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Abstract

This paper studies batch-end quality prediction using Partial Least Squares
(PLS). The applicability of the zeroth-order approximation of Faber & Kowal-
ski (1997) for estimation of the PLS prediction variance is critically assessed.
The estimator was originally developed for spectroscopy calibration and its
derivation involves a local linearization under specific assumptions, followed
by a further approximation. Although the assumptions do not hold for batch
process monitoring in general, they are not violated for the selected case
study. Based on extensive Monte Carlo simulations, the influence of noise
variance, number of components and number of training batches on the bias
and variability of the variance estimation is investigated. The results indicate
that the zeroth-order approximation is too restrictive for batch process data.
The development of a variance estimator based on a full local linearization
is required to obtain more reliable variance estimations for the development
of prediction intervals.
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1. Introduction

Today’s chemical and biochemical production processes and plants are
equipped with numerous sensors that measure various flow rates, tempera-
tures, pressures, pH, concentrations, etc. These online and readily available
measurements are a major source of information to monitor and control the
processes. However, despite the frequent use of low-level controllers (e.g.,
PID control for valve opening and closing), detection of and response to
abnormal events often remains a manual operation. Process operators visu-
ally inspect measurement profiles and compare these to measurements from
previous process runs. This task is often hampered by the large size and
complexity of modern interconnected process plants. Therefore, the devel-
opment of automated monitoring systems to assist human process operators
in their decisions still remains an important challenge for the chemical and
life sciences industries (Venkatasubramanian et al., 2003).

For batch processes in particular, close process monitoring is of utmost
importance because of the following two reasons. Firstly, batch processes
are commonly used for the production of goods with high added value (e.g.,
medicines, high performance polymers and enzymes), which leads to high
costs associated to lost batches. Secondly, an assessment of product quality
is often only possible by offline measurements of a parameter (e.g., purity,
enzyme concentration, polymer viscosity) after completion of the batch run.
However, the development of adequate techniques for monitoring and control
is complicated by the dynamic nature of batch processes.

Multivariate modelling techniques exploit the information in historical
databases for process monitoring. Examples include Principal Component
Analysis (PCA; Jolliffe, 1986) and PCA-based techniques such as Principal
Component Regression (PCR; Geladi & Kowalski, 1986) and Iterative PCA
(IPCA; Narasimhan & Shah, 2008), or Partial Least Squares (PLS; Geladi
& Kowalski, 1986). These techniques are not only suited for the detection of
process faults (e.g., Gregersen & Jørgensen (1999); Nomikos & MacGregor
(1995b)), but also for the development of inferential sensors to estimate qual-
ity variables that are not measured online, for instance the final quality of
a batch process (Garćıa-Munoz et al., 2004; Nomikos & MacGregor, 1995a;
Ündey et al., 2003). Since PLS-based techniques take information in the out-
puts into account during model training, they are more suited for regression
purposes than PCA-based models. Although PLS has been proven to be a
valuable tool in several applications (Facco et al., 2009; Faggian et al., 2009;
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Gins et al., 2012; Lopes & Menezes, 2003; Marjanovic et al., 2006), practical
implementations in the process industry are limited.

A PLS model for batch-end quality prediction describes a linear relation
between online process measurements and the final product quality. The PLS
algorithm to obtain the model coefficients, however, has highly non-linear in-
ternal properties. As a consequence, knowledge about the statistical proper-
ties of PLS models is limited. Moreover, distributional knowledge about the
PLS predictor is completely lacking. Hence, the construction of prediction in-
tervals for PLS estimations is nearly impossible, which constitutes one of the
method’s major drawbacks (Denham, 1997). While it is commonly known
that PLS filters noise from correlated measurements in large data sets, no
distinct relation has been identified to describe the influence of measurement
noise on PLS predictions of final batch quality.

The variance of PLS model predictions and the construction of prediction
intervals has been the topic of several research papers (see Section 3 for a
brief overview). However, most research has been performed in the field of
spectroscopic calibration. The obtained results are not fully transferable to
batch process monitoring due to some specific assumptions. First, Lambert-
Beer’s law for spectroscopy guarantees a linear relation between spectroscopy
measurements and analyte concentration. In contrast, the relation between
online process measurements and batch product quality might contain (small)
non-linear contributions that cannot be captured by a linear PLS relation.
Second, it is generally assumed that spectroscopy measurements contain all
necessary information for prediction of the analyte concentration, while im-
portant explanatory variables are often missing in batch process monitoring
because they cannot be measured online. Nevertheless, relations from spec-
troscopy research are an interesting starting point in the investigation of the
variance of PLS batch-end quality predictions.

