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ABSTRACT

We use the superconformal method to construct a new formulation for pure off-shell
D =5, N' = 2 Poincaré supergravity and present its internal gauging. The main difference
between the traditional formulation and our new formulation is the choice of the Dilaton
Weyl Multiplet as the background Weyl Multiplet and the choice of a Linear compensating
Multiplet. We do not introduce an external Vector Multiplet to gauge the theory, but instead
use the internal vector of the Dilaton Weyl Multiplet. We show that the corresponding on-
shell theory is Einstein-Maxwell supergravity. We believe that this gauging method can
be applied in more complicated scenarios such as the inclusion of off-shell higher derivative
invariants.
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1 Introduction

Pure on-shell five dimensional supergravity with eight supercharges was first introduced
in [1], its gauging was investigated in detail in [3, 4] and general matter couplings and
their geometrical aspects were studied in [0, 6], [7]. To study general matter couplings it is
useful to work in an off-shell superconformal setting and, eventually, gauge fix the redundant
conformal symmetries. To this end, the N' = 2 superconformal program was initiated in
[8, @]

The pure on-shell theory consists of the metric, graviphoton and gravitino. We denote an
off-shell pure theory as a theory with minimal field content on which the super Poincaré alge-
bra closes off-shell and which reduces, upon going on-shell and decoupling the matter fields,
to the pure on-shell theory. The off-shell nature of the theory implies that, in addition to the
metric, graviphoton and gravitino, they also contain auxiliary fields. Off-shell formulations
are constructed most easily by using the method of superconformal tensor calculus. Different
off-shell formulations can correspond to one physical on-shell theory. They can differ in the
compensator multiplet used to compensate for the redundant conformal symmetries or in
the choice of Weyl multiplet. In 5D superconformal tensor calculus there are two possible
choices for the Weyl multiplet: the Standard Weyl and the Dilaton Weyl Multiplet. These
multiplets contain the same superconformal gauge fields but differ in their matter sector: a
scalar D, an antisymmetric tensor T, and a symplectic Majorana spinor x* for the Standard
Weyl Multiplet and a scalar o, a vector C},, a 2-form B, and a symplectic Majorana spinor
" for the Dilaton Weyl Multiplet. In [T1] a pure off-shell 5D theory with eight supercharges
is written down using the Standard Weyl Multiplet and a Hypermultiplet compensator, and
in [12], a Nonlinear Multiplet was used as compensator instead of a Hypermultiplet. In this
paper we will write down a different off-shell pure theory using the Dilaton Weyl Multiplet
and a Linear Multiplet compensator.

Off-shell formulations are of great use when studying higher order curvature extensions of
the theory. Off-shell formulations for curvature squared invariants have been constructed in
5 dimensions in [I1],[13]. Unlike an effective supergravity Lagrangian of a compactified string
theory which has higher-order correction terms in o' and which is supersymmetric only order
by order in o/, these invariants can be added to a pure off-shell supergravity theory, and they
are exactly supersymmetric. The invariant constructed in [I1] is the supersymmetric com-
pletion of the Weyl tensor squared and makes use of an external Vector Multiplet manifested
in the appearance of a mixed gauge-gravitational Chern-Simons (CS) term A A tr(R A R),
where A denotes the external vector. It is constructed in the background of the Standard
Weyl Multiplet. The invariant constructed in [13] is the supersymmetric completion of the
Riemann tensor squared. It is constructed in the background of the Dilaton Weyl Multiplet
and is based on a map between the Yang-Mills Multiplet and the Dilaton Weyl Multiplet.
It does not require an external Vector Multiplet, but rather it has a purely gravitational CS
term C' A tr(R A R), where C' denotes the internal vector of the Dilaton Weyl Multiplet.

In [§ it was shown that the Dilaton Weyl Multiplet can be obtained by solving the
equations of motion for a Vector Multiplet coupled to the Standard Weyl Multiplet. In
this paper our purpose is to exploit this connection between the Weyl multiplets to obtain



an off-shell Lagrangian for 5D minimal supergravity in the background of a Dilaton Weyl
Multiplet in which the U(1) R-symmetry is gauged dynamically by the internal vector C),
i.e. the vector field C has a kinetic term in the Lagrangian. This forms a basis for a future
study of the Weyl squared invariant in a Dilaton Weyl background with the external vector
A replaced by the internal one C'. A similar discussion in 4D can be found in [I4].

The paper is built up as follows. In section [2] we summarize the 5D superconformal cal-
culus and introduce the Standard Weyl Multiplet as well as two types of matter multiplets:
the Linear Multiplet and the Vector Multiplet. In section |3| we construct invariant actions
for the Linear and Vector Multiplet. In section |4 we construct 5D pure off-shell supergravity
by coupling the Standard Weyl Multiplet to a Linear compensator. This procedure is very
similar to the one used in 6D in [I5]. We then add a superconformal abelian Vector Mul-
tiplet action to the Linear Multiplet action and compute the field equations for the Vector
Multiplet components. These equations allow us to solve for the matter fields of the Stan-
dard Weyl Multiplet (D, T,; x*) in terms of the fields of the Vector Multipletﬂ (o, C,, YY)
plus an additional 2-form (B,,). Using these expressions in the Lagrangian we obtain the
action for the Linear Multiplet in the background of the Dilaton Weyl Multiplet. Gauge
fixing the redundant conformal symmetries leads to off-shell Poincaré supergravity which
has apart from the graviton and the gravitino, a vector field, a 2-form gauge field, a dilaton,
a symplectic Majorana spinor and a number of auxiliary fields.

In section [5| we develop an off-shell method to gauge the theory. We start with an off-
shell action consisting of the Linear Multiplet action, the Vector Multiplet action and a
coupling between the Vector and Linear Multiplet, all in the background of the Standard
Weyl Multiplet. Then we compute, as in the ungauged case, the field equations for the
Vector Multiplet components to obtain expressions for the Standard Weyl matter fields.
We notice that these expressions get deformed by the Vector-Linear coupling. After using
these expressions in the Lagrangian and gauge fixing the conformal symmetries we obtain
an off-shell expression for U(1)-gauged supergravity. After eliminating the auxiliary fields
and dualizing the 2-form B, to a vector éw we show that the resulting theory is Einstein-
Maxwell supergravity gauged by a linear combination of C, and C’M. This theory agrees
completely with the one constructed in [3] via the Noether procedure. Finally, we show that
we can consistently eliminate o, ¢ and éu- The resulting on-shell theory is minimal gauged
5D supergravity [3] consisting of the graviton, the graviphoton and the gravitino.

