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Abstract

A new measurement procedure to obtain transmissibilities for application in
a two-step transfer path analysis is presented. In the proposed method an
external excitation, for instance by means of a non-instrumented hammer,
is used to bring the structure into vibration. The resulting response is then
used to estimate the transmissibilities. In most cases the transmissibilities
thus determined are of a better quality as compared to the conventionally
determined transmissibilities obtained during machine operation, i.e. in con-
ventional operational transfer path analysis procedures. The reason of this is
that when a structure is excited by hammer strokes, its responses are largely
independent from each other, whilst vibrations induced by machine opera-
tion are in general not. The hammer stroke measurements can be performed
relatively easy whilst the experimental effort is relatively low.

Subsequently the transmissibilities are applied in a transfer path analysis
(TPA) like approach. It was found that the identification of the transfer
paths were better as compared to the identification transfer paths by means
of a conventional operational transfer path analysis. The advantages of the
method are illustrated by means of an experiment on a small gearbox.

Additionally, a procedure to determine the number of significant trans-
mission paths is proposed which is based upon a singular value decomposition
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of the response matrix. In the application discussed in the paper the num-
ber of significant structural transmission paths could be estimated by means
of this procedure, as well as the order of magnitude of the strength of the
acoustic path relative to that of the structural transmission paths.

Keywords: transfer path analysis, operational, transmissibilities

1. Introduction

Transfer path analysis is of general interest to noise control engineers. In
literature a large number of methods are described, all having their specific
advantages and disadvantages.

Transfer path analysis methods can be divided into two groups: one-step
methods and the two-step methods. The former estimates the significance
of the individual transfer paths from a single set of measurements, with the
machine in operation, often running at different operational speeds and loads
to obtain sufficient information. Examples of one-step methods are opera-
tional transfer path analysis techniques (OTPA) [1, 2], and the force analysis
technique (FAT) [3]. In the two-step methods, relations between exciting
forces and responses (e.g. transfer functions), or relations between responses
and responses (e.g. transmissibility functions), are estimated in a first step,
most often with the machine not in operation, sometimes even dismounted.
In a second step operational measurements are conducted for which situation
the individual transmission path strengths are to be estimated. Examples of
two-step methods are indirect force identification methods, e.g. the mount
stiffness method [4], the pseudo force methodology [5, 6, 7], force transmission
path analysis techniques (TPA) [4] (see for a nice overview [8]), and yet an-
other variant of TPA, the so-called Global Transfer Direct Transfer (GTDT)
method [9, 10, 11]. For instance, in the pseudo force methodology [5, 6], ex-
citation forces are estimated based on transfer function measurements (step
1) in combination with operational response measurements (step 2).

A method that could be classified as a hybrid one-step / two-step ap-
proach is OPAX [12], which combines transfer path measurements with op-
erational measurements. In the OPAX method mounts connecting the source
and receiver are used as force sensors, which are calibrated using parametric
laws during a first step using artificial excitations. The OPAX approach can
be considered as an enhancement of TPA that does not require to uncouple
the source and receiver.

2

Applied Acoustics 74 (2913) 1167 - 1174

http://dx.doi.org/10.1016/j.apacoust.2013.04.011



Lately the one-step methods, such as operational transfer path analysis
techniques (OTPA), have gained a renewed interest in the engineering com-
munity. The reason for this renewed interest is obvious; in comparison with
the two-step methods, OTPA does not require the vibration source to be re-
moved, which is usually a huge effort and also modifies the dynamic behavior
of the passive part. Instead, one-step methods such as OTPA identify the
main transmission paths through an estimation of the transmissibilities un-
der ’operational’ conditions, i.e. when the machine is in operation. There is
no need to remove the vibration source, which saves a lot of time and money.

