(as derived in appendix D, D.7), we finally obtain:

M2 = 2mH L2 +m2k2. (3.49)

11The anomalous precession of the perihelion of the planet Mercury, however, hinted that New-

tonian mechanics might not be the entire picture. Although the precession could indeed be

explained to a certain extent by the gravitational action of the other planets on Mercury, about

43 arcseconds per century remained unexplained. This opened the doors for Einstein’s theory

of general relativity, which triumphantly described the precessing perihelion of Mercury.
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3.2.5 Equations of motion

In what follows, the classical equations of motion will be derived. With the

definition of the LRL vector in (3.35), this becomes a straightforward matter.

Taking the scalar product of the LRL vector M with the position vector r yields

M ⋅ r = (p ×L −mk r

r
) ⋅ r

= (p ×L) ⋅ r −mk r ⋅ r
r

= (r × p) ⋅L −mkr
2

r

= L ⋅L −mkr.

(3.50)

In the third line of (3.50), we have used the following vector identity:

(a × b) ⋅ c = (c × a) ⋅ b = (b × c) ⋅ a. (3.51)

We can also write

M ⋅ r =Mr cos θ, (3.52)

with M = ∣M∣ the magnitude of the LRL vector, and θ the angle between the

two vectors M and r. Equating (3.50) with (3.52), we obtain:

L2 =Mr cos θ +mkr
= (M cos θ +mk) r,

(3.53)

or

r = L2

M cos θ +mk . (3.54)

Dividing the numerator and the denumerator by mk yields:

r =
L2

mk
M
mk

cos θ + 1
. (3.55)

After defining
L2

mk
≡ α and

M

mk
≡ ε, (3.56)

the above equation reduces to

r = α

1 + ε cos θ
. (3.57)

Quite remarkably, this turns out to be the formula for a conic section in polar

coordinates, with the origin O at one of the foci. In particular, when (3.57) is

applied to the planets in our solar system, the variables r and θ form the polar

coordinates (r, θ) of a vector, which points from the sun (in one of the foci)

to the planet, and traces out an ellipse, as shown in figure 3.5. We have, in

other words, obtained a most elegant and simple proof of Kepler’s first law of

planetary motion:
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Figure 3.5: Ellipse in polar

coordinates. Each point on

the ellipse is defined by the

length of the position vector

r and the angle θ. For an el-

lipse the orbital eccentricity ε

obeys the relation 0 < ε < 1.

The semi-latus rectum is de-

noted α.
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Definition 3.4. (Kepler’s first law): The orbit of every planet is an ellipse with

the sun at one of the two foci. ◾

The parameter α in (3.57) is called the semi-latus rectum, whereas ε is known

as the orbital eccentricity of the ellipse. The eccentricity is a measure for the

‘ellipticity’ of the orbit; it tells you, in other words, how much the planetary orbit

deviates from a perfect circle. An orbit is entirely circular when the eccentricity

equals zero: ε = 0. This can be easily seen by expressing the variables r and θ

in terms of the Cartesian coordinates x and y. From (3.57), we have

α = r + εr cos θ. (3.58)

Given that r cos θ = x, we get

r = α − εx. (3.59)

Squaring yields

r2 = α2 − 2εαx + ε2x2. (3.60)

By Pythagoras, r2 = x2 + y2, yielding the equations of motion in Cartesian

coordinates:

(1 − ε2)x2 + 2εαx + y2 = α2. (3.61)

Setting ε = 0, the above equation reduces to

x2 + y2 = α2, (3.62)

which indeed is the equation of a circle with radius α, centered at the origin.

Usually however, 0 < ε < 1, and the orbit becomes elliptical; that is, as ε tends
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to 1, the orbit gets more and more elongated.12 To see this, we can multiply

each term in (3.61) by 1 − ε2:

(1 − ε2)2
x2 + 2εα (1 − ε2)x + (1 − ε2) y2 = α2 (1 − ε2) , (3.63)

and add the term ε2α2 on both sides of the equation:

(1 − ε2)2
x2 + 2εα (1 − ε2)x + ε2α2 + (1 − ε2) y2 = α2 (1 − ε2) + ε2α2. (3.64)

Upon division by (1 − ε2)2
, we obtain

x2 + 2
εα

(1 − ε2)
x + ε2α2

(1 − ε2)2
+ 1

(1 − ε2)
y2 = α2

(1 − ε2)2
. (3.65)

This can be rewritten as

[x + εα

(1 − ε2)
]

2

+ 1

(1 − ε2)
y2 = α2

(1 − ε2)2
, (3.66)

or

[x + εα
(1−ε2)

]
2

α2

(1−ε2)2

+ y2

α2

(1−ε2)

= 1. (3.67)

The expression in (3.67) corresponds to the equation for an ellipse in Cartesian

coordinates:
(x − a)2

c2
+ (y − b)2

d2
= 1, (3.68)

with a, b, c and d as parameters. It represents, in other words, the Cartesian

equivalent of (3.57) for 0 < ε < 1, and describes an ellipse centered at the point

(−εα/ (1 − ε2) ,0). The minor radius along the x-axis has a length of α/(1 − ε2),

whereas the major radius along the y-axis equals α/
√

1 − ε2.

In a similar vein, it can be shown that (3.61) describes a parabola for ε = 1,

and a hyperbola for ε > 1.13 There is furthermore an interesting relationship

between the eccentricity ε and the energy E of the system. To that end, we

rewrite (3.45b) as:

M2 = 2mEL2 +m2k2, (3.69)

12The eccentricities of the planets in our solar system are as follows: εMercury = 0.20563069,

εVenus = 0.00677323, εEarth = 0.01671022, εMars = 0.09341233, εJupiter = 0.04839266, εSaturn =
0.05415060, εUranus = 0.04716771, and εNeptune = 0.00858587. With the exception of εMercury,

all eccentricities are close to zero, accounting for the near circularity of most planetary orbits.

Many asteroids, on the other hand, have eccentricities between 0 and 0.30, and Halley’s comet

has an eccentricity of 0.967.
13Some comets entering our solar system, for instance, have been observed to follow near-

parabolic orbits, or even hyperbolic paths. When ε < 1, the comets trace out an ellipse and

will return periodically; they are called periodic comets. Comets with ε ≥ 1, however, are

referred to as non-periodic comets.
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Table 3.1: Dependency of the eccentricity ε on the total energy E of the system.

Energy Eccentricity Conic Section

E < 0 ε < 1 Ellipse

E = 0 ε = 1 Parabola

E > 0 ε > 1 Hyperbola

or upon division by m2k2:

( M
mk

)
2

= 2( L2

mk2
)E + 1. (3.70)

With the help of the defining relation for the eccentricity ε in (3.56), we obtain:

ε2 = 2βE + 1, (3.71)

with β = L2

mk2
≥ 0. The dependency of ε on the total energy E of the system

has been summarized in table 3.1. It follows that closed elliptical orbits only

occur for bound states where E < 0. When, in contrast, E > 0, the object in

question traces out a hyperbola, and one thus speaks of a scattering state. For

a hydrogen atom in its ground state for instance, the electron is bound to the

proton and the energy E < 0 (E = −13,6 eV to be exact). One also says that

the electron is trapped inside the potential well formed by the electromagnetic

field that surrounds the positively charged nucleus. By pumping energy into the

system, the electron gets excited to higher energies — tracing out increasingly

elongated orbits. As soon as E > 0, the hydrogen atom loses its electron forever

and gets ionized (H→ H+ + e−).

We end the classical description of the hydrogen atom by noting that the

magnitude M of the LRL vector M is proportional to the eccentricity of the

orbit, following (3.56):

M = εmk. (3.72)

For this reason, the LRL vector can be rescaled to yield the so-called eccentricity

vector :

ε ≡ M

mk
= 1

mk
p ×L − r

r
. (3.73)

♠3.2.6 History of the Kepler problem

The Kepler problem is named after the German mathematician and astronomer

Johannes Kepler (1571–1630). While a student at the University of Tübin-

gen, Kepler became an ardent advocate of the heliocentric ideas of Nicolaus

Copernicus (1473–1543). In his first major work on astronomy, the Mysterium
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Figure 3.6: Kepler’s Platonic

solid model of the solar system

from his Mysterium Cosmograph-

icum (1596).

Cosmographicum (published in 1600), Kepler presented a model of the solar sys-

tem with the sun at the centre. Like so many of the notable figures of the 17th

century scientific revolution, Kepler too was deeply influenced by the musings of

the great philosophers of Classical Antiquity. Impressed by the supreme beauty

and perfection of the Platonic solids, Kepler attempted to nest these polyhedra

into one another like a Russian matryoshka doll (figure 3.6). By inscribing and

circumscribing the five Platonic solids by spherical orbits, Kepler obtained six

layers which (quite miraculously) corresponded to the planetary orbits of the

planets Mercury, Venus, Earth, Mars, Jupiter and Saturn. It should not come

as a surprise that Kepler assumed the planetary orbits to be perfectly circular.

After all, the circle represented the Platonic ideal of symmetry and perfection.

Kepler’s monograph soon attracted the attention of the Danish astronomer

and alchemist with brass nose, Tycho Brahe (1546–1601), who was known

far and wide for his impressive accumulation of astronomical data over the last

few decades. Though a disbeliever of the Copernican system, Brahe was deeply

impressed by the mathematical skills of Kepler, and invited him to come and

work at his research institute Uraniborg on the island of Hven. Brahe hoped

that Kepler would prove his own Tychonic system, but Kepler decided otherwise.

When Tycho unexpectedly died in 1601, Kepler took hold of Tycho’s empirical

data, and started analyzing Tycho’s observations of the planet Mars which had

plagued astronomers for centuries.

Kepler’s meticulous calculations were deeply troublesome however. Try as he

might, Kepler was unable to fit Mars’ orbit on a perfect circle. In 1605, Kepler

finally stumbled upon the idea that the planetary orbits might not be circles

after all, but ellipses, with the sun in one of the two foci! His first two laws of

planetary motion were published in 1609 in his Astronomia Nova and marked

the end of Kepler’s cherished belief in the perfect circularity of the planetary

orbits. Giving up this idea — grounded in the crystalline symmetries of Greek

philosophy — did not come easily. It took Kepler eight entire years of work with
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hundreds of pages of painstaking calculations, before he was convinced of the

truth of his newfangled idea. And yet, Kepler’s initial belief in perfect circles

was not completely unfounded. Nearly 250 years later, Sir William Rowan

Hamilton (1805–1865) found a way to regain the circularity of the planetary

orbits. We will come back to this intriguing insight in §3.5.3.

♠3.2.7 History of the LRL vector (I)

It is somewhat of an irony that the LRL vector was named after Laplace, Runge

and Lenz, given that none of these scholars actually discovered it. The LRL

vector never became as well established in scientific circles as, say, the more

familiar momentum or angular momentum vectors, which probably explains why

it was discovered and rediscovered a number of times throughout the centuries.14

The inverse Newton problem

In any case, it seems that the LRL vector made its first appearance in the

summer of 1710 in a letter that Jakob Hermann (1678–1733) wrote to his

teacher, the eminent Swiss mathematician Johann Bernoulli (1654–1705).

Both Hermann and Bernoulli were familiar with Newton’s demonstration of the

inverse square force law of gravitational attraction from Kepler’s three laws of

planetary motion — an extraordinary tour de force which came to be known

as ‘le problème direct ’ (or the direct problem). But Hermann set forth to solve

‘le problème inverse’ which he considered even more challenging and mind-

bending than the direct problem. The aim then was to derive Kepler’s laws

from Newton’s force law. To be more specific, Hermann attempted to prove

that conic sections were the only solutions to the planetary orbits under the

1/r2 attraction of the sun. In brief, the situation looked as follows:

Newton’s Force Law
inverseÐÐÐÐ⇀↽ÐÐÐÐ
direct

Kepler’s Laws

In his derivation, there were signs of what would later be recognized as the LRL

vector, and Hermann showed that is was a constant of the motion for the Kepler

problem. His letter, dated 12 July 1710, was sent from Padua to Basel, where

Bernouilli spent his later years as a professor of mathematics. Bernoulli in turn

generalized the results obtained by Hermann, and derived the direction and

magnitude of the LRL vector. Both Hermann’s letter and Bernouilli’s answer

(dated 7 October 1710) were later sent to the Paris Academy for publication in

the Histoire de l’Académie Royale des Sciences.15

14For a detailed account, see H. Goldstein. “Prehistory of the Runge-Lenz Vector”. In: Ameri-

can Journal of Physics 43.8 (1975), pp. 737–738 and H. Goldstein. “More on the Prehistory

of the Runge-Lenz Vector”. In: American Journal of Physics 44.11 (1976), pp. 1123–1124.
15See J. Hermann. “Extrait d’une lettre de M. Herman à M. Bernoulli, datée de Padoüe le

12. Juillet 1710”. In: Histoire de l’Académie Royale des Sciences (1732), pp. 519–521 and
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Laplace’s Traité de mécanique céleste

Towards the end of the century, the LRL vector surfaced again in a monumental

five volume exposition on celestial mechanics — the Traité de Mécanique Céleste

of Pierre-Simon de Laplace (1749–1827).16 Throughout his work, Laplace

applied the tools of differential calculus, approaching the solar system in an

analytical, rather than a geometrical way as Newton had done in his Principia.

In the first volume, Laplace determined the seven constants of the motion for

the Kepler problem, L, M and E, and used these to derive Kepler’s laws in

much the same way as we did in §3.2.5.17

About fifty years later, in July 1845, William Rowan Hamilton (1805–

1865) derived the eccentricity vector in a paper on “Applications of Quaternions

to some Dynamical Questions”.18 In a closely related paper, he also introduced

the concept of a hodograph, to be discussed in §3.5.3.19

The first formulation of the LRL vector in its modern vector notation had to

await the Vector Analysis of Josiah Willard Gibbs (1839–1903), published

in 1901.20 About twenty years later, Carl Runge published his popular mono-

graph Vektoranalysis, in which he offered a derivation of the Kepler orbits in

Laplace style.21 This would form the main source for Lenz’s and Pauli’s use of

the LRL vector in their quantum mechanical study of the H-atom (see §3.5.2.)

In conclusion, it seems it would be more correct to use the name Hermann-

Bernoulli-Laplace-Hamilton-Runge-Lenz vector (as one author actually did22).

We will nevertheless opt for the more familiar term Laplace-Runge-Lenz vector.

J. Bernoulli. “Extrait de la Réponse de M. Bernoulli à M. Herman, datée de Basle le 7.

Octobre 1710”. In: Histoire de l’Académie Royale des Sciences (1732), pp. 521–533.
16P. S. Laplace. Traité de Mécanique Celeste. Vol. I. L. Paris: J. B. M. Duprat, 1799.
17Referred to as the French Newton, Laplace’s genius soon attracted the attention of Napoleon

Bonaparte, who invited him to court. “Someone had told Napoleon that the book contained

no mention of the name of God; Napoleon, who was fond of putting embarrassing questions,

received it with the remark, “M. Laplace, they tell me you have written this large book on the

system of the universe, and have never even mentioned its Creator.” Laplace, who, though

the most supple of politicians, was as stiff as a martyr on every point of his philosophy, drew

himself up and answered bluntly, “Je n’avais pas besoin de cette hypothèse-là.” (“I had no need

of that hypothesis.”) Napoleon, greatly amused, told this reply to Lagrange, who exclaimed,

“Ah! c’est une belle hypothèse; ça explique beaucoup de choses.” (“Ah! It is a fine hypothesis;

it explains many things.”) Quoted from W. W. Rouse Ball. A Short Account of the History

of Mathematics. New York: Dover Publications, Inc., 1960, p. 343.
18W. R. Hamilton. “Applications of Quaternions to some Dynamical Questions”. In: Proceed-

ings of the Royal Irish Academy 3.Appendix III (1847), pp. xxxvi–l.
19W. R. Hamilton. “The Hodograph or a New Method of Expressing in Symbolic Language

the Newtonian Law of Attraction”. In: Proceedings of the Royal Irish Academy 3 (1847),

pp. 344–353.
20J. W. Gibbs and E. B. Wilson. Vector Analysis. New York: Scribners and Sons, 1901, p. 135.
21C. Runge. Vektoranalysis. Vol. 1. Leipzig: Verlag S. Hirzel, 1919.
22See P. R. Subramanian. “Hermann-Bernoulli-Laplace-Hamilton-Runge-Lenz Vector”. In:

Physics Education 7.4 (1991), pp. 323–327.



150 Chapter 3. SO(4) group

3.3 Quantum mechanics of the hydrogen atom

We have seen that the classical Kepler problem carries seven invariants: be-

sides the energy H , and the three components Lx, Ly and Lz of the angular

momentum vector L (representing the geometrical invariants for any central

problem), the Kepler/Coulomb problem is characterized by three additional

conserved quantities (i.e. the dynamical invariants), which we identified as the

components Mx, My and Mz of the LRL vector M. In 1926, Pauli constructed

the corresponding quantum mechanical equivalents of these constants of the mo-

tion, and subsequently derived the hydrogen spectrum from their commutation

algebra, as we intend to demonstrate in this and the following sections.

3.3.1 Operators for conserved quantities

In order to treat the hydrogen atom, the foregoing quantities (r, p, L, and

M) must all be translated into quantum mechanical terms by converting these

vectors into Hermitian operators. This has already been done before for r and

p, where r̂ = r is the position operator, and p̂ is the momentum operator, given

by

p̂ ≡ −ih̵∇ = h̵
i
( ∂

∂x
ex +

∂

∂y
ey +

∂

∂z
ez) . (3.74)

Position and momentum are conjugate operators and obey Heisenberg’s canon-

ical commutation relations:

[r̂i, p̂j] = ih̵δij , (A.7)*

with δij the Kronecker delta, as derived in appendix A.23

Naturally, H , L and M will become operators as well within the quantum

mechanical description of the hydrogen atom. For Ĥ , we obtain by (3.28):

Ĥ = p̂2

2m
− k
r
= − h̵

2

2m
∇2 − k

r
. (3.75)

The components of the angular momentum operator have been previously de-

fined in chapter 2. When attempting to find a quantum analogue for the classical

LRL vector M, however, a new problem arises since L̂ and p̂ do not commute.

That is:

[L̂i, p̂j] = ih̵εijkp̂k. (A.15)*

In view of this, it is not immediately clear in which order the operators L̂ and p̂

have to be placed in the definition of the LRL operator M̂ since L̂×p̂ is different

from −p̂ × L̂. If one would simply take the operator equivalent of the classical

definition:

M̂ = p̂ × L̂ −mk r̂

r
, (3.76)

23Note that starred equations refer to the appendices at the end of this chapter. For ease of

reference, the equation number listed before the star corresponds to the equation number in

the appendix.
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the operator M̂ would not be Hermitian; that is M̂ ≠ M̂†. Neither would be the

other operator

M̂ = −L̂ × p̂ −mk r̂

r
. (3.77)

Pauli solved this “ordering ambiguity” by symmetrizing the above expressions

in order to ensure Hermiticity.24 In this way, the classical equation (3.35) de-

bouches into the following definition of the quantum mechanical LRL operator

M̂:

M̂ = 1

2
(p̂ × L̂ − L̂ × p̂) −mk r̂

r
. (3.78)

It is clear that this definition would transform into the classical LRL vector

(3.76) if the operators L̂ and p̂ would commute. The operator M̂ also reduces

to (3.76) in the classical limit as h̵→ 0.

The Hermiticity of the LRL operator M̂

The Hermiticity of M̂, as defined in (3.78), can be shown as follows: we first

consider the x-component of M̂:

M̂x =
1

2
[(p̂ × L̂)

x
− (L̂ × p̂)

x
] −mkx

r

= 1

2
[(p̂yL̂z − p̂zL̂y) − (L̂yp̂z − L̂z p̂y)] −mk

x

r
.

(3.79)

The Hermitian conjugate of M̂x then equals

M̂ †
x =

1

2
[(p̂yL̂z)

† − (p̂zL̂y)
† − (L̂yp̂z)

† + (L̂z p̂y)
†] −mkx

†

r

= 1

2
[L̂†

z p̂
†
y − L̂†

yp̂
†
z − p̂†

zL̂
†
y + p̂†

yL̂
†
z] −mk

x†

r
.

(3.80)

Since the position, momentum and angular momentum operators are all Her-

mitian, we obtain:

M̂ †
x =

1

2
[L̂z p̂y − L̂yp̂z − p̂zL̂y + p̂yL̂z] −mk

x

r

= 1

2
[(p̂yL̂z − p̂zL̂y) − (L̂yp̂z − L̂z p̂y)] −mk

x

r
= M̂x.

(3.81)

The Hermiticity of M̂y and M̂z can be demonstrated analogously.

Relations between L̂, M̂ and Ĥ

Pauli furthermore established the quantum analogues of (3.45a) and (3.45b):

L̂ ⋅ M̂ = M̂ ⋅ L̂ = 0; (B.1)*

M̂2 = 2mĤ (L̂2 + h̵2) +m2k2. (B.18)*

Notice that the second equation reduces to (3.45b) in the classical limit as

Planck’s constant tends to zero: h̵→ 0. This is an example of Bohr’s ‘celebrated’

correspondence principle.

24Jones, op. cit., p. 125.



152 Chapter 3. SO(4) group

3.3.2 Conservation laws

The classical conservation laws for the hydrogen atom were described in §§3.2.3

and 3.2.4. The constants of the motion were found to be the energy E (rep-

resented by the Hamiltonian H ), the components of the angular momentum

vector L, and the components of the LRL vector M. Using his matrix me-

chanics approach, Pauli demonstrated that the corresponding quantum entities

were constant in time as well. Translating this in an operator terminology, we

recall from §2.4.3 that the associated operators of conserved quantities in quan-

tum mechanics will commute with the Hamiltonian. That is, if an operator Â,

corresponding to the observable physical quantity A, commutes with the Hamil-

tonian (i.e. [Â, Ĥ ] = 0), then A is a conserved quantity (i.e. d ⟨A⟩ /dt = 0). It

can therefore be postulated that

[L̂i, Ĥ ] = 0, ∀i = 1→ 3, (A.108)*

and that

[M̂i, Ĥ ] = 0, ∀i = 1→ 3. (A.113)*

Demonstrating the validity of these assertions is far from trivial, and the actual

computations have been relegated to appendix A for the aficionado.25 Notice

that the above equations are the quantum analogues of (3.29) and (3.40).

Following the discussion in chapter 2, the operator components of L̂ and M̂

can be seen as the generators of a particular Lie algebra. The corresponding

Lie group can then be invoked to rationalize the degeneracies of the hydrogen

system. In the following section we will turn directly to the appropriate Lie

group algebra, which incorporates all the operators concerned, and obtain the

atomic spectrum of hydrogen as a consequence.26

3.4 The special orthogonal group SO(4)

3.4.1 The generators of SO(4)

The three components of M̂ are generators of infinitesimal transformations, in

much the same way that the three components of L̂ were regarded as generators

of infinitesimal rotations about the three orthogonal axes. We thus proceed by

working out the algebra of the six generators L̂i and M̂i (i = 1 → 3), which

consists of all possible commutation relations between the generators. Three

of these have already been given before and constitute the angular momentum

algebra:

[L̂i, L̂j] = ih̵εijkL̂k. (A.16)*

25Of course, the energy is conserved as well since [Ĥ , Ĥ ] = 0 obvisously holds.
26Pauli went even further, and explained the term splitting under an electric field, as observed

in the Stark effect. However interesting, we will not consider this aspect any further.
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Nine additional commutation relations between the components of M̂ and L̂ are

given by

[M̂i, L̂j] = ih̵εijkM̂k, (A.74)*

establishing M̂ as a vector operator. The last three commutators are even more

cumbersome to calculate, but lead to the simple result:

[M̂i, M̂j] = ih̵ (−2mĤ ) εijkL̂k. (A.94)*

The different elementary commutation relationships on which these results are

based, have been summarized in appendix A.

The L̂ by themselves constitute the closed angular momentum algebra and

generate the group SO(3), as we have seen in chapter 2. The L̂ and M̂ together,

however, do not form a closed algebra: although the commutators in (A.74)

involve only L̂ and M̂, equation (A.94) brings in Ĥ as well. However, as

McIntosh recounted: “Since the energy is a constant of the motion, too serious

a problem does not arise when it appears in the commutation rules, since it

can always be replaced by its value, clasically, and its eigenvalues, quantum

mechanically.”27 That is, since Ĥ is independent of the time and commutes

with L̂ and M̂, we can work in a subspace H(E) of the Hilbert space H that

corresponds to a particular energy eigenvalue E of the Hamiltonian Ĥ . Then

Ĥ may be replaced in (A.94) by the restricted Hamiltonian Ĥ ∣H(E) = E, which

for bound states is a negative quantity (E < 0).28 In this way the energy can

be absorbed into a normalization factor. We thus define a new normalized

Laplace–Runge–Lenz vector Â by:

Â ≡ M̂√
−2mE

. (3.83)

The commutation relations in (A.74) hold as well for Â; that is:

[Âi, L̂j] = [ M̂i√
−2mE

, L̂j]

= 1√
−2mE

[M̂i, L̂j]

= ih̵εijk
M̂k√
−2mE

[Âi, L̂j] = ih̵εijkÂk.

(3.84)

27McIntosh, op. cit., p. 84.
28However, from a strictly mathematical perspective, this replacement is an ad hoc solution

which calls for a deeper algebraic treatment; see e.g. J. Daboul, P. Slodowy, and C. Daboul.

“The Hydrogen Algebra as Centerless Twisted Kac-Moody Algebra”. In: Physics Letters B

317.3 (1993), pp. 321–328; C. Daboul, J. Daboul, and P. Slodowy. “The Dynamical Algebra

of the Hydrogen Atom as a Twisted Loop Algebra”. In: Proceedings of the XX International

Colloquium on “Group Theoretical Methods in Physics”. Ed. by A. Arima, T. Eguchi, and

N. Nakanishi. Singapore: World Scientific, 1995, pp. 175–178.
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Table 3.2: Commutation table for the L̂ and Â operators in a subspace H (E) of the

Hilbert space H with E < 0. The commutator [X̂i, X̂j] (i, j = 1 → 6) is listed in the

i-th column and j-th row. The commutation table is skew-symmetric as a consequence

of the fundamental commutation relation: [X̂i, X̂j] = − [X̂j , X̂i].

L̂1 L̂2 L̂3 Â1 Â2 Â3

L̂1 0 −ih̵L̂3 ih̵L̂2 0 −ih̵Â3 ıh̵Â2

L̂2 ih̵L̂3 0 −ih̵L̂1 ih̵Â3 0 −ih̵Â1

L̂3 −ih̵L̂2 ih̵L̂1 0 −ih̵Â2 ih̵Â1 0

Â1 0 −ih̵Â3 ih̵Â2 0 −ih̵L̂3 ih̵L̂2

Â2 ih̵Â3 0 −ih̵Â1 ih̵L̂3 0 −ih̵L̂1

Â3 −ih̵Â2 ih̵Â1 0 −ih̵L̂2 ih̵L̂1 0

The commutators in (A.94), on the other hand, are replaced by

[Âi, Âj] = [ M̂i√
−2mE

,
M̂k√
−2mE

]

= − 1

2mE
[M̂i, M̂j]

= − 1

2mE
ih̵ (−2mE) εijkL̂k

[Âi, Âj] = ih̵εijkL̂k.

(3.85)

The six generators L̂i and Âi clearly constitute a closed Lie algebra, as can

be seen in table 3.2. But which symmetry group are they generating? One

of the clues we could use in answering this question, is the number of gen-

erators. Among the most encountered types of Lie groups are: the (special)

orthogonal groups in n dimensions O(n) and SO(n), and the (special) unitary

groups in n dimensions U(n) and SU(n). The number of generators for these

groups is dependent on the dimensionality n of the group. In table 3.3, we have

listed the number of generators for the Lie groups SO(n), U(n) and SU(n) for

n = 2 → 5. Glancing briefly over the numbers in this table reveals that the

special orthogonal group in four dimensions, SO(4), is the only Lie group with

6 generators. Indeed, as we hope to illustrate in the next section, the algebra

{L̂1, L̂2, L̂3, Â1, Â2, Â3} can be identified with the so(4) Lie algebra. Having

thus uncovered the hidden symmetry of the hydrogen atom as the SO(4) sym-
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Table 3.3: Table with the number of generators for the Lie groups SO(n), U(n)

and SU(n) with n = 2 → 5. Notice that the O(n) groups have the same number of

generators as the SO(n) groups.

Dimension Group Generators Group Generators Group Generators

n SO(n) n (n − 1) /2 U(n) n2 SU(n) n2
− 1

2 SO(2) 1 U(2) 4 SU(2) 3

3 SO(3) 3 U(3) 9 SU(3) 8

4 SO(4) 6 U(4) 16 SU(4) 15

5 SO(5) 10 U(5) 25 SU(5) 24

metry, we are led to:

Conservation of

the LRL vector
←→

4-Dimensional

Rotation

Symmetry

←→ n2- fold

Degeneracy
(3.86)

Before embarking on our voyage to the fourth dimension, we would like to make

one more remark. In the above treatment, E is required to be negative so as to

ensure a real outcome of the
√
−2mE square root. This requirement is absolutely

crucial to have an so(4) algebra. It is the operator equivalent of the boundary

condition in the Schrödinger wave mechanical treatment. According to this

boundary condition, the wavefunction must be square integrable, which means

that it must asymptotically vanish when the distance between the electron and

the proton goes to infinity. This condition keeps the electron attracted to the

proton, and traps it in the potential well which gives rise to the bound state.

Without this condition, there are no quantized energies, no quantum levels, no

hydrogen spectrum.

3.4.2 The so(4) Lie algebra

Before we turn to the fourth dimension, let us first consider our familiar three-

dimensional Euclidean space R3, and label the coordinate and momentum vec-

tors as follows:

r = (r1, r2, r3) and p = (p1, p2, p3) . (3.87)

The angular momentum vector in this space will consist of three components

which from now on may conveniently be labelled by two integer numbers which

refer to the coordinate and momentum components involved:

Lij ≡ ripj − rjpi. (3.88)
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Notice that, evidently: Lij = −Lji. We thus obtain the natural indices for the

angular momentum vector L:

L = (L23, L31, L12) . (3.89)

We now enlarge our space to the four-dimensional Euclidean space R4 by intro-

ducing a fourth component to the coordinate and momentum vectors:

r = (r1, r2, r3, r4) and p = (p1, p2, p3, p4) . (3.90)

In this space, the angular momentum vector L will consist of not less than six

components,29 which we assign the natural indices:

L = (L23, L31, L12, L14, L24, L34) . (3.91)

Turning to the corresponding quantum mechanical operators, the position and

momentum operators are seen to obey Heisenberg’s canonical commutation re-

lations:

[r̂i, p̂j] = ih̵δij . (A.7)*

It is then a straightforward matter to obtain the commutation relations for the

six components of L̂:

[L̂ij , L̂ik] = ih̵L̂jk, [L̂ij , L̂kl] = 0 if i, j, k, l ≠ . (A.134)*

The results are shown in the commutation table 3.4. A remarkable observation

can now be made: upon comparison of the commutation tables 3.2 and 3.4, it

is seen that both are isomorphic to one another. Worded somewhat differently,

one sees that the six operators which we obtained in the quantum mechanical

treatment of the hydrogen atom, may in fact be identified with the six rotational

operators (or conserved angular momenta) in four dimensions. The following

representation can thus be made:

L̂1 = L̂23 ; L̂2 = L̂31 ; L̂3 = L̂12

Â1 = L̂14 ; Â2 = L̂24 ; Â3 = L̂34.
(3.92)

It is easily verified that the commutators in (A.134) indeed match the commu-

tation relations (A.16), (3.84), and (3.85).

The six generators L̂ij obviously constitute the generalization of the three

generators L̂1, L̂2 and L̂3 from three to four dimensions. The group that they

generate can be shown to be the proper rotation group or orthogonal group in

four dimensions, designated SO(4), which is the set of all 4 × 4 real orthogonal

matrices with determinant equal to +1 which leave the quadratic form r2
1 + r2

2 +
29Given that the indices i and j both range over four values (1 → 4), and that i ≠ j must hold,

there are 4 × 3 = 12 different combinations. And since Lij = −Lji, the number of independent

generators halves to 6.
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Table 3.4: Commutation table for the generators of the so(4) Lie algebra in the

basis {L̂23, L̂31, L̂12, L̂14, L̂24, L̂34}. Note that the so(4) Lie algebra is closed under

commutation, and that it is isomorphic to the commutation table 3.2.

L̂23 L̂31 L̂12 L̂14 L̂24 L̂34

L̂23 0 −ih̵L̂12 ih̵L̂31 0 −ih̵L̂34 ıh̵L̂24

L̂31 ih̵L̂12 0 −ih̵L̂23 ih̵L̂34 0 −ih̵L̂14

L̂12 −ih̵L̂31 ih̵L̂23 0 −ih̵L̂24 ih̵L̂14 0

L̂14 0 −ih̵L̂34 ih̵L̂24 0 −ih̵L̂12 ih̵L̂31

L̂24 ih̵L̂34 0 −ih̵L̂14 ih̵L̂12 0 −ih̵L̂23

L̂34 −ih̵L̂24 ih̵L̂14 0 −ih̵L̂31 ih̵L̂23 0

r2
3 + r2

4 invariant. Each of the L̂ij operators generates an infinitesimal rotation

in one of the six coordinate planes r1r2, r1r3, r2r3, r1r4, r2r4 or r3r4.30 This

evidently does not represent a geometrical symmetry of the hydrogen atom,

since the fourth components r4 and p4 are fictitious and cannot be identified

with spatial variables. For this reason, SO(4) is said to describe a dynamical

symmetry of the hydrogen atom. It does, of course, contain the geometrical

symmetry SO(3) as a subgroup:

SO (4) ⊃ SO (3) . (3.93)

It is important to note that the so(4) generators were obtained by restricting

our considerations to bound states. For continuum (or scattering) states, E is

positive, and the sign inside the square root of (3.83) must be changed in order

for A to be Hermitian. Then the sign on the RHS of (3.85) is changed (i.e.

[Âi, Âj] = −ih̵εijkL̂k), and the identifications in (3.92) are no longer valid. It

turns out that the dynamical symmetry group in this case is isomorphic to the

group of Lorentz transformations in one time and three space dimensions, rather

than to the group of rotations in four space dimensions. This group is denoted

SO(3,1) and has been especially important in Einstein’s theory of special rela-

tivity.31 If, instead, the energy is zero, then the appropriate symmetry group is

30A rotation in one of the two-dimensional planes rirj can then be denoted by the rotation

operator UR(θij) = exp (− i
h
θijL̂ij) with 0 ≤ θij ≤ 2π.

31As John Baez amusingly observed: “Who’d have thought [Einstein’s theory of special relativ-

ity] was lurking in Newtonian gravity?” Quoted from J. Baez. Mysteries of the Gravitational

2-Body Problem. 2012. The two-dimensional analogue of the Lorentz group, denoted SO(2,1)

will be discussed in chapter 4. The SO(3,1) group will also appear in our discussion of the

periodic system in chapter 6.



158 Chapter 3. SO(4) group

Table 3.5: Relation between the total energy E of the system and the corresponding

symmetry group.

Energy Symmetry Group Symbol

E < 0 Orthogonal Group SO(4)

E = 0 Euclidean Group E(4)

E > 0 Lorentz Group SO(3,1)

the Euclidean group in four dimensions, denoted E(4). The relations between

the energy E and the corresponding symmetry group have been listed in table

3.5.

The factorization of so(4)

The structure of the so(4) algebra is of an amazing simplicity. By forming the

sum and the difference of the L̂ and Â operators:

Ĵ1 =
1

2
(L̂ + Â) ; Ĵ2 =

1

2
(L̂ − Â) , (3.94)

it is noted at once that these two linear combinations of L̂ and Â are fully

commutative:

[Ĵ1, Ĵ2] = 0, (3.95a)

where the vector notation in the commutator means that any component of the

Ĵ’s can be chosen; i.e.:

[Ĵ1i, Ĵ2j] = 0, ∀i, j = 1→ 3. (3.95b)

This can be shown as follows:

[Ĵ1i, Ĵ2j] = [1

2
(L̂i + Âi) ,

1

2
(L̂j − Âj)]

= 1

4
( [L̂i, L̂j] + [Âi, L̂j] − [L̂i, Âj] − [Âi, Âj])

= 1

4
(ih̵εijkL̂k + ih̵εijkÂk − ih̵εijkÂk − ih̵εijkL̂k)

[Ĵ1i, Ĵ2j] = 0.

(3.96)

Furthermore, the Ĵ1 and Ĵ2 operators themselves obey the standard commuta-

tion relationships for the angular momentum:

[Ĵ1i, Ĵ1j] = ih̵εijkĴ1k; (3.97a)

[Ĵ2i, Ĵ2j] = ih̵εijkĴ2k. (3.97b)



3.4 The special orthogonal group SO(4) 159

The proof for (3.97a) goes as follows:

[Ĵ1i, Ĵ1j] = [1

2
(L̂i + Âi) ,

1

2
(L̂j + Âj)]

= 1

4
([L̂i, L̂j] + [L̂i, Âj] + [Âi, L̂j] + [Âi, Âj])

= 1

4
(ih̵εijkL̂k + ih̵εijkÂk + ih̵εijkÂk + ih̵εijkL̂k)

= ih̵εijk
1

2
(L̂k + Âk)

[Ĵ1i, Ĵ1j] = ih̵εijkĴ1k.

(3.98)

Equation (3.97b) can be proven along the same lines. The commutation re-

lations in (3.97) show that the operators Ĵ1 and Ĵ2 each constitute an su(2)
algebra, which we will denote by su(2)1 and su(2)2 respectively for further con-

venience. In view of (3.95), these two algebras are completely decoupled. This

is especially clear from the commutation table 3.6, where the two su(2) alge-

bras are separated from each other by two squares of zeroes. The so(4) algebra

is then seen to be locally isomorphic to the direct sum of these two separate

algebras:

so(4) = su(2)1 ⊕ su(2)2. (3.99)

This is reminiscent of the factorization of the U(n) group as the direct product

SU(n) ⊗ U(1). The U(3) group, for instance, can be factorized into the direct

product SU(3) ⊗ U(1), and the same applies to their corresponding Lie algebras;

i.e. u(3) = su(3)⊕ u(1).

3.4.3 The Cartan subalgebra of so(4)

In this section, we continue by deriving the Cartan subalgebra H and correspond-

ing Weyl diagram of the so(4) Lie algebra. This necessitates a change of basis,

from the {Ĵ1x, Ĵ1y, Ĵ1z, Ĵ2x, Ĵ2y, Ĵ2z} basis to the more useful Cartan-Weyl basis.

To that end, we proceed along the threefold path as outlined in chapter 2, §2.5.

Our work will be greatly simplified however by the fact that the so(4) algebra

is composed of two commuting su(2) subalgebras, both of which are isomorphic

to the familiar angular momentum algebra as described in chapter 2.

Step 1: The Cartan subalgebra and Cartan generators

In a first step, we identify the maximal subset of mutually commuting generators

of the so(4) Lie algebra. Since each of the constitutive su(2) subalgebras is an

algebra of rank 1, we expect to find a maximum of two commuting generators.

Indeed, upon closer inspection of table 3.6, one observes that not more than

two Ĵ ’s can be simultaneously diagonalized — one from the su(2)1 algebra and

a second one from the su(2)2 algebra.
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Table 3.6: Commutation table for the generators of the so(4) Lie algebra in

the basis {Ĵ1x, Ĵ1y, Ĵ1z, Ĵ2x, Ĵ2y, Ĵ2z}. The generators Ĵ1 = (Ĵ1x, Ĵ1y, Ĵ1z) and Ĵ2 =

(Ĵ2x, Ĵ2y, Ĵ2z) each constitute an su(2) subalgebra, denoted su(2)1 and su(2)2 respec-

tively: so(4) = su(2)1 ⊕ su(2)2. Both subalgebras are located in a square region,

separated from one another by two squares of zeroes.

Ĵ1x Ĵ1y Ĵ1z Ĵ2x Ĵ2y Ĵ2z

Ĵ1x 0 −ih̵Ĵ1z ih̵Ĵ1y 0 0 0

Ĵ1y ih̵Ĵ1z 0 −ih̵Ĵ1x 0 0 0

Ĵ1z −ih̵Ĵ1y ih̵Ĵ1x 0 0 0 0

Ĵ2x 0 0 0 0 −ih̵Ĵ2z ih̵Ĵ2y

Ĵ2y 0 0 0 ih̵Ĵ2z 0 −ih̵Ĵ2x

Ĵ2z 0 0 0 −ih̵Ĵ2y ih̵Ĵ2x 0

From the nine possible pairs of commuting generators {Ĵ1i, Ĵ2j} (i, j = x, y, z),
we will chose the pair {Ĵ1z, Ĵ2z} as our commuting set with

[Ĵ1z, Ĵ2z] = 0. (3.100)

The set {Ĵ1z, Ĵ2z} thus forms a basis for the maximal Abelian Cartan subalgebra

H ⊂ so(4), as indicated by the bold 0’s in table 3.7. The operators Ĵ1z and Ĵ2z

are Cartan generators, and the dimension 2 of H defines the rank of the so(4)
Lie algebra.

Step 2: Weyl generators

In a second step, we arrange the remaining generators Ĵ1x, Ĵ1y, Ĵ2x and Ĵ2y of

so(4) into linear combinations so as to form a linearly independent set of ladder

operators or Weyl generators. Since so(4) is composed of two su(2) subalgebras,

this problem reduces to one of finding the raising and lowering operators for

each su(2) algebra. In analogy with the angular momentum algebra, we thus

define

Ĵ1+ ≡ Ĵ1x + iĴ1y; Ĵ1− ≡ Ĵ1x − iĴ1y;

Ĵ2+ ≡ Ĵ2x + iĴ2y; Ĵ2− ≡ Ĵ2x − iĴ2y.
(3.101)

The four Weyl generators in (3.101), along with the two Cartan generators Ĵ1z

and Ĵ2z form the Cartan-Weyl basis for the so(4) algebra:

{Ĵ1z, Ĵ2z, Ĵ1+, Ĵ1−, Ĵ2+, Ĵ2−}. (3.102)
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Table 3.7: Commutation table for the generators of the so(4) Lie algebra in the

Cartan-Weyl basis {Ĵ1z, Ĵ1+, Ĵ1−, Ĵ2z, Ĵ2+, Ĵ2−}. The Cartan subalgebra H = {Ĵ1z, Ĵ2z}

forms a maximal Abelian subalgebra of so(4) as indicated by the bold 0’s.

Ĵ1z Ĵ1+ Ĵ1− Ĵ2z Ĵ2+ Ĵ2−

Ĵ1z 0 −h̵J1+ h̵Ĵ1− 0 0 0

Ĵ1+ h̵J1+ 0 −2h̵Ĵ1z 0 0 0

Ĵ1− −h̵Ĵ1− 2h̵Ĵ1z 0 0 0 0

Ĵ2z 0 0 0 0 −h̵Ĵ2+ h̵Ĵ2−

Ĵ2+ 0 0 0 h̵Ĵ2+ 0 −2h̵Ĵ2z

Ĵ2− 0 0 0 −h̵Ĵ2− 2h̵Ĵ2z 0

By virtue of their function as step operators, the Weyl elements act as eigenop-

erators of the Cartan generators; that is, they satisfy the general commutation

relation:

[Ĥi, Êα] = αiÊα, ∀i = 1,2; α = 1→ 4, (3.103)

where we have denoted the Cartan generators by the general symbol Ĥi (i = 1,2)

and the Weyl generators by the symbol Êα (α = 1→ 4). The different eigenvalues

αi are referred to as the roots of Êα with respect to Ĥi; their values can be read

off from the commutation table 3.7.

Step 3: Casimir invariants

Finally, following Racah’s theorem and the fact that the so(4) Lie algebra is

of rank 2, we expect to find two independent Casimir invariants Ĉµ which

commute with all the generators of the so(4) algebra, including in particular

the two Cartan elements Ĥi:

[Ĉµ, Ĥi] = 0, ∀µ = 1→ 2, i = 1→ 2. (3.104)

Once again, the problem of finding the Ĉµ’s reduces to one of finding the Casimir

invariant of each su(2) subalgebra separately. Proceeding in analogy with the

angular momentum algebra, we define the Ĉµ’s as follows:

Ĉ1 ≡ Ĵ 2
1 = 1

4
(L̂ + Â)2

; (3.105a)

Ĉ2 ≡ Ĵ 2
2 = 1

4
(L̂ − Â)2

. (3.105b)
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In view of (3.100) and (3.104), there exists a complete set of states in the

subspace H(E) of H that are simultaneous eigenstates of Ĵ 2
1 , Ĵ 2

2 , Ĵ1z and

Ĵ2z. If we denote their eigenvalues by j1, j2, mj1 and mj2 respectively, we can

represent the common eigenstates by the ket

∣j1, j2,mj1,mj2⟩ . (3.106)

Eigenvalues of the Casimir operators Ĵ 2
1 and Ĵ 2

1 will then be characterized by

integer or half-integer angular quantum numbers j1, j2 ∈ {0, 1
2
,1, 3

2
, . . .}, such

that J1
2 = j1 (j1 + 1) h̵2 and J2

2 = j2 (j2 + 1) h̵2. That is:

Ĵ 2
1 ∣j1, j2,mj1,mj2⟩ = j1 (j1 + 1) h̵2 ∣j1, j2,mj1,mj2⟩ ; (3.107a)

Ĵ 2
2 ∣j1, j2,mj1,mj2⟩ = j2 (j2 + 1) h̵2 ∣j1, j2,mj1,mj2⟩ . (3.107b)

Each SO(4) manifold, denoted (j1, j2), contains (2j1 + 1) (2j2 + 1) components

according to the standard relationships:

Ĵ1z ∣j1, j2,mj1,mj2⟩ = h̵mj1 ∣j1, j2,mj1,mj2⟩ ; (3.108a)

Ĵ2z ∣j1, j2,mj1,mj2⟩ = h̵mj2 ∣j1, j2,mj1,mj2⟩ , (3.108b)

with mj1 ∈ {−j1,−j1 + 1, . . . , j1 − 1, j1} and mj2 ∈ {−j2,−j2 + 1, . . . , j2 − 1, j2}.

The mj1 and mj2 eigenvalues are referred to as the weights of the Cartan gen-

erators Ĵ1z and Ĵ2z.

SO(4) Weyl diagrams

The Weyl diagrams of SO(4) are based on the Cartan subalgebra H of the

two operators Ĵ1z and Ĵ2z, which form the basis for a two-dimensional or-

thogonal frame. In these diagrams, the weights mj1 and mj2 (in units of h̵)

are used as coordinates to plot (and thus label/distinguish) every state of the

SO(4) multiplet in the J1z–J2z plane; that is, they form the components of a

2-dimensional weight vector h = (mj1,mj2) which points from the origin to the

state ∣j1, j2,mj1,mj2⟩. Every multiplet is characterized by the constant eigen-

values j1 and j2 of the Casimir invariants. An SO(4) manifold (j1, j2) is thus

represented in the Weyl diagram by (2j1 + 1) (2j2 + 1) points. An example is

given in figure 3.7 for the (1,1) manifold.

Once a Weyl diagram has been set up as in figure 3.7, the Weyl generators

enable us to move between the states of the SO(4) manifold by shifting the

eigenvalues mj1 and mj2 of any ket ∣j1, j2,mj1,mj2⟩ by an amount which is

given by the roots α1 and α2 of that Weyl generator with respect to the Cartan

generators Ĵ1z and Ĵ2z:

Êα ∣j1, j2,mj1,mj2⟩→ ∣j1, j2,mj1 + α1,mj2 + α2⟩ . (3.109)
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Figure 3.7: Weyl diagram

of the (1,1) manifold of the

SO(4) group. Each point in

the diagram corresponds to

a given state of the SO(4)

multiplet, as indicated by

the kets ∣mj1,mj2⟩.

Let us illustrate this by considering the action of the shift operator Ĵ1+ on the

state ∣j1, j2,mj1,mj2⟩. By (3.103), (3.108a) and the results in table 3.7, we

have:

Ĵ1zĴ1+ ∣j1, j2,mj1,mj2⟩ = ([Ĵ1z, Ĵ1+] + Ĵ1+Ĵ1z) ∣j1, j2,mj1,mj2⟩
= (h̵Ĵ1+ + h̵mj1Ĵ1+) ∣j1, j2,mj1,mj2⟩
= h̵ (mj1 + 1) Ĵ1+ ∣j1, j2,mj1,mj2⟩ .

(3.110a)

The operator Ĵ1+ is seen to raise the eigenvalue h̵mj1 by an amount +h̵, which

is the root of Ĵ1+ with respect to Ĵ1z according to the commutation table 3.7.

Similarly, using (3.108b), we obtain:

Ĵ2zĴ1+ ∣j1, j2,mj1,mj2⟩ = ([Ĵ2z, Ĵ1+] + Ĵ1+Ĵ2z) ∣j1, j2,mj1,mj2⟩
= (0 + h̵mj2Ĵ1+) ∣j1, j2,mj1,mj2⟩
= h̵mj2Ĵ1+ ∣j1, j2,mj1,mj2⟩ ,

(3.110b)

where the step operator Ĵ1+ leaves the eigenvalue h̵mj2 untouched. Summarizing

the above results yields:

Ĵ1+ ∣j1, j2,mj1,mj2⟩→ ∣j1, j2,mj1 + 1,mj2⟩ , (3.111a)

in units of h̵. The actions of the other three Weyl generators can be deduced

analogously, and are given by:

Ĵ1− ∣j1, j2,mj1,mj2⟩→ ∣j1, j2,mj1 − 1,mj2⟩ ; (3.111b)

Ĵ2+ ∣j1, j2,mj1,mj2⟩→ ∣j1, j2,mj1,mj2 + 1⟩ ; (3.111c)

Ĵ2− ∣j1, j2,mj1,mj2⟩→ ∣j1, j2,mj1,mj2 − 1⟩ . (3.111d)
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Figure 3.8: Root diagram

of the so(4) Lie algebra.

The action of every Weyl

generator is shown in the

J1z–J2z plane. The Cartan

generators Ĵ1z and Ĵ2z are

positioned at the origin of

the Weyl diagram.

