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Abstract

A stochastic model of an experimentally measured unit cell structure is computed using the

multi-scale textile software WiseTex. The statistical characteristics of a sample, derived in

prior work, are used to calibrate the recently proposed Markov Chain algorithm for textile

fabrics. The generated variable tow reinforcements are transformed in the WiseTex format

that is compatible with tools for micromechanical analysis and permeability simulation.

The application is a seven ply polymer textile composite, with each ply consisting of a

twill 2/2 woven carbon fabric in an epoxy matrix. The developed model possesses random

tow centroid paths with nominal cross-sectional properties.

Keywords: Textile composites, Multi-scale modelling, Non-determinism, Probabilistic

methods, Mechanical properties

1. Introduction

The variability in the internal geometry of textile reinforced polymer composites can

be substantial. It is important to quantify the effect on the mechanical performance to im-

prove the quality and reliability of numerical analysis for composite structures. Mapping
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the variation in material properties will support material design and certification of structural

composites for e.g. aerospace applications [1, 2].

Within the field of uncertainty quantification, the overall uncertainty is differentiated in

aleatory uncertainty and epistemic uncertainty [3, 4]. The former uncertainty is due to inher-

ent randomness of the structure, while epistemic uncertainty is due to a lack of knowledge

and has an unknown source. The objective in this study is to reduce the epistemic uncertainty

in the geometrical parameter distributions and the variation in the mechanical properties of

textile composites. Uncertainty quantification in composite materials is attaining more atten-

tion lately [5, 6]. Introducing variability at different scales in computational models is found

to be essential or even critical. Zohdi et al. [7, 8] demonstrate that the macroscopic failure

behaviour of ballistic fabrics changes from abrupt to gradual failure when variation in the

filament alignment within a tow is considered. Variation in the geometrical model of com-

posite materials must be included to obtain random media models [9, 10] that can be used to

investigate the effect of random design parameters on e.g. the effective elastic properties.

When performing uncertainty analysis, it is important to verify the assumptions made

throughout the procedure. The sources of variability in composites remain poorly understood

and the inadequacy of experimental data [5, 11] results in assumptions for the input probabil-

ity density functions of numerical modelling methods. Further, only a few tools are available

to partially model the geometrical variation of textile reinforcements [12]. Almost all pub-

lished work considers randomness of local properties without correlation. However, recent

experimental work [13] has proven that spatial variation of the stiffness properties is present

over the extent of a composite structure. Significant advances in realistic material modelling

can be achieved by [5] (i) collecting sufficient experimental data on the spatially correlated

random fluctuations of uncertain material properties for short and long range deviations, and

(ii) deriving probabilistic information for macroscopic properties from the lower scale me-

chanical characteristics of the material. In prior work [14], statistical information is collected

on the short range deviations of a woven textile composite, i.e. deviations correlated over
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distances less than or compared to the size of the unit cell. This data is used as input for a

multi-scale modelling technique to generate virtual specimens.

The developed virtual specimen will differ from computational models where the geom-

etry is transformed to be more useful for numerical analysis. For these models, the reader is

referred to the work of Kamińiski [9] and Ostoja-Starzewksi [10]. In this study, virtual spec-

imens are generated that are replicas of the actual samples i.e. the random tow reinforcement

is fully modelled. The availability of the full structure permits performing micromechanical

analysis, permeability calculations or even creating a finite element model for stress-strain

analysis, using the same random model. Modelling of random textile reinforcements for eval-

uation of performance has already been analysed with different approaches [15, 16, 17, 18].

In a recent work of Abdiwi et al. [15], full-field variability of the tow directions across flat

sheets is modelled. First, the variability of the inter-tow angles is determined for a range of

woven fabrics. Second, a geometry mesh is generated with a pin-jointed net kinematics code

where variability is added by introducing (i) horizontal stretching or contraction of elements

along the horizontal centreline of the mesh and (ii) additional perturbations of the nodes

based on functions over the horizontal and vertical centreline. This code is combined into a

genetic algorithm controlling six parameters to ensure that the generated full-field geomet-

ric mesh reproduces the variability of the measurements. Yushanov and Bogdanovich [16]

presented a generic theory to generate a random reinforcement path. The input information

is limited to the mean and standard deviation of measured tow paths. The stochastic rein-

forcement is generated by defining a suitable position vector with a random vector function

which is expanded into a deterministic component and a random component. A stochastic

local basis is afterwards introduced to uniquely define the directional cosines of the arbitrary

reinforcement path, specified by the position vector. The elastic characteristics are evalu-

ated using a stochastic generalisation of the orientation averaging approach. Sejnoha and

