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Abstract Large scale periodic structures can exist in selected flow fields. Examples
are the Precessing Vortex Core in swirling flows, vortex shedding behind a cylinder
or the wake of an annular jet. A number of techniques are available to extract these
large scales from the turbulent fluctuations in the flow field. In this paper, an analysis
is made of three such methods: Eulerian Time Filtering (ETF), Proper Orthogonal
Decomposition (POD) and non-linear least-squares regression POD (NLSR-POD).
The accuracy of the three different extraction methods is compared quantitatively
with phase averaged data of an annular wake flow. This flow was chosen as a test
case, since it is widely used in industrial applications, such as for example bluff-body
burners. It was shown that all three methods were able to reconstruct the flow field
with reasonable accuracy. These techniques are therefore applicable to a number of
periodic flows. The big advantage of these extraction methods is that they require
20 times less experimental data compared to phase averaging. All three methods re-
quire more or less the same computational time and since the computational time
is a few orders of magnitude lower than the measurement time, application of these
techniques results in a very large reduction in the total time to obtain the flow field
characteristics. This results in a significant reduction of time in the design process of
such flows.
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1 Introduction

In certain turbulent flow fields, large scale periodic structures can exist. Examples
are the Precessing Vortex Core in swirling flows or vortex shedding behind a cylin-
der. A method to separate this precession in the flow field from turbulence is phase
averaging. With this technique, time is transformed into a certain phase θ . Since tur-
bulence is essentially uncorrelated with θ , averaging the data for each phase removes
the turbulent fluctuations. However this method is very expensive with respect to
measurement time. Next to phase averaging, other extraction methods are available.
This paper investigates the accuracy of three of them and compares them with phase
averaging. The first method is Eulerian Time Filtering (ETF) as proposed by Vanier-
schot and Van den Bulck (2009). This method is based on non-causal time filtering
of the velocity data in each measurement point of the flow (Eulerian approach). It
was shown that if the time scale of the large structure is far from the time scales of
turbulence, the ETF technique gives good results. The second method tested is Proper
Orthogonal Decomposition or POD (Holmes et al. (1996)). POD provides a base for
modal decomposition of the flow. Reconstruction with only the most energetic modes
allows a separation between large scale motions and turbulent fluctuations. Finally,
the third method discussed is non-linear least-squares regression POD (NLSR-POD).
The method is basically a POD decomposition where the time dependent coefficients
of the POD are estimated by applying non-linear least-squares regression. Recon-
struction is done base upon these coefficients instead of the original ones obtained by
POD.
The accuracy of the three methods is tested on the wake flow of an annular jet. This
type of flow is chosen for two reasons. First, it is a bluff-body flow and bluff-body
flows are frequently used in a number of industrial applications, especially in com-
bustion devices. The low velocity region behind the center body favors flame sta-
bilization. Moreover, the standing vortex behind the center body (the wake of the
annular jet) promotes flue gas recirculation (Beér and Chigier, 1983; Gupta et al.,
1984). Inside the wake the turbulence intensity is very high and the stresses are
highly anisotropic as the inner and outer shear layers interact. This promotes mix-
ing of air and fuel. Secondly, as reported by Vanierschot and Van den Bulck (2010),
the wake of the jet contains a large scale precessing flow structure. This precession
results in large variations of the position of the stagnation point at the end of the
wake. Although many reported that the position of the stagnation point exhibits a
dynamic behavior and velocity measurements showed large fluctuations in this re-
gion (Ko and Chan, 1978, 1979; Chan and Ko, 1978; Durao and Whitelaw, 1978),
these studies were unable to identify the spatial aspects of the flow, because the flow
field was measured point-wise. Vanierschot and Van den Bulck (2010) performed
time-resolved stereo-PIV measurements with which they were able to detect these
spatial aspects. They showed that the wake precesses around the central axis of the
geometry at very low frequencies (a Strouhal number based on the diameter of the
bluff body of 2.5× 10−3). Since the wake is very turbulent, phase averaging was
done to reconstruct the three dimensional shape of the wake and it was shown that
the precession consists of a tilting and an appreciable deformation of the wake. Due
to the large amplitude of the precession, it creates a highly three dimensional flow
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field and for instance near the stagnation point, up to 45% of the rms velocity fluc-
tuations are attributed to it. Therefore this flow field is an ideal test case to compare
scale extraction methods.