Of course, one-step methods like OTPA suffer from technical drawbacks
as compared to two-step methods such as TPA. The main issue is that most
one-step methods, such as OTPA, use matrix transmissibilities as introduced
by Ribeiro [13]. Transmissibilities are inherently different from transfer func-
tions, e.g. mobility transfer functions. Knowing the transfer functions from
the exciting forces to the response points, as being estimated in two-step
methods such as TPA, the exciting forces of the sources can be identified. The
response can be written as a linear sum of individual source contributions,
i.e. there exists a causal relationship. When dealing with transmissibilities,
however, the response can not be written as a linear sum of individual ’vibra-
tion’ contributions, due to the inherent coupling between input measurement
points. This means that the transmissibility matrix concept should be used
with care to identify the noise and vibration sources [1]. However, from an
engineering point of view, the transmissibility matrix concept can still be
very useful to identify significant sources of vibration at particular frequen-
cies. In literature many examples can be found in which the transmissibility
matrix concept is applied successfully (see e.g. [2, 14, 15]).

In this paper a two-step transmissibility-based measurement procedure
is proposed in which it is not required to remove the vibration source. To
this respect, the method is similar to OTPA, albeit that it is not a one-step
method. One of the difficulties in OTPA is that it can be difficult to obtain a
data set that is sufficiently linearly independent to enable a successful iden-
tification of the transmissibility matrix. In practice, it means that operating
conditions have to be sufficiently distinctive to generate different operational
deflection shapes, at each frequency bin, requiring a rather large amount of
measurements. In the proposed two-step transmissibility-based measurement
procedure the transmissibility matrix is solely computed from a set of vibro-
acoustic responses resulting from an artificial excitation only, e.g. by means
of a hammer, spanner or screwdriver, with the machine not in operation.
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Such an experiment is easy to do, with relatively less efforts as compared to
conventional two-step TPA approach, as there is no need to disassemble the
structure. Compared to conventional OTPA it is believed that the proposed
method is also advantageous as it will require less data sets to obtain a full
rank, invertible system, thus also reducing the experimental effort.

2. Transmissibility matrix estimation; an alternative approach

Let’s consider a vibro-acoustic system, consisting of two parts, i.e. an
active part that causes the vibro-acoustic excitation and a passive part, as
illustrated in Fig. 1. A number of transmission paths can be responsible
for the structure-borne transmission, for instance a mechanical connection
between the two parts of the vibro-acoustic system. Acoustic transmission
paths can be considered equally well, but will be omitted in this paper for
simplicity. The forces acting between the two system parts due to the me-
chanical transmission paths are denoted by a vector f .

Within the passive part of the system a number of vibro-acoustic re-
sponses are chosen, usually close to the interface between the active and
passive parts, as being representative for the vibro-acoustic transfer paths.
Let these indicator responses be denoted by y. Furthermore, another set of
vibro-acoustic responses, referred to as the target responses x, are defined on
the passive system, usually at a larger distance from the interface between
the active and passive parts. Note that the variables x, y and f are defined
in the frequency domain, and their dependency on frequency is omitted for
brevity.

Defining the vibro-acoustic response x and y of the system in terms of
the interface force f as follows

x = Hf (1)

y = Φf (2)

where H and Φ are transfer functions of the system, and defining the trans-
missibility matrix T as the matrix relation between the vibro-acoustic re-
sponse x and y as

x = Ty = TΦf (3)

we can write [16]:
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Figure 1: Passive and active vibro-acoustic sub systems. Left: passive part, right: active
part.

T = HΦ−1 (4)

The transmissibility matrix T uniquely exists only if the matrix Φ is
square and invertible, which is the case when the number of references equals
the number of forces.

Eq. 4 is a formal way to compute the transmissibility matrix T, as it
requires the measurement of the transfer functions H and Φ. In OTPA the
transmissibility matrixT is computed from a set of operational vibro-acoustic
responses. These sets of measurement data are contained in the matrices X
and Y, each column of these matrices containing the response of the system,
M in total.

X = [x(1)x(2)...x(M)] (5)

Y = [y(1)y(2)...y(M)] (6)

Having obtained these data, the transmissibility matrix T is calculated
by

T = XY′(YY′)−1 = XY+ (7)
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where ′ denotes the conjugate transpose operation and where + denotes
the pseudo-inverse. Note that for the pseudo-inverse Y+ to be computed
correctly, the number of columns of Y, M (i.e. the number of artificial
excitation experiments), needs to be larger than or equal to the number of
rows (i.e. the number of measurement signals contained in y). Moreover,
the different columns have to be sufficiently linearly independent to ensure
matrix YY′ to be of full rank.