In this work, the applicability of the zeroth-order approximation of Faber
& Kowalski (1997) for estimation of the PLS prediction variance in case of
errors in the dependent variables to MPLS predictions of batch-end qual-
ity is critically assessed. This relation is of particular importance since it
forms the basis for further research on PLS prediction intervals (see Sec-
tion 3). Moreover, the case of noisy dependent variables is especially rele-
vant to batch process monitoring since batch quality measurements are often
obtained from offline laboratory measurements with relatively high uncer-
tainty. Computer-generated data of an industrial-scale fermentation process
for penicillin production are used as a case study. Two aspects of the equa-
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tion derived by Faber & Kowalski (1997) are studied based on extensive
Monte Carlo simulations: (i) the validity of the assumptions made in the
derivation of the relation and (ii) the bias and variability of the variance
estimation. The goal of this study is to detect the conditions under which
the relation from spectroscopy can be transferred to applications in batch
process monitoring.

The structure of the paper is as follows. In Section 2 batch-end quality
prediction using Multiway PLS is briefly explained. Section 3 provides a
(non-exhaustive) overview of research on PLS prediction variance. Next,
Section 4 describes the case study used in this work to assess the variance
estimation of batch-end quality predictions. The results of this study are
presented and discussed in Sections 5 and 6 and final conclusions are drawn
in Section 7.

2. Multiway Partial Least Squares for batch-end quality prediction

To deal with the particular structure of batch process data in predicting
final batch quality, general Partial Least Squares (PLS) was extended to
Multiway Partial Least Squares (MPLS) by Nomikos & MacGregor (1995b).
The modelling procedure consists of two steps. In the first step, the data
matrix containing historical data of normal process operation, which has
a three-dimensional structure, is unfolded to a two-dimensional matrix, as
explained in Section 2.1. Next, this unfolded data matrix, together with
the quality measurements, forms the input for the construction of a general
Partial Least Squares model. Section 2.2 provides the details for this second
step.

2.1. Data matrix unfolding

When historical data of I batches, containing measurements of J differ-
ent sensors over K time points are available, this information is generally
presented as a three-dimensional data tensor X of size I × J × K. For
the construction of a PLS model, a two-dimensional data matrix is needed.
Therefore, the tensor X has to be unfolded to a two-dimensional structure.
Several unfolding techniques are available, of which variable-wise unfolding
(Wold et al., 1987) and batch-wise unfolding (Nomikos & MacGregor, 1994,
1995a) are the most commonly used. Since batch-wise unfolding preserves
the batch direction by placing K slices of size I × J of the original tensor
X next to each other, this technique is most suited for batch-end quality
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Figure 1: Illustration of batch-wise data matrix unfolding.

prediction. Every row of the unfolded matrix X corresponds to one complete
batch so that the complete batch history is taken into account to predict the
final batch quality. Fig. 1 illustrates the procedure.

2.2. Multiway Partial Least Squares (MPLS)

After data matrix unfolding, a standard two-dimensional PLS model is
constructed to relate the unfolded input data matrix X to the output matrix
Y (I × L), which contains L quality measurements for each batch in each
row (Geladi & Kowalski, 1986).

{

X = TPT + EX

Y = TQT + EY

(1)

In PLS, R PLS components or latent variables are computed as linear
combinations of the original measurements. The components are chosen in
such a way that as much information (covariance) as possible from the orig-
inal measurements is retained. The input and output matrices are projected
onto a lower-dimensional space of which the dimensions are defined by the
components. The loading matrices P (JK × R) and Q (L× R) specify the
projections of X and Y, respectively. The scores matrix T (I × R) is the
representation of the data matrices in the reduced space. The residuals or
modelling errors are contained in the matrices EX and EY.

Since the matrix P is not invertible and has no orthonormal columns,
a weight matrix W (JK × R) with orthonormal columns is introduced to
compute the scores T and quality prediction Y for a new measurement set
Xnew. P

TW is invertible so that the projection of the input measurements X
on the scores space T and the corresponding regression matrix B (JK ×R)
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are calculated as follows.

T̂ = XnewB (2)

B
△

= W
(

PTW
)−1

(3)

Combining Eqs. 1 and 2 leads to the following relation between the esti-
mated output matrix Ŷ and the new input matrix Xnew.

Ŷ = T̂QT = XnewBQT (4)

In most applications of batch-end quality prediction, only one quality
parameter is considered. In this case, the output matrix Y reduces to a
quality vector of size (I × 1) containing the final quality for all I batches.

3. Variance of PLS predictions

The development of prediction intervals for PLS estimations has been
the subject of several research papers, especially in the field of spectroscopic
calibration. Since very little is known on the distributional properties of the
PLS estimator, non-parametric methods of sample reuse, such as bootstrap-
ping, cross-validation and noise addition, are often used (Faber, 2002; Reis &
Saraiva, 2012). In these computationally intensive methods, information on
the variance of the PLS estimator for the construction of prediction intervals
is gained from the training data. However, these methods do not always yield
accurate results because often only few observations are available for train-
ing (Denham, 1997). Moreover, the results are case specific and no general
information on PLS prediction variance can be extracted.

