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Abstract

The Wave Based Method is a deterministic prediction technique to solve steady-state dynamic problems and is devel-
oped to overcome some of the frequency limitations imposed by element-based prediction techniques. The method
belongs to the family of indirect Trefftz approaches and uses a weighted sum of so-called wave functions, which are
exact solutions of the governing partial differential equations, to approximate the dynamic field variables. By min-
imising the errors on boundary and interface conditions, a system of equations is obtained which can be solved for
the unknown contribution factors of each wave function. As a result, the system of equations is smaller and a higher
convergence rate and lower computational loads are obtained as compared to conventional prediction techniques. On
the other hand, the method shows its full efficiency for rather moderately complex geometries. As a result, various
enhancements have been made to the method through the years, in order to extend the applicability of the Wave Based
Method. This paper gives an overview of the current state of the art of the Wave Based Method, elaborating on the
modelling procedure, a comparison of the properties of the Wave Based Method and element-based prediction tech-
niques, application areas, extensions to the method such as hybrid and multi-level approaches and the most recent
developments.
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1. Introduction

The modelling of the vibro-acoustic behaviour of physical systems is far from being trivial. In a general coupled
vibro-acoustic system, in which structural, poroelastic and acoustic components mutually interact with each other,
the system behaviour is typically determined by the coupled steady-state response of each of the components. In an
ideal setting, the design engineer would have a modelling tool at his disposal, that would allow calculations over the
whole frequency range of interest, which typically runs up to 20kHz. In real life, however, this is not possible due to
the limitations of the current Computer Aided Engineering tools at hand. Moreover, there is a significantly different
response in different frequency regions. In general, three different frequency regions can be identified, which are
problem dependent:
Low frequency range In the low frequency range, the characteristic length of the problem under study is smaller

than or in the same order of magnitude as the dominant physical wavelengths in the dynamic response. In this
frequency range, the response of the system is determined by well-separated modes and can be predicted by
means of deterministic approaches. For vibro-acoustic problems, element-based techniques, such as the Fi-
nite Element Method (FEM) [1] and the Boundary Element Method (BEM) [2] are most commonly applied.
Element-based approaches divide the problem domain or its boundary into a large number of small elements.
Inside these elements, the field variables are approximated using simple, often polynomial functions. As wave-
lenghts shorten with increasing frequency, the element sizes also need to decrease to diminish the effect of

∗Corresponding author. Tel.:+32 16 32 24 80; fax: +32 16 32 29 87; http://www.mech.kuleuven.be/

E-mail address: Elke.Deckers@mech.kuleuven.be

Preprint submitted to Wave Motion November 19, 2013



interpolation and pollution errors [3, 4, 5]. As a consequence, the number of degrees of freedom (DOFs) in-
creases, as does the size of the system matrices, limiting the practical use of element-based approaches to low
frequency applications.

High frequency range When the characteristic length of the problem under study is much larger than the dominant
physical wavelengths in the dynamic response, the considered problem is situated in the high frequency range.
Typically, the modal density and modal overlap are high and the system is very sensitive to small variations
in, for instance, material properties and geometrical details. As small variabilities are inevitable in real life
applications, the response of one nominal system loses its meaning. As a result, the ensemble averaged response
of a number of realisations is of interest together with its variance. In this frequency range, statistical techniques
are applied; for instance the Statistical Energy Analysis (SEA) [6] is often used for vibro-acoustic analysis. The
SEA divides the problem domain into a small number of subsystems in which a spatially averaged estimate of
the energy level is obtained. SEA is computationally not very demanding, but relies on a number of assumptions,
such as the diffusivity of the field and uncorrelated waves. Since these assumptions are only met above a certain
frequency limit, the method is restricted to the high frequency range.

Mid frequency range In between the low and the high frequency range, a frequency band exists for which currently
no mature and adequate prediction techniques are available. However, for many applications, this mid frequency
gap coincides with the frequency range where the human hearing is highly sensitive. Therefore, solutions are
sought to bridge (part of) this gap, and can be categorised according to three classes of approaches:

• Extending the frequency range of the deterministic approaches. Optimised solvers [7], domain decom-
position methods [8] and multipole methods [9, 10] can be applied to the element-based approaches,
knowledge of the dynamic problem can be incorporated [11, 12], etc. Trefftz approaches [13], which
use exact solutions of the governing differential equation(s) to describe the field variables, can also be
considered in this category.

• Extending the statistical methods towards lower frequencies. Approaches belonging to this category try,
for instance, to get a better estimation of the SEA parameters [14] or try to relax on the assumptions
imposed by SEA such that the modal energies in subsystems do not have to be similar [15].

• Combining deterministic and statistical approaches. This category of methods tries to combine the best
of both procedures, such that a system which consists of combined stiff, deterministic components and
flexible, statistical components can be tackled. The hybrid FE/SEA, which describes fully deterministic
components via FE and highly random components by SEA, is the prime example [16].

The Wave Based Method (WBM) in its pure form [17], belongs to the family of Trefftz approaches [13] and
forms the focus of this paper. It belongs to the first class of methods defined above, being an efficient alternative
deterministic technique, using exact solutions of the governing equations to approximate the field variables. As such,
it embeds a priori known information about the dynamic field in the expansion set, to speed up convergence. However,
a priori known information about the solution field can also be embedded in element based prediction techniques.
Consequently, before moving to the details of the WBM, it is useful to briefly position it among enrichments to
element based prediction techniques and among other Trefftz approaches. A more complete and in depth discussion
can e.g. be found in [18, 19, 20]:

Enrichment of FE methods: The numerical pollution errors in FE schemes mainly originate from the use of simple
polynomial shape functions to describe the field variables. Therefore, a commonly applied approach is to enrich
the field variable approximation using a priori known information of the studied problem. In this respect, a.o.
multiscale and generalised FEM should be mentioned.

In the multiscale approach, the solution is supposed to consist of a coarse and a fine scale solution. The coarse
part of the solution is resolved using the standard polynomial shape functions, while the fine scale represents
the oscillating nature of the dynamic solution which is resolved using an additional basis containing problem-
specific functions. In for instance the Residual-Free Bubble method [21] the functions describing the fine scale
do not contribute to the residuals of the coarse scale, such that they can be added to the solution, although their
calculation is an expensive process. Farhat et al. [11, 22] propose the use of different propagating and evanescent
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waves to model the fine scale. Continuity between different elements is not longer inherently guaranteed, but is
enforced using Lagrangian multipliers, explaining the name ‘Discontinuous Enrichment Method’ (DEM). The
contribution factors of the enrichment functions are condensed out at element level, yielding a global system for
the coarse-scale FE DOFs and the Lagrange multipliers. The DEM is capable of obtaining the same prediction
accuracy as the classical FEM of the same order p using approximately an order of magnitude less degrees
of freedom. If the enrichment functions in a DEM formulation are chosen to be a good basis of the dynamic
problem under study, the continuous polynomial field can be discarded, leading to a Discontinuous Galerkin
(DG) method [23]. A system of equations in the Lagrange multipliers is obtained. The DG forms the foundation
of several Trefftz methods, being discussed later.

