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THE CANONICAL DECOMPOSITION OF CN
D AND NUMERICAL

GRÖBNER AND BORDER BASES∗

KIM BATSELIER† , PHILIPPE DREESEN† , AND BART DE MOOR†

Abstract. This article introduces the canonical decomposition of the vector space of multivariate
polynomials for a given monomial ordering. Its importance lies in solving multivariate polynomial
systems, computing Gröbner bases, and solving the ideal membership problem. An SVD-based
algorithm is presented that numerically computes the canonical decomposition. It is then shown
how, by introducing the notion of divisibility into this algorithm, a numerical Gröbner basis can also
be computed. In addition, we demonstrate how the canonical decomposition can be used to decide
whether the affine solution set of a multivariate polynomial system is zero-dimensional and to solve
the ideal membership problem numerically. The SVD-based canonical decomposition algorithm is
also extended to numerically compute border bases. A tolerance for each of the algorithms is derived
using perturbation theory of principal angles. This derivation shows that the condition number of
computing the canonical decomposition and numerical Gröbner basis is essentially the condition
number of the Macaulay matrix. Numerical experiments with both exact and noisy coefficients are
presented and discussed.
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1. Introduction. Multivariate polynomials appear in a myriad of applications
[10, 12, 15, 43]. Often in these applications, the problem that needs to be solved is
equivalent with finding the roots of a system of multivariate polynomials. With the
advent of the Gröbner basis and Buchberger’s algorithm [11], symbolic methods be-
came an important tool for solving polynomial systems. These are studied in a branch
of mathematics called computational algebraic geometry [14, 15]. Other methods to
solve multivariate polynomial systems use resultants [18, 25, 49] or homotopy continu-
ation [2, 38, 53]. Computational algebraic geometry, however, lacks a strong focus to-
ward numerical methods, and symbolic methods have inherent difficulties dealing with
noisy data. Hence, there is a need for numerically stable algorithms to cope with these
issues. The domain of numerical linear algebra has this focus, and numerical stable
methods have been developed in this framework to solve problems involving univari-
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ate polynomials. For example, computing approximate GCDs of two polynomials has
been extensively studied with different approaches [6, 13, 19, 57]. An interesting ob-
servation is that the matrices involved are in most cases structured and sparse. Some
research therefore focuses on how methods can exploit this structure [5, 8, 40, 44].
Contrary to the univariate case, the use of numerical linear algebra methods for prob-
lems involving multivariate polynomials is not so widespread [9, 25, 55, 56]. It is the
goal of this article to bridge this gap by introducing concepts from algebraic geometry
in the setting of numerical linear algebra. The main contribution of this article is the
introduction of this canonical decomposition, together with an SVD-based algorithm
to compute this decomposition numerically. Furthermore, we show in this article how
the canonical decomposition is central in solving the ideal membership problem, the
numerical computation of a Gröbner order border basis, and the determination of the
number of affine solutions of a multivariate polynomial system. Finally, we derive the
condition number for computing the canonical decomposition and show that it is basi-
cally the condition number of the Macaulay matrix. All algorithms are illustrated with
numerical examples. To our knowledge, no SVD-based method to compute a Gröbner
basis has been proposed yet. The canonical decomposition, Gröbner basis, and border
bases are the result of two consecutive SVDs and are hence computed in a numerically
backward stable manner. The effect of noise on the coefficients of the polynomials is
also considered in these examples. All algorithms were implemented as a MATLAB
[45]/Octave [17] polynomial numerical linear algebra (PNLA) package and are freely
available from https://github.com/kbatseli/PNLA MATLAB OCTAVE. All numeri-
cal experiments were performed on a 2.66 GHz quad-core desktop computer with 8
GB RAM using Octave and took around 3 seconds or less to complete.

The outline of this article is as follows. First, some necessary notation is intro-
duced in section 2. In section 3, the Macaulay matrix is defined. An interpretation
of its row space is given that naturally leads to the ideal membership problem. The
rank of the Macaulay matrix results in the canonical decomposition described in sec-
tion 4. An algorithm is described to compute this decomposition, and numerical
experiments are given. Both cases of exact and inexact coefficients are investigated.
The notion of divisibility is introduced into the canonical decomposition in section 5.
This leads to some important applications: a condition for the zero-dimensionality of
the solution set of a monomial system and the total number of affine roots can be
computed. Another important application is the computation of a numerical Gröbner
basis, described in section 6. This problem has already received some attention for
the cases of both exact and inexact coefficients [29, 41, 42, 46, 47, 48, 52]. Exact co-
efficients refer to the case that they are known with infinite precision. The results for
monomial systems are then extended to general polynomial systems. In section 7, the
ideal membership problem is solved by applying the insights of the previous sections.
Numerical Gröbner bases suffer from the representation singularity. This is addressed
in section 8, where we introduce border prebases and an algorithm to numerically
compute them. Finally, some conclusions are given.

2. Vector space of multivariate polynomials. In this section we define some
notation. The vector space of all multivariate polynomials over n variables up to
degree d over C will be denoted by Cnd . Consequently, the polynomial ring is denoted
by Cn. A canonical basis for this vector space consists of all monomials from degree
0 up to d. A monomial xa = xa1

1 . . . xan
n has a multidegree (a1, . . . , an) ∈ Nn

0 and
(total) degree |a| =

∑n
i=1 ai. The degree of a polynomial p, deg(p), then corresponds

to the highest degree of all monomials of p. It is possible to order the terms of
multivariate polynomials in different ways, and the computed canonical decomposition

https://github.com/kbatseli/PNLA_MATLAB_OCTAVE
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or Gröbner basis will depend on which ordering is used. For example, it is well-
known that a Gröbner basis with respect to the lexicographic monomial ordering
is typically more complex (more terms and of higher degree) then with respect to
the reverse lexicographic ordering [15, p. 114]. It is therefore important to specify
which ordering is used. For a formal definition of monomial orderings together with a
detailed description of some relevant orderings in computational algebraic geometry,
see [14, 15]. The monomial ordering used in this article is the graded xel ordering
[3, p. 3], which is sometimes also called the degree negative lexicographic monomial
ordering. This ordering is graded because it first compares the degrees of the two
monomials a, b and applies the xel ordering when there is a tie. The ordering is also
multiplicative, which means that if a < b, this implies that ac < bc for all c ∈ Nn

0 . The
multiplicative property will have an important consequence for the determination of
a numerical Gröbner basis as explained in section 6. A monomial ordering also allows
for a multivariate polynomial f to be represented by its coefficient vector. One simply
orders the coefficients in a row vector, graded xel ordered, in ascending degree. By
convention, a coefficient vector will always be a row vector. Depending on the context,
we will use the label f for both a polynomial and its coefficient vector. (.)T will denote
the transpose of the matrix or vector (.).

3. Macaulay matrix. In this section we introduce the main object of this arti-
cle, the Macaulay matrix. Its row space is linked to the concept of an ideal in algebraic
geometry, and this leads to the ideal membership problem.

Definition 3.1. Given a set of polynomials, f1, . . . , fs ∈ Cn of degree d1, . . . , ds,
respectively. The Macaulay matrix of degree d ≥ max(d1, . . . , ds) is the matrix con-
taining the coefficients of

(3.1) M(d) =
(
fT
1 x1f

T
1 . . . xd−d1

n fT
1 fT

2 x1f
T
2 . . . xd−ds

n fT
s

)T
as its rows, where each polynomial fi is multiplied with all monomials from degree 0
up to d− di for all i = 1, . . . , s.

When constructing the Macaulay matrix, it is more practical to start with the
coefficient vectors of the original polynomial system f1, . . . , fs after which all the
rows corresponding to multiplied polynomials xa fi up to a degree max(d1, . . . , ds)
are added. Then one can add the coefficient vectors of all polynomials xa fi of one
degree higher and so forth until the desired degree d is obtained. This is illustrated
in the following example.