+1

-1

J1z

J2z

+½

-½

+1-1 +½-½

|1,1>|O,1>|-1,1>

|1,o>|O,0>|-1,o>

|-1,-1> |O,-1> |1,-1>

+1

-1

J1z

J2z

+½

-½

+1-1 +½-½

J2+
^

J2-
^

J1-
^ J1+

^

0 0

SO(4) root diagram

Let us illustrate these actions graphically in a root diagram. To this end, we

take the roots α1 and α2 of every Weyl element Êα as the components of a

2-dimensional root vector α = (α1, α2), and position these in the 2-dimensional

weight space formed by the J1z–J2z plane. This yields the root diagram of the

so(4) Lie algebra, as depicted in figure 3.8, where we have denoted the different

root vectors α by their corresponding Weyl operator symbol Êα for simplicitiy’s

sake.

Clearly, the Ĵ1− and Ĵ1+ operators enable us to move one step to the left

and to the right respectively, whereas one can move up and down by the Ĵ2+

and Ĵ2− operators respectively. The states of an SO(4) multiplet can thus be

interconverted by the repeated action of these ladder operators, an example of

which is given in the next section.

One can also position the Cartan generators in the SO(4) root diagram.

However, in view of their commuting property, cf. (3.100), the roots of the Car-

tan generators Ĵ1z and Ĵ2z are all zero; both the Cartan elements are therefore

located at the origin of the graph.

With the so(4) generators positioned in figure 3.8, it becomes at once evident

that they correspond to two different manifolds: the Ĵ1 operators Ĵ1z, Ĵ1+ and

Ĵ1− (forming the su(2)1 subalgebra) correspond to a (1,0) manifold, whereas

the Ĵ2 operators Ĵ2z, Ĵ2+ and Ĵ2− are seen to form a (0,1) manifold in the root

diagram (corresponding to the su(2)2 subalgebra).
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Figure 3.9: Up: Root dia-

gram showing the reduction

of the so(4) Lie algebra to the

so(3) subalgebra via a projec-

tion on the diagonal Lz-axis.

Down: The breaking of the

sextet of SO(4) generators re-

sults in two triplets of SO(3)

generators, as shown by the

x’s on the horizontal Lz-axis.

Shattering the four-dimensional symmetry

We have seen that SO(3) is a subgroup of SO(4) in (3.93). When reducing the

rotation group in four dimensions to the spherical symmetry group in real space,

the following symmetry breaking occurs:

SO(4) ⊃ SO(3). (3.112)

This corresponds to a transition from the so(4) Lie algebra to the so(3) subal-

gebra, which is described by the standard angular momentum operators L̂x, L̂y

and L̂z. Interestingly, this appears as a projection onto the diagonal direction

in the root diagram,32 since

L̂z = Ĵ1z + Ĵ2z, (3.113a)

in view of (3.94). It can be similarly shown that

L̂+ = Ĵ1+ + Ĵ2+ and L̂− = Ĵ1− + Ĵ2−. (3.113b)

Figure 3.9 illustrates the breaking of the sextet of SO(4) generators into two

triplets of SO(3) generators.

32For more information on this projection theorem, see A. P. Stone. “Semisimple Subgroups of

Semisimple Groups”. In: Journal of Mathematical Physics 11.1 (1970), pp. 29–38.
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3.5 The origin of accidental degeneracies

3.5.1 Energy levels of the hydrogen atom

The energy eigenvalues for the hydrogen atom can now be found with practically

no further effort. Taking the sum and difference of the two Casimir operators

Ĵ 2
1 and Ĵ 2

2 yields by (3.105):

Ĵ 2
1 + Ĵ 2

2 = 1

4
(L̂ + Â)2 + 1

4
(L̂ − Â)2

= 1

4
(L̂2 + Â2 + L̂ ⋅ Â + Â ⋅ L̂) + 1

4
(L̂2 + Â2 − L̂ ⋅ Â − Â ⋅ L̂)

= 1

2
(L̂2 + Â2) ;

(3.114a)

Ĵ 2
1 − Ĵ 2

2 = 1

4
(L̂ + Â)2 − 1

4
(L̂ − Â)2

= 1

4
(L̂2 + Â2 + L̂ ⋅ Â + Â ⋅ L̂) − 1

4
(L̂2 + Â2 − L̂ ⋅ Â − Â ⋅ L̂)

= 1

2
(L̂ ⋅ Â + Â ⋅ L̂) .

(3.114b)

In view of (B.1), the scalar products L̂ ⋅Â and Â ⋅L̂ vanish, yielding for (3.114b):

Ĵ 2
1 − Ĵ 2

2 = 0 ⇒ Ĵ 2
1 = Ĵ 2

2 . (3.115)

This implies that the hydrogen levels are characterized by the equality of the

two Casimir operators; hence one has:

j1 = j2. (3.116)

The eigenstates of the hydrogen atom thus always correspond to a (j, j) SO(4)

manifold. Note that the other manifolds of the SO(4) group are of no further

interest to us. Given (3.115), we rewrite (3.114a) as

2Ĵ 2
1 = 1

2
(L̂2 + Â2) or 4Ĵ 2

1 = L̂2 + Â2. (3.117)

The eigenvalues of this operator are then

4J2
1 = 4j (j + 1) h̵2 for j = 0,

1

2
, 1,

3

2
, . . . . (3.118)

Rewriting (B.18) as

M̂2

2mE
= L̂2 + h̵2 + mk

2

2E
, (3.119)

we obtain, together with (3.83):

L̂2 + Â2 = L̂2 − M̂2

2mE
= −mk

2

2E
− h̵2. (3.120)
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Combining this relation with (3.117) and (3.118) gives

4j (j + 1) h̵2 = −mk
2

2E
− h̵2, (3.121)

or

(4j2 + 4j + 1) h̵2 = −mk
2

2E
, (3.122)

which finally yields the spectral result:

Ej = −
mk2

2h̵2 (2j + 1)2
for j = 0,

1

2
, 1,

3

2
, . . . . (3.123)

The negative eigenvalues of the hydrogenic Hamiltonian Ĥ are in a one-to-one

correspondence with the eigenvalues j (j + 1) h̵2 of Ĵ 2
1 . Notice also that (3.123)

agrees with the wave equation result with which we started this chapter:

En = −
mZ2e4

8h2ε0
2n2

for n = 1, 2, 3, 4, . . . , (3.124)

if we remember that k = Ze2/4πε0, h̵ = h/2π, and make the natural identification

n ≡ 2j + 1, (3.125)

which gives the principal quantum number n the sequence of values 1, 2, 3, . . . .

It is important to note that there is no objection to using half-odd-integer

values for j. The only physical restriction is that L2 = l (l + 1) h̵2 has only

integer values of l. But, since L = J1 + J2 from (3.94), the triangle rule shows

that l can have any value ranging from 2j = n − 1 down to j − j = 0, by integer

steps. Thus l not only is restricted to integer values but has the correct range

of values with respect to the total quantum number n. The degeneracy of this

energy level is also given correctly since J1z and J2z can each have 2j + 1 = n
independent eigenvalues, and there are therefore n2 possible states altogether.

In figure 3.10, we show the SO(4) Weyl diagrams for the first few eigenlevels

of hydrogen — indicating their orbital quantum characteristics by tracking the

projections along the diagonal. For n = 2, for example, we have j = 2−1
2

= 1
2

by

(3.125). The ( 1
2
, 1

2
) manifold thus corresponds to the n = 2 level. Its multiplicity

equals n2 = 4. A projection of these four point on the diagonal Lz-axis results

in a singlet and a triplet, which we identify as the 2s-orbital and the three

2p-orbitals (2px, 2py and 2pz). Similarly, for n = 3, j = 3−1
2

= 1. The (1,1)
manifold has a multiplicity of n2 = 9. Projecting the nine degenerate states

onto the diagonal results in one singlet (3s), one triplet (3px, 3py and 3pz), and

one quintet (3dxy, 3dxz, 3dyz, 3dx2+y2 and 3dz2). When the ( 3
2
, 3

2
) multiplet

on the RHS of figure 3.10 is broken to the SO(3) symmetry, a septet is formed

as well, corresponding to the 4f -orbitals. We emphasize that within an SO(4)

multiplet, all the orbitals are related to one another: a 4s-orbital can thus be

converted in a 4dxz-orbital, for example, and a 3pz-orbital into a 3dz2 -orbital.
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♠3.5.2 History of the LRL vector (II)

Pauli’s algebraic approach

As noted in the introduction to this chapter, the year 1926 formed a milestone

in the history of quantum mechanics. Not only did Schrödinger’s wave me-

chanics see the light, but also Heisenberg’s matrix mechanics gained widespread

acceptance among physicists. One of the principal reasons for this was Wolf-

gang Pauli’s successful derivation of the hydrogen spectrum in purely algebraic

terms.33

In drawing the correspondence between the classical Kepler system and the

quantum mechanical Coulomb system, Pauli constructed a set of operators Ĥ ,

L̂ and M̂ which mirrored the constants of the motion H , L and M of the

Kepler problem. As the editors of Pauli’s Collected Works observed: “For

Pauli, the invariants in physics were the symbols of ultimate truth which must

be attained by penetrating through the accidental details of things.”34 With the

operators at hand, Pauli set out to apply the operational methods as laid down

in Heisenberg’s matrix mechanics, and thus accounted for the n2-multiplicity of

the experimentally observed hydrogen spectrum.

It seems that Pauli’s familiarity with the work of the German physicist,

Wilhelm Lenz (1988–1957), had provided the impetus to exploit the powers

of the LRL vector.35 Lenz had published a paper in 1924 in which he applied

the LRL vector to a quantum mechanical treatment of the hydrogen atom in

order to derive the classical Kepler trajectories.36 This work was still performed

within the framework of the old quantum theory, in which an exquisite mixture

of both classical and quantum ideas were cross-fertilizing one another. As Lenz

had referred to Runge’s famous treatise on Vektoranalysis as the source for the

‘little known’ vector, the vector M came to be known as the Runge-Lenz vector.

Fock’s analytic approach

At the time, Pauli did not yet have the necessary group theoretical tools at

hand to reflect upon the symmetries of the hydrogen atom.37 But in 1935, a

33See Pauli, “Über das Wasserstoffspektrum vom Standpunkt der neuen Quantenmechanik”,

translated as Pauli, “On the Hydrogen Spectrum from the Standpoint of the New Quantum

Mechanics”.
34R. Kronig and V. F. Weisskopf. Collected Scientific Papers by Wolfgang Pauli. Vol. 1. New

York: Interscience Publishers, 1964.
35Pauli had served as Lenz’s assistant at Hamburg in the year 1922, and he discussed Lenz’s

work at length in his monograph on the old Quantentheorie. See W. Pauli. “Quantentheorie”.

In: Handbuch der Physik. Ed. by H. Geiger and K. Scheel. Vol. 23. Berlin: Springer, 1926,

pp. 1–278.
36W. Lenz. “Über den Bewegungsverlauf und die Quantenzustände der gestörten Keplerbewe-

gung”. In: Zeitschrift für Physik 24.1 (1924), pp. 197–207.
37He dealt with the four-dimensional rotation group thirty years later in a series of lectures

on continuous groups and reflections in quantum mechanics, delivered in Copenhagen, Zürich
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groundbreaking paper appeared in the Zeitschrift für Physik.38 Written by the

Soviet physicist Vladimir Aleksandrovich Fock (1898–1974), and entitled

“Zur Theorie des Wasserstoffatoms”, the paper started with the authoritative

words:

It has long been known that the energy levels of the hydrogen atom

are degenerate with respect to their azimuthal quantum number l;

one speaks occasionally of an “accidental” degeneracy. But every

degeneracy in the eigenvalues is in correspondence with a trans-

formation group: as for example, the degeneracy with respect to

the magnetic quantum number m is in connection with the ordi-

nary rotation group. However, the group which corresponds to the

“accidental” degeneracy of the hydrogen atom was, up to now, un-

known.39

Fock’s rationalization of the accidental degeneracies in the hydrogen spectrum

revolved around the central idea of a supersymmetry — hidden in the fourth

dimension. In a nutshell, Fock represented the hydrogenic wave equations in

momentum space (rather than position space).40 These wavefunctions were

then stereographically projected from our familiar three dimensions onto the

surface of a four-dimensional hypersphere (or 3-sphere S3, see also §3.5.4). This

is where all the magic happened: the projected wavefunctions were seen to

satisfy Schrödinger’s equation for a free particle on S3; that is, the description

of the bound states of the electron in the presence of a Coulomb field turned out

to be mathematically equivalent to the motion of a free point particle, confined

to the surface of a 3-sphere. Both systems were, in other words, isomorphic to

one another.41

The connection between Fock’s analytic approach and Pauli’s algebraic ap-

proach was drawn six months later in 1936 by Valentine Bargmann (1908–1989)

who noticed that the operators L̂ and M̂ in Pauli’s paper functioned as the gen-

erators of infinitesimal rotations of the 4-dimensional hypersphere — giving rise

to the SO(4) group as outlined by Fock.42 Since the angular momentum compo-

nents were known to generate the familiar 3-dimensional rotation group SO(3),

and CERN.
38V. Fock. “Zur Theorie des Wasserstoffatoms”. In: Zeitschrift für Physik 98.3 (1935), pp. 145–

154.
39Ibid., p. 145.
40In general, a wavefunction Φ (p) in momentum space is related to the same function Ψ (x) in

position space via a Fourier transform.
41The scattering states of hydrogen, with E > 0, are mapped onto a hyperboloid, which is

preserved under the symmetry transformations of the homogeneous Lorentz group SO(3,1).

For E = 0, the wavefunctions are projected onto a hyperplane, as described by the Euclidean

group in four dimensions E(4).
42See V. Bargmann. “Zur Theorie des Wasserstoffatoms”. In: Zeitschrift für Physik 99.7 (1936),

pp. 576–582. In a postscript to his paper, Bargmann noted that Oskar Klein (1894–1977)

and Lamek Hulthén (1909–1995) had made similar comments in 1933 by indicating that the
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the components of the LRL vector were deemed responsible for the additional

symmetry and accidental degeneracy of the hydrogen atom.

Fock’s analytic treatment of the hydrogen atom — although mysterious and

incomprehensible at first sight — can be motivated by a consideration of the

analogous Kepler problem in classical physics. This necessitates two crucial

steps: first, a shift has to be made from position space to momentum space.

This will be done in §3.5.3. By considering the Kepler problem in momentum

space, the importance of the LRL vector (as noted by Bargmann) will also

become more obvious. In a second step, the Kepler problem will be analyzed

in terms of hyperspheres and stereographical projections (see §3.5.4). Finally,

an attempt will be made to explain Fock’s research in a more intuitive way (see

§3.5.5).

♠3.5.3 Hodographs in momentum space

We have seen in §3.2.6 how Kepler had been forced to overthrow the Platonic

ideal of circular orbits (as expounded in his “Mysterium Cosmographicum”) in

order to introduce the elliptical trajectories of the planets. And yet, Kepler

had been right in a certain sense to maintain that the planets moved in circles

around the sun; one just has to consider the Kepler problem in momentum space

(or velocity space if you like), rather than in position space.

Let us see how this works: for each position vector r in configuration space,

there is a corresponding momentum vector p, directed tangentially to the spatial

trajectory. As the planet orbits the sun, both the direction and the magnitude of

p are seen to change continuously (figure 3.11a). By plotting all the momentum

vectors from a common origin, the tips of these vectors trace out a curve in

momentum space, which (quite miraculously) turns out to be a perfect circle

under an inverse square central force, as depicted in figure 3.11b.

This remarkable fact was first discovered by Sir William Rowan Hamilton

(1805–1865), who called the orbit in momentum space a hodograph, from the

Greek words oδóς for way, and γράφω for to write or to describe. His “Law of the

Circular Hodograph” was first communicated before the Royal Irish Academy

on December 14, 1846, and was subsequently published in the Proceedings of

the Royal Irish Academy in 1847.43 In his demonstration of the circularity of

components of L̂ and M̂ formed a Lie algebra isomorphic to so(4). See also L. Hulthén.

“Über die quantenmechanische Herleitung der Balmerterme”. In: Zeitschrift für Physik 86

(1933), pp. 21–23.
43See Hamilton, op. cit. The concept of a hodograph was also used by Richard Feynman

(1918–1988) in a lecture on “The Motion of Planets Around the Sun”. Delivered on March 13,

1964 to the Caltech freshman class, Feynman’s ‘lost lecture’ was later published in book form

by David L. Goodstein & Judith R. Goodstein. See D. L. Goodstein and J. R. Goodstein.

Feynman’s Lost Lecture: The Motions of Planets Around the Sun. New York: W. W. Norton

& Company, 1996.
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Figure 3.11: Left : The elliptical orbit of a planet in position space. At each position

r on the orbit, there is a momentum vector p, directed tangentially to the spatial

trajectory, as illustrated for a number of momentum vectors p at equal time intervals.

According to Kepler’s second law, the magnitude of the momentum vector is greatest

at the perihelion P (see pP ). The vector p reaches its smallest value at the aphelion A

(see pA). Right : When the momentum vectors are plotted from a common origin O,

the tips of the vectors generate a circle in momentum space. This is called a hodograph.

Notice that each vector in momentum space is parallel to the corresponding vector in

position space and of equal magnitude. [Illustration adapted from E. I. Butikov.

“The Velocity Hodograph for an Arbitrary Keplerian Motion”. In: European Journal

of Physics 21 (2000), pp. 1–10.]

the hodographic curve, Hamilton used the conserved LRL vector. This can be

easily seen from the definition of the LRL vector (3.35), if we rewrite it as

mk
r

r
= (p ×L) −M, (3.126)

and take the dot product of both sides with itself:

m2k2 r ⋅ r
r2

= [(p ×L) −M] ⋅ [(p ×L) −M] , (3.127)

or

m2k2 = (p ×L) ⋅ (p ×L) − 2M ⋅ (p ×L) +M ⋅M
= (p ×L)2 − 2L ⋅ (M × p) +M2,

(3.128)

where we used the vector identity (3.51) in the last line. The vector product

in the first RH term of (3.128) can be written as ∣p∣ ∣L∣ sin θ, with θ the angle

between p and L. Given that p and L are orthogonal vectors (cf. §3.2.4), we

obtain:

(p ×L)2 = (∣p∣ ∣L∣ sin π
2
)

2

= (pL)2 = p2L2. (3.129)
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Figure 3.12: Depiction of

a circular hodograph in mo-

mentum space, centered at

the point (0, M
L
), with ra-

dius mk
L

. The angle η is

related to the eccentricity ε

of the orbit via the equation

cosη = ε. The intersection of

the hodograph with the px-

axis is denoted by the points

±p0 = ±
√
−2mE.

The second term in (3.128) reads:

L ⋅ (M × p) = Lx (M × p)x +Ly (M × p)y +Lz (M × p)z . (3.130)

We know from §3.2.4 that the angular momentum vector L is pointing in the

z-direction; that is L = (0,0, L), which yields:

L ⋅ (M × p) = Lz (M × p)z = Lz (Mxpy −Mypx) = LMpy, (3.131)

where we used the fact that the LRL vector M = (M,0,0) is directed along the

x-axis. Substitution of these results in (3.128) gives:

m2k2 = p2L2 − 2LMpy +M2. (3.132)

Division by L2 and substitution of p2 for p2
x+p2

y finally yields the locus equation

for p = (px, py,0):
m2k2

L2
= p2

x + p2
y − 2

M

L
py +

M2

L2
, (3.133)

or

(mk
L

)
2

= p2
x + (py −

M

L
)

2

. (3.134)

In other words, the momentum vector p traces out a circle in momentum space,

centered at (0, M
L
) on the py-axis and with radius mk

L
(see figure 3.12). The

cosine of the angle η corresponds to the eccentricity ε of the orbit as

cosη = M/L
mk/L = M

mk
= ε. (3.135)
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Figure 3.13: A family of

degenerate hodographs for a

given energy E. Each of the

hodographs passes through

the same two points ±p0 =

±
√
−2mE on the px-axis.
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By changing the values of M and L, different circular hodographs can be ob-

tained. A closer inspection of figure 3.12 also reveals that the hodograph inter-

sects the px-axis in two points at a distance denoted p0. The magnitude of p0

can be determined by setting py = 0 in (3.134), yielding:

p2
0 ≡ p2

x =
m2k2

L2
− M

2

L2
, (3.136)

and from the identity (3.45b) for M2 =M2, we obtain:

p2
0 =

m2k2

L2
− 2mEL2

L2
− m

2k2

L2
= −2mE, (3.137)

or

p0 =
√
−2mE. (3.138)

Clearly, all the hodographs (with differing M and L) that intersect the px-axis

in those two points, have the same value for p0 and thus share the same energy

E. They form a degenerate set of hodographs (see figure 3.13). As degeneracy

is a sign of symmetry, the hodographs can be used to illustrate the symmetry

of the Kepler-Coulomb problem. Worded somewhat differently, the multiple

hodographs of energy E are related to one another, and can be transformed

into one another under a particular symmetry transformation. In order to find

out the exact nature of this symmetry, one will have to lift the hodographs into

the fourth dimension via a stereographical projection. The relevant definitions

and theorems will be introduced in the next section.
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♠3.5.4 Stereographic projections in hyperspace

Hyperspheres

Definition 3.5. (The unit n-sphere): Let n ∈ N represent any natural number.

The n-sphere of radius 1 Sn is then defined as the subset of Rn+1, for which

Sn = {x ∈ Rn+1 ∣ x2
1 + x2

2 + . . . + x2
n+1 = 1} , (3.139)

with x a position vector in (n + 1)-dimensional Euclidean space Rn+1. ◾

The n-sphere represents, in other words, the n-dimensional surface of an n + 1-

dimensional object. Topologically, the n-sphere corresponds to an n-dimensional

manifold. Familiar examples include the unit circle S1 in two-dimensional space

R2, and the unit sphere S2 in three-dimensional space R3. For n > 2, one

generally speaks of hyperspheres. In dealing with the Kepler problem, we will

be mostly concerned with the 3-sphere S3 (also known as a glome) , suspended

in four-dimensional Euclidean space R4.44

Great circles

Let an n-sphere Sn be intersected by a plane II; then a circle c on the sphere

is formed by the set of all points x = (x1, x2, . . . , xn+1) of Sn that also lie on

the plane II. When the slicing plane passes through the center of the sphere,

it traces a great circle on the sphere. Examples of great circles are the equator

and the meridians of longitude; the parallels of latitude, on the other hand, are

small circles (with the exception of the equator).

Definition 3.6. (Great circles): A great circle (or a Riemannian circle) on the

n-sphere Sn is defined as the intersection of Sn with a 2-dimensional plane II
which passes through the center of the sphere in (n + 1)-dimensional Euclidean

space Rn+1. ◾

Stereographic projections

The 2-sphere S2, embedded in 3-dimensional space, can be mapped onto a 2-

dimensional plane via a stereographic projection (think of a map representing

the Earth). This can be generalized to n + 1 dimensions, where the n-sphere in

(n + 1)-dimensional space is mapped onto an n-dimensional hyperplane via the

same stereographical principles. Let us see how this works in our familiar three

dimensions (see also figure 3.14):

44This space should not be confused with Minkowski spacetime (as encountered in Einstein’s

special theory of relativity), since this space consists of three spatial dimensions and one time

dimension, and therefore has a different metric than R4.
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Figure 3.14: Stereo-

graphic projection of the

sphere S2 onto the plane R2.

n E

l o 1 2 3 4
s p d f g

1

2

3
4
5

1

6

n2-folddegeneracy

(2l+1)-fol
d

degen
eracy

n

m

m`μ
O

^

R 2

S 2

Definition 3.7. (Stereographic projection in 3-space): Let S2 = {x = (x, y, z) ∣
x2 + y2 + z2 = 1} represent the unit sphere in 3-space, and let n̂ = (0,0,1) ∈ R3

denote the north pole. Construct the 2-dimensional plane R2 = {(x, y,0) ∈ R3},

which cuts the 2-sphere in half. The intersection R2 ∩ S2 defines the equator

of S2.45 Given any point m = (mx,my,mz) ∈ S2, other than the north pole

n̂, there is a unique line connecting m with n̂ which intersects the equatorial

xy-plane R2 at a point m′ = (m′
x,m

′
y,0). The stereographic projection of S2 is

then defined as the map:

ξ ∶ S2\{n̂}→ R2 ∶ m↦m′, (3.140)

with m′ the projection of m. Note that the map ξ is not defined for the pro-

jection point n̂.46 ◾

One way of picturing what happens during a stereographic projection is to

imagine a light source, placed at the north pole n̂. For any point m ∈ S2\{n̂},

there is a light ray emanating downward from the north pole and passing through

the sphere at m. The ray finally meets the plane R2 at the point ξ (m) = m′.

It is also possible to work the other way around, and map the point m′ in

the plane R2 onto the point m of the unit sphere S2. The inverse stereographic

projection is thus defined as the map:

ξ−1 ∶ R2 → S2\{n̂} ∶ m′ ↦m. (3.141)

Let us elucidate the nature of the map ξ−1. To that aim, consider figure 3.14

once again. Note that the vector µ = (mx,my,0) is the component of m in the

plane R2. The triangles △On̂m′ and △µmm′ both have a right angle and

share the angle α; they are therefore similar :

△On̂m′ ∼△µmm′. (3.142)

45In some cases, the unit sphere S2 is placed on top of the plane R2; R2 is then tangent to S2

at the south pole ŝ = (0,0,−1) (see, for example, figure 3.16).
46Alternatively, n̂ could be said to map to infinity in the plane; that is: ξ (n̂) = ∞, in which

case the stereographic projection is defined as the map ξ ∶ S2 → R2 ∪ {∞} ∶m↦m′.
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On account of (3.142), we have:

µm′

Om′
= µm

On̂
. (3.143)

Since µm′ = ∣m′∣ − ∣µ∣, Om′ = ∣m′∣, µm =mz, and On̂ = 1, we obtain:

∣m′∣ − ∣µ∣
∣m′∣ = mz

1
. (3.144)

Next consider the right-angled triangle △µmO. Given that the hypothenuse

starts in O and ends at m on the sphere, its length equals 1. By Pythagoras:

12 =m2
z + ∣µ∣2 ⇒ mz =

√
1 − ∣µ∣2. (3.145)

Substitution of (3.145) in (3.144), and squaring yields:

∣m′∣2 + ∣µ∣2 − 2 ∣m′∣ ∣µ∣
∣m′∣2

= 1 − ∣µ∣2 , (3.146)

or

∣µ∣ [∣µ∣ − 2 ∣m′∣ + ∣m′∣2 ∣µ∣] = 0. (3.147)

Since ∣µ∣ > 0, the expression in square brackets must be zero, and thus:

∣µ∣ [1 + ∣m′∣2] = 2 ∣m′∣ ⇒ ∣µ∣ = 2 ∣m′∣
1 + ∣m′∣2

. (3.148)

The vectors µ and m′ have the same direction, wherefore:

µ = 2m′

1 +m ′2
, (3.149)

with ∣m′∣ =m ′. Substitution of (3.148) in (3.145), and squaring gives:

m2
z = 1 − [ 2 ∣m′∣

1 + ∣m′∣2
]

2

= 1 + ∣m′∣4 + 2 ∣m′∣2 − 4 ∣m′∣2

[1 + ∣m′∣2]
2

= [ ∣m
′∣2 − 1

∣m′∣2 + 1
]

2

, (3.150)

and thus:

mz =
m ′2 − 1

m ′2 + 1
. (3.151)

On account of (3.149) and (3.151), the map ξ−1 ∶ R2 → S2\{n̂} ∶ m′ ↦ m is

given by the formulae:

mx =
2m′

x

1 +m ′2
; my =

2m′
y

1 +m ′2
; mz =

m ′2 − 1

1 +m ′2
. (3.152)

In general:

x = 2x′

1 + x ′2 + y ′2 ; y = 2y′

1 + x ′2 + y ′2 ; z = x
′2 + y ′2 − 1

1 + x ′2 + y ′2 . (3.153)
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Do not disturb my circles!

One particularly interesting property of stereographic projections, which we will

need further on, is the following:

Theorem 3.1. Great circles on the unit sphere S2 are mapped onto circles in

the plane R2 (and vice versa) under a stereographic projection ξ. ◾

Proof. 1. Plane equation: We recall from definition 3.6 that a circle c on S2

is defined as the intersection S2 ∩ II of the sphere with a slicing plane II. The

equation of the plane can be determined as follows: Let N = (Nx,Ny,Nz)
denote a normal vector of the plane II (i.e. N is perpendicular to II), which

goes through the point x0 = (x0, y0, z0) of II. And let x = (x, y, z) be the position

vector of any other point on the plane II. Then x−x0 is a vector that connects

both points and lies in the plane II:

x − x0 = (x − x0, y − y0, z − z0) . (3.154)

Since x−x0 and the normal vector N are perpendicular to each other, their dot

product should be zero; that is:

N ⋅ (x − x0) = 0. (3.155)

Expanding gives:

Nx (x − x0) +Ny (y − y0) +Nz (z − z0) = 0, (3.156)

or

Nxx +Nyy +Nzz − (Nxx0 +Nyy0 +Nzz0) = 0. (3.157)

Substitution of the constant term − (Nxx0 +Nyy0 +Nzz0) for N0 finally yields

the equation for the plane II:

Nxx +Nyy +Nzz +N0 = 0. (3.158)

2. Circle equation: A circle in the xy-plane with radius ρ and center (x0, y0) is

defined by the equation:

(x − x0)2 + (y − y0)2 = ρ2. (3.159)

3. Stereographic projection: In order to obtain the equation for the projection

of the circle c onto the xy-plane under a stereographic projection, we substitute

(3.153) into (3.158), yielding:

Nx
2x′

1 + x ′2 + y ′2 +Ny
2y′

1 + x ′2 + y ′2 +Nz
x ′2 + y ′2 − 1

1 + x ′2 + y ′2 +N0 = 0. (3.160)

Multiplying through by 1 + x ′2 + y ′2 gives:

Nx2x′ +Ny2y′ +Nz (x ′2 + y ′2 − 1) +N0 (x ′2 + y ′2 + 1) = 0, (3.161)
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or

Nx2x′ +Ny2y′ + (x ′2 + y ′2) (Nz +N0) = Nz −N0. (3.162)

Upon division by Nz +N0, we obtain:

x ′2 + y ′2 + 2Nx
Nz +N0

x′ + 2Ny

Nz +N0
y′ = Nz −N0

Nz +N0
. (3.163)

Completing the square finally yields:

(x′ + Nx

Nz +N0

)
2

+ (y′ + Ny

Nz +N0

)
2

=
N2
x +N2

y +N2
z −N2

0

(Nz +N0)2
. (3.164)

Upon comparison with (3.159), we notice that this is the equation for a circle

in the xy-plane with radius ρ =
√

N2
x+N

2
y+N

2
z−N

2
0

(Nz+N0)
2 , centered at (− Nx

Nz+N0
,− Ny

Nz+N0
)

This completes our proof that circles on S2 map onto circles in the plane. Re-

versibly, circles in R2 project onto circles of S2, since the mappings ξ and ξ−1

are one-to-one and continuous. ◾

The Kepler problem in four dimensions

In order to find the symmetry transformations that connect the degenerate

hodographs to one another, one first needs to introduce an extended momentum

space in four dimensions R4 by taking the three momentum vector components

p1, p2 and p3, and adding a fourth component p4 to it. A hodograph in momen-

tum 3-space R3 can then be represented within momentum 4-space R4 via an

inverse stereographic projection of the hodograph onto a 3-sphere S3. It will be

of crucial importance to project a hodograph with given p0 onto a hypersphere

with radius equal to p0:

Definition 3.8 (Inverse stereographic projection in momentum 4-space). Let

S3 = {p = (p1, p2, p3, p4) ∣ p2
1 + p2

2 + p2
3 + p2

4 = p2
0} represent a hypersphere in mo-

mentum 4-space with radius p0 =
√
−2mE, and let n̂ = (0,0,0, p0) denote the

north pole. Construct the 3-dimensional hyperplane R3 = {(p1, p2, p3,0) ∈ R4},

which cuts the 3-sphere in half. The intersection R3 ∩ S3 defines the equator of

S3. Given any point p = (p1, p2, p3, p4) ∈ S3, other than the north pole n̂, there

is a unique line connecting p with n̂ which intersects the equatorial hyperplane

R3 at a point p′ = (p′1, p′2, p′3,0). The inverse stereographic projection of S3 is

then defined as the map:

ξ−1 ∶ R3 → S3\{n̂} ∶ p′ ↦ p, (3.165)

with p the inverse projection of p′. ◾

Fortunately, the hodographs for the Kepler problem were seen to be circular

(§3.5.3). On account of theorem 3.1, we expect the hodographs in momentum
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3-space R3 to be send into circles of the hypersphere S3 under the inverse

stereographic projection ξ−1. To be more explicit, the hodographs will project

onto great circles of the hypersphere.47

It follows that a degenerate set of hodographs (with the same value for

p0) corresponds to a set of great circles on the 3-sphere S3 of radius p0. The

great circles can be simply rotated into one another via a rigid rotation of the

hypersphere about its origin. This in turn, when stereographically re-projected

onto the 3-dimensional hyperplane R3, manifests itself by a continuous mapping

of the degenerate hodographs onto one another, while keeping the energy E

invariant. Schematically:48

circle in R3 ξ−1ÐÐ→ circle in S3 SO(4)ÐÐÐ→ circle in S3 ξÐ→ circle in R3. (3.166)

We have thus identified the hidden symmetry of the Kepler problem as the

rotation group in four dimensions SO(4).

♠3.5.5 Peeking at the fourth dimension

Quantum mechanically, the mapping (3.166) of the hodographs into one an-

other under the SO(4) group corresponds to a mixing of the degenerate orbitals

belonging to the same n-level. Let us elaborate a bit on this important point

by way of the following example:

Consider the set of hydrogenic orbitals with n = 2: 2s, 2px, 2py and 2pz.

Since the energy of these four orbitals is the same, they are said to be degen-

erate, and Noether’s theorem informs us that there should be a symmetry that

relates these orbitals by transforming them into one another. Another way of

stating this, is by saying that these symmetry-related orbitals are equivalent ;

they simply represent two sides of the same coin.

However, an s-orbital is spherical and a p-orbital has two lobes; so although

it is easy to see that one p-orbital can be rotated into another p-orbital under

the symmetry operations of the SO(3) group, it is far from obvious how a p-

orbital can be ‘rotated’ into an s-orbital. While the (2l + 1)-fold degeneracy

is a logical consequence of the rotational symmetry of the Coulomb potential,

the n2-degeneracy seems to be completely accidental. We are thus forced to

conclude that there must exist some additional symmetry, hidden from direct

observation, that relates the s-orbitals with the p-orbitals.

47Notice that a free particle, constrained to the surface of a hypersphere S3, traces out great

circles as classical trajectories. This explains Fock’s assertion that the motion of a particle

bound in a Coulomb field in flat 3-dimensional space R3 is mathematically equivalent to the

motion of a free particle on the hypersphere S3.
48See also R. Gilmore. “Hydrogenic Atoms”. In: Lie Groups, Physics, and Geometry: An

Introduction for Physicists, Engineers and Chemists. Cambridge: Cambridge University Press,

2008. Chap. 14, p. 265
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Figure 3.15: A three-dimensional sphere intersecting Flatland’s two-dimensional

world. Illustration from E. A. Abbott. Flatland: A Romance of Many Dimensions.

Seely & Co., 1884.

In our quest for this dynamical symmetry, we discovered that the Coulomb

potential has rotational symmetry not only in three dimensions, but also in four !

Indeed, when viewed from the perspective of the SO(4) group, all the atomic

orbitals of fixed n are grouped together in one multiplet of dimension n2. This

means that there are rotations in four dimensions that transform the different

varieties of orbitals into one another, thus explaining the n2-degeneracy.49

Imagining the fourth dimension is not an easy task however. Many artists

and writers alike have attempted to picture the fourth dimension in one way

or another. In 1884, a schoolmaster in the city of London, whose name was

Edwin Abbott Abbott (1838–1926), published a satirical novella which he

entitled Flatland: A Romance of Many Dimensions.50 It recounted the story of

Arthur Square, an ordinary square who lived in a two-dimensional world, called

Flatland. One day, Arthur was visited by a sphere from the third dimension — a

magical creature with mind-blowing, almost God-like powers: the sphere could

talk to Arthur while remaining invisible by hovering above Flatland. When

travelling through Flatland, the sphere seemed to appear from nowhere, growing

in size, and then shrinking again to finally disappear (figure 3.15). At one point,

the sphere bumped into Arthur and catapulted him into the third dimension,

Spaceland. Being introduced in this way to the third dimension, Arthur used

the idea of dimensional analogy to imagine what the fourth dimension would be

like. We can use a similar analogy to picture what happens when an s-orbital

is ‘rotated’ into a p-orbital.

Imagine a sphere resting on a two-dimensional surface (figure 3.16). In ordi-

nary 3-space, the sphere could represent planet Earth which is stereographically

projected onto the plane to obtain a two-dimensional map of the world, in much

the same way as the Dutch cartographer Gerardus Mercator (1512–1594)

49See S. M. Blinder. “Quantum Alchemy: Transmutation of Atomic Orbitals”. In: Journal of

Chemical Education 78.3 (2001), pp. 391–394.
50E. A. Abbott. Flatland: A Romance of Many Dimensions. Seely & Co., 1884.
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Figure 3.16: An illustration of how it is possible to ‘rotate’ s- and p-orbitals into one

another by stepping up a dimension. The orbitals are pictured by different patterns

on the two-dimensional plane: the circular pattern represents an s-orbital, and the

remaining two patterns, two p-orbitals. Acknowledging that these patterns result

from projections of a three-dimensional sphere onto the two-dimensional space, we can

see that the patterns in two dimensions can be interchanged by rotating the sphere.

The Kepler-Coulomb potential has four-dimensional symmetry, and permits this type

of rotation to be done. Adapted from P. Atkins. “Symmetry: The Quantification

of Beauty”. In: Galileo’s Finger: The Ten Great Ideas of Science. Oxford: Oxford

University Press, 2003. Chap. 6, pp. 173–175.

compiled the first modern atlas. Now imagine stepping up one dimension: the

plane now represents our familiar three-dimensional world, which is assumed to

be a projection of an even higher four-dimensional world, as represented by the

sphere. Notice also that the northern hemisphere has been coloured dark, and

the southern hemisphere light. When projecting the surface of the sphere onto

the plane, one obtains a light circle centered on a dark background. Imagine

next rotating the sphere through 90○ to obtain the sphere in the second part of

the illustration. A projection of this sphere bisects the plane in two halves: one

light and another dark. A further rotation of the sphere through another 90○

yields the third part of figure 3.16 which has a similar projection as the second

sphere, although the map has been rotated by 90○.

Let now the first orientation of the sphere represent an s-orbital, and the re-

maining two, two different p-orbitals, say a px and a py orbital. We Flatlanders,

who are stuck in the three-dimensional plane, have no difficulty in seeing that

the two p-orbitals are related to one another. After all, a mere rotation of the

plane transforms both orbitals into one another. We are baffled however by the

thought that the s-orbital, with its circular shape, could be ‘rotated’ somehow

into one of the two p-orbitals. We have great difficulties, in other words, un-
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derstanding that the s-orbital has the same energy as the two p-orbitals. A

superhuman living in the four dimensions does not face these troubles: he sees

all our Flatland patterns as projections of a sphere which are related by simple

rotations in the fourth dimension. As Peter Atkins observed: “the equal-

ity of energies of apparently unrelated orbitals is a consequence of there being

symmetry hidden away in a fourth dimension.”51

51P. Atkins. “Symmetry: The Quantification of Beauty”. In: Galileo’s Finger: The Ten Great

Ideas of Science. Oxford: Oxford University Press, 2003. Chap. 6, pp. 173–175; P. Atkins and

R. Friedman. “The Degeneracy of Hydrogenic Atoms”. In: Molecular Quantum Mechanics.

Oxford: Oxford University Press, 2005. Chap. 3.14, p. 95.
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4.4 Dynamical treatment of the radial wave equation 207

The radial wave equation of the hydrogen atom contains a deep symmetry which

relates eigenstates with different principal quantum number n, but equal orbital

quantum number l; any nl-orbital can thus be turned into any other n′l-orbital

(with n ≠ n′ and l fixed) under this peculiar symmetry (figure 4.1). Such a

symmetry is truly spectrum-generating, because its ladder operators run through

the entire energy spectrum, from eigenstate to eigenstate.

Given that the energy E changes during such transformations, the Hamil-

tonian Ĥ can no longer remain invariant under these operations (i.e. Ĥ does

not commute with all the generators of the group), and the symmetry group is

therefore called a noninvariance group, as will be explained in §4.1.

The spectrum-generating symmetry of the radial Schrödinger equation cor-

responds to the ‘non-compact ’ pseudo-orthogonal group SO(2,1). In §4.2, we

will discuss how this symmetry is related to its ‘compact ’ brother, the spherical

189
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Figure 4.1: Consider a deck of

playing cards. There is exactly one

card of any rank (1 to 10) in each

suit (♡, ♢, ♣ or ♠). Let the suit rep-

resent the value of l (s, p, d or f)

and let the rank stand for the quan-

tum number n (1 to 10). Then, with

the help of the so(2,1) generators,

one can turn the cards of a given suit

into one another, but one cannot re-

late cards of different suits. The 2♠,

5♠ and 7♠ gardeners, depicted in this

picture, are thus related to one an-

other under the SO(2,1) group, but

they can never rise in social class to

become soldiers (♣), courtiers (♢) or

members of the royal family (♡). In

orbital language, any nl orbital can

be turned into any other n′l orbital

with the same value of l.

rotation group SO(3). Due to their similar structure, the algebraic treatment of

the so(2,1) algebra will closely resemble the approach used for the so(3) algebra

in §2.5.3.

One of the fundamental differences between the SO(3) and SO(2,1) groups,

to be outlined in §4.2, is that the unitary irreducible representations (or unir-

reps) of the so(2,1) algebra are infinite-dimensional, whereas the unirreps of

so(3) are finite-dimensional. This sounds reasonable, given that for each value

of l there are an infinite number of nl-orbitals (with n = l + 1 →∞) which form

a basis for an infinite-dimensional representation of the so(2,1) Lie algebra.

For this, we will have to investigate how the so(2,1) algebra emerges in the

case of the radial equation in §4.3. To that aim, a realization of the so(2,1)
generators T̂1, T̂2 and T̂3 will be given in terms of the radius r and conjugate mo-

mentum p̂r. By a clever scaling transformation, the radial Schrödinger equation

can then be turned into an eigenvalue problem for one of the so(2,1) generators,

and the Bohr formula for the energy levels can be derived in an algebraic way,

without recourse to the traditional differential equation approach in terms of

series solutions.

Our discussion of the SO(2,1) group will closely follow the treatment from

Adams et al. and their notation will be used throughout.1

1B. G. Adams, J. Č́ıžek, and J. Paldus. “Representation Theory of so(4,2) for the Perturba-

tion Treatment of Hydrogenic-Type Hamiltonians by Algebraic Methods”. In: International

Journal of Quantum Chemistry 21.1 (1982), pp. 153–171 and B. G. Adams, J. Č́ıžek, and
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4.1 The road to noninvariance groups

In this chapter, we will acquaint ourselves for the first time with the notion of

noninvariance groups. Whereas symmetry groups had been used in quantum

mechanics since the groundbreaking work of Wigner and Weyl in the 1920s,2

the idea to look for noninvariance groups under which all energy eigenstates of

a system would fall in one irreducible representation had to await another 40

years. As a matter of fact, the use of noninvariance groups had been pioneered

by Wigner as early as 1939 in relation with his study of the inhomogenous

Lorentz group.3 Yet, it was only around 1965 that noninvariance groups first

attracted the attention of a handful of high-energy physicists.

4.1.1 Historical prelude

Noninvariance groups made their first appearances in elementary particle physics.

After Gell-Mann and Ne’eman’s introduction of the SU(3) flavour group,4

numerous theoretical physicists embarked on a quest for broader groups which

would enable them to classify ever larger numbers of elementary particles in so-

called supermultiplets. Notorious examples were the SU(4) group, which took

the newly discovered charm quark into account, or the spin-dependent SU(6)

group which accounted for both SU(3) flavour and SU(2) spin. As Sudarshan

noted with respect to the latter group, “its multiplet structure [was] remark-

able.”5 No less than 56 baryons fell into one supermultiplet (or 56-plet), while

the mesons were seen to constitute a 35-plet, both of which could be identified

as irreducible representations of the spin-flavour SU(6) group.

J. Paldus. “Lie Algebraic Methods and Their Application To Simple Quantum Systems”. In:

Advances in Quantum Chemistry. Ed. by Per-Olav Löwdin. Vol. 19. San Diego: Academic

Press, Inc., 1988. Chap. 1, pp. 1–84, reproduced in B. G. Adams, J. Č́ıžek, and J. Paldus.

“Lie Algebraic Methods and Their Application To Simple Quantum Systems”. In: Dynamical

Groups and Spectrum Generating Algebras. Ed. by Y. Ne’eman, A. Bohm, and A. O. Barut.

Vol. 1. Singapore: World Scientific Publishers, 1988. Chap. 3, pp. 103–208. See also B. G.

Adams. Algebraic Approach to Simple Quantum Systems. Berlin: Springer-Verlag, 1994 and

J. Č́ıžek and J. Paldus. “An Algebraic Approach to Bound States of Simple One-Electron

Systems”. In: International Journal of Quantum Chemistry 12.5 (1977), pp. 875–896.
2E. P. Wigner. Group Theory and its Applications to the Quantum Mechanics of Atomic

Spectra. New York: Academic Press, 1959, translated from the original E. P. Wigner. Grup-

pentheorie und ihre Anwendung auf die Quantenmechanik der Atomspektren. Braunschweig:

F. Vieweg & Sogn Akt.-Ges, 1931, and H. Weyl. The Theory of Groups and Quantum Me-

chanics. Dover Publications, Inc., 1950, translated from the original H. Weyl. Gruppentheorie

und Quantenmechanik. Leipzig: Verlag Von S. Hirzel, 1931.
3E. P. Wigner. “On Unitary Representations of the Inhomogeneous Lorentz Group”. In: Annals

of Mathematics 40.1 (1939), pp. 149–204.
4M. Gell-Mann and Y. Ne’eman. The Eightfold Way. Advanced Book Classics. Boulder,

Colorado: Westview Press, 2000.
5E. C. G. Sudarshan. “What are Elementary Particles Made of?” In: Symposia on Theoretical

Physics and Mathematics. Vol. 6. Plenum Press, 1968, p. 61.
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But with the introduction of these symmetry groups, new problems inevitably

surfaced. According to orthodox group theory, when different particles are

grouped in one multiplet of a given symmetry group, they should be degen-

erate (read: have the same mass). From this point of view, the isospin SU(2)

group was fairly accurate in nature since the proton and neutron have nearly

equal mass. But even within the SU(3) multiplets, significant differences in mass

were observed. As a general rule, the higher the symmetry proposed, the more

approximate it became. Sudarshan summarized the situation with the following

words:

While the multiplet structure is thus striking, there is a problem.

If we thought of the group as an invariance group, we would have

expected that the particles which constitute a single representation

all have equal mass. On the other hand, if the group is not an invari-

ance group, then it is not clear why the particles should constitute

the representation of the group. There was a departure from the

precise equality of masses for the SU(2) multiplets, but these differ-

ences were always blamed on the electromagnetic interaction. We

thus have a paradoxical situation: On the one hand, the group seems

to be basic in predicting the particle multiplets; on the other hand,

the group does not seem to be an invariance group for the system.6

Instead of using these badly broken symmetries, the idea originated of look-

ing for another kind of symmetry group; one that could relate all the particles

in one multiplet, yet, without forcing them to be degenerate. This is where

noninvariance groups came into play: scientists postulated a rather small sym-

metry group for the Hamiltonian and then embedded this group in a larger

noninvariance group.7

Soon after the first successes in elementary particle physics, noninvariance

groups began to be applied in the field of atomic physics. Sudarshan, Barut,

Dothan, Gell-Mann and Ne’eman (among others), who had first pioneered the

use of noninvariance groups in high energy physics, now turned to a study of

some familiar potentials, such as the rigid rotator, the harmonic oscillator (in

3 or more dimensions) and the hydrogen atom. In the latter case, the different

(ground and excited) energy eigenstates were related to one another under the

noninvariance group. Although these investigations were not of great intrinsic

interest, both the harmonic oscillator and the hydrogen atom provided excellent

test cases for noninvariance groups, and their study greatly helped in achieving

a better understanding of their defining characteristics.

6Ibid., p. 61.
7J. G. Kuriyan and E. C. G. Sudarshan. “Noninvariance Groups in Particle Physics”. In:

Physical Review 162.5 (1967), p. 1650.
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Noninvariance groups have been termed differently by various scientists: Sudar-

shan introduced the term noninvariance group (this term will also be adopted

in the present chapter).8 Gell-Mann, Ne’eman and Dothan, on the other hand,

preferred the name of spectrum-generating groups,9 whereas Barut referred to

them as dynamical groups — thus causing some confusion with our own use of

that term for the SO(4) group (cf. chapter 3; vide infra).10

Not only did terminological confusions abound in the 60s and 70s, the very

concept of a noninvariance group was also seldom defined in a precise manner.

As Castaños et al. noted: “in contrast to the well known prescription defining

the elements of the symmetry algebra, [. . .] no unique prescription for the dy-

namical [sic] group generators is [generally] provided.”11 Some definitions are

therefore in place before we start our exploration of the SO(2,1) group and its

relation to the hydrogen atom.

4.1.2 Invariance groups

We will distinguish between two kinds of groups: invariance groups (IGs) and

noninvariance groups (NIGs). The IGs will be further classified as geometrical

groups and dynamical groups.

Geometrical groups

We recall that a Hamiltonian Ĥ is said to be invariant under a Lie group G
(or to have the symmetry G) when it commutes with all the generators X̂i of

the corresponding Lie algebra g:

[Ĥ , X̂i] = 0. (4.1)

The generators X̂i are Hermitian operators (X̂†
i = X̂i) which correspond to the

different constants of motion Xi of the system under consideration.12 The Lie

algebra g, spanned by the generators X̂i, is called the symmetry algebra (SA) or

8N. Mukunda, L. O’Raifeartaigh, and E. C. G. Sudarshan. “Characteristic Noninvariance

Groups of Dynamical Systems”. In: Physical Review Letters 15.26 (1965), pp. 1041–1044. See

also E. C. G. Sudarshan. “Non-Compact Groups in Particle Physics”. In: ed. by Y. Chow.