2 Superconformal Multiplets

In this section, we will recall the elements of N' = 2, D = 5 superconformal tensor calculus
constructed in [8,[9]. In the first subsection [2.1| we introduce the gauge multiplet of the ' =
2, D = 5 superconformal group: the Standard Weyl Multiplet. In the last two subsections,
and we introduce two types of matter multiplets, the Vector Multiplet and the Linear
Multiplet.

'We suggestively denote the fields of the Vector Multiplet with o, Cy and *. The Vector Multiplet also
has an auxiliary Y%, but we solve for this auxiliary and use its value in the expressions for D, T,; and x*.



2.1 The Standard Weyl Multiplet

The N = 2, D = 5 superconformal tensor calculus is based on the superconformal algebraﬂ
F?(4) with the generators

Paa Maba Da Kaa Uija Qaia Son' ) (21)

where a,b, ... are Lorentz indicesﬂ7 « is a spinor index and ¢ = 1,2 is an SU(2) index.
Here M, and P, are the usual Poincaré generators, D is the generator for dilatations, K,
generates special conformal boosts, U;; is the SU(2) generator and ),; and S,; are the
supersymmetry and conformal supersymmetry generators respectively.

For each of the generators above we now introduce the following gauge fields

ho ={ey W bu, fu% VI WL L), (2.2)
where y, v, ... are world vector indices. Using the structure constants f45° of the supercon-
formal algebra (given e.g. in appendix B of [8]) and the basic rules

Shil = 0.’ +€“nf fpc,

R, = 20yhy + hOhy fec? (2.3)

one can easily write down the linear transformation rules and the linear curvatures R,,"
of the superconformal gauge fields given in (2.2). The linear transformations given in [8]
satisfy the F?(4) superalgebra, thus resulting in a gauge theory of F?(4) since we have not
related the generators P,, M, to the diffeomorphisms of spacetime. This problem can be
solved by imposing the so-called curvature constraints [8]. These constraints determine the
gauge fields w,®, ¢!, and f,* in terms of the independent gauge fields e,*, 9, b,, V7 and,
in addition, achieve maximal irreducibility of the superconformal gauge field configuration.

A simple counting argument shows that the superconformal gauge fields, after imposing
the conventional constraints, represent 21 + 24 off-shell degrees of freedom and therefore
cannot represent a supersymmetric theory. Additional matter fields 7,(10), D(1) and x*(8)
must be added to the gauge fields in order to obtain an off-shell closed multiplet [89]. This
multiplet is known as the Standard Weyl Multiplet.

Starting from the linear transformation rules of the superconformal fields, the linear
curvatures RWA and the matter fields 7),,, D, and x* we can construct the full nonlinear
N =2,D =5 Weyl Multiplet by applying an iterative procedure (described in detail for 6
dimensions in [16]). The results are [8] (we only give @, S and K transformations):

de,* = %E’y“lpu ,
Sl = (O + 2by + 1w, vaw)e — Vie; + iy - Tyue' — i’
SV, = —3iele)) + 4ely, D) + i€l - Tyd) + Siapd)

5Tab - %iE’YabX - %lgRab(Q> )

2The notation FP(4) refers to a compact form of F(4) with bosonic subalgebra SO(7 — p, p).

3We use the conventions of [8,20]. In particular, the spacetime signature is (—, +, +, +, +) and z/;i’y(n)xj =
tn X V()" with tg = t; = —ty = —t3 = 1. When SU(2) indices on spinors are omitted, northwest-southeast
contraction is understood.




(SX’L = iEZD — é”y . Eij(V)Ej -+ %i’}/ab@TabEi — %i’yanTabEi
— Ly Toge! + 3T%€ + 1y - Ty

0D = &ePx — diey-Tx —ifx,

5bu = %ig¢u - 267/1)( + %iﬁ¢u + 2AKu ) (24>
where
Dux' = (0u— %bu + iwuab%b)xi - Vinj - lwi D+ é’y - RY(V )y
— sy DTy, + 1 D T, + 57" T Teath), — 1740, — 37 - T4,
DyTab = a,uTab - b,uTab 2(,0“ [aTb “ﬁu’YabX + 322w# ab(Q) (25)

The relevant modified curvatures are

Rw,ab(M) = 26[Mwy}ab + QM[ManV}Cb + 8f[u[a€l,]b] + il/;[uﬁ/abwy} + izz[,ﬁ[“v . T’yb]Q/JV]
+Op 1 RYQ) + ém] R™(Q) — 8Ppen v x + iy ™,

R, (V) = 20 v]”—w HV, ) =310 ) — 80X — iy - T
fiL,,(Q) = mw w sty + by — 21/[51/;”“—2@'7[“@1+2z>y.Tm¢§] (2.6)

As mentioned before, the dependent fields, which relate the generators P,, M, to the diffeo-
morphisms of spacetime, are completely determined by the following curvature constraints
R, (P)=0,

"y R, (M) =0,

YR (Q)=0.

(2.7)

Notice that our choices for the above constraints are not unique, i.e. one can impose different
constraints by adding further terms to . However such additional terms only amount
to redefinitions of the dependent fields defined below. Using the curvature constraints we
identify w,, gbfi and f,* in terms of the other gauge fields and matter fields

w'uab _ 2€V[aam€y§)] _ eu[aeb}aelw@yeac + 26” [abb} i %&[b,}/a]qﬁu . %@Eb/}/uwaa
0 = $7"RL.'(Q) — 310" Ry’ (Q), (2.8)
i = =R+ 5euR,

where R, = ﬁgp“b(]\/[)eb”em and R = R,". The notation R'(M) and R'(Q) indicates that
we have omitted the f,* dependent term in }AE(M ) and the gbi dependent term in }AB(Q) The

constraints imply through Bianchi identities further relations between the curvatures. The
Bianchi identities for R(P) imply [§]

~

R/W = RVM s G[MGRVP](D) = R[NVP]Q(M) s RMV(D) =0. (2.9)