Zeman [17] use the concept of statistical equivalent periodic unit cell by considering a two-

layer idealised unit cell to be constructed with seven independent parameters, including the
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tow spacing and thickness. Numerical values are accordingly chosen such that the resulting

macroscopic behaviour of the unit cell compares with that of a measured material. The cor-

rect values are found by a minimisation procedure of a set of equations of experimentally

obtained two-point probability functions and lineal path functions. Blacklock et al. [18]

define a Markov Chain algorithm to generate virtual specimens in which each tow is repre-

sented by a one-dimensional (1-D) locus in the three-dimensional (3-D) space. Fluctuations

in the coordinates are generated by marching systematically along the tow’s length and devi-

ations depend only on the deviation of the previous point. The transition matrix for moving

from one point in a single tow to the next is calibrated with the standard deviation and the

correlation length measured for that type of tow. The dominant correlations must be those

along a tow, with correlations between tows being relatively weak, to satisfy the Markovian

procedure. If one of these conditions is not met, a variant of the proposed algorithm needs

to be developed. A virtual specimen is built by combining the systematic variations of each

parameter along the tow length, which is defined by experimental data, with the generated

deviations by the Markov Chain procedure.

The current paper develops a stochastic virtual specimen in the deterministic WiseTex

software [19] by applying the Markov Chain algorithm [18]. Virtual samples are generated

that possess the same statistical information of an experimentally measured carbon-epoxy 2/2

twill woven textile laminate produced by resin transfer moulding (RTM) [14]. The system-

atic, periodic (or mean) patterns are first constructed from WiseTex according to a predefined

grid along each tow length. Second, the Markov Chain algorithm, with specific input parame-

ters for the material under consideration, generates deviations for the centroid coordinates for

each particular tow type. The addition of these deviations to the systematic centroid values

at each grid location results in a random structure that can be used for mechanical property

evaluation. The objectives of the paper are summarised as (i) the generation of the centroid

deviations of each tow type for the particular 2/2 twill woven material with verification of the

Markov Chain assumptions, and (ii) the construction of the stochastic virtual specimen in the
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WiseTex software.

2. Statistical data of the material

2.1. Stochastic characterisation of the woven material

The subject material is a seven ply polymer textile composite. Each ply has a 2/2 twill

woven carbon fabric from Hexcel (G0986 injectex) [20], with areal density 285 g/m2 and

ends/picks count of 3.5. The seven ply dry reinforcement is impregnated with epoxy resin

using RTM as production process. The unit cell representation of the fabric is given in fig-

ure 1 with λx and λy respectively the period in the x- and y-direction. One unit cell includes

four equally spaced warp tows and four equally spaced weft tows with nominal unit cell

dimensions of 11.43 mm by 11.43 mm.

Figure 1: WiseTex model of a 2/2 twill woven reinforcement. The x-axis and y-axis of the coordinate system
are respectively parallel to the warp and weft direction.

In prior work [14], statistical information of this material is collected using 3-D images

acquired via laboratory micro-CT. Use of micro-CT offers advantages over the optical imag-

ing processes when spatial information needs to be analysed over the extent of a structure. A

sample of unit cell dimensions is positioned in a GE Nanotom with X-ray source parameters

set to 33 kV and 295 μA to acquire high resolution images with a voxel size of (6.75 μm)3.

From the 3-D volume representation, two-dimensional (2-D) slices are extracted in warp and
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weft directions. The warp cross-sections are characterised from slices normal to the weft di-

rection and vice versa for the weft tow cross-sections. Nineteen slices are analysed for each

tow direction, yielding information at 0.75 mm intervals, so that each tow cross-over contact

is populated by three data slices. The tow cross-sections along the path are afterwards fit-

ted with ellipses (see figure 2), which is a valid assumption for the tow shape of the current

topology as discussed in Olave et al. [21]. This procedure yields information about the tow

path centroid coordinates (x, y, z), tow aspect ratio AR, tow area A and tow orientation θ in its

cross-section.

Figure 2: Digital image of a cross-section in weft direction obtained by micro-CT. Ellipses are fitted to the warp
cross-sections of the unit cell of ply 3.

Each ply is further analysed individually. First, geometrical information of the plies is

derived with as most important outcome the mean of the unit cell periods: λ x=11.55 mm

and λy=11.48 mm. Second, the tow paths in each ply are statistically characterised using

the method of reference period collation where each tow parameter is projected on a defined

grid along the tow length [22]. This process exploits the nominal periodicity of the textile to

maximise the information derived from a small specimen. Data is collected for tows assigned

to the same genus, i.e. tows that should be identical given the nominal periodicity of the

textile. The particular 2/2 twill woven fabric can be represented by two different genuses:

one for the warp tows and one for the weft tows.