In generalised FE methods [24], also called Partition of Unity FEM (PUFEM), the polynomial shape functions,
which form a partition of unity, are multiplied with locally defined basis functions containing a priori informa-
tion of the dynamic field. Problem specific enrichment functions, such as plane waves, harmonic polynomials,...
are used. For simple academic examples, this method exhibits a superior modelling efficiency compared to the
stabilised FE methods, but the introduction of highly oscillatory enrichments typically results in difficult model
construction and ill-conditioned systems of equations. For a same accuracy as the DEM, the conditioning of
the PUFEM is worse.

Enrichment of BE methods: In a similar fashion as PUFEM, a Wave Boundary Element Method (WBEM) can be
constructed [25] by multiplying the polynomial BE shape functions with plane waves. The method incorporates
the underlying wave behaviour of the solution fields in the numerical scheme. The application of the WBEM ap-
proach significantly increases the prediction accuracy but like PUFEM, the method suffers from ill-conditioning
of the system matrices when a large number of enrichment functions is introduced. Some recent improvements
allow the method to cope with complex geometries while avoiding serious ill-conditionied system matrices.

Trefftz Methods: Trefftz [13] proposed and alternative method for the Rayleigh-Ritz approach embedding more of
the a priori known information of the physics implicitly into the numerical model. This is done by selecting a set
of basis function which fulfill the governing partial differential equations describing the problem and which is T-
complete. In general, these methods can be classified as direct or indirect. Direct Trefftz approaches discretise
the boundary of the problem domain and express the boundary variables in terms of a T-complete function
set. The degrees of freedom of the resulting system of equations are physical quantities on the boundary of the
considered problem domain. The use of indirect Trefftz approaches is, however, much more wide-spread. In this
case the field variables inside the problem domain are approximated using an expansion of Trefftz functions,
which exactly fulfill the governing equations, but violate the boundary conditions. The weighting functions
have no direct physical meaning and a post-processing step is needed to obtain the results inside the domain.
Indirect Trefftz methods mainly differ in the selection of the Trefftz functions and how the weighting functions
are obtained (e.g. in a variational, collocational, least-squares or weighted residual formulation). As mentioned
before, a complete overview of possible Trefftz approaches does not fit in the scope of this paper, but it is worth
mentioning the different approaches that are being followed.

The Equivalent Source Method, also referred to as the Method of Fundamental Solutions, the Boundary Knot
Method,... describes the solution inside a problem domain using a distribution of sources outside the problem
domain, e.g. see [26, 27, 28]. Many other Trefftz approaches apply a partitioning of the problem domain into
elements. In this extent the subdivision into ‘enhanced element approaches’ and Trefftz approaches is not
always very clear. The DG [23], as mentioned above, serves as a framework to derive Trefftz methods. In each
element a suitable set of Trefftz functions is used. The Ultra Weak Variational Formulation (UWVF) [29] and
the Hybrid Trefftz Finite Element Method (HTFEM) [30] both use plane wave basis functions, but use a weak
variational approach, leading to impedance-like interelement conditions and Lagrange multipliers, respectively,
to couple the interface variables.

Other Trefftz methods also omit the interface variables and apply a direct coupling between adjacent elements,
as is for instance implemented in the Least-Squares T-elements (LST). The Variational Theory of Complex
Rays (VTCR) [31] also belongs to the class of directly coupled domain based indirect Trefftz approaches and
uses another variational formulation. It applies complex rays to describe the dynamic field, which involve two
scales: a slowly varying scale and a rapidly varying scale. Only the slowly varying scale is discretised and the

3



rapidly varying scale is taken into account analytically. Recently, Kovalevsky [32] proposed a truncated Fourier
series to discretise the amplitudes, resulting in a smoother and more predictable convergence.

The WBM is designed for solving steady-state dynamic problems, governed by a (set of) Helmholtz equation(s).
It can be applied to bounded as well as (semi-)unbounded problem domains. It belongs to the category of indirect
Trefftz approaches; a post-processing step is required to determine the field variables and derivative quantities in the
points of interest. The WBM applies a direct coupling approach: a weighted residual formulation is used to enforce
boundary conditions and interdomain continuity conditions, such that no additional variables are introduced at the
interfaces. Contrarily to element-based approaches, which divide the problem domain or its boundary into a large
number of small elements, the WBM partitions the problem domain in a small number of large subdomains. Within
the subdomains, the WBM approximates the field variables by a weighted sum of so-called wave functions, each of
which is an exact solution of the governing differential equation(s). These wave functions comprise propagating as
well as evanescent waves. The wave numbers of these waves depend on the subdomain dimensions. Model refinement
is done by increasing the number of approximation functions in the subdomains, rather than increasing the number of
elements.

This paper gives an overview of the current state of the art of the WBM, summarising fifteen years of research. The
first section gives a mathematical description of the dynamic problems which can be solved with the WBM. Next, the
four steps involved in the WB modelling procedure are discussed and are, as an illustration, applied to a 2D acoustic
problem. Thereafter, the typical properties of the WB models and their strengths and weaknesses are compared to
those of element-based approaches. Finally, the application areas of the WBM and its current extensions are discussed
and an outlook for future WB research is given.

2. Generalised Helmholtz problem

Consider a general interior/exterior steady-state dynamic problem as shown in Figure 1. A time harmonic depen-
dence e jωT is assumed, with j the imaginary unit, ω the circular frequency and T the time. It is assumed that the
mathematical formulation of the physics inside the problem domain Ω gives rise to, or can be cast into a number of
NH (modified) Helmholtz equations

∇2um(r) + k2
mum(r) = Fm(r), r ∈ Ω, m = 1, ...,NH . (1)

In this equation, ∇2 is the Laplacian operator, um(r) is the dynamic field variable of the mth Helmholtz equation, and
km is the physical wave number of the mth Helmholtz equation, which is determined by the physical properties of
the medium inside the problem domain Ω. Fm(r) represents non-homogeneous forcing terms. The vector u(r) =

[u1(r), ..., uNH (r)]T , contains the NH considered dynamic field variables.
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Figure 1: General steady-state dynamic problem description.

The problem boundary Γ = ∂Ω consists of two parts in case the problem domain is unbounded: the finite part of
the boundary, Γb, and the boundary at infinity, Γ∞. For a bounded domain, obviously, only Γb has to be considered.
The finite part of the boundary can be divided into non-overlapping parts: Γb =

⋃
i Γi, on which different boundary
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conditions can be imposed. On each point of the boundary, NH boundary conditions need to be defined to obtain a
well-posed problem. The set of NH boundary conditions on a general boundary Γi can be written in the general form

Bi,l(u(r)) = Bi,l(r), r ∈ Γi, l = 1, ...,NH , (2)

with Bi,l(∗) a general boundary differential operator and Bi,l(r) an imposed boundary field. Note that the subscript
•,l denotes a counter, and not a derivation of the parameter • with respect to coordinate l. The NH number of field
variables inside the problem domain are coupled through the boundary conditions. At the boundary at infinity Γ∞,
non-reflecting boundary conditions are imposed, ensuring that the resulting wave field is purely outgoing and no
energy is reflected back into the problem domain

B∞,l(u(r)) = 0, r ∈ Γ∞, l = 1, ...,NH . (3)

The Helmholtz equation(s) (1) together with the imposed boundary conditions (2), and (3) for an unbounded problem,
define unique field variables um(r). Once these field variables are known, derived quantities can be obtained.