New York: Benjamin, 1966.
9Y. Dothan, M. Gell-Mann, and Y. Ne’eman. “Series of Hadron Energy Levels as Represen-

tations of Non-Compact Groups”. In: Physics Letters 17.2 (1965), pp. 148–151.
10A. O. Barut and C. Fronsdal. “On Non-Compact Groups. II. Representations of the 2 + 1

Lorentz Group”. In: Proceedings of the Royal Society of London. Series A. Mathematical and

Physical Sciences 287.1411 (1965), pp. 532–548.
11O. Castanos, A. Frank, and R. Lopez-Pena. “Noether’s Theorem and Dynamical Groups

in Quantum Mechanics”. In: Journal of Physics A: Mathematical and General 23.22 (1990),

p. 5141.
12In classical Lagrangian mechanics, these constants of motion are often referred to as conserved

charges or currents. The connection between conserved charges and continuous symmetries

has been given before by Noether’s theorem (cf. §2.4.5).



194 Chapter 4. SO(2,1) group

degeneracy algebra of the symmetry group G, and is closed under commutation;

that is to say, the commutator of any two generators X̂i and X̂j can be written

as a linear combination of the generators of the Lie algebra:

[X̂i, X̂j] = ∑
k=1

fijkX̂k ∈ g, (4.2)

with fijk the different structure constants. As a consequence of (4.1), degen-

eracies will arise in the energy eigenspectrum; that is, if ∣ψ⟩ is an eigenstate of

Ĥ with energy E, then X̂i ∣ψ⟩ will also be an eigenstate of Ĥ with the same

energy E since Ĥ X̂i ∣ψ⟩ = X̂iĤ ∣ψ⟩ = EX̂i ∣ψ⟩.
The Casimir operators of the Lie algebra g, denoted Ĉmµ in this chapter,13

commute with all the generators X̂i:

[Ĉmµ, X̂i] = 0. (4.3)

Since the Hamiltonian operator commutes with all the generators [cf. (4.1)], it

can be expressed in terms of the Casimir operators. That is, either Ĥ turns

out to be one of the Casimir operators Ĉmµ of G, or it can be written as a

polynomial function in the Casimir operators Ĉmµ of various orders:

Ĥ = f (Ĉmµ) =∑
i

εiĈmi +∑
i,j

εijĈmiĈmj + . . . . (4.4)

Most symmetry groups are compact and result in finite-dimensional multiplets

for each energy eigenvalue E. Examples include the SO(3) and SO(4) groups,

considered before in chapters 2 and 3. The degenerate eigenstates of a particular

multiplet can then be related to one another via the ladder operators of the

Cartan-Weyl basis. That is, the eigenstates form a basis for a finite-dimensional

unirrep of the symmetry group G.

Dynamical groups

A dynamical symmetry (not to be confounded with an internal symmetry) refers

to any symmetry larger than the geometrical one. The Hamiltonian of the

hydrogen atom, for instance, is invariant under the SO(4) group, which goes

beyond the familiar rotational symmetry of other central potentials (chapter 3).

Since dynamical groups are just another kind of IGs, all the generators

X̂i of the corresponding Lie algebra g commute with the Hamiltonian Ĥ of

the system (vide supra). Note however that for dynamical symmetries, the

group generators typically commute with the total Hamiltonian, rather than

with its (kinetic and potential) components separately, as is the case for most

symmetry groups (cf. chapter 3). Dynamical groups are usually compact, and

the multiplets thus obtained remain finite-dimensional and degenerate.

13The index m refers to the order of the Casimir operator in the different X̂i. For example, the

Casimir operator of the so(3) algebra is usually expressed as L̂2 = L̂2
x + L̂2

y + L̂2
z , with L̂x, L̂y

and L̂z the generators of so(3). Since L̂2 is written in terms of the second orders of the L̂i,

we will denote it as Ĉ2 and call it a Casimir operator of order 2.
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4.1.3 Noninvariance groups

In the previous chapters, many invariance groups have been brought into play

to explain the energy degeneracy of a system; that is, degenerate states can

be transformed into one another under the action of the generators of the IG.

It would be interesting to find a group capable of rationalizing not only the

energy degeneracy for each level, but also the entire (discrete or continuous)

energy spectrum (or mass spectrum) of the system; that is to say, a group whose

generators would link states with different energy eigenvalues, thus yielding the

energy level formula as well as the energetic ordering of the levels.14 To this

aim, we will need the concept of a noninvariance group (NIG).

In this case, at least some of the generators X̂i of the corresponding Lie alge-

bra g will no longer commute with the Hamiltonian. The commutator [Ĥ , X̂i]
is however an operator in the universal enveloping algebra U (g) of g, where

U (g) is defined as the algebra of all polynomials in the generators X̂i:
15

[Ĥ , X̂i] = f (X̂i) ∈ U (g) . (4.5)

In some cases, Ĥ can be written as one of the generators X̂i ∈ g. This will be

the case for the Hamiltonian of the radial Schrödinger equation, to be described

in this chapter. In other cases, Ĥ is more complicated and belongs to U (g).
Every noninvariance group NIG is required to contain as a subgroup the largest

invariance group IG that can be built from the constants of the motion of the

system under consideration:16

NIG ⊃ IG. (4.6)

All the subgroup multiplets are therefore contained in one supermultiplet of the

NIG, which restricts the Casimir operators Ĉmµ of NIG to constant numbers.17

Since the Hamiltonian does not commute with every generator X̂i, the energy

is no longer conserved. This raises the possibility of altering the energy of the

system by repeated application of raising and lowering operators. The entire

energy spectrum of states can thus be generated, and it is for this reason that

the corresponding Lie algebra g is often referred to as a spectrum-generating

algebra (SGA), with the symmetry algebra (SA) as a subalgebra:

SGA ⊃ SA. (4.7)

Noninvariance groups can be both compact or non-compact. As a general rule,

a finite (infinite) number of states calls for a compact (non-compact) group

14O. Sinanoğlu. “Remarks on Dynamical and Noncompact Groups in Physics and Chemistry”.

In: International Journal of Quantum Chemistry 7.S7 (1973), p. 45.
15Every Casimir operator Ĉmµ of a Lie algebra g is thus an element of the universal enveloping

algebra U (g).
16A. Simoni, F. Zaccaria, and B. Vitale. “Dynamical Symmetries as Function Groups on

Dynamical Spaces”. In: Il Nuovo Cimento A 51.2 (1967), p. 449.
17Ibid., p. 450.
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description. In the case of the hydrogen atom, for instance, non-compact groups

will be required to relate the infinite number of energy levels and states ∣nlm⟩.
Non-compact groups give rise to infinite-dimensional multiplets. In the

words of Dothan, “one poses a problem of embedding all the spaces of states

which are irreducible under the symmetry algebra in a space which is irreducible

under a larger Lie algebra, namely, the SGA.”18 All the energy eigenstates

thus form a basis for a single infinite-dimensional unirrep of the noninvariance

group.19 Whereas invariance groups can be exploited to calculate the matrix

elements for transitions connecting degenerate states, noninvariance groups can

yield expressions for the various transition probabilities between states of differ-

ent energy.

4.2 The pseudo-orthogonal group SO(2,1)

4.2.1 From SO(3) to SO(2,1)

The SO(3) group is the group of transformations which leaves a spherical surface

invariant. Let a function F be defined as

F = x2 + y2 + z2 − a2. (4.8)

The equation of a sphere, with radius a and centered at the origin, is then given

by:

F = 0. (4.9)

The angular momentum operators L̂x, L̂y, and L̂z induce infinitesimal rotations

around the x-, y- and z-axes which leave the transformed point on the sphere.

Their action on F is thus given by:

L̂iF = 0, ∀i = x, y, z. (4.10)

We will subsequently relabel the x, y and z coordinates as x1, x2 and x3 in order

to remove the link with the three Cartesian directions of coordinate space. When

now one of the coordinates, say x3, is substituted by an imaginary coordinate

ix3, the equation of the sphere is turned into the equation of an hyperboloid

(figure 4.2):20

F = x2
1 + x2

2 − x2
3 − a2 = 0. (4.11)

18Y. Dothan. “Finite-Dimensional Spectrum-Generating Algebras”. In: Physical Review D 2.12

(1970), p. 2944.
19Noncompact groups can have finite-dimensional representations as well, but their non-

unitarity renders them of little use in quantum mechanics. See Sinanoğlu, op. cit., p. 48
20The general formula for this kind of three-dimensional surface is given by:

x2

a2
+ y

2

b2
− z

2

c2
= 1.
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Figure 4.2: A three-dimensional

hyperboloid surface. The x1 and x2

coordinates are spacelike and the

x3 coordinate is timelike. The op-

erator T̂3 induces infinitesimal ro-

tations in the x1x2 plane, whereas

T̂1 and T̂2 are boost operators

which generate a flow in the x2x3

and x1x3 planes respectively.

The cross section of this surface for a given value of x3, is a circle with radius√
a2 + x2

3 in the x1x2 plane:

x2
1 + x2

2 = a2 + x2
3, (4.12a)

while in the planes x1x3 and x2x3, it is a hyperbole:21

x2
1 − x2

3 = a2 − x2
2; (4.12b)

x2
2 − x2

3 = a2 − x2
1. (4.12c)

One could thus construct the hyperboloid surface by rotating one of the hyper-

bolas (4.12b) or (4.12c) around the x3-axis. In a sense, the hyperboloid surface

can be viewed as a distorted sphere where the north and south poles have been

displaced to infinity.

Notice also that the hyperboloid expression in (4.11) is a two-dimensional

analogue of the Lorentz equation of special relativity, where the geodesic distance

s between two events in four-dimensional Minkowski space-time is measured as

∆x2 +∆y2 +∆z2 − c2∆t2 = s2. (4.13)

Here c is the velocity of light, which relates the units of space coordinates (in

meter) and the time coordinate (in seconds), but which reduces to unity on our

hyperboloid surface, so that x3 and x1, x2 are measured in the same units. In

this sense we may say that the new x3 coordinate in (4.11), which has opened up

the sphere to infinity, is ‘time-like’, while x1 and x2 are ‘space-like’ coordinates.

21The general formula for a hyperbole is given by:

x2

a2
− y

2

b2
= 1.
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4.2.2 The so(2,1) Lie algebra

The operators which leave the hyperboloid invariant are directly obtained from

the conventional angular momentum operators by applying the x3/ix3 substi-

tution. As an example, the L̂1 operator becomes:

L̂x = −ih̵(y ∂
∂z

− z ∂
∂y

) → L̂1 = −h̵(x2
∂

∂x3
+ x3

∂

∂x2
) .

While in SO(3), L̂x generates rotations on the sphere around the x-axis, the

new form L̂1 generates a flow on the hyperboloid in the x2x3 plane (figure

4.2). The operator L̂1 is still anti-Hermitian however (i.e. L̂†
1 = −L̂1); in order

to procure Hermiticity, we divide the L̂1 operator through i. The resulting

canonical operators T̂i = 1
i
L̂i are then given by:

T̂1 = −
h̵

i
(x2

∂

∂x3
+ x3

∂

∂x2
) ;

T̂2 =
h̵

i
(x3

∂

∂x1
+ x1

∂

∂x3
) ;

T̂3 =
h̵

i
(x1

∂

∂x2
− x2

∂

∂x1
) .

(4.14)

Clearly, the T̂3 operator still equals L̂z since cross-sections perpendicular to x3

remain circles. The other operators T̂1 and T̂2 are boost operators along the

x2x3 and x1x3 hyperboles. The substitution x3/ix3 gives rise to a non-trivial

sign change in the commutation relations. To compare:

[L̂x, L̂y] = ih̵L̂z; [T̂1, T̂2] = −ih̵T̂3;

[L̂y, L̂z] = ih̵L̂x; [T̂2, T̂3] = ih̵T̂1;

[L̂z, L̂x] = ih̵L̂y; [T̂3, T̂1] = ih̵T̂2.

(4.15)

The sign or signature of the commutation relations is different. For the so(3)
algebra it is {+,+,+}, while for the T̂ algebra it is {−,+,+}. The Lie alge-

bra, formed by the T̂i operators is therefore denoted so(2,1), signifying that

it has two space-like or closed components and one time-like or open compo-

nent. The corresponding symmetry group SO(2,1), which in fact represents

the plane Lorentz symmetry, is called a non-compact symmetry, since one of

the coordinates involved is unbounded. That is, while x1 and x2 are bounded,

x3 ∈ ]−∞,+∞[ is obviously not.

4.2.3 The Cartan-Weyl basis of so(2,1)

For the so(3) algebra, the Casimir operator is the square of the angular momen-

tum vector L̂. In the non-compact so(2,1) algebra, the equivalent of the angular

momentum is the T̂ vector. In view of the sign difference of the commutators,
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the corresponding Casimir operator is given by:22

T̂ 2 = T̂ 2
3 − T̂ 2

1 − T̂ 2
2 . (4.16)

This operator can be shown to commute with the three generators T̂1, T̂2 and

T̂3 of the Lie algebra:

[T̂ 2, T̂i] = 0, ∀i = 1,2,3. (4.17)

As an example, we work out the commutators of each of the three terms of T̂ 2

with T̂1:

[T̂ 2
3 , T̂1] = T̂3T̂3T1 − T1T̂3T̂3

= T̂3T̂1T̂3 + ih̵T̂3T̂2 − T̂3T̂1T̂3 + ih̵T̂2T̂3

= ih̵ (T̂2T̂3 + T̂3T̂2) ;

(4.18a)

[T̂ 2
1 , T̂1] = 0 ; (4.18b)

[T̂ 2
2 , T̂1] = T̂2T̂2T̂1 − T̂1T̂2T̂2

= T̂2T̂1T̂2 + ih̵T̂2T̂3 − T̂2T̂1T̂2 + ih̵T̂3T̂2

= ih̵ (T̂2T̂3 + T̂3T̂2) .
(4.18c)

Combining the left hand sides of these equations yields:

[T̂ 2, T̂1] = 0. (4.19)

An eigenstate can now be characterized by two scalar values, denoted ∣Q, q⟩,
where Q represents the value of the Casimir operator T̂ 2 and q refers to the

value of the T̂3 component, hence:23

T̂ 2 ∣Q, q⟩ = Qh̵2 ∣Q, q⟩ ;

T̂3 ∣Q, q⟩ = qh̵ ∣Q, q⟩ .
(4.20)

Following the same procedure as for SO(3), we now ask the question what will

be the boundaries of these quantum labels. To that aim, ladder operators are

defined in exactly the same way as before. The upward shift is represented by

T̂+, and the downward one by T̂−, given by:

T̂± = T̂1 ± iT̂2. (4.21)

22The Casimir operator for so(2,1) can be found as follows: let Ĵ1 = iT̂1, Ĵ2 = iT̂2 and Ĵ3 = T̂3.

It is easily verified that the Ĵi form an so(3) algebra. Their Casimir operator is therefore

Ĵ2 = Ĵ2
1 + Ĵ2

2 + Ĵ2
3 . When written in terms of T̂ , one obtains the corresponding Casimir

operator for the so(2,1) algebra: T̂ 2 = T̂ 2
3 − T̂ 2

1 − T̂ 2
2 . Notice that despite the notation, T̂ 2 does

not denote the scalar product of a vector T̂ with itself.
23Notice that in view of the non-cyclic symmetry of the commutation relations in (4.15), the

choice of a T̂i component is no longer completely equivalent. The sets of commuting operators

{T̂ 2, T̂1} or {T̂ 2, T̂2} are more suitable for a study of the continuum (or scattering) states of

the hydrogen atom, whereas the set {T̂ 2, T̂3} will prove more useful in our study of the bound

states of the hydrogen atom.
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Notice that T̂+ and T̂− are Hermitian adjoints of each other. They form the

Cartan-Weyl basis {T̂3, T̂+, T̂−} of so(2,1), along with the Cartan generator T̂3.

This gives rise to the following set of commutation relations:

[T̂+, T̂−] = −2h̵T̂3; (4.22a)

[T̂3, T̂±] = ±h̵T̂±. (4.22b)

With the help of (4.22b), it is easily shown that T̂+ and T̂− indeed act as ladder

operators in q:

T̂3T̂± ∣Q, q⟩ = ([T̂3, T̂±] + T̂±T̂3) ∣Q, q⟩
= (±h̵T̂± + qh̵T̂±) ∣Q, q⟩
= (q ± 1) h̵T̂± ∣Q, q⟩ .

(4.23)

The Casimir operator can easily be expressed in the shift operators as follows:

T̂ 2 = T̂ 2
3 −

1

2
[T̂+T̂− + T̂−T̂+] . (4.24a)

This expression can be further rewritten as:

T̂ 2 = T̂ 2
3 − T̂+T̂− − h̵T̂3, (4.24b)

or also as:

T̂ 2 = T̂ 2
3 − T̂−T̂+ + h̵T̂3. (4.24c)

We will use these results in a moment. Going back to the previous equation

(4.24a), it can be shown that the value of the term between square brackets will

be real positive or zero:

⟨Q, q∣ T̂+T̂− + T̂−T̂+ ∣Q, q⟩ = ⟨Q, q∣ T̂+T̂− ∣Q, q⟩ + ⟨Q, q∣ T̂−T̂+ ∣Q, q⟩
= ⟨T̂−Q, q∣T̂−Q, q⟩ + ⟨T̂+Q, q∣T̂+Q, q⟩
≥ 0,

(4.25)

where we have used the Hermitian conjugation between T̂+ and T̂−. From this

follows:

⟨Q, q∣ (T̂ 2 − T̂ 2
3 ) ∣Q, q⟩ = (Q − q2) h̵2

= −1

2
⟨Q, q∣ [T̂+T̂− + T̂−T̂+] ∣Q, q⟩

≤ 0.

(4.26)

Hence one has:

q2 ≥ Q. (4.27)

This equation implies that q2 has a lower bound (for q ≥ 0) or an upper bound

(for q ≤ 0). Let us denote this minimal (or maximal) value as q0. For q0
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Figure 4.3: a) Root diagram of the so(2,1) algebra. The T̂3 operator lies in the

center of the graph and is used to label the eigenkets of a given multiplet. The T̂+
and T̂− operators act as shift operators. b) Weight diagrams for the multiplets with

Q = 1/4. Each eigenket is depicted by a point on the T̂3 axis which denotes its q-value.

The first infinite-dimensional multiplet stretches out from −∞ to − ∣q0∣ which serves as

an upper bound; the second infinite-dimensional multiplet starts at the lower bound

∣q0∣ and stretches out to +∞. As indicated on the graph, it is impossible to cross the

gap between the + and − branch with the T̂± operators.

negative, q can take any integer value in the interval ]−∞,− ∣q0∣], and likewise

for q0 positive, q is part of the interval [+ ∣q0∣ ,+∞[ (figure 4.3). This result is

different from the case of the compact group where the component m is confined

to a finite range [−l,+l]. Let us consider the solutions with q positive, and let

q0 ≥ 0 be its lowest value. One has:

T̂− ∣Q, q0⟩ = 0. (4.28)

We then have:

T̂ 2 ∣Q, q0⟩ = [T̂ 2
3 − T̂+T̂− − h̵T̂3] ∣Q, q0⟩

= (q2
0 − q0) h̵2 ∣Q, q0⟩

= q0 (q0 − 1) h̵2 ∣Q, q0⟩ .
(4.29)

Hence one has:

Q = q0 (q0 − 1) . (4.30)

For q negative, the argument runs as follows:

T̂+ ∣Q, q0⟩ = 0. (4.31)

We then have:

T̂ 2 ∣Q, q0⟩ = [T̂ 2
3 − T̂−T̂+ + h̵T̂3] ∣Q, q0⟩

= (q2
0 + q0) h̵2 ∣Q, q0⟩

= q0 (q0 + 1) h̵2 ∣Q, q0⟩ .
(4.32)

Hence one has:24

Q = q0 (q0 + 1) . (4.33)

24The two expressions in (4.30) and (4.33) denote two different values of Q. Each of them

characterizes a different infinite-dimensional multiplet, since it is impossible to cross the gap

between the + and − branch with the T̂± operators, as will be demonstrated further on.
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4.3 Realization of the SO(2,1) group

Around the first half of the twentieth century, group theory seemed to be “the

wave of the future.”25 One of the first scientists to champion its importance was

the British astronomer Sir Arthur Eddington (1882–1944) who (as early

as 1934) likened the theory of groups with “a super-mathematics in which the

operations are as unknown as the quantities they operate on.”26 Eddington

meant by this that abstract group theory deals with a set of abstract elements

which combine according to an abstract multiplication rule, the (physical) nature

of which is unknown and mathematically irrelevant (cf. §2.2.3).27

The power of group theory, then, lay in the fact that one abstract group could

be realized in an infinite number of ways by different sets of concrete elements

which made their appearance in a range of physical applications (figure 4.4).

The SO(4) group, for example, was seen to occur in both the classical Kepler

and quantum mechanical Coulomb problem. The abstract SO(2,1) symmetry,

on the other hand, makes its appearance in the radial Schrödinger equation of

the hydrogen atom. In this section, a concrete set of operators will be associated

with each abstract basis vector T̂i of the so(2,1) Lie algebra, in order to obtain

a hydrogenic realization of the so(2,1) algebra.

4.3.1 The radial Schrödinger equation

We start by expressing the kinetic energy of a single particle with mass m in

terms of its spherical components as (cf. appendix D):

T̂kin =
1

2m
p̂2
r +

1

2mr2
L̂2. (4.34)

Here p̂r is the radial momentum operator, which is given by:

p̂r =
1

r
r̂ ⋅ p̂ − ih̵

r
= h̵
i
( ∂
∂r

+ 1

r
) . (4.35)

The square of this operator reads:

p̂2
r = −h̵2 ( ∂

2

∂r2
+ 2

r

∂

∂r
) . (4.36)

The total Hamiltonian for the hydrogen atom is obtained by adding to (4.34)

the potential energy operator, yielding:

Ĥ = T̂kin −
e2

4πε0r
. (4.37)

25F. J. Dyson. “Applications of Group Theory in Particle Physics”. In: SIAM Review 8.1 (1966),

p. 1.
26A. Eddington. “The Theory of Groups”. In: New Pathways in Science (Messenger Lectures).

Cambridge: Cambridge University Press, 1935. Chap. XII, p. 257.
27“We must therefore seek a knowledge which is neither of actors nor of actions,” continued

Eddington, “but of which the actors and actions are a vehicle. The knowledge we can acquire

is knowledge of a structure or pattern contained in the actions.” ibid., p. 256 (emphasis added).



4.3 Hydrogenic realization of the SO(2,1) group 203

Figure 4.4: Beware the Jabberwock!

’Twas brillig, and the slithy toves

Did gyre and gimble in the wabe;

All mimsy were the borogoves,

And the mome raths outgabe.

Jabberwocky is considered one of the

greatest nonsense poems written by

Lewis Carroll. As the late Sir Arthur

Eddington observed, “it is certainly

descriptive of some kind of activity;

but what the actors are, and what

kind of actions they are performing,

remain an inscrutable mystery.” In a

similar vein, Eddington likened group

theory to a Jabberwocky of “unknow-

able actors executing unknowable ac-

tions,” and awaiting a physical real-

ization in terms of concrete operators.

Since the potential energy operator only depends on the radius, the angular

part of the kinetic energy operator can be solved separately. To that aim, the

hydrogenic wavefunctions ψ are written in spherical coordinates and separated

as a product of a radial function Rn,l and a spherical harmonic Y ml :

ψ (r, θ, φ) = Rn,l (r)Y ml (θ, φ) . (4.38)

As we have seen in chapter 2, the angular part gives rise to SO(3) angular

momentum states, characterized by the orbital quantum number l, with:

L̂2 ∣l,m⟩ = l (l + 1) h̵2 ∣l,m⟩ . (4.39)

Substitution of this result in the operator part allows to completely factorize out

the angular part, yielding the so-called radial equation of the hydrogen atom:

Ĥrad =
1

2m
p̂2
r +

l (l + 1) h̵2

2mr2
− e2

4πε0r
. (4.40)

The term in l (l + 1) represents the ‘centrifugal’ potential which provides an

outward pressure on the electron cloud as a result of its rotatory motion. Only

for l = 0 (i.e. for s-type orbitals which present a static cloud), will this term

vanish.
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4.3.2 The spectrum-generating so(2,1) algebra

The above equation incorporates the so(2,1) algebra as a spectrum-generating

algebra, as we now intend to show. The basic radial operators are the radius

r itself, and the conjugate momentum p̂r. Since a scaling transformation will

be introduced below, which transforms r and p̂r to the scaled operators R and

P̂R, we will use the scaled operators instead. From these, the following three

expressions may be constructed:

Q̂1 = 1

2
(RP̂

2
R

a
− aR + b

R
) ;

Q̂2 = RP̂R;

Q̂3 = 1

2
(RP̂

2
R

a
+ aR + b

R
) .

(4.41)

Here a and b are real parameters. Quite remarkably, these operators precisely

embody the Lie algebraic commutators of the SO(2,1) group:

[Q̂1, Q̂2] = −ih̵Q̂3;

[Q̂2, Q̂3] = ih̵Q̂1;

[Q̂3, Q̂1] = ih̵Q̂2.

(4.42)

The proof of this result again boils down to working out numerous commutators

between the radial operators.

A few manipulations are now sufficient to express the radial equation (4.40)

in terms of these basic Q̂ operators. Let us first write the radial Schrödinger

equation as (Ĥ −E) ∣Ψ⟩ = 0, where E is of course the total energy, and ∣Ψ⟩
represents a radial eigenstate Rn,l(r):

( 1

2m
p̂2
r +

l (l + 1) h̵2

2mr2
− e2

4πε0r
−E) ∣Ψ⟩ = 0. (4.43)

Now we multiply (on the left) with mαr:

(αrp̂
2
r

2
+ αl (l + 1) h̵2

2r
− mαe

2

4πε0
−mαrE) ∣Ψ⟩ = 0. (4.44)

Finally the radius is rescaled by 1/α: let R denote the new radius α−1r. As a

result the conjugate momentum p̂r will also be replaced by a new momentum

P̂r = αp̂r. In short:

r = αR, p̂r =
1

α
P̂R. (4.45)

This yields:

(RP̂
2
R

2
+ l (l + 1) h̵2

2R
− mαe

2

4πε0
−mα2RE) ∣Ψ⟩ = 0. (4.46)
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Since α was introduced as a free parameter, we can now link it to the energy,

by requiring:

2mα2E ≡ −1 or α ≡ 1√
−2mE

. (4.47)

Note here the appearance of the quantization condition that the total energy E

be negative, which characterizes bound states. Substitution in (4.46) gives:

1

2
(RP̂ 2

R +
l (l + 1) h̵2

R
+R) − mαe

2

4πε0
∣Ψ⟩ = 0. (4.48)

The radial Hamiltonian operator is seen to equal Q̂3 with the parameters a and

b equal to 1 and l (l + 1) h̵2 respectively:

(Q̂3 −
mαe2

4πε0
) ∣Ψ⟩ = 0. (4.49)

The eigenstates of the radial equation are thus eigenstates of the Q̂3 operator,

hence:

Q̂3 ∣Ψ⟩ = mαe
2

4πε0
∣Ψ⟩ . (4.50)

The total momentum operator can be expressed in radial operators as follows:

Q̂2 = Q̂2
3 − Q̂2

1 − Q̂2
2

= (Q̂3 − Q̂1) (Q̂3 + Q̂1) − [Q̂3, Q̂1] − Q̂2
2

= aR(RP̂
2
R

a
+ b

R
) − ih̵Q̂2 − Q̂2

2

= R2P̂ 2
R + ab − ih̵RP̂R −RP̂RRP̂R

= ab,

(4.51)

where in the final line we have made use of the commutator [P̂R,R] = −ih̵,

which leads to:

RP̂RRP̂R = R2P̂ 2
R − ih̵RP̂R. (4.52)

In this way all variables vanish. The remaining constant term for the case of

the hydrogen equation reduces to:

ab = l (l + 1) h̵2. (4.53)

We thus harvest the important conclusion that the squared total momentum Q2

is equal to the squared angular momentum L2. This implies that the states of

an infinite-dimensional SO(2,1) multiplet, characterized by a constant value of

Q, will share the same value of l. The transformations, induced by the ladder

operators Q̂± = Q̂1 ± iQ̂2, are therefore restricted to transformations that link

states with the same value of l. An s-orbital, for example, can be transformed

into any other s-orbital, but cannot be related to p-, d- or f -orbitals.



206 Chapter 4. SO(2,1) group

Now we have to examine the two different SO(2,1) representations. If we assume

we are on the positive side of the forbidden interval, i.e. q0 ≥ 0, one has:

Q = q0 (q0 − 1) = l (l + 1) , (4.54)

yielding:

q0 = l + 1. (4.55)

The Q̂+ operator will take the ground level ∣Q, q0⟩ to the higher floors ∣Q, q⟩,
with:

q = q0 + nr = 1 + l + nr with nr = 0, 1, 2, . . . . (4.56)

Since the radial solutions were found to be eigenstates of Q̂3, we can also identify

the eigenvalues with the q quantum numbers. This finally yields the quantized

energy levels of the hydrogen atom:

h̵q = mαe
2

4πε0
= h̵ (1 + l + nr) . (4.57)

Note that q is positive (since q0 ≥ 0) so the central parameter α is equal to

+1/
√
−2mE. Combining these expressions one obtains:

me2

4πε0
√
−2mE

= h̵ (1 + l + nr) , (4.58)

or,

E = − me4

8h2ε20n
2

with n = 1 + l + nr = 1, 2, 3, . . . . (4.59)

So far, we adopted the positive branch of the states in the Cartan-Weyl diagram.

It is worthwhile also to examine the negative branch. In this case one has:

Q = q0 (q0 + 1) = l (l + 1) , (4.60)

yielding:28

q0 = −l − 1. (4.61)

Likewise the allowed values of q will go down the ladder as −1 − l − nr. This

solution yields exactly the same energies since the energy only depends on the

square of the quantum number, but now the sign of α has also changed: α =
−1/

√
−2mE. The forbidden interval between the positive and negative branch is

given by: ]−l − 1, l + 1[. This interval is minimal for l = 0, where it corresponds

to ]−1,+1[. Since even this minimal interval has a length of two, it cannot be

bridged by the ladder operators, which means that the positive and negative

branch are effectively separated.

Do these two branches give rise to different radial solutions, corresponding

to the same energy, or are they the same? We will find out in the next section.

28Notice that q0 = l is also a solution, but since q0 < 0 and l is restricted to positive values, l ≥ 0,

this solution can be rejected on physical grounds.



4.4 Dynamical treatment of the radial wave equation 207

4.4 Dynamical treatment of the radial

wave equation

First take the positive branch in the Cartan-Weyl diagram. The Lie algebra

has shown that the Q̂− operator will destroy the lowest component ∣Q, q0⟩ of an

SO(2,1) manifold. If this is applied to the radial equation, the annihilation of

the lowest component becomes:

(Q̂1 − iQ̂2) ∣Q, q0⟩ = [1

2
(RP̂ 2

R −R + l (l + 1) h̵2

R
) − iRP̂R] ∣Q, q0⟩ = 0. (4.62)

For simplicity we will restrict ourselves to the case l = 0, which also implies

Q = 0. The equation then reduces to:

R

2
[P̂ 2
R − 1 − 2iP̂R] ∣Q, q0⟩ = 0

(P̂R − i)
2 ∣Q, q0⟩ = 0.

(4.63)

Introducing in this equation the explicit form of the radial momentum operator,

we obtain a second order differential equation in the radial wavefunction:

(−h̵2 ∂2

∂R2
− 2h̵2 1

R

∂

∂R
− 1 − 2h̵

∂

∂R
− 2h̵

1

R
) ∣Q, q0⟩ = 0. (4.64)

To solve this equation, we use the Ansatz:

∣Q, q0⟩ = f exp(−R
h̵
) , (4.65)

where f is a function of R. When this form is inserted into the differential

equation, a simplified equation in f is obtained:

−h̵2 [ 2

R

∂f

∂R
+ ∂2f

∂R2
] exp(−R

h̵
) = 0, (4.66)

which reduces to:
2

R

∂f

∂R
= − ∂

2f

∂R2
. (4.67)

By integrating this equation we see that the function f can either be constant,

or equal to 1/R. In the first case, the fundamental radial function of the 1s

ground level reads:

Ψ1s = exp(−R
h̵
) , (4.68)

which still has to be normalized. Recall that R is a scaled radius rα−1. For the

lowest level (n = 1) the value of α is given by:

α = 2hε0
me2

. (4.69)
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The product h̵α represents the so-called Bohr radius, a0, which is the atomic

unit of length:

a0 = h̵α = h2ε0
πme2

. (4.70)

One thus recovers the familiar form of the 1s wavefunction as:

Ψ1s = exp(− r

a0
) . (4.71)

But we also learn that there may be a second solution given by 1/r exp (− r
a0

).

This solution brings us to the foundations of quantum mechanics. While it is

mathematically sound, it has to be rejected on physical grounds. As stated by

Dirac, when the wavefunction approaches the origin as 1/r, it implies that the

probability of finding the particle at the origin is infinitely favored over all other

positions, which is physically unacceptable. Dirac goes on to prove that the

product rΨ should tend to zero as one approaches the origin.

Now we come to the negative branch. The Q̂+ operator will destroy the high-

est component ∣Q, q0⟩ of an SO(2,1) manifold. The leading differential equation

for l = 0 thus becomes:

(−h̵2 ∂2

∂R2
− 2h̵2 1

R

∂

∂R
− 1 + 2h̵

∂

∂R
+ 2h̵

1

R
) ∣Q, q0⟩ = 0, (4.72)

where the last two operators have now a positive sign. It is immediately clear

that the solutions will now be of the form:

∣Q, q0⟩ = f exp(+R
h̵
) . (4.73)

However the scaling parameter α also underwent a sign change, now being neg-

ative. The exponential in this equation will thus turn into exp (− r
a0

), which

recovers the fundamental 1s orbital. There is thus no doubling due to the

presence of positive and negative branches. The unicity of the ground state of

hydrogen can thus not be questioned.
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In 1896, two students from New-Zealand were awarded the 1851 Exhibition

Scholarship to undertake university studies abroad. One was John Angus Er-

skine (1873–1960) and the other Ernest Rutherford (1871–1937). Ruther-

ford went to Manchester where he would discover the atomic nucleus. Erskine

became an engineer, and later left to the University of Canterbury, Christchurch

New-Zealand, a munificent bequest to enable teaching staff to travel overseas,

and to bring specialists in the same fields to lecture at the University.

In 1971, the names of the two scholarship holders appeared again in con-

nection with our subject: in that year, the theoretical physicist Asim Orhan

Barut (1926–1994) from the University of Colorado was the visiting Ersk-

ine Fellow, and he also attended the Rutherford Centennial Symposium on the

Structure of Matter, which was held in Christchurch from 7 till 9 July 1971.
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212 Chapter 5. SO(4,2) group

His visit to New-Zealand yielded two important documents about the group

structure of the periodic table. One is a contribution in the proceedings of the

Rutherford Symposium.1 The other is a little-known booklet, containing notes

of the lectures which Barut gave in the same year as Erskine Fellow.2

In these lectures on Dynamical Groups and Generalized Symmetries in Quan-

tum Theory, Barut explained the construction of the non-compact Lie group

SO(4,2), which is the covering spectrum-generating group for the hydrogen

problem. The spectrum of bound states of hydrogen turns out to be one single

representation of the group SO(4,2). This representation was later named the

baruton,3 since it can be viewed as a single particle, which manifests itself in

the periodic table of the elements. We will come back to this important point

in the final chapter 6.

The SO(4,2) group unites all knowledge about the hydrogen spectrum which

we have gathered so far in the preceding chapters. In chapter 2, we introduced

the spherical symmetry group, SO(3), which describes the spatial symmetry

of the angular equation and is applicable to any central field problem in three

dimensions. In chapter 3, we obtained the hyperspherical group, SO(4), which

turned out to explain the degeneracy of the hydrogen levels. Finally, in chapter

4, the covering group, SO(2,1), was obtained which describes the dynamical

symmetry of the radial Schrödinger equation for the hydrogen atom.

The combination of all these symmetries provides shift operators which allow

us to run through the entire set of bound states of hydrogen; any state ∣nlm⟩ can

thus be obtained from the ground state ∣100⟩ by the subsequent application of

the appropriate ladder operators. The SO(3) group contains ladder operators

which change the magnetic quantum number m; the SO(4) group allows to

shift the orbital quantum number l in a given n-shell, and last but not least,

the spectrum-generating group SO(2,1) yields shift operators which go up and

down the principal quantum number n, thereby changing the energy.

The respective algebras taken together yield 9 infinitesimal operators: 6 from

the so(4) Lie algebra (L̂1, L̂2, L̂3, Â1, Â2 and Â3), and 3 more from the so(2,1)
algebra (Q̂1, Q̂2 and Q̂3). In order to merge both algebras to obtain a larger

unified Lie algebra, it should be verified whether these nine operators form a

closed set under commutation. As will be shown in this chapter, the 9 operators

do not close, and 6 additional operators have to be invoked in order to close

1A. O. Barut. “Group Structure of the Periodic System”. In: The Structure of Matter: Ruther-

ford Centennial Symposium. Ed. by B. G. Wybourne. Christchurch, New Zealand: University

of Canterbury Press, 1972, pp. 126–136.
2A. O. Barut. Dynamical Groups and Generalized Symmetries in Quantum Theory (With

Applications in Atomic and Particle Physics). University of Canterbury, Christchurch, New-

Zealand: Bascands Ltd., 1972.
3C. E. Wulfman. “Dynamical Groups in Atomic and Molecular Physics”. In: Recent Advances

in Group Theory and Their Application to Spectroscopy. Ed. by J. C. Donini. New York:

Plenum Press, 1978, p. 382.
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out the commutation relations. This completes the merging process and yields

a 6-dimensional so(4,2) Lie algebra of order r = 15 and rank l = 3.

In the present chapter we will illustrate how all these operators can be com-

bined to yield the spectrum-generating symmetry group SO(4,2). In the first

section, we provide the construction of this symmetry group, along the lines set

out by Barut. In the second section we present weight and root diagrams for

the baruton of hydrogen states and consider the Casimir invariants. The final

section is devoted to the moves of the ladder operators in a hydrogenic basis.

5.1 The pseudo-orthogonal group SO(4,2)

5.1.1 From SO(6) to SO(4,2)

The special orthogonal group in six dimensions, SO(6), corresponds to the group

of rotations in six-dimensional Euclidean space R6, or — what is equivalent —

the set of real 6 × 6 orthogonal matrices R, which leave the quadratic form

F (r) = x2
1 + x2

2 + x2
3 + x2

4 + x2
5 + x2

6 = rTr (5.1)

invariant, with r the column vector [x1, x2, x3, x4, x5, x6]T, and rT its dual trans-

pose row vector. To see this, consider a general matrix transformation Rr, which

preserves the quadratic form F (r):

F (Rr) = (Rr)T (Rr) = rTRTRr = rTr = F (r). (5.2)

This only holds if R is orthogonal:

RTR = I, (5.3)

with I the 6 × 6 identity matrix.

Definition 5.1. (The SO(6) Lie group): The set of proper rotation matrices:

SO(6) =
⎧⎪⎪⎨⎪⎪⎩

real 6 × 6 matrices R ∶ RTR = RRT = I
detR = 1

⎫⎪⎪⎬⎪⎪⎭
(5.4)

forms a group under matrix multiplication. This group is called the special

orthogonal group in 6 dimensions, and is denoted by the symbol SO(6). ◾

The structure of the corresponding so(6) algebra just builds on a generalization

of the familiar angular momentum operators, which we already encountered in

our discussion of the so(2), so(3), and even so(4) Lie algebras. The momenta

may be conveniently labelled by a row and column index which refer to the

entries in a 6 × 6 matrix. The operators L̂ab are then given by the formula:

L̂ab =
h̵

i
(xa

∂

∂xb
− xb

∂

∂xa
) , ∀a, b = 1→ 6. (5.5)
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These operators are Hermitian, and form a basis for the so(6) Lie algebra.

The number of independent generators is easily found: out of the 36 possible

combinations of the indices a and b, six vanish in view of the fact that L̂aa = 0

(for a = 1 → 6); this decreases the number of generators to 30. Moreover, since

the L̂ab are purely imaginary, this corresponds to a sign change when the row

and column indices are interchanged, hence:

L̂ab = −L̂ba. (5.6)

As a result, only 15 independent generators remain, the number of which is also

given by the formula n (n − 1) /2, with n the dimension of the group:

L =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 L̂12 L̂13 L̂14 L̂15 L̂16

0 L̂23 L̂24 L̂25 L̂26

0 L̂34 L̂35 L̂36

0 L̂45 L̂46

0 L̂56

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (5.7)

Notice that this matrix can be extended to the lower half using the antisymmetry

relation (5.6). Each of the L̂ab operators generates a rotation in the xaxb plane.

The commutation relations are:

[L̂ab, L̂ac] = −h̵2 (xc
∂

∂xb
− xb

∂

∂xc
) = ih̵L̂bc. (5.8)

The latter equation can be rewritten in a more formal way, as:

[L̂ab, L̂ac] = gaaih̵L̂bc, ∀a ≠ b ≠ c, no sum on a. (5.9)

The g factors are structure factors which determine the ‘metric’ of the space.

For the compact SO(6) group, the metric or curvature is positive everywhere,

hence the row of g’s may be represented as [+,+,+,+,+,+]. That is, the metric

matrix G = diag (1,1,1,1,1,1):

G =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.10)

which can be identified with the 6 × 6 identity matrix I.

5.1.2 Hydrogenic realization of the so(4,2) Lie algebra

In chapter 3, we identified the degeneracy group of the hydrogen atom as the

SO(4) group. In the full spectrum-generating symmetry group, this group must
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of course be present, and we can immediately take over the identification which

we have made in chapter 3, i.e.:

L̂1 = L̂23 ; L̂2 = L̂31 ; L̂3 = L̂12;

Â1 = L̂14 ; Â2 = L̂24 ; Â3 = L̂34.
(5.11)

In analogy with (5.7), this correspondence can also be represented as:

L⇐⇒

⎛
⎜⎜⎜⎜⎜
⎝

0 L̂3 −L̂2 Â1

0 L̂1 Â2

0 Â3

0

⎞
⎟⎟⎟⎟⎟
⎠

. (5.12)

Note the negative sign for L̂2 which is identified by cyclic permutation as L̂31,

and thus corresponds to −L̂13. We repeat their defining commutation relations:

[L̂i, L̂j] = iεijkL̂k; (5.13a)

[L̂i, Âj] = iεijkÂk; (5.13b)

[Âi, Âj] = iεijkL̂k. (5.13c)

In addition, we have to include into the covering group the dynamical so(2,1)
algebra of the radial wave equation, introduced in chapter 4, which contains

three more operators Q̂i (i = 1→ 3). One recalls that hydrogenic wavefunctions

are often written as a product of a radial function with a spherical harmonic

function:

ψ (r, θ, φ) = Rn,l (r)Y ml (θ, φ) . (5.14)

Since the Q̂i operators act on the radial part of the hydrogenic wavefunctions

only, whereas the angular momentum components operate on the angular part,

both operators are expected to commute:

[L̂i, Q̂i] = 0. (5.15)

We must therefore accommodate the subalgebra of Q̂i operators in a 3 by 3

block which has no common indices with the angular momentum block. To

that end, we must extend the matrix with two additional indices, 5 and 6, so as

to form a 456 block which is separate from the 123 block. The entries may be

identified as:

Q̂1 = L̂46 ; Q̂2 = L̂45 ; Q̂3 = L̂56. (5.16)

When written in the form (5.7), one obtains:

L⇐⇒

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 L̂3 −L̂2 Â1 ⋅ ⋅
0 L̂1 Â2 ⋅ ⋅

0 Â3 ⋅ ⋅
0 Q̂2 Q̂1

0 Q̂3

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (5.17)
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However since SO(2,1) is non-compact, the metric factors g55 and g66 will have

to be negative:

[Q̂1, Q̂2] = −ih̵Q̂3 → [L̂46, L̂45] = ih̵g44L̂65 = −ih̵L̂56;

[Q̂2, Q̂3] = ih̵Q̂1 → [L̂45, L̂56] = −ih̵g55L̂46 = ih̵L̂46;

[Q̂3, Q̂1] = ih̵Q̂2 → [L̂56, L̂46] = ih̵g66L̂54 = ih̵L̂45.

(5.18)

We thus obtain a non-compact group, with a metric [+,+,+,+,−,−], which we

have to denote as SO(4,2) instead of SO(6). The metric matrix is then written

as G = diag (1,1,1,1,−1,−1):

G =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 −1 0

0 0 0 0 0 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.19)

With this metric, the commutation relations in (5.9) give rise to the commuta-

tion table 5.1. The Q̂ operators contain two parameters a and b which we have

identified in the previous chapter as follows:

a =
√
−2mE; (5.20a)

b = l (l + 1) h̵2

a
. (5.20b)

This parametrization should raise some concern, since the operators of the al-

gebra rely on the energy of the states on which they are acting. However this

problem can be solved in a consistent way by a uniform rescaling of the radial

distance, as we will now show. Since the radial and angular momenta in the ex-

pression for the Q̂-operators are scaled by the same factor, we can re-introduce

the total momentum p̂ as follows:

rp̂2
r

a
+ b
r
= 1

a
(rp̂2

r +
l (l + 1) h̵2

r
) = rp̂

2

a
. (5.21)

In this way the Q̂-operators become:

Q̂1 = 1

2
(rp̂

2

a
− ar) ;

Q̂2 = rp̂r;

Q̂3 = 1

2
(rp̂

2

a
+ ar) .

(5.22)

Note that the parameter b is now fully absorbed in the momentum operator.

The parameter a also can be reset to unity, by simply scaling the radius ar to
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R. This scaling will also replace expressions as a−1p̂r and a−2p̂2 by P̂R and P̂ 2

respectively. Hence under this scaling the Q̂’s are simplified to:

Q̂1 = 1

2
(RP̂ 2 −R) ;

Q̂2 = RP̂R;

Q̂3 = 1

2
(RP̂ 2 +R) .

(5.23)

We recall that also the Laplace-Runge-Lenz vector contains the energy as a

parameter:

Â = 1√
−2mE

(1

2
r̂p̂2 − p̂ (r̂ ⋅ p̂) +mEr̂) . (5.24)

Using the expression for a this becomes:

Â = r̂p̂2

2a
− p̂ (r̂ ⋅ p̂)

a
− 1

2
ar̂. (5.25)

Here too a rescaling by a completely absorbs this parameter in the radial dis-

tance, and the Laplace-Runge-Lenz becomes:

Â = 1

2
R̂P̂ 2 − P̂ (R̂ ⋅ P̂) − 1

2
R̂. (5.26)

On the other hand the angular momentum operators L̂1, L̂2, L̂3 remain invariant

under this scaling. In this way all parameter dependence can be eliminated

from the operator algebra, and we obtain 9 momentum operators which are

only dependent on the coordinates and associated momenta.

However with six indices a total of 15 L̂ij operators can be formed. The

remaining 6 operators can easily be obtained by forming the required commu-

tators between the upper and lower blocks in the matrix. By combining the

Laplace-Runge-Lenz operators Âi with Q̂2 we obtain the series L̂15, L̂25, L̂35,

which we will denote by the symbol B̂i:

[Q̂2, Âi] = iB̂i. (5.27)

The three B̂i operators are the components of a vector B̂ which is in a sense

conjugate to the LRL vector. One obtains:

B̂ = 1

2
R̂P̂ 2 − P̂ (R̂ ⋅ P̂) + 1

2
R̂, (5.28)

which is identical to the expression for Â, except for a plus sign in the last term.

Similarly, the upper three rows in the sixth column of (5.7) L̂16, L̂26, L̂36 are

obtained by the commutators of the LRL vector with Q̂1:

[Q̂1, Âi] = iΓ̂i. (5.29)

The three operators Γ̂i are the components of another vector, which Barut has

called Γ̂, and which appears to be proportional to the linear momentum:

Γ̂ = RP̂. (5.30)
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In this way 15 operators are finally obtained, which may be verified to form an

so(4,2) algebra. The operators can be written in matrix form as:

L⇐⇒

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 L̂3 −L̂2 Â1 B̂1 Γ̂1

0 L̂1 Â2 B̂2 Γ̂2

0 Â3 B̂3 Γ̂3

0 Q̂2 Q̂1

0 Q̂3

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (5.31)

The resulting commutation table is given in table 5.2 and is clearly isomorphic

to table 5.1.

5.2 The Cartan-Weyl basis

In analogy with the previous chapters, we continue by deriving the Cartan

subalgebra H and corresponding Weyl diagrams of the so(4,2) algebra. This

will necessitate a change of basis, from the {L̂, Â, B̂, Γ̂, Q̂} basis, introduced

above, to the Cartan-Weyl basis. To that aim, we will follow the three steps as

set out in §2.5, albeit in a slightly modified order. We will also be helped by the

fact that the so(4) algebra of the hydrogen atom (chapter 3) forms a subalgebra

of the spectrum-generating so(4,2) algebra. The results in this section are easily

verified on the basis of the elementary commutation rules in table 5.2; most of

the computations are therefore left to the reader.