Information is collected about the tow parameters {ζ ( j,t,p)
s , z( j,t,p)

s , AR( j,t,p)
s , A( j,t,p)

s , θ
( j,t,p)
s }with

ζ = y for warp tows and x for weft tows. Data are taken from each slice s=1...19, tow label

j=1...4 within the tow genus set t= warp or weft and ply p=1...7. A statistical representation
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for the warp and weft genus is acquired by partitioning each of the characteristics into peri-

odic systematic variations and non-periodic stochastic deviations. The decomposition of each

tow genus can be represented, by ε representing one of the five parameters {ζ, z, AR, A, θ}, as:

ε( j,t,p)
i =< ε( j,t,p)

i > +ε( j,t,p)
i (1)

with ε ( j,t,p)
i the zero-mean deviation from the systematic value < ε( j,t,p)

i > at location i along

the tow j of tow genus t in ply p.

The systematic variations of parameters represent the average trends of each genus. The

statistical properties of the tow parameters are defined in terms of the standard deviation

and correlation length of the deviations from the systematic trend. The correlation length is

determined by linear approximation of the first autocorrelation values for small spacing of

grid locations along one tow:

C( j,t,p)(k) = 1 − kδ/ξ( j,t,p) (2)

with C( j,t,p) the autocorrelation coefficient and ξ( j,t,p) the correlation length. This linear fit is

performed for the autocorrelation values of consecutive points up to five grid points (k ≤ 5)

in order to exclude correlation values that are populated by much smaller data sets and tend

to lie beyond the zone of significant correlation 1.

For the current data set, the systematic curves and deviations from the systematic patterns

are determined for each ply and each of the five parameters {ζ, z, AR, A, θ}. The results of this

statistical analysis show that the ply systematic curves for each parameter do not present sig-

nificant differences between plies, except for the mild feature seen as dips in the paths [14].

This effect is a result of compaction and mutual interaction of tows during the RTM produc-

1Two random variables are considered to be statistically independent if the correlation coefficient is less than
±0.3 [23]. The zone of significant correlation is given by: [−1,−0.3]∪ [0.3, 1]
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tion process. In figure 3, the ply systematic out-of-plane warp genuses are presented for each

ply. All systematic trends are translated to have an equal starting point in order to derive an

overall mean systematic curve. The ply systematic values for each parameter fluctuate around

this overall mean systematic curve with a standard deviation that is smaller than the standard

deviation computed for the deviations of all measured tows to their ply systematic trend. This

observation is also present for the weft tows and leads to the conclusion that the warp and

weft tows from all the plies can be represented by one overall warp systematic curve and one

overall weft systematic curve.
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Figure 3: The translated out-of-plane centroid systematic curves for the different warp ply genuses. All ply
systematic curves have a similar path which permits the derivation of an overall mean systematic curve.

Similar conclusions are made for the fluctuations of each parameter around its ply system-

atic curve. The comparison of the cumulative probability density functions of the parameter

deviations for each ply shows no significant differences between the plies for each single pa-

rameter [14]. Since the deviation statistics computed for different plies are indistinguishable,

the standard deviation and correlation length of any parameter are derived using the data set

of deviations combining data from all plies: the all-ply statistics data set. This increase in

data set size is a necessity for the derivation of the correlation length. Significant variance in

the correlograms (plot of Pearson’s correlation parameter in function of the separation of two
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points on a tow) for different plies is observed. All correlation lengths exhibit a significant

amount of uncertainty, which can be reduced by increasing the data set size. For details and

discussion of the results, the reader is referred to [14].

The deviations generator in this paper is calibrated with the statistical information of the

centroid locations derived from the all-ply statistics data set. The standard deviations and

correlation lengths of these components are shown in table 1. In addition, the mean and the

coefficient of variation (COV) of the derived correlation lengths for each individual ply are

presented in table 2 to stress the large uncertainty present for this value. The generated virtual

unit cells will also possess this high variation in correlation length.

Table 1: Experimental standard deviations and correlation lengths of the centroid coordinates using the all-ply
statistics data set.

σx [mm] ξx [mm] σy [mm] ξy [mm] σz [mm] ξz [mm]
Warp genus - - 0.113 22.886 0.014 1.780
Weft genus 0.063 9.419 - - 0.015 1.621

Table 2: Experimental correlation length values for all warp and weft centroid coordinates.