2 Scale extraction methods

2.1 Eulerian Time Filtering (ETF)

Eulerian Time Filtering or ETF is a technique to extract large scales from a fluid
flow based on causal filtering of the velocity data (Vanierschot and Van den Bulck,
2009). ETF assumes that the large-scale (periodic) fluctuations to be studied have a
frequency well separated from that of the turbulent fluctuations. Therefore a suitable
tool to remove the turbulence is filtering the data with a low-pass time filter. This
allows for a preservation of the large scale motion, while removing the turbulence.
Each velocity component in the flow field is filtered in time by convolution of the
velocity record with the filter kernel G as

φ̃(t,x) =
∫ t

−∞

φ(τ,x)G(τ− t,∆)dτ, (1)

where ∆ is the temporal filter width. For a digital filter, equation 1 can be rewritten
as

φ̃i =
n

∑
j=1

b jφi− j +
m

∑
k=2

akφ̃i−k. (2)

The filter implemented is a 5th order Butterworth filter. The filtered velocity field at
time ti is transformed to the phase angle θ by

θi = 2π
ti− tθ0

T
(mod 2π), (3)

where T is the period of the oscillation and tθ0 is the time corresponding to θ = 0
of the trigger signal. Note that the modular calculation sets the boundary for θi as
0 ≤ θi < 2π . An moving average along the phase angle θ smoothens the phase-
transformed data as it filters out the frequencies between the precession and the cut -
off frequency of the filter.

2.2 Proper Orthogonal Decomposition (POD)

The main objective of POD is to provide an optimal modal base to describe a complex
set of experimental or numerical data. The velocity field is decomposed into a mean
field and a fluctuating field as U(x, t) = U(x)+u′(x, t), called Reynolds decomposi-
tion. POD decomposes the fluctuating velocity field u′(x, t) as

u′(x, t) =
N

∑
k=1

ak(t)ΦΦΦk(x), (4)
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where the eigenmodes ΦΦΦk have the largest mean square projection on the velocity
field u′ and can be found by solving the eigenvalue problem∫

Ω

R(x,y)ΦΦΦk(y)dy = λkΦΦΦk(x), (5)

where R(x,y) is the two point correlation tensor. The time dependent coefficients
ak(t) are transformed to the phase domain using equation 3 and a moving average
determines the coefficients ak(θ) in the phase domain. The velocity field is recon-
structed based on N modes as

U(x,θ) = U+
N

∑
k=1

ak(θ)ΦΦΦk(x). (6)

2.3 Nonlinear least - squares regression POD (NLSR-POD)

Instead of using a moving average for the POD coefficients ak(θ) one can also use
nonlinear regression. If the flow field exhibits a periodic character in time, the coeffi-
cients are assumed to be periodic in the phase domain. Hence a good representation
is

ak(θ) = Ak cos(ωkθ +φk). (7)

For each mode k, Ak, ωk and φk are computed using the Levenberg-Marquardt algo-
rithm for nonlinear least squares (Seber and Wild (2003)). The velocity field is then
reconstructed the same way as with POD (equation 6).

3 Results and discussion

The test case for this study is the wake of an annular jet as reported by Vanierschot
and Van den Bulck (2010). A schematic view of the experimental setup is shown
in Fig. 1. The annular jet has an inner radius Ri = 9mm and an outer radius Ro =
13.5mm. The Reynolds number based on the hydraulic diameter of the jet, Do−Di,
is 12600. The flow field was measured using time-resolved stereoscopic PIV mea-
surements. A laser sheet with a thickness of 0.5 mm is generated by a cylindrical lens
using a Dual Cavity Nd:YLF Pegasus-PIV laser from NewWave with a wavelength
of 527 nm and a pulse energy of 10 mJ @ 1,000 Hz. The sampling frequency of the
PIV measurements was 75Hz, which gave a sufficient high temporal resolution to
capture the precession. In order to obtain a good spatial accuracy and a minimization
of spurious data, the velocity vectors are calculated iteratively using window defor-
mation. The process starts at an interrogation area of 32×32 pixels, and after five
iterations convergence is reached with a final interrogation area of 12×12 pixels with
50% overlap. The measurement plane was located in a xy-plane, where the x direc-
tion is the axial direction of the jet (with velocity component U) and the y direction
is the radial direction (with velocity component V ). The out-of-plane direction is de-
noted by z and the corresponding velocity component is W . The structure of the flow
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was identified based upon phase averaging. It was found that the wake is asymmetric
(Fig. 2) and precesses around the central axis at a Strouhal number of 2.5×10−3, de-
fined as St = f Di/Uo, where f is the precessing frequency, Di is the diameter of the
inner tube and Uo is the mean axial velocity. A drawback of phase averaging is that
it requires a significant amount of measurement time to obtain converged statistics,
ie the phase averaged data were obtained by averaging over 750 periods of the flow,
taking in total around 20100 velocity samples. Other techniques which can extract
large scale structures from a flow field, such as POD, NLSR-POD and ETF, require
much less measurement time (only 36 periods of the flow in this case or about 1000
velocity samples, which is around 20 times less time). Since the number of samples
can be reduced by a factor of about 20, the data storage is much less. This data stor-
age is often an issue with time resolved PIV measurements (Cosadia et al. (2007)).
The accuracy of these extraction methods is discussed in this section by quantitative
comparison with the phase averaged data.