Example 3.1. For the following polynomial system in C22{
f1 : x1x2 − 2x2 = 0,
f2 : x2 − 3 = 0,

we have that max(d1, d2) = 2. The Macaulay matrix M(3) is then

M(3) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 x1 x2 x2
1 x1x2 x2

2 x3
1 x2

1x2 x1x
2
2 x3

2

f1 0 0 −2 0 1 0 0 0 0 0
f2 −3 0 1 0 0 0 0 0 0 0
x1 f2 0 −3 0 0 1 0 0 0 0 0
x2 f2 0 0 −3 0 0 1 0 0 0 0
x1f1 0 0 0 0 −2 0 0 1 0 0
x2f1 0 0 0 0 0 −2 0 0 1 0
x2
1 f2 0 0 0 −3 0 0 0 1 0 0

x1x2 f2 0 0 0 0 −3 0 0 0 1 0
x2
2 f2 0 0 0 0 0 −3 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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The first two rows correspond with the coefficient vectors of f1, f2. Since max(d1, d2) =
2 and d2 = 1, the next two rows correspond to the coefficient vectors of x1f2 and x2f2
of degree two. Notice that these first four rows make up M(2) when the columns are
limited to all monomials of degree zero up to two. The next rows that are added are
the coefficient vectors of x1f1, x2f1 and x2

1f2, x1x2f2, x
2
2f2, which are all polynomials

of degree three.
The Macaulay matrix depends explicitly on the degree d for which it is defined,

hence the notation M(d). It was Macaulay who introduced this matrix, drawing
from earlier work by Sylvester [51], in his work on elimination theory, resultants, and
solving multivariate polynomial systems [35, 36]. For a degree d, the number of rows
p(d) of M(d) is given by the polynomial

(3.2) p(d) =

s∑
i=1

(
d− di + n

n

)
=

s

n!
dn +O(dn−1)

and the number of columns q(d) by

(3.3) q(d) =

(
d+ n

n

)
=

1

n!
dn +O(dn−1).

From these two expressions it is clear that the number of rows will grow faster than
the number of columns as soon as s > 1. Since the total number of monomials
in n variables from degree 0 up to degree d is given by q(d), it also follows that
dim(Cnd ) = q(d). We denote the rank of M(d) by r(d) and the dimension of its right
null space by c(d).

3.1. Row space of the Macaulay matrix. Before defining the canonical de-
composition, we first need to interpret the row space of M(d). The row space of M(d),
denoted byMd, describes all n-variate polynomials

(3.4) Md =

{
s∑

i=1

hi fi : hi ∈ Cnd−di
(i = 1, . . . , s)

}
.

This is closely related to the following concept of algebraic geometry.
Definition 3.2. Let f1, . . . , fs ∈ Cnd . Then we set

(3.5) 〈f1, . . . , fs〉 =
{

s∑
i=1

hifi : h1, . . . , hs ∈ Cn
}

and call it the ideal generated by f1, . . . , fs.
The ideal hence contains all polynomial combinations (3.4) without any con-

straints on the degrees of h1, . . . , hs. In addition, an ideal is called zero-dimensional
when the solution set of f1, . . . , fs is finite. We will denote the set of all polynomials of
the ideal 〈f1, . . . , fs〉 with a degree from 0 up to d by 〈f1, . . . , fs〉d. It is now tempting
to interpret Md as 〈f1, . . . , fs〉d, but this is not necessarily the case. Md does not
in general contain all polynomials of degree d that can be written as a polynomial
combination (3.4).

Example 3.2. Consider the following polynomial system in C34 :⎧⎪⎨
⎪⎩
−9 − x2

2 − x2
3 − 3 x2

2x
2
3 + 8 x2x3 = 0,

−9 − x2
3 − x2

1 − 3 x2
1x

2
3 + 8 x1x3 = 0,

−9 − x2
1 − x2

2 − 3 x2
1x

2
2 + 8 x1x2 = 0.
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The polynomial p = 867 x5
1 − 1560 x3 x2 x1 − 2312 x2

2 x1 + 1560 x3 x
2
1 + 2104 x2 x

2
1 −

1526 x3
1 + 4896 x2 − 2295 x1 of degree five is not an element of M5. This can eas-

ily be verified by a rank test: append the coefficient vector of p to M(5) and the
rank increases by one, which means that p does not lie in M5. However, p ∈ M11,
which implies that a polynomial combination of degree eleven is necessary in order to
construct p. In doing so, all terms of degrees six up to eleven cancel one another.

Hence, the reason that not all polynomials of degree d lie in Md is that it is
possible that a polynomial combination of a degree higher than d is required. This is
due to the polynomial system having roots at infinity. The problem of determining
whether a given multivariate polynomial p lies in the ideal 〈f1, . . . , fs〉 generated
by given polynomials f1, . . . , fs is called the ideal membership problem in algebraic
geometry.

Problem 3.1. Let p, f1, . . . , fs ∈ Cn, and then decide whether p ∈ 〈f1, . . . , fs〉.
Example 3.2 indicates that Problem 3.1 could be solved using numerical linear

algebra: one could append the coefficient vector of p as an extra row to the Macaulay
matrix M(d) and do a rank test for increasing degrees d. The two most common
numerical methods for rank determination are the SVD and the rank-revealing QR
decomposition. The SVD is the most robust way of determining the numerical rank
of a matrix and is therefore the method of choice in this article. As Example 3.2 also
has shown, the algorithm requires a stop condition on the degree d for which M(d)
should be constructed. We can therefore restate Problem 3.1 in the following way.

Problem 3.2. Find the degree dI such that the ideal membership problem can be
decided by checking whether

rank

((
M(dI)

p

))
= rank ( M(dI) )

holds.
Problem 3.2 is related to finding the ideal membership degree bound. The ideal

membership degree bound I is the least value such that for all polynomials f1, . . . , fs
whenever p ∈ 〈f1, . . . , fs〉, and then

p =

s∑
i=1

hi fi hi ∈ Cn, deg(hi fi) ≤ I + deg(p).

Upper bounds are available on the ideal membership degree bound I. They are for
the general case tight and doubly exponential [33, 37, 54], which renders them useless
for most practical purposes. In section 7 it will be shown how Problem 3.1 can be
solved numerically for zero-dimensional ideals without the need of constructing M(d)
for the doubly exponential upper bound on I.

There is a different interpretation of the row space of M(d) such that all poly-
nomials of degree d are contained in it. This requires homogeneous polynomials. A
polynomial of degree d is homogeneous when every term is of degree d. A nonhomo-
geneous polynomial can easily be made homogeneous by introducing an extra variable
x0.

Definition 3.3 (see [15, p. 373]). Let f ∈ Cnd of degree d, and then its homog-
enization fh ∈ Cn+1

d is the polynomial obtained by multiplying each term of f with a
power of x0 such that its degree becomes d.

Example 3.3. Let f = x2
1 + 9x3 − 5 ∈ C32 . Then its homogenization is fh =

x2
1 + 9x0x3 − 5x2

0, where each term is now of degree 2.



CANONICAL DECOMPOSITION 1247

The ring of all homogeneous polynomials in n + 1 variables will be denoted Pn

and likewise the vector space of all homogeneous polynomials in n + 1 variables of
degree d by Pn

d . This vector space is spanned by all monomials in n+ 1 variables of

degree d and hence dim (Pn
d ) =

(
d+n
n

)
, which equals the number of columns of M(d).

This is no coincidence; given a set of nonhomogeneous polynomials f1, . . . , fs we can
also interpretMd as the vector space

(3.6) Md =

{
s∑

i=1

hi f
h
i : hi ∈ Pn

d−di
(i = 1, . . . , s)

}
,

where the fh
i ’s are f1, . . . , fs homogenized and the hi’s are also homogeneous. The

corresponding homogeneous ideal is denoted by 〈fh
1 , . . . , f

h
s 〉. The homogeneity en-

sures that the effect of higher order terms cancelling one another as in Example 3.2
does not occur. This guarantees that all homogeneous polynomials of degree d are
contained inMd. Or, in other words,Md = 〈fh

1 , . . . , f
h
s 〉d, where 〈fh

1 , . . . , f
h
s 〉d is the

set of all homogeneous polynomials of degree d contained in the homogeneous ideal
〈fh

1 , . . . , f
h
s 〉. The homogenization of f1, . . . , fs typically introduces extra roots that

satisfy x0 = 0 and at least one xi �= 0 (i = 1, . . . , s). They are called roots at infinity.
Affine roots can then be defined as the roots for which x0 = 1. All nontrivial roots of
fh
1 , . . . , f

h
s are called projective roots. We revisit Example 3.1 to illustrate this point.

