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Abstract
A stochastic multi-scale modelling approach is discussed using the textile preprocessor software WiseTex.
Random unit cell structures are acquired by generating variable tow reinforcement consisting of system-
atic trends, determined from experimental data, added with stochastic deviations, produced by a recently
proposed Markov Chain algorithm. The input statistical information is collected from a prior experimen-
tal campaign quantifying the tow path using X-ray micro-computed tomography. The tow information is
transformed in the WiseTex format that is compatible with the micromechanical analysis tool TexComp to
evaluate the stiffness properties corresponding to each virtual sample. This stochastic model is tested using
statistical data of a seven ply polymer textile composite, with each ply consisting of a twill 2/2 woven carbon
fabric in an epoxy matrix.

1 Introduction

The variability of polymer composites is not yet thoroughly investigated. The lack in methods for the accurate
prediction of the effect of variability on the mechanical properties influences the quality and reliability of
composite structures [1]. When in a first experimental step the internal geometrical scatter is quantified
of a produced specimen, the effect on the mechanical properties can be evaluated in a subsequent step by
constructing numerous virtual samples which have the same statistical properties as the derived statistics of
the actual sample [2].

Modelling variability of textile composites for evaluation of performance has already been performed with
different approaches [2, 7, 8, 9]. Of interest is the work performed by Blacklock et al [2] where a virtual
specimen with random tow path is build combining the systematic variations of each parameter from exper-
iments, with the generated deviations produced by the Markov Chain procedure. Each random deviation is
generated by marching systematically along the tow’s length and depending only on the value at the previous
location. The probability transition matrix for moving from one point in a single tow to the next is calibrated
with the standard deviation and the correlation length, which are experimentally quantified.

The current paper presents a stochastic virtual unit cell, representative for all plies in a laminate structure,
using the deterministic WiseTex software [3] by applying the Markov Chain algorithm [2]. In prior work [6],
statistical information about the tow path is collected on the short-range deviations of a woven composite,



i.e. deviations correlated over distances less than or compared to the size of the unit cell. The internal
geometry of a seven ply carbon-epoxy composite sample with 2/2 twill woven topology produced by resin
transfer moulding (RTM) is investigated by performing X-ray micro-computed tomography (micro-CT) in a
GE Nanotom. The statistical information is used as input for the proposed stochastic multi-scale modelling
technique. The objectives of the paper can be summarised as: (i) generation of centroid and tow cross-
sectional parameter deviations by applying the Markov Chain algorithm, (ii) construction of virtual samples
in the WiseTex software and (iii) evaluation of the stiffness properties corresponding to the random unit cells.

2 Statistical information obtained from experiments

The sample material is a seven-ply polymer textile with for each ply a 2/2 twill woven carbon fabric from
Hexcel (G0986 injectex) [4] with nominal unit cell dimensions of 11.4 by 11.4 mm. The dry reinforcement
is impregnated with epoxy resin during a RTM production achieving a fibre volume fraction of 55.3 %. The
WiseTex virtual model of the fabric is presented in figure 1. One unit cell has four equally spaced tows in
warp (x-axis) and weft (y-axis) direction.
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Figure 1: WiseTex model of a 2/2 twill woven reinforcement. The x-axis and y-axis of the coordinate system
are respectively parallel to the warp and weft direction.

Statistical information of this material is collected using micro-CT as inspection technique [6]. Three-
dimensional (3-D) images are obtained, wherefrom two-dimensional (2-D) slices are extracted in warp and
weft direction. The cross-sections of tows are investigated for nineteen slices in warp and weft direction,
collecting data along the tow for each 0.75 mm distance. The warp cross-sections are characterised from
slices normal to the weft direction and vice versa for the weft tow cross-sections. A digital image of a cross-
section in weft direction is shown in figure 2. The tow cross-sections are assumed to have an elliptical shape
yielding information about the tow path centroid coordinates (ρ, z) with ρ = y for warp tows and ρ = x for
weft tows, tow aspect ratio AR, tow area A and tow orientation θ in its cross-section.

