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Abstract

The model based optimization of the cooling system of an industrial tubular reactor for the

production of low-density polyethylene (LDPE) is studied in this paper. First a detailed reactor

simulator is presented. Second, a series of well-posed optimization problems are formulated

and solved. To this end, the optimization problems are presented with an increasing number of

degrees of freedom. Moreover, economic cost functions consisting of conversion and energy

terms are derived and constraints due to operational and safety reasons are added. The degrees

of freedom involve parameters such as the initiator feed rates, the cooling water temperatures

and the switching position between hot and cold cooling water. The optimization results in-

dicate that a dual water circuit operating at a low and a high temperature allows significant

improvements in conversion with respect to the reference case of a single temperature circuit,

while maintaining similar molecular characteristics.
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Introduction

Low-density polyethylene (LDPE) is one of the most widespread polymers. Its annual production

is estimated at 24 million tons and it is used for a large number of applications, e.g., packaging,

adhesives, insulators, coatings and films. Most of the LDPE is nowadays produced in tubular re-

actors, which consist of a spiral wrapped metallic tube with a total length ranging from 2000 to

3000 m and an inner diameter of 5 to 7 cm. These reactors operate under extreme conditions

(i.e., pressures between 2000 and 3000 bar and temperatures between 400 to 600 K). Due to the

exothermicity of the free-radical polymerization reaction, the heat of reaction has to be removed

through a surrounding cooling jacket. A commercial reactor has multiple reaction and cooling

zones (so-called peaks) and includes a number of initiator injection points.

Mathematical models have proven to be valuable tools for analyzing and optimizing the op-

eration, control and design of chemical processes. Also for tubular LDPE reactors models of

different complexity have been employed for (i) steady-state simulation1–4 and optimization5–7 as

well as (ii) transient simulation8–10 and optimization.11–14 All examples prove that model based

approaches can lead to significant improvements for the manufacturers. Most studies exhibited

two restrictions, i.e., they focussed on the polymerization of pure ethylene streams and they did

not investigate possible improvements due to adaptations in the cooling circuit. Hence, the cur-

rent paper uses the model of an industrial reactor to extend the analysis to reactors with mixed

ethylene-propylene feeds, and investigates modifications in the cooling system. More specifically,

a dual temperature cooling water circuit is studied. Here, cooling water is assumed to be available

at a low and a high temperature. Additional cooling capacity can remove more heat which paves

the way for a conversion increase. Nevertheless, in order to avoid excessive fouling at the reactor

wall, the cooling temperatures has to be lowered with caution. The general optimization problem

is answered by solving a sequence of optimization problems, with an increasing number of degrees

of freedom. This approach gives the possibility to carefully discuss results due to the direct link

between the additional degrees of freedom and the changes observed in the results.
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The paper is structured as follows. A detailed steady-state model of an industrial tubular poly-

merization reactor is first presented in Section 2. Then, Section 3 specifies the degrees of freedom,

the objective functions and the constraints needed in order to complete the formulation of the se-

quence of optimization problems solved. Afterwards results from the optimizations are discussed

in Section 4. Finally, the conclusions are summarized in Section 5.

Detailed steady-state model of the industrial LDPE reactor

Two approaches can be used to obtain the reactor steady-state, i.e., a direct simulation as a plug

flow reactor1 or a false transient simulation in which the reactor is often approximated as a cas-

cade of continuous stirred tank reactors (cascaded CSTRs).9 Although both approaches should

yield similar predictions, it has been shown in10 that this is not a trivial issue and that an accurate

discretization is required to ensure this in practice. Otherwise, even completely different trends

can be observed. As the plug flow reactor approach has been shown to yield the most accurate

results with the lowest number of equations, this simulation approach is adopted to study possible

improvements.

The detailed model describes the free radical polymerization of ethylene with propylene in the

presence of several initiators and chain-transfer agents (CTAs) under supercritical conditions. In

general, the LDPE reactor model consists of three main elements, i.e., (i) the reaction mechanism,

(ii) the mass, energy and momentum balances, and (iii) the transport and thermodynamic prop-

erties. Due to the high complexity of the model equations and for the sake of brevity, only the

general aspects of the model are highlighted.

Reaction kinetics

The free radical polymerization of ethylene can be described by (i) three main reaction mecha-

nisms, i.e., initiation, propagation and termination, and (ii) numerous side reactions, e.g., chain

3
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Table 1: Free radical polymerisation of LDPE