Example 3.4. The homogenization of the polynomial system in Example 3.1 is{
fh
1 : x1x2 − 2x2x0 = 0,

fh
2 : x2 − 3x0 = 0.

All homogeneous polynomials
∑2

i=1 hi f
h
i of degree three belong to the row space

of M(3) from Example 3.1. The nonhomogeneous polynomial system had only 1
root = {(2, 3)}. After homogenization, the resulting polynomial system fh

1 , f
h
2 has 2

nontrivial roots = {(1, 2, 3), (0, 1, 0)}.
The homogeneous interpretation is in effect nothing but a relabelling of the

columns and rows of M(d). The fact that all homogeneous polynomials of degree
d are contained in Md simplifies the ideal membership problem for a homogeneous
polynomial to a single rank test.

Theorem 3.4. Let f1, . . . , fs ∈ Cn and p ∈ Pn
d . Then p ∈ 〈fh

1 , . . . , f
h
s 〉 if and

only if

(3.7) rank

((
M(d)
p

))
= rank( M(d) ).

4. The canonical decomposition of Cn
d . First, the canonical decomposition is

defined and illustrated with an example. Then, the SVD-based algorithm to numeri-
cally compute the canonical decomposition is presented. This is followed by a detailed
discussion on numerical aspects, which are illustrated by worked-out examples.

4.1. Definition. The interpretation of the row space immediately results in a
similar interpretation for the rank r(d) of M(d). Evidently, the rank r(d) counts the
number of linearly independent polynomials lying in Md. More interestingly, the
rank also counts the number of linearly independent leading monomials ofMd. This
is easily seen from bringing the Macaulay matrix M(d) into a reduced row echelon
form R(d). In order for the linearly independent monomials to be leading monomials,
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a column permutation Q is required which flips all columns from left to right. Then
the Gauss–Jordan elimination algorithm can be run, working from left to right. The
reduced row echelon form then ensures that each pivot element corresponds with a
linearly independent leading monomial. We illustrate this procedure in the following
example.

Example 4.1. Consider the polynomial system{
f1 : x1 x2 − 2x2 = 0,
f2 : x2 − 3 = 0

and fix the degree to 3. First, the left-to-right column permutation Q is applied to
M(3). Bringing M(3)Q into reduced row echelon form results in

R(3) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x3
2 x1x

2
2 x2

1x2 x3
1 x2

2 x1x2 x2
1 x2 x1 1

1 0 0 0 0 0 0 0 0 −27
0 1 0 0 0 0 0 0 0 −18
0 0 1 0 0 0 0 0 0 −12
0 0 0 0 1 0 0 0 0 −9
0 0 0 0 0 1 0 0 0 −6
0 0 0 0 0 0 1 0 0 −4
0 0 0 0 0 0 0 1 0 −3
0 0 0 0 0 0 0 0 1 −2
0 0 0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

From the reduced row echelon form one can see that the rank of M(3) is 8. Notice
how the left-to-right permutation ensured that the eight pivot elements, corresponding
with the monomials {x1, x2, x

2
1, x1x2, x

2
2, x

2
1x2, x1x

2
2, x

3
2}, are leading monomials with

respect to the monomial ordering. The Gauss–Jordan algorithm returns a set of eight
polynomials that all together span M3. In addition, for each of these polynomials,
its leading monomial corresponds with a particular pivot element of R(3).

The r(d) polynomials that can be read off from R(d) spanMd, and we will show
how for a particular degree a subset of these polynomials corresponds with a reduced
Gröbner basis. Interpreting the rank r(d) in terms of linearly independent leading
monomials naturally leads to a canonical decomposition of Cnd . The vector space
spanned by the r(d) leading monomials of R(d) will be denoted Ad. Its complement
spanned by the remaining monomials will be denoted Bd. We will call these monomials
that span Bd the normal set or standard monomials. This leads to the following
definition.

Definition 4.1. Let f1, . . . , fs be a multivariate polynomial system with a given
monomial ordering. Then we define the canonical decomposition as the decomposition
of the monomial basis of Cnd into a set of linearly independent leading monomials A(d)
and standard monomials B(d).

Naturally, Cnd = Ad ⊕ Bd and dim Ad = r(d), dim Bd = c(d). Observe that the
monomial bases for Ad and Bd also have a homogeneous interpretation.

Example 4.2. For the polynomial system of Example 4.1 and degree 3 the canoni-
cal decomposition is A(3) = {x1, x2, x

2
1, x1x2, x

2
2, x

2
1x2, x1x

2
2, x

3
2}, and B(3) = {1, x3

1}.
If ei denotes the ith canonical basis column vector, then these monomial bases are in
matrix form

A(3) =
(
e2 e3 e4 e5 e6 e8 e9 e10

)T
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and

B(3) =
(
e1 e7

)T
.

For the sake of readability the notation for A(d) and B(d) is used for both the set
of monomials and the matrices, as in Example 4.2. The dependence of the canonical
decomposition on the monomial ordering is easily understood from Example 4.1. A
different admissible monomial ordering would correspond with a different column
permutation Q, and this would result in different monomial bases A(3) and B(3).

The importance of this canonical decomposition is twofold. As will be shown
in section 6, the linearly independent monomials A(d) play an important role in the
computation of a Gröbner basis of f1, . . . , fs. The normal set B(d) is intimately linked
with the problem of finding the roots of the polynomial system f1, . . . , fs. Indeed, it is
well-known that for a polynomial system fh

1 , . . . , f
h
s with a finite number of projective

roots, the quotient space Pn
d /〈fh

1 , . . . , f
h
s 〉d is a finite-dimensional vector space [14, 15].

The dimension of this vector space equals the total number of projective roots of
fh
1 , . . . , f

h
s , counting multiplicities, for a large enough degree d. From the rank-nullity

theorem, it then follows that

c(d) = q(d)− rank (M(d) ),

= dim Pn
d − dim 〈fh

1 , . . . , f
h
s 〉d,

= dim Pn
d /〈fh

1 , . . . , f
h
s 〉d,

= dim Bd.

This function c(d) that counts the number of homogeneous standard monomials of
degree d is called the Hilbert function. This leads to the following theorem.

Theorem 4.2. For a zero-dimensional ideal 〈fh
1 , . . . , f

h
s 〉 with m projective roots

(counting multiplicities) there exists a degree dc such that c(d) = m (for all d ≥ dc).
Furthermore, m = d1 · · · ds according to Bézout’s theorem [14, p. 97] when s = n.

This effectively links the degrees of the polynomials f1, . . . , fs to the nullity of the
Macaulay matrix. The roots can be retrieved from a generalized eigenvalue problem
as discussed in [1, 49, 50]. The monomials A(d) also tell us how large the degree d
of M(d) then should be to construct these eigenvalue problems, as demonstrated in
section 8. Another interesting result is that if the nullity c(d) never converges to a
fixed number m, then it will grow polynomially. The degree of this polynomial c(d)
then equals the dimension of the projective solution set [15, p. 463].

It is commonly known that bringing a matrix into a reduced row echelon form is
numerically not the most reliable way of determining the rank of a matrix. In the next
section a more robust SVD-based method for computing the canonical decomposition
of Cnd and finding the polynomial basis R(d) is presented.