As an example throughout this paper, a 2D acoustic problem is considered. The fluid is characterised by its
ambient fluid density ρ and its speed of sound c. The steady-state acoustic pressure inside the problem domain is
governed by the inhomogeneous Helmholtz equation [33]

∇2 p(r) + k2 p(r) = − jρωδ(r, rq)q. (4)

Consequently, in this case NH = 1, um(r) = p(r), the acoustic pressure inside the domain, k1 = k = ω/c, the acoustic
wave number. In case an acoustic volume velocity source with source strength q is present in the problem domain,
F1(r) = − jρωδ(r, rq)q, with δ the Dirac-delta function.

The finite part of the boundary can be further divided into three non-overlapping parts: Γb = Γv ∪ Γp ∪ ΓZ , where
the following boundary conditions apply

r ∈ Γv : Lv(p(r)) = vn(r), (5)
r ∈ Γp : p(r) = p(r), (6)

r ∈ ΓZ : Lv(p(r)) =
p(r)

Zn(r)
, (7)

with vn, p and Zn the imposed normal velocity, pressure and normal impedance, respectively. The local normal on the
boundary is denoted by n and the normal velocity operator Lv(•) is defined as

Lv(•) =
j
ρω

∂•

∂n
. (8)

On the boundary at infinity Γ∞ the Sommerfeld radiation condition [34] must be satisfied in order to ensure that
all acoustic waves propagate freely towards infinity and that no reflections occur,

lim
|r|→∞

(√
|r|

(∂p(r)
∂|r|

+ jkp(r)
))

= 0. (9)

The Helmholtz equation together with the associated boundary conditions, define a unique pressure field p(r). Once
this pressure field is calculated, derived acoustic quantities such as the acoustic velocity, the intensity and the acoustic
power can be obtained.

3. The WBM modelling procedure

The general modelling procedure of the WBM to solve a generalised Helmholtz problem consists of the following
four steps:

A. Partitioning of the considered problem domain into convex subdomains,
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B. Selection of a suitable set of wave functions for each subdomain,
C. Construction of the WB system matrices,
D. Solution of the system of equations, yielding the wave function contribution factors, and postprocessing of the

dynamic variables.

These steps are first explained for a general Helmholtz problem and are then, as an illustration, applied to a 2D acoustic
case.

3.1. Partitioning of the problem domain

When applied to bounded problems, the convexity of the considered domain is a sufficient condition for the
WB approximations to converge towards the exact solution of the problem under study [17]. When the considered
problem domain is non-convex, it is, in a first step, partitioned into a number of convex subdomains. When applied to
unbounded problems, an initial partitioning of the unbounded domain into a bounded and an unbounded region by a
truncation curve Γt precedes the partitioning into convex subdomains [18], as illustrated by Figure 2. The unbounded
region exterior to Γt is considered as one unbounded subdomain.
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Figure 2: WB partitioning of an unbounded problem. Subdomain interfaces are shown in dotted lines (· · · ).

The total problem domain Ω is subdivided into NΩ number of non-overlapping subdomains Ω(α) (α = 1, . . . ,NΩ),
which may be bounded or unbounded. On the interface Γ

(α,β)
I between two subdomains Ω(α) and Ω(β), created in the

partitioning procedure, continuity conditions need to be imposed

B
(α,β)
I,l (u(α)(r),u(β)(r)) = 0, r ∈ Γ

(α,β)
I l = 1, ...,NH , (10)

with u(α)(r) and u(β)(r) the dynamic field variables in the two adjacent subdomains and B(α,β)
I,l (•, ?) = B

(α)
I,l (•)+B

(β)
I,l (?)

a general boundary differential operator expressing the continuity constraints on the fields • and ? and their derived
quantities. In order to obtain a well-posed system, one continuity condition is imposed for each of the NH dynamic
variables on each subdomain.

For a 2D acoustic problem, two different approaches can be used: (i) directly enforce pressure continuity on one
subdomain and normal velocity continuity on the other subdomain or (ii) apply impedance continuity conditions.
Pluymers [35] has shown that the impedance coupling approach introduces artificial damping into the numerical
model and has a beneficial effect on the WBM’s efficiency. The impedance coupling conditions are given by

r ∈ ΓI :
(
L(α)

v

(
p(α)(r)

)
−

p(α)(r)

Zint

)
= −

(
L

(β)
v

(
p(β)(r)

)
+

p(β)(r)

Zint

)
, (11)

with n(α) the local normal on the subdomain interface ΓI , outwards of domain Ω(α), and Zint an impedance coupling
factor, typically chosen as ρc [35]. This continuity condition is enforced on each subdomain, for each interface,
yielding two continuity conditions over each subdomain interface.
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3.2. Field variable expansion
The steady-state dynamic field(s) u(α)

m (r) in each of the problem subdomains Ω(α), α = 1, ...,NΩ, are approximated
by a solution expansion û(α)

m (r) in terms of n(α)
m wave functions Φ

(α)
wm

u(α)
m (r) ' û(α)

m (r) =

n(α)
m∑

wm=1

u(α)
wm

Φ(α)
wm

(r) + û(α)
p,m(r) = Φ

(α)
m (r) u(α)

m + û(α)
p,m(r). (12)

The wave function contribution factors u(α)
wm belonging to each of the wave functions Φ

(α)
wm (r) are gathered in the vector

of degrees of freedom um
(α). The row vector Φ(α)

m collects the n(α)
m wave functions Φ

(α)
wm . The term û(α)

p,m represents
a particular solution resulting from the combined source terms Fm(r) in the right hand side of the inhomogeneous
Helmholtz equation (1).

In accordance with the Trefftz principle [13], each of the wave functions Φ
(α)
wm (r) exactly satisfies the homogeneous

part of the associated mth Helmholtz equation (1). In case of an unbounded subdomain, the wave functions are selected
to additionally inherently fulfill the non-reflecting boundary condition (3) at Γ∞. Depending on the studied problem,
these particular solutions usually take the form of dynamic fields generated by sources or forces in a homogeneous
medium which extends to infinity. Consequently, irrespective of the values of the wave function contribution factors,
the expansion (12) always satisfies the governing Helmholtz equation(s) (1).

Desmet [17] has proposed to select wave number components based on the characteristic dimensions of the prob-
lem at hand. For instance, for a bounded dynamic problem, the smallest rectangle (or rectangular box) circumscribing
the considered 2D (3D) problem domains is used to determine the wave number components of the wave functions.
The applied sets of wave functions within the WBM for the solution expansions for 2D and 3D bounded and un-
bounded subdomains and for various dynamic equations, can be found in the theoretical sections of the papers cited
in Sections 5 and 7.

As an example, the wave function selection for a 2D unbounded acoustic problem is discussed here. In that case,
the steady-state acoustic pressure field p(α)(r) in an acoustic subdomain Ω(α) is approximated by a solution expansion
p̂(α)(r)

p(α)(r) ' p̂(α)(r)=
n(α)

w∑
w=1

p(α)
w Φ(α)

w (r) + p̂q(r)

= Φ(α)(r) p(α) + p̂q(r).