Following [1, 15, 20] the transmissibilities can also be estimated from auto
and cross-spectra estimates. Writing Eq. 3 asX = TY and post multiplying
with the measurement data set Y′ gives XY′ = TYY′, where YY′, and
XY′, are equivalent to cross spectral matrices of indicator responses (YY′ =
Syy) and between target and indicator responses (XY′ = Sxy), respectively.
This leads to a H1-like expression of T, which is equivalent to Eq. 7:

T = SxyS
−1
yy (8)

Obviously, the Syy matrix has to be invertible. To make the Syy matrix
invertible, averaging of measurements over varying operating conditions is
practically speaking always required.

Likewise, an H2 or, even better, an Hs estimate could be used for the
estimation of the transmissibility matrix, as suggested in [21], arguing that
for operational responses the signal-to-noise ratio on X and Y are likely to
be of the same order of magnitude (provided that the same type of sensors
are used).

The alternative approach suggested in this paper is not to use operational
vibro-acoustic responses to estimate the transmissibility matrix, like is done
in the conventional OTPA procedure, but to excite the structure externally
at a number of suitable locations whilst the machine is not in operation. The
external excitation can for instance be done by means of a hammer. This
hammer is not required to be instrumented with a force transducer for this
purpose. The transmissibility matrix can be estimated by means of Eq. 7,
or more specifically by means of Eq. 8.

To distinguish between the proposed estimate and the OTPA estimate,
the hammer excited forced vibration estimate will be denoted by Th and the
OTPA estimate of the transmissibility matrix will be denoted by To. Fur-
thermore, a reference transmissibility matrix Tref is defined, which is based
on Eq. 4. This method requires a TPA-like approach to measure the transfer
functions H and Φ, and is for that reason normally not available. However,
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as in the experimental test set-up used for this paper force transducers were
incorporated, an exact transmissibility matrix can be determined as a refer-
ence.

It will be shown in section 4 that the proposed measurement procedure
with hammer excitation yields better estimates of the transmissibilities as
compared to the OTPA method. However, before considering the experi-
mental application in section 4, a method to assess the number of significant
transmission paths will be discussed in the next section.

3. Singular value decomposition as a means to identify the number
of significant transmission paths

When identifying transfer paths by means of a transmissibility matrix
method, all sources should be accounted for by means of indicator responses
[22]. To this respect it should be remembered that matrix transmissibilities
are not system characteristics but depend on the position and number of
excitations acting on the system [13], underlining the importance of this
requirement. Defining an incorrect number of input quantities will give an
incorrect estimate of the T for the problem at hand.

A correctly defined set of indicator responses y is a vector with a dimen-
sion which is equal to the number of excitations contained in f [16]. Defining
too many indicator responses will make the matrix YY′ rank-deficient, and
thus non-inversible, whilst defining too few indicator responses will make the
matrix Φ as defined in Eq. 2 and used in Eq. 4 non-inversible. In the
first case an estimation of the transmissibility matrix by means of Eq. 7 is
impossible, whilst in the second case the transmissibility matrix T does not
exists. So in order to be able to quantify the relevant transmission paths it
is essential to use the correct number of indicator responses.

To check the correctness of the chosen number indicator responses y, it is
very useful to compute a singular value decomposition of the matrix [X′ Y′]′

as defined in Eq. 5 and 6, containing the M data sets. Indeed, denoting
[X′ Y′]′ by Z, we can write

Z =

[
X
Y

]
=

[
H
Φ

]
F (9)

It can be seen that all columns of the matrix Z are linear combinations of
the columns of matrix [H′ Φ′]′. Thus, the rank of Z is lower or equal to the
number of excitations acting on the mechanical system. If correctly defined,
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the rank of Z is equal to the number of excitations acting on the mechanical
system. The inspection of this rank from operational data can also be seen
as an indirect way of assessing the number of paths.