1 mm

Figure 2: Digital image of a cross-section in weft direction obtained by micro-CT. Ellipse shapes are fitted
to the warp cross-sections in ply 3.

A statistical description of the reinforcement is obtained by applying the reference period collation procedure,
which uses the concept of tow genus to assign tows that should be identical [5]. For each ply in the considered
2/2 twill woven material, all warp tows are represented by one tow genus and all weft tows by another tow



genus. The tow parameters of each genus are described using a discrete grid of sixteen equally spaced
grid points with total grid length equal to the periods (λx or λy) of the considered tow type. The spatial
variation of each tow parameter is decomposed in non-stochastic periodic trends and non-periodic stochastic
fluctuations. For ε representing on of the five parameters (ρ, z, AR,A, θ):

ε
(j,t,p)
i =< ε

(j,t,p)
i > +ε

(j,t,p)
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with ε(j,t,p)i the zero-mean deviation from the systematic value < ε
(j,t,p)
i > at location i = 1...16 along the

tow j = 1...4 of tow genus t =warp or weft in ply p = 1...7. The systematic variations of each parameter
represent the average behaviour of each genus. The statistical properties are defined in terms of the standard
deviation and correlation length of the deviations from the systematic trend.

The statistical analysis of the experimental data is performed in [6]. The comparison of the systematic trends
for each single tow parameter between different plies does not show significant differences. Therefore can the
systematic trend of all plies be represented by only one warp genus and one weft genus. Similar conclusions
are made for the parameter fluctuations around the systematic values. The deviation statistics for different
plies are indistinguishable, permitting the derivation of the standard deviation and correlation length of each
parameter using the data set of deviations combining data from all plies. This increase in data set size is
a necessity for the derivation of the correlation length, since high variance is observed in the correlograms
(plot of Pearson’s correlation parameter in function of the separation of two points on a tow) for different
plies.

The results of the standard deviation for the warp and weft genus are presented in table 2, while the corre-
lation length values of each parameter, derived using data from all plies, are shown in table 2. The mean
and coefficient of variation (COV) of the derived ply correlation lengths are also presented, using each time
only data from its specific ply, to stress the large uncertainty in the correlation length. This high variation
in correlation length will also be present in the generated virtual unit cells. For details and discussion of the
results, the reader is referred to [6].

σx [mm] σy [mm] σz [mm] σAR [-] σA [mm2] σθ [◦]
Warp genus - 0.113 0.014 1.774 0.023 0.797
Weft genus 0.063 - 0.015 1.44 0.024 0.833

Table 1: Experimental standard deviations of the tow path parameters.

ξx [mm] ξy [mm] ξz [mm] ξAR [mm] ξA [mm] ξθ [mm]
ξwarp - 22.89 1.78 7.26 2.53 4.56
< ξwarp,p > - 18.19 2.27 6.84 1.70 4.43
cvwarp,pξ - 71.43 % 38.53 % 60.38 % 78.72 % 45.38 %
ξweft 9.42 - 1.62 5.48 1.01 3.49
< ξweft,p > 10.90 - 1.95 5.40 1.54 3.09
cvweft,pξ 66.16 % - 33.15 % 33.95 % 68.38 % 57.27 %

Table 2: Experimental correlation lengths of the tow path parameters.

This statistical information is used to calibrate the Markov Chain algorithm. In addition, cross-correlations
between tows of the same or different genus are investigated to verify the assumptions to operate the Markov
Chain [2]. The inter-tow correlations of interest are the cross-correlations Cε

waεwe

c of the centroid coordinates
at the cross-over locations, locations where warp and weft tows have equal centroid coordinates in the xy-
plane, with results shown in table 2. The dependency between warp and weft tow components at the cross-
over locations is negligible except for the z-centroid. An intermediate correlation value for this centroid is
expected due to the RTM production process that presses the fabric in the z-direction to the desired laminate



thickness before impregnating the resin. However, for this sample, this cross-correlation is weak. This
concludes that the inter-tow correlations between parameters of different genuses are not taken into account
in the generation of deviations.
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-0.030 0.031 -0.012 0.603

Table 3: Cross-correlations of the centroids at cross-over locations for a data set size of 112.