An alternative approach is the derivation of an (approximate) analyti-
cal relation for the prediction variance by linearization of the PLS estimator.
Early research in this field was conducted by – amongst others – Höskuldsson
(1988) and Phatak et al. (1993). Based on this work, Faber & Kowalski
(1997) constructed approximate relations for the prediction variance and
prediction intervals using error propagation. In the case where measurement
errors are present in the dependent variables only, the following relation is
obtained:

V̂ (ŷu) = (N−1 + hu)σ
2
∆y . (5)

While Eq. (5) is exact for ordinary least squares regression and PCR, it
corresponds to a zeroth-order approximation for PLS. The equation relates
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the variance V̂ (ŷu) of a prediction for an unknown sample to the variance
σ2
∆y of the noise on the output measurements. An influence of the num-

ber of training measurements N seems logical since the availability of more
training data should lead to more precise predictions. The leverage hu is
a measure for the distance of the unknown sample to the training data in
the low-dimensional PLS hyperplane. Including it in the equation leads to
sample-specific prediction errors. For zero-intercept models, the leverage is
calculated as

hu = tT (TTT)−1t (6)

with t the unknown sample score vector and T the training scores matrix
(Faber & Bro, 2002).

Eq. (5) is referred to as a zeroth-order approximation because it involves
an additional approximation to the local linearization of the PLS regression
vector (Faber & Kowalski, 1997). The equation is easy and interpretable,
and provides a clear view on the important aspects that influence prediction
variance. However, due to the linearization and subsequent approximation,
it should be used with great care.

The zeroth-order approximation of Faber & Kowalski (1997) is partic-
ularly interesting because it forms the basis for many other PLS variance
equations in literature. In their work, Faber & Kowalski (1997) do not only
take noise on measurements of the dependent variables into account. Ho-
moscedastic measurement errors in the independent variables are included in
extensions to Eq. 5. Application of the resulting equation on several near-
infrared data sets yields promising results (Fernández Pierna et al., 2003).
The obtained relations were further extended to include variance due to mod-
elling errors (residuals) (Faber & Kowalski, 1996) and heteroscedastic noise
in the independent variables (Bro et al., 2005; Faber & Bro, 2002). Recently,
a first-order approximation for prediction intervals using trilinear PLS, de-
veloped in the prediction error framework, was proposed (Serneels et al.,
2011).

Next to the importance of Eq. 5 as a basis for many PLS variance equa-
tions in literature, the case of noisy dependent variables is also especially
relevant to batch process monitoring. Batch quality measurements (the out-
puts Y used in PLS model training) are most often obtained from offline
laboratory measurements with relatively high uncertainty. The model inputs
X on the other hand are often online measurements of pressures, tempera-
tures and flows, which can be measured more accurately.
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However, Faber & Kowalski (1997) warn not to use the equation in other
areas of data analysis than spectroscopic calibration without careful con-
sideration. Apart from the applied approximations, the derivation of Eq. 5
involves some important assumptions. First, an exact linear relation is as-
sumed between the dependent and independent variables. This assumption
is motivated by Beer’s law in spectroscopy, which prescribes a linear relation
between analyte concentration and spectral responses. Further, the deriva-
tion assumes that the data set is complete, which means that no important
explanatory variables are missing.

While these assumptions hold for PLS predictions in spectroscopic cali-
brations, they are likely to be violated when dealing with (bio)chemical batch
processes. Non-linear reaction kinetics, non-linear behaviour of equipment,
non-homogeneity of the reactors, etc. may have a (possibly small) impact on
the relation between online measurements and final batch quality. Further-
more, although these processes are equipped with many sensors, measure-
ments of certain variables that are expected to be important for batch-end
quality prediction (e.g., biomass concentration for biochemical processes or
monomer concentration and melt index in batch polymerization) are gener-
ally not available online. Nonetheless, Eq. (5) may still serve as a starting
point for the development of prediction intervals in MPLS batch-end quality
prediction.

In this work, the applicability of the relation proposed by Faber & Kowal-
ski (1997) for estimation of MPLS batch-end quality prediction variance is
assessed critically. Based on extensive Monte Carlo simulations, the validity
of the above assumptions is checked and the bias and variability of the vari-
ance estimations are studied to detect the conditions under which Eq. 5 can
be applied to batch process monitoring.

4. Case study

The Monte Carlo simulations in this work are performed on a computer-
generated data set of an industrial-scale fermentation process for penicillin
production. Section 4.1 describes the data set, while Section 4.2 provides the
details on the Monte Carlo simulations.

4.1. Data

Extensive Monte Carlo simulations require a large set of batch process
data with adjustable noise levels. Therefore, computer-generated data orig-
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Table 1: Properties of the initial conditions of the state variables in the case study.