The full commutator of two supersymmetry transformations is

[Go(er), dge2)] = Gegeal€) + s (A") + ds(m3) + 0u(NF) + 0k (Afes) . (2.10)

where 0.4+ represents a covariant general coordinate transformationﬂ The parameters ap-
pearing in ([2.10) are

& = 3én'e,
AP =~y Tye
W = 1)
ny = —jieax' + liev.eayyx’
iyl (7 + 1 R(Q)) |
Aks = —367'aD+ 9_16537(11)66{3@@(‘/)
+55i6 (=57 DyToq + IDT™) €
+& (VT Tye — A TegT + 29°T7) €1 . (2.11)

For the ), S commutators we find the following algebra

[65(n),00(e)] = dp(3ien) + du(5iEr*n) + 6u(=31e"n”) + dx (Agx) ,
[0s(m),0s(m2)] = Ok (577" M), (2.12)
with
N =ge(v-Tv" = 57"y T)n. (2.13)
This concludes our review of the Standard Weyl Multiplet.

2.2 The Vector Multiplet

The off-shell abelian D = 5, N = 2 Vector Multiplet contains 8 + 8 degrees of freedom and
consists of the fields
{Cpyo, Y9 9} (2.14)

with Weyl weights (0,1,2,3/2) respectively. The bosonic field content consists of a vector
field C,, a scalar field o and an auxiliary field Y% = V(@) that is an SU(2) triplet. The
fermion field is given by an SU(2) doublet 1’

The @- and S-transformations of the Vector Multiplet, in the background of the Standard
Weyl Multiplet, are given by [7]

8C, = —licey, + ey,

Y7 = —JeiPyd) 4 Jiely - Ty — digelx?) + Jingty?

o0 = —jv-Ge = 3iPoc +oy-Te —Yie;+on'

do = %i&p. (2.15)

4The covariant general coordinate transformations are defined as dqget(€) = 64et(€) — 6 1(§“h£), where the
index I runs over all transformations except the general coordinate transformations and the hi represent
the corresponding gauge fields.



We have used here the superconformally covariant derivatives

Dyo = (0u— bu)a - %iiﬁ,ﬂb )
Dy’ = Oy — 3bu+ Wi a0’ — V71

+37 - Gy, + 3iPod, + Y, — oy - T, — 0, (2.16)
and the supercovariant Yang-Mills curvature
G = Gw = Yy + 3i0vthy) (2.17)

where G, = 20;,C,). The supersymmetry transformation rule for G v 1s given by

5Gp,y = —%id@le(Q) - €V[MDV]¢ + i@’}/[u’}/ ’ T’)/,,]Lb + iﬁ%ﬂ/d) . (2'18)

This concludes our discussion on the Vector Multiplet.

2.3 The Linear Multiplet

The off-shell D = 5, N = 2 Linear Multiplet contains 8 + 8 degrees of freedom and consists
of the fields B .
{LY E* N, '}, (2.19)

with Weyl weights (3,4,4,7/2) respectively. The bosonic fields consist of an SU(2) triplet
L9 = L) a constrained vector E, and a scalar N. The fermion field is given by an SU(2)
doublet ¢'. The @ and S supersymmetry transformations of the Linear Multiplet in the
background of the Standard Weyl Multiplet are given by

5L = ieliph

dp' = —%ﬂDLijej — %iv“Eaei + %Nei —~-TLY¢; +3L"y;,
0B, = —3ieyaD’0 —26y"0Tha — 27Yap,
SN = L1eDp+ Siey Ty + 4ie'\' Ly; + Linp, (2.20)

where we used the following superconformally covariant derivatives

DL = (0, —3b,)L7 42V, L% — il |

Dup' = (0u— by + 3w a0) " — ViZgj + iDL + 3iy B,

—AINY!, + - TL,; —3L7¢,;,

D.E, = (0, —4b)E0 + wuanE® + 2it0,7a D% + 20,7 0 Th, + 20,720 - (2.21)

Finally, we note that the superconformal algebra closes if the following constraint is satisfied
D'E,=0. (2.22)

The solution for F, in terms of a 3-form F,,, is

£ = —l—geuae_le“”p")‘DVEpU,\ (2.23)
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and £, has the following gauge invariance

NE = 30,0, - (2.24)
Also, for the dual 2-form field we have
E* = ¢,"D,E",
E,ul/p = egul/pa)\Ea/\ )
Y D— —%157‘“’90 — %Qﬁzv‘“’pej[/ij — @;]\‘“’p,
D,E"™ = 0,E"™ + 3ih "o + Uiy Pl Lij . (2.25)

This concludes our discussion on the Linear Multiplet.

3 Actions

In this section, we will construct the action for a Linear Multiplet and present the action
for Vector Multiplet coupled to the Standard Weyl Multiplet [7]. Our starting point is a
density formula for the product of a Vector Multiplet and a Linear Multiplet. This will
be presented in subsection [3.1 In subsection [3.2] we will use this formula, after embedding
the Linear Multiplet into a Vector Multiplet, to construct the superconformal action for the
Linear Multiplet. In the last subsection |3.3| we present the action for the Vector Multiplet.

3.1 Density formula

We need an expression constructed from the components of the Linear and Vector Multiplet
that can be used as a superconformal action. In [I0] a density formula is given for the
product of a Vector Multiplet and a Linear Multiplet

e 'Ly, = YILy+ive — "W Ly + CoP°
+o(N + 30a7"0 + 1itey "V L) (3.1)
where P,, the pure bosonic part of the supercovariant field £, is defined as
Pt = B + iy + ™l L. (3.2)
Using (12.23)), we can express P* as
P = —%euae_le“”p‘”(‘LEﬂU,\. (3.3)
Using and , one can rewrite Ly, as
e 'Ly, = YijLij + b — %%E;’Va@/ijij + %GWEW
+0(N + 597" + Jii v Lij) (3.4)



3.2 Action for the Linear Multiplet

We want to use the density formula to construct an action for the Linear Multiplet.
Hence, we start with embedding the components of the Linear Multiplet (L;;, ¢, Eq, N)
into the components of the Vector Multiplet (Y%, C,,0,%¢"). Such embeddings are already
considered in 4 and 6 dimensions [15, [16} 19] and here we will follow the same procedure.