5.2.1 Cartan subalgebra and Cartan generators

We start as usual with the identification of the maximal subset of commut-

ing generators of the so(4,2) algebra. This is easily identified in view of the

simple commutation relationship (5.9), which says that two operators will only

commute if they do not have indices in common. That way, one obtains three

commuting operators, which we may choose as L̂12, L̂34, and L̂56 (i.e. L̂3, Â3

and Q̂3 respectively):

[L̂3, Â3] = [L̂3, Q̂3] = [Â3, Q̂3] = 0. (5.32)

The triplet {L̂3, Â3, Q̂3} forms a basis for the maximal Abelian Cartan subalgebra

H of so(4,2). The three operators L̂3, Â3 and Q̂3 are called Cartan generators,

and the dimensionality of H defines the rank of the so(4,2) Lie algebra. As a

consequence, all weight and root diagrams (to be introduced further on) will be

three-dimensional.
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Â

2
0

ih̵
B̂

2

Γ̂
3

−
ih̵

Γ̂
2

ih̵
Γ̂

1
0

0
0

ih̵
Q̂

1
0

0
ih̵
Q̂

3
ih̵
L̂

2
−
ih̵
L̂

1
0

ih̵
Â
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Â

3
0

ih̵
Q̂

3
ih̵
Q̂

2

Q̂
2

0
0

0
−
ih̵
B̂

1
−
ih̵
B̂

2
−
ih̵
B̂

3
−
ih̵
Â
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5.2.2 Casimir invariants

In view of Racah’s theorem, and the fact that the so(4,2) algebra is of rank 3, we

expect the SO(4,2) group to exhibit three independent Casimir invariants Ĉµ

(µ = 1→ 3) which commute with all the generators of the so(4,2) algebra. The

most important Casimir operator is the trace operator Ĉ2, which is a second-

order combination of the invariants for the various subgroups:

Ĉ2 = L̂2 + Â2 − B̂2 − Γ̂2 + Q̂2
3 − Q̂2

1 − Q̂2
2. (5.33)

Here L̂2 + Â2 and Q̂2
3 − Q̂2

1 − Q̂2
2 are already familiar as the Casimir operators

of the SO(4) and SO(2,1) groups respectively. The remaining B̂2 and Γ̂2 refer

to the squares of the B̂ and Γ̂ vectors respectively. These terms are subtracted

in Ĉ2 in line with their negative metric. For the hydrogenic realization these

scalar products can all be expressed in the Q̂-operators, as follows:

L̂2 = Q̂2
3 − Q̂2

1 − Q̂2
2;

Â2 = Q̂2
1 + Q̂2

2 − 1;

B̂2 = Q̂2
3 − Q̂2

2 + 1;

Γ̂2 = Q̂2
3 − Q̂2

1 + 1.

(5.34)

The first expression was already obtained in chapter 4. The expressions for

Â2, B̂2 and Γ̂2 are obtained in a similar way by direct calculation, starting

from the radial expressions for these operators. Inserting these results into the

expression for the Casimir operator yields an invariant which characterizes all

the hydrogenic levels by a single integer:

Ĉ2 ∣nlm⟩ = −3 ∣nlm⟩ . (5.35)

The remaining two Casimir operators are third and fourth-order polynomials in

the generators. We give their definitions for completeness sake:

Ĉ3 =
1

48
εabcdef L̂

abL̂cdL̂ef = 0; (5.36a)

Ĉ4 = L̂abL̂bcL̂cdL̂da = 0. (5.36b)

The Casimir operators are used to label irreducible representations (or multi-

plets) of the SO(4,2) group. Since all of them are reduced to a constant value,

there is only one unitary irreducible representation for the SO(4,2) group in

the hydrogenic basis. That is to say, all the (ground and excited) states of the

hydrogen atom ∣nlm⟩ are contained in a single unirrep of so(4,2).

5.2.3 Weyl generators

The remaining 12 non-Cartan operators can be recombined to yield commuting

eigenoperators of the subalgebra H. The derivation of these Weyl generators is

presented in this section, along with the construction of a root diagram for the

so(4,2) algebra which hosts the Cartan and Weyl elements.
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Weyl generators in the L3–A3 plane

For each generator of the subalgebra H, there are six operators which do not have

indices in common. For example, for L̂56 (Q̂3) the six off-diagonal elements are

L̂12, L̂23, L̂31, L̂14, L̂24 and L̂34. In view of (5.9), these operators all commute

with L̂56 and they will be positioned in the horizontal plane of the root diagram.

They correspond to the components L̂i and Âi of the angular momentum vector

L̂ and the LRL vector Â, and generate an so(4) invariance algebra, as seen in

chapter 3. We can therefore take over our analysis of the so(4) algebra from

§3.4.3, which leads to a square root diagram in the horizontal L3–A3 plane, as

depicted in figure 3.8.

Weyl generators in the L3–Q3 plane

Let us see if a similar analysis can be pursued for the root diagrams in the

vertical L3–Q3 and A3–Q3 planes. We start with a study of the L3–Q3 plane.

The six off-diagonal elements of L̂34 (Â3) are L̂12, L̂15, L̂25, L̂16, L̂26 and L̂56.

These operators correspond to the hydrogenic operators L̂3, B̂1, B̂2, Γ̂1, Γ̂2, and

Q̂3 and will be positioned in the L3–Q3 plane. It will prove useful to rewrite

them into the following linear combinations:

M̂11 =
1

2
(B̂1 + Γ̂2) ; M̂21 =

1

2
(B̂1 − Γ̂2) ;

M̂12 =
1

2
(B̂2 − Γ̂1) ; M̂22 =

1

2
(B̂2 + Γ̂1) ;

M̂13 =
1

2
(L̂3 + Q̂3) ; M̂23 =

1

2
(L̂3 − Q̂3) .

(5.37)

It can then be shown that the components of the M̂1 and M̂2 operators mutually

commute:

[M̂1i, M̂2j] = 0, ∀i, j = 1→ 3. (5.38)

The components of M̂1 commute among themselves to form an so(2,1) algebra:

[M̂11, M̂12] = −ih̵M̂13; [M̂12, M̂13] = ih̵M̂11; [M̂13, M̂11] = ih̵M̂12, (5.39a)

and similarly for the components of M̂2:

[M̂21, M̂22] = −ih̵M̂23; [M̂22, M̂23] = ih̵M̂21; [M̂23, M̂21] = ih̵M̂22. (5.39b)

We will denote these two algebras by so(2,1)1 and so(2,1)2 respectively for

further convenience. The commutation table 5.3 shows that both algebras are

completely decoupled in view of (5.38). Notice however that instead of obtaining

an so(4) algebra as in chapter 3 (which can be factorized into a direct sum of

two so(3) algebras), we now obtain an so(2,2) Lie algebra, which is locally

isomorphic to the direct sum of two so(2,1) algebras:

so(2,2) = so(2,1)1 ⊕ so(2,1)2. (5.40)
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Table 5.3: Commutation table for the generators of the so(2,2) Lie algebra in the

basis {M̂1x, M̂1y, M̂1z, M̂2x, M̂2y, M̂2z}. The generators M̂1 = (M̂1x, M̂1y, M̂1z) and

M̂2 = (M̂2x, M̂2y, M̂2z) each constitute an so(2,1) subalgebra, denoted so(2,1)1 and

so(2,1)2 respectively: so(2,2) = so(2,1)1 ⊕ so(2,1)2. Both subalgebras are located in

a square region, separated from one another by two squares of zeroes.

M̂1x M̂1y M̂1z M̂2x M̂2y M̂2z

M̂1x 0 ih̵M̂1z ih̵M̂1y 0 0 0

M̂1y −ih̵M̂1z 0 −ih̵M̂1x 0 0 0

M̂1z −ih̵M̂1y ih̵M̂1x 0 0 0 0

M̂2x 0 0 0 0 ih̵M̂2z ih̵M̂2y

M̂2y 0 0 0 −ih̵M̂2z 0 −ih̵M̂2x

M̂2z 0 0 0 −ih̵M̂2y ih̵M̂2x 0

Despite this difference, the so(2,2) root diagram will be similar to the one

obtained in figure 3.8. To see this, the two commuting operators M̂1z and M̂2z

can be taken as a basis {M̂1z, M̂2z} for the Cartan subalgebra of so(2,2). The

remaining generators M̂1x, M̂1y, M̂2x and M̂2y are then re-arranged into the

following linear combinations:

M̂1+ ≡ M̂1x + iM̂1y; M̂1− ≡ M̂1x − iM̂1y;

M̂2+ ≡ M̂2x + iM̂2y; M̂2− ≡ M̂2x − iM̂2y,
(5.41)

which form a linearly independent set of Weyl generators. By virtue of their

function as ladder operators, these Weyl elements will act as eigenoperators of

the Cartan generators:

[Ĥi, Êα] = αiÊα, ∀i = 1,2;α = 1→ 4, (5.42)

where we have denoted the Cartan generators by the general symbol Ĥi (i = 1,2)

and the Weyl generators by the symbol Êα (α = 1 → 4). The roots α1 and α2

of every Weyl element Êα can be read off from the commutation table 5.4; they

form the components of a 2-dimensional root vector α = (α1, α2), which can be

positioned in a 2-dimensional weight space formed by the M1z–M2z plane. The

root vectors are:

α (M̂1+) = (h̵,0) ; α (M̂1−) = (−h̵,0) ;

α (M̂2+) = (0, h̵) ; α (M̂2−) = (0,−h̵) ,
(5.43)

and the corresponding root diagram is depicted in figure 5.1. The mutually

commuting Cartan generators M̂1z and M̂2z are at the origin of the diagram.
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Table 5.4: Commutation table for the generators of the so(2,2) Lie algebra in

the Cartan-Weyl basis {M̂1z, M̂1+, M̂1−, M̂2z, M̂2+, M̂2−}. The Cartan subalgebra H =

{M̂1z, M̂2z} forms a maximal Abelian subalgebra of so(2,2) as indicated by the bold

0’s in the table.

M̂1z M̂1+ M̂1− M̂2z M̂2+ M̂2−

M̂1z 0 −h̵M1+ h̵M̂1− 0 0 0

M̂1+ h̵M1+ 0 2h̵M̂1z 0 0 0

M̂1− −h̵M̂1− −2h̵M̂1z 0 0 0 0

M̂2z 0 0 0 0 −h̵M̂2+ h̵M̂2−

M̂2+ 0 0 0 h̵M̂2+ 0 2h̵M̂2z

M̂2− 0 0 0 −h̵M̂2− −2h̵M̂2z 0

Weyl generators in the A3–Q3 plane

The off-diagonal elements of L̂12 (L̂3) are L̂34, L̂35, L̂36, L̂45, L̂46 and L̂56. They

correspond to the operators Â3, B̂3, Γ̂3, Q̂2, Q̂1, and Q̂3. Since they commute

with L̂3, they will all be positioned in the A3–Q3 plane. If we rewrite them in

the following linear combinations:

N̂11 =
1

2
(Γ̂3 − Q̂2) ; N̂21 =

1

2
(B̂3 − Q̂1) ;

N̂12 =
1

2
(B̂3 + Q̂1) ; N̂22 =

1

2
(Γ̂3 + Q̂2) ;

N̂13 =
1

2
(Â3 + Q̂3) ; N̂23 =

1

2
(Â3 − Q̂3) ,

(5.44)

a completely analogous analysis can be performed as in the last subsection. The

components of N̂1 and N̂2 will thus mutually commute, and they will form a

basis for two so(2,1) algebras. This gives rise to an overal so(2,2) Lie algebra,

whose root diagram is identical to the one in figure 5.1, but where the M̂ij

operators are replaced by the N̂ij operators.

5.2.4 SO(4,2) root diagram

Having analysed the root structure of the so(4) and so(2,2) subalgebras of

so(4,2) in each of the orthogonal planes L3–A3, L3–Q3 and A3–Q3, we are now

in a position to bring together all results, and construct the root diagram for

the so(4,2) Lie algebra.

Notice that a total of 18 operators have been introduced in the previous

sections. The Ĵjz, M̂jz and N̂jz (with j = 1 or 2) are however not linearly
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Figure 5.1: Root diagram

of the so(2,2) Lie algebra.

The action of every Weyl

generator is shown in the

M1z–M2z plane. The Car-

tan generators M̂1z and M̂2z

are positioned at the origin

of the Weyl diagram.

independent, and they are therefore replaced by the operators L̂3, Â3 and Q̂3.

This reduces the number of generators to 15 as required by the so(4,2) algebra.

The three commuting operators L̂3, Â3, and Q̂3 are then selected as gen-

erators of the Cartan subalgebra H ⊂ so(4,2). They form a basis for a three-

dimensional orthogonal frame, and are at the origin of the root diagram in view

of (5.32). Along with the remaining 12 Weyl generators Ĵj±, M̂j± and N̂j± (with

j = 1 or 2), they constitute the Cartan-Weyl basis for the so(4,2) algebra.

Let the general symbols Ĥi (i = 1 → 3) and Êα (α = 1 → 12) denote the

different Cartan and Weyl elements respectively. In order to position the dif-

ferent Êα’s in the root diagram, the roots αi of each Weyl element will have

to be determined with respect to the three Cartan generators, according to the

general equation (5.42). Notice that in the previous sections, the roots were

taken with respect to Ĵjz, M̂jz and N̂jz (with j = 1 or 2), and not with respect

to L̂3, Â3 and Q̂3. The new root vectors thus obtained are:

α (Ĵ1+) = (+h̵,+h̵,0) ; α (M̂1+) = (+h̵,0,+h̵) ; α (N̂1+) = (0,+h̵,+h̵) ;

α (Ĵ1−) = (−h̵,−h̵,0) ; α (M̂1−) = (−h̵,0,−h̵) ; α (N̂1−) = (0,−h̵,−h̵) ;

α (Ĵ2+) = (+h̵,−h̵,0) ; α (M̂2+) = (+h̵,0,−h̵) ; α (N̂2+) = (0,+h̵,−h̵) ;

α (Ĵ2−) = (−h̵,+h̵,0) ; α (M̂2−) = (−h̵,0,+h̵) ; α (N̂2−) = (0,−h̵,+h̵) ;

α (L̂3) = (0,0,0) ; α (Â3) = (0,0,0) ; α (Q̂3) = (0,0,0) .

It is at once evident that the four Ĵj± operators give rise to the characteristic

SO(4) square, with vertex points (±1,±1) in the L3–A3 plane (in units of h̵).

Similar results are obtained for the M̂j± and N̂j± operators, each of which gives
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Figure 5.2: Root dia-

gram of the so(4,2) Lie

algebra. The action of

every Weyl generator is

shown in the L3–A3–Q3

space. The Cartan gen-

erators L̂3, Â3 and Q̂3

are positioned at the ori-

gin of the Weyl diagram.
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rise to a square of operators in the L3–Q3 and A3–Q3 planes respectively. The

presentation of the 15 generators in the root diagram of the so(4,2) algebra

thus consists of three generators at the origin, and three squares in three per-

pendicular coordinate planes. The resulting figure is a cuboctahedron, as shown

in figure 5.2, with the Cartan generators located at the center, and each Weyl

generator pointing at one of the 12 vertices.

The cuboctahedron belongs to the 13 semiregular Archimedean solids.4 It

has 12 vertices, 14 faces and 24 edges and is obtained in one of two ways:

either by truncating a cube or by truncating an octahedron (hence also the

contraction cuboctahedron). That is, if the 8 vertices of a cube are cut off by

planes that bisect the edges meeting at each vertex, one obtains a polyhedron

with 8 equilateral triangular faces and 6 square faces. Alternatively, the 6

vertices of an octahedron can be cut off in a manner analogous to the truncated

cube. A cuboctahedron is thus looked upon as the intersection of a cube with

an octahedron, as shown in Escher’s lithograph Crystal (figure 5.3).

5.2.5 SO(4,2) weight diagrams

In a final step, a weight diagram can be constructed for the SO(4,2) group. The

weight space is defined by the three Cartan generators L̂3, Â3 and Q̂3 which

function once again as a basis for a three-dimensional orthogonal frame.

4These solids are composed of at least two different types of regular polygons. In that sense,

Archimedean solids are different from the five Platonic solids which are composed of only one

type of polygon.
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Figure 5.3: M. C. Escher’s

1949 mezzotint, titled Crys-

tal. The intersection of the

cube with the octahedron is

a cuboctahedron.

The horizontal planes formed by the first two operators L̂3 and Â3 will host

the different so(4) manifolds. In chapter 3, these manifolds were based on the

operators Ĵ1z and Ĵ2z, which in the present diagram correspond to the diagonal

directions in view of their defining property:

Ĵ1z =
1

2
(L̂z + Âz) ; Ĵ2z =

1

2
(L̂z − Âz) . (5.45)

The vertical direction, formed by the eigenvalues of the operator Q̂3, adds the

radial ladder operator to the manifold. In this way all the bound states of

hydrogen are reunited in one single infinite-dimensional degeneracy space of

SO(4,2). This space has been denoted by Wulfman as the baruton in honour

of Barut.5 Filling all the states with electrons leads to all the elements of the

periodic system, and in this way the baruton can be looked upon as a massive

particle, which covers the full periodic table (see chapter 6). The graphical

representation shown in figure 5.4 resembles a square pyramid placed upside

down. This construction is also referred to as an SO(4,2) tower.

For a further study of the periodic table, the standard SO(4,2) tower is

not really adequate since the SO(4) ‘floors’ on which it is built are not really

appropriate for the heavier elements. An alternative presentation makes use of

the ∣nlm⟩ orbitals, which are arranged in a triangular tower, as indicated in

figure 5.5. A given floor is characterized by the principal quantum number n.

The horizontal stripes correspond to the different l subshells, and the dots are

the individual m components. The allowed moves on this tower will be discussed

in the next section.

The collection of all bound quantum levels in a single degenerate SO(4,2)

manifold may be attributed to the scaling of the radial distance. The scaling

parameter a is proportional to the square root of the energy. The ground level,

5Wulfman, loc. cit.
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Figure 5.4: Weight diagram of the so(4,2) Lie algebra, depicting the (0,0), ( 1
2
, 1

2
),

(1,1) and ( 3
2
, 3

2
) manifolds from figure 3.10. The action of the 12 Weyl generators

is shown in the SO(4,2) tower by arrows pointing from the central state in the (1,1)

manifold.

which has the largest binding energy, is characterized by the smallest mean

radius but will be expanded most, since it has the largest scaling factor. In this

way the gradual extension of the bound levels with higher principal quantum

number n is exactly compensated by the rescaling, and all levels end up at the

same quantum state.

5.3 Quantum alchemy

5.3.1 Raising and lowering m

As we already discussed in chapter 2, the ladder operators of angular momentum

theory are designed to raise or lower the m quantum number. This may be

denoted as follows:

L̂+ ∣nlm⟩ = ωl+m ∣nl(m + 1)⟩ ; (5.46a)

L̂− ∣nlm⟩ = ωl−m ∣nl(m − 1)⟩ . (5.46b)

For our present purposes we will go one step further and identify the unknown

coefficients ωl±m in these equations. This can be achieved by the algebraic
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to obtain the action of I?*, I'3 on the basis vectors. The results are given in the Ap- 
pendix. 

Finally, we note that all basis functions Inlm) can be obtained from the ground 
state 1100) by application of the s0(4,2) raising generators. Thus, 

where 

(87b) 
(21 + l)(n - 1 - 1)!(1 + 

2'I!(n - l)! (n + 1)!(1 - m)! N n l m  = 

This is illustrated in Figure 1. In Figure l(a) the so(4) tower of states is shown for 
n = 3 and all states can be obtained from the I = 0 one by application of the $ 4 4 )  
generators L-, A+.  In Figure l(b) the complete so(4,2) tower is shown where each 
triangle represents an so(4) subtower. The different $ 4 4 )  subtowers can be reached 
by applying the so(2,l) raising generator T+. 

m = - 2  -I 0 I 2 
( a )  

n=l n=2 n=3  n = 4  n=5 n.6 

Figure 1. (a) so(4) subtower of scaled hydrogenic states is shown for n = 3. The 
right-most states in each row are obtained by successive application of A+ to the I = 0 
state. The remaining states in a row are then obtained by successive application of L-. 
(b) Complete so(4,2) tower is shown. Each shaded triangle is an so(4) subtower and 
the top state ( I  = 0, m = 0) in each subtower can be obtained by successive application 

of T+ to the ground state. 

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6

Q+̂

A+
^

Figure 5.5: Triangular weight diagram of the so(4,2) Lie algebra. The shaded

triangles represent different SO(4) multiplets (for n = 1 → 6). The horizontal lines

correspond to different l values, and the dots are the individual m components. The

Q̂± operators connect states of different n but fixed l, as indicated for the upper

states with n = 1 or 2, l = 0 and m = 0. The Â± operators, on the other hand, link

states of different l within a given n-multiplet. The L̂± operators, finally, allow us to

move along a horizontal line, keeping n and l fixed and varying m. [Adapted from

B. G. Adams, J. Č́ıžek, and J. Paldus. “Representation Theory of so(4,2) for the

Perturbation Treatment of Hydrogenic-Type Hamiltonians by Algebraic Methods”. In:

International Journal of Quantum Chemistry 21.1 (1982), pp. 153–171, p. 167.]

properties of the operators themselves, in conjunction with normalization. The

Casimir operator L̂2 may be written in four different forms:

L̂2 = L̂2
x + L̂2

y + L̂2
z

= 1

2
(L̂+L̂− + L̂−L̂+) + L̂2

z

= L̂+L̂− + L̂2
z − h̵L̂z

= L̂−L̂+ + L̂2
z + h̵L̂z.

(5.47)

The total angular momentum is given by the diagonal matrix element of L̂2.

This can be worked out with the help of the above expressions as:

⟨nlm∣ L̂2 ∣nlm⟩ = ⟨nlm∣ L̂−L̂+ + L̂2
z + h̵L̂z ∣nlm⟩

= ⟨nlm∣ L̂−L̂+ ∣nlm⟩ + h̵2 (m2 +m)
= ⟨L̂+nlm∣L̂+nlm⟩ + h̵2 (m2 +m)

= ∣ωl+m∣2 + h̵2 (m2 +m)
= h̵2l (l + 1) .

Hence we have:

∣ωl+m∣2 = h̵2 [l (l + 1) −m (m + 1)] , (5.48a)
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and similarly for the lowering operator:

∣ωl−m∣2 = h̵2 [l (l + 1) −m (m − 1)] . (5.48b)

Note that these equations only provide the absolute value of the coefficient.

The choice of phase is a matter of selecting the relative phase between the

hydrogenic functions. Here, we follow the convention of Adams et al. who have

simply taken the coefficients to be positive.6 Hence one has:

ωl±m =
√

(l ∓m) (l ±m + 1) h̵. (5.49)

By multiply applying the L̂± operators, one is able to generate the entire ladder

of states, with m varying from −l to +l. Note that the raising operator coeffi-

cient vanishes for m = l; it is thus impossible to raise m above that threshold.

Similarly the lowering operator coefficient vanishes when m has reached the

m = −l lower boundary.

5.3.2 Raising and lowering n

In view of the structural correspondence between the compact SO(3) and non-

compact SO(2,1) groups, the application of raising and lowering operators for

the principal quantum number n is very similar to the ladder operations in m.

The creation and annihilation operators are defined as in chapter 4:

Q̂+ = Q̂1 + iQ̂2; (5.50a)

Q̂− = Q̂1 − iQ̂2. (5.50b)

These operators will respectively raise and lower the principal quantum number

n, while keeping the lm labels fixed. This can be expressed as follows:

Q̂+ ∣nlm⟩ = ω+nl ∣(n + 1)lm⟩ ; (5.51a)

Q̂− ∣nlm⟩ = ω−nl ∣(n − 1)lm⟩ . (5.51b)

6B. G. Adams, J. Č́ıžek, and J. Paldus. “Representation Theory of so(4,2) for the Perturba-

tion Treatment of Hydrogenic-Type Hamiltonians by Algebraic Methods”. In: International

Journal of Quantum Chemistry 21.1 (1982), pp. 153–171 and B. G. Adams, J. Č́ıžek, and

J. Paldus. “Lie Algebraic Methods and Their Application To Simple Quantum Systems”. In:

Advances in Quantum Chemistry. Ed. by Per-Olav Löwdin. Vol. 19. San Diego: Academic

Press, Inc., 1988. Chap. 1, pp. 1–84, reproduced in B. G. Adams, J. Č́ıžek, and J. Paldus.

“Lie Algebraic Methods and Their Application To Simple Quantum Systems”. In: Dynamical

Groups and Spectrum Generating Algebras. Ed. by Y. Ne’eman, A. Bohm, and A. O. Barut.

Vol. 1. Singapore: World Scientific Publishers, 1988. Chap. 3, pp. 103–208. See also B. G.

Adams. Algebraic Approach to Simple Quantum Systems. Berlin: Springer-Verlag, 1994 and

J. Č́ıžek and J. Paldus. “An Algebraic Approach to Bound States of Simple One-Electron

Systems”. In: International Journal of Quantum Chemistry 12.5 (1977), pp. 875–896.
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The ω±nl coefficients can be found in a way which is entirely similar to the

derivation of the ωl±m coefficients. First, the total momentum Q2 is analyzed in

its components as was already shown in chapter 4, and is resumed here:

Q̂2 = Q̂2
3 − Q̂2

1 − Q̂2
2

= −1

2
(Q̂+Q̂− + Q̂−Q̂+) + Q̂2

3

= −Q̂+Q̂− + Q̂2
3 − h̵Q̂3

= −Q̂−Q̂+ + Q̂2
3 + h̵Q̂3.

(5.52)

One then evaluates the matrix element of Q̂2, making use of the Hermiticity

of the raising and lowering operators, and keeping in mind that the total Q2

momentum is equal to the angular momentum:

⟨nlm∣ Q̂2 ∣nlm⟩ = ⟨nlm∣ − Q̂−Q̂+ + Q̂2
3 + h̵Q̂3 ∣nlm⟩

= − ⟨nlm∣ Q̂−Q̂+ ∣nlm⟩ + h̵2 (n2 + n)
= − ⟨Q̂+nlm∣Q̂+nlm⟩ + h̵2 (n2 + n)

= − ∣ω+nl ∣2 + h̵2 (n2 + n)
= h̵2l (l + 1) .

Hence we have:

∣ω+nl ∣2 = h̵2 [n (n + 1) − l (l + 1)] , (5.53a)

and similarly for the lowering operator:

∣ω−nl ∣2 = h̵2 [n (n − 1) − l (l + 1)] . (5.53b)

Again only the absolute values of these coefficients are fixed by this expression,

and the phase can be chosen freely. We have adopted here the simplest positive

square root, following Adams et al., which leads to:

ω±nl =
√

(n ∓ l) (n ± l ± 1). (5.54)

The lowest level one can reach by consecutive application of the lowering op-

erator Q̂− is the 1s ground level (with n = 1, l = 0) at which point the ω−nl
coefficient vanishes. On the other hand, since the maximal l-value of a given

level is equal to n − 1, the ω+nl coefficient will never be zero, and hence there is

no upper bound to n; one can continue to climb up in energy by applying the

raising operator Q̂+ ad infinitum.

5.3.3 Raising and lowering l

The raising and lowering of the orbital quantum number l is less straightforward.

Note that there is no simple operator that will yield this quantum number

directly. The angular momentum operator L̂2 only yields the product l (l + 1).
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The action of the Laplace-Runge-Lenz operators in the ∣nlm⟩ manifold was

derived in chapter 3. The result is:

Â2 ∣nlm⟩ = h̵2 (n2 − l (l + 1) − 1) ∣nlm⟩ . (5.55)

Defining raising and lowering operators in the same way as before, i.e. Â± =
Âx ± iÂy, one may rewrite the squared operator as follows:

Â2 = 1

2
(Â+Â− + Â−Â+) + Â2

z

= Â−Â+ + Â2
z + h̵L̂z

= Â+Â− + Â2
z − h̵L̂z,

(5.56)

where we have made use of the commutator [Âx, Ây] = ih̵L̂z. Another useful

relation is the orthogonality of the Laplace-Runge-Lenz and angular momentum

vectors: Â ⋅ L̂ = 0. This yields:

Â ⋅ L̂ = 1

2
(Â+L̂− + Â−L̂+) + ÂzL̂z = 0. (5.57)

Since in this expression the lowering operator Â− is associated with the raising

operator L̂+, it is clear that Â− will lower m by one unit, and vice versa for

the raising operator Â+ which must increase m by one unit. However, it is not

so that they will also lower or increase l accordingly. The operator that will

raise l by one unit will be denoted as ∆̂+
l . It is given by the following linear

combination:

∆̂+
l = Â−L̂+ + Âz (L̂z + l + 1) . (5.58)

The inverse operator which lowers l by one unit is given by inverting the raising

operator, such that ∆−
l+1∆+

l leaves l unchanged. Hence by applying the unitary

properties of the Lie operators, one obtains:

∆̂−
l+1 = Â+L̂− + Âz (L̂z + l + 1) . (5.59)

Note that the lowering operator here is characterized by the l + 1 label, since

it acts here on the state which results from raising l by one. Accordingly the

lowering operator acting on the initial ∣nlm⟩ state is given by:

∆̂−
l = Â+L̂− + Âz (L̂z + l) . (5.60)

These are not ordinary Lie operators, since they contain the l quantum number

as a parameter. In order to apply these operators to a given function, the

l characteristic number of this function should already be known in advance!

Our first task however is to prove that these operators indeed change the value

of l in the way which we have indicated. This can easily be obtained by working

out the commutator with the angular momentum. One has:

[L̂2, ∆̂+
l ] = [(L̂2

z + h̵L̂z + L̂−L̂+) , (Â−L̂+ + Âz (L̂z + l + 1))]
= (2l + 2) ∆̂+

l .
(5.61)
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Hence this implies that the result of applying the raising operator on a l-

wavefunction is indeed an (l + 1)-wavefunction, since:

L̂2∆̂+
l ∣nlm⟩ = ∆̂+

l [L̂2 + (2l + 2)] ∣nlm⟩
= ∆̂+

l [l (l + 1) + 2 (l + 1)] ∣nlm⟩
= (l + 1) (l + 2) ∆̂+

l ∣nlm⟩ .
(5.62)

In an entirely similar way one finds the commutator for the lowering operator:

[L̂2, ∆̂−
l ] = [(L̂2

z + h̵L̂z + L̂−L̂+) , (Â+L̂− + Âz (L̂z + l))]
= (−2l) ∆̂−

l .
(5.63)

This implies that ∆̂−
l lowers l by one:

L̂2∆̂−
l ∣nlm⟩ = ∆̂−

l [L̂2 − 2l] ∣nlm⟩
= ∆̂−

l [l (l + 1) − 2l] ∣nlm⟩
= l (l − 1) ∆̂−

l ∣nlm⟩ .
(5.64)

These results delineate the action of the ∆̂±
l operators on the triplet of quantum

numbers. Introducing two unknown coefficients, c+nlm and c−nlm, we may write:

∆̂+
l ∣nlm⟩ = c+nlm ∣n(l + 1)m⟩ ; (5.65a)

∆̂−
l ∣nlm⟩ = c−nlm ∣n(l − 1)m⟩ . (5.65b)

The rest of this section will be devoted to finding the two unknown coefficients.

To that aim we will have to set up two master equations.

In the first equation we evaluate the matrix element ⟨nlm∣ Â2 ∣nlm⟩. For

that we need to know how the component operators, such as Âz and Â−, act

on the wavefunction. The action of Âz can be easily found. We simply have to

rewrite the ∆̂±
l operators in full, and perform an addition, as is shown here:

∆̂+
l = Â−L̂+ + Âz (L̂z + l + 1)

∆̂−
l = Â+L̂− + Âz (L̂z + l)
= −Â−L̂+ + Âz (−L̂z + l) .

(5.66)

Addition yields:

Âz ∣nlm⟩ = c+nlm
2l + 1

∣n(l + 1)m⟩ + c−nlm
2l + 1

∣n(l − 1)m⟩ . (5.67)

To find out how the lowering operator acts on the wavefunction is slightly more

difficult. The combination (m − l) ∆̂+
l + (l +m + 1) ∆̂−

nlm yields:

Â−L̂+ ∣nlm⟩ = c
+
nlm (l −m)

2l + 1
∣n(l + 1)m⟩ − c

−
nlm (l +m + 1)

2l + 1
∣n(l − 1)m⟩ . (5.68)
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Since the action of L̂+ on the wavefunction is known, this result can be rewritten

as:

Â− ∣nl(m + 1)⟩ = c+nlm
2l + 1

√
l −m

l +m + 1
∣n(l + 1)m⟩

− c−nlm
2l + 1

√
l +m + 1

l −m ∣n(l − 1)m⟩ .
(5.69)

Now we apply L̂− to both sides of this equation. Since the two lowering operators

commute, [L̂−, Â−] = 0, we can easily derive the desired action of Â−:

Â− ∣nlm⟩ = c+nlm
2l + 1

√
l −m + 2

l +m + 1
∣n(l + 1)(m − 1)⟩

+ c−nlm
2l + 1

√
l +m − 1

l −m ∣n(l − 1)(m − 1)⟩ .
(5.70)

These results are sufficient to work out the matrix element of Â2, which in turn

yields the first master equation for the c-coefficients:

⟨nlm∣ Â2 ∣nlm⟩ = ⟨nlm∣ (Â+Â− + Â2
z − L̂z) ∣nlm⟩

= ⟨Â−nlm∣Â−nlm⟩ + ⟨Âznlm∣Âznlm⟩ −m
= n2 − 1 − l (l + 1) .

(5.71)

Substituting the matrix elements then yields the first master equation:

( c
+
nlm

2l + 1
)

2

( l −m + 2

l +m + 1
+ 1)+( c

−
nlm

2l + 1
)

2

( l +m − 1

l −m + 1) = n2−1−l (l + 1)+m. (5.72)

For the second equation we have chosen to express the commutator of the raising

and lowering operators in terms of the c-coefficients. This commutator reads:

[Â+, Â−] = 2L̂z. Putting this result inside a matrix element yields:

⟨nlm∣ (Â+Â− − Â−Â+ − 2L̂z) ∣nlm⟩
= ⟨Â−nlm∣Â−nlm⟩ − ⟨Â+nlm∣Â+nlm⟩ − 2m = 0.

(5.73)

While we have already worked out the action of Â− on the wavefunction, we

now also need the action of the raising operator. One has:

Â+L̂− ∣nlm⟩ = (ÂzL̂+L̂− − L̂+ÂzL̂−) ∣nlm⟩
= (ÂzL̂+L̂− − L̂+L̂−Âz + Â−L̂+ + 2Âz) ∣nlm⟩ .

(5.74)

This yields:

Â+L− ∣nlm⟩ = −c
+
nlm (l +m)

2l + 1
∣n(l + 1)m⟩ − c

−
nlm (l −m + 1)

2l + 1
∣n(l − 1)m⟩ (5.75)

Operating now left and right with the angular momentum raising operator L̂+,

and making use of the fact that the Â+ and L̂+ raising operators commute, one

obtains:

L̂+Â+L̂− ∣nlm⟩ = Â+L̂+L̂− ∣nlm⟩ = (l +m) (l −m + 1) Â+ ∣nlm⟩ . (5.76)
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By combining these results one finally obtains the action of the rasing operator

on the wavefunction:

A+ ∣nlm⟩ = − c
+
nlm

2l + 1

√
l +m + 2

l −m + 1
∣n(l + 1)(m + 1)⟩

− c−nlm
2l + 1

√
l −m − 1

l +m ∣n(l − 1)(m + 1)⟩ .
(5.77)

All this should now be inserted in the expression for the commutator, to obtain

the second master equation:

( c
+
nlm

2l + 1
)

2

( l −m + 2

l +m + 1
− l +m + 2

l −m + 1
)

+ ( c
−
nlm

2l + 1
)

2

( l +m − 1

l −m − l −m − 1

l +m ) − 2m = 0.

(5.78)

This set of two equations yields the absolute values of the c-coefficients. At this

point a phase choice must be made to obtain a fixed form for the raising and

lowering operations. We have adopted here the phase choice made by Adams

et al., yielding:

c+nlm
2l + 1

=
√

(l + 1 −m) (l + 1 +m)
¿
ÁÁÀn2 − (l + 1)2

4 (l + 1)2 − 1

c−nlm
2l + 1

=
√

(l −m) (l +m)
√

n2 − l2
4l2 − 1

.

(5.79)

Note that the second expression in this equation is immediately obtained from

the first by simply replacing l + 1 by l. This reflects the unitary relation-

ship between the ∆̂+
l and ∆̂−

l+1 operators. Further note that the adoption of

a phase convention is subject to a consistency check. The shift operators which

we have introduced allow to go from one state to another, say from ∣nlm⟩ to

∣(n + 1)(l + 1)m⟩, in two different ways, i.e. via ∣n(l + 1)m⟩ or via ∣(n + 1)lm⟩.
The two paths should lead to the same result, including the phase! It is easily

checked that the convention which we have adopted, fulfills this criterion. We

will study these pathways in more detail in the next chapter.
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6.1 Introduction

The construction of the periodic table by Mendeleev revealed the existence

of an integer number regularity, which hinted at the compound nature of the

atoms. The lengths of the periods in the left-step periodic system were seen to

increase as a regular sequence:

2, 2, 8, 8, 18, 18, 32, 32, . . . (6.1)

This was an open invitation to explore the deeper structure of atomic mat-

ter. It would nonetheless take several decades before the idea of the indivisible

atom was abandoned and nuclei and electrons were identified as the atomic

constituents.

The quantum mechanical treatment of the hydrogen atom provided at once a

window on the whole of chemistry. It not only established from first principles

the units of length and energy for atomic phenomena, but also promised an

explanation of the periodic table, based on integer quantum numbers. These

successes had already been claimed before by Bohr in his planetary model, but

they were based on the introduction of an ad hoc quantization.

As far as the periodic structure was concerned, the entrance into the promised

land was not immediate. First of all, the degeneracies of the SO(4) hydrogen

shells would run as the sequence of squares

1, 4, 9, 16, . . . , (6.2)

while the actual magic numbers of the periodic table ran as a sequence of double

squares. This difference could however easily be explained a posteriori by the

introduction of the additional spin quantum numbers, which are responsible for

the doubling of the occupation numbers. More troublesome were the actual

lengths of the periods, which showed a further doubling.

Unlike hydrogen, all heavier atoms carry more than one electron and thus

incorporate an additional inter-electronic repulsion energy. This effect changes

the simple Coulombic central field potential which is responsible for the SO(4)

degeneracy group of the Kepler problem. Hence it should not be surprising that

the strict hydrogenic order is no longer obeyed. What is surprising however, is

that instead a different order seems to be imposed, as if some unknown symmetry

group was taking over. The origin of this dynamical symmetry will have to be

explored in this chapter.

A description of the methodology and philosophy of the group-theoretical

approach is given in §6.2. We then proceed by offering an explanation for the pe-

riod doubling in §6.3. A group-theoretical articulation of the Madelung (n + l, n)
rule will then be attempted in §6.4, which will lead us to a consideration of non-

linear algebras in §6.5. We end this chapter with a continuation of the literature

study in §6.6.
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6.2 Group theoretical classification of the

chemical elements

The aim of this final chapter is to provide a group-theoretical articulation of

the global group structure of the periodic system. We urge the reader to refer

back to the brief (non-technical) description of this group-theoretical approach

in §1.7.3 of the literature study. If that section provided the bare skeleton of

our approach, then this chapter will put the flesh on the bones.

In the previous chapters (2–5), the symmetries of the hydrogen atom have

been studied in great detail. Starting from the spherical SO(3) group, a tradi-

tional symmetry ascent process has been followed, which culminated in a deriva-

tion of the noninvariance group SO(4,2).1 The reason we devoted so much space

to the hydrogen symmetries is because the SO(4,2) group provides an excellent

starting point for a group-theoretical study of the periodic table.

Two major challenges lie ahead if we want to rationalize the degeneracy

patterns in the left-step periodic system: 1. to provide a symmetry-based inter-

pretation of the period doubling, and 2. to reinterpret the Madelung (n + l, n)
rule in a group-theoretical way.

APA versus EPA

At this point, an important distinction should be made between two types of

group-theoretical approaches.2 So far, the only quantum system under study

has been the hydrogen atom, whose Hamiltonian is exactly known. Historically,

when group theory started to be applied in atomic and molecular physics, this

was typically the case. Following Ostrovsky’s terminology, we will refer to

this as the atomic physics approach (APA).

When it comes to the periodic system however, it is much harder to con-

struct a Hamiltonian, let alone to study its symmetries. This situation could be

compared to the status of elementary particle physics in the late 1950s. As the

1A second approach to the SO(4,2) group has been proposed by Kibler and Négadi who

followed a symmetry descent process starting from the real symplectic group Sp(8). See M. R.

Kibler and T. Negadi. “On the Connection between the Hydrogen Atom and the Harmonic

Oscillator: The Continuum Case”. In: Journal of Physics A: Mathematical and General 16.18

(1983), p. 4265; M. R. Kibler and T. Negadi. “Connection between the Hydrogen Atom and

the Harmonic Oscillator: The Zero-Energy Case”. In: Physical Review A 29.5 (1984), p. 2891.

See also M. R. Kibler. “On the Use of the Group SO(4,2) in Atomic and Molecular Physics”.

In: Molecular Physics 102.11-12 (2004), pp. 1221–1229.
2V. N. Ostrovsky. “Group Theory Applied to the Periodic Table of the Elements”. In: The

Mathematics of the Periodic Table. Ed. by D. H. Rouvray and R. B. King. New York: Nova

Science Publishers, Inc., 2006, pp. 268-269. See also V. N. Ostrovsky. “Group Theory and

Periodic System of Elements”. 1996, p. 196 and V. N. Ostrovsky. “What and How Physics

Contributes to Understanding the Periodic Law”. In: Foundations of Chemistry 3.2 (2001),

p. 165
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internal dynamics of the hadrons were shrouded in mist, an exact knowledge of

the system Hamiltonian was unavailable.3 This rendered it naturally impossi-

ble to study the symmetry group that would leave the Hamiltonian invariant.

Instead, a phenomenological approach was adopted; symmetry groups were no

longer derived from first principles, but simply postulated on the basis of the

available empirical data (such as mass properties, conservations laws, etc.). This

approach, which will be referred to as the elementary particle approach (EPA),

ultimately led to a successful classification of the hadrons in the eightfold way.4

A similar phenomenological approach will be adopted in this chapter. The

structure of the left-step periodic system serves as empirical input ; that is, the

set of period lengths in (6.1) will be assumed to represent the dimensions of the

unirreps of a particular symmetry group, to be uncovered in this chapter. A

more in-depth study of the internal dynamics of many-electron systems holds

the promise of yielding additional insight into the physical origin of the observed

symmetries in the periodic table, but will not be pursued in this dissertation.

6.2.1 System and system states

In the group-theoretical approach that will be adopted in this chapter, the differ-

ent chemical elements are treated as structureless particles; atoms are assumed

to be noncomposite and their internal dynamics can thus be ignored. Instead,

the chemical elements are considered to be various states of a single quantum

system S which, in turn, is treated as a kind of superparticle.5 Following a

proposition made by Wulfman in 1978, this pseudoparticle whose spectrum

is Barut’s atomic supermultiplet will be denoted by the name baruton.6 The

different states (or elements) will be represented by ket vectors ∣α⟩, ∣β⟩, ∣γ⟩, . . .,
which form a basis for an infinite-dimensional Hilbert space H.

Within the EPA, a set of group-theoretical labels n, l, ml and ms are then in-

troduced to identify each of the different ket vectors, denoted ∣nlmlms⟩. These

‘internal quantum numbers’ are not to be confounded with the one-electron

quantum numbers of hydrogenic systems, unless additional hypotheses are in-

troduced.7 Rather, the labels n, l, ml and ms find their origin in the postulation

of a particular symmetry group G of the periodic table. Since the range of vari-

3The theory of strong interactions, quantum chromodynamics (QCD), was only developed after

the discovery of quarks.
4M. Gell-Mann and Y. Ne’eman. The Eightfold Way. Advanced Book Classics. Boulder,

Colorado: Westview Press, 2000.
5We emphasize that this notion of a superparticle has no relation with the supersymmetric

partners of bosons and fermions, whose existence has been postulated in particle physics as

the result of a supersymmetry (SUSY).
6C. E. Wulfman. “Dynamical Groups in Atomic and Molecular Physics”. In: Recent Advances

in Group Theory and Their Application to Spectroscopy. Ed. by J. C. Donini. New York:

Plenum Press, 1978, p. 382.
7Ostrovsky, “Group Theory Applied to the Periodic Table of the Elements”, p. 269.
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ation of these formal EPA labels is the same as for the physical APA quantum

numbers of the hydrogen atom, the conformal SO(4,2) group serves as a natural

candidate for our study of the global group structure of the periodic system.

In order not to be prejudiced about the hydrogenic quantum numbers,

Barut introduced the symbols ν, λ, µλ and µσ.8 Ostrovsky similarly distin-

guished between the conventional quantum numbers and the abstract SO(4,2)

labels by denoting the latter ones with a tilde sign: ñ, l̃, m̃l and m̃s.
9 Although

this symbolism explicitly breaks the link with quantum mechanics, we will not

adopt this notation, and use the traditional n, l, ml and ms labels instead.

It should be emphasized however that even without this quantum-mechanical

underpinning, the numbers n, l, ml and ms serve as natural labels for the

elements. Their value can be inferred from the position of an element in the

periodic table, and from that point of view, the ket ∣nlmlms⟩ serves as an address

for the different elements.

6.2.2 Symmetry and symmetry breaking

As indicated above, the overall symmetry group G of the periodic table will be

identified with the direct product group SO(4,2) ⊗ SU(2). The special real

pseudo-orthogonal group in 4 + 2 dimensions (or conformal group) SO(4,2) was

introduced in chapter 5 as a semi-simple Lie group of order r = 15 and rank

l = 3. This group provides the labels n, l and ml. In order to introduce the

fourth variable ms, the direct product will be formed between SO(4,2) and the

special unitary group in 2 dimensions, SU(2). This semi-simple Lie group of

order r = 3 and rank l = 1 will then serve to label the spin state of an element.

The introduction of this additional ‘spin’ group thus leads to a doubling of the

dimensions of the different unirreps of the SO(4,2) subgroups.

The chemical elements form a basis for an infinite-dimensional unitary ir-

reducible representation (or unirrep), denoted h ⊗ [2], of the SO(4,2) ⊗ SU(2)

group, where h is the unirrep of SO(4,2) and [2] stands for the fundamental

representation of the spectral SU(2) group. The entire set of chemical elements

is in this way housed in a single (infinite-dimensional) manifold of the symme-

try group. From the point of view of the SO(4,2)⊗ SU(2) group, the chemical

elements are thus perfectly equivalent and interrelated.

In order to see this, raising and lowering operators can be constructed from

the generators of the corresponding spectrum-generating Lie algebra so(4,2)⊕
su(2). The resulting shift operators are able to transform any state ∣nlmlms⟩
into any other state ∣n′l′m′

lm
′
s⟩. When written in the Cartan-Weyl basis, the

8A. O. Barut. “Group Structure of the Periodic System”. In: The Structure of Matter: Ruther-

ford Centennial Symposium. Ed. by B. G. Wybourne. Christchurch, New Zealand: University

of Canterbury Press, 1972, pp. 126–136.
9Ostrovsky, “Group Theory and Periodic System of Elements”, p. 196.
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action of these ladder operators can be depicted in a root diagram. This was

pursued in chapter 5, and resulted in a cuboctahedral arrangement of the Weyl

generators. To put it more poetically, the so(4,2) ⊕ su(2) root diagram repre-

sents the philosophers’ stone of quantum alchemy ; it enables one to ‘transmute’

every element into every other.

Shattered symmetry

Only when the philosophers’ stone is shattered — that is to say, when the group

G = SO(4,2)⊗SU(2) is broken into smaller subgroups G1, G2, G3, . . . — will the

infinite-dimensional manifold (i.e. the baruton) break up into smaller multiplets.

In that sense, the baruton could be said to represent the primeval atom, at

the point of the Big Bang when all energies were degenerate. As its symme-

try broke, the universe unfolded and phenomena appeared. Following Pierre

Curie’s dictum, it is precisely because the symmetry is broken that we are able

to distinguish the phenomena. The observable manifestations of the baruton

are the different chemical elements, which are arranged together in the periodic

system. This implies that the structure of the periodic table is to be found in a

particular symmetry breaking of the SO(4,2)⊗SU(2) group, which involves the

identification of the different subalgebras of so(4,2). The degeneracy pattern of

the periodic system thus follows from the decomposition of the global multiplet

over the subgroup unirreps.

6.2.3 Mass formulas

In the atomic physics approach to the hydrogen atom, formulas could be derived

for the system’s energy. Within the EPA, this is no longer possible and addi-

tional formulas will have to be introduced in order to describe the energy level

ordering. These formulas find their origin outside the group-theoretical scheme.

A distinction can be made between ordering formulas, which yield the relative

order of the energy levels in function of their group-theoretical labels, and mass

formulas, which quantify the energy (or mass) of each degeneracy level.

The resulting mass operator M̂ (variously known as a symmetry breaking

operator) belongs to the universal enveloping algebra U(g) of the system’s sym-

metry group G; it is typically expressed as a polynomial in the Cartan gen-

erators Ĥi of g (written in its Cartan-Weyl basis) and Casimir operators Ĉµ

of the subgroups G1, G2, . . . The eigenkets of M̂ are all the vectors ∣nlmlms⟩;
their corresponding eigenvalues are the positive integer numbers 1, 2, 3, . . . of

multiplicity 1.10 This implies a one-to-one correspondence between the set of

quantum numbers n, l, ml, ms and the eigenvalues of M̂ , which will be iden-

10A. I. Fet. “Conformal symmetry of the chemical elements”. In: Theoretical and Mathematical

Physics 22.3 (1975), p. 229.
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tified with the atomic number Z. Each chemical element with atomic number

Z is thus ascribed an ‘address’ in terms of the group-theoretical labels of the

symmetry group G:

Z ↔ {n, l,ml,ms}. (6.3)

Based on this association, each chemical element can be accommodated in a

group-theoretical version of the periodic system, which can then be compared

to the conventional Mendeleev chart. This procedure is similar to the approach

taken in hadron physics, where mass operators have been analogously defined

for the SU(3) and SU(6) groups (cf. Gell-Mann–Okubo mass formula). We

emphasize once more that the obtained mass formulas are purely phenomeno-

logical ; they are often superseded as theoretical research in quantum mechanics

(or quantum chromodynamics) advances.

We also note that mass formulas can be cast as model Hamiltonians which are

expressed in terms of the generators of the spectrum-generating algebra.11 The

construction of such formal Hamiltonians differs from the physical Hamiltonians

within the atomic physics approach.