Initial conditions

Variable Mean Stand.dev. Lower limit Upper limit
Substrate conc. [g/L] 17.5 1 15 20
Biomass conc. [g/L] 0.125 0.03 0.05 0.20
Volume [L] 102.5 5 90 115
DO conc. [g/L] 1.16 – – –
Penicillin conc. [g/L] 0 – – –
CO2 conc. [g/L] 0.4487 – – –
pH [g/L] 5 – – –
Reactor temp. [K] 298 – – –
Reaction heat [cal] 0 – – –

inating from Pensim (Birol et al., 2002) are used as a case study. Pensim

is based on a detailed unstructured model for penicillin production in an
industrial-scale biochemical reactor. Penicillin is produced as a secondary
metabolite during fermentation by filamentous microorganisms. The process
consists of two phases. During the initial batch phase, the microorganisms
grow on the glucose (the main substrate) available in the broth. Once the
substrate concentration drops below 0.3 g/L, the reactor is switched to fed-
batch mode. A continuous feed stream containing additional substrate is
introduced in the reactor during this phase. Due to the low substrate con-
centration in the reactor, the microorganisms produce penicillin. When a
total of 25 L of substrate feed has been added to the reactor, the process is
terminated. Reactor temperature and pH are controlled at their respective
setpoints of 298 K and 5 by standard PID controllers during both phases.
For the model equations, parameter values and controller tunings, the reader
is referred to the original Pensim paper of Birol et al. (2002).

Data of 150 batches are generated to serve as a training set to build MPLS
models for the prediction of the final penicillin concentration. The initial sub-
strate concentration, biomass concentration, and culture volume are subject
to random variations for each batch by sampling them from a standard nor-
mal distribution. The properties of the initial conditions are summarized
in Table 1. Additionally, the profiles of several process inputs exhibit small
fluctuations around their setpoints to represent process variability, modelled
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Table 2: Setpoints and size of the PRBS signal of the fluctuations on the process inputs
in the case study.

Process inputs

Input variable Setpoint PRBS deviation
Substrate feed rate [L/h] 0.06 0.005
Aeration rate [L/h] 8 0.3
Agitator power [W] 30 1
Feed temperature [K] 296 0.5

Table 3: Online measurements available from Pensim.

Dissolved oxygen concentration Agitator power
Volume Feed temperature
pH Water flow rate
Reactor temperature Base flow rate
Substrate feed rate Acid flow rate
Aeration rate

10
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by averaging a pseudo-random binary sequence (PRBS) over 1000 samples.
A summary of the input setpoints and the size of the PRBS signals is given in
Table 2. Pensim provides measurements of 17 process variables, 11 of which
are generally acquired from online sensors and thus practically available as
model inputs for online prediction of the batch-end penicillin concentration.
Table 3 provides an overview of these online measurements. To focus on the
validity of Eq. 5 (which was derived for noise on the dependent variables
only) and avoid interference of the uncertainty on the independent variables
with the results of the study, no noise was added to the measurements of the
model inputs. 50 extra batches are generated to validate the results of the
Monte Carlo simulations.

The measured signals are aligned and resampled via indicator variables,
following the procedure of Ündey et al. (2003). Employing the culture volume
and percent substrate fed as indicator variables for the batch and fed-batch
phase respectively, the length of the measurement profiles is equalized to
602 samples for all batches (101 samples for the batch phase and 501 for
the fed-batch phase). The time signal is added to the input measurements
after alignment, so that 12 online measurement signals are available for every
batch. This yields a training data matrix X

train
of size 150× 12 × 602 and

a validation data matrix X
val

of size 50× 12× 602.

4.2. Monte Carlo simulations

Extensive Monte Carlo simulations are performed to critically assess the
applicability of Eq. 5 for estimation of the variance of MPLS batch-end qual-
ity predictions. Three factors are varied in the Monte Carlo simulations: (i)
the output noise standard deviation, (ii) the number of training batches and
(iii) the number of PLS components. For every combination of these factors,
1000 predictions of the final penicillin concentration are made with the out-
put noise each time being resampled from a Gaussian distribution with zero
mean, both for the training and the validation batches. Noise standard devi-
ation ranges from 1 to 10% of the mean final penicillin concentration of the
training batches. 15 levels of the number of training batches Ntr are chosen
in such a way that approximately equidistant ranges of 1/Ntr are obtained
(Ntr ∈ {10, 11, 12, 13, 14, 15, 17, 19, 21, 25, 30, 38, 50, 75, 150}). Finally, mod-
els with 1 to Ntr latent variables are trained. To save computation time
only multiples of 5 and 10 are taken into account for the higher component
numbers.

11
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5. Predictive performance

As explained in Section 3, the assumptions of (i) a linear relation between
measurements and final batch quality and (ii) fully informative data, made
in the derivation of Eq. 5, are not necessarily met for batch-end quality
prediction. On simulation level however, it is possible to check the validity
of these assumptions by training an MPLS model based on noiseless data.
This is done in Section 5.1 for the present case study. Section 5.2 illustrates
and discusses the predictive performance of MPLS models in the case of noisy
output measurements.