4.2. Numerical computation of the canonical decomposition. As men-
tioned in the previous section, the rank determination ofM(d) is the first essential step
in computing the canonical decomposition of Cnd . Bringing the matrix into reduced
row echelon form by means of a Gauss–Jordan elimination is not a robust method for
determining the rank. In addition, since the monomial ordering is fixed, no column
pivoting is allowed, which potentially results in numerical instabilities. We therefore
propose to use the SVD for which numerical backward stable algorithms exist [22]. In
addition, an orthogonal basis V1 forMd can also be retrieved from the right singular
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vectors. The next step is to find A(d), B(d) and the r(d) polynomials of R(d). The key
idea here is that each of these r(d) polynomials is spanned by the standard monomials
and one leading monomial of A(d). Suppose a subset A ⊆ A(d) and B ⊆ B(d), both
ordered in ascending order, are available. It is then possible to test whether the next
monomial larger than the largest monomial of A(d) is a linearly independent leading
monomial. We will illustrate the principle by the following example.

Example 4.3. Suppose that the subsets A = {x1, x2}, B = {1} of A(3) =
{x1, x2, x

2
1, x1x2, x

2
2, x

2
1x2, x1x

2
2, x

3
2}, B(3) = {1, x3

1} from Example 4.2 are available.
The next monomial according to the monomial ordering is x2

1. The next possible
polynomial from R(3) is then spanned by {1, x2

1}. If such a polynomial lies in M3,
then x2

1 is a linearly independent leading monomial and can be added to A. If not,
x2
1 should be added to B. This procedure can be repeated until all monomials up to

degree three have been tested. For the case of x2
1 there is indeed such a polynomial

present in R(3) as can be seen from Example 4.2: x2
1 − 4. This polynomial there-

fore lies in both the vector spacesM3 and span({1, x2
1}). Computing a basis for the

intersection betweenM3 and span({1, x2
1}) will therefore reveal whether x2

1 ∈ A(3).
Given the subsets A and B, testing whether a monomial xa ∈ A(d) corresponds

with computing the intersection betweenMd and span({B, xa}). Let

M(d) = U ΣV T

be the SVD of M(d), and then V can be partitioned into (V1 V2), where the columns
of V1 are an orthogonal basis forMd and the columns of V2 are an orthogonal basis
for the kernel of M(d). If E denotes the matrix for which the rows are a canonical
basis for span({B, xa}), then one way of computing the intersection would be to solve
the following overdetermined linear system

(4.1)
(
ET V1

)
x = 0.

If there is a nonempty intersection, then (4.1) has a nontrivial solution x. The size
of the matrix ( ET V1 ) can grow rather large, q(d) × (r(d) + k), where k is the
cardinality of {B, xa}. Using principal angles to determine the intersection involves a
smaller c(d)× k matrix and is therefore preferred. An intersection implies a principal
angle of zero between the two vector spaces. The cosine of the principal angles can
be retrieved from the following theorem.

Theorem 4.3 (see [7, p. 582]). Assume that the columns of V1 and ET form
orthogonal bases for two subspaces of Cnd . Let

(4.2) E V1,= Y C ZT , C = diag(σ1, . . . , σk),

be the SVD of E V1, where Y TY = Ik, Z
TZ = Ir. If we assume that σ1 ≥ σ2 ≥ · · · ≥

σk, then the cosines of the principal angles between this pair of subspaces are given by

cos(θi) = σi(E V1).

Computing principal angles smaller than 10−8 in double precision is impossible
using Theorem 4.3. This is easily seen from the second order approximation of the
cosine of its Maclaurin series: cos(x) ≈ 1−x2/2. If x < 10−8, then the x2/2 term will
be smaller than the machine precision ε ≈ 2× 10−16 and hence cos(x) will be exactly
1. For small principal angles it is numerically better to compute the sines using the
following Theorem.

Theorem 4.4 (see [7, pp. 582–583] and [28, p. 6]). The singular values μ1, . . . , μk

of the matrix ET − V1 V
T
1 ET are given by μi =

√
1− σ2

i , where the σi are defined
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in (4.2). Moreover, the principal angles satisfy the equalities θi = arcsin(μi). The
right principal vectors can be computed as vi = ET zi, (i = 1, . . . , k), where zi are the
corresponding right singular vectors of ET − V1 V

T
1 ET .

Testing for a nonempty intersection between the row spaces of U and E is hence
equivalent to inspecting the smallest singular value μm of ET − UT U ET . Notice,
however, that

ET − V1 V
T
1 ET = (I − V1 V

T
1 )ET ,

= V2 V
T
2 ET .

This implies that if there is a nonempty intersection, then the reduced polynomial r
can be retrieved as the right singular vector vk of the c(d) × k matrix V T

2 ET corre-
sponding with μk. The whole algorithm is summarized in pseudocode in Algorithm 4.1
and is implemented in the PNLA package as candecomp.m. The algorithm iterates
over all n-variate monomials from degree 0 up do d, in ascending order. The set
containing all these monomials is denoted by T n

d . The computational complexity is
dominated by the SVD of M(d) for determining the rank and computing the orthog-
onal basis V2. A full SVD is not required; only the diagonal matrix containing the
singular vales and right singular vectors needs to be computed. This takes approx-
imately 4p(d)q(d)2 + 8q(d)3 flops. Substitution of the polynomial expressions (3.2)
and (3.3) for p(d) and q(d) in this flop counts leads to a computational complexity
of approximately 4(s+2)d3n/(n!)3. All subsequent SVDs of V T

2 ET in Algorithm 4.1
have a total computational complexity of O(c(d)3), which simplifies to O(m3) from
some degree and for the case in which there are a finite number of projective roots.
The combinatorial growth of the dimensions of the Macaulay matrix quickly prevents
the computation of its SVD. We have therefore developed a recursive orthogonaliza-
tion algorithm for the Macaulay matrix that exploits both its structure and sparsity
[4]. This recursive algorithm uses the orthogonal V2 of M(d) and updates it to the
orthogonal basis V2 for M(d + 1). In this way the computational complexity of the
orthogonalization step is reduced to approximately 4(s + 2)d3n−3/(n − 1)!3 flops. A
full description of our recursive orthogonalization is however out of the scope of this
article.

Algorithm 4.1. Computation of the canonical decomposition of Cnd .
Input: orthogonal basis V2, monomial ordering
Output: A(d), B(d) and polynomials R(d)

A(d), B(d), R(d)← ∅

for all xa ∈ T n
d in ascending monomial order do

construct E from B(d) and xa

[W S Z]← SVD(V T
2 ET )

τ ← tolerance (4.4)
if arcsin(μk) < τ then
append xa to A(d) and append vTk to R(d)

else
append xa to B(d)

end if
end for

The determination of the rank of M(d) is the first crucial step in the algorithm.
If a wrong rank is estimated from the SVD, the subsequent canonical decomposition
will also be wrong. The default tolerance used in the SVD-based rank determination
is τr = kmax(p(d), q(d)) eps(σ1), where eps(σ1) returns the distance from the largest
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singular value of M(d) to the next larger in magnitude double precision floating point
number. The numerical rank r(d) is chosen such that σr(d) > τr > σr(d)+1. The
approxi-rank gap σr(d)/σr(d)+1 [34, p. 920] then determines the difficulty of revealing
the numerical rank. In practice, a rather well-conditioning of determining the numer-
ical rank of the Macaulay matrix for nonzero-dimensional ideals is observed. Approxi-
rank gaps are typically around 1010. This is demonstrated in the polysys collection.m
file in the MATLAB/Octave PNLA package, which contains over a 100 multivariate
polynomial systems together with their approxi-rank gap. Small approxi-rank gaps
around unity indicate inherent “difficult” polynomial systems. We now determine the
tolerance τ for deciding when a computed principal angle is numerically zero using
a perturbation result. It is shown in [7] that the condition number of the principal
angle θ between the row spaces of M(d) and E(d) is essentially max(κ(M), κ(E)),
where κ denotes the condition number of a matrix. More specifically, let ΔM,ΔE be
the perturbations of M(d), E(d), respectively, with

||ΔM ||2
||M ||2

≤ εM ,
||ΔE||2
||E||2

≤ εE .