3.1 Reconstruction with POD and NLSR-POD

Figure 3 shows the power spectral density of the first four temporal coefficients ak(t)
of the POD decomposition. Both coefficients a1(t) and a3(t) have a peak at the pre-
cession frequency of the wake. Hence the precession is captured by modes 1 and 3.
Mode 2 has a frequency peak at double the frequency of precession. For the higher
modes (4 and on) there is no distinct frequency peak present in the spectrum. With the
aid of Fig. 3 time can be transformed into phase and the reconstruction by POD can
be done based upon ak(θ) instead of ak(t). The extra computational time to obtain
the POD modes is in the order of 15 minutes on a standard pc, while the processing
of the images in PIV is in the order of days on the same pc. Therefore the extra com-
putational time required for POD is negligible compared to the processing time of the
PIV data and hence a reduction in the number of velocity samples results in a very
large reduction of the total processing time (in this case a factor of 20).
The first mode of the POD decomposition of the flow field is shown in Fig. 4. The
in-plane components are denoted by the vectors and the out-of-plane component is
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Fig. 1 Schematic view of the experimental setup and coordinate system. Picture taken from Vanierschot
and Van den Bulck (2010).
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Table 1 Values for the amplitude, phase and frequency of the different mode of the NLSR-POD.

Mode Amplitude ×103 [-] φ [rad] ωθ [-]
1 1.89 0 1
2 1.23 0 2
3 1.80 π/2 1
4 0.21 π/6 1

denoted by the profile. Both the vector fields and profiles have the same scaling. The
out-of-plane component is zero within measurement accuracy and hence the measure-
ment plane is a plane of symmetry for mode 1. Eigenmode 1 therefore corresponds to
a radial motion of the stagnation point in the measurement plane. Figure 4(b) shows
the temporal coefficient a1(θ) of the first mode. The phase interval is defined as one
period of the precession. The scatter in the data is removed by a moving average
(solid line). For POD, the values of the solid line are used in reconstruction of the
velocity field.
Reconstruction by NLSR-POD is similar to POD. NLSR-POD fits a periodic func-
tion (equation 7) to the data in Fig. 4(b). Amplitude, phase and frequency of ak(θ) are
estimated using the Levenberg-Marquardt algorithm (Seber and Wild (2003)). The
result is plotted Fig. 4(b) as the dashed line. For NLSR-POD, the values of the dashed
line are used in reconstruction of the velocity field. The values of the amplitude and
phase of a1(θ) can be found in table 1.

The second mode of the POD decomposition is shown in Fig. 5. As in Fig. 4, the
in-plane components are denoted by the vectors and the out-of-plane component is
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Fig. 2 Streamlines of the wake flow behind the annular jet. Picture taken from Vanierschot and Van den
Bulck (2010).
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Fig. 3 Power spectral density of the first 4 temporal coefficients ak(t) of the POD decomposition.