As described in the Linear Multiplet consists of a triplet of scalars L;;, a constrained
vector E,, a doublet of Majorana spinors ¢ and a scalar N. One starts the construction
of the Vector Multiplet with the identification ¢ = N, where o is the scalar of the Vector
Multiplet. There is, however, a mismatch between the Weyl weights of these fields. Therefore
one needs another scalar field to compensate for this mismatch. For this we will use

We can then identify the scalar of the Vector Multiplet as o = 2L7'N + ig;p, LY L .
This identification has the correct Weyl weight, and the second term is the supersymmet-
ric completion that is determined by the S-invariance of . Upon applying a sequence of
supersymmetry transformations, we obtained the following embeddings

o = 2L7'N + (¢'-terms) ,
v = —=2iPp; L7+ 16L7 Lijx? + (¢'-terms),
Yij = L'0°Liy; — DyLyD"Lj)y LF™ L™ — N*Li;L™® — E,E*L; L3

+8L7'T°Lij + 4L7'DL;j + 2E, Ly D" Lj* L™ + (¢'-terms) ,
Gu = 4D (L E,) 4+ 2L 'R, (V)L — 2L 2Ly D, L' D, Ly, + (£'-terms) . (3.6)
Here, we did not write the fermionic terms proportional to ¢' explicitly because in the
following section we will set ¢ to zero to fix the S-gauge.

After plugging the components (3.6) into the density formula (3.1) we end up with a
superconformal action for the Linear Multiplet

e 'L, = L'L;O°LY — LYD,L;;D"Lj,,L""L* — N*L™' — E,E" L™
+8LT? + ADL — s L E"™ L},0,L*0, Ly + 2E" 0, (L™ 'E, + V) L;; L")
HLT Lighy V" P’ + ALy x + 5iL 7 Ny ) Lij + (¢'-terms),  (3.7)
where the superconformal d’Alembertian is given by
LijO°L = L;;(0% — 4b" 4+ w")D L + 2LV, D L% 4+ 6 L% f,°
—iLijp" Do’ — 6L Yax — Li@'y - Ty Y] + L@y dl.  (3.8)

3.3 Action for the Vector Multiplet

A Vector Multiplet can be embedded into the Linear Multiplet to construct an action using
the invariant action formula[3.1] The action for the abelian Vector Multiplet up to 4-fermion

10



terms reads [7]

e Ly = —iaGWG‘“’ + %O‘ZDCO' + %O’DHO'DNO' + aY;jYij
~20% (D + BT?) 4+ 46°Gu T — L', Gy Gy

—30UPY — iy - G — FWWY + oy - T — Sio*ihx

+%U¢#’Yﬂ (10'$¢ + %1@0’1/} — le'yG'(ﬁ + 20T — 80_2X)

—bhb (220G" = 85°T") = 01" VG

+Liod,, (206G — 80T + Lic*Pyy" 1, G,

30U VY + Jio A YY (39)

where

D% = (0" — 20" + w")Dao — i) D™ — 200007 "X
+30a7"y - T + 307" + 2f0 . (3.10)

4 TUngauged D =5, N =2 Supergravity

In the previous section we have constructed an action for the Linear Multiplet and presented
the action for the Vector Multiplet constructed in [7]. A naive attempt to construct the
Poincaré supergravity directly by gauge fixing the Linear or Vector Multiplet action obviously
fails as the equation of motion for D is inconsistent. In this section we combine both actions
to obtain a theory in a Dilaton Weyl background [§] which will solve the inconsistency for D.
In the first subsection we combine the Linear Multiplet action and the Vector Multiplet
action and solve for Standard Weyl matter fields. The resulting theory is the superconformal
theory with the matter fields of the Dilaton Weyl Multiplet. In the next subsection [4.2] we
discuss the procedure to gauge fix the redundant conformal symmetries, and give the pure
off-shell Poincaré Supergravity. The schematic description of how to obtain this theory is
given in figure [I}

4.1 Construction of the Superconformal Action
Our starting point is the following Lagrangian
Lo=Ly—3Ly, (4.1)

where £ and Ly are given in (3.7) and , and the factor of 3 in front of the Vector
Multiplet action is chosen for later convenience. The equation of motion for the auxiliary
Y% and the field equations for o and ¢ allow us to express the Standard Weyl matter fields
Y% D and x' in terms of the fields of the Vector Multiplet [§]

Y7 = dicT'Wh, (4.2)

11



FIGURE 1
The schematic description of how to obtain off-shell N’ = 2, D = 5 Poincaré Supergravity

Standard Weyl Multiplet Vector Multiplet
{e,ua7 L?V;]7Tabaxl7D7bu} {Yij7C/L70ﬂ ,lvbl}

EOM for Y¥,C,,, 0,9

Dilaton Weyl Multiplet Linear Multiplet
{euav LaVJj7CM7BMV7¢170-7 bu} {L 907Ea7N}

]

b, = 0 (K-Gauge)

= 0 (S-Gauge)

by = AL (SUE) 5 U
L = —1 (D-Gauge)

Off-Shell Poincaré Supergravity
{e,u ) C B,uw g, Eaa N7 V,uija wfu ¢z}

X' = oDy + 1610 Poyt — oty Gy

—i—iailfy T + 80 ZYUQ/JJ , (4.3)
D = 1o7'0% + Lo7*(D,o)(D0) — 1:07°G L, G*
LoD + LYY, — dio iy + oG
——m—lmew (= 2T+ 207 G+ Jio 20yay) T, (44)

where x? and D are given up to 3- and 4-fermion terms respectively. The equation of motion
for C,, implies a Bianchi identity for an antisymmetric 2-form tensor gauge field B,

D[aﬁbcd] = %é[abacd] ) (45)
where the 3-form curvature tensor ﬁabc is defined as
%é“abcdefICde = 80’2Tab — Jaab — leii}'yabw . (46)

This equation allows us to identify Ty in terms of the elements of the Vector Multiplet and
the supercovariant field strength H wp- As a matter of fact, the fields o, C),, By, and ¢’ along
with the gauge fields e,*, L, b, VY form an alternative Weyl multiplet: the Dilaton Weyl
Multiplet. Equations (4.4]) and present a map between the Standard Weyl Multiplet
and the Dilaton Weyl Multiplet.