Then the relationship [7, p. 585]

(4.3) |θ − θ̃| ≤
√
2 (εM κ(M) + εE κ(E)) + higher order terms

holds, where θ̃ is the principal angle between the perturbed vector spaces. E(d) is
exact and unperturbed, so we can therefore set εE = 0. Also, when there is a nontrivial
intersection, θ = 0. This allows us to simplify (4.3) to

|θ̃| ≤
√
2 εM κ(M),

which shows that the condition number of the principal angle is the condition number
of M(d). Hence, the condition number of checking whether xa is a linearly indepen-
dent monomial of Md is basically κ(M). The condition number of the Macaulay
matrix is defined as κ(M) = σ1/σr(d). Furthermore, it is shown in [7, p. 587] that
when the perturbations are due to numerical computations and the orthogonal basis
is computed using Householder transformations,

|θ − θ̃| ≤ 12.5
√
2 (p κ(M) + k κ(E)) 2−53 + higher order terms,

where p is the number of rows of M(d) and k is the cardinality of {B, xa}. The factor
2−53 is due to the fact that we work in double precision. This allows us to set

(4.4) τ = 12.5
√
2 (p κ(M) + k) 2−53.

The singular values σi of M(d) are available from the SVD computation to determine
V2. In addition to the inspection of the approxi-rank gap σr(d)/σr(d)+1, one can also
compare the number of computed elements in A(d) with the rank of M(d) to get an
indication whether the algorithm has successfully computed the correct canonical de-
composition. Typically, polynomial systems for which the numerical rank is ill-defined
(small approxi-rank gap) also have a large condition number, making it difficult to
determine the correct A(d), B(d) monomials. In this case symbolical multiprecision
Gaussian elimination is needed to determine a canonical decomposition.
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4.3. Numerical experiment—exact coefficients. We first consider the case
of polynomials with exact coefficients, i.e., coefficients that are known with infinite
precision, and illustrate the algorithm with the following numerical example.

Example 4.4. Consider the following polynomial system in C34 :⎧⎨
⎩

x2
1 + x1 x3 − 2 x2 + 5 = 0,

2 x3
1 x2 + 7 x2 x

2
3 − 4 x1 x2 x3 + 3 x1 − 2 = 0,
x4
2 + 2 x2 x3 + 5 x2

1 − 5 = 0,

with degrees d1 = 2, d2 = 4, d3 = 4. The canonical decomposition is computed for
d = 10 with Algorithm 4.1. Each polynomial is normalized such that it has a unit
2-norm and the 333× 286 Macaulay matrix M(10) is constructed. From its SVD the
tolerance is set to τr = 1.47×10−13 and the numerical rank is determined as 254 with
an approxi-rank gap of≈ 4×1013. This implies that A(10) and B(10) will have 254 and
32 monomials, respectively. Algorithm 4.1 indeed returns this number of monomials
and corresponding polynomials R(10). The principal angles corresponding with the
leading monomials A(10) are all around 10−15. The smallest principal angle for a
monomial of the normal set B(10) is 2.17× 10−9. Note that the rank estimated from
the reduced row echelon form of M(10) is 259, which is a strong indication that the
reduced row echelon form is not well-suited to compute A(10), B(10), and R(10), even
when column pivoting is used. Over 100 polynomial systems can be found in the file
polysys collection.m from the PNLA package for which the canonical decomposition
is correctly determined by Algorithm 4.1.

4.4. Numerical experiment—perturbed coefficients. Perturbing the coef-
ficients of the polynomial system f1, . . . , fs will change the corresponding canonical
decomposition A(d), B(d). This is easily observed from Example 4.2. Suppose we per-
turb all coefficients of f2 with noise, uniformly distributed over the interval [0, 10−1],
to obtain f̃2 = −2.9056 + 0.0456 x1 + 1.0789 x2. Then the reduced row echelon form
of M̃(3)Q is

R̃(3) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x3
2 x1x

2
2 x2

1x2 x3
1 x2

2 x1x2 x2
1 x2 x1 1

1 0 0 0 0 0 0 0 0.2876 −18.3252
0 1 0 0 0 0 0 0 0.2205 −14.0501
0 0 1 0 0 0 0 0 0.1691 −10.7723
0 0 0 1 0 0 0 0 −4191.63 8375.27
0 0 0 0 1 0 0 0 0.1102 −7.0250
0 0 0 0 0 1 0 0 0.0845 −5.3862
0 0 0 0 0 0 1 0 −65.7197 127.4393
0 0 0 0 0 0 0 1 0.0423 −2.6931
0 0 0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

The corresponding canonical decomposition hence becomes Ã(3) = {x3
2, x1x

2
2, x

2
1x2,

x3
1, x

2
2, x1x2, x

2
1, x2} and B̃(3) = {1, x1}. A small continuous change of coefficients

has therefore led to a “jump” of the canonical decomposition. This implies that the
computation of the canonical decomposition for a given polynomial system under
perturbations of its coefficients is an ill-posed problem. This ill-posedness is called a
representation singularity [50, p. 325] and is due to the insistence that the monomials
of A(d) need to be leading monomials with respect to the monomial ordering. This
condition is sufficient to make the representation singularity unavoidable and has im-
plications for the numerical determination of Gröbner bases. An alternative approach
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to avoid this representation singularity is the use of border bases [26, 27, 39]. We will
discuss our SVD-based algorithm to compute these in section 8, after introducing the
reduced canonical decomposition.

5. The reduced canonical decomposition of Cn
d . In this section we introduce

the notion of divisibility into the canonical decomposition. This naturally leads to
the concept of a reduced canonical decomposition. First, some new notation and
concepts are introduced, after which Algorithm 4.1 is adjusted such that it produces
the reduced decomposition. A numerical example is then worked out.

5.1. The reduced monomials A�(d), B�(d) and polynomials G(d). The
polynomial basis R(d) will grow unbounded with the rank r(d) for increasing degrees
d. It is possible, however, to reduce this basis to a finite subset that generates the
whole ideal 〈f1, . . . , fs〉. It will be shown in section 6 that for a sufficiently large
degree, this reduced polynomial basis is a reduced Gröbner basis. First, the reduced
leading monomials A�(d) are defined.

Definition 5.1. Given a set of linearly independent leading monomials A(d),
the set of reduced leading monomials A�(d) is defined as the smallest subset of A(d)
for which each element of A(d) is divisible by an element of A�(d).

Since there is a one-to-one mapping between leading monomials in A(d) and
polynomials of R(d), each element of A�(d) will also correspond with a polynomial.

Definition 5.2. For a given canonical decomposition A(d), B(d), R(d) the re-
duced polynomials G(d) are defined as the polynomials of R(d) corresponding to the
reduced monomial system A�(d):

G(d) = {r ∈ R(d) : ∀a ∈ A�(d), LM (r) = a}.

The set of reduced leading monomials A�(d) can be interpreted as a polynomial
system for which the canonical decomposition can also be determined. This allows us
to define the reduced normal set B�(d).

Definition 5.3. Let A(d), B(d) be a canonical decomposition implied by f1, . . . , fs
and a given monomial ordering. Then the reduced normal set B�(d) is the normal set
obtained from the canonical decomposition implied by A�(d) and the same monomial
ordering.

Typically B�(d) ⊆ B(d). This is because monomial multiples of A�(d) will fill
up zero columns that would have otherwise been associated with monomials of B(d).
Furthermore, the presence of a monomial xα

i for each variable x1, . . . , xn is a necessary
condition for the finiteness ofB�(d). This is easily understood by an example: suppose
A�(d) does not contain any power of x1; then all powers of x1 will be in B�(d) and
this set will grow linearly. A monomial system A�(d) has a projective solution set
because it is already homogeneous. It is shown in [15, p. 452] that the dimension of
this projective solution set is always one less than its affine solution set. Hence, if
the monomial ideal has a finite number of affine roots, then it will have no projective
roots whatsoever. We can now state the following theorem on the zero-dimensionality
of a monomial system in terms of A�(d) and B�(d).

Theorem 5.4 (see [15, p. 234]). A monomial system A�(d) has m affine roots,
counting multiplicities, if and only if for each 1 ≤ i ≤ n, there is some αi ≥ 0, such
that xαi

i ∈ A�(d). It then also holds that dim B�
d = m.