6.2.4 The atomic chess board

It will prove very convenient later on to represent the basic nl states in a two-

dimensional diagram, with the principal quantum number n along the vertical

axis, and the orbital quantum number l along the horizontal axis. Since l < n,

a triangular array will be obtained (e.g. figure 6.5):

n / l 0 1 2 3 4 5 6

7 7s 7p 7d 7f 7g 7h 7i

6 6s 6p 6d 6f 6g 6h

5 5s 5p 5d 5f 5g

4 4s 4p 4d 4f

3 3s 3p 3d

2 2s 2p

1 1s

(6.4)

Each entry in the table represents a manifold of 2 (2l + 1) substates, which

form a tower in the third dimension. All elements belonging to a given nl

configuration are thus grouped together on the same entry in the diagram. A

given row (labelled by n = 1, 2, 3, . . .) contains 2n2 elements; the columns

(labelled by l = 0, 1, 2, . . .) are bounded from below, and contain an infinite

number of elements as n = 1 → +∞. This implies that the periodic system

11Ostrovsky, “Group Theory Applied to the Periodic Table of the Elements”, p. 269.
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Figure 6.1: In order to understand the structure of the periodic system, we will have

to find out the rules of an atomic chess. On the above chess board, the principal

quantum number n increases as one walks towards the horizon. The orbital quantum

number l increases from left to right.

contains (at least theoretically) an infinite number of elements; in practice, only

114 elements are known to date (with Z = 1 → 112, 114, 116). Most elements

with Z > 112 have not yet materialized in our physical world.

The periodic table has been compared to a city with west-east streets in the l

direction (labelled by n), and north-south avenues in the n direction (labelled by

l, ml and ms). The n-th street contains n blocks, labelled by l = 0, 1, . . . , n−1.

Each block, with address (n, l), contains 2 (2l + 1) houses whose addresses are

given by the quartet (n, l,ml,ms). Chemical elements belonging to the same

nl configuration are housed in the same block, and the SO(3) ⊗ SU(2) ladder

operators will act as bus lines taking you from one house to another in that

same l-block. The SO(4) ⊗ SU(2) and SO(2,1) bus lines allow to move along

the streets and avenues respectively, and the SO(4,2) ⊗ SU(2) taxis bring you

from any house to any other house in Mendeleev city.12

12The image of streets, avenues and houses in a city was first used by Byakov et al. in V. M.

Byakov et al. “Group-Theoretical Classification of Chemical Elements. I. Physical Founda-

tions”. Moscow, 1976; V. M. Byakov et al. “Group-Theoretical Classification of Chemical

Elements. II. Description of Applied Groups”. Moscow, 1976; V. M. Byakov et al. “Group-

Theoretical Classification of Chemical Elements. III. Comparison with the Properties of Ele-

ments”. Moscow, 1977. The Mendeleev city metaphor has been further popularized by Mau-

rice Kibler in a number of papers. See, for example, M. R. Kibler. “On a Group-Theoretical

Approach to the Periodic Table of Chemical Elements”. In: XI International Conference on

Symmetry Methods in Physics. Prague, 2004; M. R. Kibler. “From the Mendeleev Periodic

Table to Particle Physics and Back to the Periodic Table”. In: Foundations of Chemistry 9.3

(2007), pp. 221–234.
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Figure 6.2: Qualitative correlation diagram. The energy dependence of the nl or-

bitals on the quantum numbers n and l is depicted for 5 different orbital filling rules.

The diagram is suggestive of a possible relation between the Madelung (n + l), hydro-

genic (n) and harmonic (n − l
2
) orbital orderings and degeneracies. [Adapted from J.

Katriel and C. K. Jørgensen. “Possible Broken Supersymmetry behind the Periodic

Table”. In: Chemical Physics Letters 87.4 (1982), pp. 315–319.]

We prefer however to compare the diagram to a chess board, since relevant moves

are not restricted to horizontal and vertical displacements! To reconstruct the

structure of the periodic table, we will have to find out the rules of this atomic

chess (figure 6.1).

6.2.5 Correlation diagram

A qualitative overview of the bi-modal energy dependence on the quantum num-

bers n and l for different possible filling rules can be represented in a graph as

shown in figure 6.2. This correlation diagram represents the orbital energies for 5

different Aufbau schemes, and goes back to an early study by Friedrich Hund

(1896–1997), who drew a correlation diagram between the discrete eigenvalues

of the three-dimensional isotropic harmonic oscillator and the Schrödinger hy-

drogenic levels. These correspond to the n − l/2 and n points respectively in

the diagram. The diagram was later expanded by Jörgensen and Katriel to

include the n+ l stage, which corresponds to the Madelung rule. This extension

also passes through the n+ l/2 point, which is the reflection of the oscillator. To

complete the diagram, we have added one more case to the left, corresponding

to the n − l ‘anti-Madelung ’ (or Regge) rule.
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Table 6.1: The rules of atomic chess. The symbol and allowed moves of each chess

piece are summarized, along with their corresponding symmetry group and filling

rule. Notice that a distinction should be made between the black and white bishops,

for which n+ l is even and odd respectively. The pawn is a monster; it can only move

upwards on the chess board, and is thus identified with the Q̂+ operator. As there is

no ‘inverse pawn’, the pawn cannot not represent a symmetry group.

Chess piece Symbol Moves Symmetry group Filling rule

King K ↔ ↕⤡⤢ SO(4,2) —

Queen Q ↔ ↕⤡⤢ SO(4,2) —

Rook R ↔ ↕ SO(4) ⊗ SO(2,1) —

Horizontal rook — ↔ SO(4) n

Vertical rook — ↕ SO(2,1) —

Knight N ↩8↪2 ? n ± l/2

Main knight — ↩8 SU(3) n − l/2

Second knight — ↪2 ? n + l/2

Bishop (2x) B ⤡⤢ SO(3,2) n ± l

Regge bishop — ⤡ SO(3,1)? n − l

Madelung bishop — ⤢ SO(4)? n + l

Pawn p ↑ Q̂+ —

By plotting the different nl orbitals at regular l/2 intervals, from n− l till n+ l,
the variation in energy for each of the nl orbitals can be followed along the

correlation lines as the filling rule changes. As is evident from figure 6.2, the

correlation lines show multiple crossings. In these points, different sets of nl

orbitals are degenerate, which is a hallmark of the existence of higher dynam-

ical symmetries. In this way, the graph offers a useful chart of the possible

symmetries of the central field potential.

6.3 The rules of atomic chess

Each of the degeneracy spaces, identified in the correlation diagram (figure

6.2), represents a particular move on the chess board of the baruton, which

happens to be in accordance with the traditional rules of chess. This section

offers a detailed description of the different chess pieces and their associated

symmetries. The allowed moves for each piece will be reviewed, along with a

discussion of the corresponding ladder operators in the so(4,2) Lie algebra. A

summary is provided in table 6.1.
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Figure 6.3: The king K can

move in any possible direc-

tion by one square. It thus

corresponds to the conformal

SO(4,2) group.

Figure 6.4: The queen Q can

move in all direction through

any number of squares, and

also corresponds to the covering

SO(4,2) group.

6.3.1 The king and queen

We start our discussion of the chess pieces with the royals: the king K and queen

Q. The king (figure 6.3) is allowed to move one square at a time in any possible

direction (horizontally, vertically or diagonally). The queen, on the other hand,

can reach out in all directions through any number of squares (figure 6.4). In

our metaphor, the royals represent the moves allowed by the baruton itself.
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Figure 6.5: The rook

R can move horizon-

tally and vertically

through any number

of squares. The hor-

izontal moves yield

SO(4) multiplets of

constant n; the verti-

cal moves give rise to

SO(2,1) multiplets.
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6.3.2 The rook

Of greater interest is the rook, which will be denoted by the symbol R. Variously

known as the castle or the tower, the rook is allowed to move horizontally and

vertically through any number of unoccupied squares on the board (figure 6.5).

Horizontal moves of the rook on the atomic chess board correspond to vari-

ations of l in the interval [0, n − 1]. Orbitals with the same principal quantum

number n, but different values of l, can be related in this way. The horizontal

rook is therefore associated with the n rule in the center of the correlation dia-

gram, for which the orbital energies depend uniquely on the principal quantum

number n. In that sense, the rook rationalizes the accidental n2-degeneracy

of the hydrogen atom, as described by the SO(4) dynamical symmetry of the

Coulomb hole (chapter 3).

Vertical moves of the rook correspond to excitations in n, while keeping l

fixed. The operators that correspond to this motion are the raising and lowering

operators Q̂± = Q̂1 ± iQ̂2 of the radial group SO(2,1).

The combined horizontal and vertical moves of the rook cover the entire

chess board and allow one to reach every possible square. This is described by

the direct product group SO(4) ⊗ SO(2,1), which includes SO(4) and SO(2,1)

as subgroups. It is itself a subgroup of the parent spectrum-generating group

SO(4,2):

SO(4,2) ⊃ SO(4)⊗ SO(2,1) ⊃ SO(4),SO(2,1). (6.5)

The corresponding Lie algebra, so(4) ⊕ so(2,1) is generated by the operators

L̂i, Âi and Q̂i (i = 1 → 3). An intermediate SO(4,1) group, formed by the L̂ab
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operators from chapter 5 with indices 1 to 5, is also spectrum-generating. It

is known as the de Sitter group and contains the horizontal moves of the rook,

along with the Q̂2 operator, which is a linear combination of the raising and

lowering operators Q̂±:

Q̂2 =
1

2
(Q̂+ + Q̂−) . (6.6)

This implies that Q̂2 will turn an ∣nlm⟩ state into a linear combination of

∣(n + 1)lm⟩ and ∣(n − 1)lm⟩ kets:

Q̂2 ∣nlm⟩ = + 1

2
ω+nl ∣(n + 1)lm⟩

+ 1

2
ω−nl ∣(n − 1)lm⟩ .

(6.7)

Left or right from the central point in the correlation diagram, the dependence

on l comes in and the original SO(4) symmetry is broken. Individual energy

levels originating from the hydrogen shell will now be functions of both n and l.

The appropriate symmetry group could be written as the direct product group

SO(3) ⊗ SO(2). The SO(3) group describes the spherical symmetry of the

central field, which gives rise to the angular l quantum number, while the SO(2)

group contains the single Q̂2 generator which identifies the principal quantum

number n.

6.3.3 The knight

The next chess piece to be discussed is the knight, which will be represented by

the symbol N (figure 6.6). The knight moves in an unusual manner as it can

‘jump’ over the other pieces on the chess board. It can either move two squares

horizontally and one square vertically, or two squares vertically and one square

horizontally. The jumps consequently resemble the letter L.

The intermediate n±l/2 rules are easily identified as the jumps of the knight.

While in principle the knight can reach out to eight different fields, in each of

these rules only two fields on opposite sides can be addressed. The n+l/2 knight

connects a given (n, l) state with the (n + 1, l − 2) and (n − 1, l + 2) states, while

the n − l/2 knight jumps to the (n + 1, l + 2) and (n − 1, l − 2) states.

6.3.4 The bishop

The final chess piece to pass our review is the bishop, denoted B. The bishop

is allowed to move diagonally through any number of unoccupied squares on

the chess board (figure 6.7). As a consequence, the moves of the bishop relate

substates that are located along diagonals of the atomic chess board. The bishop

can therefore be associated with the Madelung n + l and anti-Madelung n − l
rules. To separate these two cases, one will have to define a ‘chiral ’ bishop which

can move along one diagonal direction only (see §6.4).
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Figure 6.6: The knight N can ‘jump’ to

one of eight possible squares by moving two

squares horizontally (vertically) and one

square vertically (horizontally). The knight

explains the degeneracy spaces which result

from the intermediate n ± 1/2 rules.

The symmetry group that corresponds precisely to such diagonal moves is the

anti de Sitter group, denoted SO(3,2). This pseudo-orthogonal group of order

r = 10 and rank l = 2 is a subgroup of the conformal group SO(4,2), and leaves

invariant the quadratic form

F = x2
1 + x2

2 + x2
3 − x2

5 − x2
6, (6.8)

which defines a 5-dimensional space with signature [+,+,+,−,−]. The corre-

sponding so(3,2) Lie algebra is therefore based on the generalized angular mo-

mentum operators L̂ab of chapter 5 with indices 1, 2, 3 and 5, 6, as summarized

by the matrix

L =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 L̂12 L̂13 L̂15 L̂16

0 L̂23 L̂25 L̂26

0 L̂35 L̂36

0 L̂56

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (6.9)

Following chapter 5, the hydrogenic realization of this group includes the L̂i,

B̂i and Γ̂i vectors, along with the Q̂3 operator. Notice that the Laplace-Runge-

Lenz vector Â, as well as the Q̂1 and Q̂2 components are not included in the

so(3,2) algebra. Since the shift operators Q̂± = Q̂1±iQ̂2 raise and lower n, while

the Âi components alter l, horizontal and vertical moves are no longer possible

under SO(3,2), and the moves are restricted to diagonals, as requested by the

bishop.
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In order to study the moves of the bishop in greater detail, we will represent

the B̂i and Γ̂i operators in ladder operator form as:

B̂± = B̂1 ± iB̂2; (6.10a)

Γ̂± = Γ̂1 ± iΓ̂2. (6.10b)

The action of these operators on a ket function ∣nlm⟩ is easily obtained from

the various shift operations which were derived in the preceding chapter. One

simply needs to express these operators in the known ladder operators, through

the following commutation rules for B̂i:

B̂3 = −
1

2
[Q̂+ − Q̂−, Â3] ; (6.11a)

B̂± = −
1

2
[Q̂+ − Q̂−, Â±] ; (6.11b)

and similarly for Γ̂i:

Γ̂3 = i [Q̂3, B̂3] ; (6.12a)

Γ̂± = i [Q̂3, B̂±] . (6.12b)

Using the expressions from the preceding chapter leads without further difficulty

to the explicit form of the actions of the B̂ and Γ̂ operators on a ket function

∣nlm⟩. For the B̂ operators:

B̂3 ∣nlm⟩ = +αlmunl ∣(n − 1) (l − 1)m⟩
+ αlmvnl ∣(n + 1) (l − 1)m⟩
+ αl+1

m vn−1
l+1 ∣(n − 1) (l + 1)m⟩

+ αl+1
m un+1

l+1 ∣(n + 1) (l + 1)m⟩ ;

(6.13a)

B̂± ∣nlm⟩ = ±βl−1
±mu

n
l ∣(n − 1) (l − 1) (m ± 1)⟩

± βl−1
±mv

n
l ∣(n + 1) (l − 1) (m ± 1)⟩

∓ γl+1
±mv

n−1
l+1 ∣(n − 1) (l + 1) (m ± 1)⟩

∓ γl+1
±mu

n+1
l+1 ∣(n + 1) (l + 1) (m ± 1)⟩ ,

(6.13b)

and for the Γ̂ operators:

Γ̂3 ∣nlm⟩ = − iαlmunl ∣(n − 1) (l − 1)m⟩
+ iαlmvnl ∣(n + 1) (l − 1)m⟩
− iαl+1

m vn−1
l+1 ∣(n − 1) (l + 1)m⟩

+ iαl+1
m un+1

l+1 ∣(n + 1) (l + 1)m⟩ ;

(6.14a)

Γ̂± ∣nlm⟩ = ∓ iβl−1
±mu

n
l ∣(n − 1) (l − 1) (m ± 1)⟩

± iβl−1
±mv

n
l ∣(n + 1) (l − 1) (m ± 1)⟩

± iγl+1
±mv

n−1
l+1 ∣(n − 1) (l + 1) (m ± 1)⟩

∓ iγl+1
±mu

n+1
l+1 ∣(n + 1) (l + 1) (m ± 1)⟩ .

(6.14b)
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The parameters in the above expressions are defined as in Adams’ Algebraic

Approach to Simple Quantum Systems:13

αlm =
√

(l −m) (l +m); (6.15a)

βlm =
√

(l −m + 1) (l −m); (6.15b)

γlm =
√

(l +m + 1) (l +m); (6.15c)

unl = 1

2

¿
ÁÁÀ(n + l − 1) (n + l)

(2l − 1) (2l + 1) ; (6.15d)

vnl = 1

2

¿
ÁÁÀ(n − l) (n − l + 1)

(2l − 1) (2l + 1) . (6.15e)

Since the B̂3 and Γ̂3 operators commute with L̂3 (cf. chapter 5), they will

not change the ml quantum number, so we remain on the same floor of the

building. Instead, the B̂± and Γ̂± operators will raise or lower the magnetic

quantum number by one unit, in accordance with the commutation rules:

[L̂3, B̂±] = ±B̂±; (6.16a)

[L̂3, Γ̂±] = ±Γ̂±. (6.16b)

For a proper description of the moves of the bishop, this is an unwanted extra,

which can easily be undone by preceding these operators with the inverse L̂±

ladder operators. After taking out this ml dependence, it remains true that both

B̂± and Γ̂± are sending a given state on the chess board into a linear combination

of the four adjacent states along the diagonals, as shown in figure 6.7.

The origin of the period doubling

There is a simple but highly relevant feature to these moves. In chess the bishop

is the only monochromatic piece, which means that it can only relate fields of

the same colour. For this reason, every player has two bishops to his disposition:

one which is tied to the white fields, and another one which is tied to the black

fields. By limiting the allowed moves to diagonals, the SO(3,2) group naturally

divides the baruton into two sets: one set with n + l odd, and one with n + l
13B. G. Adams. Algebraic Approach to Simple Quantum Systems. Berlin: Springer-Verlag, 1994.

See also B. G. Adams, J. Č́ıžek, and J. Paldus. “Representation Theory of so(4,2) for the

Perturbation Treatment of Hydrogenic-Type Hamiltonians by Algebraic Methods”. In: Inter-

national Journal of Quantum Chemistry 21.1 (1982), pp. 153–171 and B. G. Adams, J. Č́ıžek,

and J. Paldus. “Lie Algebraic Methods and Their Application To Simple Quantum Systems”.

In: Advances in Quantum Chemistry. Ed. by Per-Olav Löwdin. Vol. 19. San Diego: Academic

Press, Inc., 1988. Chap. 1, pp. 1–84, reproduced in B. G. Adams, J. Č́ıžek, and J. Paldus.

“Lie Algebraic Methods and Their Application To Simple Quantum Systems”. In: Dynamical

Groups and Spectrum Generating Algebras. Ed. by Y. Ne’eman, A. Bohm, and A. O. Barut.

Vol. 1. Singapore: World Scientific Publishers, 1988. Chap. 3, pp. 103–208.
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even, like the white and black fields on the chess boards, as represented in figure

6.7. Not unlike spin then, SO(3,2) adds an additional quantum characteristic

which can only take two values: even and odd. The resulting splitting of the

supermultiplet into two subspaces leads to a doubling of the Aufbau series. We

thus arrive at the following important conclusion: The period doubling, observed

in the periodic system, is nothing else than a manifestation of a binary quantum

level due to the SO(3,2) group.

6.4 The quest for the chiral bishop

In the correlation diagram (figure 6.2) the diagonal moves of the bishop are

found left and right of the center as the n− l and n+ l rules respectively. While

the SO(3,2) group unites both cases, in the individual points the symmetry

is broken further since the bishop is only allowed to move along one diagonal

direction. On the chess board such moves reflect chirality (figure 6.7). The n− l
diagonals consist of infinite sequences following parallel lines on the board:

1s, 2p, 3d, 4f, 5g, . . . ; (6.17a)

2s, 3p, 4d, 5f, 6g, . . . ; (6.17b)

3s, 4p, 5d, 6f, 7g, . . . . (6.17c)

These sequences can be viewed as excitations of a ns ground term, and in

fact there is a parallel with similar hadronic sequences in elementary particle

physics.14 The principal diagonal sequence (6.17a) starts from the lowest 1s

level, and is known as a linearly rising Regge trajectory. It corresponds to the

line

n = l + 1, (6.18a)

and forms an infinite-dimensional supermultiplet. The parallel sequences (6.17b)

and (6.17c) are called daughter trajectories, and correspond to the lines:

n = l + 2; (6.18b)

n = l + 3. (6.18c)

The Regge sequences (6.17) have been described as towers of a SO(3,1) spectrum-

generating Lorentz group. However the relationship between this group and the

SO(3,2) parent is not as simple as one would expect.

The n+ l diagonals, on the other hand, form finite-dimensional multiplets on

the board, which coincide with the periods in Janet’s left-step periodic system

(figure 6.7). A study of these counterdiagonal sequences is thus instrumental

14Consider, for instance, the weight diagrams presented by A. Bohm. “Possible Evidence for

Dynamical Supersymmetry in the Hadron Spectrum”. In: Physical Review D 33.11 (1986),

pp. 3358–3367.
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Table 6.2: The entire set of nl orbitals belong to a single unirrep of the SO(4,2)

group. Under the SO(3,2) group, this manifold splits in two subsets according to

whether N = n + l is even (right) or odd (left). A further breaking of the symmetry

leads to finite-dimensional multiplets with dimensionalities 1, 4, 9, 16, as summarized

by the formula dim = N2. This suggests the presence of a particular SO(4) group.

n + l dim multiplet n + l dim multiplet

1 1 1s 2 1 2s

3 4 3s, 2p 4 4 4s, 3p

5 9 5s, 4p, 3d 6 9 6s, 5p, 4d

7 16 7s, 6p, 5d, 4f 8 16 8s, 7p, 6d, 5f

in obtaining a group theoretical interpretation of the Madelung rule. The n +
l multiplets are grouped together in a single unirrep of the conformal group

SO(4,2), which splits in two separate manifolds under the anti de Sitter group

SO(3,2), depending on whether N = n+ l is even or odd. The first few multiplets

for both manifolds are listed in table 6.2. Their dimensionalities increase as

dim = N2, and suggest the presence of a particular SO(4) group whose multiplets

are labelled, not by the principal quantum number n as in the case of the

hydrogen atom, but by the sum of the principal and orbital quantum numbers

N = n + l. Once again, the relationship between this SO(4) group and the

SO(3,2) parent group turns out to be more complicated as one would expect.

One thus faces the problem of embedding the infinite diagonal sequences

of hydrogenic states, corresponding to e.g. 1s, 2p, 3d, 4f, 5g, . . ., as well as the

finite counterdiagonal sequences, such as 5s, 4p, 3d, in the SO(4,2) group. In

the following sections, this quest for the chiral bishops will be undertaken by

looking for SO(3,1) and SO(4) subgroups of the SO(4,2) group (figure 6.8).

6.4.1 Standard embeddings of SO(3,1) in SO(3,2)

Both the {L̂i, B̂i} and {L̂i, Γ̂i} subsets form an SO(3,1) subgroup of the parent

SO(3,2) and offer a natural starting point in our search for diagonal ladders.

The angular momentum operators L̂i and boosting operators B̂i or Γ̂i follow

the standard so(3,1) commutation rules:

[L̂i, L̂j] = iεijkL̂k; (6.19a)

[L̂i, M̂j] = iεijkM̂k; (6.19b)

[M̂i, M̂j] = −iεijkL̂k, (6.19c)



258 Chapter 6. SO(4,2) and the rules of atomic chess

Figure 6.8: Somewhat surprisingly, Carroll never mentioned the bishop in his

story of Alice Through the Looking Glass, perhaps out of deference to the clergy. This

curious omission formed the creative source for Isaac Asimov’s mystery story The

Curious Omission. It moreover finds a parallel in our quest for the chiral bishop.

Notice however, that despite Carroll’s failure to integrate this chess piece in the

story, Tenniel did include him in one of his drawings.

where M̂i stands for B̂i or Γ̂i. Other standard embeddings of the SO(3,1) sub-

group in the SO(3,2) group can be obtained by combining the B̂ or Γ̂ vectors

(or linear combinations thereof) with the angular momentum vector L̂. The di-

agram in figure 6.9 shows the action of the B̂i and iΓ̂i operators. Both operators

act in an identical manner, except for some sign differences, as indicated by the

different arrow colours. When corresponding arrows in the B̂i and iΓ̂i diagram

have the same white or black filling, it means they have the same sign; if the

colours are different, they have opposite signs. The diagram thus suggests the

possibility of further controlling the moves of the bishop by taking appropriate

linear combinations of the B̂i and iΓ̂i components. This holds the promise of

yielding new ladders which could take us up and down the Regge and Madelung

trajectories.

Consider as an example the combinations B̂α ± iΓ̂α, where α can be 3, +,

or −. The plus combination here will uniquely lower n (figure 6.9), while the

minus combination can only raise n, in accordance with the commutation rule:

[Q̂3, B̂α ± iΓ̂α] = ∓ (B̂α ± iΓ̂α) . (6.20)

The detailed expressions for the action of these operators on the standard ket
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n+1, l-1 n+1, l n+1, l+1

n, l-1 n, l n, l+1

n-1, l-1 n-1, l n-1, l+1

B

B

B

B

n, l n, l n, l
B+

iΓ
+ =

B+iΓB B

BB

iΓ iΓ

iΓiΓ

Figure 6.9: Additive combination of the B̂i and iΓ̂i operators (i = 3,+,−) induces

transitions of the central (n, l) state to (n − 1, l − 1) and (n − 1, l + 1) states.

are easily obtained from (6.13) and (6.14). The plus combinations act as

(B̂3 + iΓ̂3) ∣nlm⟩ = +2αlmu
n
l ∣(n − 1)(l − 1)m⟩

+ 2αl+1
m vn−1

l+1 ∣(n − 1)(l + 1)m⟩ ;
(6.21a)

(B̂− + iΓ̂−) ∣nlm⟩ = −2βl−1
−mu

n
l ∣(n − 1)(l − 1)(m − 1)⟩

+ 2γl+1
−mv

n−1
l+1 ∣(n − 1)(l + 1)(m − 1)⟩ ;

(6.21b)

(B̂+ + iΓ̂+) ∣nlm⟩ = +2βl−1
m unl ∣(n − 1)(l − 1)(m + 1)⟩

− 2γl+1
m vn−1

l+1 ∣(n − 1)(l + 1)(m + 1)⟩ ,
(6.21c)

whereas the minus combinations yield:

(B̂3 − iΓ̂3) ∣nlm⟩ = +2αlmv
n
l ∣(n + 1)(l − 1)m⟩

+ 2αl+1
m un+1

l+1 ∣(n + 1)(l + 1)m⟩ ;
(6.22a)

(B̂− − iΓ̂−) ∣nlm⟩ = −2βl−1
−mv

n
l ∣(n + 1)(l − 1)(m − 1)⟩

+ 2γl+1
−mu

n+1
l+1 ∣(n + 1)(l + 1)(m − 1)⟩ ;

(6.22b)

(B̂+ − iΓ̂+) ∣nlm⟩ = +2βl−1
m vnl ∣(n + 1)(l − 1)(m + 1)⟩

− 2γl+1
m un+1

l+1 ∣(n + 1)(l + 1)(m + 1)⟩ .
(6.22c)

Notice that the m dependence of the B̂± ± iΓ̂± operators can be taken out again

by preceding their action by the inverse operator L̂±:

(B̂− + iΓ̂−) L̂+ ∣nlm⟩ = −2ωlmβ
l−1
−m−1u

n
l ∣(n − 1)(l − 1)m⟩

+ 2ωlnγ
l+1
−m−1v

n−1
l+1 ∣(n − 1)(l + 1)m⟩ ;

(6.23a)

(B̂+ + iΓ̂+) L̂− ∣nlm⟩ = +2ωl−mβ
l−1
m−1u

n
l ∣(n − 1)(l − 1)m⟩

− 2ωl−mγ
l+1
m−1v

n−1
l+1 ∣(n − 1)(l + 1)m⟩ ,

(6.23b)

(B̂− − iΓ̂−) L̂+ ∣nlm⟩ = −2ωlmβ
l−1
−m−1v

n
l ∣(n + 1)(l − 1)m⟩

+ 2ωlmγ
l+1
−m−1u

n+1
l+1 ∣(n + 1)(l + 1)m⟩ ;

(6.24a)

(B̂+ − iΓ̂+) L̂− ∣nlm⟩ = +2ωl−mβ
l−1
m−1v

n
l ∣(n + 1)(l − 1)m⟩

− 2ωl−mγ
l+1
m−1u

n+1
l+1 ∣(n + 1)(l + 1)m⟩ .

(6.24b)
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From these results, it is also easy to check that the following sum rule applies:

2 (B̂3 ± iΓ̂3) L̂3 + (B̂+ ± iΓ̂+) L̂− + (B̂− ± iΓ̂−) L̂+ = 0. (6.25)

This sum rule is a direct consequence of the vanishing scalar products:

B̂ ⋅ L̂ = 0; (6.26a)

Γ̂ ⋅ L̂ = 0. (6.26b)

This relationship also solves the apparent dilemma that we have six operators

to link a given state to only four neighbours on the diagonal. In view of the

sum rule, the operators in fact reduce to only four independent ones.

Although we have obtained one-sided combinations, it should be clear that

it is impossible to form combinations which form ladders along the diagonal or

counterdiagonal directions on the chess board. The standard embedding of the

SO(3,1) group in SO(3,2) cannot yield the chiral bishops we are looking for.

6.4.2 The Ŝ operator

A solution in terms of a tilted or distorted SO(3,1) group will be offered in

this section by introducing an additional operator Ŝ, the nature of which will

be first elucidated. In his book on Group Theory and the Coulomb Problem,

Englefield drew the attention to an additional angular momentum operator

which is not contained in the so(4,2) algebra.15 This operator, denoted Ŝ, arises

in the o(3,2) algebra of the spherical harmonics Y ml and yields the first power

of the angular momentum quantum number l:

ŜY ml = (l + 1/2)Y ml . (6.27)

Notice that Ŝ acts on the angular part of the wavefunction ψ = Rn,lY ml only.16

As Englefield points out, this operator is algebraically related to the angular

momentum operator L̂2 by:

Ŝ2 = L̂2 + 1/4. (6.28)

In fact, twice this operator yields 2l + 1 which is the degeneracy of a given

l-manifold, so that 2Ŝ may be considered a counting operator.

While Ŝ commutes with the angular momentum operators, L̂, and radial

momentum operators, Q̂, of SO(4,2), it does not commute with the Laplace-

Runge-Lenz, Â, nor does it commute with the remaining vector operators B̂ and

15M. J. Englefield. Group Theory and the Coulomb Problem. New York: Wiley-Interscience,

1972, pp. 19-20.
16The other o(3,2) operators are not symmetry operators of the hydrogen states, since they

only shift the spherical harmonics Yml , without affecting the radial part Rn,l simultaneously

(in contrast to, for instance, the Laplace-Runge-Lenz vector Â). The Ŝ operator thus forms

an exception as it leaves the spherical harmonics intact, and it is also for this reason that we

take the Ŝ operator on board to see how it affects the SO(4,2) group.
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Γ̂. It thus opens a way to a further supersymmetry beyond the original SO(4,2)

symmetry. As we intend to show in the following sections, the Ŝ operator

provides the required flexibility to obtain diagonal ladders.

We will first examine how the Ŝ operator affects the original SO(4,2) sym-

metry. Based on that knowledge, Regge ladder operators K̂± and Madelung

ladder operators Θ̂± will be constructed which correspond to the chiral bishops.

The structure of their resulting algebras will finally be studied in §§6.4.4–6.4.5.

The Ŝ operator commutes with the components of L̂ and Q̂, but not with the

nine other operators of the so(4,2) algebra. We will denote these non-vanishing

commutators [Ŝ, X̂], where X̂ represents a component of Â, B̂ or Γ̂, by the

symbol X̂ ′. Conversely, the commutator of Ŝ with one of the primed operators

X̂ ′ will yield the original operator X̂ again:

X̂ ′ = [Ŝ, X̂] ↔ X̂ = [Ŝ, X̂ ′] . (6.29)

The primed operators X̂ ′ have exactly the same action on a ket ∣nlm⟩ as X̂, with

the only difference that moves to the left in the nl diagram, which lower l, will

have a different sign. The leftmost panel in figure 6.10, for example, represents

the commutator B̂′ = [Ŝ, B̂].
One can easily demonstrate that the commutation relations of the primed

operators Â′, B̂′ and Γ̂′ with the operators L̂ and Q̂ yield exact copies of the

commutators in the so(4,2) algebra. In addition:

Ẑ ′ = [X̂ ′, Ŷ ′] ↔ Ẑ = [X̂, Ŷ ] . (6.30)

These results provide a better understanding of the action of Ŝ. The Ŝ operator

seems to play the role of a transformation operator which reflects the original

so(4,2) algebra, with elements L̂, Q̂, Â, B̂, Γ̂, on an so′(4,2) algebra, based on

the operators L̂, Q̂, Â′, B̂′, and Γ̂′. Both so(4,2) algebras are as a consequence

entirely isomorphic.

6.4.3 Construction of Regge and Madelung operators

The sign alternations due to the commutators with Ŝ make it possible to form

combinations that act as ladder operators in the Regge or Madelung sequences.

A convenient way to introduce these ladders is by considering the operators

Q̂3 ± Ŝ which yield the sum or difference of both the ‘mass’ and momentum

quantum numbers:

(Q̂3 ± Ŝ) ∣nlm⟩ = (n ± l ± 1/2) ∣nlm⟩ . (6.31)

We now define the components of two new vectors K̂ and Θ̂ from the commu-

tation relations between Q̂3 ± Ŝ and B̂. The K̂ operators will be called Regge
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operators and are given by the following set of equations:

K̂3 = [B̂3, Q̂3 + Ŝ] ; (6.32a)

K̂± = [B̂±, Q̂3 + Ŝ] . (6.32b)

Similarly, the Madelung operators Θ̂ will be defined as:

Θ̂3 = [B̂3, Q̂3 − Ŝ] ; (6.33a)

Θ̂± = [B̂±, Q̂3 − Ŝ] . (6.33b)

The action of these commutators on the hydrogen states can be obtained from

the preceding equations. One obtains for the Regge operators:

K̂3 ∣nlm⟩ = −2αl+1
m un+1

l+1 ∣(n + 1)(l + 1)m⟩
+ 2αlmu

n
l ∣(n − 1)(l − 1)m⟩ ;

(6.34a)

K̂± ∣nlm⟩ = ±2γl+1
±mu

n+1
l+1 ∣(n + 1)(l + 1)(m ± 1)⟩

± 2βl−1
±mu

n
l ∣(n − 1)(l − 1)(m ± 1)⟩ ,

(6.34b)

and for the Madelung operators:

Θ̂3 ∣nlm⟩ = −2αlmv
n
l ∣(n + 1)(l − 1)m⟩

+ 2αl+1
m vn−1

l+1 ∣(n − 1)(l + 1)m⟩ ;
(6.35a)

Θ̂± ∣nlm⟩ = ∓2βl−1
±mv

n
l ∣(n + 1)(l − 1)(m ± 1)⟩

∓ 2γl+1
±mv

n−1
l+1 ∣(n − 1)(l + 1)(m ± 1)⟩ .

(6.35b)

It is clear that the Regge operators act as diagonal ladders in the hydrogen spec-

trum, raising and lowering n and l simultaneously by one unit. The Madelung

operators, conversely, act as counterdiagonal ladders, and keep the sum N = n+l
invariant. Notice that the K̂ and Θ̂ vectors can also be expressed as

K̂ = [B̂, Q̂3 + Ŝ] = iΓ̂ − B̂′ = − (B̂′ − iΓ̂) ; (6.36a)

Θ̂ = [B̂, Q̂3 − Ŝ] = iΓ̂ + B̂′ = B̂′ + iΓ̂. (6.36b)

The formation of the required ladder operators thus necessitated the combina-

tion of elements from the so(4,2) and so′(4,2) algebras. This is illustrated in

figure 6.10 where the diagrams for B̂′
i and iΓ̂i are combined according to B̂′

i±iΓ̂i
(with i = 3,+,−).

6.4.4 Regge-like algebras

In this section, the commutation relations formed by the operators L̂ and K̂ will

be considered. It will thus be verified whether the set of operators {L̂, K̂} forms
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n, l n, l n, l+ = B’+
 iΓiΓ iΓ

iΓiΓ

n, l n, l n, l
B’-

 iΓ
+ =

B’ B’

B’B’

- iΓ - iΓ

- iΓ- iΓ
B’-

 iΓ

B’ B’

B’B’ B’+
 iΓ

a) Madelung ladder operators

b) Regge ladder operators

Figure 6.10: a. Additive combination of the B̂′ and iΓ̂ operators induces diagonal

transitions of the central (n, l) state to (n + 1, l − 1) and (n − 1, l + 1) states. b. Ad-

ditive combination of the B̂′ and −iΓ̂ operators, on the other hand, yields ladder

operators for the Regge sequence.

an so(3,1) Lorentz algebra as predicted. The commutators of type [L̂i, L̂j] and

[L̂i, K̂j] follow the standard rules for SO(3,1), since the L̂i operators commute

with Q̂3 + Ŝ. That is:

[L̂i, L̂j] = iεijkL̂k; (6.37a)

[L̂i, K̂j] = [L̂i, [B̂j , Q̂3 + Ŝ]]
= [[L̂i, B̂j] , Q̂3 + Ŝ]
= iεijk [B̂k, Q̂3 + Ŝ]
= iεijkK̂k.

(6.37b)

The crucial point to arrive at a Lorentz SO(3,1) group concerns the internal

commutation relations of the K̂i components. As an example, we will work out

the consecutive actions of K̂3 and K̂±:

K̂3K̂± ∣nlm⟩ = + ξ1 ∣(n + 2)(l + 2)(m ± 1)⟩
+ ξ2 ∣nl(m ± 1)⟩
+ ξ3 ∣(n − 2)(l − 2)(m ± 1)⟩ ;

(6.38a)

K̂±K̂3 ∣nlm⟩ = + ξ4 ∣(n + 2)(l + 2)(m ± 1)⟩
+ ξ5 ∣nl(m ± 1)⟩
+ ξ6 ∣(n − 2)(l − 2)(m ± 1)⟩ .

(6.38b)
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The first operator raises and lowers the original (n, l) state to the immedi-

ately preceding and following states in the Regge sequence: (n + 1, l + 1) and

(n − 1, l − 1). The second operator then takes these terms further outwards to

(n + 2, l + 2) and (n − 2, l − 2), but also projects them back to the (n, l) centre.

In the process, the angular momentum component is also raised or lowered by

one to (m ± 1). The ξ coefficients in this expression are given by:

ξ1 = ∓4αl+2
m±1γ

l+1
±mu

n+2
l+2 u

n+1
l+1 ; (6.39a)

ξ2 = ∓4αlm±1β
l−1
±m (unl )

2 ± 4αl+1
m±1γ

l+1
±m (un+1

l+1 )2
; (6.39b)

ξ3 = ±4αl−1
m±1β

l−1
±mu

n−1
l−1 u

n
l ; (6.39c)

ξ4 = ∓4αl+1
m γl+2

±mu
n+2
l+2 u

n+1
l+1 ; (6.39d)

ξ5 = ±4αlmγ
l
±m (unl )

2 ∓ 4αl+1
m βl±m (un+1

l+1 )2
; (6.39e)

ξ6 = ±4αlmβ
l−2
±mu

n−1
l−1 u

n
l . (6.39f)

When substituting the coefficients in these expressions, it is gratifying to find

that ξ1 = ξ4 and ξ3 = ξ6. These results are due to the following identities:

αl+2
m±1γ

l+1
±m = αl+1

m γl+2
±m; (6.40a)

αl−1
m±1β

l−1
±m = αlmβl−2

±m. (6.40b)

This implies that when these results are combined to form the action of the

commutators [K̂3, K̂±], the outer terms will vanish and the commutators will

only yield the ∣nl(m ± 1)⟩ kets, wich corresponds to the action of the angular

momentum ladder operators L̂±. One has:

[K̂3, K̂+] ∣nlm⟩ = (ξ2 − ξ5) ∣nl(m ± 1)⟩ . (6.41)

This is very close to the behaviour of the standard kets in the Lorentz multiplet.

The factor in the equation is given by:

ξ2 − ξ5 = ±
4 (n + l + 1/2)

√
(l ∓m) (l ±m + 1)

2l + 1
. (6.42)

The square root in this equation is the usual prefactor of the L̂± ladder operators,

so that the commutators can be rewritten as:

[K̂3, K̂±] = ±
4 (n + l + 1/2)

2l + 1
L̂±. (6.43)

The coefficients in this result can be further replaced as:

[K̂3, K̂±] = ±
2 (Q̂3 + Ŝ)

Ŝ
L̂±. (6.44a)

A completely analogous calculation leads to the third commutation relation:

[K̂+, K̂−] =
4 (Q̂3 + Ŝ)

Ŝ
L̂3. (6.44b)
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In retrospect, a more standard form of the commutation relationships could

have been obtained (which mimics the usual SO(3,1) commutation rules) by

rescaling the K̂ operators by a factor i
√

2
. Hence:

K̂3 =
i√
2
[B̂3, Q̂3 + Ŝ] ; (6.45a)

K̂± =
i√
2
[B̂±, Q̂3 + Ŝ] . (6.45b)

The rescaled Regge operators commute with the angular momentum operators

to yield the following algebra:

[L̂i, L̂j] = iεijkL̂k; (6.46a)

[L̂i, K̂j] = iεijkK̂k; (6.46b)

[K̂i, K̂j] = −iεijkζL̂k. (6.46c)

Superficially, this resembles an so(3,1) Lie algebra as defined in (6.19), were it

not for the appearance of a factor ζ = (Q̂3 + Ŝ) /Ŝ in (6.46c) which is a function

of the invariants of the subalgebras. The algebraic structure which we have

obtained is said to be nonlinear in the sense that the structure factors between

the K̂ operators are functions rather than constants.17 This is easily seen when

we rewrite the factor ζ as:

Q̂3 + Ŝ
Ŝ

= a−1 ( 1

S
) + a0, (6.47)

where a−1 = Q̂3−Ŝ and a0 = 2. The parameter a−1 is a constant for a given Regge-

like sequence. As an example, in the fundamental sequence 1s,2p,3d,4f,5g, . . .,

this factor equals 1/2. In the daughter sequence 2s,3p,4d,5f,6g, . . ., it equals

3/2, etc. The nonlinear so(3,1) algebra which we have obtained is associative

and obeys the Jacobi identity. Following Racah’s theorem and the fact that we

are dealing with an algebra of order r = 6 and rank l = 2, one expects to find

two Casimir operators Ĉµ which commute with all the generators L̂i and K̂i.

One of these is straightforward:

Ĉ2 = L̂ ⋅ K̂ = 0. (6.48)

17A nonlinear deformation of a Lie algebra has generators T̂i for which the commutator [T̂i, T̂j]
is not expressed as a linear combination of the generators T̂k, but as a sum over terms

fijk (T̂l) T̂k, where the fijk are polynomials in the generators T̂l:

[T̂i, T̂j] =∑
k

fijk (T̂l) T̂k.

See, for example, J. Fuchs and C. Schweigert. “Open and non-linear algebras”. In: Symme-

tries, Lie Algebras and Representations: A Graduate Course for Physicists. Cambridge Mono-

graphs on Mathematical Physics. Cambridge: Cambridge University Press, 1997. Chap. 4,

pp. 60-61.
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The other Casimir invariant requires the use of a similar scaling factor ζ as

appeared in the commutation relationships. First, we calculate the length of

the K̂ vector

K̂2 = K̂2
3 +

1

2
(K̂+K̂− + K̂−K̂+)

= 3

8
+ 1

2

Q̂3 + Ŝ
Ŝ

+ 1

2
(Q̂3 + Ŝ)

2
,

(6.49)

where we have taken into account the rescaling in (6.46). The nonlinearity of

the algebra requires to look for a modified Casimir invariant Ĉ1 of the form

f (L̂2) − K̂2, where

f (L̂2) = ( Q̂3 + Ŝ
Ŝ

− 1)(1 + 2L̂2) . (6.50)

The first Casimir operator then becomes:

Ĉ1 = f (L̂2) − K̂2 = −7

8
− 1

2
(Q̂3 − Ŝ)

2
. (6.51)

As we have seen, the Regge sequences are characterized by a constant value for

Q̂3 − Ŝ, and thus will be eigenfunctions of the Ĉ1 operator. It is easily proven

that as a result of the applied scaling, the eigenvalue of this operator will be

a negative integer. For the principal series, starting at 1s, Ĉ1 equals −1; for

the daughter series, starting at 2s, Ĉ2 equals −2. In general, for the nth series,

starting at ns, Ĉ1 is given by:

Ĉ1 = −(n
2 − n
2

+ 1) . (6.52)

6.4.5 Madelung-like algebras

An analogous treatment can now be pursued for the Madelung operators Θ̂i.

After rescaling by i
√

2
, one obtains the following set of operators:

Θ̂3 =
i√
2
[B̂3, Q̂3 − Ŝ] ; (6.53a)

Θ̂± =
i√
2
[B̂±, Q̂3 − Ŝ] , (6.53b)

which can be shown to form an so(4)-like algebra with the angular momentum

operators:

[L̂i, L̂j] = iεijkL̂k; (6.54a)

[L̂i, Θ̂j] = iεijkΘ̂k; (6.54b)

[Θ̂i, Θ̂j] = iεijkχL̂k, (6.54c)

where χ = (Q̂3 − Ŝ) /Ŝ.



6.5 Nonlinear algebras 267

6.5 Nonlinear algebras

The commutation of the Q̂3 operator with the diagonal B̂i operators introduces

into the chessboard of hydrogenic states an upper-lower reflection, while the

additional Ŝ operator is responsible for a left-right reflection (figures 6.9, 6.10).

The combination of both is needed to generate sequences that run along the

diagonals. The resulting Regge and Madelung algebras are peculiar in the sense

that they are nonlinear, while maintaining the angular momentum algebra as

an so(3) subalgebra.

Both algebras bear a close resemblance to the nonlinear extensions of the

so(3,1) and so(4) algebras that have been discussed by Quesne.18 Quesne

considered deformations in which the structure constants are power series in

the group generators, fulfilling the associativity and Jacobi requirements, and

which contract to a linear algebra for some limiting values of the parameters.

The present case deviates from the power series law considered by Quesne, but

the structure parameters are nevertheless very simple functions of Q̂3 and Ŝ.

Various similar extensions of the traditional Lie algebraic framework have

started to play an increasingly important role in many branches of quantum

physics. Quantum algebras (such as q-deformed Lie (super)algebras) and other

quantum deformations with nonlinear structure functions are increasingly ap-

plied to many-body quantum physics, and hold the promise of shedding new

light on their internal dynamics.19

Our research has revealed that the well-known deviations from the hydro-

genic spectrum in many-electron systems can indeed be accounted for by a

deformation of the so(4,2) algebra. An explanation for the structure of the

periodic system has thus been given in terms of nonlinear Lie algebras which

reflect the screening/perturbation of the Coulomb potential due to electronic

repulsions, relativistic effects and spin-orbit coupling.

18C. Quesne. “On Some Nonlinear Extensions of the Angular Momentum Algebra”. In: Journal

of Physics A: Mathematical and General 28.10 (1995). C8, p. 2847.
19See for instance M. R. Kibler and T. Negadi. “On the q-Analogue of the Hydrogen Atom”.

In: Journal of Physics A: Mathematical and General 24.22 (1991), p. 5283; M. R. Kibler

and T. Negadi. “A q-Deformed Aufbau Prinzip”. In: Journal of Physics A: Mathematical and

General 25.4 (1992), p. L157; T. Negadi and M. R. Kibler. “The Periodic Table in Flatland”.

In: International Journal of Quantum Chemistry 57.1 (1996), pp. 53–61; T. Negadi. “On

the Planar Periodic Table”. In: International Journal of Quantum Chemistry 78.4 (2000). L,

pp. 206–211.
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6.6 Literature study (cont’d)

Several authors have attempted to provide a group-theoretical articulation of

the periodic system of chemical elements. Various groups and chains of sub-

groups have been proposed to that aim; they are enumerated in table 6.4 at

the end of this chapter. Each of these propositions will be critically reviewed

in §6.6.1. Similarities, but especially differences, with our approach will be in-

dicated. In §6.6.2, it will be investigated to what extent these previous studies

have accounted for the period doubling. Finally, in §6.6.3 it will be argued that

none of these studies has yielded a satisfactory argumentation for the Madelung

(n + l, n) rule, in contrast with the scheme that was proposed in this chapter.

6.6.1 Groups and subgroup chains

A critical overview of the work by the Russian and Mexican schools is given in

this section. Kibler’s contribution is also briefly reviewed. An examination of

the papers from the remaining two schools (Barut in Colorado and Ostrovsky

in St. Petersburg) is deferred to §§6.6.2–6.6.3.

Rumer, Fet and Konopel’chenko (Novosibirsk, USSR)

Inspired by the group-theoretical classification schemes in hadron physics, based

on the unitary symmetries SU(3) and SU(6),20 Rumer and Fet have attempted

to apply the same EPA principles to the manifold of chemical elements.21 In

their first paper, Rumer and Fet did not yet invoke noninvariance groups. In-

stead, Fock’s SO(4) group was proposed as a global symmetry group for the

periodic system, or to be more precise, its two-sheeted covering group

GRF = Spin(4), (6.55)

as first introduced by Brauer and Weyl.22 This group corresponds to the

group of orthogonal transformations (with det = 1) which leave the metric form

ξ2
1 + ξ2

2 + ξ2
3 + ξ2

4 invariant in 4-dimensional Euclidean space R4 (chapter 3). Two

different subgroups, denoted SU(2)M and SU(2)C, were considered:

Spin(4) ⊃ SU(2)M; (6.56a)

Spin(4) ⊃ SU(2)C, SU(2)C’. (6.56b)

20This was described by the authors in Yu B. Rumer and A. I. Fet. Teoriya Unitarnoi Simmetrii

[In Russian: The Theory of Unitary Symmetry]. Moscow: Nauka, 1970, p. 400.
21Yu B. Rumer and A. I. Fet. “The Group Spin (4) and the Mendeleev System”. In: Theoretical

and Mathematical Physics 9.2 (1971), pp. 1081–1085. Translated from the Russian: Yu B.

Rumer and A. I. Fet. “The Group Spin (4) and the Mendeleev System”. In: Teoreticheskaya

i Matematicheskaya Fizika 9.2 (1971), pp. 203–210.
22R. Brauer and H. Weyl. “Spinors in n dimensions”. In: American Journal of Mathematics

57.2 (1935), pp. 425–449.
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The first reduction gives rise to the mechanical subgroup SU(2)M, corresponding

to the proper rotation subgroup SO(3) of SO(4), and defined in the subspace

R3 formed by the ξ1, ξ2 and ξ3 coordinates. The corresponding su(2)M algebra

is generated by the components of the angular momentum vector L̂.