ξwarp,p
y [mm] ξwarp,p

z [mm] ξwe f t,p
x [mm] ξwe f t,p

z [mm]
< ξp > 18.19 2.27 10.90 1.95
COV p

ξ 71.43% 38.53% 66.16% 33.15%

2.2. Verification of the Markov Chain assumptions

The generation of deviations with the Markov Chain algorithm is based on several as-

sumptions. In order to reproduce the same statistics of the measured sample, these conditions

need to be verified or a modification needs to be considered. The assumptions are described

in [18] with the generated deviations, ε̃, denoted with a tilde to distinct from the experimental

values (e.g. ε̃=y or z for warp tows):
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1. The distribution of any component of the simulated deviations ε̃, is the same for all

data points on tows of the same genus.

2. The values taken by each component ε̃ at different points on the same tow are correlated

to a degree that diminishes with the separation of the points.

3. The different components ε̃ at each grid point are statistically independent of one an-

other.

4. Each component ε̃ takes statistically independent values on different tows, regardless

whether the tows are of the same or different genus.

Verification of these assumptions to the 2/2 twill woven textile data shows that assump-

tions 1 and 2 are valid.

Assumptions 3 and 4 are checked by performing additional inter-tow correlation calcu-

lations to the data set of the centroid locations. Three possible dependencies are analysed:

(i) C(εε′)
c : correlation between parameter deviations ε ( j,t,p)

i and ε
′( j,t,p)
i in one tow and at one

location, where the latter represents another tow property at that same location i, (ii) C (ε,t)
c :

correlation between neighbouring tows of the same genus for a particular tow parameter:

ε
( j,t,p)
i and ε( j′,t,p)

i , and (iii) C(εwaεwe)
c : correlation at typical cross-over locations in the fabric,

locations where warp and weft tows have equal centroid coordinates in the xy-plane, between

the warp component ε (wa,p)
cr,i and weft component ε (we,p)

cr,i . These dependencies are evaluated us-

ing the Pearson’s correlation parameter for the particular data set. The first two are calculated

for data of the same genus. As example, the correlation coefficient for evaluating the first

dependency C(εε′)
c is determined by

C(εε′)
c =

∑n
i=1 ε

( j,t,p)
i ε

′( j,t,p)
i√∑n

i=1 (ε( j,t,p)
i )2

√∑n
i=1 (ε

′( j,t,p)
i )2

(3)

with n the number of pairs {ε ( j,t,p)
i ε

′( j,t,p)
i } extracted from all tows of the same genus and over

the seven plies. Since the cross-correlations at cross-over locations are calculated between
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two different genuses, the correlation coefficient C(εwaεwe)
c is computed as:

C(εwaεwe)
c =

∑ncr
i=1 ε

(wa,p)
cr,i ε

(we,p)
cr,i√∑ncr

i=1 (ε(wa,p)
cr,i )2

√∑ncr
i=1 (ε(we,p)

cr,i )2

(4)

with ncr the total number of cross-overs in the sample. For each unit cell, sixteen locations

are present where warp and weft tows cross each other in the xy-plane (see figure 1).

Table 3: Inter-tow correlations of (i) different centroid components at one grid location (data set size of 520)
and (ii) the same centroid components between different tows of the same genus (data set size of 390).

C(xy)
c C(xz)

c C(yz)
c C(x,t)

c C(y,t)
c C(z,t)

c

Warp tows 0.009 0.007 -0.012 1 -0.615 0.155
Weft tows 0.006 0.029 0.041 -0.438 1 0.233

Results of these analyses are presented in tables 3 and 4. No dependency is present

between the different centroid parameters at one grid location since C(εε′)
c is very low. The

cross-correlation C(ε,t)
c has intermediate values for the in-plane centroid of the warp and weft

genus. A weak correlation for this centroid is expected due to the fact that the average void

length2 between consecutive warp or weft tows, equal to 0.26 mm, is at least two times

the warp or weft standard deviation for this coordinate (see table 1). The dependency of

the warp and weft tow components at the cross-over locations is negligible except for the

z-centroid. An intermediate correlation value for this centroid is expected due to the RTM

production process that presses the dry fabric in the z-direction to the desired thickness before

impregnating the resin. The cross-correlations at cross-over locations follow the same trend

as the interlock weave described in [22], but with a significantly lower C (zwazwe)
c correlation.

Although the size of the data set is large, the values of the correlations are biased due to

the fact that consecutive points are present on the same tow (a total of 28 tows are present

2The void length is the free length between two neighbouring tows calculated as the nominal tow spacing
subtracted with the nominal tow width.
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per genus in the sample). The limited data set results in cross-correlations that are considered

as weak for any of the three dependencies. Therefore, it is further assumed that the inter-

tow correlations between parameters of the same genus or between different genuses are

negligible and not taken into account in the generation of deviations.