3 Stochastic modelling approach

3.1 Overview of the approach

A stochastic model of a 2/2 twill woven unit cell is developed that has the same statistics as an experimental
sample and is representative for any ply in a laminate produced by RTM. This approach uses the WiseTex
software [3] to have a statistical representation of the random unit cell by only defining a limited number of
input parameters: topology, tow spacing and tow properties. An overview of the followed approach is given
in figure 3. The deterministic WiseTex model of the 2/2 twill woven structure is extended to a variable tow
reinforcement by overwriting tow path information of the nominal XML-output file in the WiseTex software.
The new definition of the random tow path is acquired by representing the reinforcement as a systematic
trend with added fluctuations for all tow parameters (ρ, z, AR,A). The small fluctuation of orientation θ of
the tow in cross-section is not considered in this model. While at the one hand the systematic variations are
directly taken from the statistical description of a real sample, are at the other hand the deviations generated
with the Markov Chain algorithm for textiles that preserves the standard deviation and correlation length of
all parameters in the random virtual specimen. The variable path description, with new orientation vectors
and adapted fibre volume fraction, is afterwards used to overwrite the original values in the nominal XML-
file. The adjusted XML-file contains all information of the random WiseTex model to create a statistical
representation or to use as input to TexComp [13] for evaluating the stiffness properties.

WiseTex software

Matlab

Nominal model

Stochastic model

Manufacturer’s
data

Generate deviations
Markov Chain

Standard deviation &
 correlation length

(i)   Addition of deviations to systematic values
(ii)  Recalculation of orientation vectors and
general unit cell characteristics
(iii) Read XML-file

Overwrite original XML-data of the tow path

XML-output

XML-input

Systematic trends

Experimental data of tow path parameters

Figure 3: Overview of the stochastic multi-scale modelling approach.

The WiseTex model, systematic trends and Markov Chain algorithm represent each tow by a set of subse-



quent discrete points along the tow’s length. The grid length for warp and weft tows are accordingly chosen
to the mean value of the derived ply periods in the experimental procedure: λx = 11.55 mm and λy = 11.48
mm. A total of 32 grid points along the period is chosen to obtain a grid spacing which is several times
smaller than the shortest correlation length of all parameters, for this sample the z-centroid (see table 2).

3.2 Systematic variations

The systematic values of each parameter along the tow length are taken from the statistical description in [6].
The trends of the tow parameters are shown in figure 4 for warp genus centroid coordinates and in figure 5
for the shape parameters of the weft genus. Similar trends are present for warp and weft genus. The out-of-
plane centroid systematic shows a mild feature seen as dips in the middle of the twill float. This is due to the
mutual interaction of the tows during the compression stage in the RTM production. The in-plane systematic
is fluctuating around the zero-axis with a standard deviation which is one magnitude lower than the standard
deviation of the in-plane deviations (table 2). The pattern of the cross-sectional shape of each tow shows
correlation of the tow path with the locations of the cross-overs of warp and weft tows. The aspect ratio is
at a local minimum at each cross-over, where the area is at it a local maximum. The systematic values for
each tow parameter are defined at each grid location by interpolation of the data described in the statistical
description of [6].
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0 2 4 6 8 10
−0.02

−0.01

0

0.01

0.02

x [mm]

y 
[m

m
]

(b) Warp in-plane centroid systematic

Figure 4: Systematic trends for the warp genus centroid coordinates:(a) out-of-plane centroid and (b) in-plane
centroid.
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Figure 5: Systematic trends for the weft genus tow shape parameters. The aspect ratio and area are correlated
with the cross-over locations.