The matrices H, Φ and F are unknown, but if the number of assumed
excitations is n, then the rank of Z cannot be greater than n. If the rank is
greater than n a path has been omitted. Obviously, in this case the number
of assumed excitations n is too low as compared to the actual number of
physical paths. If the rank is lower than n the identification of T is not
possible.

In conclusion, performing a singular value decomposition of the response
matrix Z with M measurement data sets, allows a posterior determination
of the number of transmission paths involved.

Note that the proposed method is not a virtual source analysis method,
aiming at an identification of the number of incoherent sources exciting the
system [17, 18, 19, 23]. Instead, the proposed method is based on several
(artificial) excitation configurations, and aims at the identification of the
number of transmission paths. The former is a blind analysis of the inputs,
the latter a blind analysis of the transfer system.

The application of this concept, as well as the alternative measurement
procedure to estimate the transmissibility matrix, as presented in Section 2,
will be demonstrated for a practical test set-up in the next section.

4. Experimental application on a gear-box

In this section the proposed measurement procedure to obtain transmissi-
bilities, Th, as defined in Secion 2 is applied experimentally and its predictive
performance is compared to Tref and To to illustrate its effectiveness. In the
proposed method the structure is brought into vibration by means of a ham-
mer excitation without the need to measure the exciting forces. The result-
ing response is then used to determine the transmissibilities. Furthermore
the proposed procedure to determine the number of significant transmission
paths as presented in Section 3 will be applied in an experiment.

The organization of this section is as follows. The test set-up is dis-
cussed in section 4.1. The number and location of the indicator responses y
which are appropriate for the estimation of the transfer paths is discussed in
section 4.2 using the proposed procedure to estimate the number of signif-
icant transmission paths. In section 4.3 a reference transmissibility matrix
is determined by means of the force transducers that are incorporated in
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the test set-up. In section 4.4 transmissibility matrices are estimated in a
conventional way from operational machine vibrations and from the hammer
excitation vibrations. In this section a comparison with the reference trans-
missibility matrix is given as well. In section 4.5 the application of the thus
determined transmissibility matrices in an operational transfer path analysis
(OTPA) is given.

4.1. Test set-up

(a) Small gearbox mounted on a frame, frame standing on
a plate by means of three pins

(b) Detail showing the force
transducer integrated in the
pin and a 3D accelerometer

Figure 2: Test set-up.

The test set-up comprises a frame structure holding a set of gears driven
by an electro-motor, as shown in Figure 2(a). Figure 2(b) shows a detail of the
rigid pins, three in total, with which the frame structure is resting on a flexible
aluminum plate with a thickness of approximately 3mm. The plate is damped
by means of a piece of felt lying on the plate (note, however, that the felt is
removed when taking pictures of the set-up). In each pin, a force transducer
is mounted, which allows the transmitted force in the direction normal to
the plate to be measured. The data obtained with the force transducers will
be used for verification purposes only. 3D-Accelerometers are mounted on
the plate close to the three pins to measure the indicator responses y in the
three translation directions, i.e. normal to the plate and in the two in-plane
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directions. In addition another three 1D-accelerometers are mounted on the
plate to measure the vibrations of the plate in normal direction, being the
target responses x. One of the accelerometers to measure the target response
can be seen in Figure 2(a).

4.2. Identification of the number of transfer paths by means of singular value
decomposition

The first and most crucial choice that needs to be made is the selection
of the number and the position of the indicator responses y which are ap-
propriate for the estimation of the transfer paths. It was decided to use
accelerometer transducers only, no acoustic transducers. The validity of this
choice, and the number and position of the accelerometers, can be checked
by means of a singular value decomposition of the response matrix Z (defined
by Eq. 9), as discussed in Section 3. Two types of response matrices Z were
obtained, i.e. by means of a conventional operational measurement and by
means of a hammer excitation. The matrices will be denoted by Zo and Zh,
respectively.

In the test set-up three 3D-accelerometers are used on the plate, near the
rigid pins, yielding 9 reference signals. As target responses the accelerations
in normal direction of the plate at 3 arbitrary positions were taken. Collecting
all the operational data of 15 different motor speeds in a response matrix Zo,
keeping all PCA-eigenvectors (PCA=principal component analysis, see for
instance [23]) extracted from each operating point, and 15 different responses
to hammer excitation in a response matrix Zh, a singular value decomposition
of both matrices was determined.