The second reduction (6.56b) yields one of two equivalent chemical sub-

groups, denoted SU(2)C or SU(2)C’, whose Lie algebras are generated by the

components of the Ĵ1 respectively Ĵ2 operator, with Ĵ1i = 1
2
(L̂i + Âi) and

Ĵ2i = 1
2
(L̂i − Âi), as defined in chapter 3. Both algebras appear in the direct

sum decomposition of the so(4) algebra: so(4) = su(2)C ⊕ su(2)C’.

Rumer and Fet maintained that the hydrogenic states form a representation

with respect to the first reduction, yielding the familiar quantum numbers n, l

and ml. The chemical elements, on the other hand, were taken as basis states

for an infinite-dimensional unitary representation of the covering group Spin(4)

with respect to the second reduction. This representation was termed a Coulomb

system for obvious reasons, and the obtained classification of the elements was

claimed to be in accordance with their natural grouping in the periodic system.

The above description suffers from the following shortcomings:

1. First, the representations are reducible. As the chemical elements are grouped

in different pairwise disjoint multiplets of the Spin(4) group, the Coulomb

system cannot be regarded as elementary in the group-theoretical sense.23

2. Second, both subalgebras, su(2)M and su(2)C, are algebraically identical, as

indicated by Ostrovsky.24 Within the EPA, these subalgebras are indistin-

guishable, and it is not clear in which sense su(2)C could be related with

the periodic system, and su(2)M with the hydrogen atom, as long as their

generators are not realized in terms of physical operators, as indicated above.

3. Finally, and most importantly, albeit a one-to-one correspondence is es-

tablished between the group labels and the elements, no mass formula is

provided, and neither does the proposed description rationalize (or even

mention) the doubling of the periods or the degeneracy pattern due to the

Madelung (n + l, n) rule.

Over the subsequent years, numerous amendments were made to the original

group-theoretical scheme which greatly improved their description of the peri-

odic system. The first shortcoming was eliminated in 1974 when Fet made the

step to noninvariance groups. Following Konopel’chenko’s introduction of

the conformal SO(4,2) group,25 Fet proposed the direct product group:

GF = SÕ(4,2)⊗ SU(2), (6.57)

23Fet, op. cit., p. 227.
24Ostrovsky, op. cit., p. 278.
25B. G. Konopel’chenko. “Gruppa SO(2,4)+R i Tablitza Mendeleeva [In Russian: The

SO(2,4)+R Group and Mendeleev’s Table], Preprint IYaF 40-72”. L. Novosibirsk, 1972.



270 Chapter 6. SO(4,2) and the rules of atomic chess

with SÕ(4,2) the universal covering of the conformal group.26 This group was

subsequently reduced over the following chain of subgroups:

SÕ(4,2)⊗ SU(2) ⊃ Spin(4)⊗ SU(2) ⊃ SU(2)C ⊗ SU(2). (6.58)

At this point, Fet had also become acquainted with Barut’s paper,27 which

was likewise based on the SO(4,2) group and which explicitly mentioned the

Madelung rule and period doubling. When Fet introduced the mass operator

Â, he thus referred to the ‘lexicographical ’ ordering of the quantum numbers

according to the mass formula

A = 1

6
d (d2 − 1) + 1

2
(d + 1)2 − 1

2
κ (d) ⋅ (d + 1) − 2 (λ2 + 1) + 2µ + s3 +

3

2
, (6.59)

where d = n+λ, and κ(d) is 0 for odd d and 1 for even d. The quantum numbers

n, λ, µ and s3 are defined similarly to n, l, ml and ms.

The periodic system, proposed by Fet, is nevertheless hardly satisfying. The

grouping based on the reduction in (6.58) yields SO(4)-like multiplets of di-

mension n2, which are labelled by n rather than n + λ. The chemical elements

are consequently forced into artificial periods of constant n, which are laid out

in a horizontal way, with λ varying in the vertical direction. As a result, the

Madelung order is not read from top to bottom and left to right, but in a slanted

way, which is far from transparent. The introduction of a (n,λ) framework, al-

though natural for a classification of the hydrogenic states, is utterly inadequate

for the construction of a periodic table, which necessitates a (n + λ,λ) skeleton

instead.

What is more, in using a classification which is founded on the quantum

numbers n and λ (rather than n + λ and λ), the spectral SU(2) group in (6.57)

is merely invoked to double the number of states within each multiplet (com-

parable to the doubling of energy levels in the hydrogen spectrum due to the

electronic spin). Although Fet referred to this as being due to the ‘chemical

spin’ s3, it clearly fails to account for the doubling of the periods (see also

§6.6.2).28 The later developments by Fet will be examined in §6.6.2.

26A. I. Fet. “Conformal Group and Chemical Affinity”. In: JETP Letters 20.1 (1974), pp. 10–

11. Translated from the Russian: A. I. Fet. “Conformal Group and Chemical Affinity”. In:

Pis’ma v ZhETF 20.1 (1974), pp. 24–26. See also Fet, “Conformal symmetry of the chem-

ical elements”, translated from the Russian: A. I. Fet. “Conformal symmetry of the chemi-

cal elements”. In: Teoreticheskaya i Matematicheskaya Fizika 22.3 (1975), pp. 323–334. The

same group description also appeared in three semi-popular preprints ITEP-26, ITEP-90 and

ITEP-7 of the Moscow Institute of Theoretical and Experimental Physics. See Byakov et al.,

“Group-Theoretical Classification of Chemical Elements. I. Physical Foundations”; Byakov

et al., “Group-Theoretical Classification of Chemical Elements. II. Description of Applied

Groups”; Byakov et al., “Group-Theoretical Classification of Chemical Elements. III. Com-

parison with the Properties of Elements”.
27Barut, op. cit.
28Fet seems to have been on the right track though, as he claimed that s3 “must be related to
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Kibler (France)

We briefly turn to the papers of Kibler which heavily rely upon the results

obtained by the Russian school.29 Kibler thus proposes the symmetry group:

GK = SO(4,2)⊗ SU(2), (6.60)

with the following chain of subgroups:

SO(4,2)⊗ SU(2) ⊃ SO(4)⊗ SU(2) ⊃ SO(3)⊗ SU(2) ⊃ SU(2). (6.61)

The periodic system, offered by Kibler, is identical to Fet’s table, but has been

rotated over 90○. It thus suffers the same shortcomings as Fet’s suggestion.

Ostrovsky, likewise, referred to the “highly irregular” filling and “inappropriate

character” of Kibler’s table.30 He noted that “the shape of this chart does not

reflect the (n + l, n) rule with its characteristic period doubling [. . .]; the latter

is actually lost at this stage in the construct.”31

Novaro, Wolf and Berrondo (Mexico City)

In 1972, Novaro and Berrondo studied the possible symmetry groups of the

periodic table from an elementary particle physics approach.32 The authors es-

sentially considered the breaking of the O(4) symmetry of the Coulomb potential

which, we recall, is locally isomorphic to the product group SU(2)⊗ SU(2). A

generalization of this led to the proposition of the direct product group

GNB = SU(2)⊗ SU(2)⊗ SU(2), (6.62)

the well-known difference between the chemical properties of even and odd elements.” Quoted

from Fet, “Conformal symmetry of the chemical elements”, p. 230.
29M. R. Kibler. “The Periodic System of Chemical Elements: Old and New Developments”.

In: Journal of Molecular Structure: THEOCHEM 187 (1989), pp. 83–93; Kibler, “On a

Group-Theoretical Approach to the Periodic Table of Chemical Elements”; M. R. Kibler.

“Classifying Chemical Elements and Particles: From the Atomic to the Sub-Atomic World”.

In: The Periodic Table: Into the 21st Century. Ed. by D. H. Rouvray and R. B. King.

Baldock: Research Studies Press, 2004, pp. 297–329; M. R. Kibler. “A Group-Theoretical

Approach to the Periodic Table: Old and New Developments”. In: The Mathematics of the

Periodic Table. Ed. by D. H. Rouvray and R. B. King. New York: Nova Science Publishers,

Inc., 2006, pp. 237–263; Kibler, “From the Mendeleev Periodic Table to Particle Physics and

Back to the Periodic Table”; M. R. Kibler. “Sur la Route de Mendelëıev: De la Chimie à la

Physique des Particules”. In: La G@zette de l’IPNL 14 (2007), pp. 7–8.
30Ostrovsky, op. cit., p. 280.
31Ibid., p. 279.
32O. Novaro and M. Berrondo. “Approximate Symmetry of the Periodic Table”. In: Journal of

Physics B: Atomic and Molecular Physics 5.6 (1972), pp. 1104–1110. These and other results

have been reviewed in a number of other papers. See O. Novaro. “Group Theoretical Aspects

of the Periodic Table of the Elements”. In: Journal of Molecular Structure: THEOCHEM 199

(1989), pp. 103–118; O. Novaro. “Group Theory of the Periodic Table”. In: The Mathematics

of the Periodic Table. Ed. by Dennis H. Rouvray and R. Bruce King. New York: Nova Science

Publishers, Inc., 2006, pp. 217–235; O. Novaro. “Symmetries of the Periodic System”. In:

AIP Conference Proceedings 1323.1 (2010), pp. 244–256.
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Table 6.3: Unitary irreducible representations of the group GNB = SU(2) ⊗ SU(2) ⊗

SU(2) and its subgroups O(4) and SO(3). The dimensions of the GNB unirreps are

listed in the last column. [Adapted from O. Novaro and M. Berrondo. “Approxi-

mate Symmetry of the Periodic Table”. In: Journal of Physics B: Atomic and Molecular

Physics 5.6 (1972), pp. 1104–1110, p. 1108.]

unirrep unirrep unirrep

GNB ⊃ O(4) ⊃ SO(3) Degeneracy

(0, 0, 0) (0, 0 ) l = 0 1

( 1
2
,0, 1

2
) ( 1

2
, 1

2
) l = 0, 1 4

( 1
2
, 1

2
,0) (1, 0 )

+
⊕ (0, 0 ) l = 0, 1 4

(1, 0, 1) (1, 1 ) l = 0, 1, 2 9

(1, 1, 0) (2, 0 )
+
⊕ (1, 0 )

+
⊕ (0, 0) l = 0, 1, 2 9

( 3
2
,0, 3

2
) ( 3

2
, 3

2
) l = 0, 1, 2, 3 16

which resulted from three mutually commuting ‘angular momenta’, denoted P̂,

Q̂ and R̂, and obeying the following commutation rules:

[P̂i, P̂j] = iεijkP̂k, [Q̂i, Q̂j] = iεijkQ̂k, [R̂i, R̂j] = iεijkR̂k,

[P̂i, Q̂j] = [Q̂i, R̂j] = [R̂i, P̂j] = 0, ∀i, j = 1,2,3.
(6.63)

This group was then reduced over the chain of groups:

SU(2)⊗ SU(2)⊗ SU(2) ⊃ O(4) ⊃ SO(3). (6.64)

The unirreps of GNB are written as (p, q, r) with p, q and r arising from the

eigenvalues of the Casimir operators P̂ 2, Q̂2 and R̂2, and taking integer and

semi-integer values. The unirreps of the O(4) subgroup can be introduced by

coupling the first two angular momenta according to P̂+ Q̂ = M̂′. The resulting

vector M̂′ is then coupled with the original R̂ to yield L̂ = M̂′ + R̂. The vectors

M̂ and R̂ generate the O(4) group, and the components of L̂ form the SO(3)

subgroup in (6.64).

In order to obtain the degeneracy structure of the periodic table, two physical

restrictions have to be imposed: First, the vector L̂ must be interpreted as the

total angular momentum of the system. This limits l to integer values. Secondly,

each value of l is allowed to occur only once in each GNB multiplet. The number

of admitted unirreps (p, q, r) is severely restricted under these conditions. The

physically allowed unirreps are of one of two forms: (p, p,0) or (p,0, p).33 A list

of the first few unirreps is given in table 6.3. Three disadvantages of the above

approach can be mentioned:

33This is reminiscent of the unirreps (j, j) of the SO(4) group which were obtained for the

hydrogen atom under the restriction j1 = j2 (cf. chapter 3).
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1. First, the chemical elements form a reducible representation under GNB,

as was the case with the Spin(4) group proposed by Rumer and Fet. In-

stead of being grouped in a single infinite-dimensional manifold of some

non-compact noninvariance group, the elements belong to an infinitude of

finite-dimensional multiplets of the compact SU(2) ⊗ SU(2) ⊗ SU(2) invari-

ance group.

2. Second, the dimensions of the GNB unirreps in table 6.3 are doubled, except

for the very first multiplet, whose dimension 2 occurs only once. The series

2, 8, 8, 18, 18, 32, 32 thus obtained corresponds to the cardinalities of the

‘chemical ’ periods in most conventional periodic tables.34 In this dissertation

however, we have favoured the format of the left-step table whose period

lengths 2, 2, 8, 8, 18, 18, 32, 32 are doubled over the entire line. The

doubling of the first period cannot be explained within the group-theoretical

scheme proposed by Novaro and Berrondo.35 We will come back to this point

in the next section (§6.6.2).

3. Finally, in order to obtain the above-mentioned dimensions, two physical

restrictions had to be imposed which necessarily lie outside the elementary

particle approach.

The first point was later remedied by the introduction of the Euclidean group

in four dimensions, E(4), which contains GNB as a subgroup.36 As to the third

point, Novaro is essentially facing the challenges that were posed in §6.2: how

can one make the step from EPA to APA? It is as yet unclear how the proposed

scheme relates to the internal dynamics of atomic physics. The quantum num-

bers obtained from the chain (6.64), as well as their corresponding operators

P̂, Q̂ and R̂ lack a physical interpretation, and the dynamics of the symmetry-

breaking mechanism are unknown, although the breaking is most probably due

to electron correlations and spin-orbit coupling effects.

The authors partially resolved this problem by constructing an effective

model Hamiltonian in terms of the Casimir operators of the group GNB:37

Ĥeff =
− 1

2
Z2

2 [(αP̂ + βQ̂)2 + βR̂2] + 1
, (6.65)

which corresponds to the Hamiltonian of a quantal symmetric top in four-space.

34In this way, the atomic magic numbers can be derived, corresponding to the atomic numbers

of the noble gases: He (Z = 2), Ne (Z = 10), Ar (Z = 18), Kr (Z = 36), Xe (Z = 54) and Rn

(Z = 86).
35Novaro and Berrondo were certainly aware of this fact, but they considered the conventional

format of the periodic table to be more fundamental.
36M. Berrondo and O. Novaro. “On a Geometrical Realization of the Aufbau Scheme”. In:

Journal of Physics B: Atomic and Molecular Physics 6.5 (1973), pp. 761–769.
37Novaro and Berrondo, op. cit., p. 1109 and Berrondo and Novaro, op. cit. See also O.

Novaro and K. B. Wolf. “A Model Hamiltonian for the Periodic Table”. In: Revista Mexicana

de Fisica 20 (1971), pp. 265–268.
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6.6.2 Period doubling

The late Valentin Ostrovsky recently noted that the “secondary periodic-

ity is a vivid physicochemical manifestation of the period doubling which is a

phenomenological fact to be included in all reasonable attempts to construct a

group-theoretical scheme for the periodic table.”38 (The importance of the pe-

riod doubling was stressed in §1.5.3) As has been indicated in the last section,

neither Fet (or for that matter, Kibler) nor Novaro were able to convinc-

ingly account for the period doubling. In this section, the schemes of Barut

and Ostrovsky will be reviewed, both of which attached greater importance

to the secondary periodicity effects.

Barut and Odabaşi (Boulder, Colorado, USA)

In this chapter, the period doubling has been explained in terms of the reduction

of the SO(4,2) representation h with respect to the subgroup SO(3,2). Exactly

two representations of the SO(3,2) group are thus obtained; the state vectors

∣nlm⟩ (i.e. chemical elements) with n+l even (respectively odd) span an infinite-

dimensional unirrep of SO(3,2), denoted he (respectively ho):
39

h = he ⊕ ho. (6.66)

This explanation goes back to the work of Barut in 1972 which, in turn, was

based on an earlier study by Barut and Bohm in which the different repre-

sentation classes of the SO(4,2) group were studied, along with their reduction

over the chain:40

SO(4,2) ⊃ SO(3,2) ⊃ SO(3)⊗ SO(2). (6.67)

This approach has been criticized by Ostrovsky who noted that “according

to this reduction the O(4) subgroup completely loses its significance.”41 Os-

trovsky continued: “the label n and the [unirrep] dimension n2 are ultimately

related to the O(4) group. They are critically important for the description of

the periodic table; and yet they do not appear in Barut’s scheme.”42

In defence of Barut’s approach, we emphasize that it is not the principal

quantum number n, but the Madelung quantum number N = n + l which is of

importance for the periodic system. Admittedly, the different n + l multiplets

38Ostrovsky, op. cit., p. 277.
39Here, we have adopted the notation introduced by Kibler in Kibler, “On the Use of the Group

SO(4,2) in Atomic and Molecular Physics”.
40See Barut, op. cit. and A. O. Barut and A. Böhm. “Reduction of a Class of O(4, 2) Repre-

sentation with Respect to SO(4, 1) and SO(3, 2)”. In: Journal of Mathematical Physics 11.10

(1970), pp. 2938–2945.
41Ostrovsky, loc. cit.
42ibid., 277, emphasis in original.
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exhibit the same hydrogenic dimensions (2, 8, 18, 32, . . .), but they are related

to a nonlinear SO(4) group, as was explained in §6.4.5.

On a more positive note, Novaro referred to Barut’s approach as “the most

successful group-theoretical explanation of the Aufbau scheme.”43 He considered

the chain of groups in (6.67) promising enough to provide it with a geometrical

interpretation in terms of an axially symmetric top in three dimensions.44 This

however did not withhold Novaro from submitting Barut’s results to a critical

examination. It is interesting to note that Novaro rewrote (6.67) as

SO(4,2) ⊃ SO(3,2) ⊃ O(4), (6.68)

claiming that “Bartut’s chain of subgroups does contain the symmetry group

O(4).”45 As has been established in this chapter, however, the SO(3,2) group

does not contain SO(4) as a subgroup. The so(4) algebra is generated by the L̂

and Â operators, but the components of Â are lost in the reduction of so(4,2)
over the so(3,2) Lie algebra. Admittedly, some sort of so(4) algebra will have to

be obtained in order to rationalize the Madelung (n + l, n) rule, but this algebra

will be of a nonlinear nature, as explained in §6.4.5.

As has been observed before, Novaro provided a group-theoretical interpreta-

tion of the cardinalities of the chemical periods, as given by the series of atomic

‘magic numbers’ 2, 8, 8, 18, 18, 32, 32. “These magic numbers are not merely

a duplication of hydrogen closed shells”, remarked Novaro, “[since] the num-

ber 2 only appears once, for helium.”.46 The doubling of the Aufbau scheme,

as proposed by Barut by invoking two different representations of the SO(3,2)

group, was therefore considered by Novaro to be a “fatal flaw”.47 The obtained

dimensionalities do not “correspond to the magic numbers” and “as this chain

of groups has been used implicitly by several authors, all [these] studies [. . .]

necessarily lack this important aspect.”48

Demkov and Ostrovsky (St. Petersburg, USSR)

An alternative explanation for the period doubling was offered by Ostrovsky

in terms of the supergroup:

GO = O(4,2)⊗ SU(2)S ⊗ SU(2)T. (6.69)

Its subgroup O(4)⊗ SU(2)S ⊗ SU(2)T contains an O(4) symmetry which yields

representations of dimension n2.49 By enlarging this invariance group to O(4)⊗
43Novaro, “Group Theoretical Aspects of the Periodic Table of the Elements”, p. 109.
44O. Novaro. “Comment on the Group Theoretical Justification of the Aufbau Scheme”. In:

International Journal of Quantum Chemistry 7.S7 (1973), pp. 53–56.
45Novaro, “Group Theoretical Aspects of the Periodic Table of the Elements”, p. 109.
46Ibid., p. 104.
47Ibid., p. 110.
48Ibid., p. 112.
49V. N. Ostrovsky. “Teoretiko-Gruppovye Aspekty Periodicheskoi Sistemy Elementov”. In:

Group Theoretical Methods in Physics, Proceedings of International Symposium. Ed. by M. A.
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SU(2)S, the unirrep dimensions are doubled to 2n2. The subscript S moreover

hints at the physical origin of the SU(2) group, which arises from the electron

spin ms = ±1/2. Ostrovsky referred to this ‘horizontal’ doubling of the period

lengths as spin doubling.

The ‘vertical’ doubling of the period lengths, which is known as the actual

period doubling in the periodic system, was given a group-theoretical articulation

by Ostrovsky by introducing a second SU(2) group, denoted SU(2)T, and being

formally analogous to the isospin group. This leads to two copies of the O(4,2)⊗
SU(2)S unirreps, which are realized in two different Hilbert spaces.50 The basis

kets can be denoted as ∣nlmlmsτ⟩, where n, l, ml and ms are defined as usual,

and τ = ±1. The value of τ then distinguishes the two Hilbert spaces from one

another. To see this, Ostrovsky introduced the operators T̂+, T̂− and T̂3, which

were defined by the following relations:51

T̂+ ∣nlmlms−⟩→ ∣nlmlms+⟩ , T̂+ ∣nlmlms+⟩ = 0; (6.70a)

T̂− ∣nlmlms−⟩ = 0, T̂− ∣nlmlms+⟩→ ∣nlmlms−⟩ ; (6.70b)

T̂3 ∣nlmlms±⟩ = ±1/2 ∣nlmlms±⟩ . (6.70c)

The T̂ operators can then be shown to commute as:

[T̂3, T̂±] = ±T̂±; (6.71a)

[T̂+, T̂−] = 2T̂3, (6.71b)

which are the defining commutation relations for the su(2)T algebra of the

SU(2)T group. In this way, Ostrovsky was able to split the entire Hilbert space

H into two subspaces H+ and H−, where the T̂3 operator acts as a Cartan

generator distinguishing states from both subspaces, and where the ladders T̂±

act as shift operators between H+ and H−.

Although this phenomenological construction accounts for the period dou-

bling, we are of the opinion that the introduction of the SU(2)T group is exces-

sive and physically unfounded. That is, Ostrovsky’s abstract group-theoretical

label τ = ±1 does not have a physical counterpart in the quantum mechanics

of the periodic table, and should be rejected on this basis. In contrast to the

ms = ±1/2 label, which is easily identified as the spin magnetic quantum number

in the non-relativistic treatment of the hydrogen atom, the label τ = ±1 does

not represent a new quantum number. It is also unclear whether a realization

Markov. Vol. 1. Moscow: Nauka, 1980, pp. 181–188; V. N. Ostrovsky. “Dynamic Symmetry

of Atomic Potential”. In: Journal of Physics B: Atomic and Molecular Physics 14 (1981),

pp. 4425–4439.
50Although we have not adopted the dynamic group O(4,2)⊗SU(2)S⊗SU(2)T in this chapter,

it is interesting to note that in order to rationalize the Madelung (n + l, n) rule, two different

so(4,2) copies were needed to construct the necessary Madelung operators (cf. §6.4.2).
51Ostrovsky, “Group Theory Applied to the Periodic Table of the Elements”, p. 286.
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of the T̂i operators could be obtained in terms of physical operators (expressed

as analytical functions of the coordinates xi and momenta −ih̵∂/∂xi).52

The introduction of new quantum numbers to motivate the period doubling

is not an uncommon theme in the literature on the periodic table. Neubert,

for example, tentatively postulated an additional quasi-spin property for the

periodic system in terms of the topical quantum number c = ±1/2, to account

for the ‘double shell structure’ of Mendeleev’s chart.53

Extensions of the dynamic O(4,2) ⊗ SU(2)S group, similarly, have been

proposed more than once to justify the period doubling. Following a reasoning

similar to Ostrovsky’s, Fet interpreted the period doubling by including the

cyclic group Z2 in the spectrum-generating group O(4,2)⊗SU(2)S.54 Although

this permutation group leads to a doubling of the Aufbau scheme, it does not

yield ladder operators to connect the two disjoint representations of the O(4,2)⊗
SU(2)S group, as noted before by Ostrovsky.55

Similar objections have been raised against Konopel’chenko’s postulation

of the SO(2,4) + R group, where the discrete R operator was called forth to

produce the observed period doubling.56 We note that in his later publications,

Fet adopted the same O(4,2)⊗SU(2)S⊗SU(2)T group as Ostrovsky.57 In each

of these cases, the same objections can be made as above.

6.6.3 The Madelung (n + l, n) rule

It has been argued in the preceding discussion that none of the aforementioned

authors succeeded in giving a group-theoretical interpretation of the Madelung

(n + l, n) rule. Numerous papers simply failed to mention the Madelung rule.58

52Admittedly, this criticism arises from an atomic physics (APA) point of view. Within the

EPA, Ostrovsky’s alternative construction is not as easily challenged.
53D. Neubert. “Double Shell Structure of the Periodic System of the Elements”. In: Zeitschrift

für Naturforschung 25a (1970), pp. 210–217.
54A. I. Fet. The System of the Elements from the Group-Theoretic Viewpoint. 1979; A. I.

Fet. “Numbers and the System of Chemical Elements”. In: Group Theoretical Methods in

Physics, Proceedings of International Symposium. Ed. by M. A. Markov. Vol. 1. Moscow:

Nauka, 1980, pp. 327–336.
55Ostrovsky, op. cit., p. 279.
56Konopel’chenko, op. cit.
57A. I. Fet. “The System of Elements from the Group-Theoretic Viewpoint”. In: Periodic

Systems and their Relations to the Systematic Analysis of Molecular Data. Ed. by Ray Hef-

ferlin. Lewiston, New York: The Edwin Mellen Press, 1989, pp. 41–86; A. I. Fet. “Gruppa

Simmetrii Khimicheskikh Elementov [In Russian: Symmetry Group of Chemical Elements]”.

In: Matematicheskoe Modelirovanie v Biologii i Khimii [in Russian: Mathematical Modelling

in Biology and Chemistry]. Ed. by R. G. Khlebopros. Novosibirsk: Nauka Publishers, 1992,

pp. 118–203; A. I. Fet and L. Romanov. “Prediction of Properties of Chemical Elements and

Combinations”. In: 1996, pp. 379–386; A. I. Fet. Symmetry Group of Chemical Elements.

Novosibirsk: Nauka, 2010, p. 238.
58Rumer and Fet, “The Group Spin (4) and the Mendeleev System”; Konopel’chenko, op. cit.;

Fet, “Conformal Group and Chemical Affinity”; Fet, “Conformal symmetry of the chemical
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Among the authors who have passed in review, Barut seems to have came

closest to an explanation of the (n + l, n) rule. However, in reducing the SO(3,2)

group over the direct product group SO(3)⊗O(2), Barut failed to obtain SO(4)-

like multiplets of constant n + l which would justify Madelung’s rule. Barut

most probably realized that the embedding of SO(4) in SO(3,2) would not be

straightforward.

In 1972, Demkov and Ostrovsky formulated the effective one-electron

potential

Veff(r) = −
2v

rR (r +R)2
, (6.72)

which provided an exactly soluble eigenvalue problem

[−1

2
∇2 + Veff(r)]Ψ(r) = 0 (6.73)

at fixed energy E = 0 for the quantum numbers N = n+ l, l and ml (cf. §§1.5.5,

1.7.1 of the literature study).59 The invariance properties of this atomic po-

tential were subsequently studied by Ostrovsky in 1981.60 The dynamic group

thus constructed was claimed to be isomorphic to the conformal SO(4,2) group.

This was however called into question by Barut and Kitagawara in 1983.61

Among the invariance operators Q̂i which convert solutions of (6.73) into new

solutions, the authors discovered the following subalgebra for i = 1→ 6:

[Q̂1, Q̂4] = 0; [Q̂2, Q̂5] = 0; [Q̂3, Q̂6] = 0;

[Q̂1, Q̂5] = −2Q̂6; [Q̂1, Q̂6] = Q̂4; [Q̂2, Q̂6] = Q̂5;

[Q̂2, Q̂4] = −2Q̂6; [Q̂3, Q̂4] = −Q̂4; [Q̂3, Q̂5] = Q̂5;

[Q̂4, Q̂5] = −16Ŵ Q̂3; [Q̂4, Q̂6] = 8Ŵ Q̂1; [Q̂5, Q̂6] = 8Ŵ Q̂2,

(6.74)

where Ŵ is defined as

Ŵ = K̂ − 4L̂2 − 3

2
. (6.75)

elements”.
59Yu. N. Demkov and V. N. Ostrovsky. “n+l Filling Rule in the Periodic System and Focusing

Potentials”. In: Soviet Physics JETP 35.1 (1972), pp. 66–69. Translated from the Russian:

Yu. N. Demkov and V. N. Ostrovsky. “n + l Filling Rule in the Periodic System and Fo-

cusing Potentials”. In: Zhurnal Éksperimental’nŏı i Teoreticheskŏı Fiziki (ZhÉTF) 62 (1972),

pp. 125–132. This was based on earlier work by Demkov and Ostrovsky on the so-called

Maxwell fish-eye potential. See Yu. N. Demkov and V. N. Ostrovsky. “Internal Symmetry

of the Maxwell ”Fish-Eye” Problem and the Fock Group for the Hydrogen Atom”. In: Soviet

Physics JETP 13.6 (1971), pp. 1083–1087; Yu. N. Demkov, V. N. Ostrovsky, and N. B.

Berezina. “Uniqueness of the Firsov Inversion Method and Focusing Potentials”. In: Soviet

Physics JETP 33.5 (1971), pp. 867–870.
60Ostrovsky, “Dynamic Symmetry of Atomic Potential”.
61Y. Kitagawara and A. O. Barut. “Period Doubling in the n+ l Filling Rule and Dynamical

Symmetry of the Demkov-Ostrovsky Atomic Model”. In: Journal of Physics B: Atomic and

Molecular Physics 16.18 (1983), pp. 3305–3327. See also Y. Kitagawara and A. O. Barut.

“On the Dynamical Symmetry of the Periodic Table: II. Modified Demkov-Ostrovsky Atomic

Model”. In: Journal of Physics B: Atomic and Molecular Physics 17 (1984), pp. 4251–4259.
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The exact form of these Q̂ and K̂ operators is not particularly important and

will not be given. What is more important, is the appearance of the “remark-

able factor Ŵ” in the commutation relations (6.74). As Barut and Kitagawara

observed, “the set of operators {Q̂i ∣ i = 1, 2, . . . , 6} does not form a finite-

dimensional closed Lie algebra.”62 Rewriting the Q̂ operators as

L̂1 = i
2
(Q̂1 − Q̂2) ; L̂2 = 1

2
(Q̂1 + Q̂2) ; L̂3 = iQ̂3;

Ŝ1 = 1
2
(Q̂4 + Q̂5) ; Ŝ2 = − i2 (Q̂4 − Q̂5) ; Ŝ3 = Q̂6,

(6.76)

led to the following commutation relations:

[L̂1, L̂2] = L̂3; [L̂2, L̂3] = L̂1; [L̂3, L̂1] = L̂2;

[L̂1, Ŝ2] = Ŝ3; [L̂2, Ŝ3] = Ŝ1; [L̂3, Ŝ1] = Ŝ2;

[Ŝ1, Ŝ2] = −8Ŵ L̂3; [Ŝ2, Ŝ3] = −8Ŵ L̂1; [Ŝ3, Ŝ1] = −8Ŵ L̂2.

(6.77)

This resembles the familiar SO(4) relations, in which case L̂ would denote the

angular momentum and Ŝ the Laplace-Runge-Lenz vector. However, although

the factor (−2mĤ ) could be avoided by a rescaling of the LRL vector, “the

factor (−8Ŵ ) cannot be avoided”. Barut and Kitagawara commented: “The

degeneracy algebra of this type has not been known before. [It] points to new,

interesting mathematical and physical problems to be studied in the future [and

deserving] a detailed analysis.”63 They correctly observed that one is dealing

with “an algebra in which some of the structure constants contain Casimir op-

erators of the subalgebras, then become ‘structure functions’.”64 This unusual

property of the degeneracy algebra was believed to be “responsible for the char-

acteristic ‘period doubling’”, and suggested “a possibility of establishing a new

theory which generalises the theory of Lie algebras. Future research will clarify

these points”65

Remarkably similar results have been obtained in this chapter, and have

been explained in terms of nonlinear Lie algebras, which were not yet known to

Barut.

62Kitagawara and Barut, “Period Doubling in the n+l Filling Rule and Dynamical Symmetry

of the Demkov-Ostrovsky Atomic Model”, p. 3313.
63Ibid., pp. 3314, 3326.
64Ibid., p. 3314.
65Ibid., p. 3326.
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Conclusion

In this chapter, a group-theoretical articulation has been provided of the global

group structure of the periodic system. The main results can be summarized in

the following three points:

1. The overall symmetry group of the bound states of the hydrogen atom has

been identified with the direct product group SO(4,2) ⊗ SU(2). All possible

(n, l) combinations, representing the different chemical elements, are consid-

ered to form a basis for an infinite-dimensional unirrep, denoted h ⊗ [2], of

the SO(4,2) ⊗ SU(2) group.

2. A symmetry-based interpretation of the period doubling has been provided

in terms of the reduction of the SO(4,2) group to the anti de Sitter SO(3,2)

group. The infinite-dimensional manifold of the chemical elements splits into

two sets under this symmetry-breaking step: one set with n+ l odd, and one

with n + l even. This leads to the required doubling of the Aufbau series, as

observed in the left-step periodic system.

3. The Madelung (n + l, n) rule has been described in a group-theoretical man-

ner by invoking an Ŝ operator, which yields a new so′(4,2) algebra under

commutation with the original so(4,2). This has enabled the construction of

Madelung operators Θ̂i, by combining generators from both algebras. The

Θ̂i commute with the angular momentum vectors L̂i to form a nonlinear

so(4) algebra. The nonlinearity of this algebra reflects the screening of the

Coulomb potential in many-electron systems.



6.6 Literature study (cont’d) 281

T
a
b
le

6
.4

:
P

ro
p

o
se

d
sy

m
m

et
ry

g
ro

u
p
s

o
f

th
e

p
er

io
d
ic

sy
st

em
,
a
lo

n
g

w
it

h
th

ei
r

ch
a
in

o
f

su
b
g
ro

u
p
s.

T
h
e

d
iff

er
en

t
en

tr
ie

s
h
av

e
b

ee
n

g
ro

u
p

ed
a
cc

o
rd

in
g

to
th

e
fo

u
r

sc
h
o
o
ls

in
tr

o
d
u
ce

d
in

th
e

li
te

ra
tu

re
st

u
d
y.

L
a
te

r
d
ev

el
o
p
m

en
ts

b
y

K
ib

l
e
r

a
n
d

T
h
y
ss

e
n

et
a

l.
h
av

e
a
ls

o
b

ee
n

in
cl

u
d
ed

.

A
u
th

o
r

Y
ea

r
C

h
a
in

o
f

su
b
g
ro

u
p
s

B
a
r
u
t

1
9
7
2

S
O
(
4
,2

)
⊃

S
O
(
3
,2

)
⊃

S
O
(
3
)
⊗

O
(
2
)

O
d
a
b
a
şi
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Summary

1 Introduction

The periodic system (PS) represents a classification of the manifold of chemical

elements. Although the PS has become the cornerstone of modern chemistry,

the overall structure of the PS has never been derived from first principles,

nor has the quantum mechanical (QM) origin of the periodic law been fully

understood from an atomic physics point of view. Active research continues

to illuminate important aspects of the periodicity phenomena, and makes this

subject interesting from both theoretical and philosophical points of view.

In this dissertation, the PS has been approached from a group-theoretical

(GT) angle in order to deepen our limited understanding of the periodic law.

The results obtained have shed new light on the PS and have induced us to

write a textbook Shattered Symmetry: From the Eightfold Way to the Periodic

Table. A summary of the research problem is offered in §2, and is followed by

the rationale of our approach in §3, along with the principal results obtained in

this PhD dissertation. A general conclusion can be found in §4.

2 QM structure of the PS in a nutshell

The QM description of the PS is based on three principles: 1. the quantum

numbers n and l, 2. the Pauli exclusion principle, and 3. Bohr’s Aufbau principle.

The PS however cannot be built on the basis of 1—3, unless an energy ordering

rule is provided. Many rules exist:

1. The hydrogenic (n, l) rule for H and positively ionized atoms with charge

≥ 2, according to which the orbitals are filled in order of increasing n, and

according to increasing l for fixed values of n;

2. The Madelung (n + l, n) rule for neutral atoms, where the orbitals are filled

according to increasing N = n + l. For fixed n + l, the orbitals are filled in

order of increasing n;

3. Intermediate rules exist for ionized atoms with a charge ≤ 2.
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The hydrogenic rule gives rise to the following orbital sequence:

n=1
¬
{1s}
²
dim=2

≪
n=2

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{2s < 2p}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=8

≪
n=3

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{3s < 3p < 3d}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=18

≪
n=4

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{4s < 4p < 4d < 4f}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=32

≪ . . . . (S.1)

where orbitals have been grouped according to the same value of n. Taking the

possible values of the magnetic and spin magnetic quantum numbers ml and

ms into account leads to the following dimensionalities for the above sequence:

2, 8, 18, 32, as summarized by the well-known formula 2n2. This yields the

following hydrogenic energy spectrum:

n dim

{4s < 4p < 4d < 4f} 4 32

{3s < 3p < 3d} 3 18

{2s < 2p} 2 8

{1s} 1 2

(S.2)

The Madelung rule, in contrast, gives rise to the following sequence:

n+l=1

{1s}
±
dim=2

≪
n+l=2

{2s}
±
dim=2

≪
n+l=3

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{2p < 3s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=8

≪
n+l=4

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{3p < 4s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=8

≪
n+l=5

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{3d < 4p < 5s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=18

≪

n+l=6
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{4d < 5p < 6s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=18

≪
n+l=7

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{4f < 5d < 6p < 7s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=32

≪
n+l=8

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{5f < 6d < 7p < 8s}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim=32

≪ . . . ,

(S.3)

with grouping according to constant N = n+l. This corresponds to the following

set of cardinalities: 2, 2, 8, 8, 18, 18, 32, 32. Interestingly, the hydrogenic

dimensions appear twice in the Madelung sequence. By organizing the elements

in periods of constant N and groups of constant l, ml and ms, one obtains the

left-step PS of Charles Janet:

n + l dim

1s 1 2

2s 2 2

2p < 3s 3 8

3p < 4s 4 8

3d < 4p < 5s 5 18

4d < 5p < 6s 6 18

4f < 5d < 6p < 7s 7 32

5f < 6d < 7p < 8s 8 32

(S.4)

Both the Madelung sequence and the ‘period doubling ’ are characteristic features

of the PS. Yet, neither of these has ever been ab initio explained by QM! Many

claims have appeared in the scientific literature, but most have been dismissed.

This is known as the Löwdin challenge.
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3 Symmetry and symmetry breaking in the PS

In an attempt to meet the Löwdin challenge, a group-theoretical articulation

of the PS has been proposed in this dissertation. The mathematical theory

of abstract groups was first used as a classificatory tool by Gell-mann and

Ne’eman to classify the zoo of elementary particles. This GT approach led to

the eightfold way and the discovery of the quark structure of hadrons, both of

which were described by the unitary SU(3) group.

Rationale. Since the foundations of the PS are to be found in the QM theory

of multi-electron systems, GT holds the promise of shedding new light on the

classification of the chemical elements as well. Following the particle physics

tradition, we have argued for a more sophisticated, symmetry-based way of

understanding how the chemical elements should be accommodated in the PS,

and how the periodic law emerges from its QM foundations.

The phenomenological study of the global group structure of the PS orig-

inated in the 1970s with the pioneering work of a small group of theoretical

physicists (e.g. Barut, Fet, Rumer, Ostrovsky, Demkov, and Novaro).

Within this fascinating approach, the chemical elements are considered as var-

ious states of some ‘atomic matter ’ — described by a non-compact spectrum

generating dynamical Lie group with its chain of subgroups and related Cartan-

Weyl subalgebras. From this point of view, the PS represents some sort of

metasystem where the different elements constitute the multiplets of a mul-

tidimensional group; they form the basis for an infinite-dimensional unitary

irreducible representation (or unirrep) of the dynamical symmetry group.

The identification of the correct symmetry group and its decomposition into

subgroups has, however, remained a problem to this date. It has therefore been

our aim to extend this fundamental research by studying the symmetry breaking

(SB) mechanisms that can account for the structure of the PS.

3.1 The hydrogen atom

In the course of this PhD project, we have elucidated a profound connection

between the H atom, the harmonic oscillator, and the PS. It appears that these

three systems are manifestations of the same supergroup SO(4,2) although they

differ from each other by a different chain of subgroups (i.e. SB mechanisms).

The chain of subgroups for the H atom follows the traditional SB mechanism in

terms of groups and subgroups, and has been verified to be:

SO(4,2) ⊃ SO(4)⊗ SO(2,1) ⊃ SO(4) ⊃ SO(3) ⊃ SO(2). (S.5)

The spherical symmetry group SO(3) describes the spatial symmetry of the an-

gular equation, and relates orbitals of the same n and l (e.g. 2px, 2py, 2pz). The
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hyperspherical SO(4) group explains the accidental degeneracy of the hydrogen

levels, and yields SO(4) multiplets with dimensionalities that rise as 2, 8, 18, 32

(i.e. 2n2) for the K, L, M and N shell respectively (vide supra). The covering

group SO(2,1) describes the dynamic symmetry of the radial equation of the H

atom and relates orbitals of different n. The combination of all these symme-

tries yields the SO(4,2) group which provides shift operators to run through the

entire set of bound states of the H atom. A concise summary of these groups is

provided in the following:

The SO(3) group. For constant values of n and l, the energy spectrum is (2l + 1)-
fold degenerate in the hydrogenic kets ∣nlm⟩, with −l ≤m ≤ l (neglecting spin).

This is explained by the special orthogonal group in 3 dimensions, denoted

SO(3), and isomorphic to the proper rotation group in Euclidean 3-space R3.

Following Noether’s theorem, the degeneracy in m can be retraced to a constant

of the motion which is identified as the angular momentum L̂ of the electron.

The components L̂1, L̂2 and L̂3 of L̂ span the Lie algebra so(3). They leave

both the kinetic and potential part of the Hamiltonian Ĥ invariant, and thus

commute with H : [Ĥ , L̂i] = 0. The states ∣nlm⟩, with n, l fixed andm variable,

form a basis for a finite-dimensional multiplet of the SO(3) group, denoted (l)
and with dim(l) = 2l + 1. Rewriting the generators in the Cartan-Weyl basis

{L̂3, L̂+, L̂−}, yields ladder operators L̂± which transform the states of an SO(3)

multiplet into each other by raising or lowering the value of m.

The SO(4) group. For constant values of n, there are n2 degenerate eigenkets

∣nlm⟩, with 0 < l < n − 1. From the point of view of the SO(3) group, this is an

accidental degeneracy. It is explained by the hyperspherical SO(4) group. The

degeneracy in l leads to a second constant of the motion M̂ which corresponds

to the Laplace-Runge-Lenz vector of classical mechanics. We distinguish two

different approaches to the SO(4) group: the algebraic approach, due to Pauli,

versus the analytical approach, due to Fock. In this dissertation, the algebraic

approach has been followed. A rescaling of the M̂ vector yields the vector Â,

which commutes with the Hamiltonian: [Ĥ , Âi] = 0. For the bound states of

the hydrogen atom (E < 0), the set {L̂i, Âi ∣ i = 1 → 3} spans the Lie algebra

so(4). After introducing the new operators:

Ĵ1 =
1

2
(L̂ + Â) ; Ĵ2 =

1

2
(L̂ − Â) , (S.6)

two angular momentum algebras are obtained:

[Ĵ1i, Ĵ1j] = iεijkĴ1k; (S.7a)

[Ĵ2i, Ĵ2j] = iεijkĴ2k, (S.7b)

denoted su(2)1 and su(2)2 respectively. The so(4) algebra can then be written

as the direct sum

so(4) = su(2)1 ⊕ su(2)2. (S.8)
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The Casimir operators Ĵ2
1 and Ĵ2

2 of the su(2) algebras yield integer or semi-

integer quantum numbers j1 and j2 which are used to label the unirreps of SO(4)

as (j1, j2). Since L̂ and Â are orthogonal vectors, L̂ ⋅ Â = 0, and one obtains

Ĵ2
1 = Ĵ2

2, leading to the condition j1 = j2. This forces the physically allowed

multiplets of SO(4) to be of the form (j, j). After defining the new quantum

number n ≡ 2j+1, the different states ∣nlm⟩ of the H atom with n fixed and l, m

variable can be shown to form a basis for an SO(4) manifold (j, j) of dimension

(2j + 1) (2j + 1) = n2. The symmetry breaking chain SO(4) ⊃ SO(3), then yields

the following unirrep decomposition:

(n − 1

2
,
n − 1

2
) ⊃

n−1

⊕
l=0

(l) = (0)⊕ (1)⊕ . . .⊕ (n − 1). (S.9)

A second relation between the vectors L̂ and Â moreover leads to the energy

formula En = −E1/n2 with E1 the Rydberg energy.

The SO(2,1) group. The radial SO(2,1) group is the 2-dimensional analogue of

the Lorentz group SO(3,1). Its corresponding so(2,1) Lie algebra is spanned by

the three Q̂i operators. In the Cartan-Weyl basis {Q3, Q̂+, Q̂−}, the operators

Q̂± act as ladder operators which shift a given ∣nlm⟩ state to the neighbouring

∣(n ± 1)lm⟩ states.

The SO(4,2) group. The dynamical noninvariance group of the H atom corre-

sponds to the special pseudo-orthogonal group SO(4,2) in R4,2. Its associated

so(4,2) Lie algebra is of rank l = 15 and dimension r = 3. Besides the L̂, Â

and Q̂ vectors, introduced above, two more vectors B̂ and Γ̂ have to be invoked

to close out the commutation relations. Not every generator of the noninvari-

ance algebra commutes with the Hamiltonian Ĥ , and in this sense, so(4,2) is

considered to be a spectrum-generating algebra; every state ∣nlm⟩ can be trans-

formed into any other state ∣n′l′m′⟩ under the action of the so(4,2) generators.

The infinite set of hydrogenic states consequently forms a basis for an infinite-

dimensional unirrep of the SO(4,2) group, denoted h. This manifold breaks into

smaller multiplets under the symmetry breaking chain (S.5):

h ⊃
∞

⊕
n=1

(n − 1

2
,
n − 1

2
) =

∞

⊕
n=1

n−1

⊕
l=0

(l). (S.10)

3.2 The periodic system

Starting from the four-dimensional hidden symmetry and accidental degeneracy

of the H atom, as first revealed by Fock in 1935, our research has mainly

focussed on the way this SO(4) symmetry of the Coulomb potential is broken

in the PS as a consequence of the transformation of the hydrogenic (n, l) filling

order to the Madelung (n + l, n) order due to electronic repulsions, relativistic

effects and spin-orbit coupling.
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The baruton. The single infinite-dimensional degeneracy space h of the confor-

mal group SO(4,2) has been shown to be applicable to the PS and has been

denoted as the baruton. Filling all the states with electrons leads to all the

elements of the PS, and in this way the baruton can be looked upon as a mas-

sive metaparticle, which covers the full PS. The baruton represents the primeval

atom, at the point of the Big Bang when all energies were degenerate. As

its symmetry broke, the universe unfolded and phenomena appeared. “C’est

la dissymétrie qui crée le phénomène,” dixit Pierre Curie. The observable

manifestations of the baruton are the different chemical elements, which are

arranged together in the PS. This implies that the structure of the PS is to be

found in a particular symmetry breaking of the SO(4,2) group.

Atomic chess. For this purpose, the basic nl states have been represented in

a 2-dimensional (n, l) diagram, with n and l increasing along the vertical and

horizontal axes respectively. Comparing this diagram to a chess board, we have

attempted to find out the rules of this atomic chess in order to reconstruct the

structure of the PS:

7s 7p 7d 7f 7g 7h 7i

6s 6p 6d 6f 6g 6h

5s 5p 5d 5f 5g

4s 4p 4d 4f

3s 3p 3d

2s 2p

1s

(S.11)

Each of the aforementioned hydrogenic symmetries can be linked with a partic-

ular chess piece: the SO(4) group was associated with the rook R which relates

the nl states in horizontally lying SO(4) multiplets. By moving vertically, it

also symbolizes the SO(2,1) group. The SO(4,2) group has been represented by

the king K and queen Q.

The period doubling. Removing all operators with an index 4 from the SO(4,2)

matrix has yielded the anti de Sitter SO(3,2) subgroup which has the inter-

esting property that the baruton spectrum splits into two separate manifolds,

depending on whether n + l is even or odd:

h ⊃ he ⊕ ho. (S.12)

This leads to a doubling of the Aufbau series. Not unlike spin, SO(3,2) thus adds

an additional quantum characteristic which can take only two values: even or

odd. We have found that the ‘period doubling’ observed in the PS is nothing else

than a manifestation of this binary quantum level. The states in each manifold

he or ho are related by the moves of the black and white bishop B respectively.
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The chiral bishop. In the final stages of this dissertation, we have looked for a

symmetry group that would govern the different n+ l multiplets of the left-step

PS in order to rationalize the Madelung (n + l, n) rule. The periods of constant

n + l in (S.4), such as {3d, 4p, 5s}, form finite-dimensional diagonal sequences

on the chess board, whose states are related by a chiral bishop. The analogous

counter-diagonal sequences of hydrogenic states are infinite-dimensional, and

correspond to e.g. 1s, 2p, 3d, 4f, 5g, . . .