Table 4: Cross-correlations of the centroids at cross-over locations for a data set size of 112.
C(ywaxwe)

c C(ywazwe)
c C(zwaxwe)

c C(zwazwe)
c

-0.030 0.031 -0.012 0.603

3. Stochastic modelling of the 2/2 twill woven textile composite

3.1. Modelling approach

The aim is to generate virtual random 2/2 twill woven unit cells that have the same

statistics for the centroid positions as in the measured sample. The cross-sectional param-

eters along the tow path are fixed to their nominal value. This modelling approach uses the

WiseTex software [19] to create the stochastic model based on the tow path information.

WiseTex is able to construct the internal geometry of a wide range of textile reinforcements

[24, 25, 26], including this 2/2 twill woven composite, for a limited set of input parame-

ters: tow properties, particular topology and tow spacing. These parameters include all the

textile mechanics corresponding to the tow path. A numerical model is built using an en-

ergy minimisation algorithm of the tow deformation for a given crimp value. The nominal

WiseTex centroid description of the subjected reinforcement path is generalised to stochastic

representation.

The random tow instances in the unit cells are created with the all-ply statistics data set

in order to be representative for any ply. In these structures, the present dips in the out-

of-plane centroid path (see figure 3) are not taken into account in the models. This feature

varies in form substantially with no dip at the surface plies due to the flat platens of the

RTM moulding process [14]. When more data about these dips are collected from different
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experimental specimens, the out-of-plane centroid path can be updated with a variable dip

size for unit cells representative for the inner laminate plies.

Figure 4: Procedure of the warp tow discretisation on an equally spaced grid of 32 points.

Each tow is represented by a discrete set of values originating from a grid along its tow

direction as presented in figure 4. The grid length for warp and weft tows is accordingly

chosen to the mean value of all measured ply periods for both directions (λx=11.55 mm,

λy=11.48 mm). The reinforcement of an arbitrarily sized specimen is afterwards built by

translating the generated tows using the vector (mλx/4
ex+nλy/4
ey), with 
ex, 
ey the unit vectors

and m, n taking an integer value {0, 1, 2, 3}, depending on the tow type and location within

the unit cell. No additional in-plane twist of the tows is considered. The procedure results in

virtual unit cells with fixed dimensions in warp and weft direction. These dimensions are only

enlarged when the most outward tows, close to the unit cell boundary, exceed the boundary

location. In all other cases, the unit cell dimensions are set to λx=11.55 mm and λy=11.48

mm. This is a valid assumption since, due to the variation, no relationship is found between

the tow path length and its corresponding unit cell dimension. The thickness dimension

of each unit cell is variable, depending on the individual out-of-plane tow path variation.

A total of 32 grid points are chosen along the grid length to obtain a grid spacing which

is several times less than the correlation length of the z-centroid. This parameter has the

smallest correlation length for warp and weft tows (see table 1). The resulting grid spacing
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ensures that the final smoothing step for generating the tow deviations will not change the

statistics too much. Smoothing is required to obtain a tow shape without any non-physical

irregularities since the Markov Chain procedure can generate spikes at short distances.

Figure 5: Overview of the stochastic multi-scale modelling approach.

An overview of the stochastic multi-scale modelling approach is given in figure 5. The

systematic value of each grid location for any parameter is constructed with the WiseTex

representation of the woven fabric. The grid values are extracted by reading an XML-output

from WiseTex that contains all information of the WiseTex model. In a next step, the devia-

tions of all centroids are generated in Matlab by implementation of the Markov Chain. The

final grid values along the tow length are obtained by adding the deviations to the systematic

values at each grid location. These values, in combination with a new definition of the ori-

entation vectors defining the tow path, are used to overwrite the original values of tow path

description in the XML-file of the woven model. The XML-file is afterwards the input in

WiseTex to create the stochastic model of the unit cell or to micromechanical analysis tools

for evaluation of the mechanical properties.
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3.2. Systematic patterns generated by WiseTex

From the stochastic characterisation of the woven material in [14], the average tow path

trends, or systematic variations, of each genus are available for each tow path parameter.

When comparing these trends with the tow path representation of the same topology in

WiseTex, only minor differences are observed. The out-of-plane and in-plane centroid sys-

tematic curves, computed from previous analysis and from WiseTex, are presented in figure 6.

