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Abstract
The experimental estimation of frequency response functions characterizing SISO linear systems is a well
established topic. Several estimators are defined in the literature, each estimator being optimal depending
upon the assumptions with respect to the balance of noise between the input and output of the system.
H1 and H2 have to be used in case of presence of noise on output and input, respectively. The HV or
Hs estimator is chosen if input and output are assumed to have equivalent SNR. These estimators are also
established for MIMO linear systems, with additional difficulties due to the necessity of inversing cross
spectral matrices. A transmissibility function is generally defined as a linear relationship between two outputs
of a linear system. For SIMO systems, transmissibility functions are uniquely defined. The Hs estimator is
thus advised if both outputs are of equivalent SNR. In the case of MIMO systems, transmissibility functions
are no more defined by the system only, it also depends on the input quantities. It is however possible
to define a transmissibility matrix between two sets of outputs that is, under some assumptions, uniquely
defined. This approach is especially the base of Operational Transfer Path analysis, an engineering method
benefiting of a strong research effort in the last few years. This paper deals with the use of the application
of MIMO system estimators to the experimental assessment of transmissibility matrices. Transmissibility
matrices are generally estimated using a H1 like approach in the literature. The possibility of using H2 and
Hs is presented in this work, from the theoretical point of view and with a numerical illustration.

1 Introduction

The transmissibility functions are generally defined as linear relationships between two reponses of a linear
system. They have particular properties, in comparison with standard transfer functions representing clas-
sical excitation-response relationships. The standard transfer function, for instance, is entirely defined by
the studied system, while transmissibility between two responses depends also on the excitation configura-
tion. Another important difference is that the standard transfer functions have peaks at the resonances of the
system, while transmissibilities have peaks at frequencies corresponding to zeros of one of the considered
response. Transmissibilities are thus more difficult to handle, but they are also easier to measure, because it
is generally easier to mount a response sensor than an excitation sensor (that has to be inserted between the
excitation device and the structure). That’s why several transmissibility based methods have been developed
in the literature, for instance in structural health monitoring [1], output only modal analysis [2, 3], or Oper-
ational Transfer Path Analysis [4], in which the concept of transmissibility functions has to be extended to
transmissibility matrices [5] between two sets of responses.



Several estimators are known for the experimental assessment of transfer functions between one input and
one output : H1 has to be used when the noise is on the output and H2 when the noise is on the input [6].
Another estimator, Hs, has been proposed by [7], based on a total least squares approach, that consider a
potential noise on both the input and the output. This estimator has been extended to MIMO systems in [8]
[9]. The Hs approach seems particularly interesting for the estimation of transmissibility matrices, because
the inputs and outputs of a transmissibility system are both responses, the SNR (Signal to Noise Ratio) has
thus no reason to be better on input or output responses.

The concept of transmissibility matrix is reminded in the first section of the paper. Then the concept of
H1, H2, and Hs estimates for transmissibility matrices is addressed from a theoretical point of view, and an
experimental illustration is provided in the last section.

N.B.: Throughout this paper, bold capitals are used for matrices (including vectors) and non-bold capitals
for scalars. Note that all matrices are dependent upon frequency. For sake of brevity this dependency is not
mentioned explicitly in the equations.

2 Transmissibility matrices : definition

Let us consider a linear dynamic system relating a set of n excitation dofs F (size n×1) to two different sets
of response dofs, named indicator dofs Y (n× 1) and output dofs X (m× 1) :

[
X
Y

]
=

[
H
Φ

]
F (1)

where Φ and H are transfer matrices relating excitation dofs to response dofs. A linear relationship can be
then defined between X and Y, under the condition of invertibility of Φ :

X = HΦ−1Y = TY (2)

where T = HΦ−1 is the transmissibility matrix and where −1 denotes a matrix inverse. The existence of T
thus depends on these two major conditions :

• the definition of a set of excitation dofs F

• the invertibility of matrix Φ relating Y to F

3 Transmissibility matrices : experimental estimation

3.1 Methodology

The relation (2) between inputs and outputs can be written using cross spectral matrices

Gxy = TGyy (3)

Gxx = TGyx (4)

where element (p, q) of matrix Gxy is the cross spectrum between the pth element of X and the qth element
of Y. These systems are, however, often non invertible for cross-spectral matrices obtained from one given



operating condition. Matrices Gyy and Gyx are indeed rarely of full rank and even less often well condi-
tioned. A potential solution is to assess transmissibility matrices from non-stationary operating conditions,
like run-up or down.

