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Abstract The use of topology optimization for struc-
tural design often leads to slender structures. Slender

structures are sensitive to geometric imperfections such

as the misplacement or misalignment of material. The

present paper therefore proposes a robust approach to

topology optimization taking into account this type
of geometric imperfections. A density filter based ap-

proach is followed, and translations of material are ob-

tained by adding a small perturbation to the center

of the filter kernel. The spatial variation of the geo-
metric imperfections is modeled by means of a vector

valued random field. The random field is conditioned

in order to incorporate supports in the design where

no misplacement of material occurs. In the robust op-

timization problem, the objective function is defined
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as a weighted sum of the mean value and the stan-
dard deviation of the performance of the structure un-

der uncertainty. A sampling method is used to esti-

mate these statistics during the optimization process.

The proposed method is successfully applied to three

example problems: the minimum compliance design of
a slender column-like structure and a cantilever beam

and a compliant mechanism design. An extensive Monte

Carlo simulation is used to show that the obtained

topologies are more robust with respect to geometric
imperfections.

Keywords Topology optimization · Robust design

optimization · Geometric imperfections · Random
fields

1 Introduction

Design optimization has become an intrinsic part of en-

gineering, where high performance designs with a low
cost are necessary. Topology optimization is a powerful

tool in this respect as it simultaneously optimizes the

size, shape and topology of a design, often resulting in

new and original designs. This has led to the develop-
ment of different approaches to topology optimization

during the last decades. In this paper, the density based

approach (Bendsøe and Sigmund, 2004) is adopted.

Topology optimization typically results in designs with

a very high performance. The designs obtained by a
classical deterministic optimization however are often

only optimal for a single set of input data and variations

in the system can drastically decrease the performance

of the design or even make it infeasible. Robust opti-
mization takes these uncertainties into account in the

optimization process and searches for well-performing

designs that are insensitive with respect to variations in
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the system. A structure is subjected to multiple sources

of uncertainty: loads, material properties, manufactur-

ing errors, environmental conditions, etc. The design of

structures under variable loads is a well-known prob-

lem in topology optimization. Ben-Tal and Nemirovski
(1997) proposed a method to take into account the

worst case load in truss topology optimization by refor-

mulating the minimax problem as a semidefinite pro-

gram. Brittain et al. (2011) also considered a minimax
formulation in continuum topology optimization by ex-

plicitly solving the optimality conditions of the worst

case load during the optimization. Kogiso et al. (2008)

applied a probabilistic approach to model random loads

in the design of robust compliant mechanisms. Uncer-
tain material properties have been considered by Asad-

poure et al. (2011) in the optimization of truss struc-

tures and Chen et al. (2010) applied random fields to

model spatially varying material properties in contin-
uum topology optimization.

This paper focuses on geometric imperfections as a

source of uncertainty. Two types of geometric imper-

fections due to manufacturing errors are distinguished:

surface imperfections due to over- and under-etching
(1) and imperfections due to misplacement or misalign-

ment of material (2). The following distinction is made

between these two types of errors. Misplacement (and

misalignment) of material indicates that the actual lo-
cation of the bars of the structure does not correspond

to the ideal nominal design. Surface errors due to over-

and under-etching on the other hand do not move the

structure from its expected position, but instead alter

the nominal surface of the design. In other words, mis-
placement errors cause a perturbation of the location

of material in space, while etching errors add or remove

material at the surface of the structure.

The first type has already been investigated in the
context of topology optimization. Sigmund (2009) and

Wang et al. (2011b) proposed a robust optimization

method for uniform over- and under-etching errors.

A projection step is typically added to density based

topology optimization in order to obtain a crisp 0–1
design. Geometric imperfections are modeled by using

a variable threshold in the projection step of the opti-

mization process. The uncertain projection threshold is

included into the optimization process by means of a
worst-case approach. Schevenels et al. (2011) also used

a variable projection threshold to model etching errors,

but the uncertainties are modeled in a probabilistic

sense. In this way, the method could be extended to

non-uniform geometric imperfections by means of ran-
dom field modeling. Chen and Chen (2011) investigated

similar imperfections in a level-set approach to topol-

ogy optimization. In their method, random boundary

velocity fields are applied to model the geometric im-

perfections of the design.

Surface errors often occur due to over- and under-

etching during the manufacturing process of micro

scale systems such as Micro Electro-Mechanical Sys-
tems (MEMS) or waveguides in optical applications

(Wang et al., 2011a) and the previous robust meth-

ods were mainly applied to the design of this type of

systems. Misalignment of material is a typical exam-
ple of geometric imperfections encountered in structural

and civil engineering applications. According to the Eu-

rocodes, this type of imperfections should be accounted

for in the design of civil structures (see e.g. Eurocode

3 (1994) for the design of steel structures). The Joint
Committee on Structural Safety (JCSS, 1999) has pro-

posed probabilistic models for geometric imperfections

in braced frames.

Misalignment of material has already been considered
in several structural optimization problems. Baitsch

and Hartmann (2006) used random perturbations of

the nodal locations in order to model geometric imper-

fections in the shape optimization of truss structures.

In truss topology optimization, Guest and Igusa (2008)
modeled misalignment of material by perturbing the

nodal locations of the ground structure. The imperfec-

tions are incorporated into the minimum compliance

problem by equivalent nodal forces which are derived
from a second order approximation of the nodal per-

turbations. Jalalpour et al. (2011) added a first order

non-linear term to this method in order to account for

global instabilities.

This paper proposes a method which incorporates geo-
metric imperfections due to misalignment and misplace-

ment of material into continuum topology optimization.

In comparison to the previously discussed methods for

shape and topology optimization of trusses, the pro-
posed method does not use variable nodal locations to

model misalignment of material. Instead, an Eulerian

approach is followed, using a fixed computational grid

in the design domain. Perturbation of the material is

achieved by shifting the center of the density filter ker-
nel of every element. Density filters are included in con-

tinuum topology optimization in order to avoid mesh

dependency of the solution and numerical issues such

as checkerboards. Furthermore, filters allow the user to
control the minimum size of the features in the final

design (i.e. they introduce a minimum length into the

design). The proposed method only requires a small

modification of the density filter in the optimization

process in order to model geometric imperfections.
The paper starts with a brief review of density based

topology optimization. Afterwards, the perturbed den-

sity filter is proposed as a method to model geomet-
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ric imperfections. A random field model for the spatial

variation of geometric imperfections is discussed next.