An assessment of the predictive performance of MPLS models is per-
formed by comparing the actual final penicillin concentration of the valida-
tion batches, the quality measurements and the MPLS predictions based on
the Mean Squared Error (MSE) and the correlation coefficient R2, defined
by the following equations:

MSE =
SSE

Nval

(7)

R2 = 100

(

1−
SSE

SSTO

)

(8)

with Nval the number of validation batches, SSE the Sum of Squared Errors,
and SSTO the Total Sum of Squares:

SSE =

Nval
∑

i=1

(yi − yi,ref)
2 (9)

SSTO =

Nval
∑

i=1

(

yi,ref − yref
)2

(10)

where yref corresponds to the mean of the reference data yi,ref .
Depending on the data (yi and yi,ref) used to calculate the SSE and

SSTO, different types of MSE and R2 are obtained. Comparing measured
to actual final penicillin concentrations (yi = yi,meas, yi,ref = yi,act) results in
the measurement performance metrics MSEmeas and R2

meas. A comparison
of MPLS predictions to the measurements (yi = ŷi, yi,ref = yi,meas) yields
the apparent metrics MSEapp and R2

app. Finally, the actual performance
metrics MSEact and R2

act compare model predictions to the actual penicillin
concentrations (yi = ŷi, yi,ref = yi,act). For noiseless data (yi,meas = yi,act),
MSEapp and MSEact are equal and simply referred to as MSE. The same
applies to the correlation coefficient.
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5.1. Noiseless data

An MPLS model is trained on data of the 150 training batches with-
out output noise to analyze the predictive performance of MPLS models for
batch-end quality prediction. The measurements are centered around the
average profile and scaled to unit variance before applying batch-wise un-
folding. The number of latent variables is selected using an adjusted Wold’s
R criterion (Li et al., 2002). According to this criterion, the optimal number
of PLS components corresponds to the smallest number of components R for
which the following equation holds:

MSE(R + 1)

MSE(R)
> α (11)

with MSE(R) the (crossvalidation) Mean Squared Error of the MPLS model
with R components. Employing this criterion, the (R + 1)th component
is only added if it significantly improves the prediction and thus decreases
the crossvalidation error according to a chosen significance value α. The
adjusted Wold’s R criterion is similar to other criteria that also use the
ratio of subsequent MSE or SSE values to identify the optimal number of
latent variables, such as the F-test proposed by Osten (1988). A comparison
of selection procedures by Li et al. (2002) leads to the conclusion that the
adjusted Wold’s R criterion with a selection threshold α = 0.90 or α = 0.95
yields parsimonious models with the highest probability of selecting the true
model. The threshold α is determined empirically. Employing α = 0.95
results in the selection of 7 components for the present case study.

Fig. 2 shows a very good agreement between the predicted batch-end
penicillin concentration and the actual final concentration for the 50 valida-
tion batches. A validation MSE of 3.45 × 10−6 and a correlation coefficient
R2 = 99.94% also indicate an excellent prediction performance. These re-
sults suggest that a linear PLS relation is adequate to predict the batch-end
quality and that the online measurements contain all relevant information
for the present case study. This means that Eq. 5 should be applicable since
the assumptions made during its derivation are not violated. However, this
result is case-specific and should not be generalized.

5.2. Noisy data

Fig. 3 illustrates the power of MPLS models for batch-end quality predic-
tions with noisy output measurements. White Gaussian noise with a stan-
dard deviation of 10% of the mean final penicillin concentration was added to
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Figure 2: Predicted versus actual final penicillin concentration for 50 validation batches
in the noiseless case. An MPLS model including 7 components was used.
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Figure 3: Measured versus actual final penicillin concentration (a), predicted versus mea-
sured final penicillin concentration (b) and predicted versus actual final penicillin concen-
tration (c) for 50 validation batches with white Gaussian output noise with a standard
deviation of 10% of the mean final concentration. An MPLS model including 1 component
was used.
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both the 150 training batches and the 50 validation batches. The penicillin
concentration measurements of the validation batches are plotted against
their actual values in Fig. 3(a). It is clear that the measurements deviate
considerably from the real concentration values, so that it is nearly impos-
sible to distinguish high quality from low quality batches based on these
measurements. The high noise level results in an MSEmeas of 3.53× 10−2 for
the validation batches, which is obviously comparable to the noise variance
(3.45×10−2). The correlation coefficient R2

meas = −544% also indicates very
bad measurements.

Using an adjusted Wold’s R criterion (Eq. 11) with a significance value
0.95 only 1 component is selected. Based on a plot of the predicted peni-
cillin concentration versus the measured concentration (Fig. 3(b)), one could
assume a very bad prediction performance. The apparent correlation coef-
ficient (R2

app = 6.33%) seems to corroborate this conclusion. However, the
apparent MSE (MSEapp) equals 3.53× 10−2, which is equal to MSEmeas and
very close to the noise variance. Hence, the apparent bad prediction could
be caused by the bad measurements.