To determine the significance of the acoustic path, which was not ac-
counted for in this set-up, yet another experiment was conducted in which
the machine was lifted about 1 cm. In this situation the machine is not in
mechanical contact with the plate, which leaves the acoustic path as the only
possible way to excite the plate structure. The singular values corresponding
to the measurement data sets thus obtained during operation of the machine,
using the same indicator responses and target vibro-acoustic responses of the
plate, can be used to assess the magnitude of the acoustic path in relation
to the mechanical transmission paths. The most significant singular values
of this configuration are denoted by svlifted.

Figure 3 and Figure 4 show the normalized singular values of the matrices
Zo and Zh, respectively. Figure 3 shows svlifted as well (thick black line).
Normalization is done relative to the sum of the singular values at each
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Figure 3: The first 9 normalized singular values of matrix Zo (without PCA denoising)
and svlifted (thick black line).

frequency bin. As we have 9 indicator responses (XYZ responses at the
three pins) and 3 target responses, 12 singular values were computed at each
frequency. In Figure 3 and Figure 4 only the first 9 singular values are shown
for clarity.

From Figure 3 it can be seen that three to six singular values are above
svlifted, depending upon frequency. These singular values must all corre-
spond to structural transmission paths because svlifted corresponds to the
most significant acoustic transmission path. Comparing Figure 3 with Fig-
ure 4 it can be seen that the ratio between the third and the fourth singular
values is larger for Zh than for Zo, meaning that during hammer excitation is
was more easy to generate linearly independent excitations for the three most
dominant transmission paths, exciting less the other non-dominant paths.
Using engineering judgement, the first three dominant transmission paths
are likely to correspond to the vibration paths of the three pins in normal
direction to the plate. The fourth and higher singular values are likely to
correspond to tangential paths, i.e. transmission paths in which the tangen-
tial motion of the plate is involved. These paths are particularly affected by
the bending modes of rods, causing peaks in the singular values (e.g. at 380
Hz).

In conclusion, in the low frequency range up to approximately 650 Hz
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Figure 4: The first 9 normalized singular values of matrix Zh.

three structural transmission paths are most dominant. At this frequency
and below this frequency the ratio between the third and the fourth singular
values is more than a factor 6 (for Zh), expect for a few specific frequencies
like 380 Hz. These three transmission paths are likely to correspond to
vibrations at the connection points in normal direction of the plate. At
higher frequencies more transmission paths seem to be involved, although the
three mentioned paths remain the most important transmission paths, which
can especially be seen from Figure 4. Because of this, three accelerometers
near the connection points that measure the vibration of the plate in normal
direction is sufficient for this application.

Furthermore, it can be stated that a unique, and also a practically useful
transmissibility matrix can be defined for this case between the three vibra-
tions of the pin in the direction normal to the plate and some arbitrarily
defined points on the passive part of the system, as the number of references
equals the number of forces (ref. Eq. 4).

A PCA is performed [23] to retain the first three principal components
only, using only the accelerations near the three pins in normal direction as
the indicator responses. This is justified as in each separate measurement
data set the number of principal components we are interested in from a
physical point of view can never exceed three and because we are interested
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in the transmission paths in normal direction only. The PCA procedure
effectively suppresses the other structural and acoustic transmission paths
as well as the noise components as good as possible. The resulting response
matrix Z consists of 15*3 = 45 columns (15 operating conditions, 3 principal
components). Its singular values are shown in Figure 5. It can be seen that,
as compared to Figure 3 the first three singular values are not noticeably
affected, whilst the higher singular values (SV4 and above) are significantly
reduced.
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Figure 5: Normalized singular values of matrix Zo (with PCA denoising, using 3 input
channels in normal direction, retaining 3 PC’s) and svlifted (thick black line).