From Theorem 4.2 we know that for a polynomial system with a finite number
of projective roots, the nullity of M(d), c(d) will equal the total number of projective
roots. Theorem 5.4 will allow us to separate the affine roots from the ones at infinity
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for a general polynomial system. In order to do this, the notion of a Gröbner basis
will first need to be introduced.

5.2. Numerical computation of A�(d), B�(d), and G(d). The definition
of A�(d) uses the complete set of linearly independent leading monomials A(d).
A straightforward way to find A�(d) would hence be to compute A(d) using Algo-
rithm 4.1, find A�(d) from A(d), and select the corresponding polynomials of R(d) to
obtain G(d). This is, however, not efficient since the whole canonical decomposition
is computed while only subsets are required. By using the defining property of A�(d)
it is possible to adjust Algorithm 4.1 such that it directly computes A�(d), B�(d), and
G(d). The algorithm iterates over a set of monomials X which is initially all mono-
mials of degree 0 up to d. The key idea is that each monomial of A(d) is a monomial
multiple of a monomial of A�(d). So as soon as a linearly independent leading mono-
mial xa is found, all its monomial multiples do not need to be checked anymore and
can be removed from X . When the monomial xa is not linearly independent it is also
removed from X and added to B�(d). When X is empty the algorithm terminates.
Removing monomial multiples of xa from X reduces the number of iterations signifi-
cantly and also guarantees that the computed B� is correct. The whole procedure is
summarized in pseudocode in Algorithm 5.1 and is implemented in the PNLA package
as rcandecomp.m. Again, the computationally most expensive step is the orthogonal-
ization of M(d). The same arguments on the computational complexity and choosing
the tolerance τ apply as for Algorithm 4.1.

Algorithm 5.1. Computation of A�(d), B�(d), and G(d).
Input: orthogonal basis V2, monomial ordering
Output: A�(d), B�(d) and polynomials G(d)

A�(d), B�(d), G(d)← ∅

X ← T n
d

while X �= ∅ do
xa ← smallest monomial in X according to monomial ordering
construct E from B�(d) and xa

[W S Z]← SVD(V T
2 ET )

τ ← tolerance (4.4)
if arcsin(μm) < τ then
append xa to A�(d) and append vTm to G(d)
remove xa and all its monomial multiples from X

else
append xa to B�(d) and remove it from X

end if
end while

5.3. Numerical experiments. We revisit the polynomial system of Exam-
ple 4.4 and illustrate Algorithm 5.1 when the coefficients are exact.

Example 5.1. A(10) of Example 4.4 consists of 254 monomials. Running Algo-
rithm 5.1 on the polynomial system results in the following reduced canonical decom-
position:

A�(10) = {x1 x3, x
3
1 x2, x

4
2, x3 x

3
2, x

3
3 x2, x

5
1, x

5
3},

B�(10) = {1, x1, x2, x3, x
2
1, x2 x1, x

2
2, x2 x3, x

2
3, x

3
1, x2 x

2
1, x

2
2 x1, x

3
2, x3 x

2
2, x2 x

2
3, x

3
3,

x4
1, x

2
2 x

2
1, x

3
2 x1, x

2
3 x

2
2, x

4
3, x

3
2 x

2
1}.
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A�(10) consists of 7 monomials and the normal set B(10) is reduced from 32 to 22
monomials.

6. Gröbner basis. In this section, the link is made between the reduced poly-
nomials G(d) and a Gröbner basis of the ideal 〈f1, . . . , fs〉. This will lead to some
insights on the separation of the roots of a polynomial system into an affine part and
roots at infinity for the zero-dimensional case. A condition will be derived for this
case to determine the affine part of the normal set. We first give the definition of a
Gröbner basis.

Definition 6.1 (see [15, p. 77]). Given a set of multivariate polynomials f1, . . . , fs
and a monomial ordering, a finite set of polynomials G = {g1, . . . , gk} is a Gröbner
basis of 〈f1, . . . , fs〉 if

∀ p ∈ 〈f1, . . . , fs〉, ∃ g ∈ G such that LM(g) |LM(p).

In addition, we will call a Gröbner basis reduced if no monomial in any element of
the basis is divisible by the leading monomials of the other elements of the basis. Note
also from the definition that a Gröbner basis depends on the monomial ordering. One
can think of a Gröbner basis as another set of generators of the ideal 〈f1, . . . , fs〉, hence
the name “basis.” It is a classical result that for each ideal 〈f1, . . . , fs〉, there exists
such a finite set of polynomials G [14, 15]. The finiteness of G relies on Hilbert’s basis
theorem [24]. This implies that there exists a particular degree d for which G ∈ Md,
which leads to the following problem.

Problem 6.1. Find for a multivariate polynomial system f1, . . . , fs the degree
dG such that for all d ≥ dG : G ∈ Md.

The degree dG is for the general case related to dI and hence also has doubly
exponential upper bounds [33, 37, 54]. Lazard proved the following useful theorem
for a more practical case.

Theorem 6.2 (see [32, pp. 154–155]). Let f1, . . . , fs be multivariate polynomi-
als of degrees d1, . . . , ds such that d1 ≥ d2 . . . ≥ ds. Suppose that a multiplicative
monomial ordering is used and that the homogenized polynomial system fh

1 , . . . , f
h
s

has a finite number of nontrivial projective roots. Then the polynomials of the reduced
Gröbner basis have degrees at most d1 + · · ·+ dn+1 − n+ 1 with dn+1 = 1 if s = n.

This theorem provides a nice linear bound on the maximal degrees of the Gröbner
basis. Unfortunately, this does not imply that dG ≤ d1 + · · ·+ dn+1 − n+ 1 sinceMd

does not necessarily contain all polynomials of 〈f1, . . . , fs〉 of degree d. The worst case
we have encountered is for Example 4.4, for which dG = d1 + · · ·+ dn+1 − n+ 1 + 2.
In order to determine whether a set of polynomials is a Gröbner basis, one needs the
notion of an S-polynomial.

Definition 6.3 (see [15, p. 83]). Let f1, f2 be nonzero multivariate polynomials
and xγ the least common multiple of their leading monomials. The S-polynomial of
f1, f2 is the combination

S(f1, f2) =
xγ

LT(f1)
f1 −

xγ

LT(f2)
f2,

where LT(f1),LT(f2) are the leading terms of f1, f2 with respect to a monomial or-
dering.

It is clear from this definition that an S-polynomial is designed to produce can-
cellation of the leading terms and that it has a degree of at most deg(xγ). A key
component of Buchberger’s algorithm is constructing S-polynomials and computing
their remainder on division by a set of polynomials. It was Lazard [32] who had the
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insight that computing this remainder is equivalent with bringing a submatrix of the
Macaulay matrix into triangular form. This led to Faugere’s F4 and F5 algorithms
[20, 21], which have become the golden standard to compute an exact Gröbner basis
symbolically. The reduced polynomials G(d) computed from Algorithm 5.1 ensure by
definition that

∀ p ∈ Md ∃ g ∈ G(d) such that LM(g) | LM(p).

This implies that G(d) is a Gröbner basis when d ≥ dG. Furthermore, it will be a
reduced Gröbner basis. A criterion is needed to be able to decide whether G(d) is a
Gröbner basis. This is given by Buchberger’s criterion, which we formulate in terms
of the Macaulay matrix M(d) and the reduced monomial system A�(d).

Theorem 6.4 (Buchberger’s criterion). Let f1, . . . , fs be a multivariate polyno-
mial system with reduced monomial system A�(d) and reduced polynomials G(d) for a
given degree d. Then G(d) is a Gröbner basis for 〈f1, . . . , fs〉 if M(d�) has the same
reduced leading monomials A�(d) for a degree d� such that all S-polynomials of G(d)
lie inMd� .

Proof. Saying that M(d�) has the same reduced leading monomials A�(d) is
equivalent with saying that all S-polynomials have a zero remainder on division by
G(d). This is exactly the stop-criterion for Buchberger’s algorithm [15, p. 85].

Note that it follows from Buchberger’s criterion that for all degrees d ≥ dG, G(d)
and A�(d) lead to the same reduced canonical decomposition. This implies that for
all degrees d ≥ dG the reduced canonical decomposition will not change anymore and
results in the following useful corollary.