The tow path parameters from the nominal WiseTex model can also be considered as systematic variations
instead of using the systematic values from the experimental characterisation. Although this could be a valid



condition for the centroid coordinates (ρ, z), it will introduce errors for the mean path of the cross-sectional
parametersAR andA. For the latter parameters, a WiseTex model uses a constant value along the tow length
without correlation with the cross-overs.

3.3 Stochastic deviations

The parameter deviations around the average, systematic patterns are generated with the Markov Chain
algorithm proposed in [2]. The assumptions for using this algorithm are satisfied, as discussed in section 2,
permitting to generate the deviations for each tow parameter (i) independently of other tow parameters at the
same grid location and (ii) also independently of any parameter value at neighbouring tows. The deviations
for the warp and weft tows for the considered 2/2 twill woven fabric are reproduced without any modification
when combining the warp and weft tows into a unit cell structure.

The Markov Chain algorithm is implemented in Matlab with as input parameters these deviations from
the statistical description with standard deviation and correlation length presented in table 2 and 2. The
deviations for each parameter are discretised on an interval with grid spacing a and number of grid locations
2m + 1: {−ma,−(m − 1)a, ..., 0, ..., (m − 1)a,ma} that satisfies the relation ma = 3σε. The interval
parameter m is chosen to be 20 due to the high standard deviation of the in-plane centroid. A lower value
of m is not recommended since this would result in (i) high amplitude of spikes in the generated deviations
and (ii) unrealistic jumps in the centroids path according to the data. The probability of the tow parameter
along the interval are collected in the distribution vector P εi for location i. The Markov procedure consists in
generating the distribution vector P εi+1 of the same parameter at the next grid location i+1 using a probability
transition matrix A:

P εi+1 = AP εi (2)

This probability transition matrix is unique for each parameter and calibrated with the standard deviatoin
and the correlation length of the considered parameter [2]. The deviation values of that parameter along the
specific genus is created using this Markovian procedure in an operating algorithm described in [2], which
is repeated for all parameters.

The set of generated deviations for each tow shows high-amplitude long-range wavelength, equal to the corre-
lation length of the measured sample, with low-amplitude short-range wavelength fluctuations. These short-
range fluctuations can appear as sharp spikes which are not present within a physical sample. A smoothing
operation is required to reduce these spikes by applying a local averaging method over a length of neigh-
bouring locations that is significantly smaller than the shortest correlation length in table 2. This smoothing
step is an adapted version of the moving box average that preserves the standard deviation of the generated
deviations [2]. The fluctuation values for all generated parameter data are smoothed using information of
±2 neighbouring grid points (recursion depth = 2). The effect of this smoothing is shown in figure 6 for the
in-plane centroid deviation of a warp tow.

0 2 4 6 8 10 12
−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

x [mm]

y 
[m

m
]

 

 

Systematic curve
Generated deviations
Deviations after smoothing

Figure 6: Generation of an in-plane warp tow path with and without applying the smoothing.



The conformity of the statistics generated by the Markov Chain is validated by generating 4000 warp and
weft tow parameter fluctuations to construct 1000 unit cells with variable tow reinforcement. Results are
demonstrated for the standard deviation and correlation length of the warp genus, corresponding to each of
these random unit cells.

Figures 7 and 8 represent the unit cell statistics for the warp genus in a histogram, respectively for the
out-of-plane centroid and in-plane centroid. The standard deviation and correlation length are reported for
non-smoothed and smoothed results. The generated standard deviations are compared with the values found
in table 2, while the simulated correlation lengths are compared with the mean values of the experimental
data set consisting of the correlation length of each individual ply (table 2).

0 0.01 0.02 0.03
0

20

40

60

80

100

120

σ
z

F
re

qu
en

cy

0 5 10
0

50

100

150

200

250

ζ
z

F
re

qu
en

cy

 

 

simulated experiment

(a) Statistics of non-smoothed out-of-plane centroid deviations
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(b) Statistics of smoothed out-of-plane centroid deviations

Figure 7: Statistics of the out-of-plane warp centroid for 1000 generated unit cells (a) without and (b) with
smoothing.