4.3. Estimation of the reference transmissibility matrix

It was concluded in the previous section that a unique, and also a practi-
cally useful transmissibility matrix can be defined between the three vibra-
tions of the pin in the direction normal to the plate and some arbitrarily
defined points on the passive part of the system, as the number of refer-
ences equals the number of forces (ref. Eq. 4). To compare the measured
transmissibilities bfTo and bfTh a reference transmissibility matrix bfTref

will be determined. The reference transmissibilities Tref will be determined
by means of Eq. 4, thus requiring the knowledge of the transfer matrices H
and Φ.
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The transfer functions H and Φ are determined by means of the force
transducers mounted in the three pins. Whilst hitting the active part of
the structure (the frame structure, as shown in Figure 2(a)) with a non-
instrumented hammer at M = 15 several positions in vertical and horizon-
tal directions, both the acceleration response of the plate structure and the
forces in the three pins were measured simultaneously, taking the phase of
one accelerometer as a reference. The accelerations at different operational
conditions (i.e. the 15 hits with the hammer) at the target points are col-
lected in a matrix X consisting of columns with acceleration data. In a
similar manner the accelerations at different operational conditions at the
indicator points are collected in a matrix Y, and the forces measured in the
three pins in a matrix F. The matrices X,Y and F all consists of M columns
with data. In a similar manner as in Eq. 7, and referring to definitions Eq.
1 and Eq. 2, we can now write:

H = XF′(FF′)−1 = XF+ (10)

and

Φ = YF′(FF′)−1 = YF+ (11)

The expressions in Eq. 10 and Eq. 11 give matrix H1 estimates. With
the transfer function matrices thus estimated, the reference transmissibili-
ties Tref can be determined, using Eq. 4 in combination with the transfer
function estimates as given by Eq. 10 and Eq. 11.

It should be noted that the determination of the transferfunctions H and
Φ as described above takes into account the effect of pre-stress of the plate
structure due to the loading of the gearbox weight. Removing the gearbox
and then measuring the transferfunctions by means standard measurement
techniques (instrumented hammer, accelerometer) will result in erroneous
transferfunctions due to mentioned effect.

4.4. Estimation of transmissibility matrices

With the machine standing on the plate, operational measurements were
performed for 15 operational conditions, using different motor speeds. The
measurement data was obtained using 39 averages, using a Hanning time
window, with 50% overlap, and a spectral resolution of 1 Hz. The transmis-
sibility matrix To between the indicator responses y and the target responses
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x is estimated by means of operational input data, employing Eq. 8. These
measurements typically took one to two hours.

Alternatively, the frame structure, being the active part of the system, is
externally excited by means of a hammer excitation at 15 different positions,
obtaining 15 measurement data sets, the same number of data sets as used
for To. At 7 positions the frame (see Figure 2(a)) was excited in vertical
direction and at 8 positions the frame was excited in horizontal direction,
equally distributed around the circumference. The electro motor was not in
operation. With the vibrations thus induced the transmissibility matrix Th

between y and x is estimated by means of Eq. 8 also, now using hammer
forced vibration data. These measurements typically took a few minutes,
which is much less demanding as compared to the operational measurements.

Estimates of the transmissibility matrix using both approaches are com-
pared with the reference transmissibility matrix as discussed in the previous
section. Figure 6 shows a typical transmissibility matrix estimate from the
out-of-plane acceleration of the plate near a pin to the out-of-plane acceler-
ation of the plate at a target position. It can be seen that, as compared to
To, Th corresponds significantly better to Tref .
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Figure 6: One element of the transmissibility matrix estimate. Solid blue line: Tref ,
dashed red line: To, dotted green line: Th.

Figure 7 shows the global error in the estimation of the transmissibilities,
which is defined as
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||T−Tref || / ||Tref || (12)

where T is the transmissibility matrix estimate, either To or Th, and
Tref is the reference transmissibility matrix. By means of ||x|| the L2 norm
of x is denoted. It can be seen from Figure 7 that Th estimates the ref-
erence transmissibility matrix much more better than To, the errors being
approximately one order smaller, or the same, depending upon frequency.
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Figure 7: Transmissibility matrix errors, as defined by Eq. 12. Solid blue line:
||To −Tref || / ||Tref ||, dashed green line: ||Th −Tref || / ||Tref ||.