A robust formulation of the optimization problem is

applied in order to incorporate the geometric imperfec-

tions into the optimization problem. Finally the method
is applied in three examples.

2 Topology optimization

2.1 Density based approach and SIMP

Continuum topology optimization searches for the best
distribution of material in a chosen design domain

Ω ⊂ R
n. In the density based approach, the design is

represented by the physical densities ρ̄(x) in the design

domain. The densities ρ̄(x) are allowed to vary from

zero to one where a density equal to zero means void
phase and one means solid phase. The continuous de-

sign variable ρ̄(x) enables the formulation of smoothly

varying functions in the optimization problem. In this

way, efficient gradient based algorithms can be applied
to solve the optimization problem. The goal of the op-

timization, however, is to find designs which consist of

solid and void phase only (i.e. 0–1 designs) since the

intermediate densities have no physical meaning. The

solution of the topology optimization problem can be
forced to a 0–1 design by means of the Solid Isotropic

Material with Penalization (SIMP) method (Bendsøe,

1989; Rozvany et al., 1992). The SIMP method makes

intermediate densities less efficient in the optimization
by using the following density-stiffness interpolation:

E(x) = Emin + (E0 − Emin) ρ̄
p(x) (1)

where p ≥ 1 is the penalization parameter and E0 and

Emin are the Young’s moduli of respectively the solid

and void phase.
The SIMP penalization (i.e. p > 1) often leads to ill-

posed optimization problems which lack the existence

of solution in a continuum formulation. In a discretized

finite element setting, numerical problems such as mesh
dependency and checkerboards occur (Sigmund and Pe-

tersson, 1998). Density filters (Bruns and Tortorelli,

2001; Bourdin, 2001) solve these issues by constraining

the space of admissible designs. Density filters are also

used to incorporate additional manufacturing require-
ments such as a minimum length scale into the opti-

mization problem. Modern density filters (Guest et al.,

2004; Sigmund, 2007; Xu et al., 2010) typically consist

of two steps: a smoothing operation and a projection
step.

In order to apply a density filter, a new design vari-

able ρ(x) is introduced in the design domain Ω which

will form the optimization variable in the topology opti-

mization problem. The design variable ρ(x) is smoothed

by a convolution with a kernel κ(x) and the result of

this operation is denoted as the intermediate density

function ρ̃(x). The following definition of the density
filter is used (Bourdin, 2001):

ρ̃(x) = (κ ∗ ρ)(x) =
∫

Rn κ(x− s)ρ(s)ds
∫

Rn κ(x− s)ds
(2)

A linear conic function is typically chosen for the kernel

function κ(x):

κ(x) = max (R− ‖x‖2, 0) (3)

The filtering radius R reflects the minimum length scale

imposed by the designer.

Defining the density filter in this way poses a problem

at the boundary of the design domain: the integration
in the filter operation is defined over Rn, while the op-

timization variable ρ(x) is only defined in the design

domain Ω. In the literature, this problem is usually

solved by self-normalizing the filter operation in the
design domain (Sigmund, 2007):

ρ̃(x) = (κ ∗ ρ)(x) =
∫

Ω
κ(x− s)ρ(s)ds
∫

Ω
κ(x− s)ds

(4)

In the following, however, formulation (2) is used while

assuming that ρ(x) can be extended to R
n based on

the properties of the environment of the problem. For

example, at a free Neumann boundary, it can be as-

sumed that there is no material outside the design do-

main (ρ = 0). Likewise, solid material (ρ = 1) is placed

outside a boundary with Dirichlet conditions assuming
that the support consists of material phase.

The smoothing operation limits the space of possible

designs ρ̃(x) and solves the mesh dependency problem.

However, the smoothness of the designs ρ̃(x) also im-
plies gray transition zones at the interface between ma-

terial and void phases. For this reason, a projection step

is added to the density filter which projects intermedi-

ate densities ρ̃(x) by means of a regularized Heaviside

function in order to avoid gray zones in the physical
design variables ρ̄(x). A continuous approximation of

the Heaviside function based on the hyperbolic tangent

function is used (Wang et al., 2011b):

ρ̄(x) =
tanh (βη) + tanh (β (ρ̃(x)− η))

tanh (βη) + tanh (β (1− η))
(5)

where β is a scaling parameter which controls the steep-

ness of the continuous approximation of the Heaviside
function and η is the threshold value of the Heavi-

side function. Figure 1 shows the regularized projection

function (5) for increasing values of the parameter β.
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Fig. 1 Heaviside projection function (full line) and continu-
ous projection function (5) (dashed lines) with a projection
threshold η = 0.5 and increasing values of the parameter β

Although the projection step enables the formation of

crisp 0–1 designs, the sensitivities in the topology op-

timization problem become increasingly ill-conditioned
for high values of the parameter β. For this reason,

a continuation scheme on the parameter β is usually

necessary during the optimization process (see e.g. An-

dreassen et al. (2011)). Alternatively, a fixed high value

of β can be applied combined with an appropriate
rescaling of the trust-region for the primal variable ρ

in the optimization algorithm (Guest et al., 2011).

2.2 Numerical solution

In the optimization of linear elastic designs, the me-

chanical problem is solved by means of a finite element

discretization of the design domain Ω. The functions
ρ(x), ρ̃(x) and ρ̄(x) are discretized to a constant value

ρe, ρ̃e and ρ̄e per finite element. These element values

are collected in the vectors ρ, ρ̃ and ρ̄.

The state of the system is represented by the nodal

displacement vector u(ρ) which can be calculated by
means of the finite element equilibrium equations:

K(ρ)u(ρ)− f = 0 (6)

where K(ρ) is the global stiffness matrix and f the
vector of nodal loads. The global stiffness matrix is

assembled from the element stiffness matrices Ke(ρ)

which depend linearly on the elements’ Young’s mod-

uli: Ke(ρ) = Ee(ρ)K
0
e, with K

0
e the element matrix for

a Young’s modulus equal to one.

The convolution in the density filter is replaced by a

discrete convolution. The self-normalizing filter (4) is

approximated by:

ρ̃e = (κ ∗ ρ)e =
∑

j∈Qe κ(xe − xj)vjρj
∑

j∈Qe κ(xe − xj)vj
(7)

where vj are the element volumes and xe the location of

the element centers. The neighborhood Qe is the index

set of all elements within a distance R to element e:

Qe = {i ∈ 1, . . . , ne|‖xe − xi‖2 ≤ R} (8)

where ne is the total number of elements in the design

domain.