(13)

The wave function contributions p(α)
w are the weighting factors for each of the selected wave functions Φ

(α)
w . Together

they form the vector of degrees of freedom p(α). The corresponding a priori defined wave functions are collected in the
row vectorΦ(α). The term p̂q(r) represents a particular solution resulting from acoustic source terms q in the right hand
side of the inhomogeneous Helmholtz equation (4). The set of all nW =

∑NΩ

α=1n(α)
w acoustic wave function contributions

p(α)
w is collected in the column vector p, while the row vectorΦ contains all nW wave functions. Depending on whether

the subdomain is bounded or unbounded, different wave functions are selected.
For 2D bounded subdomains, two types of wave functions are distinguished, the so-called r- and s-set

n(α)
w∑

w=1

p(α)
w Φ(α)

w (r) =

n(α)
wr∑

wr=1

p(α)
wr

Φ(α)
wr

(r) +

n(α)
ws∑

ws=1

p(α)
ws

Φ(α)
ws

(r) , (14)

with the total number of wave functions in subdomain Ω(α), n(α)
w , defined as

n(α)
w := n(α)

wr
+ n(α)

ws
. (15)

The wave functions are defined as

Φ(α)
w (r) =

 Φ
(α)
wr (x, y) = cos(k(α)

xwr x) e− jk(α)
ywr y

Φ
(α)
ws (x, y) = e− jk(α)

xws x cos(k(α)
yws y)

. (16)
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The only requirement for the wave functions (16) to be exact solutions of the homogeneous part of the Helmholtz
equation (4) is that the wave number components satisfy the associated dispersion relation(

k(α)
xwr

)2
+

(
k(α)

ywr

)2
=

(
k(α)

xws

)2
+

(
k(α)

yws

)2
= k2. (17)

As a result, an infinite number of wave functions (16) can be defined for expansion (13). Desmet [17] proposes to
select the following wave number components

(
k(α)

xwr , k
(α)
ywr

)
=

(
w(α)

1 π

L(α)
x
,±

√
k2 −

(
k(α)

xwr

)2
)
,(

k(α)
xws , k

(α)
yws

)
=

(
±

√
k2 −

(
k(α)

yws

)2
,

w(α)
2 π

L(α)
y

)
,

(18)

with w(α)
1 = 0, 1, 2, . . . ,w(α)

1,max and w(α)
2 = 0, 1, 2, . . . ,w(α)

2,max. The dimensions L(α)
x and L(α)

y represent the dimensions of
the (smallest) bounding rectangle, circumscribing the considered subdomain Ω(α) as illustrated in Figure 3.

W
(1) W

(2)

Lx

(2)

Ly

Lx

Ly

(2)
(1)

(1)

Figure 3: Illustration of the circumscribing bounding box dimensions.

Using this selection for the wave number components, the wave functions (16) represent a standing wave along
one coordinate direction of the bounding box, multiplied with a propagating or evanescent component along the other
direction. The particular solution p̂q(r) in equation (13) represents the free field pressure field due to an acoustic point
source at position (xq, yq)

p̂q(x, y) =
ρωq

4
H(2)

0

(
krq

)
, (19)

with rq =
√

(x − xq)2 + (y − yq)2 and H(2)
0 (•) the zero-order Hankel function of the second kind. The number n(α)

w of
wave functions for each subdomain Ω(α) is determined from the user-defined truncation factor N by

w(α)
1,max := max

{
w(α)

1 ∈ N|
w(α)

1 π

L(α)
x

< Nk
}
,

w(α)
2,max := max

{
w(α)

2 ∈ N|
w(α)

2 π

L(α)
y

< Nk
}
,

(20)

n(α)
wr := 2(w(α)

1,max + 1),
n(α)

ws := 2(w(α)
2,max + 1),

(21)

and (15). The adopted truncation rule is frequency dependent and selects the number of wave functions such that the
highest oscillatory wave number component of the r- and the s-set is approximately equal to a user-defined truncation
factor N times the physical wavenumber k of the considered problem. This truncation rule (20) is applied to all
bounded subdomains such that the approximation field in adjacent subdomains exhibits a similar spatial variation
along the interface. This way, a homogeneous approximation resolution is obtained throughout the problem domain.
The number of wave functions increases approximately linearly with frequency. Numerical experiments have shown
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that for typical 2D acoustic applications a choice of N = 1, ..., 6 gives a good balance between the computational cost
of the WBM models and their prediction accuracy.

The wave functions for the unbounded domains are chosen to implicitly comply with not only the Helmholtz
equation, but also with the Sommerfeld radiation condition (9) at Γ∞. This removes the need to explicitly impose a
radiation condition, similarly as in the BEM. Herrera [36] shows that the following expansion p̂e, exterior to a circular
truncation curve with radius Rt, yields a convergent set for the pressure field pe, defined by a Neumann condition on
the infinitely long cylinder with radius Rt:

pe(r, θ) ' p̂e(r, θ) = pe,c0H(2)
0 (kr)

+

nu∑
n=1

(
pe,cnH(2)

n (kr) cos(nθ) + pe,snH(2)
n (kr) sin(nθ)

)
,

(22)

with r and θ polar coordinates and H(2)
n (•) the nth order Hankel function of the second kind. The contributions pe,c0,

pe,cn and pe,sn are determined by the velocity boundary condition. From this expansion, the following wave function
set for unbounded domains exterior to a circular truncation curve with radius Rt is derived [20]:

Φ(ub)
w (r, θ) =

 Φ
(ub)
wc (r, θ) = H(2)

wc (kr) cos(wcθ)

Φ
(ub)
ws (r, θ) = H(2)

ws (kr) sin(wsθ)
, (23)

with wc = 0, 1, 2, . . . ,wc,max and ws = 1, 2, 3, . . . ,ws,max. As for bounded domains, the series of functions (23) is
truncated to n(ub)

w functions, in order to be used in a numerical scheme. A truncation rule similar to equation (20)
for the bounded domains determines the highest orders wc,max and ws,max of the Hankel functions used in the exterior
wave function expansion [20]:

wc,max := max
{
wc ∈ N| wc

2Rt
< Nk

}
,

ws,max := max
{
ws ∈ N| ws

2Rt
< Nk

}
.

(24)

This truncation yields a total of
n(ub)

w := wc,max + ws,max + 1 (25)

wave functions in the unbounded domain. The physical interpretation of this rule is that a desired circumferential
resolution of λ/(2N) is approximately obtained on the truncation Γt, with λ = 2π/k the physical wavelength. Using this
rule-of-thumb ensures a similar resolution of the functions in the unbounded and bounded subdomains. The functions
(23) represent a harmonic distribution of the amplitude on the truncation, multiplied with the Hankel function H(2)

n (kr),
describing the radial decay of an outgoing acoustic wave. The particular solution for a point source (19) can also be
applied for unbounded domains. For unbounded problems another commonly used excitation for scattering problems
is a plane wave source [18].