Initiation

I2,ν

kd,ν
−−→ 2 I*

ν Initiator(s) decomposition

I*
ν +M1

ki,1
−−→ R*

1,1 Chain initiation

I*
ν +M2

ki,2
−−→ R*

2,1

Propagation

R*
1,i +M1

kp,11
−−→ R*

1,i+1

Chain propagationR*
2,i +M1

kp,21
−−→ R*

1,i+1

R*
1,i +M2

kp,12
−−→ R*

2,i+1

R*
2,i +M2

kp,22
−−→ R*

2,i+1

Termination

R*
1,i +R*

1,j

kt,rec,11
−−−−→ Di+j

Recombination
R*

1,i +R*
2,j

kt,rec,12
−−−−→ Di+j

R*
2,i +R*

2,j

kt,rec,22
−−−−→ Di+j

R*
1,i +R*

1,j

kt,rec,11
−−−−→ Di +Dj

Disproportionation
R*

1,i +R*
2,j

kt,rec,12
−−−−→ Di +Dj

R*
2,i +R*

2,j

kt,rec,22
−−−−→ Di +Dj

transfer to monomer and polymer, β -scission and backbiting.15 Most often a mixture of peroxides

initiates the polymerization, each of them having a different temperature sensitivity. Every reac-

tion taken into account is presented in Table 1. Here, the symbols M1, M2 and CTA represent the

ethylene monomer, propylene monomer and chain transfer agent, respectively, while I2,ν and I∗ν

with ν ∈ 1, . . . ,NI2
denote NI2

initiator types and the corresponding initiator radicals. The symbols

R∗
1,i and R∗

2,i denote the live polymer chains of length i ending with an ethylene monomer unit and

propylene monomer unit, respectively. Di are the dead polymer chains of length i. The respective

reaction rates are for each reaction described by an Arrhenius law, dependent on the temperature

T and pressure P:

k = k0 · exp

[

−Ea −PdV

RT

]

(1)

4
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Table 1: Free radical polymerisation of LDPE

Side reactions

R*
1,i +M1

ktr,mon,1
−−−−→ Di +R*

1,1

Transfer to monomerR*
2,i +M1

ktr,mon,1
−−−−→ Di +R*

1,1

R*
1,i +M2

ktr,mon,2
−−−−→ Di +R*

2,1

R*
2,i +M2

ktr,mon,2
−−−−→ Di +R*

2,1

R*
1,i +Dj

ktr,pol,1
−−−−→ Di +R*

1,j

Transfer to polymerR*
2,i +Dj

ktr,pol,1
−−−−→ Di +R*

1,j

R*
1,i +Dj

ktr,pol,2
−−−−→ Di +R*

2,j

R*
2,i +Dj

ktr,pol,2
−−−−→ Di +R*

2,j

R*
1,i +CTA

ktr,1
−−→ Di +CTA*

Transfer to CTA

R*
2,i +CTA

ktr,1
−−→ Di +CTA*

R*
1,i

kbb,1
−−→ R*

1,i

BackbitingR*
1,i

kbb,1
−−→ R*

2,i

R*
2,i

kbb,2
−−→ R*

1,i

R*
2,i

kbb,2
−−→ R*

2,i

R*
1,i +Dj

kβ
−→ Di +R*

1,j-k +Dk

β -scissionR*
1,i +Dj

kβ
−→ Di +R*

2,j-k +Dk

R*
2,i +Dj

kβ
−→ Di +R*

1,j-k +Dk

R*
2,i +Dj

kβ
−→ Di +R*

2,j-k +Dk

with the frequency factor k0, the activation energy Ea, the activation volume dV and the gas con-

stant R.

Balance equations

Mass balances.

To obtain a complete description of the molecular weight distributions of the polymer, an infinite

number of mass balances is required, namely one for each polymerization chain length. Hence, the

method of moments16 is used to reduce the infinite system of balance equations into a low-order

5
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system of differential moment equations. This method is based on the statistical representation of

the average molecular weight distribution and properties of the polymer in terms of the leading

moments of the number chain-length distributions of dead and live polymer chains. The first four

moments, i.e., zeroth till third, are needed to represent the molecular weight distribution by the

number, weight and z-average molecular weight Mn, Mw and Mz. The n leading moments for dead

and live polymer chains are defined as follows:

µn =
∞

∑
i=1

in ·Di n ∈ {0,1,2,3} (2)

λ m
n =

∞

∑
i=1

in ·R∗
m,i n ∈ {0,1,2,3},m ∈ {1,2} (3)

Since the moment equations for the dead polymer do not close, i.e., the nth moment depends on

higher ones, an algebraic closure equation proposed in17 is introduced for the fourth moment.

Beside the moment balances of the polymer, also the mass balances of the ethylene M1 and propy-

lene M2 monomers, the different initiators I2,ν , initiator radicals I∗ν and CTAs are taken into ac-

count. By incorporating the balances of the long chain branching (LCB) and short chain branching

(SCB) frequencies additional information on the molecular properties is gathered.

Heat balance.

The temperature along the reactor is determined by (i) the heat generated by the propagation reac-

tions Hr, (ii) the heat transfer to the cooling water and (iii) the pressure dependence of the enthalpy

of the mixture hm:

dT

dz
=

Hr

ṁCp

−
U(T −Tcool)πdi

ṁCp

−
1

Cp

∂hm

∂P

dP

dz
(4)

with ṁ the mass flow rate, and Cp, U , Tcool, and di,the heat capacity, the total heat transfer coeffi-

cient, the temperature of the cooling water, and the inner tube diameter, respectively. The overall

heat-transfer coefficient U is calculated by the following equation:

1

U
= Ro +Rw +Ri +R f (5)

6
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where Ro, Rw, Ri and R f denote the corresponding outside, wall, inside, and wall fouling heat

resistances.