In order to discretize the filter (2), we have to as-
sume that we know the extension of ρ beyond the

boundaries of the design domain Ω. The discretization

of eq. (2) can then be defined in the following way:

ρ̃e = (κ ∗ ρ)e =
∑

j∈Q̄e κ(xe − xj)vjρj
∑

j∈Q̄e κ(xe − xj)vj
(9)

where Q̄e is the extended neighborhood which also con-

tains the contributions of the extension of ρ outside Ω.

2.3 Optimization problem

This paper considers the minimum compliance problem
and the optimal design of compliant mechanisms. Both

problems can be formulated in the following way:

min
ρ

f(ρ) = bTu(ρ)

s.t. V (ρ)− Vmax ≤ 0 (10)

0 ≤ ρ ≤ 1

where b is a vector depending on the nature of the
problem and V (ρ) is the volume fraction of the design

domain occupied by the physical densities ρ̄:

V (ρ) =

∑ne

j=1 vj ρ̄j
∑ne

j=1 vj
(11)

The goal of the minimum compliance problem is to

minimize the work done by the external forces while
the volume of the design is limited to a certain volume

fraction Vmax of the domain Ω. In this case, the vector

b is equal to the external load vector f . In the compli-

ant mechanism design problem, an output displacement
component uout is maximized. The output displacement

is selected from u by an appropriate choice of the vec-

tor b.

The sensitivities of the objective function f(ρ) with re-

spect to the physical densities ρ̄e are calculated using
the adjoint method:

∂f(ρ)

∂ρ̄e
= −λT ∂K

∂ρ̄e
u (12)

where λ is the adjoint vector which solves the adjoint

system Kλ = b. The chain rule of differentiation is
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applied twice to obtain the sensitivities with respect to

the actual optimization variables ρe:

∂f

∂ρe
=
∑

i∈Qe

∂f

∂ρ̄i

∂ρ̄i
∂ρ̃i

∂ρ̃i
∂ρe

(13)

The intermediate derivatives follow from differentiation

of the projection function (5) and the density filter (9):

∂ρ̄i
∂ρ̃i

=
β (sech (β(ρ̃i − η)))

2

tanh(βη) + tanh (β(1− η))
(14)

∂ρ̃i
∂ρe

=
κ(xi − xe)ve

∑

j∈Q̄i κ(xi − xj)vj
(15)

The sensitivities of the volume constraint are calculated

similarly by applying the chain rule twice.

3 Modeling geometrical imperfections

3.1 Misplacement and misalignment of material

A perturbation of the structural members in a design

can be modeled by considering the nodal locations in

the computational model (i.e. finite element model) as
variables subjected to uncertainty. This approach has

for example been successfully applied to model geomet-

ric imperfections in robust shape optimization problems

(Baitsch and Hartmann, 2006) and robust truss topol-

ogy optimization problems (Guest and Igusa, 2008).
Such an approach can be denoted as a Lagrangian type

method since the computational grid (i.e. finite element

mesh) follows the geometry of the design.

Varying the computational grid is obviously also ap-
plicable to continuum topology optimization problems.

Whereas many shape optimization methods consider

Lagrangian grids to describe the design, a fixed Eu-

lerian framework is considered in topology optimiza-

tion however. It therefore seems appropriate to model
the geometric imperfections on the same fixed compu-

tational grid.

Inspired by the work of Schevenels et al. (2011) where

geometric imperfections due to over- and under-etching
are modeled by adding a random component to the pro-

jection step in eq. (5) of the density filter, we propose to

model misalignment of material by means of a random

component in the smoothing operation in eq. (2) of the

density filter.
A vector valued random field p(x, θ) : Ω × A → R

n

is introduced in order to model the geometric imper-

fections. In agreement with Kolmogorov’s probability

theory (Kolmogorov, 1956), a random variable or field
is denoted as a function of the probabilistic elementary

event θ of the event space A. Section 3.2 elaborates on

the random field model p(x, θ), but first we will discuss

how the random perturbation is incorporated into the

topology optimization problem in order to model geo-

metric imperfections.

The misplacement of material is modeled by adding the

random perturbation vector p(x, θ) to the center of the
filter kernel. The density filter (2) is modified in the

following way:

ρ̃(x|p(x, θ)) = (κ ∗ ρ)(x− p(x, θ)) (16)

Figure 2 illustrates the modification of the density fil-

ter in eq. (16) when the linear filter kernel in eq. (3)

is used. In the nominal case (fig. 2a) the filter kernel is
centered around the centroid of the finite element and

ρ̃e is determined by the element densities ρ in the neigh-

borhood Qe. When the perturbation p(x, θ) is added to

the density filter (fig. 2b), ρ̃e is determined by the den-

sities ρ of the neighborhood of a shifted location. In
other words, the geometric imperfections are modeled

by slightly perturbing the mapping from ρ to ρ̃. The

effect of the perturbed density filter is illustrated in fig-

ure 3. The primal densities ρ represent a grid-like struc-
ture without imperfections. Next, three realizations of

the random field p(x, θ) are generated which are shown

in the second row of fig. 3. These imperfections are in-

corporated by means of the perturbed density filter in

eq. (16). The third row shows the smoothed and per-
turbed intermediate densities ρ̃. The resulting physical

densities ρ̄ in the fourth row of fig. 3 contain bars which

are clearly misaligned.

3.2 Random field representation

The spatial variation of the perturbation vector is mod-

eled by means of the Gaussian random field p(x, θ) in

design domainΩ. A Gaussian random field is fully char-

acterized by a mean function and a covariance function.
The mean function mp(x) is defined as:

mp(x) = E [p(x, θ)] (17)

where E is the expectation operator. Since p(x, θ)

is a random vector field, the covariance function

Cp(x1,x2) : R
n × R

n → R
n×n is a matrix valued func-

tion:

Cp(x1,x2) = Cov [p(x1, θ),p(x2, θ)]

= E

[

(p(x1, θ)−mp(x1)) (p(x2, θ)−mp(x2))
T
]

(18)

Since the imperfections are expected to be symmetric
with respect to the nominal design, the mean is chosen

mp = 0.