Since the dimensionalities of the diagonal multiplets correspond to those of

the hydrogen spectrum (compare (S.1) and (S.3)), it was postulated that a new

SO(4) group will be obtained, whose Casimir operator will label the different

unirreps by a new quantum number N = n + l (in contrast with the H atom,

whose SO(4) multiplets are labelled by n). The PS would then be described by

the following chain of subgroups:

SO(4,2) ⊃ SO(3,2) ⊃ SO′(4) ⊃ SO(3) ⊃ SO(2). (S.13)

The embedding of both sequences in the covering SO(4,2) group of Barut

has proved problematical. The counter-diagonal sequences bear characteristics

to supermultiplets of the SO(3,1) Lorentz group, and are reminiscent of Regge

trajectories in hadron physics, but the standard embedding does not yield the

right result, since it leads to a different reduction of the standard hydrogenic

basis. Similar problems have cropped up for the diagonal Madelung sequences.

The Ŝ operator. The discovery of a new Ŝ operator, first introduced by En-

glefield, has opened the way to a further supersymmetry beyond SO(4,2). It

has been demonstrated that this operator provides the required flexibility to

obtain both the Regge and Madelung sequences. The Ŝ operator yields under

commutation with the Âi, B̂i and Γ̂i generators (i = 1→ 3) of the initial so(4,2)
algebra a new set of operators Â′

i, B̂
′
i and Γ̂′i. We have established that these

operators form a new so′(4,2) algebra with the original L̂i and Q̂i operators.

This has enabled the construction of a new set of operators K̂i = −B̂′
i − iΓ̂i

and Θ̂i = B̂′
i + iΓ̂i which contain operators from both so(4,2) algebras. The

Regge operators K̂i act as counter-diagonal ladders in the hydrogen spectrum

— raising and lowering n and l simultaneously by one unit as desired. The

Madelung operators Θ̂i lead to a parallel outcome in the diagonal direction.

Nonlinear algebras. The K̂i and L̂i operators commute among themselves to

form a deformed Lorentz so(3,1) algebra. In a similar vein, the Θ̂i and L̂i

give rise to a deformed so(4) algebra. The algebraic structure thus obtained

is a kind of nonlinear Lie algebra, where the structure constants are replaced

by a structure function (Q̂3 + Ŝ) /Ŝ which is based on the invariants of the

subalgebras. Both algebras maintain the angular momentum algebra (spanned

by the L̂i components) as a linear so(3) subalgebra. They bear a resemblance

to the nonlinear extensions discussed by Quesne.
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4 Conclusions

Various extensions of the traditional Lie algebraic framework have started to

play an increasingly important role in many branches of quantum physics.

Quantum algebras, such as q-deformed Lie (super)algebras, and other quan-

tum deformations with nonlinear structure functions are increasingly applied to

many-body quantum physics, and hold the promise of yielding new insights into

the internal dynamics of these systems.

Our research has revealed that similar deformations of the linear so(4) and

so(3,1) algebras are needed to obtain the Madelung and Regge sequences that

run along the diagonals on the atomic chess board. The nonlinearity of these

algebras probably reflects the screening/perturbation of the Coulomb poten-

tial, and could thus account for the well-known deviations from the hydrogenic

spectrum in many-electron systems. These results open new perspectives for

a symmetry-based understanding of the PS, and will be discussed in the next

chapter.

By way of graphical summary, a branching scheme is provided in figure S.1

listing the principal groups and subgroup chains, introduced in this dissertation,

to rationalize the hydrogen spectrum and the degeneracy structure of the left-

step periodic system. The generators of the corresponding Lie algebras have

also been listed under each group.

Figure S.1: The SO(4,2) ⊗ SU(2) group represents the king K and queen Q. For

the hydrogen atom, this group is broken to the direct product group SO(4) ⊗ SO(2,1)

⊗ SU(2), which corresponds to the rook R. A further breaking yields a horizontal or

vertical tower (Rh or Rv), as represented by the SO(4) or SO(2,1) group.

For the left-step periodic system, the period doubling can be rationalized by the

anti de Sitter group SO(3,2) ⊗ SU(2), which corresponds to the bishop B. In order to

describe the Madelung (n + l, n) rule, an additional Ŝ operator has to be introduced

to form a mirror SO’(4,2) ⊗ SU(2) group. This group can be similarly broken to

the SO’(3,2) ⊗ SU(2) group to account for the period doubling. By combining the

generators from both SO(3,2) groups, Madelung operators Θ̂i can be constructed which

commute with the angular momentum vectors L̂i to form a nonlinear SO’(4) group,

corresponding to the chiral bishop Bc.

The introduction of the mirror SO’(4,2) group leads to a further supersymmetry.

The combination of all 25 generators might possibly lead to a U(5) group.
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Perspectives

1 Introduction

In order to circumvent the problems, posed in chapter 1, with the quantum

mechanical interpretation of the Madelung (n + l, n) rule, a group-theoretical

articulation of the periodic system has been set forth instead. This study was

carried out within an elementary particle approach (EPA).66 As argued before,

the connection with the inner dynamics of many-electron systems is lost at the

EPA stage; no correspondence has been afforded in this thesis between the group

description and the actual dynamics of the atoms. A natural extension of this

phenomenological study would therefore consist in complementing our approach

with a direct atomic physics approach (APA, figure P.1).

The importance of undertaking such a step has been emphasized before by

Jørgensen and Katriel who noted that “the existence of a dynamical group

accounting for the degeneracies and even for the ordering of levels is not at

all equivalent to a corresponding universal potential.”67 Critics have moreover

warned against the danger of running into numerological pitfalls. According

to Ostrovsky “the formal schemes are [often] elaborated at the expense of

clearly formulated relations to physics and chemistry.”68 One runs the risk,

in other words, of merely ‘translating ’ the empirical physicochemical informa-

tion (e.g. period lengths) into specialized mathematical language which, though

interesting for the mathematical community, fails to offer any new physical in-

sights. Ostrovsky feared that for most physicists and chemists such a translation

would hardly justify the accompanying sacrifice: giving up all reference to the

structure of atoms by treating the elements as non-split entities.69

66We note that a one-to-one correspondence between the group-theoretical labels n + l, l, ml,
ms, and the atomic number Z of the chemical elements has yet to be provided in terms of an

ordering formula.
67J. Katriel and C. K. Jørgensen. “Possible Broken Supersymmetry behind the Periodic

Table”. In: Chemical Physics Letters 87.4 (1982), p. 318.
68V. N. Ostrovsky. “Group Theory Applied to the Periodic Table of the Elements”. In: The

Mathematics of the Periodic Table. Ed. by D. H. Rouvray and R. B. King. New York: Nova

Science Publishers, Inc., 2006, pp. 265–311, p. 265.
69Ibid., p. 305.
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Figure P.1: Having studied

the group-theoretical grin of

the periodic system, it is time

to make its quantum mechani-

cal body reappear.

Unfortunately, “the relation between the group operators and the system Hamil-

tonian need not be as straightforward as in the classical model systems,” such

as the harmonic oscillator or the hydrogen atom, as described in the chapters

2–5.70 In Ostrovsky’s opinion, the connection with physicochemical reality is

still unknown and a vast field for future studies is thus opened here.71

2 Future work

Interelectronic repulsions, relativistic effects and spin-orbit couplings in many-

electron systems are responsible for the breaking of the SO(4) symmetry of the

Coulomb potential. With the breaking of the hydrogenic symmetries, a new kind

of dynamical symmetry is seen to arise however which goes beyond the geomet-

rical SO(3) symmetry of atomic systems and which manifests itself in two ways

in the left-step periodic system: 1. the periods are characterized by constant

values of N = n + l, as described by the Madelung (n + l, n) rule, and 2. their

dimensions rise as a series of repeated double squares: 2, 2, 8, 8, 18, 18, 32, 32.

We have argued that a rationalization of this degeneracy structure necessi-

tates a new kind of SO(4) group whose multiplets are labelled by n+ l. This was

attempted by a particular symmetry breaking of the covering SO(4,2) group. In

the chapters 2–5, a physical realization of the so(4,2) generators was provided

in terms of the Kepler/Coulomb problem. We stress that this hydrogenic real-

ization was taken over wholesale in our study of the periodic system. Of course,

the hydrogenic so(4,2) algebra can only yield a linear so(4) invariance algebra

in n, and not in n + l. Two possible ways of proceeding present themselves:

1. In this thesis, an so(4) algebra in n+ l has been ‘forced’ into the hydrogenic

so(4,2) algebra. This came at a price however, as the linearity of the Lie

algebras was lost in the process, and the Madelung sequences appeared as

the result of a deformed so(4) algebra.

70Katriel and Jørgensen, loc. cit.
71Ostrovsky, loc. cit.
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2. Alternatively, it should be possible to deform the radial Coulomb potential

and generate a rescaled realization of the so(4,2) algebra, such that the

Madelung sequence would appear as a linear so(4) algebra in n + l.
The structural framework for such an approach has been provided by Barut

and Beker who obtained a new class of realizations of the dynamical O(4,2)

group, characterized by an arbitrary function G(r).72 For the special case

G(r) = r, the realization reduces to the appropriate O(4,2) realization for

the Kepler problem, but other implementations of G(r) might lead to the

required outcome.

The second approach offers the additional advantage of yielding a set of gener-

ators that could be given a direct physical meaning.73 In either cases, a study

of the nonlinearity of the so(4) algebra in (1) or the deformation of the ra-

dial Kepler potential in (2) opens the window to a deeper understanding of the

screening/perturbation of the atomic potential in many-electron systems.

An effective model Hamiltonian Ĥ can be constructed in terms of the

rescaled so(4,2) generators and Casimir invariants, which would yield N = n+ l
as a new quantum number. The effective one-electron potential Veff thus ob-

tained should also be compared with the fish-eye potential, introduced by Os-

trovksy to explain the period doubling in the periodic system.74

With the introduction of the Ŝ operator, two other issues come to mind:

1. the nature of Ŝ, and 2. the resulting supersymmetry. As for the first point,

it is not clear at present whether the Ŝ operator can be expressed analytically

in terms of coordinate and momentum operators xi and h̵
i
∂
∂xi

; that is, if Ŝ is

a ‘kinematical’ operator. Secondly, and more importantly even, the introduc-

tion of Ŝ leads to an extension of the so(4,2) algebra. The question then, is

what supersymmetry will result. In principle, this question can be answered

by working out the commutation algebra, at least for the representation of this

symmetry in the space of the hydrogen states.

The Regge and Madelung operators are formed by combining two so(4,2)
algebras. We are thus dealing with a set of 25 operators: the angular momentum

operators L̂, radial momentum operators Q̂, vector operators Â, B̂ and Γ̂,

mirror operators Â′, B̂′ and Γ̂′, and counting operator Ŝ. The dimension of

72A. O. Barut and H. Beker. “Relativistic Oscillator: Linearly Rising Trajectories and Struc-

ture Functions”. In: Physical Review Letters 50.20 (1983), pp. 1560–1562.
73This is reminiscent of the hydrogenic realization of the so(4,2) algebra, the generators of which

have been brought into relation with physical transition operators to describe the external

interactions of the hydrogen atom with the electromagnetic field. See A. O. Barut and

H. Kleinert. “Transition Probabilities of the Hydrogen Atom from Noncompact Dynamical

Groups”. In: Physical Review 156.5 (1967), pp. 1541–1545.
74Yu. N. Demkov and V. N. Ostrovsky. “n+l Filling Rule in the Periodic System and Focusing

Potentials”. In: Soviet Physics JETP 35.1 (1972), pp. 66–69; V. N. Ostrovsky. “Dynamic

Symmetry of Atomic Potential”. In: Journal of Physics B: Atomic and Molecular Physics 14

(1981), pp. 4425–4439.
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this algebra dim = 25 = 52 is suggestive of a u(5) algebra, but this will have to

be explored in the future.

The difficulty of the above approach should not be underestimated, and it

remains to be seen how far the atomic physics approach can be pushed in our

study of the periodic system. In the end, one should acknowledge that the

periodic system summarizes vast amounts of chemical and physical data in a

relatively simple chart. While some parts of Mendeleev’s table have been cast in

physical and mathematical terms, the major part belongs to the realm of pure

chemistry, and will perhaps never be fully reducible to quantum mechanics or

group theory.75

75Ostrovsky, “Group Theory Applied to the Periodic Table of the Elements”, p. 304. We

emphasize that reduction here is understood in an epistemological (and not ontological) sense.

The relation between quantum mechanics and chemistry is nevertheless an interesting and

important one, worthy of closer study. Lying at the boundary between the quantum and the

chemical, the periodic table offers in this sense a perfect arena for future work.
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And then came two piglets with a spiral nose,

and the story came to a close.
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A.7.2 Commutation relations for [M̂i, Ĥ ] . . . . . . . . . . 322
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Table A.1: Table of the most important commutation relations.

1. [r̂i, p̂j] = ih̵δij 2. [r̂i, r̂j] = 0

3. [p̂i, p̂j] = 0 4. [L̂i, r̂j] = ih̵εijkr̂k

5. [L̂i, p̂j] = ih̵εijkp̂k 6. [L̂i, L̂j] = ih̵εijkL̂k

7. [p̂i, r̂jr ] = −ih̵ (δij 1
r
− r̂ir̂j

r3
) 8. [L̂i, r̂jr ] = ih̵εijk

r̂ir̂j
r3

9. [M̂i, L̂j]= ih̵εijkM̂k 10. [M̂i, M̂j] = ih̵ (−2mĤ ) εijkL̂k

11. [L̂i, Ĥ ] = 0 12. [M̂i, Ĥ ] = 0

A complete derivation of the commutation relations between L̂, M̂ and Ĥ is

not easily found in the scientific literature. All too many books leave the reader

mystified as to how one might obtain the given results.1 One of the reasons for

this is that the proofs, inspite of the relatively simple mathematics involved,

are rather lenghty and tedious. This appendix incorporates all the derivations

necessary to obtain the relevant commutation relations as listed in table A.1 for

easy reference.

A.1 Canonical commutation relations

A.1.1 Commutation relations for [r̂i, p̂j]

Position and momentum are conjugate operators and obey Heisenberg’s canon-

ical commutation relations, as we intend to establish in this section. Before we

get down to business however, we wish to remind the reader that working with

operators can be a tricky thing; mistakes are bound to slip into the calculations

when one forgets that operators always act on a function. In this light, the

concept of a test function f might come in handy. Let us illustrate its use by

deriving the commutator for the x-components of the r̂ and p̂ operators:

[x, p̂x] = [x, h̵
i

∂

∂x
] . (A.1)

1Notable exceptions are Greiner and Müller’s Quantum mechanics: Symmetries and Burkhardt

and Leventhal’s Topics in Atomic Physics, which we closely follow in the following deriva-

tions. See W. Greiner and B. Müller. “Dynamical Symmetries”. In: Quantum Mechanics:

Symmetries. Berlin: Springer-Verlag, 2001. Chap. 14, pp. 477–496 and C. E. Burkhardt and

J. J. Leventhal. Topic in Atomic Physics. New York: Springer, 2006. The latter does not

delve into group theory however.
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Since the commutator of two operators is itself an operator, we let it act on our

test function f :

[x, p̂x] f = [x, h̵
i

∂

∂x
] f

= h̵
i
(x ∂

∂x
f − ∂

∂x
xf)

= h̵
i
(x∂f
∂x

− dx
dx
f − x∂f

∂x
) = ih̵f.

(A.2)

At this point, we can safely drop the test function, to obtain:

[x, p̂x] = ih̵. (A.3)

Note that in this, and most of the following computations, we will no longer

explicitly write down the test function; so be warned! By substitution of y and

z for x, we can easily generalize equation (A.3) to

[r̂i, p̂i] = ih̵, (A.4)

where the index i stands for x, y or z, and r̂x = x, r̂y = y and r̂z = z. However:

[x, p̂y] = [x, h̵
i

∂

∂y
] = h̵

i
(x ∂
∂y

− ∂

∂y
x) = h̵

i
(x ∂
∂y

− 0 − x ∂
∂y

) = 0; (A.5a)

[x, p̂z] = [x, h̵
i

∂

∂z
] = h̵

i
(x ∂
∂z

− ∂

∂z
x) = h̵

i
(x ∂
∂z

− 0 − x ∂
∂z

) = 0. (A.5b)

Generalizing by two cyclic permutations of x, y and z, we obtain:

[r̂i, p̂j] = 0, for i ≠ j. (A.6)

Combining the commutation relations in (A.4) and (A.6) then leads to the

canonical commutation relations for position and momentum:

[r̂i, p̂j] = ih̵δij . (A.7)

A.1.2 Commutation relations for [r̂i, r̂j] and [p̂i, p̂j]

We find analogously that the position operators r̂i mutually commute:

[r̂i, r̂j] = 0. (A.8)

The linear momentum operators also commute among themselves:

[p̂i, p̂j] = 0. (A.9)
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A.2 Angular momentum commutation relations

A.2.1 Commutation relations for [L̂i, r̂j]

We now want to evaluate the commutators of the components of the angular

momentum operator L̂ and the postition operator r̂. To that end, we write:

[L̂x, x] = [yp̂z − zp̂y, x] = [yp̂z, x] − [zp̂y, x]
= [y, x] p̂z + y [p̂z, x] − [z, x] p̂y − z [p̂y, x]
= 0.p̂z + y.0 − 0.p̂y − z.0 = 0;

(A.10a)

[L̂x, y] = [yp̂z − zp̂y, y] = [yp̂z, y] − [zp̂y, y]
= [y, y] p̂z + y [p̂z, y] − [z, y] p̂y − z [p̂y, y]
= 0.p̂z + y.0 − 0.p̂y + z.ih̵ = ih̵z;

(A.10b)

[L̂x, z] = [yp̂z − zp̂y, z] = [yp̂z, z] − [zp̂y, z]
= [y, z] p̂z + y [p̂z, z] − [z, z] p̂y − z [p̂y, z]
= 0.p̂z − y.ih̵ − 0.p̂y − z.0 = −ih̵y,

(A.10c)

where we have applied (A.7) and (A.8), as well as the commutation relation:2

[ÂB̂, Ĉ] = [Â, Ĉ] B̂ + Â [B̂, Ĉ] . (A.12)

Generalizing equation (A.10) via two successive cyclic permutations leads to:

[L̂i, r̂j] = ih̵εijkr̂k, (A.13)

with εijk, the Levi-Civita anti-symmetric tensor.

A.2.2 Commutation relations for [L̂i, p̂j]

The commutation relations between the components of the angular momentum

operator L̂ and the linear momentum operator p̂ can be obtained analogously.

We thus write:

[L̂x, p̂x] = [yp̂z − zp̂y, p̂x] = [yp̂z, p̂x] − [zp̂y, p̂x]
= [y, p̂x] p̂z + y [p̂z, p̂x] − [z, p̂x] p̂y − z [p̂y, p̂x]
= 0.p̂z + y.0 − 0.p̂y − z.0 = 0;

(A.14a)

2The commutation relation in (A.12) is proved as follows:

[ÂB̂, Ĉ] = ÂB̂Ĉ − ĈÂB̂

= ÂB̂Ĉ − ĈÂB̂ + ÂĈB̂ − ÂĈB̂

= Â (B̂Ĉ − ĈB̂) + (ÂĈ − ĈÂ) B̂

= Â [B̂, Ĉ] + [Â, Ĉ] B̂.

(A.11)
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[L̂x, p̂y] = [yp̂z − zp̂y, p̂y] = [yp̂z, p̂y] − [zp̂y, p̂y]
= [y, p̂y] p̂z + y [p̂z, p̂y] − [z, p̂y] p̂y − z [p̂y, p̂y]
= ih̵p̂z + y.0 − 0.p̂y − z.0 = ih̵p̂z;

(A.14b)

[L̂x, p̂z] = [yp̂z − zp̂y, p̂z] = [yp̂z, p̂z] − [zp̂y, p̂z]
= [y, p̂z] p̂z + y [p̂z, p̂z] − [z, p̂z] p̂y − z [p̂y, p̂z]
= 0.p̂y + y.0 − ih̵p̂y − z.0 = −ih̵p̂y,

(A.14c)

where we have used equations (A.7) and (A.9) and the commutation relation

(A.12). After two more successive cyclic permutations, we obtain an expression

for the commutator of L̂ and p̂:

[L̂i, p̂j] = ih̵εijkp̂k, (A.15)

with εijk, the Levi-Civita anti-symmetric tensor.

A.2.3 Commutation relations for [L̂i, L̂j]

The angular momentum commutation relations have been derived in chapter 2:

[L̂i, L̂j] = ih̵εijkL̂k. (A.16)

For completeness sake, we derive them once again, using the canonical commu-

tation relations of §A.1. We thus write:

[L̂i, L̂j] = [(r̂ × p̂)i , (r̂ × p̂)j] . (A.17)

The cross products in (A.17) can be written in tensor notation, following (C.17):

[L̂i, L̂j] = [εiklr̂kp̂l, εjmnr̂mp̂n] = εiklεjmn [r̂kp̂l, r̂mp̂n] . (A.18)

Recalling the elementary commutator identities [ÂB̂, Ĉ] = [Â, Ĉ] B̂ + Â [B̂, Ĉ]
and [Â, B̂Ĉ] = [Â, B̂] Ĉ + B̂ [Â, Ĉ], we have:

[r̂kp̂l, r̂mp̂n] = [r̂kp̂l, r̂m] p̂n + r̂m [r̂kp̂l, p̂n]
= [r̂k, r̂m] p̂lp̂n + r̂k [p̂l, r̂m] p̂n
+ r̂m [r̂k, p̂n] p̂l + r̂mr̂k [p̂l, p̂n]

= −ih̵δlmr̂kp̂n + ih̵δknr̂mp̂l.

(A.19)

Substitution in (A.18) yields:

[L̂i, L̂j] = εiklεjmn (−ih̵δlmr̂kp̂n + ih̵δknr̂mp̂l)
= −ih̵εiklεjlnr̂kp̂n + ih̵εiklεjmkr̂mp̂l.

(A.20)

The products of Levi-Civita symbols (εiklεjln and εiklεjmk) can be written in

terms of Kronecker deltas with the help of the contracted epsilon identities

(C.5a):

εiklεjln = εlikεlnj = δinδkj − δijδkn; (A.21a)
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εiklεjmk = εkliεkjm = δljδim − δlmδij , (A.21b)

yielding:

[L̂i, L̂j] = −ih̵ (δinδkj − δijδkn) r̂kp̂n + ih̵ (δljδim − δlmδij) r̂mp̂l
= −ih̵ (r̂j p̂i − δij r̂kp̂k) + ih̵ (r̂ip̂j − δij r̂lp̂l)
= ih̵ (r̂ip̂j − r̂j p̂i) .

(A.22)

We want to prove that [L̂i, L̂j] = ih̵εijkL̂k. Rewriting ih̵εijkL̂k as

ih̵εijkL̂k = ih̵εijk (r̂ × p̂)k = ih̵εijkεklmr̂lp̂m, (A.23)

and using the contracted epsilon identity (C.5a) to write:

εijkεklm = εkijεklm = δilδjm − δimδjl, (A.24)

finally yields:

ih̵εijkL̂k = ih̵ (δilδjm − δimδjl) r̂lp̂m = ih̵ (r̂ip̂j − r̂j p̂i) , (A.25)

which is identical to (A.22), and finalizes our proof.

A.3 Auxiliary commutators

Before determining [M̂i, L̂j] and [M̂i, M̂j], we will first derive a number of

auxiliary commutators.

A.3.1 Commutation relations for [p̂i,
r̂j
r ]

The simplest way to obtain a general expression for the commutator [p̂i, r̂jr ] is

to first compute it explicitly for its components in a number of cases, and then

generalizing. We will therefore start by deriving an expression for [p̂i, r̂jr ] when

i ≠ j, and then move to the case where i = j.

Case 1: The commutator [p̂i, r̂jr ] for i ≠ j

We derive, by way of example, the commutator [p̂x, yr ]. We have:

[p̂x,
y

r
] = p̂x

y

r
− y
r
p̂x

= −ih̵ ∂

∂x
(y
r
) − ih̵y

r

∂

∂x
+ ih̵y

r

∂

∂x

= −ih̵ ∂

∂x
(yr−1) .

(A.26)
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The partial derivative in the above equation can then be written as

∂

∂x
(yr−1) = 1

r

∂y

∂x
+ y ∂r

−1

∂x

= 0 + y
∂ (x2 + y2 + z2)−

1
2

∂ (x2 + y2 + z2)
∂ (x2 + y2 + z2)

∂x

= −1

2
y

1

r3
2x = −xy

r3
.

(A.27)

Substituting this result in (A.26) leads to

[p̂x,
y

r
] = ih̵xy

r3
. (A.28)

This can be easily generalized to

[p̂i,
r̂j

r
] = ih̵ r̂ir̂j

r3
, ∀i ≠ j. (A.29)

Case 2: The commutator [p̂i, r̂jr ] for i = j

In a next step, we determine the commutator [p̂x, xr ]:

[p̂x,
x

r
] = p̂x

x

r
− x
r
p̂x

= −ih̵ ∂

∂x
(x
r
) − ih̵x

r

∂

∂x
+ ih̵x

r

∂

∂x

= −ih̵ ∂

∂x
(xr−1) .

(A.30)

We rewrite the partial derivative as

∂

∂x
(xr−1) = 1

r

∂x

∂x
+ x∂r

−1

∂x

= 1

r
+ x

∂ (x2 + y2 + z2)−
1
2

∂ (x2 + y2 + z2)
∂ (x2 + y2 + z2)

∂x

= 1

r
− 1

2
x

1

r3
2x = 1

r
− x

2

r3
,

(A.31)

which leads to

[p̂x,
x

r
] = −ih̵(1

r
− x

2

r3
) . (A.32)

One similarly obtains:

[p̂y,
y

r
] = −ih̵(1

r
− y

2

r3
) ; (A.33)

[p̂z,
z

r
] = −ih̵(1

r
− z

2

r3
) . (A.34)
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Generalization

Combining the results of both cases leads to the following expression for the

commutator [p̂i, r̂jr ]:

[p̂i,
r̂j

r
] = −ih̵(δij

1

r
− r̂ir̂j
r3

) . (A.35)

A.3.2 Commutation relations for [L̂i,
r̂j
r ]

As in the preceding section, it will prove convenient to first evaluate this com-

mutator for its components in a number of cases. We thus proceed by deriving

an expression for [L̂i, r̂jr ] when i ≠ j, and then move to the case where i = j.

Case 1: The commutator [L̂i, r̂jr ] for i ≠ j

Let us, by way of example, derive the commutator [L̂x, yr ]. We have:

[L̂x,
y

r
] = L̂x

y

r
− y
r
L̂x

= (yp̂z − zp̂y)
y

r
− y
r
(yp̂z − zp̂y)

= yp̂z
y

r
− zp̂y

y

r
− y

2

r
p̂z +

yz

r
p̂y.

(A.36)

The first term can be written as follows:

yp̂z
y

r
= −ih̵y ∂

∂z

y

r
− ih̵y y

r

∂

∂z

= −ih̵y ∂
∂z

y

r
+ y

2

r
p̂z.

(A.37)

Analogously for the second term of (A.36):

zp̂y
y

r
= −ih̵z ∂

∂y

y

r
− ih̵z y

r

∂

∂y

= −ih̵z ∂
∂y

y

r
+ yz
r
p̂y.

(A.38)

Substitution of these results in (A.36) yields:

[L̂x,
y

r
] = −ih̵y ∂

∂z

y

r
+ ih̵z ∂

∂y

y

r
. (A.39)

The first partial derivative can be written as

∂

∂z

y

r
= 1

r

∂y

∂z
+ y ∂r

−1

∂z

= 0 + y
∂ (x2 + y2 + z2)−

1
2

∂ (x2 + y2 + z2)
∂ (x2 + y2 + z2)

∂z

= −1

2
y

1

r3
2z = −yz

r3
.

(A.40)
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Similarly for the second derivative:

∂

∂y

y

r
= 1

r

∂y

∂y
+ y ∂r

−1

∂y

= 1

r
+ y

∂ (x2 + y2 + z2)−
1
2

∂ (x2 + y2 + z2)
∂ (x2 + y2 + z2)

∂y

= 1

r
− 1

2
y

1

r3
2y = 1

r
− y

2

r3
.

(A.41)

The commutator in (A.39) then reduces to:

[L̂x,
y

r
] = ih̵y

2z

r3
+ ih̵z (1

r
− y

2

r3
)

= ih̵y
2z

r3
+ ih̵ z

r
− ih̵y

2z

r3

[L̂x,
y

r
] = ih̵ z

r
.

(A.42)

Two successive cyclic permutations of x, y, and z yield two more commutators:

[L̂y,
z

r
] = ih̵x

r
, [L̂z,

x

r
] = ih̵y

r
. (A.43)

Case 2: The commutator [L̂i, r̂jr ] for i = j

Next, we determine the commutator [L̂x, xr ]:

[L̂x,
x

r
] = L̂x

x

r
− x
r
L̂x

= (yp̂z − zp̂y)
x

r
− x
r
(yp̂z − zp̂y)

= yp̂z
x

r
− zp̂y

x

r
− xy
r
p̂z +

xz

r
p̂y.

(A.44)

After rewriting the first and second terms as

yp̂z
x

r
= −ih̵y ∂

∂z

x

r
− ih̵y x

r

∂

∂z

= −ih̵y ∂
∂z

x

r
+ xy
r
p̂z,

(A.45)

and

zp̂y
x

r
= −ih̵z ∂

∂y

x

r
− ih̵z x

r

∂

∂y

= −ih̵z ∂
∂y

x

r
+ xz
r
p̂y,

(A.46)

one obtains:

[L̂x,
x

r
] = −ih̵y ∂

∂z

x

r
+ ih̵z ∂

∂y

x

r
. (A.47)
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Rewriting the two partial derivatives as

∂

∂z

x

r
= 1

r

∂x

∂z
+ x∂r

−1

∂z

= 0 + x
∂ (x2 + y2 + z2)−

1
2

∂ (x2 + y2 + z2)
∂ (x2 + y2 + z2)

∂z

= −1

2
x

1

r3
2z = −xz

r3
,

(A.48)

and

∂

∂y

x

r
= 1

r

∂x

∂y
+ x∂r

−1

∂y

= 0 + x
∂ (x2 + y2 + z2)−

1
2

∂ (x2 + y2 + z2)
∂ (x2 + y2 + z2)

∂y

= −1

2
x

1

r3
2y = −xy

r3
,

(A.49)

finally leads to:

[L̂x,
x

r
] = ih̵xyz

r3
− ih̵xyz

r3
= 0. (A.50)

Generalization

The remaining commutation relations can be determined by cyclic permutation

of x, y and z and result in the generalized commutation relation

[L̂i,
r̂j

r
] = ih̵εijk

r̂k
r
, (A.51)

with εijk the Levi-Civita antisymmetric tensor.

A.4 Reformulation of the LRL vector

When evaluating the commutators [M̂i, L̂j] and [M̂i, M̂j], it will prove conve-

nient to express the Laplace-Runge-Lenz vector in a slightly different form. To

this aim, we recall that the operator form of the LRL vector was defined as

M̂ = 1

2
(p̂ × L̂ − L̂ × p̂) −mk r̂

r
. (A.52)

Given (C.17), the i-th component of the cross product L̂ × p̂ can be written in

tensor notation:

(L̂ × p̂)
i
=∑
jk

εijkL̂j p̂k. (A.53)

From the commutation relations [L̂j , p̂k] = ih̵εjklp̂l, as derived in (A.15), we

write:

(L̂ × p̂)
i
=∑
jk

εijkp̂kL̂j + ih̵∑
jkl

εijkεjklp̂l. (A.54)
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The product of Levi-Civita symbols εijkεjkl in (A.54) can be written in terms

of Kronecker deltas with the help of the contracted epsilon identity (C.5b):

εijkεjkl = εjkiεjkl = 2δil, (A.55)

yielding:

(L̂ × p̂)
i
= −∑

jk

εikj p̂kL̂j + 2ih̵∑
l

δilp̂l

= − (p̂ × L̂)
i
+ 2ih̵p̂i,

(A.56)

or

L̂ × p̂ = − (p̂ × L̂) + 2ih̵p̂. (A.57)

Hence, the LRL vector (A.52) can be reformulated as:

M̂ = 1

2
(p̂ × L̂ + p̂ × L̂ − 2ih̵p̂) −mk r̂

r

= p̂ × L̂ − ih̵p̂ −mk r̂

r
.

(A.58)

A.5 Commutators with the LRL operator

A.5.1 Commutation relations for [M̂i, L̂j]

As in the preceding cases, we will compute the commutator [M̂i, L̂j] explic-

itly for its components in a number of cases. We start again by deriving an

expression for [M̂i, L̂j] when i ≠ j, and then move to the case where i = j.

Case 1: The commutator [M̂i, L̂j] for i ≠ j

Let us compute the commutator [M̂x, L̂y]. We have, using the new form of the

LRL vector, obtained in (A.58):

[M̂x, L̂y] = [(p̂ × L̂ − ih̵p̂)
x
−mkx

r
, L̂y]

= [(p̂ × L̂)
x
, L̂y] − [ih̵p̂x, L̂y] − [mkx

r
, L̂y]

= [p̂yL̂z − p̂zL̂y, L̂y] + ih̵ [L̂y, p̂x] +mk [L̂y,
x

r
] .

(A.59)

Working out:

[M̂x, L̂y] = (p̂yL̂zL̂y − p̂zL̂yL̂y − L̂yp̂yL̂z + L̂yp̂zL̂y)

+ ih̵ (L̂yp̂x − p̂xL̂y) +mk (L̂y
x

r
− x
r
L̂y) .

(A.60)
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Using the commutation relations [Li, Lj] = ih̵εijkLk and [L̂i, p̂j] = ih̵εijkp̂k, as

derived in §A.2, we rewrite the term p̂yL̂zL̂y as

p̂y (L̂zL̂y) = p̂y (L̂yL̂z − ih̵L̂x)
= p̂yL̂yL̂z − ih̵p̂yL̂x
= L̂yp̂yL̂z − ih̵p̂yL̂x,

(A.61)

and the term p̂zL̂yL̂y as

(p̂zL̂y) L̂y = (L̂yp̂z − ih̵p̂x) L̂y
= L̂yp̂zL̂y − ih̵p̂xL̂y.

(A.62)

After substituting these results in the first term of (A.60), and cancelling, we

obtain

[M̂x, L̂y] = ih̵ (p̂xL̂y − p̂yL̂x) + ih̵ (L̂yp̂x − p̂xL̂y) +mk (L̂y
x

r
− x
r
L̂y) . (A.63)

Using the commutation relations in (A.15) and (A.51), we rewrite the second

and third terms as

L̂yp̂x − p̂xL̂y = [L̂y, p̂x] = −ih̵p̂z, (A.64)

and

L̂y
x

r
− x
r
L̂y = [L̂y,

x

r
] = −ih̵ z

r
. (A.65)

We thus obtain

[M̂x, L̂y] = ih̵ (p̂xL̂y − p̂yL̂x) + ih̵ (−ih̵p̂z) − ih̵mk
z

r

= ih̵ [(p̂ × L̂ − ih̵p̂)
z
−mkz

r
]

[M̂x, L̂y] = ih̵M̂z.

(A.66)

Case 2: The commutator [M̂i, L̂j] for i = j

In complete analogy, we now derive the commutator [M̂x, L̂x]:

[M̂x, L̂x] = [(p̂ × L̂ − ih̵p̂)
x
−mkx

r
, L̂x]

= [(p̂ × L̂)
x
, L̂x] − [ih̵p̂x, L̂x] − [mkx

r
, L̂x]

= [p̂yL̂z − p̂zL̂y, L̂x] + ih̵ [L̂x, p̂x] +mk [L̂x,
x

r
] .

(A.67)

That is:

[M̂x, L̂x] = (p̂yL̂zL̂x − p̂zL̂yL̂x − L̂xp̂yL̂z + L̂xp̂zL̂y)

+ ih̵ (L̂xp̂x − p̂xL̂x) +mk (L̂x
x

r
− x
r
L̂x) .

(A.68)
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Following (A.15) and (A.16), we rewrite the terms p̂yL̂zL̂x and p̂zL̂yL̂x as

p̂yL̂zL̂x = p̂yL̂xL̂z + ih̵p̂yL̂y
= L̂xp̂yL̂z − ih̵p̂zL̂z + ih̵p̂yL̂y,

(A.69)

and

p̂zL̂yL̂x = p̂zL̂xL̂y − ih̵p̂zL̂z
= L̂xp̂zL̂y + ih̵p̂yL̂y − ih̵p̂zL̂z.

(A.70)

Substituting these results in the first term of (A.68), and cancelling, yields

p̂yL̂zL̂x − p̂zL̂yL̂x − L̂xp̂yL̂z + L̂xp̂zL̂y = 0, (A.71)

so that

[M̂x, L̂x] = ih̵ (L̂xp̂x − p̂xL̂x) +mk (L̂x
x

r
− x
r
L̂x) . (A.72)

Following (A.15) and (A.51), L̂xp̂x − p̂xL̂x = 0 and L̂x
x
r
− x
r
L̂x = 0. We thus

obtain

[M̂x, L̂x] = 0. (A.73)

Generalization

The remaining commutation relations can be easily computed by cyclic permu-

tation of x, y and z and result in the generalized commutation relation

[M̂i, L̂j] = ih̵εijkM̂k, (A.74)

with εijk the Levi-Civita antisymmetric tensor.

A.5.2 Commutation relations for [M̂i, M̂j]

Although frequent recourse will be needed to the commutation relations [r̂i, r̂j] =
[p̂i, p̂j] = 0 and [L̂i, p̂j] = ih̵εijkp̂k, obtained in §A.1 and §A.2, no explicit men-

tion will be made of their application in the following derivation.

Case 1: The commutator [M̂i, M̂j] for i ≠ j

We evaluate, by way of illustration, the commutator [M̂x, M̂y]:

[M̂x, M̂y] = M̂xM̂y − M̂yM̂x

= [(p̂ × L̂ − ih̵p̂)
x
−mk

x

r
] [(p̂ × L̂ − ih̵p̂)

y
−mk

y

r
]

− [(p̂ × L̂ − ih̵p̂)
y
−mk

y

r
] [(p̂ × L̂ − ih̵p̂)

x
−mk

x

r
]

= [p̂yL̂z − p̂zL̂y − ih̵p̂x −mk
x

r
] [p̂zL̂x − p̂xL̂z − ih̵p̂y −mk

y

r
]

− [p̂zL̂x − p̂xL̂z − ih̵p̂y −mk
y

r
] [p̂yL̂z − p̂zL̂y − ih̵p̂x −mk

x

r
] ,

(A.75)
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where we have used the alternative form of the LRL operator, as derived in

§A.4. Working out the brackets yields

[M̂x, M̂y] = (p̂yL̂z − p̂zL̂y − ih̵p̂x) (p̂zL̂x − p̂xL̂z − ih̵p̂y) (A.76a)

− (p̂zL̂x − p̂xL̂z − ih̵p̂y) (p̂yL̂z − p̂zL̂y − ih̵p̂x) (A.76b)

−mk [(p̂yL̂z − p̂zL̂y − ih̵p̂x)
y

r
+ x
r
(p̂zL̂x − p̂xL̂z − ih̵p̂y)] (A.76c)

+mk [(p̂zL̂x − p̂xL̂z − ih̵p̂y)
x

r
+ y
r
(p̂yL̂z − p̂zL̂y − ih̵p̂x)] (A.76d)

+m2k2xy

r2
−m2k2 yk

r2
, (A.76e)

where the terms in (A.76e) are seen to cancel. Performing the multiplication in

(A.76a) yields 9 terms:

p̂yL̂z p̂zL̂x − p̂yL̂z p̂xL̂z − ih̵p̂yL̂z p̂y

− p̂zL̂yp̂zL̂x + p̂zL̂yp̂xL̂z + ih̵p̂zL̂yp̂y

− ih̵p̂xp̂zL̂x + ih̵p̂xp̂xL̂z + i2h̵2p̂xp̂y.

(A.77)

After commuting the third and the eighth terms; i.e.:

ih̵p̂yL̂z p̂y = ih̵p̂y (p̂yL̂z − ih̵p̂x)

= ih̵p̂yp̂yL̂z − i2h̵2p̂yp̂x;
(A.78a)

ih̵p̂xp̂xL̂z = ih̵p̂x (L̂z p̂x − ih̵p̂y)

= ih̵p̂xL̂z p̂x − i2h̵2p̂xp̂y,
(A.78b)

and re-arranging the sixth, seventh and ninth terms, we obtain

p̂yL̂z p̂zL̂x − p̂yL̂z p̂xL̂z − ih̵p̂yp̂yL̂z

− p̂zL̂yp̂zL̂x + p̂zL̂yp̂xL̂z + ih̵p̂yp̂zL̂y

− ih̵p̂zL̂xp̂x + ih̵p̂xL̂z p̂x + i2h̵2p̂yp̂x.

(A.79)

The multiplication in (A.76b) yields nine more terms:

p̂zL̂xp̂yL̂z − p̂zL̂xp̂zL̂y − ih̵p̂zL̂xp̂x

− p̂xL̂z p̂yL̂z + p̂xL̂z p̂zL̂y + ih̵p̂xL̂z p̂x

− ih̵p̂yp̂yL̂z + ih̵p̂yp̂zL̂y + i2h̵2p̂yp̂x.

(A.80)

Subtraction of (A.80) from (A.79) leaves after cancelling:

p̂yL̂z p̂zL̂x − p̂yL̂z p̂xL̂z − p̂zL̂yp̂zL̂x + p̂zL̂yp̂xL̂z

− p̂zL̂xp̂yL̂z + p̂zL̂xp̂zL̂y + p̂xL̂z p̂yL̂z − p̂xL̂z p̂zL̂y.
(A.81)
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Let us try to simplify this expression by rewriting the first, fourth, sixth and

seventh terms in the following form:

p̂yL̂z p̂zL̂x = p̂yp̂zL̂xL̂z + ih̵p̂yp̂zL̂y

= p̂zL̂xp̂yL̂z + ih̵p̂yp̂zL̂y − ih̵p̂z p̂zL̂z;
(A.82a)

p̂zL̂xp̂zL̂y = p̂z p̂zL̂xL̂y − ih̵p̂z p̂yL̂y

= p̂z p̂zL̂yL̂x − ih̵p̂z p̂yL̂y + ih̵p̂z p̂zL̂z

= p̂zL̂yp̂zL̂x − ih̵p̂z p̂yL̂y + ih̵p̂z p̂zL̂z − ih̵p̂z p̂xL̂x;

(A.82b)

p̂xL̂z p̂yL̂z = p̂xp̂yL̂zL̂z − ih̵p̂xp̂xL̂z

= p̂yL̂z p̂xL̂z − ih̵p̂xp̂xL̂z − ih̵p̂yp̂yL̂z;
(A.82c)

p̂zL̂yp̂xL̂z = p̂z p̂xL̂yL̂z − ih̵p̂z p̂zL̂z

= p̂xL̂z p̂zL̂y − ih̵p̂z p̂zL̂z + ih̵p̂xp̂xL̂x.
(A.82d)

Substitution in (A.81) yields after cancelling:

ih̵ (p̂yp̂zL̂y − p̂2
zL̂z − p̂z p̂yL̂y + p̂2

zL̂z − p̂z p̂xL̂x

− p̂2
xL̂z − p̂2

yL̂z − p̂2
zL̂z + p̂z p̂xL̂x)

= −ih̵ (p̂2
xL̂z + p̂2

yL̂z + p̂2
zL̂z) = −ih̵p̂2L̂z,

(A.83)

for (A.76a) − (A.76b). In a following step, we perform the multiplications in

(A.76c) and (A.76d):

mk [− p̂yL̂z
y

r
+ p̂zL̂y

y

r
+ ih̵p̂x

y

r
− x
r
p̂zL̂x +

x

r
p̂xL̂z + ih̵

x

r
p̂y

+ p̂zL̂x
x

r
− p̂xL̂z

x

r
− ih̵p̂y

x

r
+ y
r
p̂yL̂z −

y

r
p̂zL̂y − ih̵

y

r
p̂x] .

(A.84)

Collecting terms, we obtain:

mk [− p̂yL̂z
y

r
+ p̂zL̂y

y

r
− x
r
p̂zL̂x +

x

r
p̂xL̂z + p̂zL̂x

x

r
− p̂xL̂z

x

r

+ y

r
p̂yL̂z −

y

r
p̂zL̂y + ih̵(p̂x

y

r
+ x
r
p̂y − p̂y

x

r
− y
r
p̂x)] .

(A.85)

Following the commutation relations [p̂i, r̂jr ] = −ih̵ (δij 1
r
− r̂ir̂j

r3
), as derived in

§A.3.1, we rewrite the last term as:

p̂x
y

r
+ x
r
p̂y − p̂y

x

r
− y
r
p̂x = (p̂x

y

r
− y
r
p̂x) − (p̂y

x

r
− x
r
p̂y)

= [p̂x,
y

r
] − [p̂y,

x

r
]

= ih̵xy
r3

− ih̵yx
r3

= 0.

(A.86)
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The expression in (A.85) can be further simplified, using the commutation rela-

tions [p̂i, r̂jr ] = −ih̵ (δij 1
r
− r̂ir̂j

r3
) and [L̂i, r̂jr ] = ih̵εijk r̂kr . Rewriting the first four

terms as

−p̂yL̂z
y

r
= −p̂y

y

r
L̂z + ih̵p̂y

x

r

= −y
r
p̂yL̂z + ih̵(1

r
− y

2

r3
) L̂z + ih̵p̂y

x

r
;

(A.87a)

p̂zL̂y
y

r
= p̂z

y

r
L̂y =

y

r
p̂zL̂y + ih̵

yz

r3
L̂y; (A.87b)

−x
r
p̂zL̂x = −p̂z

x

r
L̂x + ih̵

xz

r3
= −p̂zL̂x

x

r
+ ih̵xz

r3
L̂x; (A.87c)

x

r
p̂xL̂z = p̂x

x

r
L̂z + ih̵(1

r
− x

2

r3
) L̂z

= p̂xL̂z
x

r
− ih̵p̂x

y

r
+ ih̵(1

r
− x

2

r3
) L̂z,

(A.87d)

yields for (A.85):

mk [− y

r
p̂yL̂z + ih̵(1

r
− y

2

r3
) L̂z + ih̵p̂y

x

r
+ y
r
p̂zL̂y + ih̵

yz

r3
L̂y − p̂zL̂x

x

r

+ ih̵xz
r3
L̂x + p̂xL̂z

x

r
− ih̵p̂x

y

r
+ ih̵(1

r
− x

2

r3
) L̂z + p̂zL̂x

x

r
− p̂xL̂z

x

r

+ y

r
p̂yL̂z −

y

r
p̂zL̂y] .

(A.88)

Upon cancelling, this reduces to

ih̵mk [p̂y
x

r
− p̂x

y

r
+ yz
r3
L̂y +

xz

r3
L̂x + (1

r
− y

2

r3
) L̂z + (1

r
− x

2

r3
) L̂z] . (A.89)

We rewrite the first two terms as follows:

p̂y
x

r
− p̂x

y

r
= x
r
p̂y + ih̵

xy

r3
− y
r
p̂x − ih̵

yx

r3

= 1

r
(xp̂y − yp̂x) =

1

r
L̂z.

(A.90)

The third and fourth terms equal

yz

r3
L̂y +

xz

r3
L̂x =

z

r3
[yL̂y + xL̂x]

= z

r3
[y (zp̂x − xp̂z) + x (yp̂z − zp̂y)]

= z

r3
[yzp̂x − xyp̂z + xyp̂z − xzp̂y]

= − z
r3

[z (xp̂y − yp̂x)]

= −z
2

r3
L̂z.

(A.91)
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Substitution of these results in (A.89) yields

ih̵mk [1

r
L̂z −

z2

r3
L̂z + (1

r
− y

2

r3
) L̂z + (1

r
− x

2

r3
) L̂z]

= ih̵mk [3

r
L̂z −

1

r3
(x2 + y2 + z2) L̂z]

= ih̵mk [3

r
L̂z −

r2

r3
L̂z] = ih̵mk

2

r
L̂z.

(A.92)

After insertion of the results (A.83) and (A.92) in (A.76), we end up with the

following commutation relation

[M̂x, M̂y] = −ih̵p̂2L̂z + ih̵mk
2

r
L̂z

= ih̵ (−2m)( p̂2

2m
− k
r
) L̂z

= ih̵ (−2mH ) L̂z,

(A.93)

where we have introduced the Hamiltonian H in the last line. Naturally,

[M̂x, M̂x] = 0. The remaining commutation relations can be determined by

cyclic permutation of x, y and z and result in the generalized commutation

relation

[M̂i, M̂j] = ih̵ (−2mH ) εijkL̂k. (A.94)

A.6 More auxiliary commutators

In our evaluation of the commutators [L̂i, Ĥ ] and [M̂i, Ĥ ] (see §A.7), recourse

will be needed to two more auxiliary commutators, which we will first derive.