Momentum balance.

The pressure drop is defined as function of (i) friction factor fr, (ii) the density of the mixture ρm

and (iii) the velocity of the mixture vm:

dP

dz
=−C frρmv2

m. (6)

Properties of the mixture

A detailed description of the physical, transport and thermodynamic properties of the reaction mix-

ture is essential for accurate simulations. These properties strongly depend on reactor operating

conditions, e.g., temperature, pressure, and compositions of the mixture. A description of, e.g.,

density ρ , heat capacity Cp, thermal conductivity k, thermal convection h and viscosity η , is given

in.18

In summary, the steady-state model of the industrial tubular reactor for the polymerization of ethy-

lene and propylene consists of 38 differential equations and 59 algebraic equations. It has to be

noted that the level of detail in the current model is higher than what is reported in literature. More-

over, the integration of this ODEs mathematical model presents different challenges: (i) the ODEs

system that described the reactor exibith a highly stiff behavior and (ii) variables show largely

different scales of magnitude.

Formulation of the sequence of optimization problems

The aim of the current paper is to propose improvements in the reactor operation and design by

exploiting model based optimization tools. To this end, a sequence of four well-posed optimiza-

tion problems, with increasing number of degrees of freedom, is formulated. There are two main

7
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reasons that motivate this approach: (i) the knowledge obtained from previous optimizations can

be used as an initialization for the more complex new ones and (ii) the possible profit, i.e., the

additional conversion of LDPE, can be easily linked to the newly added degrees of freedom. Apart

from the reactor model, (i) the available degrees of freedom, (ii) an economic objective function

and (iii) additional constraints due to safety and operational limitations have to be specified, for

each problem, in order to complete the optimization formulation. This section starts with a general

introduction to the characteristics contained in, i.e., degrees of freedom, objective functions and

constraints, followed by a detailed presentation o the optimization strategy, including four con-

secutive optimization cases: (i) a reference optimization problem (Optref), (ii) the optimization of

warm cooling water circuit (Optwarm circuit), (iii) the use of two independent water circuits on the

existing cooling system (Opt2circuits) and (iv) the design of a cooling system with two indepen-

dent water circuits (Design2circuits). A summary of the degrees of freedom, objective functions and

constraints for all four optimizations problems is given in Table 2 while a schematic overview is

visualized in Figure 1.

��������� ��������� ��������� ���������

��	
���� ���

�������������

��������	�
���������
���� ���

Figure 1: Overview of the degrees of freedom. The variables considered involve (i) either the total

amount of initiator mixture with fixed composition Ṁi
Imix

or feed rates of the different initiators

Ṁi
Iν

(ν = 1, . . . ,3) at the various injection points (i = 1, . . . ,4), (ii) a warm and cold cooling water

temperature (i.e., T w
water and T c

water, respectively), and the length of the cold part in each peak Li
cold.

It has to be noted that the jacket consists of several identical elements with fixed length LJe, this is

due to the fact that they are manufactured only with certain length.

8
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Table 2: Overview of the degrees of freedom, the constraints and the objective function used in the

four case studies. The i in subscript or superscript of a variable represents a different value in every

peak i with i = 1,2,3,4. In Case III the degree of freedom Lcold,i = n ·LJe expresses that the length

of the cold cooling zones Lcold,i needs to be an integer multiple of LJe which represent a section of

the jacket with a predefined unit length.

Degrees of freedom Constraint Objective function

Case I: Ṁi
Imix

Ṁi
Imix

Eq. (10) J1 =−JLDPE

Reference max(T ) (Eq. (12a))

Tend (Eq. (12b))

Case II: Ṁi
Imix

idem to Case I + J2 =−JLDPE − Jw
water

Optwarm cycle z(Tmax,i) Eq. (13)

T w
water T w

water Eq. (11b)

Case III: Ṁi
Iν

ν = 1,2,3 Ṁi
Iν

ν = 1,2,3 Eq. (9) J3 = Jc
water

Opt2cycle T w
water, T c

water max(T ) Eq. (12a) −JLDPE − Jw
water

Lcold,i = n ·LJe Tend Eq. (12b)

z(Tmax,i) Eq. (13)

T w
water Eq. (11b)

T c
water Eq. (11a)

Twall,i Eq. (14)

Case IV: Ṁi
Iν

ν = 1,2,3 idem to Case III J3 = Jc
water

Design2cycle T w
water, T c

water −JLDPE − Jw
water

Lcold,i

9
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Degrees of freedom

The degrees of freedom involve (i) either the total amount of initiator mixture with fixed composi-

tion Ṁi
Imix

or feed rates of the different initiators Ṁi
Iν

(ν = 1, . . . ,3) at the various injection points

(i = 1, . . . ,4) and (ii) cooling circuit parameters such as the temperature level in the warm and cold

part of the cooling system and the switching position Lcold,i between these two levels in each peak.