Moreover, only random fields with the principal axes
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(a) Density filter

R xe

κ(xe − x)

(b) Perturbed density filter

p(xe , θ)

R

κ(xe − p− x)

xe

Fig. 2 Translation of material by a perturbation of the center of the filter kernel in R
2

parallel to the coordinate axes are considered here. In

this case, the covariance function is a diagonal matrix,

e.g. in R
2:

Cp(x1,x2) =

[

Cp1
(x1,x2) 0

0 Cp2
(x1,x2)

]

(19)

where Cpi
(x1,x2) is the covariance function of the com-

ponent pi(x, θ) of the random field p(x, θ). Due to this

assumption, the components of the random field are

uncorrelated and independent which means that every

component of the random field can be modeled as a
separate scalar-valued random field. A squared expo-

nential covariance function is used for the components

pi(x, θ) of the random field:

Cpi
(x1,x2) = σ2

pi
exp

[

−
(

(

x1 − x2

lcx

)2

+

(

y1 − y2
lcy

)2
)]

(20)

where σpi
is the standard deviation of the component

pi of the random field and lcx and lcy are the correlation

lengths of the random field in the coordinate directions

x and y.

3.3 Random fields with known values

It is reasonable to assume that the magnitude of the ge-

ometrical imperfections decreases close to the supports
of the structure. Furthermore, since the design should

always satisfy the kinematic boundary conditions, the

random field should have a fixed value at the supports.

These assumptions can be accounted for using a condi-
tioned random field based on random field interpolation

using linear regression (Ditlevsen, 1996). This approach

has been applied by several authors to model random

fields of geometrical imperfections (Baitsch and Hart-

mann, 2006; Kolanek and Jendo, 2008). In the Gaussian

case, the method is equivalent to replacing the random

field by a conditional random field with known values.
Assuming there is a set of points {x̄i ∈ Ω|i ∈ 1, . . . ,m}
where the value of the random field is fixed, the covari-

ance function Cp(x1,x2) is replaced by the conditional

covariance function C̃p(x1,x2):

C̃p(x1,x2) = Cov [p(x1, θ),p(x2, θ)|p(x̄i, θ) = 0]

= Cp(x1,x2)− C
T
pp̄(x1)C

−1
p̄p̄Cpp̄(x2) (21)

with:

Cpp̄(x) =







Cp(x, x̄1)
...

Cp(x, x̄m)






(22)

and:

Cp̄p̄ =







Cp(x̄1, x̄1) · · · Cp(x̄1, x̄m)
...

. . .
...

Cp(x̄m, x̄1) · · · Cp(x̄m, x̄m)






(23)

3.4 The EOLE method for random field discretization

The random field is discretized with the Expansion
Optimal Linear Estimation method (EOLE) (Li and

Der Kiureghian, 1993). The method can be summa-

rized as follows for a Gaussian random field. First, a

finite subset of points {x̂i ∈ Ω|i = 1, . . . , k} is chosen.
These points can be selected on either a structured or

an unstructured grid in Ω. Due to the Gaussianity of

the random field, the vector Z(θ) ∈ R
kn is a Gaussian

random vector:

Z(θ) =











p(x̂1, θ)
...

p(x̂k, θ)











(24)



Robust topology optimization accounting for misplacement of material 7

ρ

p(x, θi)

ρ̃(ρ|p(x, θi))

ρ̄(ρ̃|p(x, θi))

θ1 θ2 θ3

Fig. 3 Example of spatially varying geometrical imperfections by means of the random field p(x, θ). The design variables
ρ, the filtered variables ρ̃(ρ|p(x, θ)) and the projected variables ρ̄(ρ̃|p(x, θ)) obtained for three samples of the random field
p(x, θi)

The covariance matrix C̃ZZ ∈ R
kn×kn of Z(θ) is:

C̃ZZ =







C̃p(x̂1, x̂1) · · · C̃p(x̂1, x̂k)
...

. . .
...

C̃p(x̂k, x̂1) · · · C̃p(x̂k, x̂k)






(25)

The random vector Z(θ) is decorrelated using the spec-
tral representation of the covariance matrix C̃ZZ:

Z(θ) =

kn
∑

i=1

√

λiviξi(θ) (26)

where ξi(θ) are independent standard normal variables
and λi and vi the eigenvalues and eigenvectors of the

covariance matrix C̃ZZ:

C̃ZZvi = λivi (27)

Next, linear regression (Ditlevsen, 1996) is applied to

obtain an approximation of the random field as a func-

tion of the random vector Z(θ). The linear regression

of the random field at point x ∈ Ω on vector Z(θ) is

given by:

p(x, θ) ≈ C̃
T
pZ(x)C̃

−1
ZZZ(θ) (28)

where C̃pZ(x) ∈ R
kn×n is the covariance matrix of Z(θ)

and p(x, θ):

C̃pZ(x) =







C̃p(x, x̂1)
...

C̃p(x, x̂k)






(29)

Finally the spectral decomposition (26) is introduced

into (28) resulting in the EOLE approximation of the
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random field:

p(x, θ) ≈ C̃
T
pZ(x)C̃

−1
ZZZ(θ)

=

kn
∑

i=1

1

λi

C̃
T
pZ(x)viv

T
i Z(θ)

=

kn
∑

i=1

1√
λi

C̃
T
pZ(x)viξi(θ)

=

kn
∑

i=1

ϕi(x)ξi(θ) (30)

Similar to the Karhunen-Loève decomposition, the ex-

pansion (30) can be truncated at a number r < kn,

keeping only the most important random components

in the approximation.
Sudret and Der Kiureghian (2000) have performed a

parametric study of the number of points k. A distance

between the points smaller than lc/2 to lc/3 is recom-

mended for the squared exponential covariance function

(20). A relatively small number of points is required in
case of a large correlation length and therefore an eigen-

value problem (27) with a relatively small dimension

has to be solved. For this reason, the EOLE method

is particularly well suited for discretizing random fields
with a relatively large correlation length.

4 Robust optimization problem

4.1 Formulation of the optimization problem

Using the EOLE representation of the random field, the
physical densities ρ̄(ρ, ξ) = ρ̄(ρ̃(ρ, ξ)) can be expressed

as a function of a discrete set of random variables ξ and

the optimization variables ρ. The state variables u(ρ, ξ)

are described as a function of ξ and ρ by means of the
stochastic equilibrium equations:

K(ρ, ξ)u(ρ, ξ)− f(ξ) = 0 (31)

Consequently, the compliance f(ρ, ξ) = fT(ξ)u(ρ, ξ)
also depends on the random variables ξ.