12



The @, S and K supersymmetry transformations for the fields of the Dilaton Weyl
Multiplet are given by (up to 3-fermion terms)

(56#(1 — %E'Yaqu)u )
0 = (O + 3bu + Jwu ) — Vie; + iy - Tpe — iy’
0V, = —Bielel) ety ) ey Tyl + find)
5C, = —lioep, + ey,
0B, = %02€7[u¢u} + %igngw + Cd(e)Cy,
o = —iy. Gel — LiPoe + oy - Te —Ye;+ on',
bo = Liey,
oby = %15(/5# 2€v,x + 1771% + 20k (4.7)

where we have underlinedﬂ Y, T,,, D and x' to indicate that they are now composite
fields with the definitions given in (4.6) and (4.4) respectively. The commutator of Q-
transformations picks up the following modifications

[0(€1),0(e2)] = ...+ du)(As = ——10’6261) + (53(— o2 EoYu€1 — CuAg) : (4.8)

where the ellipses refer to the standard commutation rule and ép is a vector gauge trans-
formation for the field B,,. From the transformation rule (4.7)) for B,,, we identify the
supercovariant field strength H,,, as

~

Hup = 30uBug) + 5C0uGrp — 10Ut — 500 700Y (4.9)
and the supersymmetry transformation rule for H uwp 18 given by
OHue = —30°aR0g(Q) + SiEvw Dt + 3wy Dyo
—30evy - Tqt — %57[(1@1;41# — 20T Yabet) - (4.10)
For H wp tO be gauge invariant B, should transform under gauge transformations as follows
OAByw = 20, A — 3AG ., . (4.11)

Plugging in the expressions for Y% and the Standard Weyl matter fields, (4.4) and .
into the Lagrangian (4.1]), we obtain the following superconformal action
e 'Lopw = L 'L;0°L¥ — L9D,L,;D" L, "L — N°L~' — E,E*L!
+8LT% + ADL — L L*E* L}.0,L*0, Ly + 2E" 8, (L 'E, + V,/ L;; L")
HL T L, " D’ + ALy x + 5iLT Napy /"™ 0] Lij + (¢'-terms) , (4.12)
where the subscript DW indicates the fact that this Lagrangian is in the background of

the Dilaton Weyl Multiplet. In the following subsection we will gauge fix the redundant
conformal symmetries to obtain off-shell pure D = 5, N' = 2 supergravity.

®The expression for Y% in (4.4) is bilinear in the fermions and gives rise to 3-fermion terms in the
transformation rule of ¥*. However, we did include the term in §1)¢ because, when we will discuss the gauged
theory in the next section, the expression for Y*7 gets deformed by a purely bosonic term.
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4.2 Gauge Fixing, Decomposition Rules and the Off-Shell Poincaré
Action

The gauge fixing conditions we adopt here are

L_

= _\/%51.]., b, =0, o' =0. (4.13)

The first gauge condition breaks the SU(2) symmetry down to U(1)g, and fixes the dilatation
symmetry by the choice L = —1. The second condition fixes the special conformal symmetry
whereas the last one fixes the S-supersymmetry.

In order for these gauge conditions to be invariant under supersymmetry, one needs to add
compensating conformal boost transformations with parameter

A, = —1i€g, — 1, + €v,x (4.14)

and compensating S-supersymmetry transformations with parameter
N = %(’y -Tep, + \%N&kei - \%iE(&kei — i’y“V#(iﬁj)l@kej) ) (4.15)

Performing all the steps of gauge fixing, and using the expressions for the dependent gauge
fields (2.8) into the Lagrangian (4.12), we end up with the following off-shell Lagrangian for
N =2, D =5 Poincaré supergravity (up to 4-fermion terms)
e_lﬁo,DW|L:_1 = %R — %0'_2GW,G‘LW - é0_4H#VpH“”p - 30_23#08“0

—N?+ P,P"+ 2P, V" -V yk

— 50" Dy = S0 I — Fio Ay 0,0

_%i0_1¢u7ﬂypa¢qua - iiO_IQﬁMQﬁVG‘MV - i0_2¢u7uyp¢GVp

Lo 20 — Lio Ty - G+ S Py

_2_140_2@[}#'7WPU/\¢VHPM + %;U_Q@EM'YV@Z)pHWP (4.16)

— 510 PO Hype + 510 0 HYYP — S0~y - Hy,
where the subscript L = —1 is shorthand for the gauge fixing described in (4.13)). Notice that
we have decomposed the field V7 into its trace and traceless part, i.e. VIV = V/lij + 36V,
with Vl;"j d;; = 0. The 2- and 3-form field strengths are defined as

Guw = 20,0,
Hyupy = Bu,y+ %C[MGVP] y (4.17)

where B, = 30,B,,), and the U(1)g covariant derivative D¢}, and full SU(2) covariant
derivative D))" are defined as

< )1% - %Vuaijwvw
(au + iwﬂab%g W VI — LV 6 (4.18)

Duwi = au""iwuab%b
Dy
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The N = 2 off-shell supergravity that we constructed above by means of superconformal
tensor calculus has the following field content

(eu, Wi, Cus By, V', 0, By, N, V,,, V,9) (4.19)

with (10, 32,4,6,8,1,4,1,4,10) off-shell degrees of freedoms respectively. Therefore our off-
shell Poincaré multiplet has 40 + 40 off-shell degrees of freedom. The supersymmetry trans-
formations, up to 3-fermions, are

be ' = e Uy,
0y, = (O + jwuva)e = Vil + 1y - Dyue’ — iy’
Vi = —BE@Iby; + Aey iy + ey - Tidy + Siilsy,
VI = —3igligh 4 4eliy D) 4 il Tyd) + Bind) + Bie*dl, 5,57
— 268, X007 — Fieky - Tl 007 — 3ol |
¢, = —%ia?:w# + %E%w,
0B, = %0257[;11%} + %iagVW¢ + Cld(€)Cyy,
5 = —dy-Ge — Lot + o T — Yoo + orf,
oo = %i&b,
5E, = s Vi + e B+
—Q%@i?%b’y Ty 5,5+ %iigi%bﬁbbj@j ;
N = _ﬁiigwwb%,(ik&j)k% + iEVGVbEb% - %LEWNW
+3va " TYl0; = 35587 010y — 2V 2 X6y, (4:20)

where the parameter 7' is as described in (4.15)).
Note that the U(1)r symmetry of the off-shell supergravity is gauged via the auxiliary
VH

OV =0\ 0\, = 367\, O = 369Ny, (4.21)

where \ is the parameter of the U(1)r symmetry. Also note that the CS term, which is
characteristic of the N' = 2, D = 5 formulation is hidden inside the term H,,,H""?, and it
becomes manifest in the action in the on-shell formalism due to the dualization of H,,, as
we shall discuss in the following section.