The reason that the Th transmissibility matrix estimates are much bet-
ter is because the structure is excited by hammer strokes which are largely
independent from each other. In the conventional OTPA, yielding To, it is
often difficult to obtain linearly independent operational deflection shapes
even with strongly different operating conditions (i.e. at different speeds of
the electro motor). This generates difficulties with the inversion of the matrix
Y in Eq. 7, causing inaccurate estimates of the transmissibility matrix.

4.5. Operational transfer path analysis

Whilst the singular value decomposition of the response matrix Z as de-
scribed in section 4.2 reveals the number of significant transfer paths, the
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ranking of the individual transfer paths is a task of a transfer path analy-
sis method. In this section the individual contributions of the transmission
paths at the three pins in normal direction to the plate are estimated quan-
titatively, employing the transmissibility matrix estimates as discussed in
section 4.4. Estimates of the three transmission paths are obtained with
conventional OTPA and hammer OTPA. Because in the measurement set-
up we measured the forces in normal direction at the three connection points
as well, we can determine the actual contribution of each path directly, with-
out the need of any matrix inversion. Both OTPA methods are compared
with these actual contributions.

The individual contributions of the three connection points in normal
direction can easily be calculated by rewriting Eq. 1 as

x(j)(i) = H(i, j)f(j) (13)

or, in terms of autopower spectra:

S(j)
xx(i, i) = |H(i, j)|2 Sff (j, j) (14)

where S
(j)
xx(i, i) is the autopower spectrum at target point i, due to path

j, Sff (j, j) is the autopower spectrum of the force measured at path j, and
H(i, j) is element (i, j) of transfer function matrix H.

For OTPA the procedure is as follows. From the definition of the trans-
missibility matrix T, given by Eq. 3, the following expression can be derived
to calculate the cross-spectral matrix Sxx of the target responses from the
cross-spectral matrix Syy of the indicator responses:

Sxx = TSyyT
′ (15)

The partial contributions of the vibrational sources near the indicator
points y to the vibration level at the target points x can be determined by

S(j)
xx(i, i) = |T(i, j)|2 Syy(j, j) (16)

where Syy(j, j) is the autopower spectrum at response point j, and T(i, j)
is element (i, j) of transmissibility matrix T. Note the similarity of this
expression with Eq. 14.

Before considering the partial contributions, we will first look at the re-
sponse at the target points due to all transmission paths simultaneously.
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Figure 8: Reconstruction of the average level of the three target accelerations. Solid black
line: measured data, dashed green line: using H and Sff , dash-dotted blue line: using To

and Syy, dotted red line: using Th and Syy.

Though it is not a sufficient validation check, the reconstructions should ob-
viously be able to give a good representation of the total response. Figure
8 shows the level of vibration of all three target accelerations, averaged in
terms of the vibrational energy. Both the directly measured acceleration data
and its reconstruction using four methods are shown, i.e. direct force mea-
surement (employing Eq. 1, the measured forces and the measured transfer
function to reconstruct the response), conventional OTPA and hammer ex-
citation OTPA. It is clear that all reconstructions are able to predict the
average level of the three target accelerations.

The partial contributions of each path, as predicted by the direct method
that employs the measured forces, are drawn in Figure 9 together with the
measured global response in terms of 1/24th octave bands from 500 Hz till
1500 Hz. It can be noted that at some frequencies below 750 Hz, partial
contributions can be greater than the global reconstruction, of up to 10 dB
around 600Hz. This can be explained by a strong coupling between the active
and passive parts of the system, caused by the eigenmodes of the structure.

The partial contributions of each path, as predicted by conventional
OTPA are shown in Figure 10 in terms of 1/24th octave bands from 500
Hz till 1500 Hz. This figure shows that the conventional OTPA method fails
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Figure 9: Reconstruction of the individual paths based on force measurements at interface,
1/24th octaves. Solid black line: Measured Sxx. Dashed purple line: Using H and Sff ,
path 1. Dash-dotted red line: Using H and Sff , path 2. Dotted magenta line: Using H
and Sff , path 3.

to predict the significant peaks at 600 Hz for path 1 and path 3. However,
this is not unexpected, as at such frequency there is a significant coupling
between the transmission paths, which is difficult for an OTPA method to
cope with [1]. At frequencies where there is only one path dominant, the
OTPA method is partly able to predict the relevant transmission paths. In
Figure 10 two of those frequency regions can be identified; at approximately
900 Hz and at approximately 1300 Hz. But the quality of the estimate is not
very good.