In the following examples, it is assumed that the lo-

cation of the load f(ξ) depends on the geometric im-

perfections for two reasons. The loads on a structure

are usually applied after the structure has been built
and therefore their location changes in the same way

as the structure. If the position of the load is fixed, the

objective function would become a highly non-linear

function of the geometric imperfections, since the load
would ‘fall off’ the structure at a certain level of per-

turbation resulting in very high values of compliance.

The goal of robust optimization is to find designs with

a good performance that are also insensitive with re-

spect to small variations in the system. Multiple for-

mulations of robust optimization problems exist in the

literature mainly differing in which measure of robust-

ness is chosen and how the uncertainties are modeled
(e.g. by means of probabilistic modeling, convex sets, or

fuzzy modeling). Beyer and Sendhoff (2007) have made

a thorough survey of the existing approaches to robust

optimization. In the present work, a probabilistic ap-
proach is followed as it permits to model the geometric

imperfections in a rigorous way using random field the-

ory. A common approach to robust optimization in a

probabilistic setting is to measure the robustness of the

design by means of the mean performance mf (ρ) and
the standard deviation σf (ρ) of the performance:

mf (ρ) = E [f(ρ, ξ)] (32)

σf (ρ) =

√

E

[

(f(ρ, ξ))
2 − (mf (ρ))

2
]

(33)

In the robust optimization problem, the objective func-
tion is replaced by a weighted sum of the mean and the

standard deviation of the performance:

min
ρ

mf (ρ) + ωσf (ρ)

s.t. V (ρ)− Vmax ≤ 0 (34)

0 ≤ ρ ≤ 1

The volume constraint is imposed on the nominal de-

sign. The parameter ω represents a trade-off between

an optimal mean performance and a small variance of

the performance of the design.

Using the linearity of the expectation operator the sen-
sitivities of the robust objective function can be written

as:

∂mf(ρ)

∂ρe
=

∂E [f(ρ, ξ)]

∂ρe
= E

[

∂f(ρ, ξ)

∂ρe

]

(35)

∂σf (ρ)

∂ρe
=

1

σf (ρ)
E

[

(f(ρ, ξ)−mf (ρ))
∂f(ρ, ξ)

∂ρe

]

(36)

In other words, the sensitivities of the mean of the ob-

jective function are equal to the mean of the sensitivities
of the objective function.

4.2 Optimization algorithm

In order to solve the robust optimization problem (34)

numerically, the mean and standard deviation of the ob-
jective function are estimated by means of a quadrature

or sampling method which approximates the expecta-

tion operator by a weighted sum:

E[f(ρ, ξ)] ≈
q
∑

i=1

wif(ρ, ξi) (37)
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where (ξi, wi) are q quadrature points and weights.

The sensitivities (35) and (36) are also estimated with

the same sampling rule (37). In the examples, we use

a Monte Carlo method with 100 samples which are

fixed at the start of the optimization. In this case, the
samples ξi are randomly generated with equal weights

wi = 1/q. As every sampling point requires an addi-

tional finite element analysis, the computational cost

of this approach is relatively high compared to a deter-
ministic optimization. Sampling methods such as the

Monte Carlo method, however, are straightforwardly

parallelizable since the computations related to one

sampling point are independent of those for other sam-

pling points. Therefore, the actual increase in compu-
tational time can be strongly reduced.

Alternative uncertainty quantification methods such as

Gaussian quadrature (Abramowitz and Stegun, 1970),

sparse grid quadrature (Smolyak, 1963) or stochastic fi-
nite elements (Ghanem and Spanos, 1991) may be more

efficient than the Monte Carlo method when the num-

ber of uncertain variables is small. It will be seen in

the second and third examples that the number of un-

certain variables required to model the vector-valued
random field accurately, can become relatively large. In

this case, the computational cost of these alternative

methods grows rapidly (i.e. the curse of dimensional-

ity), while the accuracy of the Monte Carlo method is
independent of the number of uncertain variables. We

should note that more recent uncertainty quantification

methods such as the stochastic collocation method (Xiu

and Hesthaven, 2005) and regression methods (Sudret,

2008) can outperform the Monte Carlo method even
in high-dimensional problems. Several of these meth-

ods have already been applied successfully to robust

topology optimization (Chen et al., 2010; Lazarov et al.,

2011, 2012; Tootkaboni et al., 2012).
The optimization problem is solved with the Method

of Moving Asymptotes (Svanberg, 1987). A threshold

value η = 0.5 is applied in the projection step (5)

and a continuation scheme on the β parameter with

a maximum value of 64 is applied in order to avoid ill-
conditioning of the problem in the early steps of the

optimization process (Sigmund, 2007).

Since the samples of the uncertain variables ξi are fixed

at the beginning of the optimization process, it may be
more efficient to compute and store the perturbed filter

matrices once and for all at the start of the optimization

process (Andreassen et al., 2011).

5 Examples

5.1 Column design

The performance of slender structures is strongly in-
fluenced by geometric imperfections due to misalign-

ment. For this reason, the design of a slender column-

like structure is considered in this example. The design

domain and boundary conditions for the topology op-

timization problem are shown in figure 4a: the design
domain Ω is a rectangular area with a height H and

width H/3. A distributed load f with a width of H/12

is applied at the top edge. The load per unit length

is chosen such that the total load integrates to unity.
The bottom edge of the design domain is clamped.

The design domain is discretized with 288×96 equally-

sized square finite elements. A penalization parameter

p = 3, a Young’s modulus E0 = 1 and a lower bound

Emin = 10−9 are used in the SIMP law (1). The fil-
ter radius R in the density filter is chosen equal to

0.0215H (= 6.2 element size). The maximum volume

fraction Vmax in the minimum compliance problem is

chosen equal to 0.25.
The following assumptions are made in the application

of the density filter (2). Since the left and right edges

of the design domain are free boundaries, no material is

present (ρ = 0) outside the design domain. At the top

and bottom we assume the presence of material (ρ = 1)
which is a realistic assumption since the column is as-

sumed to be placed on a foundation and to support a

beam or floor at the top.

A perfectly straight column is obtained as the solution
of the deterministic minimum compliance problem (10)

with the use of these parameters. The corresponding

element densities ρ̄ are shown in figure 4b.