3.3. Construction of the system of equations
Within each subdomain Ω(α), the proposed solution expansion (12) always exactly satisfies the Helmholtz equa-

tion(s) (1), irrespective of the values of the unknown contribution factors u(α)
w j . In case an unbounded subdomain is

considered, the wave functions also fulfill the radiation condition (3) at Γ∞. However, the resulting dynamic field(s),
such as for instance displacements, stresses etc , which can be obtained by applying an appropriate differential opera-
tor to the dynamic field variables u(r), may violate the imposed boundary conditions on the finite part of the boundary
Γb and interface conditions. The matrix system of equations is constructed by minimising these errors by applying
a weighted residual approach. The residuals on the boundaries and interfaces of subdomain Ω(α) are orthogonalised
with respect to a set of weighting functions t̃(α)

•

NΩ∑
β=1,β,α

NH∑
l

∫
Γ

(α,β)
I

t̃(α)
I,l (r)B(α,β)

I,l (û(α)(r), û(β)(r))dΓ

+
∑

i

NH∑
l

∫
Γ

(α)
i

t̃(α)
i,l (r)

[
Bi,l(û(α)(r)) − Bi,l(r)

]
dΓ = 0.

(26)
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The first line comprises the continuity conditions between two subdomains Ω(α) and Ω(β) and the second line expresses
the imposed boundary conditions on subdomain Ω(α). In general, the weighting function t̃(α)

• (r) for each type of
boundary and continuity condition can be derived from the underlying weighting functions t(α)

m (r) with the same
physical meaning as the field variables u(α)

m
t̃(α)
• (r) = D• (t(r)) , (27)

with t(r) the vector containing the weighting functions for the different components t(α)
m , and D•(?) a problem and

boundary condition dependent specific operator, generally determined based on a variational analysis of the considered
problem [37]. Similarly to the Galerkin weighted procedure as often applied in the FEM, the weighting functions
t(α)
m (r) are expanded in terms of the same wave functions as for the field variable u(α)

m (r)

t(α)
m (r) =

n(α)
m∑

wm=1

t̃(α)
wm

Φ(α)
wm

(r). (28)

Substitution of the field variable expansion (12) and the trial function expansion (28) yields an algebraic equation
linking the unknown contribution factors of each wave function of subdomain Ω(α) to the unknown contribution factors
of adjacent subdomains. For each subdomain Ω(α), a similar algebraic equation can be constructed. The enforcement
that these NΩ equations should hold for any combination of the weighting functions, results in a matrix system of
equations of the following shape:

[A]{u} = b, (29)

with u the vector containing all nw =
∑NΩ

α=1
∑NH

m=1 n(α)
m unknown wave function contribution factors, A the system

matrix and b the right-hand side vector, resulting from non-zero boundary conditions Bi,l(r) and particular solution
terms û(α)

p, j(r).
For a 2D interior acoustic problem, the proposed expansion functions (16) exactly satisfy the Helmholtz equation

(4) inside the domain and for a 2D exterior problem domain the expansion functions (23) fulfill in addition the
Sommerfeld radiation condition (9). The boundary conditions (5)-(7) and subdomain continuity (11) are enforced
through a weighted residual formulation.

For each subdomain, the residuals are orthogonalised with respect to a weighting function p̃(α)(r) or its derivative.
The weighted residual formulation, applying the introduced residual functions, is expressed as∫

Γ
(α)
v

p̃(α)(r) R(α)
v (r)dΓ +

∫
Γ

(α)
Z

p̃(α)(r) R(α)
Z (r)dΓ

−

∫
Γ

(α)
p

L
(α)
v ( p̃(α)(r)) R(α)

p (r)dΓ +

NΩ∑
β=1,β,α

∫
Γ

(α,β)
I

p̃(α)(r) R(α,β)
I (r)dΓ = 0.

(30)

The weighting functions p̃(α) are expanded in terms of the same set of acoustic wave functions used in the pressure
expansions (13)

p̃(α)(r) =

n(α)
w∑

w=1

p̃(α)
w Φ(α)

w (r) = Φ(α)(r) p̃(α). (31)

Substitution of the pressure expansions (13) and the weighting function expansion (31) for subdomain Ω(α) into the
weighted residual formulation (30) yields a set of n(α)

w linear equations in the nW unknown wave function contribu-
tion factors. One such matrix equation is obtained for each subdomain. Combination of the equations of the NΩ

subdomains yields the acoustic WB model, consisting of nW algebraic equations in the nW unknown wave function
contribution factors

[Aaa] {p} = {b} . (32)
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3.4. Solution and postprocessing
In a final step, the system matrix of equation (29) is solved for the nw number of unknown wave function con-

tribution factors. The backsubstitution of these values in the field variable expansions (12) leads to an analytical
expression of the approximation of the field variables û(α)

m (r) in each of the subdomains Ω(α). Derivative quantities,
such as acoustic velocities and structural displacements and stresses can be easily obtained by applying differential
operators to the wave function sets. Since also evanescent components are used in the wave function sets, also near
field effects can be captured.

4. WBM Properties

The WBM belongs to the family of deterministic approaches together with the FEM and the BEM. Nevertheless,
due to the fundamentally different choice of approximation functions and domain/boundary discretisations, a different
modelling procedure and different properties are obtained. This section briefly compares the WB modelling approach
with the FEM and the BEM and highlights the advantages and disadvantages. It should be noted that all the methods
are considered in their conventional forms, without recent developments and enhancements. The main motivation
here is to give a comparison of the working principles of the methods.

Problem discretisation and degrees of freedom. The FEM divides the problem domain into a large number of small
elements. The DOFs in an FE model are the nodal values of the field variables, and inside the elements the dynamic
field is approximated using simple polynomial shape functions. The BEM discretises the boundaries of the problem
domain instead of the domain itself. Depending on the formulation (direct or indirect), the DOFs can be the nodal
values of the field variables or the potentials. Compared to the FEM, the number of elements is less, however the
system is still composed of large number of small elements. As frequency increases and wavelengths shorten, the
FE and BE meshes need to be refined to retain a similar accuracy as driven by interpolation and pollution errors
[3, 4]. Contrarily, the WBM partitions the domain into a small number of large subdomains, which are frequency
independent. The only prerequisite is that the bounded subdomains have to be convex [17]. The general strategy
in the partitioning process is to divide the domain in to the lowest possible number of convex subdomains, while
avoiding steep changes in boundary conditions within a subdomain. The selected wave functions are frequency
dependent, and they are exact solutions of the governing equations. The DOFs are the contribution factors of each
of the wave functions and do not have a direct physical meaning. To obtain a finer spatial resolution of the dynamic
field, the number of wave functions is increased, without changing the domain decomposition. Refining the model
consequently does not require a remeshing of the domain.

Problem geometrical complexity. Due to the fine discretisation, the FEM and the BEM have almost no restrictions
regarding the geometrical complexity. For the WBM on the other hand, all subdomains need to fulfil the convex-
ity requirement. Non-convex domains have to be partitioned into an as small as possible number of large, convex
subdomains. As the number of subdomains increases, so does the number of interfaces and consequently the inte-
gration length, leading to an increase in computational load. As explained later, the main computational cost in WB
models results from the construction of the system of equations as it involves the integration of products of highly
oscillating wave functions. As the system matrix is ill conditioned, these integrations should be performed accurately.
Taking these restrictions into account, the smallest number of convex subdomains is preferred, minimising the total
integration length. Consequently, the WBM shows its full efficiency for moderately complex geometries.