The out-of-plane systematic trend is similar to the z-centroid determined by WiseTex, except

for the present dips in the middle of the twill float. Using WiseTex to extract the system-

atic curve removes this feature in the developed stochastic model. The in-plane systematic

curve obtained from the stochastic analysis is fluctuating around the zero-axis with a standard

deviation that is one magnitude lower than the standard deviation of the in-plane deviations

(table 1). Since no clear pattern is observed in this experimental path, the mean behaviour of

the in-plane component is taken as a straight line in the construction of virtual specimen.
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Figure 6: Comparison of the systematic curves resulting from the stochastic characterisation and the nominal
WiseTex model. (a) No significant differences in systematic curves are observed for the out-of-plane coordinate
except for the present dips. (b) The in-plane coordinate curve from the experimental procedure is fluctuating
around the zero-axis without a clear trend.

The systematic values of each grid location along the tow length (32 in total) are taken
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from the original WiseTex representation. The WiseTex model has unit cell dimensions and

tow properties derived from the stochastic analysis. When larger differences in systematic

trends are observed, which is the case for the tow cross-sectional shape parameters (see

[14]), the systematic values are also taken from the stochastic characterisation. This does

not introduce any additional difficulties.

3.3. Generation of centroid deviations with the Markov Chain algorithm

The centroid fluctuations around the mean centroid patterns are generated with the Markov

Chain algorithm proposed by Blacklock et al. [18]. As for the angle interlock weave of Bale

et al. [22], no significant inter-tow correlations for the same genus are present. Also the

considered 2/2 twill woven topology does not exhibit significant inter-tow correlations at the

cross-overs, which was the case for the z-centroid of the angle interlock weave. This allows

reproducing the deviations of warp and weft tows for the 2/2 twill woven fabric independently

without any modification when combining warp and weft tows into a unit cell structure.

The input parameters of the generation algorithm are accordingly chosen to the statistical

information of the material. The all-ply statistics data set of each parameter is discretised

on an interval {−ma,−(m − 1)a, ..., 0, ..., (m − 1)a,ma} with grid spacing a and number of

intervals m that satisfy the relation ma = 3σε. The possible values of generated deviations

are limited by the 3σ spread in the experimental data set. Due to the high standard deviation

of the in-plane coordinate for warp and weft tows, m is given the value of 20. A lower m

value, with corresponding higher interval widths a, would have several undesired effects: (i)

high amplitude of spikes in the generated deviations along the tow length and (ii) unrealistic

jumps in the centroids path according to the data. A higher m value is not required and would

lead to longer computation times.

The probabilities corresponding to the discretised interval are collected in the distribution
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vector Pεi for location i, with T denoting the transpose operation:

Pεi =
[

p(i)
m p(i)

m−1 ... p(i)
0 ... p(i)

−m+1 p(i)
−m

]T
(5)

The probability of the next grid location i + 1 for the same parameter Pεi+1 is determined by

the Markovian procedure:

Pεi+1 = APεi (6)

with A the probability transition matrix. In the initial form, this transition matrix is repre-

sented as:

A0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α γ 0 . . 0

β′ α γ 0 . .

0 β α . . .

. 0 . . γ 0 .

. . β α δ 0 .

. 0 β α β 0 .

. 0 δ α β . .

. 0 γ . . 0 .

. . . α β 0

. 0 γ α β′

0 . . 0 γ α

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(7)

All elements have values between [0,1] and each column adds to unity. The generated devia-

tions ε̃i are controlled by varying the relative magnitudes of β and γ. The value of α is fixed

and arbitrarily chosen to be 0.9 [18]. The transition matrix is calibrated with the standard

deviation and correlation length of the considered parameter. First, the produced standard

deviation of the fluctuations is set to be equal to the experimental standard deviation. This

condition permits determining the element values of β and γ. Knowing these values, the gen-

erated correlation length is fitted to the experimentally obtained value by iterative application
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of the tri-diagonal transition matrix A0 till the experimental correlation length is simulated.

This ensures that the transition rule, with A the transition matrix in its final form, will gener-

ate deviations that have the target statistics of the all-ply statistics data set. The Markovian

procedure is implemented in an operating algorithm, described in [18], to create any fluctua-

tion value at each grid point by marching along the specific genus. The procedure is repeated

for one parameter at a time since the tow centroids are not correlated at one grid point as

discussed in section 2.2. Each parameter has its (2m+1) by (2m+1) tri-diagonal probability

transition matrix.