Upon going on-shell by solving for the auxiliary fields E,, N, V,, and Vlfj we obtain un-
gauged Maxwell-Einstein supergravity as constructed in [2,[I7]. The elimination of auxiliaries
will be discussed in the next section.

5 Minimal Gauged Supergravity

The off-shell theory discussed in subsection 4.2/ has two U(1) symmetries: U(1)y and U(1)c¢.
The first one is related to the auxiliary gauge field V,, and the second one is related to the
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vector field of the Dilaton Weyl Multiplet C),. The fermions in the theory transform under
U(1)y, thus their covariant derivatives contain V. This gauging by V,,, however, is unde-
sirable since V), has no kinetic term. To obtain a dynamical gauging, one may choose to
eliminate V,, and to promote, in the resulting on-shell theory, the vector field of the Dilaton
Weyl multiplet C), to a gauge field by replacing the covariant derivatives of the fermionic
fields with U(1)¢ covariant derivatives. Such a covariantization in the Lagrangian breaks
supersymmetry and hence g-dependent gauge invariant terms must be added to the La-
grangian in order to restore supersymmetry [3]. The necessary g-dependent gauge invariant
terms can be found by the Noether procedure. However, when considering more complicated
scenarios, such as the inclusion of R? terms, the step-by-step Noether procedure is tedious
and cumbersome. Therefore, we devote this section to an easier procedure to construct the
internally gauged theory.

In subsection we add to the ungauged off-shell Lagrangian £, a vector-linear
coupling gLy, (3.1), where g is a coupling constant. We show that the expressions for the
Standard Weyl matter fields, obtained via the field equations of the Vector Multiplet com-
ponents, get deformed by g-dependent terms. In subsection [5.2] we discuss the elimination of
the auxiliaries V,,, V' Lj, N, P, and dualize the 2-form B, to a vector éu- We show that the
resulting theory describes Einstein-Maxwell supergravity [3] in which a linear combination of
C, and éu plays the role of the gauge field. Finally, in subsection , we show that we can
consistently truncate the matter content that is coupled to supergravity, thereby breaking
the gauge group down to a single U(1)g, gauged by C,, and obtain the minimal on-shell
gauged supergravity discussed [3].

5.1 The Off-shell Internally Gauged Supergravity

Our starting point for the construction of the internally gauged supergravity is the following
Lagrangian
Ly = Lo—39Lve
= LL — SEV — 3g£VL s (51)

where Ly, Ly and Ly are given in (3.7)), (3.9) and (3.1). The field equations for Y%, o,
and C), give rise to the following map between the Standard Weyl Multiplet and the Dilaton

Weyl Multiplet

v = o ' — 1goT LY (5.2)
X, = Lo DY + Lo P Doyt — oy - Gy
- i —2v/ij L 5
+507 7 TY 4 50 Y+ 290" (5.3)
Dy, = 307'0% + £ *(Do0)(D0) — 150 °G,, G

—Lo72P Py + Lo 7YY — dio Wy + Lot G
—LioT .G + ( — BT+ 20 G + iia‘QzEvab@b) T
+}Lga_2N, (5.4)
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D[a;’:zbcd} = %é[abécd] + %gD[aEbcd] ) (55)
where R R B
- %8abcde7—ledc = 802Tab - UGab - iiwaabw . (56)

The subscript ¢ in the equations , and indicates that the expressions for
Y*, x" and D now pick up g dependent terms. Note that the expressions for x; and D, are
given up to 3- and 4-fermion terms respectively. Comparing the above map with the one
in the ungauged case, to , it is clear that the map gets deformed by the gauging.
The Bianchi identity implies that

Hywp = 30 Buy) + %C[uGVp] + %gEqu - %02#;[#%@%] - %ia&[u%pﬂb' (5.7)

The above equation for 7:[\//«1’,0 is clearly not gauge invariant since F,,, has the gauge invariance
0AE,, = 30u\p. In order to balance that out, B, needs to have the additional gauge
invariance

6ABMV = 26[#/\1,] — %AGMV — %gAMV. (58)
Using the above expressions for Y%, D, T,; and ' in the Lagrangian (5.1)) and imposing
the gauge fixing conditions (4.13)) we obtain the following off-shell Poincaré Lagrangian
e 'Lopw|i——1 = $R—107°GG" —29C, P* — 107, , H"P — N? — gN (07> + 20)
—g*(o™t — o7+ P*P, + V2PV, — VIV — 30720,00"0
—%%V’Li’)l)u% - %0_2@19/1# __%iU_Q@ZVMVp@ZJua/zU
—Lig U, Gy — Yo TG — 20T GGy,
L0720, bG — Lio ™y - G+ S B P
_i0_2&,u7wjpg)\wz/%pa>\ + %O-_Q}Z;L%/wp%lwp -
—%z’a*gwufy“”p"wﬂypg + %iafgz/},t%pwﬂ“”p — %0742#7 - Hy
+ sl A0 + 5 sigo U L0y — sl 6y
+\/ng073 b7 8y — ﬁiiga“&iw"&j - ﬁﬁiga*%iwj&j ; (5.9)
where H,,, is defined as
Hywp = By + %C[MGVP] + %gE/WP‘ (5.10)

This Lagrangian is invariant under the transformation rules given in , where the un-
derlined fields are now to be evaluated using the deformed expressions, ([5.2)) to (5.6]).