In the following step, a random field of geometric im-

perfections is introduced. In this example, we will only
model the horizontal component of the random field

(i.e. the component perpendicular to the axis of the

column). This means that the vertical component of

the random field is equal to zero (σp2
= 0). Further-

more, the correlation length in the horizontal direction

is equal to infinity (lcx = ∞). These assumptions lead

to a one-dimensional representation of the random field

with only a horizontal component p1(x, θ). A standard

deviation of σp1
= 0.0208H is used and a correlation

length lcy = H .

The conditional random field approach is used to set

the random field equal to zero at the bottom edge

of the design domain in order to incorporate the
clamped boundary conditions. The conditional random

field is described by the conditional covariance function

C̃(x1,x2). Figure 5 illustrates the conditioning of the
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Fig. 5 Contour plots of (a) the normalized covariance function Cp1
(x1,x2)/σ2

p1
and (b) the conditional covariance function

C̃p1
(x1,x2)/σ2

p1
for the random field of horizontal perturbations p1(x, θ) in the column structure

(a) ϕ1(x) (b) ϕ2(x) (c) ϕ3(x) (d) ϕ4(x) (e) ϕ5(x) (f) ϕ6(x)

Fig. 6 Perturbation of the deterministic design by the modes of the EOLE expansion of the Gaussian random field p(x, θ).
The modes ϕ(x) are normalized and multiplied by a constant factor = 80 in order to show the difference in shape of the modes

covariance function Cp1
(x1,x2). The figure shows the

covariance functions Cp1
(x1,x2) and C̃p1

(x1,x2) as a

function of the vertical coordinate y.
The EOLE method is used to discretize the random

field p1(x, θ) with covariance function C̃p1
(x1,x2). Due

to the relatively large correlation length of the random

field, the EOLE method requires very few points for

an accurate approximation of the random field: only
six equally distributed points over the height of the de-

sign domain are used. The six modes ϕi(x) obtained

by the EOLE method are illustrated in figure 6 by ap-

plying them to the deterministic optimal design. The
functions ϕi(x) are normalized in figure 6 in order to

show the difference in shape of the modes. The relative

importance of the modes can be analyzed by looking

at the mean square error introduced by truncating the

EOLE approximation (Li and Der Kiureghian, 1993):

e2(x, r) = E





(

p1(x, θ)−
r
∑

i=1

ϕi(x)ξi(θ)

)2




= σ̃2
p1
(x)−

r
∑

i=1

ϕ2
i (x) (38)

where σ̃2
p1
(x) is the variance of the conditional random

field. The relative error etop(r) = e(xtop, r)/σ̃(xtop) at
the top of the design domain is shown in figure 7. Since

the error already approaches zero when r = 3, the first

three modes are the most important and are the only

modes taken into account in the robust optimization
problem.

The robust optimization problem (34) is solved

for four different values of the weighting factor
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(a) (b) (c) (d) (e) (f)

Fig. 8 Robust optimized designs for the column structure for four values of the parameter ω: (a) ω = 0, (b) ω = 1/3, (c)
ω = 2/3, (d) ω = 1. Designs (e–f) are optimized with ω = 1 and a variable threshold η(θ) ∈ U [0.4; 0.6] and η(θ) ∈ U [0.3; 0.7]
respectively. The minimum length scales imposed in this way are represented by the circles in the top right corner

Table 1 Results for the optimized column designs

Deterministic Robust

ω 0 0.33 0.66 1 1 1
η 0.5 0.5 0.5 0.5 0.5 U [0.4; 0.6] U [0.3; 0.7]

f(ρ) 12.01 12.79 12.91 13.01 13.06 13.09 13.08
m̂f (ρ) 13.25 13.23 13.27 13.27 13.33 13.88
mf (ρ) 15.04 13.32 13.27 13.32 13.31 13.48 13.76
σ̂f (ρ) 0.92 0.71 0.63 0.58 1.24 1.94
σf (ρ) 3.81 0.92 0.71 0.65 0.58 1.14 1.95

ω ∈ {0, 0.33, 0.66, 1} in order to investigate the in-

fluence of the parameter ω. The solutions are shown

in figure 8(a-d): the designs resemble a tripod-like
structure in two dimensions. The two legs of the

structure are connected by a thinner cross-bracing

which increases the stability of the two separate legs.

Comparing the designs obtained with ω = 0 and ω = 1,

it can be seen that distance between the legs increases,
while the bars in the cross-bracing become thinner for

larger values of ω.

As shown by Wang et al. (2011b), the use of a threshold

value η = 0.5 in the projection step (5) does not enforce
a length scale into the material phase of the design.

This is clearly visible in the designs in fig. 8(b-d)

where the bars of the cross-bracing are very thin.

These results can be improved by incorporating the

threshold value of the projection step as a uniformly
distributed random variable η(θ) ∈ U [a; b] (Schevenels
et al., 2011). This approach ensures a minimum length

scale in the material phase of the nominal design with

η = 0.5 provided that the topology of the design does
not change for values of η(θ) in the interval [a; b]. The

minimum length scale is determined by the filter radius

R and the interval [a; b]. The problem is solved for

the intervals η(θ) ∈ U [0.4; 0.6] and η(θ) ∈ U [0.3; 0.7].
The corresponding length scales in the material phase

are approximately equal to 0.0138H and 0.0192H

according to the approach described by Wang et al.

(2011b). Figure 8(e–f) shows the designs obtained by

this approach for a value of the parameter ω = 1:
black-and-white designs are obtained which contain a

minimum length scale in the material phase.

Table 1 summarizes the results for the deterministic

and the five robust designs. The nominal performances
f(ρ) of the designs are compared in the first row: it

is clear that the deterministic design performs slightly

better than the robust designs in case no geometric

imperfections are present.

The values m̂f (ρ) and σ̂f (ρ) in table 1 are the mean
and standard deviation estimated by the sampling

method in the robust optimization algorithm. An

elaborate Monte Carlo simulation with 10 000 samples

is used to verify the estimates m̂f (ρ) and σ̂f (ρ) and
to compare the actual performance of the different
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Fig. 4 Design domain and boundary conditions for a column
structure and the deterministic optimal design ρ̄
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Fig. 7 The relative error etop(r) due to truncation of the
EOLE expansion as a function of the number of modes in the
expansion at the top of the design domain

designs. The corresponding mean mf(ρ) and standard

deviation σf (ρ) are also shown in table 1. Since the

estimates m̂f (ρ) and σ̂f (ρ) are very close to the values
mf (ρ) and σf (ρ), it can be concluded that using 100

samples in the optimization algorithm is sufficient in

this case.