On a simulation level, it is possible to plot the model predictions as a
function of the actual penicillin concentrations. Fig. 3(c) shows a very good
correspondence between predictions and real values in validation. This is
corroborated by an MSEact of 7.97 × 10−4 and a correlation coefficient R2

act

of 85.5%. Despite the high levels of noise present in both training and val-
idation data, the MPLS model with only 1 principal component achieves a
good prediction of the final penicillin concentration. Obviously, the model is
better suited to distinguish between high and low quality batches than the
measurements. Comparing model predictions to actual quality variables is
not possible in industrial practice, where – in general – only quality measure-
ments including measurement noise are available. Care should be taken when
apparentMSE values for validation batches are comparable to or only slightly
higher than the noise variance, since model predictions may be substantially
better than expected.

Fig. 4 generalizes the above conclusions to other noise levels. The fig-
ure depicts the actual prediction MSE for the worst case scenario (i.e., the
Monte Carlo simulation that yields the highest MSEact), divided by the noise
variance, as a function of the number of components for noise standard de-
viations ranging from 1 to 10% of the mean quality. A value of this scaled
worst case prediction MSE of 1 indicates a prediction of the same quality as
the measurements. From the figure, it is clear that a range of component
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Figure 4: Worst case MSE over 1000 Monte Carlo simulations, scaled with the noise
variance, in function of number of components for noise standard deviations ranging from
1 to 10% of the mean quality.

numbers can be found where the prediction outperforms the measurement for
every noise level, even in the worst case scenario. This corroborates the fact
that PLS models capture the most important information in the measure-
ments, remove irrelevant information and discard most of the measurement
noise.

6. Quality of the variance estimator

Eq. 5 describes a linear relation between prediction variance and noise
variance. This linear relation is confirmed by calculating the empirical mean
prediction variance from the results of the Monte Carlo simulations, as de-
picted in Fig. 5. However, a good estimator for batch-end quality prediction
variance exhibits low bias and low variability1. As evidenced by Fig. 6, which
compares the estimated to the observed variance of the prediction over 1000
Monte Carlo simulations, Eq. 5 exhibits considerable bias and variability.
This section investigates the quality of the variance estimator in terms of
bias and variability. The influence of the noise variance, the number of com-
ponents and the number of training batches is examined based on results of
the Monte Carlo simulations.

1To avoid confusion with the PLS prediction variance, the variation in the variance
estimations obtained by employing Eq. 5 over the different Monte Carlo simulations will
consistently be referred to as variability.
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Figure 5: Empirical mean prediction variance over 50 validation batches, calculated from
Monte Carlo simulations with 1000 repetitions, as a function of noise variance for MPLS
models incorporating 1–10 components (bottom curve to top curve).

5 10 15 20 25 30 35 40 45 50
2

3

4

5

6

7

8

9

10

11

12x 10
−4

Validation batch number

P
re

di
ct

io
n 

va
ria

nc
e

R = 1

5 10 15 20 25 30 35 40 45 50
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

Validation batch number

P
re

di
ct

io
n 

va
ria

nc
e

R = 10

Figure 6: 95% range of batch-end quality prediction variance estimations from Eq. 5 for 50
validation batches employing an MPLS model with 1 component (left) and 10 components
(right) using 150 batches for training and at a noise standard deviation of 10% of the
mean final quality over 1000 simulations. The mean variance estimation is indicated with
a bullet (•). The observed prediction variance over the 1000 simulations is indicated with
a diamond (⋄).
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Figure 7: Mean relative bias of Eq. 5 over 50 validation batches, calculated from Monte
Carlo simulations with 1000 repetitions, as a function of noise variance for MPLS models
incorporating 1 (◦), 2 (�), 3 (△) and 4 (⋄) components.

6.1. Estimator bias

The bias bi of the variance estimation by Eq. 5 is calculated as the abso-

lute value of the difference between the mean variance estimation
¯̂
V (ŷi) for

validation batch i (with V̂ (ŷi) calculated from Eq. 5 for every simulation) and
the observed prediction variance V (ŷi) for the same batch over 1000 Monte
Carlo simulations.

bi =
∣

∣

∣

¯̂
V (ŷi)− V (ŷi)

∣

∣

∣
(12)

with

¯̂
V (ŷi) =

1

1000

1000
∑

mc=1

V̂ (ŷi)mc (13)

V (ŷi) =
1

999

1000
∑

mc=1

(

(ŷi)mc − ŷi
)2

(14)

A relative bias, that allows a comparison of the importance of bias un-
der different conditions, is obtained by dividing the estimation bias by the
observed prediction variance.

bi,rel =
bi

V (ŷi)
(15)

18



Postprint version of paper published in Computers and Chemical Engineering 2013, vol. 52, p. 230-239. 
The content is identical to the published paper, but without the final typesetting by the publisher. 