In particular, the cooling system, which represents the focus of this optimization study, is subdi-

vided in units of predefined length LJe which are manufactured only with a specific length. Each

of these units can theoretically cooled by a different water circuit. In the existing reactor configu-

ration only one water circuit is available in the cooling system. This set-up is used in the first two

problem formulations presented hereafter: (i) a reference optimization problem (Case I: Optref)

and (ii) the optimization of warm cooling water circuit (Case II: Optwarm circuit). For the latter ones,

the hypothesis that two water circuits with different temperatures can be exploited in the cooling

system, is introduced. Furthermore, the colder water circuit is always used at the beginning of each

peak, which guarantees a maximal heat removal when the exothermic reactions occur. Afterwards,

in order to reduce the operating cost and also produce 3 bar steam the switch to the warmer water

source is made. Additional degree of freedom for the problem formulation (Case III: Opt2circuits)

is then the switching point between the two sources. Additionally, for this problem the discrete

nature of the jacket is enforced, making the switch possible after each predefined unit length LJe.

This limitation is finally removed in the last optimization (Case IV: Design2circuits), in which the

length of the unit is free to move, thus giving rise to a design optimization problem.

Objective function

The economic objective function combines conversion and energy type of objectives (or costs).

In particular, one conversion cost JLDPE and two energy costs Jc
water and Jw

water are incorporated.

The conversion cost or production profit JLDPE is related to the mass fraction of the polymer in the

reaction mixture.

10
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JLDPE = ṁ ·wpol · pLDPE. (7)

A distinction is made between the energy cost Jc
water associated with the cold cooling water

and the energy cost Jw
water of warm cooling water. As long as the warm cooling water temperature

remains above 420 K, it can be employed as heat source in a heat exchanger for the production of 3

bar steam. Hence, the energy cost Jw
water can be interpreted as an additional profit, while producing

the cold cooling water is an expense. In particular, the two costs can be related respectively to the

mass flow of warm water ṁw
water [kg/s] and to the mass flow of cold water ṁc

water [kg/s].

Jw
water = ṁw

water · pw
water (8a)

Jc
water = ṁc

water · pc
water (8b)

The prices, i.e.,pLDPE, pw
water and pc

water, used to trade off the different energy and conversion

costs, are representative for standard industrial practice.

Constraints

Additional inequality constraints on parameters and/or state variables arise from several angles,

e.g., (i) from safety regulations in order to avoid hazardous situations or (ii) from engineering

practice, e.g., restrictions on the wall temperature to limit fouling.

First, maximum bounds are set on the amount of initiators Iν (with ν = 1,2,3) used at the four

injection points along the reactor. If the initiator molar feeds become too large, the reactor tem-

perature rises too fast. Moreover, the injection of initiators which dissociate at lower temperatures

has to be avoided at higher reactor temperatures as they give rise to very fast initiation reactions at

the present operating conditions, leading to hot-spots and inefficient peroxide usage.

11
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0.0 mole/s ≤ Ṁi
Iν
≤ Ṁi

Iν ,max
mole/s (9)

In case the optimizations are performed with fixed initiator mixture compositions, the three

inequality constraints on every peak i are reformulated to a single inequality constraint on the total

molar feed of the initiator cocktail Ṁi
Imix

[mole/s] of every peak i:

0.0 mole/s ≤ Ṁi
Imix

(= Ṁi
I1
+ Ṁi

I2
+ Ṁi

I3
)≤ Ṁi

Imix,max
mole/s (10)

It has to be noted that in the context of this optimization problem, the initiator flow rates are

degrees of freedom for formal reasons. In practice they will be set by the peak temperatures con-

troller. Thus, the peak temperatures are degrees of freedom that directly influence conversion.

Then, the temperature of the cooling water encounters its limitations due to engineering specifi-

cations. For the dual temperature cooling system the lower bound on the temperature of the cold

cooling water T c
water is set to 278 K as it is too expensive to use colder water. The warm cooling

water is exploited to generate steam of 3 bar via a heat exchanger. Hence, a lower limit on the tem-

perature of the warm cooling water T w
water is specified such that a minimal temperature difference

from the saturated water at 3 bar is ensured. Thus, a temperature T w
water of at least 420 K is required

to evaporate water of 407 K.

278 K ≤ T c
water ≤ 298 K (11a)

420 K ≤ T w
water (11b)

The length of the cold cooling water part Lcold,i is also subject to restrictions. In case of an

existing reactor the length of the individual jacket cooling elements has to be satisfied. This re-

12
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quirement gives a discrete nature to this variable. In case of the design of a novel reactor, this

variable can, however, be more flexibly adapted, at least at a level of the length of individual tube

elements.

The reactor temperature T (z) has an upper bound of about 580 K to ensure the safety, as the

absolute temperature limit of the reactor is about 610 K. Above this temperature, ethylene starts

decomposing via highly exothermic reactions, causing a thermal runaway.19 Moreover, the tem-

perature of the reaction mixture at the end of the reactor Tend should not be more than a predefined

value in order to avoid a too high exotherm during adiabatic expansion of the ethylene/LDPE mix-

ture in the letdown valve. The predefined value was determined in the original simulation.