Although the nominal performance of the robust

designs is slightly worse, the mean performance mf(ρ)
of the robust designs is better than the deterministic

design. Furthermore, the robust designs are less sen-

sitive with respect to geometric imperfections which

results in much smaller standard deviations σf (ρ).
From the results of table 1, it can be seen that

higher values of ω lead to more conservative designs.

The nominal performance f(ρ) increases, while the

standard deviation σf (ρ) drops when ω is increased.

At first sight, the mean performances mf (ρ) do not

seem to follow the expected trend. For example, mf (ρ)

for ω = 0 and ω = 0.66 are smaller than mf (ρ) for

ω = 1, while it is expected that the mean performance
of the design increases when the weighting parameter

ω is increased. This can be attributed to two reasons:

(1) inaccuracies due to the estimation of the statistics

with only 100 Monte Carlo samples in the optimiza-
tion, and (2) convergence to local minima due to the

non-convexity of the optimization problem. It can be

seen that a local minimum was found for ω = 0, since

the estimate m̂f (ρ) for this case is larger than the

one for ω = 0.33. The differences, however, are very
small as the relative difference between the highest and

the lowest mf(ρ) is less than 2% which is below the

expected accuracy of the 100 Monte Carlo samples. For

this reason, it is concluded that the mean performance
is relatively independent of the weighting parameter ω

and that an acceptable solution was obtained.

The results for designs (e–f) of figure 8 are shown

in the last two columns of table 1. The solutions

of the optimization are also verified by means of a
Monte Carlo simulation and m̂f (ρ) and σ̂f (ρ) are

again good estimates of the statistics mf (ρ) and

σf (ρ). It is obvious that the standard deviation of

the performance increases by adding the threshold
as an uncertain variable to the problem. The designs

were also subjected to a Monte Carlo simulation

where only misplacement of material was considered

as uncertainty. In this case, a mean mf (ρ) = 13.43

and standard deviation σf (ρ) = 0.67 were obtained
for design (e) and mf (ρ) = 13.54 and σf (ρ) = 0.81

for design (f). The performances of the designs are

almost as good as for the other robust designs while

a minimum length scale in the material phase is
achieved.

Figure 9 shows the performance (i.e. compliance) of

the deterministic design and the robust design (e) as a

function of the first and most important mode of im-

perfection ϕ1(x). In case of a perfect system (ξ1 = 0),
the robust design has a slightly worse performance. On

the other hand, the compliance of the deterministic

design increases strongly when imperfections are

added, while the performance of the robust design is
relatively insensitive to the level of imperfection ξ1.

5.2 Cantilever beam

This example illustrates the use of the proposed method

in a more general setting by considering the design of



Robust topology optimization accounting for misplacement of material 13

−2 0 2
0

10

20

30

ξ1

f

Fig. 9 Compliance as a function of the first mode of imper-
fection ϕ1(x) for the deterministic design of fig. 4b (solid line)
and the robust design of fig. 8e (dashed line)

a cantilever structure. Figure 10 summarizes the prob-
lem description. The design domain Ω has a height H

and length L = 2.4H . The left edge of the domain is

clamped and a unit point load is applied at the location

with a distance d = 0.12H from the right and left edge.

Again, the values p = 3, E0 = 1 and Emin = 10−9 are
used in the SIMP law. The maximum volume fraction

is 1/4 of the volume of the design domain Ω.

An isotropic random field of perturbations p(x, θ) with

L 3σ

3σ

H

3σ

Ω

Ωc f

d

d

Fig. 10 Design domain and boundary conditions for the can-
tilever beam structure

σp1
= σp2

= 0.04H and a correlation length lc = L/2

in both directions is used to model the geometric im-

perfections. In this case, a zero value is imposed on the

random field at the left edge of the design domain. This
means the random field should be conditioned on a line

of known values, while the approach discussed in sec-

tion 3.3 is only applicable to a discrete set of points.

The actual conditional covariance function is therefore
approximated by imposing fixed values of the random

field only in a limited number of points on the left edge

(Kolanek and Jendo, 2008). In this example, 9 equidis-

tant points are used in eq. (21) for the conditional co-

variance function.

The Eulerian approach of the perturbed filter method

has the disadvantage that material can disappear at the

edges of the domain. Therefore, it is necessary to add
a boundary layer to the computational domain in or-

der to model the perturbations of material realistically

at the edges of the domain. This was not necessary in

the previous example since the column-like structures
are centered in the design domain. The elements in the

boundary layer are passive elements in the optimization

and their primal densities ρe are fixed equal to 0 in or-

der to model the environment around the design. The

boundary layer is denoted as Ωc in figure 10. Since the
random field is zero at the left clamped edge, it is un-

necessary to introduce additional elements at this side.

The width of the boundary layer is chosen such that

the probability of material disappearance is sufficiently
small. For this reason, a width of 3σ is used for the

boundary layer Ωc. The design domain and boundary

layer are discretized with 252×124 equally-sized square

finite elements. The filter radius is equal to R = 0.047H

(or R = 4.7 element sizes).
Figure 11 shows the points in the EOLE grid for this

Fig. 11 Points in the EOLE grid for the random field of
imperfections in the cantilever beam design

problem. Due to the smaller correlation length, more

points per unit length are required, but the total num-

ber of points k = 66 is still very small and the eigenvalue
problem (27) poses no problems. A smaller correlation

length also implies that more modes are required in the

EOLE expansion in order to obtain a good approxima-

tion of the random field. Furthermore, the random field

in this example is two dimensional and bivariate as op-
posed to the previous example where a one-dimensional

and univariate random field of horizontal perturbations

was used. Taking these considerations into account, the

number of necessary modes in the EOLE expansion is
determined to be equal to 20 based on the mean square

error of truncation.

The design obtained by solving the deterministic op-
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timization problem is shown in fig. 12. In fig. 13 the

solution of the robust approach with ω = 1 is shown.

Compared to the deterministic design, two additional

small bars appear in the robust design. These thin bars

have a stabilizing effect on the diagonal bar in the mid-
dle when imperfections are present. This effect is illus-

trated in figure 14 where the deformation energy per

unit volume is shown for a random sample of imperfec-

tions. These figures can explain the difference in perfor-
mance since the compliance is equal to the integral of

the deformation energy in the design domain. The de-

formation in the diagonal and upper right bar is clearly

smaller in the robust design.