Journal homepage: http://www.journals.elsevier.com/computers-and-chemical-engineering  
Original file available at: http://dx.doi.org/10.1016/j.compchemeng.2013.01.012 
 

 

0 20 40 60 80 100 120
0

10

20

30

40

50

60

70

80

90

100

Number of components

M
ea

n 
re

la
tiv

e 
bi

as
 [%

]

N
tr
 

Figure 8: Mean relative bias of Eq. 5 over 50 validation batches, calculated from Monte
Carlo simulations with 1000 repetitions, as a function of the number of components with
an output noise standard deviation of 10% of the mean final quality for models trained on
21, 30, 50, 75 and 150 training batches.

6.1.1. Influence of the noise variance

The bias of Eq. 5 increases with increasing noise level. The relative bias
however is mostly constant with the noise variance. This observation is
illustrated in Fig. 7, which shows the evolution of the relative bias (averaged
over the 50 validations batches) with the noise variance for MPLS models
incorporating 1–4 components when data of 150 batches are used for training.
For 1 component, a quasi constant relative bias of 12% is obtained. Only
for models incorporating 2 or 3 components, the relative bias increases with
increasing noise variance. At 4 components the relative bias is again constant
with the noise variance. Data for models with more components show the
same trend. Similar observations are made when using fewer training batches,
although the increasing trend is already observed for models incorporating
only 1 component when the number of training batches becomes lower than
25.

6.1.2. Influence of the number of components

Fig. 7 already indicates a profound influence of the number of components
in the model on the relative bias of the variance estimator. Fig. 8 illustrates
the relation between the number of components and the relative bias for dif-
ferent number of training batches when the output noise standard deviation
equals 10% of the final penicillin concentration. Numerical instabilities that
lead to very high biases are sometimes observed for the highest component
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Figure 9: Mean relative bias of Eq. 5 over 50 validation batches, calculated from Monte
Carlo simulations with 1000 repetitions, as a function of the number of training batches
for MPLS models incorporating 1 component (left) and 10 components (right) with an
output noise standard deviation of 10% of the mean final quality.

numbers. For clarity reasons, these high component numbers are omitted
from the figure. In practice, very high numbers of latent variables are never
used because they also correspond to very high prediction variance.

For all numbers of training batches, the relation between relative estima-
tor bias and the number of components is characterized by a fast increase
at low component numbers after which a maximum relative bias is quickly
reached. A slow decrease is observed at the higher component numbers.
Acceptable bias is only obtained for either one or a very high number of
components. In practice, high component numbers are never selected due to
the high prediction variance. The reason for this evolution can be found in
the neglecting of a first-order term in the derivation of Eq. 5, which is small
only for very low and very high component numbers (Faber & Kowalski,
1997). The results of this case study indicate that this neglected term may
take on large values when dealing with batch process data, resulting in high
bias for the variance estimator. As clearly observed in Fig. 6 for the case of
10 components, the zeroth-order approximation of Eq. 5 severely underesti-
mates the prediction variance when more than 1 PLS component is used in
the model.

6.1.3. Influence of the number of training batches

The influence of the number of training batches is strongly linked with
the number of components included in the model. Fig. 9 compares the re-
lation between relative bias and the number of training batches for MPLS
models incorporating 1 and 10 latent variables at a noise standard devia-
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tion of 10% of the mean final penicillin concentration. For models with 1
component, which is evidently the lowest possible number of components for
every number of training batches, relative bias decreases with the number
of training batches. Including more training batches leads to better perfor-
mance of the variance estimator and sufficient training batches should be
available to obtain acceptable bias. For models incorporating 10 components
on the other hand, relative bias increases with increasing number of training
batches. As batch-wise unfolding leads to training matrices containing more
columns than rows, the number of training batches (which corresponds to
the number of rows) determines the maximal number of PLS components.
Since relatively low bias is obtained at the high component numbers (as illus-
trated in Fig. 8), the lowest relative bias for 10 components is obtained for 10
training batches. When more training batches are available, the relative bias
shifts closer to the maximum in the graph of bias vs. number of components.

6.1.4. Summary

In most cases, considerable bias is observed when applying the zeroth-
order approximation of Faber & Kowalski (1997) to data of the case study.
Due to the neglecting of a first-order term in the derivation of the estima-
tor, the number of PLS components incorporated in the model has a large
influence on the bias, sometimes attaining values up to 100% of the observed
prediction variance. Acceptable bias is only obtained for 1 component or at
very high component numbers, the latter of which are never used in practice
(Fig. 8). For the more common low component numbers, the estimator bias
decreases with the number of training batches. However, appropriate model
order selection is important because the selection of even a few too many
components leads to increased bias when employing more training batches
(Fig. 9). Finally, the noise variance has no significant impact on the relative
bias, except for low number of PLS components, where an increasing trend
of bias with noise variance is observed, especially when few training batches
are available (Fig. 7).