T (z)≤ 580 K (12a)

0.97 ·Tend,original ≤ Tend ≤ 1.03 ·Tend,original (12b)

In order to retain the same operating principle of existing tubular reactors, the position of the

maximum temperature in peak i occurs z(Tmax,i) can only change provided that it does not cross a

specific upper bound on the distance along the reactor.

z(Tmax,1)≤ z(Tcool,1) (13a)

z(Tmax,2)≤ z(Tcool,2) (13b)

z(Tmax,3)≤ z(Tcool,3) (13c)

z(Tmax,4)≤ z(Tcool,4) (13d)

13
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Finally, the wall temperature Twall,i in every peak i must remain above a predefined limit in

order to prevent the additional deposition of the produced LDPE on the reactor wall. A value of

415 K is adopted for the first peak and this one increases for the next three peaks.

Twall,1 ≥ Twall,max,1 (14a)

Twall,2 ≥ Twall,max,2 (14b)

Twall,3 ≥ Twall,max,3 (14c)

Twall,4 ≥ Twall,max,4 (14d)

Optimization strategy

Given the high complexity of the model taken into consideration in this work, the optimization

problem is not just challenging to solve but also to effectively understand the obtained results.

Therefore, a tailored optimization strategy for a better understanding of the results is developed.

Thus, for this work the strategy adopted involves to address the optimization of the cooling system

of the tubular reactor via a series of different problems presenting an increasing number of degrees

of freedom. With this approach it is possible to clearly identify the benefits gained and easily link

them to the variables responsible for those. As mentioned above the sequence of optimization

consists of four problems. The optimizations have been elaborated in Matlab using the integration

routine ode15s to simulate the plug flow reactor model and the optimization routine fmincon

to optimize the objective. To tackle the discrete nature of the switching position in Case III an

adapted grid search procedure has been implemented.

Case I: Reference optimization (Optref)

The first optimization problem was solved in order to achieve maximum conversion under the

known process conditions for the cooling system and obtain a reference case. This allows studying

14
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and quantifying the effect of the different operational and structural modifications to the cooling

system. In these simulations initiator cocktail composition and the cooling water temperature are

fixed. Only the total molar initiator feeds Ṁi
Imix

with i = 1, . . . ,4 are taken as degrees of free-

dom. From a chemical point of view, the direct influence of the peak temperature on the resulting

LDPE conversion is too high to be neglected. Therefore, this optimization is meant to generate, as

suggested by the name, a reference case unbiased by this important factor.

Case II: Process optimization of warm cooling water circuit (Optwarm circuit)

In the previous section, an unbiased reference solution is obtained via optimization of the LDPE

reactor in view of the maximization of conversion and as degrees of freedom the four total molar

initiator flows Ṁi
Imix

of which the composition with respect to the three initiators is fixed. Prior

to the optimization of the cooling system based on a concept of two independent cooling water

circuits, a process optimization of the current situation with only one warm cooling water circuit

is performed. Hence, one degree of freedom is added compared to the reference optimization, i.e.,

the temperature of the warm cooling water T w
water. The main objective of the optimization remains

the maximization of the production profit JLDPE (Eq. (7)). Nevertheless, the profit achieved by the

production of 3 bar steam via heat exchanging with the flow of warm cooling water is also included

as additional objective Jw
water (Eq. (8a)). The key component of the current and the following

optimizations is the regulation or the exploitation of the amount of heat Q exchanged with the

cooling jacket during the polymerization. From a technological point of view, the use of cooling

water T w
water at a lower temperature is beneficial for an increased removal of the heat from the

reaction mixture as it enlarges the driving force. Hence, additional conversion can take place

without violating the temperature constraints mentioned in Table 2.

15
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Case III: Optimization of two independent water circuits on the existing cool-

ing system (Opt2circuit)

The idea behind this optimization formulation is subdividing the cooling system in two closed

water circuits, each of them operating at different temperatures so that the conversion rate can be

enhanced. A temperature range for the cooling water in each of the circuits is determined in order

to facilitate the physical implementation in practice. For this optimization problem, a water circuit

at a low temperature level of 278 K till 298 K (Eq. (11a)) and a high temperature level above 420 K

(Eq. (11b)) are selected. As in all previous optimizations, the main objective remains the maxi-

mization of the production profit JLDPE (Eq. (7)). However, in the current situation two additional

costs are included. (i) The mass flow in the warm cooling water circuit is further on used as heat

source in a heat exchanger for the production of steam before returning to the cooling jackets of the

reactor. Hence, an extra income Jw
water via the production of 3 bar steam is realized (Eq. (8a)). (ii)

The flow of the cold cooling water cycle on the other hand is not exploited elsewhere, meaning that

it has to be cooled in the cooling tower. This conflicting objective Jc
water is quantified via (Eq. (8b)).

The different costs are treated as a weighted sum using price informations representative for stan-

dard industrial practice.