The results obtained for the two designs are compared

f

Fig. 12 Deterministic optimized design for the cantilever
beam problem

f

Fig. 13 Robust optimized design for the cantilever beam
problem

in table 2. Similar to the previous example, the deter-
ministic design performs better in the nominal case.

When geometric imperfections are present, the mean

and standard deviation of the performance of the ro-

bust design are better.
In the present example, the optimization was also per-

formed for different values of the weighting parameter

ω in the interval [0; 3]. This did not lead to any signif-

(a) f = 184.97

(b) f = 166.96

(c) p(x, θi)

Fig. 14 (a) Deformation energy stored in the deterministic
design and (b) robust design for (c) one realization of the
error. The color scale ranges from 0 (white) to 0.076 (black)

icant difference in the final design and corresponding

response statistics however. For this reason, these re-

sults are not included in this paper.

Table 2 Results for the optimized cantilever designs

Deterministic Robust

f(ρ) 151.86 155.18
m̂f (ρ) 155.48
mf (ρ) 162.77 155.62
σ̂f (ρ) 9.04
σf (ρ) 10.97 9.33

5.3 Inverter

Misplacement of material is also considered in the

benchmark problem of the inverter (Sigmund, 1997).

The goal is to maximize the output displacement uout
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(a) (b) (c)

Fig. 16 (a) Deterministic design for the force inverter, (b) robust optimized design accounting for material misplacement and
(c) robust optimized design accounting for material misplacement and uniform under- and over-etching errors

when the input force fin is applied to the mechanism

shown in fig. 15. The maximum volume fraction is 1/4

Ω

L/2

L/2

Ωc

L

3σ

fin uoutkin kout

Fig. 15 Design domain and boundary conditions for the in-
verter design problem

of the volume of the design domain Ω. The input force

is equal to fin = 2 and the spring stiffness coefficients

are kin = 2 and kout = 0.002. The design domain Ω is
discretized using 240×240 unit sized finite elements. A

filter radius R = 5.6 and a projection threshold η = 0.5

are applied in the density filter.

Misplacement of material is modeled as a two-

dimensional random field p(x, θ) with a standard de-
viation σ = 3 and correlation length lc = L/4. Further-

more, no misplacement of material occurs at the input

and output side of the design domain. A passive layer

of elements Ωc with a width equal to 3σ is added to the
top and bottom edges of the design domain in order to

avoid material from disappearing at these boundaries.

A weighting factor ω = 1 is again applied in the ro-

bust optimization. The obtained deterministic and ro-

bust optimal designs are shown in figure 16(a)-(b). Ac-

counting for misplacement of material has a similar ef-

fect as in the cantilever beam problem: additional thin
bars appear which increase the bending stiffness of the

”main” bars. This additional bending stiffness is of im-

portance when the structure is subjected to material

misplacement.
The application of a projection threshold η = 0.5 re-

moves the minimum length scale introduced by the den-

sity filter which enables the formation of the thin bars

in the robust design in figure 16(b). Furthermore, the

deterministic inverter design contains single node con-
nected hinges and it is clear from figure 16(b) that these

are not prevented by taking into account material mis-

placement. These problems are again solved by includ-

ing the projection threshold as a random variable in the
optimization. Figure 16(c) shows the design obtained by

modeling the projection threshold as a uniformly dis-

tributed random variable η(θ) ∈ U [0.4; 0.6]. The corre-

sponding minimum length scale is equal to 1.77 which is

represented by the circle in the lower right corner of the
design domain in figure 16(c). The performance of the

designs is compared in table 3. The statistics for the

second robust design (fig. 16(c)) in this table are ob-

tained by including the random projection threshold in
the calculations. A mean mf (ρ) = −2.06 and standard

deviation σf (ρ) = 0.05 are obtained when only mate-

rial misplacement is considered in the elaborate Monte

Carlo simulation. The results show that the nominal

performance of the robust designs is slightly worse than
the performance of the deterministic design, while the

robust designs outperform the deterministic design in

the presence of material misplacement errors.
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Table 3 Results for the optimized inverter designs

Deterministic Robust

η 0.5 0.5 U [0.4; 0.6]

f(ρ) −2.3 −2.22 −2.15
m̂f (ρ) −2.12 −2.03
mf (ρ) −2.05 −2.12 −2.03
σ̂f (ρ) 0.05 0.07
σf (ρ) 0.12 0.05 0.07

6 Conclusions and future work

This paper presents a method for incorporating geo-

metric imperfections due to misalignment of material
in density based topology optimization. This type of

imperfections can deteriorate the performance of slen-

der structures such as columns and braced frames which

are often encountered in civil and mechanical applica-

tions.
In the proposed method, the translation of material is

modeled on a fixed finite element grid by adding a small

perturbation to the center of the density filter kernel.

This paper follows a probabilistic approach to robust
optimization. This enables the use of random field the-

ory in order to model the spatial variation of the im-

perfections in the design domain Ω. The uncertainties

are propagated in the robust optimization problem by

defining the objective function as a weighted sum of
the mean and standard deviation of the structural per-

formance subjected to geometric imperfections. In the

optimization algorithm, these statistics are estimated

by a sampling method (i.e. 100 Monte Carlo samples).
Afterwards, the results of the optimization are verified

by means of a more elaborate Monte Carlo simulation

with 10 000 samples.

Two minimum compliance problems and the design of

a compliant mechanism were considered. Although the
robust designs obtained by the proposed method have a

slightly worse nominal performance compared to their

deterministic counterpart, they are less sensitive with

respect to geometric imperfections as proved by the re-
sults of the extensive Monte Carlo simulation.

The present probabilistic approach can be combined

with a random threshold η(θ) (Wang et al., 2011b; Sig-

mund, 2009; Schevenels et al., 2011) in order to obtain

designs which are robust with respect to misalignment
of material and possess a minimum length scale. The

main advantage of the proposed approach compared to

the previously proposed threshold based schemes is the

ability to model large uncertain variations in the mate-
rial distribution.

Since the global stability of structures is strongly influ-

enced by imperfections due to misalignment of mate-

rial, future work will consist of incorporating geometric

non-linearities into the robust optimization process.
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