A.6.1 Commutation relations for [p̂i,Ĥ ]

The commutation relations for [p̂i, Ĥ ] are easily derived. The Hamiltonian for

the Coulomb problem was given in (3.28) and can be used to write:

[p̂i, Ĥ ] = [p̂i,
p̂2

2m
− k
r
] = 1

2m

⎡⎢⎢⎢⎣
p̂i,

3

∑
j=1

p̂2
j

⎤⎥⎥⎥⎦
− k [p̂i,

1

r
] . (A.95)

Given that the momentum operators commute with themselves (i.e. [p̂i, p̂j] = 0),

the first commutator in (A.95) vanishes. The second commutator yields:

[p̂i,
1

r
] = p̂i

1

r
− 1

r
p̂i = −ih̵

∂

∂r̂i

1

r
− ih̵1

r

∂

∂r̂i
+ ih̵1

r

∂

∂r̂i
= −ih̵ ∂

∂r̂i

1

r
, (A.96)
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where ∂
∂r̂i

1
r

can be written as:

∂

∂r̂i

1

r
=
∂ (∑3

j=1 r̂
2
j )

− 1
2

∂∑3
j=1 r̂

2
j

∂∑3
j=1 r̂

2
j

∂r̂i
= −1

2
(∑3

j=1
r̂2
j)

− 3
2

2r̂i = −
r̂i
r3
. (A.97)

Substitution of these results in (A.95) yields the following commutation relations

for [p̂i, Ĥ ]:

[p̂i, Ĥ ] = −ih̵k r̂i
r3
. (A.98)

A.6.2 Commutation relations for [p̂2
i ,
r̂j
r ]

From the commutator identity [ÂB̂, Ĉ] = [Â, Ĉ] B̂ + Â [B̂, Ĉ], we write:

[p̂2
i ,
r̂j

r
] = [p̂i,

r̂j

r
] p̂i + p̂i [p̂i,

r̂j

r
] . (A.99)

Following (A.35), we obtain:

[p̂2
i ,
r̂j

r
] = −ih̵(δij

1

r
− r̂ir̂j
r3

) p̂i − ih̵p̂i (δij
1

r
− r̂ir̂j
r3

) . (A.100)

Acting with the second term on a test function f yields

−ih̵p̂i (δij
1

r
− r̂ir̂j
r3

) ⋅ f = −ih̵(−ih̵ ∂

∂r̂i
)(δij

1

r
− r̂ir̂j
r3

) ⋅ f

= −h̵2 [ ∂

∂r̂i
(δij

1

r
⋅ f) − ∂

∂r̂i
( r̂ir̂j
r3

⋅ f)] .
(A.101)

The first partial derivative in (A.101) can be written as

∂

∂r̂i
(δij

1

r
⋅ f) = δij

1

r

∂f

∂r̂i
+ δijf

∂

∂r̂i

1

r

= δij
1

r

∂f

∂r̂i
− δij

r̂i
r3
f,

(A.102a)

where use was made of (A.97). The second derivative in (A.101) gives:

∂

∂r̂i
( r̂ir̂j
r3

⋅ f) = 1

r3

∂

∂r̂i
(r̂ir̂j ⋅ f) + r̂ir̂jf

∂

∂r̂i

1

r3

= r̂ir̂j
r3

∂f

∂r̂i
+ 1

r3
f
∂

∂r̂i
(r̂ir̂j) − r̂ir̂j

3

2
r−52r̂i

= r̂ir̂j
r3

∂f

∂r̂i
+ r̂i
r3
f
∂r̂j

∂r̂i
+ r̂j
r3
f
∂r̂i
∂r̂i

− 3
r̂2
i r̂j

r5

= r̂ir̂j
r3

∂f

∂r̂i
+ δij

r̂i
r3
f + r̂j

r3
f − 3

r̂2
i r̂j

r5
.

(A.102b)

Substitution of these results in (A.101), and removal of f yields

−ih̵p̂i (δij
1

r
− r̂ir̂j
r3

) = −h̵2 [(δij
1

r
− r̂ir̂j
r3

) ∂

∂r̂i
− 2δij

r̂i
r3

− r̂j
r3

+ 3
r̂2
i r̂j

r5
] , (A.103)
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where

−h̵2 (δij
1

r
− r̂ir̂j
r3

) ∂

∂r̂i
= −ih̵(δij

1

r
− r̂ir̂j
r3

)(−ih̵ ∂

∂r̂i
)

= −ih̵(δij
1

r
− r̂ir̂j
r3

) p̂i.
(A.104)

Substitution of (A.103) and (A.104) in (A.100) finally yields the commutation

relations for [p̂2
i ,
r̂j
r
]:

[p̂2
i ,
r̂j

r
] = −2ih̵(δij

1

r
− r̂ir̂j
r3

) p̂i + h̵2 (2δij
r̂i
r3

+ r̂j
r3

− 3
r̂2
i r̂j

r5
) . (A.105)

When i = j, this becomes:

[p̂2
i ,
r̂i
r
] = −2ih̵(1

r
− r̂

2
i

r3
) p̂i + h̵2 (3r̂i

r3
− 3r̂3

i

r5
) . (A.106)

For i ≠ j, on the other hand, we have:

[p̂2
i ,
r̂j

r
] = 2ih̵

r̂ir̂j

r3
p̂i + h̵2 ( r̂j

r3
− 3

r̂2
i r̂j

r5
) . (A.107)

A.7 Commutators with the Hamiltonian

A.7.1 Commutation relations for [L̂i,Ĥ ]

We want to prove that the components L̂i of the angular momentum operator

L̂ commute with the Hamiltonian Ĥ for the Kepler problem; that is:

[L̂i, Ĥ ] = 0, ∀i = 1→ 3. (A.108)

From (3.28), we can write:

[L̂i, Ĥ ] = [L̂i,
p̂2

2m
− k
r
] = 1

2m

⎡⎢⎢⎢⎣
L̂i,

3

∑
j=1

p̂2
j

⎤⎥⎥⎥⎦
− k [L̂i,

1

r
] . (A.109)

Let us therefore verify the validity of (A.108) by investigating the commutation

relations for the components of L̂ with the kinetic energy operator T̂ and the

potential energy operator V̂ listed above.

The commutator with the kinetic energy operator is easily obtained. As an

example, for Lx one has:

[L̂x, p̂2] = [L̂x, p̂2
x + p̂2

y + p̂2
z]

= [L̂x, p̂2
x] + [L̂x, p̂2

y] + [L̂x, p̂2
z] .

(A.110)
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From the commutator identity [Â, B̂Ĉ] = [Â, Ĉ] B̂ + Ĉ [Â, B̂], and the commu-

tation relations (A.15), one obtains:

[L̂x, p̂2] = [L̂x, p̂y] p̂y + p̂y [L̂x, p̂y] + [L̂x, p̂z] p̂z + p̂z [L̂x, p̂x]

= ih̵p̂z p̂y + ih̵p̂yp̂z − ih̵p̂yp̂z − ih̵p̂z p̂y = 0.
(A.111)

Similarly, one can prove that L̂x commutes with the potential energy operator:

[L̂x,
1

r
] = [yp̂z − zp̂y,

1

r
] = y [p̂z,

1

r
] − z [p̂y,

1

r
]

= ih̵yz
r3

− ih̵ zy
r3

= 0,
(A.112)

where we used (A.96) and (A.97) in the second line. Substitution of (A.111)

and (A.112) in (A.109) show that L̂x indeed commutes with the Hamiltonian.

This can be generalized via cyclic permutation of x, y and z to yield (A.108) .

A.7.2 Commutation relations for [M̂i,Ĥ ]

In order to derive the commutation relations between the LRL vector M̂ and

the Hamiltonian Ĥ , it will prove convenient to use the alternative form of

M̂, as given in (A.58). Our aim is to demonstrate the commutativity of the

components of M̂ with the Hamiltonian Ĥ for the Kepler problem; that is

[M̂i, Ĥ ] = 0, ∀i = 1→ 3. (A.113)

Let us, by way of example, evaluate the commutator of the Hamiltonian with

the x-component of the LRL vector:

[M̂x, Ĥ ] = [(p̂ × L̂ − ih̵p̂)
x
−mkx

r
, Ĥ ]

= [(p̂ × L̂)
x
, Ĥ ] − ih̵ [p̂x, Ĥ ] −mk [x

r
, Ĥ ] .

(A.114)

We will compute each of the three terms individually. The first commutator in

(A.114) can be written as:

[(p̂ × L̂)
x
, Ĥ ] = [p̂yL̂z − p̂zL̂y, Ĥ ]

= [p̂yL̂z, Ĥ ] − [p̂zL̂y, Ĥ ]

= [p̂y, Ĥ ] L̂z + p̂y [L̂z, Ĥ ] − [p̂z, Ĥ ] L̂y − p̂z [L̂y, Ĥ ] ,

(A.115)

where we used the commutator identity [ÂB̂, Ĉ] = [Â, Ĉ] B̂+Â [B̂, Ĉ] in the last

line. We also know from the previous section that the Hamiltonian commutes
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with the components of the angular momentum; that is, [L̂z, Ĥ ] = [L̂y, Ĥ ] = 0.

This simplifies (A.115) to:

[(p̂ × L̂)
x
, Ĥ ] = [p̂y, Ĥ ] L̂z − [p̂z, Ĥ ] L̂y. (A.116)

The remaining two commutators have been determined in §A.6. From (A.98),

we thus obtain:

[(p̂ × L̂)
x
, Ĥ ] = −ih̵k y

r3
L̂z + ih̵k

z

r3
L̂y

= −ih̵k [ y
r3

(xp̂y − yp̂x) −
z

r3
(zp̂x − xp̂z)]

= −ih̵k [xy
r3
p̂y −

y2

r3
p̂x −

z2

r3
p̂x +

xz

r3
p̂z] .

(A.117)

Addition and subtraction of x2

r3
p̂x inside the brackets finally yields:

[(p̂ × L̂)
x
, Ĥ ] = −ih̵k [

xy

r3
p̂y +

xz

r3
p̂z +

x2

r3
p̂x − (

y2

r3
p̂x +

z2

r3
p̂x +

x2

r3
p̂x)]

= −ih̵k [
xy

r3
p̂y +

xz

r3
p̂z +

x2

r3
p̂x −

1

r
p̂x] .

(A.118)

The second commutator in (A.114) equals, by (A.98):

[p̂x, Ĥ ] = −ih̵k x
r3
. (A.119)

The third and final commutator in (A.114) can be evaluated as follows:

[x
r
, Ĥ ] = [x

r
,
p̂2

2m
− k
r
] = [x

r
,

1

2m
(p̂2
x + p̂2

y + p̂2
z)] − [x

r
,
k

r
]

= 1

2m
{[x
r
, p̂2
x] + [x

r
, p̂2
y] + [x

r
, p̂2
z]} .

(A.120)

The three commutators in (A.120) have been derived in §A.6. From (A.106)

and (A.107), and the fact that [Â, B̂] = − [B̂, Â], we obtain:

[x
r
, Ĥ ] = 1

2m
{2ih̵(1

r
− x

2

r3
) p̂x − h̵2 (3x

r3
− 3x3

r5
)

− 2ih̵
xy

r3
p̂x − h̵2 ( x

r3
− 3

xy2

r5
)

− 2ih̵
xz

r3
p̂x − h̵2 ( x

r3
− 3

xz2

r5
)} .

(A.121)

This can be written as

[x
r
, Ĥ ] = 1

2m
{2ih̵(1

r
− x

2

r3
) p̂x − h̵2 [5x

r3
− 3x

r5
(x2 + y2 + z2)]

− 2ih̵
xy

r3
p̂x − 2ih̵

xz

r3
p̂x} ,

(A.122)
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and since r2 = x2 + y2 + z2, we obtain

[x
r
, Ĥ ] = 1

2m
{2ih̵(1

r
− x

2

r3
) p̂x − 2h̵2 x

r3
− 2ih̵

xy

r3
p̂x − 2ih̵

xz

r3
p̂x}

= ih̵
m

{1

r
p̂x −

x2

r3
p̂x −

xy

r3
p̂x −

xz

r3
p̂x + ih̵

x

r3
} .

(A.123)

Substitution of (A.118), (A.119) and (A.123) in (A.114) finally yields

[M̂x, Ĥ ] = − ih̵k [xy
r3
p̂y +

xz

r3
p̂z +

x2

r3
p̂x −

1

r
p̂x] − h̵2k

x

r3

− ih̵k [1

r
p̂x −

x2

r3
p̂x −

xy

r3
p̂x −

xz

r3
p̂x + ih̵

x

r3
] = 0.

(A.124)

The remaining commutation relations can be determined by cyclic permutation

of x, y and z and result in the generalized commutation relations:

[M̂i, Ĥ ] = 0, ∀i = 1→ 3. (A.125)

This validates our assertion as to the commutativity of M̂ and Ĥ .

A.8 Angular momentum commutation relations

A.8.1 Commutation relations for [L̂ij, L̂kl]

Given the defining relation L̂ij = r̂ip̂j − r̂j p̂i, we write:

[L̂ij , L̂kl] = [(r̂ip̂j − r̂j p̂i) , (r̂kp̂l − r̂lp̂k)] . (A.126)

Expanding yields:

[L̂ij , L̂kl] = [r̂ip̂j , r̂kp̂l] − [r̂j p̂i, r̂kp̂l] − [r̂ip̂j , r̂lp̂k] + [r̂j p̂i, r̂lp̂k] (A.127)

The four terms in (A.127) can be further expanded, using the commutator

identities [Â, B̂Ĉ] = [Â, B̂] Ĉ + B̂ [Â, Ĉ] and [ÂB̂, Ĉ] = [Â, Ĉ] B̂ + Â [B̂, Ĉ], as

well as the commutation relations [r̂i, r̂j] = [p̂i, p̂j] = 0 (see §A.1):

[r̂ip̂j , r̂kp̂l] = [r̂ip̂j , r̂k] p̂l + r̂k [r̂ip̂j , p̂l]

= [r̂i, r̂k] p̂j p̂l + r̂i [p̂j , r̂k] p̂l + r̂k [r̂i, p̂l] p̂j + r̂kr̂i [p̂j , p̂l]

= −r̂i [r̂k, p̂j] p̂l + r̂k [r̂i, p̂l] p̂j ;

(A.128a)

[r̂j p̂i, r̂kp̂l] = [r̂j p̂i, r̂k] p̂l + r̂k [r̂j p̂i, p̂l]

= [r̂j , r̂k] p̂ip̂l + r̂j [p̂i, r̂k] p̂l + r̂k [r̂j , p̂l] p̂i + r̂kr̂j [p̂i, p̂l]

= −r̂j [r̂k, p̂i] p̂l + r̂k [r̂j , p̂l] p̂i;

(A.128b)
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[r̂ip̂j , r̂lp̂k] = [r̂ip̂j , r̂l] p̂k + r̂l [r̂ip̂j , p̂k]

= [r̂i, r̂l] p̂j p̂k + r̂i [p̂j , r̂l] p̂k + r̂l [r̂i, p̂k] p̂j + r̂lr̂i [p̂j , p̂k]

= −r̂i [r̂l, p̂j] p̂k + r̂l [r̂i, p̂k] p̂j ;

(A.128c)

[r̂j p̂i, r̂lp̂k] = [r̂j p̂i, r̂l] p̂k + r̂l [r̂j p̂i, p̂k]

= [r̂j , r̂l] p̂ip̂k + r̂j [p̂i, r̂l] p̂k + r̂l [r̂j , p̂k] p̂i + r̂lr̂j [p̂i, p̂k]

= −r̂j [r̂l, p̂i] p̂k + r̂l [r̂j , p̂k] p̂i.

(A.128d)

Given Heisenberg’s canonical commutation relations [r̂i, p̂j] = ih̵δij , this be-

comes:

[r̂ip̂j , r̂kp̂l] = −ih̵δjkr̂ip̂l + ih̵δilr̂kp̂j ; (A.129a)

[r̂j p̂i, r̂kp̂l] = −ih̵δikr̂j p̂l + ih̵δjlr̂kp̂i; (A.129b)

[r̂ip̂j , r̂lp̂k] = −ih̵δjlr̂ip̂k + ih̵δikr̂lp̂j ; (A.129c)

[r̂j p̂i, r̂lp̂k] = −ih̵δilr̂j p̂k + ih̵δjkr̂lp̂i. (A.129d)

Substitution in (A.127) finally yields:

[L̂ij , L̂kl] = ih̵ [δjk (r̂lp̂i − r̂ip̂l) + δil (r̂kp̂j − r̂j p̂k)

+ δik (r̂j p̂l − r̂lp̂j) + δjl (r̂ip̂k − r̂kp̂i)] .
(A.130)

Clearly, if i ≠ j ≠ k ≠ l, then:

[L̂ij , L̂kl] = 0. (A.131)

If instead i = k, we have:

[L̂ij , L̂il] = ih̵ (r̂j p̂l − r̂lp̂j) = ih̵L̂jl. (A.132)

Changing the dummy variable l into k, we obtain:

[L̂ij , L̂ik] = ih̵L̂jk. (A.133)

Summarizing:

[L̂ij , L̂ik] = ih̵L̂jk, [L̂ij , L̂kl] = 0 if i, j, k, l ≠ . (A.134)
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Appendix B

Identities of the

Laplace-Runge-Lenz vector

B.1 The scalar product L̂ ⋅ M̂

We want to prove the quantum mechanical relation:

L̂ ⋅ M̂ = 0. (B.1)

To that aim, we write with the help of (3.78)

L̂ ⋅ M̂ = L̂ ⋅ [1

2
(p̂ × L̂ − L̂ × p̂) −mk r̂

r
]

= 1

2
L̂ ⋅ [p̂ × L̂ − L̂ × p̂] −mkL̂ ⋅ r̂

r
.

(B.2)

The first term can be written as

L̂ ⋅ [p̂ × L̂ − L̂ × p̂] =
3

∑
i=1

L̂i [(p̂ × L̂)
i
− (L̂ × p̂)

i
]

=
3

∑
i,j,k=1

εijkL̂i [p̂jL̂k − L̂j p̂k] ,
(B.3)

where the tensor notation (C.17) for the cross product of p̂ and L̂ was used

twice. This can be further expanded as

L̂ ⋅ [p̂ × L̂ − L̂ × p̂] =∑
ijk

εijkL̂i [p̂j (r̂ × p̂)k − (r̂ × p̂)j p̂k]

= ∑
ijklm

L̂iεijk [εklmp̂j r̂lp̂m − εjlmr̂lp̂mp̂k] .
(B.4)

327
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The above equation contains two products of Levi-Civita symbols (εijkεklm and

εijkεjlm) which can be written in terms of Kronecker deltas with the help of the

contracted epsilon identity (C.5a):

εijkεklm = εkijεklm = δilδjm − δimδjl; (B.5a)

εijkεjlm = εjkiεjlm = δklδim − δkmδil. (B.5b)

Substitution in (B.4) yields:

L̂ ⋅ [p̂ × L̂ − L̂ × p̂] = ∑
ijlm

L̂i (δilδjm − δimδjl) p̂j r̂lp̂m

− ∑
iklm

L̂i (δklδim − δkmδil) r̂lp̂mp̂k,
(B.6)

which can be written as

L̂ ⋅ [p̂ × L̂ − L̂ × p̂] =∑
ij

L̂i (p̂j r̂ip̂j − p̂j r̂j p̂i) −∑
ik

L̂i (r̂kp̂ip̂k − r̂ip̂kp̂k) . (B.7)

After changing the dummy index k into j in the second term, one obtains:

L̂ ⋅ [p̂ × L̂ − L̂ × p̂] =∑
ij

L̂i (p̂j r̂ip̂j − p̂j r̂j p̂i − r̂j p̂ip̂j + r̂ip̂j p̂j) . (B.8)

Rewriting L̂i in tensorial notation finally yields

L̂ ⋅ [p̂ × L̂ − L̂ × p̂] = ∑
ijkl

εiklr̂kp̂l (p̂j r̂ip̂j − p̂j r̂j p̂i − r̂j p̂ip̂j + r̂ip̂j p̂j) . (B.9)

We shall now separately evaluate the four terms in the RHS of (B.9). Given the

canonical commutation relations for position and momentum [r̂i, p̂j] = ih̵δij , as

derived in §A.1, the four terms can be written as:

r̂kp̂l (p̂j r̂i) p̂j = r̂k (p̂lr̂i) p̂j p̂j − ih̵δij r̂kp̂lp̂j

= r̂kr̂ip̂lp̂2
j − ih̵δilr̂kp̂2

j − ih̵δij r̂kp̂lp̂j ;
(B.10a)

r̂kp̂lp̂j (r̂j p̂i) = r̂kp̂lp̂j p̂ir̂j + ih̵δij r̂kp̂lp̂j

= r̂kp̂ip̂lp̂j r̂j + ih̵δij r̂kp̂lp̂j ;
(B.10b)

r̂kp̂l (r̂j p̂i) p̂j = r̂kp̂lp̂ir̂j p̂j + ih̵δij r̂kp̂lp̂j

= r̂kp̂ip̂lp̂j r̂j + ih̵δij r̂kp̂lp̂j ;
(B.10c)

r̂k (p̂lr̂i) p̂j p̂j = r̂kr̂ip̂lp̂2
j − ih̵δilr̂kp̂2

j . (B.10d)

Substitution in (B.9) then yields

L̂ ⋅ [p̂ × L̂ − L̂ × p̂] = ∑
ijkl

εikl (2r̂kr̂ip̂lp̂
2
j − 2r̂kp̂ip̂lp̂j r̂j

− 2ih̵δilr̂kp̂
2
j − 3ih̵δij r̂kp̂lp̂j) .

(B.11)
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The first term in (B.11) vanishes since ∑3
i,k=1 εiklr̂ir̂k = 0 for all l in view of the

fact that [r̂i, r̂k] = 0. This can be seen most easily by explicit computation; for

l = 3, for instance:
3

∑
i,k=1

εik3r̂ir̂k = r̂1r̂2 − r̂2r̂1 = 0, (B.12)

and similarly for l = 1 and l = 2. The same applies to the second term of (B.11)

where ∑3
i,l=1 εiklp̂ip̂l = 0 for all k since [p̂i, p̂l] = 0. The third term in (B.11) also

vanishes since ∑ijkl εiklδil = ∑ijk εiki = 0. We are thus left with the following

expression:

L̂ ⋅ [p̂ × L̂ − L̂ × p̂] = −∑
ijkl

3ih̵εiklδij r̂kp̂lp̂j

= −∑
ikl

3ih̵εiklδiir̂kp̂lp̂i = 0,
(B.13)

since, once again, ∑3
i,l=1 εiklp̂ip̂l = 0 for all k. The second term in (B.2) can be

written as

L̂ ⋅ r̂
r
=

3

∑
i=1

L̂i
r̂i
r
=

3

∑
i=1

(r̂ × p̂)i
r̂i
r
=

3

∑
i,j,k=1

εijkr̂j p̂k
r̂i
r
, (B.14)

where we used the tensor notation (C.17) for the cross product of r̂ and p̂. From

the commutation relations [r̂j , p̂k] = ih̵δjk, this can be rewritten as:

L̂ ⋅ r̂
r
=

3

∑
i,j,k=1

εijkp̂kr̂j
r̂i
r
+

3

∑
i,j,k=1

ih̵εijkδjk
ri
r

= 1

r

3

∑
k=1

p̂k
3

∑
i,j=1

εijkr̂j r̂i + ih̵
3

∑
i,j=1

εijj
ri
r
.

(B.15)

The first term in (B.15) vanishes since ∑3
i,j=1 εijkr̂j r̂i = 0 for all k in view of the

fact that [r̂i, r̂j] = 0. The second term in (B.15) also vanishes as εijj = 0, and

thus:

L̂ ⋅ r̂
r
= 0. (B.16)

Substitution of (B.13) and (B.16) in (B.2) finally yields the desired result:

L̂ ⋅ M̂ = 0. (B.17)

B.2 The scalar product M̂2

The second identity of the Laplace-Runge-Lenz vector that we want to prove

reads:

M̂2 = 2mĤ (L̂2 + h̵2) +m2k2. (B.18)
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It will prove convenient in this case to use the alternative form of the LRL

vector, as derived in (A.58). We thus write:

M̂2 = [(p̂ × L̂ − ih̵p̂) −mk r̂

r
]
2

= (p̂ × L̂ − ih̵p̂)2 −mk (p̂ × L̂ − ih̵p̂) ⋅ r̂
r

−mk r̂

r
⋅ (p̂ × L̂ − ih̵p̂) +m2k2 r̂2

r2
.

(B.19)

The first quadratic term in (B.19) can be written as

(p̂ × L̂ − ih̵p̂)2 = (p̂ × L̂)2 − ih̵ (p̂ × L̂) ⋅ p̂ − ih̵p̂ ⋅ (p̂ × L̂) − h̵2p̂2. (B.20)

We will evaluate each of the four terms individually. The first term yields:

(p̂ × L̂)2 =
3

∑
i=1

(p̂ × L̂)
i
(p̂ × L̂)

i

= ∑
ijklm

εijkεilmp̂jL̂kp̂lL̂m,

(B.21)

where we used the tensorial notation (C.17) for the cross product of p̂ and L̂.

The product of Levi-Civita symbols εijkεilm can now be written in terms of

Kronecker deltas with the help of the contracted epsilon identity (C.5a):

(p̂ × L̂)2 = ∑
jklm

(δjlδkm − δjmδkl) p̂jL̂kp̂lL̂m

=∑
jk

(p̂jL̂kp̂jL̂k − p̂jL̂kp̂kL̂j) .
(B.22)

From the commutation relations [L̂k, p̂j] = ih̵εkjlp̂l, as derived in (A.15), we

obtain for the first term:

∑
jk

p̂j (L̂kp̂j) L̂k =∑
jk

p̂2
j L̂

2
k + ih̵∑

jkl

εkjlp̂j p̂lL̂k = p̂2L̂2, (B.23)

since ∑3
j,l=1 εkjlp̂j p̂l = 0 for all k. The second term in (B.22) can be expanded

by writing L̂k in tensor notation:

∑
jk

p̂jL̂kp̂kL̂j =∑
jk

p̂j (r̂ × p̂)k p̂kL̂j

= ∑
jklm

εklmp̂j r̂lp̂mp̂kL̂j = 0,
(B.24)

which is seen to vanish in consequence of the fact that ∑3
k,m=1 εklmp̂mp̂k = 0 for

all l, thus yielding the overal result for (B.22):

(p̂ × L̂)2 = p̂2L̂2. (B.25)



B.2 The scalar product M̂2 331

Next, we evaluate a part of the second term of (B.20):

(p̂ × L̂) ⋅ p̂ =
3

∑
i=1

(p̂ × L̂)
i
p̂i =∑

ijk

εijkp̂jL̂kp̂i. (B.26)

Following [L̂k, p̂i] = ih̵εkilp̂l, this becomes

(p̂ × L̂) ⋅ p̂ =∑
ijk

εijkp̂j p̂iL̂k + ih̵∑
ijkl

εijkεkilp̂j p̂l. (B.27)

The first term vanishes since ∑3
i,j=1 εijkp̂j p̂i = 0 for all k. The product of Levi-

Civita symbols εijkεkil in the second term can be rewritten, using the second

contracted epsilon identity (C.5b); that is:

εijkεkil = εkijεkil = 2δjl, (B.28)

yielding:

(p̂ × L̂) ⋅ p̂ = 2ih̵∑
jl

δjlp̂j p̂l = 2ih̵∑
j

p̂j p̂j = 2ih̵p̂2. (B.29)

The third term in (B.20) can be evaluated in much the same vein. That is:

p̂ ⋅ (p̂ × L̂) =
3

∑
i=1

p̂i (p̂ × L̂)
i
=∑
ijk

εijkp̂ip̂jL̂k = 0, (B.30)

which is seen to vanish in view of the fact that ∑3
i,j=1 εijkp̂ip̂j = 0 for all k.

After collecting all the partial results in (B.25), (B.29), and (B.30), we obtain

for (B.20) the following result:

(p̂ × L̂ − ih̵p̂)2 = (p̂ × L̂)2 − ih̵ (p̂ × L̂) ⋅ p̂ − ih̵p̂ ⋅ (p̂ × L̂) − h̵2p̂2

= p̂2L̂2 + 2h̵2p̂2 − h̵2p̂2

= p̂2 (L̂2 + h̵2) .

(B.31)

The second term to be evaluated in (B.19) yields:

(p̂ × L̂) ⋅ r̂
r
=

3

∑
i=1

(p̂ × L̂)
i

r̂i
r
=∑
ijk

εijkp̂jL̂k
r̂i
r
. (B.32)

From the commutation relations [L̂k, r̂ir ] = ih̵εkil r̂lr , as derived in (A.51), we

obtain:

(p̂ × L̂) ⋅ r̂
r
=∑
ijk

εijkp̂j
r̂i
r
L̂k + ih̵∑

ijkl

εijkεkilp̂j
r̂l
r

(B.33)

The first term can be further evaluated with the help of the commutation rela-

tions [p̂j , r̂ir ] = −ih̵ (δij 1
r
− r̂ir̂j

r3
) (see §A.3.1):

∑
ijk

εijkp̂j
r̂i
r
L̂k =∑

ijk

εijk
r̂i
r
p̂jL̂k − ih̵∑

ijk

εijk (δij
1

r
− r̂ir̂j
r3

) L̂k. (B.34)
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The second term in (B.34) vanishes completely since ∑ijk εijkδij = ∑ik εiik = 0

and ∑3
i,j=1 εijkr̂ir̂j = 0 for all k. The first term can be rewritten as:

∑
ijk

εijk
r̂i
r
p̂jL̂k =

1

r
∑
k

(r̂ × p̂)k L̂k =
1

r
∑
k

L̂kL̂k =
1

r
L̂2. (B.35)

Let us now compute the second term of (B.33): the product of Levi-Civita

symbols εijkεkil can be reduced to 2δjl by (B.28), yielding:

∑
ijkl

εijkεkilp̂j
r̂l
r
=∑
jl

2δjlp̂j
r̂l
r
=∑

j

2p̂j
r̂j

r
= 2p̂ ⋅ r̂

r
. (B.36)

Substitution of (B.34), (B.35) and (B.36) in (B.33) finally yields:

(p̂ × L̂) ⋅ r̂
r
= 1

r
L̂2 + 2ih̵p̂ ⋅ r̂

r
. (B.37)

The third and last term to be evaluated in (B.19) contains the product:

r̂

r
⋅ (p̂ × L̂) =

3

∑
i=1

r̂i
r

(p̂ × L̂)
i
=∑
ijk

εijk
r̂i
r
p̂jL̂k =

1

r
L̂2, (B.38)

by (B.35). The results obtained in (B.37) and (B.38) enable us to rewrite the

second and third terms of (B.19) as:

(p̂ × L̂ − ih̵p̂) ⋅ r̂
r
+ r̂

r
⋅ (p̂ × L̂ − ih̵p̂) = 1

r
L̂2 + 2ih̵p̂ ⋅ r̂

r
− ih̵p̂ ⋅ r̂

r

+ 1

r
L̂2 − ih̵ r̂

r
⋅ p̂

= 2

r
L̂2 + ih̵(p̂ ⋅ r̂

r
− r̂

r
⋅ p̂) .

(B.39)

The second term can be written as:

p̂ ⋅ r̂
r
− r̂

r
⋅ p̂ =

3

∑
i=1

(p̂i
r̂i
r
− r̂i
r
p̂i) =

3

∑
i=1

[p̂i,
r̂i
r
] , (B.40)

and with the help of [p̂i, r̂ir ] = −ih̵ (δii 1
r
− r̂ir̂i

r3
), this becomes:

p̂ ⋅ r̂
r
− r̂

r
⋅ p̂ = −ih̵

3

∑
i=1

(δii
1

r
− r̂ir̂i
r3

) = −ih̵(3

r
− r̂2

r3
) = −2ih̵

1

r
. (B.41)

One then obtains for (B.39):

(p̂ × L̂ − ih̵p̂) ⋅ r̂
r
+ r̂

r
⋅ (p̂ × L̂ − ih̵p̂) = 2

r
(L̂2 + h̵2) . (B.42)

With the results obtained in (B.31) and (B.42), (B.19) finally yields the desired

result:

M̂2 = p̂2 (L̂2 + h̵2) − 2m
k

r
(L̂2 + h̵2) +m2k2

= 2m( p̂2

2m
− k
r
)(L̂2 + h̵2) +m2k2

M̂2 = 2mĤ (L̂2 + h̵2) +m2k2.

(B.43)



Appendix C

Indicial notation

The aim of this appendix is to provide a short introduction to the indicial

notation in vector algebra, also commonly known as tensor notation or subscript

notation. Central within this notational system are the two key symbols δij and

εijk, which we will first define.

C.1 The Kronecker delta δij

The Kronecker delta, denoted δij , is defined as follows:

δij =
⎧⎪⎪⎨⎪⎪⎩

+1 if i = j
0 if i ≠ j

, (C.1)

where i and j are dummy indices, which can take on any value from 1 to 3 when

working in three-dimensional space R3. Note also that

δij = δji. (C.2)

The value of δii can now be determined. We recall that according to Einstein’s

summation convention, repeated indices imply summation over the range of

possible values of these indices. In our case, one needs to sum over all values of

i from 1 to 3. That is,

δii = δ11 + δ22 + δ33 = 1 + 1 + 1 = 3. (C.3)
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C.2 The Levi-Civita tensor εijk

Another useful indicial notation goes by the name Levi-Civita symbol, in hon-

our of the Italian mathematician and physicist Tullio Levi-Civita (1873–1941).

The elements of this anti-symmetric 3-dimensional tensor are defined by the

permutation symbol εijk, where:

εijk =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

+1 if (i, j, k) = (1,2,3), (2,3,1) or (3,1,2)
−1 if (i, j, k) = (1,3,2), (2,1,3) or (3,2,1)
0 if i = j, j = k or k = i

. (C.4)

C.2.1 Contracted epsilon identities

In this section, we will derive three useful identities which relate the Kronecker

delta with the Levi-Civita symbol. These are known as the contracted epsilon

identities:

εijkεimn = δjmδkn − δjnδkm; (C.5a)

εijkεijn = 2δkn; (C.5b)

εijkεijk = 6, (C.5c)

with i, j, k, m and n taking on any value from 1 to 3. We remind the reader

that Einstein summation over repeated indices is implicitly implied. In the

first identity, for instance, the index i is repeated and has to thought as being

summed over; that is:

3

∑
i=1

εijkεimn = δjmδkn − δjnδkm. (C.6)

In order to prove these identities, we start by expressing the general product of

two Levi-Civita symbols εijk and εlmn as a function of Kronecker deltas:

εijkεlmn = δilδjmδkn + δimδjnδkl + δinδjlδkm

− δimδjlδkn − δinδjmδkl − δilδjnδkm,
(C.7)

the validity of which can be verified by explicit computation. Rewriting (C.7)

as

δil (δjmδkn − δjnδkm) + δim (δjnδkl − δjlδkn) + δin (δjlδkm − δjmδkl) , (C.8)
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yields the determinental expression:

εijkεlmn =

RRRRRRRRRRRRRRRRRRR

δil δim δin

δjl δjm δjn

δkl δkm δkn

RRRRRRRRRRRRRRRRRRR

. (C.9)

Now, for the special case where i = l, (C.7) reads:

εijkεimn = δiiδjmδkn + δimδjnδki + δinδjiδkm

− δimδjiδkn − δinδjmδki − δiiδjnδkm,
(C.10)

which can be written as

εijkεimn = δii (δjmδkn − δjnδkm) + δimδjnδki + δinδjiδkm

− δimδjiδkn − δinδjmδki

= 3 (δjmδkn − δjnδkm) + δkmδjn + δjnδkm − δjmδkn − δknδjm

= δjmδkn − δjnδkm,

(C.11)

thus proving the first identity (C.5a). Notice that the first delta in the RHS of

(C.11) contains the inner indices from both epsilons, whereas the second delta

uses both outer indices. The third delta, on the other hand, contains the inner

index from the first epsilon and the outer index from the second epsilon; and

conversely for the fourth delta. The order of the indices in the RHS of (C.11)

can thus be remembered by the simple mnemonic:

inner-inner outer-outer − inner-outer outer-inner. (C.12)

Of course, the order of the deltas within each term can be reversed, as can the

order of the indices within each delta.

The final two identities are now easily obtained from the first one. Setting

j =m in (C.5a) yields the second identity (C.5b):

εijkεijn = δjjδkn − δjnδkj

= 3δkn − δkn

= 2δkn.

(C.13)

The third identity (C.5c) is finally obtained by setting k = n in (C.5b):

εijkεijk = 2δkk = 2 ⋅ 3 = 6. (C.14)
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C.2.2 Indicial notation for cross products

The cross product a×b of two vectors a = {a1, a2, a3} and b = {b1, b2, b3} can also

be represented with the help of the Levi-Civita symbol. Given the determinental

form of the cross product:

a × b =

RRRRRRRRRRRRRRRRRRR

e1 e2 e3

a1 a2 a3

b1 b2 b3

RRRRRRRRRRRRRRRRRRR

, (C.15)

the components of a × b can be written as:

(a × b)1 = a2b3 − a3b2; (C.16a)

(a × b)2 = a3b1 − a1b3; (C.16b)

(a × b)3 = a1b2 − a2b1. (C.16c)

Using the Levi-Civita symbol, this can be expressed more simply as:

(a × b)i =
3

∑
j=1

3

∑
k=1

εijkajbk. (C.17)

Finally, using Einstein’s summation convention, this becomes:

(a × b)i = εijkajbk. (C.18)



Appendix D

Spherical decomposition of

the Hamiltonian

The energy of a free particle with mass m, moving in a uniform potential,

which can be taken as the zero of energy, is purely kinetic. The corresponding

Hamiltonian is given by:

Ĥ = 1

2m
p̂2 = − h̵

2

2m
( ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
) . (D.1)

In this equation the momentum, and hence the kinetic energy operator, is de-

composed into the standard Cartesian components, representing motions in

three orthogonal directions. In a spherical problem, it is convenient to switch

to radial and angular motions that are respectively along and orthogonal to the

radius. We are thus looking for a spherical decomposition of the Hamiltonian:

Ĥ = Ĥang + Ĥrad. (D.2)

Instead of replacing the Cartesian coordinates by spherical ones to find both

these components, we will look for an alternative expression which is entirely

based on position and momentum operators. The advantage of this formalism

will become clear in our discussion of the radial wave equation in §4.3.
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D.1 Angular part of the Hamiltonian

In classical physics, the angular momentum L, describing the revolution of a

particle around a central point, is usually written as the vector product:

L = r × p = ∣r∣ ∣p∣ sin 90○ = rp, (D.3)

from which follows that

p = L

r
; p2 = L2

r2
= L

2

r2
. (D.4)

The kinetic energy corresponding to this motion is simply given by

Ekin =
mv2

2
= p2

2m
= L2

2mr2
. (D.5)

Replacing the angular momentum by its operator form, we immediately obtain

the angular part of the kinetic energy operator:

Ĥang =
1

2mr2
L̂2. (D.6)

Let us re-express the angular momentum square in terms of scalar products of

r and p. In classical physics, this is straightforward:

L2 = r2p2 sin2 α

= r2p2 − r2p2 cos2 α

= r2p2 − (r ⋅ p)2
,

(D.7)

where α is the angle between the vectors r and p. In view of the commutativity

of the scalar product of vectors in classical physics (i.e. a⋅b = b⋅a), this equation

is equivalent to

L2 = r2p2 − (p ⋅ r)2
. (D.8)

When replacing this expression by its operator form, an unexpected difficulty

arises however: the operator products (r ⋅ p) and (p ⋅ r) are not the same, since

the position and momentum operators do not commute. A tedious but straight-

forward procedure to overcome this problem is to express L̂2 in its Cartesian

components, and to work out the brackets:

L̂2 = ∣L̂∣2 = L̂2
x + L̂2

y + L̂2
z

= −h̵2 [ (y ∂
∂z

− z ∂
∂y

)
2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
A

+(z ∂
∂x

− x ∂
∂z

)
2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
B

+(x ∂
∂y

− y ∂
∂x

)
2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
C

] . (D.9)
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The first term, denoted A, equals

A = (y
∂

∂z
− z

∂

∂y
)(y

∂

∂z
− z

∂

∂y
)

= (y
∂

∂z
)(y

∂

∂z
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
A1

−(y
∂

∂z
)(z

∂

∂y
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
A2

−(z
∂

∂y
)(y

∂

∂z
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
A3

+(z
∂

∂y
)(z

∂

∂y
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
A4

,
(D.10)

with

A1 = y
∂y

∂z

∂

∂z
+ y

2 ∂

∂z

∂

∂z
= 0 + y

2 ∂
2

∂z2
;

A2 = y
∂z

∂z

∂

∂y
+ yz

∂

∂z

∂

∂y
= y

∂

∂y
+ yz

∂2

∂zy
;

A3 = z
∂y

∂y

∂

∂z
+ zy

∂

∂y

∂

∂z
= z

∂

∂z
+ zy

∂2

∂yz
;

A4 = z
∂z

∂y

∂

∂y
+ z

2 ∂

∂y

∂

∂y
= 0 + z

2 ∂2

∂y2
.

(D.11)

Substituting (D.11) in (D.10) yields:

A = y
2 ∂

2

∂z2
− y

∂

∂y
− yz

∂2

∂zy
− z

∂

∂z
− zy

∂2

∂yz
+ z

2 ∂2

∂y2
. (D.12)

The second and third term in (D.9), denoted B and C, can be found by twice performing the cyclic

permutation of the indices x→ y → z → x in the above equation, yielding:

B = z
2 ∂2

∂x2
− z

∂

∂z
− zx

∂2

∂xz
− x

∂

∂x
− xz

∂2

∂zx
+ x

2 ∂
2

∂z2
; (D.13)

C = x
2 ∂2

∂y2
− x

∂

∂x
− xy

∂2

∂yx
− y

∂

∂y
− yx

∂2

∂xy
+ y

2 ∂2

∂x2
. (D.14)

Substituting these expressions for A, B and C in (D.9) gives:

L̂
2
= −h̵

2
[y

2 ∂
2

∂z2
− y

∂

∂y
− yz

∂2

∂zy
− z

∂

∂z
− zy

∂2

∂yz
+ z

2 ∂2

∂y2
+ z

2 ∂2

∂x2
− z

∂

∂z
− zx

∂2

∂xz

− x
∂

∂x
− xz

∂2

∂zx
+ x

2 ∂
2

∂z2
+ x

2 ∂2

∂y2
− x

∂

∂x
− xy

∂2

∂yx
− y

∂

∂y
− yx

∂2

∂xy
+ y

2 ∂2

∂x2
] .

(D.15)

Now, let us compare this result with the operator form of r2p2 − (r ⋅ p)
2 from (D.7). Given that

r̂2 = x2
+ y2 + z2 and p̂2 = −h̵2

( ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2
), we have:

r̂
2
p̂
2
= −h̵

2
(x

2
+ y

2
+ z

2
)(

∂2

∂x2
+
∂2

∂y2
+
∂2

∂z2
)

= −h̵
2
[x

2 ∂2

∂x2
+ x

2 ∂2

∂y2
+ x

2 ∂
2

∂z2
+ y

2 ∂2

∂x2
+ y

2 ∂2

∂y2
+ y

2 ∂
2

∂z2

+z
2 ∂2

∂x2
+ z

2 ∂2

∂y2
+ z

2 ∂
2

∂z2
] .

(D.16)
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Also, r̂ ⋅ p̂ = h̵
i (x ∂

∂x + y ∂
∂y + z ∂

∂z ), and thus:
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+ y
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∂
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Combining the last two equations yields:

r̂
2
p̂
2
− (r̂ ⋅ p̂)

2
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∂
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∂

∂z
] .
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When comparing (D.18) with the expression of L̂2 in (D.15), it is clear that they are not identical.

Subtraction of both terms gives:

L̂
2
− [r̂

2
p̂
2
− (r̂ ⋅ p̂)

2
] = −h̵

2
(x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z
) = −ih̵ (r̂ ⋅ p̂) . (D.19)

This finally enables us to re-express L̂2 in terms of r̂ and p̂:

L̂2 = r̂2p̂2 − (r̂ ⋅ p̂)2 + ih̵ (r̂ ⋅ p̂) . (D.20)

As compared to the classical expression (D.7) there is one additional term due

to the non-commutation of position and momentum operators. The angular

part of the Hamiltonian is thus given by:

Ĥang =
1

2m
p̂2 − 1

2mr̂2
(r̂ ⋅ p̂)2 + ih̵

2mr̂2
(r̂ ⋅ p̂) . (D.21)

D.2 Radial part of the Hamiltonian

To obtain the radial part of the Hamiltonian, we must first define the radial

momentum operator. Following the quantum mechanical recipe, the radial mo-

mentum p̂r conjugate to the radial coordinate r would simply be expressed as

h̵
i
∂
∂r

. This differential operator can be rewritten in Cartesian form using the
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chain rule, and can be further simplified by introducing the operators r̂ and p̂:

h̵

i

∂

∂r
= h̵
i
(∂x
∂r

∂

∂x
+ ∂y
∂r

∂

∂y
+ ∂z
∂r

∂

∂z
)

= h̵
i

1

r
(x ∂

∂x
+ y ∂

∂y
+ z ∂

∂z
)

= 1

r
r̂ ⋅ p̂.

(D.22)

Here again we meet the difficulty that the expression depends on a product of

operators which do not commute. We can overcome this difficulty by defining the

true radial momentum operator as the average of this product and its reverse.

Note that in this way the true momentum operator is real in the operator sense,

as explained by Dirac:

p̂r =
1

2
(1

r
r̂ ⋅ p̂ + p̂ ⋅ r̂ 1

r
) . (D.23)

The difference between the two orderings is given by:

p̂ ⋅ r̂ 1

r
= 1

r
r̂ ⋅ p̂ − 2ih̵

r
. (D.24)

Hence the radial momentum is given by:

p̂r =
1

r
r̂ ⋅ p̂ − ih̵

r
= h̵
i
( ∂
∂r

+ 1

r
) . (D.25)

The radial part of the Hamiltonian is then given by:

Ĥrad =
1

2m
p̂2
r

= 1

2mr2
(r̂ ⋅ p̂)2 − ih̵

mr2
(r̂ ⋅ p̂) .

(D.26)

When this part is summed with the angular part, as given in equation (D.21),

one indeed recovers the full kinetic energy operator. In other words the kinetic

energy of a free particle can be re-expressed in spherical components as:

Ĥ = 1

2mr2
L̂2 + 1

2m
p̂2
r. (D.27)

When a particle is moving on a spherical surface with constant radius R, no

radial motion is possible, and the Hamiltonian reduces to its angular part. That

is:

Ĥ = 1

2mr2
L̂2. (D.28)

Hence as in the cyclic case the Hamiltonian of the spherical problem is propor-

tional to the square of the angular momentum. As a consequence, the Hamil-

tonian is seen to commute with the Casimir operator:

[Ĥ , L̂2] = 0, (D.29)
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and since [L̂2, L̂i] = 0 (i = 1,2,3), the Hamiltonian also commutes with the

components of the angular momentum operator L̂:

[Ĥ , L̂i] = 0. (D.30)

The quantum states of this problem will thus fully coincide with the symmetry

states of the spherical symmetry group.
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Novaro, 56–57, 271–273

O
observable

invariance, 104

Odabaşi, 56

operator

anti-unitary, 103

boost, 198

Casimir, 119–120

counting, 260

Hermitian, 112

identity, 103

ladder, 69, 115–117

Madelung, 261–262

Regge, 261–262

unitary, 103

orbital approximation, 14

orbital eccentricity, 144–146, 173

orbital penetration effect, 19–20

orbital sequence, see filling rule

ordering formula, 244

Ostrovsky, 57–58, 275–277

P
parabola, 145

particle classification

principles, 59–65

particle physics, 53, 54, 69, 191–192,

241

Pauli, 169

Pauli exclusion principle, see

exclusion principle

pawn, see atomic chess

penetration effect, see orbital

penetration effect

periapsis, 134

pericenter, 134

perihelion, 134

period

doubling, 22, 30–32, 240, 256,

273–277, 279

length, 5, 22, 30, 240, 242, 273,

275

periodic law, 5

periodic table

double shell structure, 32, 277

format

eight-period, 26

helicoid, 28

left-step, 26–30, 240, 242, 256,

273
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long form, 8, 34

medium-long form, 5–8

other formats, 8

pyramidal, 40

regular, 23

short form, 5–8

periodicity

chemical, 4–5, 17

quasi-periodicity, 5, 16

secondary, 4, 31, 274

phase, 230, 231

phase space, 68

phenomenological approach, see

elementary particle

approach

philosophers’ stone, 68, 244

philosophy

of approximations, 16–17

of chemistry, 3

planets, 145, 147

Platonic solid, 147, 226

potential

central, 131, 137, 142

Coulomb, 17, 129, 133, 240, 271

perturbed, 18, 267

effective one-electron, 14, 16, 22,

130, 278

fish-eye, 38, 57–58, 278

harmonic oscillator, 137

precession, see Kepler orbit

primary matter, 65

prime matter, 66

proto hyle, see prime matter

pyramid

square, 227, 228

triangular, 227, 229

Q
quantum algebra, 267

quantum deformation, 267

quantum number

Madelung, 30, 32, 34, 38, 257,

274

magnetic, 12, 228–230, 243

orbital, 11, 231, 243, 260

principal, 11, 167, 206, 230–231,

243, 274

radial, 11, 206

spin, 12, 32, 240, 243, 276

topical, 277

queen, see atomic chess

R
Racah’s theorem, 119

radial function, 203, 216

radial momentum operator, 202

radial Schrödinger equation, 202–203,

216

reduced mass, 135

Regge operator, 261–262, 265

Regge trajectory, 256, 258

Riemannian circle, 175

rook, see atomic chess

Root diagram

so(2,1), 201

root diagram, 119

so(2,2), 225

so(4), 165

so(4,2), 226

so(3), 122

so(4), 164

so(4,2), 224–226, 244

root vector, 119

rosette, 137, 139

Rumer, 54–55, 268–270

Runge, 149

S
S operator, 260–261

scaling transformation, 204, 217–218,

227

screening

constant, 19

effect, 13, 18–19, 47, 129, 267

function, 14

self-consistent field approximation, 14

semi-latus rectum, 144

semi-major axis, 134, 145

semi-minor axis, 134, 145

shielding

constant, see screening constant
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effects, see screening effects

single-particle approach, see orbital

approximation

Spaceland, 181

special relativity, 157

spectrum-generating group, see

noninvariance group

spherical harmonic, 203, 216, 260

spin doubling, 243, 270, 276

stereographic projection, 170, 174–180

Stoner formula, 21

structure constant, 110

structure function, 265, 267, 279

subgroup, see group

supermultiplet, 191, 242, 256

supersymmetry, 170, 242, 261

symmetric top, 273, 275

symmetry

definition, 94–95

group, see group

hidden, 129, 140

mirror, 100

transformation, 95

active interpretation, 95, 101

coordinate, 101–102

passive interpretation, 95

state vector, 102–103

symmetry breaking, 68, 244, 273

SO(4) ⊃ SO(3), 157, 165, 167,

168

T
theorem

Bertrand, 137

Ehrenfest, 114

Noether, 114, 140, 180

Racah, 119

Wigner, 103

Thomas-Fermi approximation, 15, 16,

37–38

tower, see atomic chess

transformation, see symmetry

transformation

truncated cube, see cuboctahedron

U
universal enveloping algebra, 195, 244

W
weight diagram

so(4), 162–163, 168

so(4,2), 226–229

weight vector, 118

Weyl diagram, see Root diagram

Weyl generator, 118

so(2,1), 199

so(2,2), 223

so(4), 160–161

so(4,2), 221–225

Wigner’s theorem, 103

Wolf, 56–57, 271–273