This theory has a U(1)y x U(1)¢ gauge group parametrized by A and 1 respectively. The
fermion covariant derivatives are defined in and contain V,,. The gauge transformations
of the relevant fields are given by

OV, = N, 6,0, =,
O = AN, o = SN (5.11)
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5.2 Einstein-Maxwell Supergravity

In this subsection, we will eliminate the auxiliaries V,,, Vlfj , N and P,, present the dualization

of the 2-form gauge field B,,, to a vector field éu and discuss the resulting on-shell theory. We
will show that the on-shell theory describes Einstein-Maxwell supergravity as constructed in

[3].
Let us start with the field equations for N and Vé"j
0 = 2N +g(07%+20), (5.12)
0 = V¥ +f0 "y (5.13)

Using these two field equations in (5.9)), we obtain the following Lagrangian (up to 4-fermion
terms)

e 1L, = %R +¢*(207 1 +0?) — %a’Qﬁﬂaa“a — %0726*”,,6”“’
—167 ",  H"P + P*P, + V2PV, — 29C,, P*
—30u" " Db, — 207 DY — SioT Py 0,0
—510 ", G — Ji0T b, G — L0 UG,
50 PG — gio Ty - G+ Sl ) Byl
_ia_%ﬁp’ywm)\iﬁy?‘[pg,\ + ia_%ﬂﬂ/fpﬂ“””
_%ig*?)qzufywpawﬂypg + %2-073&M%/pw7_[uup _ %074&7 - H
+ sl N 05 + 5 usigo U L0y — G5 gl A Y6y

—|—\/L§g0'73 7;,)/#1&]'52,], — ﬁiiggil?z}i(ﬂj(sij — ﬁiig(fiél'lzii/jj(sij s (514)
where
D = (au + iwuab%b) W — LV, (5.15)

Before proceeding it is useful to dualize the 2-form B, to a vector éu- We do this by
adding a Lagrange multiplier term

L =—LemrrB,,,0,C). (5.16)

This Lagrange multiplier introduces another U(1) symmetry in the theory which we will
denote U(1)s and which is parametrized by 7). Since the Bianchi identity 9 B*°l = 0 is
now imposed by the field equation for CN'M, we can treat B,,, as an independent field and
compute its field equation. Taking both the Lagrangian and the Lagrange multiplier
term into account, the field equation for B,,, reads

HErr — _%0,4671€,ul/p0)\ao_c~¢)\ . éojig,}/uupov\w)\ + %02&[;;,}/1/1#/)}

b G+ St — 3y (.17
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Bre = HvP _ %O[MGW} _ % gEMP
_ —%0'4671&‘#1%0)\800)\ . %C[uGup] . %gE/,wp . %02¢07pup0)\1/})\
302l ) + Loy P + Biogiy e — Sy (5.18)
From 1} we can read of the transformation rule for C‘u
6C, = —Lio™ep, + Lo ey, (5.19)
Using (b.18)), the Lagrangian now reads (up to 4-fermion terms)
e (L2+ L) = R+g¢* (207" +0%) + P'P, + V2PV, — 36720,00"c
152G, G" - 10*0,C, 0" CY — 2gC, P + te e G,,C,0,C)
+%ge—1_€ltupa)\Eleaac~v)\ _ %J}_}A’ylwpDuwp _ %U_Qq/jw"lb
_%i0_2¢’7#7p¢uapa - %i0_1¢u7#VpU¢VGpa - }qia_l%%G‘“’
_7110721&#7#1/%”(;1/;7 + %Ufziﬁu%ﬂﬂGW - éiaigwﬁy ' Gw
o U UL Py — G0 ap 0 CY — 1o, 0,C,
— oYY CY + 0, VP8, C + iy, YO CY
sl YN Y0y + 5 isigot i — 5 gt Yoy
+\/L§QO'_3 ;’y“iﬁéij — ﬁiga_lw’w](sij — ﬁgigg_éthwj(sij . (520)

Let us now consider the field equations for V, and F,,,

0 = P'+ 50" sy — 150 w07, (5.21)
0 = 9, (P + 5V, — g0, — 390, + dTmerfo” ). (5.22)

The latter equation implies that
P, = 0.9— \/Lgvu +9C, + %gCH - 4_\1@&;7u76¢]§5ij7 (5.23)
where ¢ is a Stueckelberg scalar that transforms under U(1)y x U(1)e x U(1)s as
00 = 5A—gn— 390 (5.24)

We can break the gauge group down to U(1)? by fixing the Stueckelberg scalar to a constant
¢ = ¢ . If we now use (5.23)) in combination with ([5.21)) we obtain

Vi = \/ﬁg(cu + %éu) - %J_2¢_)i7u¢j5ij (5.25)
and find a decomposition law for the U(1) parameters

A= V2g(n+i7). (5.26)
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Using this in the Lagrangian given in (5.20)) we find that the on-shell theory is given, up to
4-fermion terms, by

e 'Lpy = SR+¢ (207 +0%) —307%0,00"0 — 107°G,,,G"
~169,,C,,0"C" + Le7terror @G, C,0,C)
— 1BV, — 0TV
— 310 Yy 0,0 — gio T h TG e — FioT b, G
_ia_zz/juVWpl/}GVp + %‘7_21/_’#%1/’GW - %i0_31;7 -G
— 4021y 04 CY — i Y7 ,0,Co — oyt C
—l—%m/;uv“l’pz/@,,é'p + %ii/_wm,@bﬁué”’
+ﬁ§igﬁ_2 Dy Wl ois + ﬁgigmﬁ,’nwwiém - \/%QYEZ’Y”W@J'

+590 W0 — 1sigo T W oy — aigo Ty, (5.27)
where
Vg, = (% + i%“b%b> U, = 259(C + 3C)6 0,5,
V. = (au + }lwuab%b> P — \/%g((]u +1C,)5 ;. (5.28)

From (5.11)) we find that ¢ transforms under the remaining gauge symmetry as
o

Oty = 5900+ 5707y,
St = Z5g(n+ 50)71;. (5.29)
The theory given in (5.27) describes Einstein-Maxwell Supergravity constructed in [3].