The output is a set of deviations along each tow possessing high-amplitude long-range

wavelength variations equal to the correlation length of the measured sample, with low-

amplitude short-range wavelength fluctuations. The latter fluctuations can appear as sharp

spikes which are not physical and also not observed in the measured sample. A smoothing

operation is proposed to reduce these spikes by applying a local averaging method over an

interval length that is significantly smaller than the shortest experimentally derived correla-

tion length. The procedure is an adapted version of the moving average that ensures that the

standard deviation of the generated deviations is preserved. The smoothed deviation values

ε̃(s)i are obtained for the current material and settings by:

ε̃(s)i = S

√√√
1
3

1∑
j=−1

ε̃2i+ j (8)

with S = ±1 a sign factor having the sign of all the non-zero deviations in the sum of equa-

tion 8. The deviation value at one location is smoothed by using information of ±2 neigh-

bouring grid points (recursion depth = 2). If the subjected deviations for one smoothing step

have different signs, the proposed smoothing operation is not considered. The conventional

moving averaging rule is then applied (see appendix B of [18] for more information). This

procedure is applied for all generated deviations.
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(a) Correlogram of the warp in-plane centroid
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(b) Series of simulated warp in-plane centroid deviations for one tow

Figure 7: (a) Correlogram of in-plane warp centroid for the experimentally measured deviations and simulated
deviations with the Markov Chain. The Markov Chain reproduces correlation values that coincide with the
linear fit of experimental data used to derive ζy. (b) Generation of an in-plane warp tow path with and without
applying the smoothing. The smoothing operation removes small amplitude spikes.

As validation of the algorithm, a total of 4000 warp and weft tow centroid deviations

are generated to construct 1000 unit cells with variable tow reinforcement. Results of the

procedure are demonstrated for the warp genus.

When the deviations of all warp tows are combined in one data set, the correlogram of

the simulated deviations can be compared with the experimentally obtained autocorrelation

values for equal spacing between neighbouring points. Figure 7(a) presents the correlogram

for the simulated and experimentally obtained deviations of the warp in-plane centroid. The
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autocorrelation graph shows good agreement between the simulated and experimentally de-

termined values. This proves that the Markov Chain generates in-plane warp centroid de-

viations that have the same statistics as the experimental sample. Figure 7(b) shows a set

of deviations for the warp in-plane centroid. The simulated deviation values along the tow

length demonstrate the need for the smoothing operation.

The conformity of the statistics for each particular random unit cell to the experimen-

tal unit cell is also verified. As example, figure 8 and 9 report the unit cell statistics of the

warp tow parameters in histograms, respectively for the out-of-plane centroid and in-plane

centroid. Both the standard deviation and correlation length of each unit cell are presented

(non-smoothed and smoothed) and compared with the results of the experimental character-

isation of the material. The experimental standard deviations are those computed from the

all-ply statistics data set since no differences in these values are present between the plies.

Simulated correlation lengths are compared with the mean values of the experimental data

set consisting of the correlation length of each individual ply (see table 2).

The histograms of the standard deviations of both centroid parameters are centred around

the experimental standard deviation. When smoothing is applied to remove the sharp spikes

in the generated tow paths, the standard deviation of the out-of-plane coordinate is slightly

affected. The proposed averaging procedure, with conservation of the standard deviation,

cannot be used when one or more points in the averaging interval have a different sign. This

is an effect of a small correlation length, such as for the out-of-plane centroid, causing the

deviations to often change sign. The standard moving averaging method is then applied

that does not conserve the standard deviation. The simulated in-plane component’s standard

deviations show large variations in the histogram caused by the high experimental standard

deviation (see table 1). This is also demonstrated in table 5. The y-coordinate deviations of

the warp tows are not affected by the smoothing.

The simulated correlation lengths histograms show already high variation for the non-

smoothed values. The cause of this high variation is (i) the high sensitivity of the correlation
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(a) Statistics of non-smoothed deviations
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(b) Statistics of smoothed deviations

Figure 8: The unit cell statistics of the out-of-plane warp centroid (a) without and (b) with smoothing. The sim-
ulated standard deviation is slightly shifted after smoothing. Altough, a good comparison with the experimental
statistics is obtained on average.

length to outliers and (ii) the limited data set from which the correlation length is derived.

This high variation is also present when considering the high COV values for correlation

lengths of different plies shown in table 2. When smoothing is applied, the correlation length

values are shifted to higher values. This is an obvious result when the value of a certain

parameter is made more dependent on its neighbouring points. However, the magnitude of

the correlations is still acceptable as shown in table 5.