6.2. Estimator variability

The presence of the leverage in Eq. 5 leads to variability in the estimation
of the prediction variance because the leverage is dependent on the specific
noise sample. In this paper, the estimation variability is quantified by the
width of the 95% empiric confidence interval (the 95% range ri) over the
1000 Monte Carlo simulations, calculated by leaving out the 2.5% highest
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Figure 10: Mean relative 95% range of Eq. 5 over 50 validation batches, calculated from
Monte Carlo simulations with 1000 repetitions, as a function of noise variance for MPLS
models incorporating 1 (◦), 2 (�), 3 (△) and 4 (⋄) components.

and lowest variance estimations and computing the difference between the
maximum and the minimum of the remaining values for every batch.

ri = V̂97.5%(ŷi)− V̂2.5%(ŷi) (16)

A relative 95% range is calculated by dividing the 95% range by the mean
estimation of the prediction variance. This relative range makes a comparison
of the estimation variability under different conditions possible.

ri,rel =
ri

¯̂
V (ŷi)

(17)

6.2.1. Influence of the noise variance

Fig. 10 illustrates the relation between the relative 95% range, averaged
over the 50 validation batches, and the noise variance for models incorporat-
ing 1–4 PLS components and trained on 150 training batches. For the first
three components, an increase in relative range with the noise variance is
observed. The increase is largest for 2 and 3 components. Higher component
numbers lead to a quasi constant relative range (although for 4 components,
a slight increase is still visible at the lower values of the noise variance). The
case of 150 training batches is representative for the cases with fewer training
batches.
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Figure 11: Mean relative 95% range of Eq. 5 over 50 validation batches, calculated from
Monte Carlo simulations with 1000 repetitions, as a function of the number of components
with an output noise standard deviation of 10% of the mean final quality for models trained
on 21, 30, 50, 75 and 150 training batches.

6.2.2. Influence of the number of components

The evolution of the relative range with the number of components in the
MPLS model is comparable to the evolution of the relative bias. A fast initial
increase is observed, followed by a slower decrease, as shown in Fig. 11 for
an output noise standard deviation of 10% of the mean batch-end penicillin
concentration. When fewer than 20 training batches are available, the initial
increase disappears and the relative range decreases monotonically with the
number of PLS components.

6.2.3. Influence of the number of training batches

Finally, Fig. 12 illustrates the relation between the relative 95% range
and the number of available training batches. Similar to the relative bias,
the dependence of relative range on the number of training batches is linked
to the number of components in the MPLS model. For models incorporating
1 component, the relative range decreases from 10 to 150 available training
batches. For models containing 10 PLS components however, an increase
with the number of training batches is observed, since 10 components corre-
sponds with the maximal number of components and thus low variability in
case of 10 available training batches.
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Figure 12: Mean relative 95% range of Eq. 5 over 50 validation batches, calculated from
Monte Carlo simulations with 1000 repetitions, as a function of the number of training
batches for MPLS models incorporating 1 component (left) and 10 components (right)
with an output noise standard deviation of 10% of the mean final quality.

6.2.4. Summary

Conclusions concerning the variability of prediction variance estimation
employing Eq. 5 are very similar to those of the bias section. Estimations
with low variability are only obtained for models employing either 1 or very
high numbers of PLS components at low noise variance and when enough
training batches are available. The practical applicability of Eq. 5 is very
limited because high component numbers are never used due to the high
associated prediction variance.

7. Conclusions

Multiway Partial Least Squares (MPLS) models have a large potential
for the prediction of the final quality of batch processes, as was proven by
extensive Monte Carlo simulations. However, a reliable estimator for the
variance of MPLS batch-end quality predictions is not available. In this pa-
per, the use of a variance estimator developed in the field of spectroscopy
calibration – the zeroth-order approximation of Faber & Kowalski (1997) –
for batch monitoring applications was evaluated critically. Although quality
predictions on noiseless process data indicate that the specific assumptions
made in the derivation of the estimator are not violated for the selected case
study, high bias and variability of the variance estimations are observed for
most combinations of output noise variance, number of PLS components and
number of training batches. Acceptable estimations, exhibiting low bias and
low variability, are only obtained at low noise variance for MPLS models in-
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corporating very few components when enough training batches are available.
Although these results are obtained for simulation studies on a specific case
study, the authors believe that using the zeroth-order approximation of Faber
& Kowalski (1997) in other applications of batch-end quality prediction will
also lead to underestimation of the PLS prediction variance.

The results indicate that the zeroth-order approximation is too restrictive
for batch process monitoring applications, and causes highly unreliable esti-
mations of the variance of MPLS predictions for models incorporating more
than 1 latent variable. The development of a variance estimator based on the
full local linearization, as was recently done for trilinear PLS (Serneels et al.,
2011), could solve this problem. However, as long as no reliable estimator for
batch-end quality prediction variance is available, variance estimations ob-
tained from non-parametric methods such as bootstrapping or noise addition
are to be preferred to estimators from spectroscopy based on the zeroth-order
approximation.
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