One approach is to gather several steady-state operating condition in one system:

XK = [X1X2...Xk] YK = [Y1Y2...Yk]

where Xi and Yi are response vectors obtained during one operating condition, using a phase reference
sensor or more sophisticated techniques like Conditioned Spectral Analysis [6] or Virtual Source Analysis
[10]. If more than one uncorrelated processes are identified (this is the case if the coherence function between
channels is not close to unity), several response vectors can be extracted from each acquisition. Finally, cross
spectral matrices can still be calculated from such results :

Gxy = XKYK
′ Gyy = YKYK

′ Gxx = XKXK
′

where ′ denotes the complex conjugate transpose. The experimental assessment of these matrices is not al-
ways easy, because the computation of T requires inversions of these matrices, that have to be consequently
of full rank. This condition is rarely fulfilled using only one operating condition of the studied system ; as
was said earlier, it is often necessary to gather information from several operating conditions, using several
steady state operating points or run-up-down acquisitions.

3.2 H1 and H2 estimators

For a scalar transfer function, the H1 and H2 estimators are given by

H1[T ] = GxyG
−1
yy (5)

H2[T ] = GxxG
−1
yx (6)

The H1 and H2 estimates of the transmissibility matrix are, by analogy to equations (5) and (6) and by
inversion of systems (3) and (4), defined by

H1[T] = Gxy Gyy
−1 (7)

H2[T] = Gxx Gyx
+ = Gxx Gyx (Gyx Gxy)

−1 (8)

where + denotes the pseudo-inverse. It is worth nothing that the estimator H2[T] requires m ≥ n, which is
a necessary condition for (Gyx Gxy) to be of full rank.

3.3 Hs estimator

For a scalar transfer function, the Hs estimator is based on the eigenvalue decomposition of

[
s2Gxx sGxy

sGyx Gyy

]
=

[
Ux Vx

Uy Vy

] [
λ1 0
0 λ2

] [
Ux Vx

Uy Vy

]′
where s is a positive scaling factor used to balance the magnitude of x and y. Assuming that the smallest
eigenvalue is representing noise, Hs is defined as the ratio between contributions of the largest eigenvalue
(λ1) at x and y :



Hs =
Ux

sUy
(9)

which is explicitely given by the both following formulas

Hs =
s2Gxx −Gyy +

√
(s2Gxx −Gyy)2 + 4s2|Gyx|2
2s2Gyx

(10)

=
2Gxy

Gyy − s2Gxx +
√

(s2Gxx −Gyy)2 + 4s2|Gyx|2
(11)

It can be noted that eq. (10) is equivalent to H2 when s → ∞, and that eq. (11) is equal to H1 when s = 0.

The Hs estimate of the transmissibility matrix is based on an analysis of the physical rank of the global cross
spectral matrix. The system (1) can be formulated in terms of cross spectra :

Gxyxy =

[
Gxx Gxy

Gyx Gyy

]
=

[
H
Φ

]
Sff

[
H
Φ

]′
(12)

The columns of Gxyxy are thus linear combinations of the columns of [H′Φ′]′. The rank of Gxyxy can not
be greater than the number of input loads. The Hs estimate of the transmissibility matrix is obtained from
the following scaled eigenvalue decomposition[

sx 0
0 sy

] [
Gxx Gxy

Gyx Gyy

] [
sx 0
0 sy

]
=

[
U
V

]
Λ

[
U
V

]′
(13)

where Λ is the diagonal matrix of eigenvalues, [U′V′]′ the matrix of eigenvectors, and sx and sy diagonal
scaling matrices. Considering that the number of input loads is equal to n (as well as the number of indicators
Y), the rank of the (scaled) Gxyxy matrix is lower or equal to n. The m smallest singular values of Λ are
thus considered as representing noise, and can be rejected:

[
Un

Vn

]
Λn

[
Un

Vn

]′
=

[
sx 0
0 sy

] [
H
Φ

]
Sff

[
H
Φ

]′ [
sx 0
0 sy

]
, (14)

where Λn the diagonal matrix of the n largest eigenvalues and [Un
′Vn

′]′ are the n corresponding eigenvec-
tors. It can then be shown that the expression of Hs[T] is

Hs[T] = HΦ−1 = sx
−1UnVn

−1sy (15)

It is worth noting that this estimation of T strongly depends on the scaling factors. Let us consider scalar
scaling factors : sx = sxI and sy = syI. Then it can be shown that :

lim
sx→0

[Hs(T)] = H1(T)

lim
sy→0

[Hs(T)] = H2(T) (assuming m≥ n)

This result is similar to the ones provided by equations (10) and (11) for the scalar Hs. The correct ad-
justment of scaling matrices is thus a very important point to obtain the optimal estimation, and has to be
made carefully considering the potential noise contamination of each channel. A special care has to be
taken also when different kind of sensors are used, measuring different quantities (e.g. accelerometers and
microphones).



3.4 An indicator for the validity of Hs

The validity of equation (14) depends on the hypothesis that the n largest eigenvalues are representing the
signal, and the m smallest ones the noise. This hypothesis can be verified by inspecting the ratio between
the nth eigenvalue, representing the energy of the smallest incoherent process being part of signal, and the
(n+ 1)th eigenvalue representing the energy of largest noise component.