The standard deviations of out-of-plane and in-plane centroid are centered around the experimental standard
deviation. The smoothing procedure does slightly affect the out-of-plane centroid, due to to inherent defini-
tion of this smoothing operation. The proposed averaging, with conservation of the standard deviation, can
not be applied when one or more points in the averaging interval have a different sign (see appendix B of
[2] for more information). A low correlation length, such as this particular centroid coordinate, results in
deviations that often change sign which means that the standard averaging procedure is used. The standard
averaging does not conserve the standard deviation. This effect is not present for the in-plane centroid, which
has a larger correlation length. A large variation in the histogram is observed for this parameter caused by
the high experimental standard deviation (table 2).



The generated correlation lengths show high variation in the histograms, even when calculated for non-
smoothed deviations. This high variation is already pointed out in table 2 by the high COV values of the
different plies. When smoothing is applied, these correlation length values are shifted more to the positive
side. However, the magnitude of the correlations are still acceptable as demonstrated in table 3.3.

σy [mm] σz [mm] ξy [mm] ξz [mm]
Warp simulated - no smoothing 0.114 0.014 24.162 2.260
Warp simulated - with smoothing 0.114 0.013 39.642 3.570

Table 4: Statistics of the generated warp centroid deviations: with and without smoothing.
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(a) Statistics of non-smoothed in-plane centroid deviations
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Figure 8: Statistics of the in-plane warp centroid for 1000 generated unit cells (a) without and (b) with
smoothing.

3.4 Implementation in the WiseTex software

A random description of the tow parameters is obtained by addition of the generated deviations to the sys-
tematic values for each grid location along the tow length. In addition, a new path is constructed for each
tow using a cubic spline that is fitted to the centroid positions. This path yields the orientation vectors [15]
and path length defined for subsequent grid locations. When each tow information is updated, the unit cell
dimensions and properties are also recomputed.



The parameter values, path length, orientation vectors, and general unit cell properties in the nominal
WiseTex XML-file are overwritten by the updated values for each tow and properties, to obtain stochas-
tic realisations of the unit cell. An example of a random unit cell structure is presented in figure 9.

Figure 9: Random virtual unit cell in the WiseTex representation: (a) general overview, (b) top view and (c)
tilted side view.

3.5 Monte Carlo analysis

The 4000 generated deviations for validation of the Markovian algorithm in section 3.3 are used to construct
1000 random unit cells. It is important to notice that the same systematic curves are used for each specimen;
only the deviations added to the mean behaviour is different. The mechanical properties corresponding to
each unit cell at meso-scale can be evaluated afterwards to determine the effect of the geometrical variability
at meso-scale on the mechanical behaviour.

4 Stiffness evaluation of the random unit cells

The macro-scale stiffness properties corresponding to each of the random unit cells at meso-scale is com-
puted by homogenisation. A multi-inclusion Eshelby approach [10] is applied where each yarn segment is
considered as an inclusion with stiffness tensor C∗

ijkl bedded in a matrix medium with property Cmijkl. The
effective stiffness Ceff for N inclusions i = 1..N is calculated as [12]:

Ceff = Cm +
N∑
i=1

ci(C
i − Cm)Ai (3)

with Cm the stiffness tensor of the matrix, ci the fibre volume fraction of the inclusion and Ai the strain
concentration tensor which depends on the Eshelby tensor [10]. This homogenisation procedure is known as
the Mori-Tanaka method.



The Mori-Tanaka method is implemented in the TexComp software [13] which is compatible with the
WiseTex format. This software is used to evaluate the stiffness properties corresponding to each random
unit cell. By repetition of this procedure for all of the 1000 generated virtual unit cells, the statistical infor-
mation of the stiffness components is derived. Results are calculated for virtual samples where centroid and
cross-sectional shape parameters are random. The statistical description of the stiffness properties E11,E22

and G12 are presented in table 4, computed from a data set of stiffness values which are normalised to a fibre
volume fraction Vf of 55%. The nominal value of the stiffness for a WiseTex model, constructed with only
the systematic variations, is also given.