It consists of the fields {e,* C,,v,", 0,C,, 1"} accounting for 20 + 20 on-shell degrees of
freedom. The supersymmetry transformation rules, up to 3-fermion terms, are

de," = %€7awu ,
o, = (O + 3w, va)€ — 759(Cu + 1C,)0%¢; — ﬁiig(a_2 + 20)7,0"¢;
+%i0‘1(%”’) - 45Z7p)(G,,p + agﬁ[yép])ei ,

6C, = —lioep, + ey,
oo = %ié@b,
6C, = —lYio &), + so ey,
' = —ligoe’ — LA"(G — 20%0,C,)e + ﬁg(ﬁ — o N, (5.30)

The theory has a U(1) x U(1) gauge symmetry parametrized by n and 7. The gauge transfor-
mation rules for the gauge vectors and the fermions are given in (5.11)) and (5.29)) respectively.
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5.3 Truncation to Minimal Gauged On-Shell Supergravity

In this subsection we show that we can consistently truncate the fields (o, ¢, éu) to obtain
on-shell pure gauged D = 5, N/ = 2 supergravity [3].
Consider the field equation for o
0 = 30 %00 — 30_3@08“0 + %J_3GWG‘“’ — 2038[MC7V]3“C’”
3100 0, Gop + 110 b, G — Sy, 0 C
—%lim/)uy“”p”wyapay +2¢*(c —07?%) — ﬁiigaﬂg’ POy

SLeigin ™ is; + (Y-terms) (5.31)
and the field equation for 1)°
0 = —%ia‘zfy“'y”wzﬁya - %a‘zv“ypw;Gl,p + %U_Q’yuwiGW
+Lo7 20,01, — oy CY + g atsl
—\%ga’?’%zﬁéij + (¢'-terms) , (5.32)

both up to 4-fermion terms. From these equations and from the transformation rules of o
and 9" in 1} we observe that one can consistently eliminate the matter fields (o, Y CL)
by setting o = 1, ¥* = 0 and C, — C,, = d,a, where a is a Stueckelberg scalar. The gauge
transformation of a is given by

dga=mn—1. (5.33)
We can break the U(1) x U(1) gauge symmetry down to U(1) by setting a to a constant
a = ag. This implies

Co=Cu, =i (5.34)

Performing this truncation in (5.27)) we obtain the on-shell Lagrangian for pure gauged
D =5, N = 2 supergravity

671£EM|U=1,¢:0 — %R j_ 392 o %GHVG/Ll:_i_ %eflg,ul/ﬂU)\CluGVpGU)\
—%Yﬁﬂ“_”fjvu% - %i%%G’“’ - f_ﬁiwu,yuupaqﬂqua
2oy, (5.35)

where we defined
VM@DZZ, = (au + iwuab'yab> ¢Z - %gcuéijwuj . (5.36)

This Lagrangian is invariant under the transformation rules for e, L and C), given in
with ¢ = 1, 9" = 0 and C,, = C,,.

The Lagrangian agrees completely with the result obtained in [3]. Another off-shell
action is obtained in [0 [IT] by coupling the Standard Weyl Multiplet to a Hypermultiplet
compensator. After elimination of the auxiliaries and decoupling of the matter fields, these
results also agree with ours.
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6 Conclusions

In this paper we have constructed the complete (bosonic and fermionic) off-shell action for
minimal gauged D = 5, N' = 2 Poincaré supergravity. We obtained this action by using the
methods of superconformal tensor calculus. We first constructed the pure (ungauged) theory
by constructing the superconformal action for a Linear Multiplet in the background of the
Standard Weyl Multiplet (3.7]). This action is trivial unless we add the superconformal action
of a Vector Multiplet, also in the Standard Weyl background. Eliminating the Standard Weyl
matter fields via the field equations of the Vector Multiplet components, we arrived at the
superconformal action for the Linear Multiplet in a Dilaton Weyl background. By fixing the
redundant symmetries (D, K, S) we obtained the pure off-shell Poincaré action (4.16]).

In a next step we used the internal vector of the Dilaton Weyl Multiplet to gauge the
theory. We started again with the sum of a Linear and Vector Multiplet action, both in a
Standard Weyl background, and added a superconformal coupling proportional to g between
the Linear and Vector Multiplets. Eliminating again the Standard Weyl matter fields via the
field equations of the Vector Multiplet components, we observed that the original expressions
get deformed by g-dependent terms. After fixing the redundant symmetries we obtained the
off-shell action for minimal gauged D = 5, N/ = 2 Poincaré supergravity . After solving
for the auxiliaries and dualizing the 2-form B,,, to a vector é;m we showed that the resulting
theory is Einstein-Maxwell supergravity as constructed in [3] via the Noether method.
We also showed that the field equations and transformation rules allow to truncate o, 1’
and CN'#. After truncation we ended up with the action of pure on-shell supergravity [3].

It would be interesting to investigate the extension of our result with the Weyl squared
off-shell invariant Ly2 constructed in [I1]. This superconformal invariant is constructed in
the Standard Weyl background and can be added to our result to yield

ACL—FEV—{—QEVL—{—#EW% (61)

with 1/M? some arbitrary parameter. Computing the field equations for the vector field com-
ponents we obtain expressions for the Standard Weyl fields that now also get contributions
proportional to 1/M?. Using these expressions and gauge fixing the redundant symmetries
we obtain a higher derivative extension of our gauged result. It is interesting to note that the
CS term C' Atr(RA R) now contains the internal vector of the Dilaton Weyl Multiplet. Since
this resulting theory is in the Dilaton Weyl background it is interesting to study if it is pos-
sible to further extend this theory by including the Riemann squared invariant constructed
in [13].

Another interesting problem is to study the matter couplings of our new off-shell Poincaré
theory. It is well known that the D = 5, N/ = 2 Poincaré supergravity coupled to n Vector
Multiplets goes under a specific geometrical structure, the so called ‘very special geometry’ [2,
18]. In rigid theory, the scalars of the Vector Multiplets stay unconstrained. In supergravity,
however, the gauge fixing condition for the dilatation invariance restricts the scalars to form
a very special real manifold. Similarly, when considering the Hypermultiplet couplings of
the theory, the scalars parametrize a hyper-Kahler manifold for rigid supersymmetry. In
supergravity, the gauge fixing conditions remove four compensating scalars resulting in a
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quaternionic Kéhler geometry [0, [7]. In our construction, however, the gauge fixing takes
place via either the elements of the Dilaton Weyl Multiplet or the elements of the Linear
Multiplet. Hence, it would be interesting to study how the constraint on the scalars of the
Vector Multiplets or Hypermultiplet arises and to show how our off-shell formulation gives
rise to the same on-shell theory as constructed in 5] [6].
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