To increase the applicability of the method, two recent developments partially relax those constraints: the multi-
level framework [38, 39] and hybrid approaches [37, 40, 41]. The multi-level framework alleviates the problem of
multiple scatterers or inclusions. For such problems, the partitioning into convex domains could lead to a very large
number of subdomains if possible at all. The Multi-Level WBM allows modelling of the scatterers or the inclusions
on different levels, as if they are alone and avoids the complex domain division process. The system is then built up
by combining all levels using the superposition theory while keeping the efficieny of the WBM.
Hybrid approaches combine the best properties of two prediction techniques: (i) the ability of element-based tech-
niques to tackle the geometrically complex parts of the problem at hand, and (ii) the WBM to deal in a more efficient
way with the large, convex parts of the problem domain. The multi-level and hybrid approaches are discussed in more
detail in Section 5.
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System matrix properties. In general, the system matrices of the FEM are real-valued, large, frequency independent
and sparsely populated with a banded structure. These properties allow for an efficient solution, and a reuse of the
matrices for different frequencies. Nevertheless, for some problems, like poroelastic materials, the material properties
are complex and frequency dependent. In this case, the FE matrices, which are complex, have to be recalculated for
each frequency, hampering the efficient solution and also the applicability of modal reduction schemes. In contrast
to FE matrices, the BE and WB matrices are always complex, frequency dependent and fully populated. The BE
matrices are smaller compared to the FE matrices and the WB ones are even smaller than the BE’s. On the other
hand, both for the BEM and the WBM, the matrices need to be reconstructed for every frequency of interest. As is
common for Trefftz approaches, also the WBM yields ill-conditioned matrices [29, 42]. However, Desmet [17] has
shown that, despite this ill-conditioning, an accurate solution can be obtained by applying direct solution methods if
the WB matrices satisfy both Picard conditions [43, 44].

Accuracy of the derived variables. Since the FEM commonly applies polynomial shape functions to approximate
the primary response variables, the higher order derived quantities are approximated less accurately. Although the
BEM also uses polynomial shape functions for the primary response variables, the field values are calculated through
Green’s function. The derived variables can be calculated by analytical derivation without losing accuracy. When it
comes to the WBM, since derivatives of wave functions are again wave functions, with the same spatial resolution,
derived variables are predicted with the same spatial resolution as the primary variables.

Construction of the system matrices. Building the WB models involves the evaluation of integrals of highly oscilla-
tory functions and building the BE models requires computation of singular integrals. They both need extra care as
compared to the construction of the FE matrices, which only requires the integration of simple polynomial functions.
For the BEM, coordinate transformations or special integration rules are used to avoid the singularities. For the non-
singular parts it is more straightforward, however, the computational load is still high because of the calculation of
Green’s function for all the possible interactions of the elements. In the end, although the system matrices are smaller
than FEM’s, constructing them is computationally more demanding. For the WBM, due to the ill-conditioning of the
WB matrices, the integrations must be performed carefully to obtain a sufficient accuracy of the matrix coefficients.
Numerical integration, by applying the Gauss-Legendre integration rule, was shown to be the most efficient for the
kind of integrals to be solved for a WB scheme, since an efficient matrix multiplication can be applied [45]. This
numerical integration technique is applied with a fixed number of quadrature points per smallest wavelength resulting
from the selected wave number components in the wave function sets. Even so, the system building takes more time
as compared to the FEM.

Solution of the system matrices. Although the FE matrices are in general sparse and symmetric, because of the large
number of FE degrees of freedom, the solution of the FE matrices is the computationally most demanding part of its
process. When compared with the solution of the BEM matrices, it is still faster because the reduction in the size of
the matrix is not enough to overcome the difference between solving a fully populated and a sparse matrix. When
it comes to the WBM and when problems of a moderate geometrical complexity are considered, this statement is
not valid anymore because the reduction in the size of the matrix is substantially higher as compared to the BEM.
Therefore the solution of the WBM matrices becomes the fastest among the three.

Overall computational performance. Considering all of the above statements, it can be concluded that all three meth-
ods have their advantages and disadvantages and defining a clear winner is not always possible. This is mainly due to
the fact that the overall computational performance will mainly depend on the application. Therefore, without making
bold statements, a general overview can be given as follows. The FEM and the BEM have advantages for highly
complex geometries since that they do not have restrictions regarding the problem geometry. The WBM, on the other
hand, shows its efficiency for moderately complex geometries and loses its edge when applied on highly complex
ones. Being said that, the WBM is more efficient than the FEM and the BEM when used for the right application.
Since it applies exact solutions of the governing partial differential equation(s), it has a better convergence rate which
allows the method to tackle a higher frequency range than the element-based techniques. Besides the complexity of
the problem, another important subdivision can be made concerning the type of the problem, i.e. if it is bounded or
unbounded. As a general rule, the FEM is better suited for the bounded problems and the BEM for the unbounded,
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because the FEM needs special treatments to be able to solve the unbounded problems. This makes it lose its com-
putational appeal against the BEM since the BE formulation inherently complies with the imposed outgoing field
conditions at infinity. As for the WBM, the efficiency is not affected by the type of the problem as it can inherently
solve the unbounded problems by applying unbounded wave functions. This makes the WBM an appealing alternative
for both the FEM and the BEM for moderately complex geometries. It is because of this appeal that the method has
been applied to various fields and extended to different forms, i.e. the hybrid and multi-level approaches, which are
detailed in the following sections.

5. WBM state of the art

The concept of the WBM has been introduced by Desmet [17] and since then has been the topic of continuous
research. This section gives a short overview of the problem types that can currently be tackled by the WBM, and
discusses two different enhancements to overcome some of the WBM’s limitations and to increase its applicability
and versatility: the multi-level approach and hybrid approaches. Also recent application areas are described.

5.1. Current capabilities of the basic version of the WBM

As is already indicated in Section 3, every dynamic problem, of which the mathematical formulation is given by
or can be cast into a (number of) Helmholtz equation(s), can be tackled by the WBM. So far, the WBM has been
applied to the following problem types:

Interior acoustic problems. The WBM was originally developed for interior acoustic problems [17]. This work was
further continued by van Hal [37], who focussed on 2D acoustic problems consisting of one single or a number
of subdomains. Pluymers continued this research and enhanced subdomain coupling by applying mixed interface
conditions [35]. This way, artificial damping was introduced into the numerical system, leading to a more stable
convergence. Furthermore, the method was extended to 3D problems [46]. Recently, special purpose enrichment
functions for 2D acoustic problems with corner singularities have been discussed [47].