Corollary 6.5. Let f1, . . . , fs be a multivariate polynomial system with a finite
number of affine roots. Then for all d ≥ dG its reduced monomial set A�(d) will
contain for each variable xi (1 ≤ i ≤ n) a pure power. Furthermore, B�(d) is then the
affine normal set.

Proof. This follows from Theorem 5.4 and Buchberger’s criterion that for all d ≥
dG both MG(d) and MA�(d) have the same reduced monomial decomposition.

If it is known that the affine solution set of a polynomial ideal is zero-dimensional,
then detecting pure powers in A�(d) allows one to determine the degree dG. This
means that by simply computing the reduced canonical decomposition it is possible to
know dG without explicitly computing a Gröbner basis or any S-polynomials. Once dG
is known, it then becomes possible to numerically compute all affine roots by solving
an eigenvalue problem. This can be done in fact without the need of specifying a
particular normal set, as we will illustrate in the section on border bases.

Example 6.1. Again, we revisit the polynomial system in C34 from Example 4.4.
Note that for this polynomial system, s = n and therefore d1 + d2 + d3 − n+ 1 = 8.
We assume the polynomial system has a zero-dimensional solution set and start to
compute the reduced canonical decomposition from d = 4. Algorithm 5.1 returns
A�(4) = {x1 x3, x

3
1 x2, x

4
2}, which already contains 1 pure power: x4

2. The next pure
power, x5

1, is retrieved for d = 7 in A�(7) = {x1 x3, x
3
1 x2, x

4
2, x2 x

3
3, x

5
1}. The last pure

power, x5
3, is found for d = dG = 10. The Gröbner basis is therefore G(10), as given

in Example 5.1. Indeed, computing an exact Gröbner basis in Maple and normalizing
each polynomial results in G(10).

The ill-posedness of the canonical decomposition under the influence of noise
directly affects the computation of a Gröbner basis. As shown by Nagasaka in [42],
it is impossible to define an approximate Gröbner basis in the same sense as an
approximate GCD or approximate factorization of multivariate polynomials. In [50],
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a normal set is computed from a numerical implementation of Buchberger’s algorithm,
e.g., Gaussian elimination, and the author states that “it appears impossible to derive
strict and realistic thresholds” for the elimination pivots. This notion of a threshold
for the elimination pivots is replaced in Algorithms 4.1 and 5.1 by a tolerance for
both the rank test of M(d) and the principal angles. Gröbner basis polynomials also
typically have large integer coefficients. It is even possible that these coefficients fall
out of the range of the double precision standard. In this case, it would be necessary
to perform the computations in higher precision.

7. Solving the ideal membership problem. Solving the ideal membership
problem for a nonhomogeneous polynomial p is a rank test of the Macaulay matrix as
in (3.7) for a sufficiently large degree. We can now express dI in terms of dG in the
following way.

Theorem 7.1. Consider the ideal membership problem as described in Prob-
lem 3.1. Let G = {g1, . . . , gk} be a Gröbner basis of 〈f1, . . . , fs〉 and

Gp = {g ∈ G : LM(g) | LM(p)} and d0 = max
g ∈Gp

deg(g).

Then

(7.1) dI = dG + deg(p)− d0.

Proof. Since G is a Gröbner basis ∃ g ∈ G : LM(g) | LM(p) and Gp is there-
fore never empty. Determining whether p ∈ 〈f1, . . . , fs〉 is equivalent with checking
whether the remainder of p on division by G is zero. Determining this remainder is
equivalent with the reduction of the matrix (M(d)T pT )Q to triangular form for a
sufficiently large d with Q the column permutation as described in section 4. Suppose
that g ∈ Gp and deg(g) = d0. The degree dI as in (7.1) is then such that it guarantees

that LM(p)
LM(g) g ∈ MdI . In the first division of the multivariate division algorithm, to

compute the remainder, p will be updated to p ← p − g LM(p)/LM(g). The multi-
variate division algorithm guarantees that the new p will have a smaller multidegree
(according to the monomial ordering) [15, p. 65]. In the next division step, another
g ∈ G such that LT(g) divides LT(p) is required. Since p has a smaller multidegree,
the new g is also guaranteed to lie in MdI . Therefore, all remaining steps of the
division algorithm can be performed withinMdI and the ideal membership problem
can be solved.

Theorem 7.1 means that in practice one can recursively compute the reduced
canonical decomposition of M(d) using Algorithm 5.1, do the rank test for the ideal
membership problem, and increase the degree as long as the rank test fails. At some
point, dG can be determined and the iterations can stop as soon as d = dG+deg(p)−d0.
The complexity of solving the ideal membership problem is O(p(d)q(d)2), since it is a
rank-test of the Macaulay matrix M(d). The worst case complexity is achieved when
the degree of p is larger than dG, since dG could be doubly exponential. This would
make the ideal membership problem infeasible. In practice, when the polynomial
system f1, . . . , fs has a finite number of roots, and deg(p) ≤ dG, then (7.1) acts as an
upper bound on the degree for which the ideal membership problem can be solved.
An obvious example is p = f1.

Example 7.1. As already mentioned in Example 3.2, the given polynomial p =
867 x5

1−1560 x3 x2 x1−2312 x2
2 x1+1560 x3 x

2
1+2104 x2 x

2
1−1526 x3

1+4896 x2−2295 x1

lies in M11. At d = 11 all pure powers are found in A�(11), which implies that the
polynomial system has a finite affine solution set and dG = 11. The rank test also
succeeds, and the numerical rank for both matrices at d = dI in (3.7) is 300.
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8. Border bases. As mentioned earlier, insisting that the monomials of A(d)
are leading monomials with respect to a monomial ordering unavoidably leads to
the representation singularity. The concept of border bases resolves the representa-
tion singularity for polynomial systems with a finite number of affine roots. More
information on their properties and computation can be found in [26, 27, 30], with
applications in [23, 31]. The key feature of border bases that solves the representation
singularity is that they vary continuously under perturbations of the coefficients of
the polynomial system. Before demonstrating this continuous change, we first define
the border of a given reduced normal set B�(d) and its corresponding preborder basis.

Definition 8.1 (see [30, p. 422]). For a given reduced normal set B�(d) =
{b1, . . . , bm}, its border is

∂B�(d) = {xi b | 1 ≤ i ≤ n, b ∈ B�(d)} \B�(d)

and its border prebasis BB(d) [30, p. 424] is the set of polynomials

(8.1) BB(d) =

{
bbj | bbj = tj −

m∑
i=1

αi bi , 1 ≤ j ≤ μ

}

with ∂B�(d) = {t1, . . . , tμ}.
The polynomials of (8.1) are then a border basis for B�(d) when they generate

the polynomial ideal 〈f1, . . . , fs〉 and the residue classes of the monomials in B�(d)
are a basis for the finite-dimensional vector space Cnd /I. This can be summarized
by a Buchberger’s criterion for border bases [26, 27], or alternatively as commuta-
tion relations between multiplication matrices [39]. By the same argument as for the
Gröbner basis it then holds that (8.1) is a border basis for a large enough degree d.
Algorithm 4.1 can be adapted in a straightforward manner to numerically compute
the B�(d)-border prebasis BB(d) for a given reduced normal set B�(d). Since each
polynomial of BB(d) lies in span(B�(d), t) with t ∈ ∂B�(d), one simply needs to
replace the monomial xa by a monomial t ∈ ∂B�(d). The whole algorithm is sum-
marized in pseudocode in Algorithm 8.1 and implemented in the PNLA package as
getBB.m. Notice that, in contrast to the algorithms to compute the canonical and
reduced canonical decomposition, each iteration of the for loop can run independently.
Numerical algorithms to compute border bases such as in [23] rely on Gaussian elimi-
nation, which might be problematic for accurate rank determination as demonstrated
in Example 4.4.