denoted by the profile. Both the vector fields and profiles have the same scaling as in
Fig. 4. Like mode 1, the out-of-plane component is zero within measurement accu-
racy. Hence the measurement plane is a plane of symmetry. Also the central axis is
a symmetry axis and hence mode 2 is axisymmetric. The highest values are situated
in the jet in the vicinity of the stagnation point and therefore mode two represents
the axial movement of the stagnation point or the opening and closing of the jet after
the wake. This motion occurs twice during one period of precession. The temporal
coefficient a2(t) is shown in Fig. 5(b). The period of mode 2 is half the precession
period and the corresponding amplitude is 2/3 of those of mode 1 and 3 (table 1).
The third mode of the POD decomposition is shown in Fig. 6. Both the vector fields
and profiles have the same scaling as in Figs. 4 and 5. Mode 3 has small in-plane com-
ponents and large out-of-plane components. Hence mode 3 corresponds to a motion
of the stagnation point in the out-of-plane direction. Moreover, mode 3 is equal to
mode 1 rotated 90 degrees around the central axis of the geometry. This can be seen
in Fig. 7, which plots the three components of mode 1 and 3 along the central axis of
the geometry. These profiles are directly proportional to the velocity profiles of the
phase-averaged data and the proportionality factor is the reconstruction coefficient ai.
The out-of-plane component of mode 3 is equal to the radial component of mode 1.
This means that the rotation of mode 1 along the central axis by 90 degrees is equal
to mode 3. The temporal coefficient of mode 3 is plotted in Fig. 6(b). Like a1(θ),
a3(θ) has a period corresponding to the precession period. Moreover coefficient a3 is
lagging a1 by π/2 radians. In combination with the spatial structure of eigenmodes 1
and 3 from Figs. 4 and 6 and the values of amplitude and phase in table 1, the recon-
struction of the velocity field with mode 1 and 3 is a rotation of the wake around the
central axis of the jet. Based on the signs of a1, a3, Φ1 and Φ3 the precession is in the
counterclockwise direction, as confirmed by Vanierschot and Van den Bulck (2010).
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3.2 Extraction errors

In order to have a measure of the accuracy, we define an absolute error to compare the
reconstructed velocity field by POD, NLSR-POD and ETF with the phase averaged
velocity field. This error is defined for velocity component Ui as

εi =

√
(Ui,recon−Ui,ph)2, (8)

where the subscript ‘recon’ denotes the reconstructed velocity field and ‘ph’ denotes
the phase averaged field. The mean is taken both in space and phase. The total error
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(a) Spatial structure of ΦΦΦ1(x). The profiles denote the out - of - plane
component. Both profiles and vectors have the same scaling.
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Fig. 4 Spatial structure and temporal coefficient of the first mode of the POD decomposition.
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is defined as ε =
√

∑i ε2
i . Similar, the relative error for velocity component Ui can be

defined as

δεi =

√√√√ (Ui,recon−Ui,ph)2

U2
i,ph

, (9)

and the total relative error δε =
√

∑i δε2
i . In the test case used, the axial velocity of

the jet is denoted by U , the radial velocity by V and the out-of-plane velocity by W .
Figure 8 shows the absolute error for each of the three velocity components and the
total error as a function of the number of modes used in the reconstruction of the
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(a) Spatial structure of ΦΦΦ2(x). The profiles denote the out - of - plane
component. Both profiles and vectors have the same scaling.
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Fig. 5 Spatial structure and temporal coefficient of the second mode of the POD decomposition.
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velocity field by POD. The total error is minimal if 3 modes are used in the recon-
struction, which is in agreement with the foregoing discussion. For the axial (U) and
radial (V ) velocity components, the reconstruction with only mode 1 and 2 is almost
as accurate as reconstruction with three modes, since mode 1 and 2 correspond to the
in-plane motion of the wake. On the other hand, mode 3 corresponds to an out-of-
plane motion of the wake and therefore to minimize the out-of-plane velocity (W ),
this mode should be included in the reconstruction. If the reconstruction is done with
more than 3 modes, the error is increasing as more and more turbulent energy is added
to the reconstructed flow field, which is not present in the phase averaged field.
Figure 9 shows the absolute error for each of the three velocity components and the
total error as a function of the number of modes used in the reconstruction of the
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(a) Spatial structure of ΦΦΦ3(x). The profiles denote the out - of - plane
component. Both profiles and vectors have the same scaling.
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Fig. 6 Spatial structure and temporal coefficient of the third mode of the POD decomposition.
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Fig. 7 Values of mode 1 (white symbols) and mode 3 (black symbols) of the POD decomposition along
the central axis of the jet.

velocity field by NLSR-POD. The errors are very similar to the ones of the POD de-
composition, both in value and trend. However as the number of modes increases, the
error remains more or less constant as the amplitudes of the coefficients ak decrease
rapidly for k larger than 3.