R =
λn

λn+1
(16)

where λk is the kth largest eigenvalue of Λ in equation (13).
Note that this check could also be performed to verify the rank of the cross-spectral matrix in case an H1

or an H2 matrix estimate is used. Indeed, whilst for H1 and H2 only n singular values are extracted from
Gyy and Gyx, respectively, it is also for these estimators of prime importance that the physical rank of the
cross-spectral matrix is equal to n.

4 Numerical simulation

A numerical simulation has been conducted to validate the proposed approach. An analytic model of thin
rectangular plate ((L1×L2) = (0.6×0.5)m2) has been used for simulations, with simply supported bound-
ary conditions (physical parameters : aluminium, thickness 5mm, modal damping ratio 1%). 3 excitation
points ([x1, x2] = [0.05, 0.01]; [0.05, 0.4]; [0.45, 0.25]) and 6 response points (same position as excitations
for indicator responses Y and [x1, x2] = [0.3, 0.2]; [0.5, 0.42]; [0.3, 0.1] for output responses X) have been
considered. The response cross spectral matrix Gxyxy has been computed using equation (12), using transfer
matrices H and Φ obtained with the analytical model and a cross spectral matrix Sff of uncorrelated unitary
excitations. White noise is added on each computed response, with a 30dB SNR, to simulate measurement
noise. One element of the transmissibility matrix is drawn in figure 1, directly computed using equation (2)
from noise-free H and Φ matrices, and estimated from noisy responses Gxyxy. All response channels are
accelerations, and the global SNR is the same on all responses. Scaling factors are thus chosen equal to unity
for this numerical illustration. It can be seen that Hs behaves globally better than H1 and H2, particularly at
low frequencies. In the low frequency range, the SNR is lower because the simulated response level is lower
than in mid and high frequency. The global SNR is indeed fixed to 30dB, but the noise spectral density is
constant (white noise) while the simulated accelerations are more energetic in high and mid frequency than
in low frequency. The SNR spectrum is thus higher in mid and high frequency than in low frequency. Above
400Hz, the three estimatioms are in good agreement with the true transmissibility.

The estimation error is computed as a function of frequency for each estimator using

Ei(f) =
||T−Hi(T)||F

||T||F

This error is drawn in figure 2 for i = 1, 2, s. It is clear that the error Es is significantly lower than E1 and
E2, except in low frequency (below 100Hz), where E1 is the lowest one. This can be explained by a too low
SNR in low frequency. If the SNR is too low, the eigenvalues representing noise in Gxyxy can be higher than
the eigenvalues representing the signal. In this case, keeping the n largest eigenvalues leads to an erroneous
estimation of T. This can be illustrated by the value of the Hs indicator as introduced in section 3.4. This
indicator is equal to 0dB below 200Hz, which means that the n and n+ 1th eigenvalues are about the same
level. It is thus hard to separate signal from noise. This causes the error Ei(f) to be relatively high below
200 Hz (see figure 2). But above 200Hz, the indicator increases, which means that the nth eigenvalue is
significantly higher than the n+1th. Thus, the separation between signal and noise is more straightforward,
resulting in better estimates for the transmissibilities.
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Figure 1: #(3,1) element of the transmissibility matrix. reference T (Solid gray) H1 (dotted blue), H2

(dash-dotted black) and Hs (dashed red) estimates
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Figure 2: 50Hz frequency band integrated relative errors of H1 (dotted blue), H2 (dash-dotted black) and Hs

(dashed red) estimates.
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Figure 3: Hs indicator R given by equation (16)

In the current case, an equal amount of noise is used on all inputs to simulate measurement noise. For this
reason Hs with equal scaling factors for the inputs gives the best estimate, as can be seen from Figure 2. In
case different signal-to-noise ratios are present for the indicator responses Y and the output responses X, a
different scaling factor for the indicator responses Y and the output responses X, respectively, would in that
situation give the best Hs estimate.



Conclusion

Transmissibility matrices are generally estimated using a H1 like approach. The possibility to use H2 and
Hs estimators for transmissibility matrices is presented. The Hs transmissibility matrix estimate is based on
a scaled eigenvalue decomposition of the cross-spectral matrices. It can be mathematically shown that in the
limit of the scaling ratio between indicator responses Y and output responses X approaching infinity and
zero, an H1 and an H2 estimator results from the Hs transmissibility matrix estimate, respectively.

A transmissibility matrix estimate is valid only if the physical rank of the global cross spectral matrix is
equal to the number of input loads. It is theoretically shown that the physical rank of the global cross
spectral matrix cannot be greater than the number of input loads. To verify that the physical rank is indeed
equal to the number of input loads, a posterior check is suggested based on an eigenvalue decomposition
of the cross-spectral matrices, in which the ratio between the nth and (n + 1)th eigenvalues is inspected,
where n is the assumed rank of the global cross spectral matrix. By means of a numerical simulation of
the dynamics of a plate, the superiority of the Hs matrix estimate as compared to the H1 and H2 matrix
estimates is demonstrated, using an equal amount of noise on both X and Y to simulate measurement noise.
In addition, the effectiveness of the proposed indicator is demonstrated.
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