Replicas of each tow parameter are thus created by marching sequentially along the length

21



Table 5: Results of the statistics of the generated warp centroid deviations: with and without smoothing.
σy [mm] σz [mm] ξy [mm] ξz [mm]

Warp simulated - no smoothing 0.114 0.014 24.162 2.260
Warp simulated - with smoothing 0.114 0.013 39.642 3.570
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(b) Statistics of smoothed deviations

Figure 9: The unit cell statistics of the in-plane warp centroid without (a) and with smoothing (b). No significant
effect of smoothing is observed for the standard deviation. A good comparison with the experimental statistics
is obtained on average.

of the tow. The Markov Chain algorithm is able to reproduce the statistical information

correctly on average.
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3.4. Stochastic representation in the WiseTex software

Stochastic instances of the tow reinforcement are obtained by combining the systematic

values from WiseTex with the generated deviations from the Markov Chain. The coordinates

are translated up and down from their systematic value to obtain the final centroid coordi-

nates.

Each new tow path is constructed by defining the path length and orientation of the tow

parameters. A cubic spline is fitted to the centroid positions to derive the length of the cen-

troid line of all segments, defined by successive grid locations. The direction of each tow

segment is further determined by the set of vectors {t, a1, a2, n, b} [24, 25]. The direction of

the centroid line of a tow is indicated by the tangent vector t = dr/ds. The cross-section is

represented by vectors a1 and a2 according to the minor and major axis of the ellipse shape.

Both latter vectors define one plane with the tangent vector t normal to it, as presented in

figure 10. The remaining normal n and bi-normal b vectors are defined respectively as dt/ds

and t × n.

Figure 10: Orientation vectors of a tow cross-section used in WiseTex [24].

The values of centroid coordinates, path length and orientation vectors in the nominal

WiseTex XML-file are overwritten by the updated values for each tow to obtain stochastic

realisations of the unit cell. Figure 11 shows different views of the virtual 2/2 twill woven
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specimen created in the WiseTex software. Each virtual unit cell has fixed in-plane dimen-

sions when no tows cross the unit cell boundary, as discussed in section 3.1, but a different

thickness depending on the variable out-of-plane tow path behaviour.

Figure 11: Different views of the created random virtual unit cell in the WiseTex representation: (a) general
overview, (b) top view and (c) tilted side view.

4. Discussion

The individual generation of random tows, without any correlation between neighbouring

tows of the same type or different type, can lead to possible interpenetration. Although the

procedure in this paper only shifts the centroid positions and keeps the cross-sectional param-

eters to their systematic values, this interpenetration is present for a few specimens when tow

parameters are added with high deviation values (close to 3σ) as could be generated by the

Markov Chain. When variability of the ellipse axes in the tow cross-section is introduced, in-
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terpenetration has a much higher probability to occur. This demands for an adapted approach

where tows can be translated according to topological rules [24, 27]. When performing these

additional operations, it is important to check that the statistics of the model do not change,

but also that the fibre volume fraction of the unit cell still matches the experimentally mea-

sured variation.

The current model is build with elliptical cross-sections. Although the tow cross-sections

do not represent ideal elliptical shapes, fitting ellipses is still a reasonable approach. It per-

mits to capture all the tow path statistics approximately correct [14]. When modelling the

structure, it is also consistent to represent the reinforcement as overlapping ellipsoids when

evaluating the stiffness properties using the Mori-Tanaka scheme [28]. However, minor mod-

ifications to the elliptical cross-section for tows in the reinforcement need to be made for

damage modelling and stress-strain computations where the actual shape of the tow should

be considered.

The XML format of the virtual textile in the WiseTex software permits scripting of local

information on reinforcement, without the need of access or knowledge of the internal com-

putational procedure. The output format can be further used for simulation of the compos-

ite unit cell reinforcement properties and behaviour, with compatibility of micromechanical

analysis [19, 21, 28, 25] and permeability simulations [29]. The meso-level model can also be

translated to a meso-level finite element model [24, 30]. The results from the meso-level me-

chanics can be afterwards transferred to the macro-level for application of structural, forming

or impregnation analysis.

5. Conclusions

A unit cell with random positioning of the tow paths is constructed in WiseTex that pos-

sesses the same statistics as derived from an experimental sample. The tools to create a

stochastic unit cell are implemented independently from the WiseTex software by using the

XML-output format of a nominal WiseTex model. This permits using the efficient Markov
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Chain algorithm to generate the zero-mean deviations of the tow centroid parameters that

are afterwards added to the systematic patterns of the tow paths. The random reinforcement

model is obtained by changing the values of the tow properties input, concerning centroid

locations and tow path orientations, in the original XML-file of the nominal model. The

tow path fluctuations in the models have a standard deviation and correlation length that

correspond to the statistical characterisation of the same 2/2 twill woven composite in prior

work. When many virtual samples are constructed, the statistics of the mechanical properties

can be evaluated using meso-level models of micromechanics which are compatible with the

WiseTex format.
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