In addition to the temperature of the cold and warm water cooling circuit, T c
water and T w

water, all the

molar flows of the individual initiators Ṁi
Iν

with ν = 1,2,3 per peak i are considered as degrees

of freedom. Hence, in total 14 degrees of freedom are included instead of the 5 in the previous

optimization. In this context, the optimizations are not performed with fixed initiator cocktails be-

cause different initiator compositions may be required to avoid large shifts of the peak temperature

locations. Hence, in order to maintain the operating principle of the existing reactor some addi-

tional constraints have to be incorporated. The peaks in the temperature profile must occur within

a certain distance after initiator injections (Eq. (13)). Then, the molar flows of the individual ini-

tiators ṀIν are bounded by Eq. (9) to avoid misuse of initiators in certain temperature ranges. The

specific upper bounds are summarized in Eq. (9). The lower bounds are all set to zero in order to

avoid unrealistic negative molar flows.

16
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The existing structure of the cooling system is preserved during this optimization with two cooling

circuits. Moreover, the cooling jacket along the tube is divided in subzones of predefined length

LJe, to which cooling water is fed. In other words, the switching positions between cold and warm

cooling water need to be a multiple of the length LJe. Moreover, multiple switches between the two

circuits in one peak are not allowed and in every peak the cold cooling zone precedes the warm

cooling zone. As the cold cooling water lengths can only take discrete values, the difficulty of

the optimization problem significantly increases. To cope with the integer nature of these decision

variables a gridsearch over all possible combinations is performed. This reduced the probability

of getting stuck in a local minimum. In each of the grid points a regular optimization of the other,

continuous degrees of freedom is carried out. As a result a family of optimal solutions is obtained.

From an engineering point of view, bounds are defined for the lengths of the cold cooling zones,

which results in the optimization of 288 different reactor configurations. Additionally, the data

obtained by the grid search optimization can be used for a systematic sensitivity analysis.

Case IV: Optimum design of the cooling system with two independent water

circuits (Design2circuits)

In this final optimization, the cold cooling zone lengths Lcold,i of peak i are added as additional

degrees of freedom in order to check whether freely chosen lengths can play an important role in

the further improvement of the tubular reactor. Additionally, one should consider that in the pre-

vious grid optimization, the cold cooling zone lengths also served as degrees of freedom, but are

fixed during the regular optimization of 1 grid point (i.e., reactor configuration). Hence, in total 18

degrees of freedom are included, i.e., the temperature of the cold and warm water cooling circuit,

T c
water and T w

water, and all the molar flows of the individual initiators Ṁi
Iν

with ν = 1,2,3 per peak i.

The three objectives from the previous optimization are preserved. The main objective is still the

maximization of the production profit JLDPE, described by (Eq. (7)) and the minimization of the

two additional costs concerning the heat transfer of the two cooling circuits (see Table 2). As high-

lighted before, the warm cooling water circuit is further used as a heat source in a heat exchanger

17
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for the production of 3 bar steam Eq. (8a), while the flow of cold cooling water circuit has to be

recooled in the cooling tower (Eq. (8b)). Thus, the latter is the production cost for cold water and

the former accounts for an additional profit. All the constraints on the states and on the degrees

of freedom incorporated in the previous optimization are also active in the design optimization

(see Table 2). As starting values for the degrees of freedom in these optimizations, the top five of

optimal solutions for the existing system are selected and randomly varied within the proximity of

maximum 30 % around the optimal solution.

Results and discussion

Results of the optimization runs are presented and discussed in the current section according to the

order presented above. However, due to confidentiality reasons absolute values have been omitted

and only relative values are displayed.

Case I: Reference optimization (Optref)

As expected, the reference optimization problem pushes the peak temperatures to the maximum

allowed reactor temperature of 580 K in pursuance of maximizing the conversion of LDPE. These

higher peaks in the temperature profile give rise to a gradual increase of the conversion over the

consecutive peaks. This is achieved through an increased injection of initiator molar feeds. In

particular, Ṁ1
Imix

, Ṁ2
Imix

, Ṁ3
Imix

and Ṁ4
Imix

have to be increased by 35 %, 42 %, 42 % and 53 % respec-

tively. Therefore, a significantly higher concentration of initiator radicals Irad at the beginning of

every peak is provided. No graphs are reported for the sake of brevity, however the results obtained

in this optimization are shown in plots for following cases.
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Case II: Process optimization of warm cooling water circuit (Optwarm circuit)

This optimization was performed under the assumption that using cooling water T w
water at a lower

temperature is beneficial for an increased removal of the heat from the reaction mixture as it en-

larges the driving force (T − T w
water). Hence, additional polymerization can take place without

violating the temperature constraints. The results support this reasoning as the temperature of the

warm cooling water T w
water is driven towards the lower bound of 420 K. To this end, the exchanged

heat increases with 7 % and an additional conversion of 2 % is obtained. The results are plotted in

Figure 2.