Algorithm 8.1. Computation of a B�(d)-border prebasis BB(d).
Input: orthogonal basis V2, normal set B�(d)
Output: B�(d)-border prebasis BB(d)

BB(d)← ∅

∂B�(d)← border monomials of B�(d)
for all t ∈ ∂B�(d) do
construct E from B�(d) and t
[W S Z]← SVD(V T

2 ET )
τ ← tolerance (4.4)
if arcsin(μm) < τ then
append vTm to BB(d)

end if
end for
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Using Algorithm 8.1, we can now demonstrate that border bases avoid the repre-
sentation singularity under perturbations of the coefficients of f1, . . . , fs.

Example 8.1. Consider the polynomial system [30, p. 430]

F =

{
f1 = 1

4 x
2
1 + x2

2 − 1,

f2 = x2
1 +

1
4 x

2
2 − 1

and its slightly perturbed version

F̃ =

{
f̃1 = 1

4 x
2
1 + 10−5x1x2 + x2

2 − 1,

f̃2 = x2
1 + 10−5x1x2 +

1
4 x

2
2 − 1.

Computing the reduced normal set B�(3) for F using Algorithm 5.1 results in B�(3) =
{1, x1, x2, x1x2}. Applying Algorithm 8.1 and scaling the bb polynomials such that
each leading term is monic results in the prebasis

BB(3) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

bb1 = −0.8000+ x2
1,

bb2 = −0.8000+ x2
2,

bb3 = −0.8000x2 + x2
1x2,

bb4 = −0.8000x1 + x1 x
2
2,

which is also a border basis for 〈f1, f2〉. Now, applying Algorithm 8.1 for the perturbed
polynomial system F̃ , using the same reduced normal set B�(3) returns the following
prebasis:

B̃B(3) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

b̃b1 = −0.8 + 8× 10−06x1x2 + x2
1,

b̃b2 = −0.8 + 8× 10−06x1x2 + x2
2,

b̃b3 = 6.4× 10−6x1 − 0.800 x2 + x2
1x2,

b̃b4 = −0.800 x1 + 6.4× 10−6 x2 + x1 x
2
2.

Note that the −0.800 terms in b̃b3 and b̃b4 have more nonzero digits, which is indicated
by the trailing zeros. One can now see that the introduction of the noisy x1x2 term
did not lead to any discontinuous jump from BB(3) to B̃B(3). The continuous change
of the prebasis can be demonstrated by using symbolical computations. Replacing the
coefficient of x1x2 in F̃ by ε and computing the prebases symbolically with respect to
the degree negative lex ordering results in a prebasis

BB(3) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

bb1 = − 4
5 + x2

1,

bb2 = − 4
5 + x2

2,

bb3 = − 4
5x2 + x2

1x2,

bb4 = − 4
5x1 + x1x

2
2

for F and

B̃B(3) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

bb1 = − 4
5 + 4

5εx1x2 + x2
1,

bb2 = − 4
5 + 4

5εx1x2 + x2
2,

bb3 = 16ε
16ε2−25x1 − 20

16ε2−25x2 + x2
1x2,

bb4 = − 20
16ε2−25x1 +

16ε
16ε2−25x2 + x1x

2
2
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for F̃ . From these symbolic expressions it is seen that B̃B(3) changes continuously into
BB(3) when ε goes to zero. Note that setting ε = 10−5 in these symbolic expressions
results in the numerical prebases computed by Algorithm 8.1.

We have seen that the computation of a canonical decomposition is ill-posed un-
der perturbations of the coefficients of f1, . . . , fs. Nonetheless, the reduced canonical
decomposition still allows one to compute all affine roots of a polynomial system.
Although it is guaranteed that the monomial sets A(d), B(d) will change under per-
turbations of the coefficients, their cardinality, however, will not. This is due to the
continuity of polynomial zeros [50, p. 304]. In other words, the total number of mono-
mials in B�(d) still represents the total number of affine roots for d ≥ dG. The Stetter
matrix approach to compute all affine roots [1, 50] is to determine the normal set,
write out multiplication matrices, and find the components of the roots as the eigen-
values of these multiplication matrices. We will now demonstrate, using Example
8.1, how the affine roots can be computed without explicitly choosing a normal set.
This is only an illustration and not the main scope of this article. More details and a
formal description of our root-finding approach can be found in [16].

Example 8.2. The polynomial system F from Example 8.1 has the following four
affine roots: (

2
√
5

5
,±2
√
5

5

)
,

(
−2
√
5

5
,±2
√
5

5

)
.

We will now compute the affine roots of the perturbed system F̃ without an explicit
selection of a reduced normal set. Computing the reduced canonical decomposition
for F̃ results in A�(3) = {x3

1, x1x2, x
2
2} and B�(3) = {1, x1, x2, x

2
1}. Since A�(3)

contains the pure powers x3
1, x

2
2, we know that dG = 3. We also have that c(3) = 4

and therefore the kernel K(3) of M(3) is spanned by 4 linear functionals that evaluate
the rows of M(3) in each of the four affine roots. Hence, each column of K(3) will
have a multivariate Vandermonde structure

k =
(
1 x1 x2 x2

1 x1x2 x2
2 x3

1 x2
1x2 x1x

2
2 x3

2

)T
.

Observe that the Vandermonde structure allows us to write the relation

(8.2)
(
1 x1 x2 x2

1 x1x2 x2
2

)T
x1 =

(
x1 x2

1 x1x2 x3
1 x2

1x2 x1x
2
2

)T
,

which can be rewritten as

S1 k x1 = Sx1 k,

where S1 selects the 6 upper rows of k and Sx1 selects the rows of k corresponding with
the right-hand side of (8.2). This “shift property” can be written for the complete
kernel K(3) as

(8.3) S1 K(3) D = Sx1 K(3),

where D is now a diagonal matrix containing the x1 component of each corresponding
affine root. K(3) is not known. But it is possible to compute a numerical basis N
for the kernel from the SVD of M(3). N will obviously be related to K(3) by a
nonsingular T as

(8.4) K(3) = N T.
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Substituting (8.4) into (8.3) results in

S1 N T D = Sx1 N T.

This can be written as the standard eigenvalue problem

T D T−1 = (S1 N)† Sx1 N.

Once the eigenvectors T are computed, the kernel K(3) can be computed from (8.4),
from which the affine roots can be read off after proper scaling. Note that in this
approach no normal set was used to construct multiplication matrices and hence the
representation singularity was of no concern. The reduced canonical decomposition
was used only to determine dG. Furthermore, in the case that there also roots at
infinity, the number of monomials in B�(d) will inform us of the total number of
affine roots. Applying this root-finding routine on F̃ returns the four affine roots

(−0.8944,±0.8944), (0.8944,±0.8944).

Each of these roots have relative forward errors of 10−6, which indicates that they are
well-conditioned.

9. Conclusions. This article introduced the canonical decomposition of the vec-
tor space Cnd . An SVD-based algorithm was presented which computes both the
canonical and reduced decomposition reliably. It was also shown how under the pres-
ence of noise the problem of finding the canonical decomposition is ill-posed. This
was resolved by introducing border prebases and an SVD-based algorithm to compute
them. Furthermore, the link between the polynomials G(d) and a Gröbner basis was
made. This resulted in a new condition to determine the zero-dimensionality of the
affine solution set. It was also shown how the ideal membership problem can be solved
by means of a rank test and how the affine roots can be computed without an explicit
choice of a normal set.
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Basel, Switzerland, 1988, pp. 11–30.

[2] D. J. Bates, J. D. Hauenstein, A. J. Sommese, and C. W. Wampler, Numerically Solving
Polynomial Systems with Bertini, SIAM, Philadelphia, 2013.

[3] K. Batselier, P. Dreesen, and B. De Moor, The Geometry of Multivariate Polynomial
Division and Elimination, SIAM J. Matrix Anal. Appl., 34 (2013), pp. 102–125.

[4] K. Batselier, P. Dreesen, and B. De Moor, A fast iterative orthogonalization scheme for
the Macaulay matrix, J. Comput. Appl. Math., 267 (2014), pp. 20–32.

[5] D. Bini and V. Y. Pan, Polynomial and Matrix Computations: Fundamental Algorithms,
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