Exterior acoustic problems. In order to deal with unbounded and coupled bounded-unbounded problem domains,
Pluymers [35, 48] introduced the concept of the initial partitioning of the problem into a bounded and an unbounded
subdomain, by defining the truncation boundary Γt. He defined 2D unbounded wave function sets, not only satisfying
the homogeneous Helmholtz equation, but also complying with the Sommerfeld radiation condition at Γ∞ [34]. Bergen
et al. extended this work to 3D unbounded acoustic problems [49]. In a next step, the formulation proposed for
unbounded problems was extended to semi-unbounded problems, enabling the modelling of diffraction problems and
for instance domains delimited by a rigid ground, in both 2D [50] and 3D [20].

Plate bending problems. The application of the WBM to dynamic plate bending problems was first studied by Desmet
[17]. Later, Vanmaele et al. [51] studied this topic more profoundly. The presence of stress singularities, occurring in
corner points of the plate domain was identified, and special purpose enrichment functions were included in the wave
function set to incorporate this behaviour [52]. This way, an important gain in accuracy is obtained.

Plate membrane problems. Vanmaele et al. [53] also studied membrane problems by casting the Navier equations into
two Helmholtz equations using the Helmholtz decomposition theorem [54]. Also for this type of structural dynamic
problems, enrichment of the wave function set by special purpose enrichment functions improves the convergence
rate when singularities are present in corner points of the domain.

Assemblies of flat shells. When two flat plates are connected to each other under a certain angle, the in and out of
plane displacement components greatly influence each other. Vanmaele [55] combined the WB approximation fields
for membrane and bending behaviour to model shell behaviour for assemblies consisting of several flat plates [56].

Coupled vibro-acoustic problems. The WB developments for bounded acoustic and structural models were combined
to predict the coupled response of an interior vibro-acoustic problem [17, 37]. This approach has also been applied to
2D scattering problems containing a structural component [18, 57].

13



Poroelastic material modelling. Desmet [17] touched upon this topic and indicated a possible way to decouple the
dynamic Biot equations into three Helmholtz equations. Lanoye et al. [58] developed a WB procedure to study
patchworks of porous materials. In that work, an equivalent fluid representation is applied; as such only one Helmholtz
equation needs to be considered. Deckers et al. further developed the WBM for the Biot equations for Cartesian [59]
and axisymmetric coordinate systems [60]. Also special purpose enrichment functions have been derived to counter
the adverse effect of singularities [61].

5.2. Multi-level WBM

In the case an unbounded problem geometry contains several scatterers, the WBM loses it attractiveness. The
truncation Γt needs to enclose all scatterers and inside this truncation, the convexity requirement may lead to a very
large number of subdomains. When, for instance, a number of circular scatterers are considered, it is even impossible
to obtain convex subdomains. The same holds for a bounded subdomain with (a number of) inclusion(s). To overcome
these difficulties, the concept of multi-level modelling was first introduced for scattering problems. The procedure is
depicted in Figure 4 for a configuration with two scatterers S 1 and S 2. Each of the scatterers in the problem setting is
considered as a different level. In every level, the scattering of just one particular object is taken into account. These
different levels can be modelled using the existing unbounded WB methodology. The incident field for one level is the
scattered field of the remaining objects and the incident field from external excitations. By applying the superposition
principle and linking all levels together via a weighted residual approach, a numerical model is obtained. As such,
dynamic problems containing a number of scatterers can be tackled in a much more efficient way.

Γ 8

S1 S2

Γ 8
Γt,1

S1

Γt,2 Γ 8

S2

= + weighted residual
formulation

Figure 4: Concept of the multi-level approach [62].

The concept was first proposed by Van Genechten et al. [38] for 2D acoustic scattering problems. Later, Bergen
[20] extended the concept to 3D acoustic scattering problems. The multi-level concept is, however, not restricted to
unbounded problems. Bounded problems, containing a number of inclusions, can be tackled in a completely similar
fashion. Each of the inclusions is studied in a different level, and the surrounding domain is taken into account
in an additional, separate level. The ‘bounded level’ describes the dynamic fields in the bounded domain without
inclusions. Van Genechten et al. [39] have applied the multi-level to bounded subdomains with inclusions to 2D
acoustic applications and 2D plate membrane problems. Vergote [62] has extended the procedure to plate bending
problems.

5.3. Hybrid WB methods

The second class of enhancements applies the combined use of two numerical methods to one problem under
study. Each method is applied according to its own strengths. This way, a strong hybrid approach can be obtained,
taking benefit of the best properties of two approaches.
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Hybrid Finite Element - Wave Based Method (FE-WBM). Whereas the WBM is extremely efficient for large problem
domains with a simple geometry, the FEM has almost no restrictions regarding the geometrical complexity of a
problem domain, although it suffers from dispersion and pollution errors. A hybrid FE-WBM is developed to combine
the ‘best of two worlds’. The main idea is explained in Figure 5. The WBM and the FEM are applied in non-
overlapping regions. Large, geometrically simple parts of the problem domain are modelled by the WBM whereas
the FEM focusses on geometrically complex regions.

1. original FE mesh

2. computationally more efficient
hybrid FE-WB model

3. model refinement with saved
computational resources

Figure 5: Concept of hybrid FE-WBM approach [37].

The hybrid FE-WBM approach was proposed by van Hal [37], who developed two ways of coupling the meth-
ods together on the interfaces: a direct and an indirect coupling approach. van Hal applied this procedure to 2D
bounded acoustic problems [63, 64]. Pluymers [35] extended the approach towards 3D bounded acoustic problems
and validated it for several problems of industrial complexity. Vanmaele [55] applied the hybrid methodology to the
modelling of membrane problems and for combined plate-beam problems. Van Genechten et al. [40] developed a
hybrid FE-WBM for vibro-acoustic problems, modelling the acoustic domain with the WBM and the structural part
with the FEM. Van Genechten [19] also proposed to use a modal reduction in the FE subdomain, for a further speed
up of the hybrid approach. Bergen [20] proposed a hybrid approach for 2D acoustics, where a finite domain is mod-
elled by the FEM and coupled to an unbounded WB domain outside a circular truncation Γt. This approach can be
seen as an efficient alternative to the classical Dirichlet-to-Neumann-map (DtN) [65]. Recently, a hybrid FE-WBM
was proposed for poroelastic domains [66]. Finally, Jonckheere et al. [67] developed a hybrid approach to model
vibro-acoustic problems with trim layers. The WBM is applied to the acoustic part of the problem whereas the FEM
allows the modelling of the trim layer in great detail.

Hybrid Boundary Element - Wave Based Method (BE-WBM). Following the working principles of the multi-level
approach and and the philosophy of the hybrid FE-WBM, recently, a hybrid BE-WBM has been developed, which
can be deployed for unbounded acoustic problems, containing geometrically simple as well as complex scatterers. In
such a setting, the multi-level WB approach still loses its efficiency, since a large number of subdomains are required
in the levels containing the geometrically complex scatterers. Atak et al. [41] proposed the hybrid BE-WBM, where
the geometrically simple levels, such as circles, are described by the WBM and the complex scatterers, which would
require a large number of WB subdomains, are gathered in one level which is described by the BEM. With this novel
approach, a broad spectrum of applications can be addressed. For instance the combination of simple and complex
scatterers together with heterogeneities and open boundaries in unbounded acoustic domains can be tackled, which
cannot be modelled by the WBM and the BEM in their pure forms.