At first, the influence of the colder cooling water appears to be lowest in the reaction zone of the

first peak, as no significant differences with the reference profile is observed. The main improve-

ment becomes visible in the successive cooling zones as the temperature of the reaction mixture

in the beginning of the second peak has dropped visibly. Consequently, the substantial increase in

conversion is not gained in the first peak, but mainly in the three successive peaks. The relative

conversion increase per peak with respect to the reference case is respectively, 1 %, 8 %, 7 % and

7 %. This corresponds with a relative addition of the total molar initiator feeds Ṁi
Imix

with 1 %, 9 %,

9 % and 11 %, such that the peak temperatures approach again the maximum allowed temperature.

The increase in conversion, however does not significantly alter the quality related properties of

the polymer at the end of the reactor. In particular, the number average molecular weight Mn is

not altered. Meaning that the average chain length of the polymer remains the same. Also, the

weight average molecular weight Mw and the polydispersity index PDI only slightly increase. This

is a consequence of the increased conversion in combination with an unchanged number average

molecular weight Mn. Due to the slight impact of the optimizations on the quality related variables

graphs are reported only for the solution with the largest effect on them, i.e., case III: Opt2circuits.

This is also true for physical properties such as the density ρ and the viscosity η . Therefore also

for these variables, the only graphs reported are the ones obtained in case III: Opt2circuits.
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Figure 2: The results of the cooling water optimization problem with the total molar feeds Ṁi
Imix

and cooling water temperature T w
water as degrees of freedom. The profiles of the reactor temperature

(top left), exchanged heat (top right) and conversion (bottom) are compared.

Case III: Optimization of two independent water circuits on the existing cool-

ing system (Opt2circuits)

As mentioned above, two additional costs are added to the maximization of production. First, the

mass flow in the warm cooling water circuit is further on used as heat source in a heat exchanger for

the production of steam before returning to the cooling jackets of the reactor. Hence, an additional

income Jw
water via the production of steam is realized. Second, the flow of the cold cooling water

circuit on the other hand is not exploited elsewhere, meaning that it has to be cooled in the cooling

tower. If the cold cooling circuit is used, the wall temperature decreases substantially, which
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could result in the deposition of the produced LDPE and hence fouling on the reactor wall. These

circumstances are prevented by imposing lower bounds on the wall temperature. As mentioned

before, the key aspect of the current optimization is to improve the LDPE conversion process by

exploiting the additional heat removal through the cooling jacket.

The optimization pushes the cold cooling temperature to its upper bound as it sufficiently cools

the mixture without violating the wall temperature bounds. In other words, the "warmer" the cold

cooling water, the longer the zone with cold cooling water may become without violating the

minimum wall temperature constraint. Above all, the use of "colder" cooling water would have

given rise to increased operation costs as the cost of the cold cooling water outweighs the gain in

conversion. Also the warm cooling water temperature is decreased by circa 10 K with respect to

the reference case. The increase of the heat exchange driving force, i.e., the temperature difference

between the reaction mixture and the wall or cooling fluid, results in an additional heat removal

of 26 % at the end of the reactor (see Figure 3). The contribution of every peak to the additional

heat removal is evidently related to the length of the cold cooling zone and the level of conversion.

Thus, the major part of the additional heat is removed in the second (30 %) and third (37 %) peak

due to the long cold cooling zones, while the high level of conversion compensates the shorter cold

cooling zone of the first peak (22 %). The relative increase of the removed heat for the final peak

drops to 15 % as the temperature difference decreases, the cold water cooling zone is short and the

absolute contribution to the total conversion is small. Nevertheless, the highest relative increase in

conversion of 37 % is observed in the fourth peak (see Figure 3). Most important is that this new

cooling strategy gives rise to a final conversion which is 19 % higher than the reference situation.

The effect on the structure of the produced LDPE, i.e., the molecular weight distribution, appears to

be limited. As depicted in Figure 4 the deviation from the reference situation is in the second peak

still negligible. However, in the third and mainly in the fourth peak some variation is observed.

The number average molecular weight Mn of the produced polymer decreases with 3 % compared

to the reference situation. The weight average molecular weight Mw on the other hand increases

with 4 %. This automatically implies that the molecular weight distribution broadens or in other
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Figure 3: The top graph represent the temperature profile for the reference and the optimized dual

cooling circuit situation. Additionally, results for the exchanged heat throughout the reactor are

displayed in the left plot. Also the portion of heat removed by the cold and warm cooling water

circuit is visualized. The improvement of the conversion is illustrated in the right plot.

words that the polydispersity index increases, which is observed in Figure 4. The broadening of the

molecular weight distribution is mainly due to the additional pressure drop caused by the higher

conversion. Moreover, it can be seen that the effect on the physical properties of the mixture is

more pronounced (Figure 4).
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Figure 4: Results for the reference and the dual temperature cooling circuit situation are depicted

for the the number average molecular weight Mn (top ), the weight average molecular weight Mw

(middle left), the polydispersity index PDI (middle right), the density ρ (bottom left) and the

viscosity η (bottom right).