E11 [GPa] E22 [GPa] G12 [GPa]
Nominal model - Systematic variations 69.40 69.03 3.19
Random model - Mean 67.25 66.99 3.26
Random model - COV 0.76% 0.70% 0.87%

Table 5: Results of the stiffness evaluation of 1000 random unit cells (normalised values to 55 %).

The stiffness values for E11 and E22 of the nominal model are decreased with 3% for variable unit cells.
This drop in mean value is slightly higher than observed in Olave et al. [14] where a similar approach
is discussed for similar topology but different number of fibres per tow (3K and 12K carbon fibre tows).
Although theoretically the value of E11 should be equal to E22, a lower stiffness value is present for the weft
direction since the periodic length in warp direction is longer than weft direction. This means that for an
equal number of tows, four warp and weft tows per unit cell, the tensile behaviour in the weft direction has a
lower fibre volume fraction per cross-section resulting in a lower E22 than E11. The COV of E11, however
limited, is larger than E22 which is expected due to the larger in-plane standard deviation (see table 2) for the
warp genus. The mean value for G12 is increased with 2% compared to the nominal value. A reinforcement
structure which is not perfectly aligned in warp and weft direction, results in an improved in-plane resistance
of the fabric when a shear load is applied. The variation of this modulus for random samples is the highest
of all stiffness components.

5 Discussion

Each random tow is generated individually, without considering the parameter values at any neighbouring
tow. This approach can lead to possible interpenetration for tows belonging to the same genus, but also for
tows belonging to a different genus at positions such as e.g. the cross-over locations. This interpenetration
is present for a few specimen when the mean tow parameters are added with high deviation values (close to
3σ) as could be generated by the Markov Chain. This effect does not affect the computed stiffness properties
based on the Mori-Tanaka method, since all tows are individually transformed in inclusions. Whether or
not there is an interpenetration present, the stiffness values are computed in a correct way. However when
other mechanical properties are been evaluated, an adapted approach is requested where tows are translated
such that the topological rules are satisfied [15, 16]. When performing these additional operations, it must be
ensured that the statistics of the model and general parameters of the unit cell, such as fibre volume fraction,
still match the experimental measured variation.

The stochastic model can also be translated to a meso-level finite element model [15] that can be used to
evaluate the eigenfrequencies and -modes when performing a modal analysis. These modal parameters can
be compared with those obtained from vibration experiments to quantify the effect of geometrical variability
on the variation in eigenfrequencies and -modes of each composite sample. In a later stage, the spatial
variability in stiffness properties obtained from a combined numerical-experimental approach with vibration
measurements [17], can be compared with the stiffness values corresponding to macro-scale virtual specimen
generated with the Markov Chain algorithm.



6 Conclusions

A stochastic multi-scale modelling approach is proposed to create virtual unit cells that possess the same
statistics as derived from an experimental sample. Each cell is representative for any ply in a laminate pro-
duced by RTM. The specimen are constructed by using systematic variations from prior experimental work
combined with zero-mean deviations generated by a Markov Chain algorithm for textile structures. The
probability transition matrix for the Markov Chain is calibrated with the standard deviation and correlation
for the different tow parameters as measured experimentally. The stochastic instances of the tow reinforce-
ment is transformed in the WiseTex format by overwriting the tow information of the XML-file from the
nominal woven model. The statistics of the random unit cells correspond to experimentally measured prop-
erties of the same 2/2 twill woven textile composite from prior work. Many virtual specimen are created
to evaluate the variability in macro-scale stiffness properties due to geometrical scatter at meso-scale. The
resulting variation is limited to less than 1% COV with a mean value which is 3% lower than the nominal
model constructed with the systematic patterns.

Acknowledgements

This study is supported by the Flemish Government through FWO-Vlaanderen (project G.0354.10) and the
Agency for Innovation by Science and Technology in Flanders (IWT).

References
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