Hybrid Wave Based Method - Statistical Energy Analysis (WBM-SEA). The WBM is a deterministic method, that aims
to relieve the severe frequency limitations as imposed by element-based techniques. However, at high frequencies,
the effect of variability on for instance material properties and problem geometry, which are inevitably present in a
real system, have to be accounted for. The study of one deterministic model is no longer representative to predict
the response for an ensemble of products. Typically space- and frequency-averaged responses are then calculated by
applying a statistical approach such as the SEA [6]. However, when combining different problem types, especially in
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built-up structures, some parts of the problem may still behave deterministically, whereas other parts already behave
statistically. As such, the cost of a full deterministic model cannot longer be justified, but also the SEA can no longer
be applied on the full system. Shorter and Langley [68] proposed a hybrid FE-SEA to handle this type of mixed
problems. Vergote [69] substituted the FE part in such an approach for the WBM, offering an increased efficiency,
especially in the mid-frequency range.

6. Recent application areas

Vergote [62] improved the WBM for plate bending model by adding point connections (masses, dampers, springs
and tuned vibration absorbers), allowing to simulate passive (and by extension also active) control treatments. He
has shown that only an extra row and column have to be added to the WB matrix system of equation for every point
connection, without changing the original system. As such, optimisation for the ideal position of a number of point
connections becomes very efficient.

Vergote [62] also studied different ways to perturb WB models of plates to take into account variability in the mid
frequency range. It has been shown that by applying randomly distributed point masses to a plate, a Monte Carlo
simulation can be performed in a much more efficient way than by using the FEM.

Successively, the WBM has been used by D’Amico et al. to perform efficient evaluations of the frequency averaged
input power into plates by using a Lorentzian function as a weighting function [70]. Due to the mathematical features
of the Lorentzian, the frequency average procedure can be evaluated straightforwardly for causal systems without the
need of the response computation at several frequencies.

Deckers et al. [45] have proposed the use of B-splines for the description of curved domain boundaries within the
WBM. In this way, curved boundaries do not need to be divided into a large number of small segments, removing
the restrictions on the integration imposed by segmentation. Many CAD-packages apply B-splines for geometry
description, and the possibility to use this same geometrical description for the WB model allows for easier model
construction, while retaining the geometrical features from the original design.

Koo [71] implemented the design sensitivity analysis of a weakly coupled structural-acoustic problem using the
WBM. The adjoint variable method is used to compute the sensitivity in an efficient way. The adjoint variable is
defined from a structural reanalysis using an adjoint load composed of the system matrix and an evaluation of the
wave functions of each boundary. The optimal design, minimising the radiated noise from a vibrating structure, can
then be obtained through the optimisation process.

7. Outlook

The research on the WBM is still actively progressing, to make the tool more attractive and applicable for a wide
range of applications. Four ongoing/future focal points are highlighted here.

As indicated in the introduction section, effective and efficient vibration and acoustic modelling methods are
required to design and analyse products with good noise and vibration performance. No single method allows for
meaningful calculations over the whole frequency range of interest. Every developed tool has its own strengths and
weaknesses and should be applied accordingly. The WBM shows its full efficiency for geometrically simple problems.
To be used for problem cases of industrial complexity, it has to be combined in a hybrid fashion with other existing
methods, such as FEM, BEM and SEA. In this sense it can be applied to overcome computational burdens of these
methods. Further developments of hybrid combinations and their application to industrial applications is still one of
the core focal points for the upcoming years.

A second main topic is the combination of efficient WB models and vibro-acoustic measurement setups. Since
many setups have a relatively simple geometry, the WBM can provide a powerful tool to validate the outcome of
experiments and the effect of loading and boundary conditions. An example can be found in [60]. The WBM recently
also has been applied to validate experiments on the KU Leuven Sound Box. This is a lightweight box which allows to
characterise the absorption and the insertion loss of lightweight panels, e.g. see [72]. In this aspect also optimisation
strategies will be applied and developed.

The WBM allows easy model refinement as compared to for instance FEM, since no remeshing is required. In
certain optimisation scenarios where only parts of the full model are optimised, the ML-WBM allows the reuse of the
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rest of the model. This intrinsic ability makes it possible to exploit the efficiency of the method further for optimisation
problems. A first application case is on the design of acoustic lenses [73]. A challenging step will be applying shape
optimisation to a WB model since in WB models, the dimensions of the model are used to define the wave number
components of the wave functions.

A fourth track will focus on the addition of non-determinism in WB models to make higher frequency simulations
more meaningful. In the mid frequency region the response of a dynamic system becomes increasingly sensitive to
uncertainty and variability of the model parameters. The coupling of WBM and SEA [69] and study of Monte Carlo
simulations using WB models [62] formed a first step. The next step will be the development of a fuzzy-WB method
that can predict the range of the possible responses of a non-deterministic system. In this context, the application of
parametric model reduction techniques to the WBM will also be studied to improve its efficiency.

8. Conclusion

This paper discusses the state of the art of the WBM, summarising fifteen years of continuous research. The
WBM is based on an indirect Trefftz approach and is specifically developed to solve dynamic problems governed by
a (number of) Helmholtz equations.

Firstly, the problem definition for a generalised Helmholtz problem is discussed. Next, the four-step modelling
procedure of the WBM is elaborated. By partitioning the problem domain under study into a number of large convex
subdomains, the convergence of the method is assured. When considering an unbounded domain, an initial parti-
tioning of the problem domain into an unbounded subdomain and a bounded region by a truncation circle or sphere
precedes the partitioning into convex subdomains. Coupling conditions have to be imposed on the primary and derived
variables on the interfaces to ensure continuity between adjacent subdomains. Within each subdomain, the field vari-
ables, resulting from the governing Helmholtz equations, are approximated by a weighted set of wave functions. The
wave functions are defined a priori, exactly fulfilling the governing dynamic equations. For an unbounded domain,
the wave functions are selected such that they also comply with the non-reflecting boundary condition at infinity,
representing a purely outgoing field. In a third step, the residuals on the boundaries and interfaces are minimised
by applying a weighted residual approach, yielding a system of equations which can be solved for the unknown
contribution factor of each wave function in a final step.

Also the properties of the WBM are elaborated and compared to those of FEM and the BEM. Although the WB
matrices are ill-conditioned, they still yield accurate solutions. The WBM matrices are generally frequency dependent,
complex and small, and high convergence rates are obtained. These properties enable the solution of WB models
towards higher frequencies as compared to FE models. The main restrictions on the use of the WBM are imposed
by the convexity requirement. As such, the WBM is mainly efficient to model problems with a limited geometrical
complexity.

The current state of the art of the WBM is discussed. The studied problem types are summarised. Currently, the
WBM can be applied for 2D and 3D interior and exterior acoustic problems, for plate membrane and plate bending
problems, for plate assemblies, for vibro-acoustic problems and for 2D and 2.5D poroelastic materials. Also general
enhancements to the Wave Based Method are discussed: the multi-level approach, which allows to efficiently model
problems with multiple scatterers or inclusions, and the family of hybrid approaches (the WBM combined with FEM,
BEM and SEA) which use each method according to its own strengths. Also recent applications are listed. The last
section discusses the outlook for the WBM.
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