The partial contributions of each path, as predicted by hammer opera-
tional OTPA, again in terms of 1/24th octave bands, are shown in Figure 11.
Also here the method is unable to predict the strong interactions at 600 Hz.
At frequencies where there is only one path dominant, e.g. at approximately
900 Hz and at approximately 1300 Hz, the quality of the estimation is better
as compared to the conventional OTPA method. It is important to note
that, even with a correctly estimated transmissibility matrix, the separation
results are incorrect at most frequencies, with some exceptions at the men-
tioned frequencies. However, at frequencies where only one path is dominant,
the prediction by means of OTPA (hammer or operational) is useful from an
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Figure 10: Reconstruction of the individual paths by means of conventional OTPA, 1/24th

octaves. Solid black line: Measured Sxx. Dashed purple line: Using To and Syy, path
1. Dash-dotted red line: Using To and Syy, path 2. Dotted magenta line: Using To and
Syy, path 3.

engineering point of view.

5. Conclusion

A measurement procedure was proposed to estimate the transmissibility
matrix, using an artificial, external excitation. It was shown that this pro-
cedure gives more accurate estimates of the transmissibility matrix, as com-
pared to the conventional one using machine operational vibrations (OTPA).
The reason for this is that during external excitation, e.g. by means of
an (non-instrumented) hammer, the structure is excited by hammer strokes
which are largely independent from each other. In the conventional ap-
proach it is often difficult to obtain linearly independent operational deflec-
tion shapes even with strongly different operating conditions. This depen-
dency generates difficulties during the matrix inversion, required to estimate
the transmissibility matrix, causing inaccuracies in the transmissibility ma-
trix estimates. The proposed measurement procedure does not have this
problem,

Moreover, the experimental effort which is required is also less as com-
pared to OTPA. The proposed method requires less artificial excitation ex-
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Figure 11: Reconstruction of the individual paths by means of hammer operational OTPA,
1/24th octaves. Solid black line: Measured Sxx. Dashed purple line: Using Th and Syy,
path 1. Dash-dotted red line: Using Th and Syy, path 2. Dotted magenta line: Using Th

and Syy, path 3.

periments, as compared to the number of operational conditions required for
OTPA, again because of the fact that the responses of hammer strokes at
well chosen locations are largely independent from each other.

As compared to traditional TPA the proposed method has the advantage
in that it is not required to remove the vibration source which saves significant
efforts.

In addition, a method is presented to identify the number of transfer
paths during operation. The method is based upon a singular value decom-
position of the response matrix. Using this approach, the number of most
significant transfer paths can be estimated based on the normalized singular
value distribution.

The proposed procedures are applied to a small gear-box test setup to
estimate the number of significant transmission paths. Transmissibility ma-
trices were estimated in a conventional way from operational machine vibra-
tions and from hammer excitation vibrations. The conventional approach to
estimate the transmissibility matrix typically took one to two hours, whilst
the proposed procedure required only a few minutes, illustrating the reduced
experimental efforts.
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For the specific test set-up at hand it was possible to estimate the trans-
missibility matrix rather precisely due to the inclusion of force transducers in
the transmission paths, allowing to take the effect of pre-stress of the struc-
ture under the load of the gearbox into account. Using this transmissibility
matrix as a reference, it was concluded that the errors in the transmissibility
matrix estimates using hammer excitation were about one order of magnitude
smaller than the transmissibility matrix estimates using operational machine
vibrations, at relatively low experimental costs.

The application of OTPA to rank the individual transfer paths, however,
were not very satisfying using either the conventional way or the proposed
hammer excited transmissibility matrix estimate. It is important to note
that, even with a correctly estimated transmissibility matrix, the ranking of
the transmission paths can be incorrect. At frequencies where only one path
is dominant, OTPA gives accurate results.
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