Case IV: Optimum design of cooling system with two independent water cir-

cuits (Design2circuits)

In this final optimization, the cold cooling zone lengths Lcold,i of peak i are added as additional

degrees of freedom in order to check whether freely chosen lengths can hypothetically play an
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Figure 5: Comparison of the reactor temperature T (solid lines) and the wall temperature Twall

(dashed profiles). Here, the profiles of the design optimization of the two independent cooling

circuits (Design2ircuits) is represented by the blue lines and the profiles of the two best optimization

results for the existing reactor (Opt2circuits) are plotted in red lines.

important role in the further improvement of the tubular reactor. Note that in the previous grid

search optimization, the cold cooling zone lengths also served as degrees of freedom, but were

fixed during the regular optimization of 1 grid point (i.e., reactor configuration). Hence, in total 18

degrees of freedom are included, i.e., the temperature of the cold and warm water cooling cycle,

T c
water and T w

water, and all the molar flows of the individual initiators Ṁi
Iν

with ν = 1,2,3 per peak i.

The results obtained from the design optimization, show a further decrease of the total cost J3

(see Table 2). However, the achieved improvement is limited compared to improvements in the

previous optimizations. In particular, more than 90% is due to improvements in the two energy

related costs. In other words, the heat removal by the warm water cooling circuit is maximized at

the expense of the costly cold water cooling circuit (Figure 5) without suffering from production

loss as the maximal conversion under the current process conditions is already obtained.

Overview of results of the four optimization cases

As depicted in Figure 5, substantial differences are observed in the profiles of the reactor tempera-

ture T and wall temperature Twall, causing the position of the peaks to shift slightly. Nevertheless,

hardly any additional conversion (0.02 %) is obtained at the end of the reactor. Table 3 shows a
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comprehensive comparison between the different optimization results. The main increase is due

to the dual water circuit optimization on the current reactor (Case III: Opt2circuits). Since the com-

position of the reaction mixture does not alter, the density ρ and the viscosity η remain more or

less the same and no additional pressure drop ∆P is observed. The molecular weight distribution,

quantified by the number average molecular weight Mn, the weight average molecular weight Mw

or the polydispersity index (PDI), only differ due to the use of different initiator cocktails in the

four peaks.

Table 3: Numerical comparison of the single costs and total objective function between all the

optimization results.

reference Optwarm circuit Opt2circuits,1 Design2circuits

JTotal 100.0% 104.9% 112.2% 112.9%

JLDPE 100.0% 104.7% 118.7% 118.8%

Jw
water 100.0% 107.7% 63.9% 69.4%

Jc
water / / 100.0% 91.7%

Conclusion

This paper presents a study on the model based optimization of tubular LDPE polymerization re-

actors which use a mixed ethylene-propylene feed. First, a highly detailed plug flow reactor model

was presented to simulate the reactor’s steady state. More specifically, the model is exploited to

perform a design optimization problem with respect to the cooling system parameters and to the

initiator cocktails injected at the inlet of the four peaks. To tackle this problem a series of optimiza-

tion problems is solved in which the number of degrees of freedom are gradually increased and the

previously obtained knowledge from a previous solution is used for the initialization of the next

optimization problem. Furthermore, the possible profit gained by extra conversion of LDPE can

more easily be traced back to the specific parameters (degrees of freedom) of the cooling system

or to certain state variables, e.g., peak temperatures.

In order to have a fair basis for comparison, a reactor with a single temperature cooling circuit has

been first optimized such that conversion is maximum and that the peak temperatures equal the
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maximum allowed reactor temperature of 580 K in every peak. In a second step, the current pro-

cess situation with only one cooling circuit has been optimized with respect to the maximization

of the LDPE and the steam production. This results in a lower temperature of the cooling water

enhancing the heat transfer efficiency and making room for additional increase in conversion. Ad-

ditionally, the same peak temperatures are maintained, thus the conversion increases but the same

type of LDPE grade is produced. In a third step, the concept of two independent closed water

cooling circuits with different temperature levels has been incorporated in the optimization with

the intention that the additional removal of heat results in extra conversion. The heat transferred to

the warm water cooling circuit is assumed as an extra profit because the mass flow in warm water

is used further on as a heat source for the production of 3 bar steam. The cold cooling water on the

other hand is not used in other processes and needs to be cooled in the cooling tower, which results

in additional costs. The optimization procedure produced promising results. The most optimum

reactor configuration is composed of a short cold cooling zone in the first and last peak and longer

cooling zones in the second and third peak. This optimized cooling strategy outperforms the ex-

isting system because almost 26 % of additional heat is removed and a conversion increase with

19 % is predicted. The number average molecular weight decreases with 3 %, while the weight

average molecular weight increases with 4 %. This implies that the molecular weight distribution

slightly broadens. Finally, the lengths of different cold cooling zones are added as extra degrees of

freedom, which results in the final design optimization problem. The question is whether or not it

is worth to redesign the cooling jacket in order to further improve the LDPE tubular reactor’s profit.

The total profit only slightly improves. Moreover, the additional profit is gained by optimizing the

heat exchange without increasing the conversion. In other words, the maximum conversion under

the current process conditions was already obtained and the lengths of the profitable warm water

cooling zones are maximized at the expense of the costly cold water cooling zones.
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