Figure 10 shows the reconstruction error as a function of the cut-off frequency of
ETF. As the cut-off frequency increases, the reconstruction error decreases rapidly.
The minimal error is found if the cut-off frequency is equal to about 2.5 times the
precession frequency. This result is in good agreement with the optimal filtering fre-
quency obtained in the study of Vanierschot and Van den Bulck (2010). When com-
paring with the reconstruction errors of POD and NLSR-POD, the reconstruction
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Fig. 8 Reconstruction error as a function of the number of modes for the POD decomposition.

Table 2 Values for the amplitude, phase and frequency of the different mode of the NLSR-POD.

Reconstruction method εU εV εW
ETF 0.022 0.019 0.019

NLSR-POD 0.026 0.023 0.020
POD 0.026 0.023 0.020
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Fig. 9 Reconstruction error as a function of the number of modes for the NLSR-POD decomposition.

error is lower. In particular the axial and radial velocity components are better recon-
structed by ETF. Table 2 summarises the reconstruction errors for all three methods.
POD an NLRS-POD have quite similar errors and ETF shows a mean error reduction
of about 15% in the error for U and V. The out-of-plane component is equally well
predicted by all three methods.
The spatial distribution of the reconstruction error of the axial velocity component is
shown in Fig. 11. The reconstruction error is largest in the immediate vicinity of the
jet right behind the central vortex, with maximal errors of about 5.5% of the jets main
velocity. POD reconstruction shows errors which are around 20% larger compared to
ETF in that region. The reconstruction error of NLSR-POD is similar to the one of
the POD reconstruction and is not plotted here. Also for the radial velocity compo-
nent, the error is the largest in the vicinity of the jet behind the wake (Fig. 12) and
the maximum is about 5% of the jets main velocity. In this region, the reconstruction
with ETF reduces the error with about 20% compared to POD. The reconstruction
error of NLSR-POD is similar to the one of the POD reconstruction and is not plotted
here. Figure 13 show the reconstruction error for the out-of-plane velocity compo-
nent W . The error is largest in the region of the stagnation point of the wake. ETF
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Fig. 10 Reconstruction error as a function of the cut-off frequency for ETF.
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reduces the error in that region significantly compared to POD. However the mean
error (table 2) is similar compared to POD and therefore the error by ETF is more
uniformly distributed.

4 Conclusions

In this paper we have studied three different large scale extraction methods for fluid
flow, namely POD, NLSR-POD and ETF. The three methods were tested on an an-
nular wake flow. It was found that all three reconstruction methods can accurately re-
construct the flow field compared to phase averaging with a mean accuracy of about
5% of the jets main velocity. The largest errors in the flow field are situated in the
immediate vicinity of the stagnation point of the wake. Further reduction of these
errors can be done by using more experimental data in the analysis and hence ob-
taining more converged statistics. ETF is able to predict the flow field in the region
of the stagnation point more accurate compared to POD and NLRS-POD. However
for ETF to be applicable, the frequency of the large scale motions should be well
seperated from the frequency of turbulent fluctuations. This condition does not need
to be fulfilled for POD or NLSR-POD. Based on the results in this paper, it can be
concluded that the extraction methods tested gave good results in separating the large
scale structures form turbulence and the main advantage was a reduction in measure-
ment time by a factor 20 compared to phase averaging. All three methods requiere
more or less the same computational cost and this extra cost is a few orders of mag-
nitude less than the measurement time and therefore these techniques are very well
suited to decrease the time of the designing proces of for instance bluff body burners.
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(a) POD reconstruction

(b) Eulerian Time Filtering

Fig. 11 Spatial distribution of the reconstruction error of the axial velocity component. The errors are
scaled with the jets main velocity.
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(a) POD reconstruction

(b) Eulerian Time Filtering

Fig. 12 Spatial distribution of the reconstruction error of the radial velocity component. The errors are
scaled with the jets main velocity.
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(a) POD reconstruction

(b) Eulerian Time Filtering

Fig. 13 Spatial distribution of the reconstruction error of the out-of-plane velocity component. The errors
are scaled with the jets main velocity.


