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ABSTRACT

A sub-mm ranging system, which estimates the time of flight
of a RF signal between two nodes using Time of Arrival (ToA)
estimation, is possible according to maximum likelihood esti-
mator simulations and theoretical bounds on ToA estimation.
In this paper we propose a frequency domain based ToA es-
timator for an indoor ranging system which is broken into
3 computational steps towards an efficiently implementable
estimator. Performance of this hardware efficient estimator
is comparable with the maximum likelihood estimator’s and
it is computationally efficient. Complexity of the computa-
tional steps can be traded off against eachother. Moreover,
implementation-aware estimator provides high flexibility on
choosing between transmitted signal energy, computational
cost and precision of the ranging algorithm. In this work, a
precision better than 1 mm is obtained for SNRs below 0 dB,
by transmitting an OFDM (Orthogonal Frequency Division
Multiplexing) like signal whose duration is 9 µs, with a 6 GHz
bandwidth on a 60 GHz carrier.

Index Terms— Ranging, 60 GHz, Time of Flight, Mil-
limeter Wave

1. INTRODUCTION

Very precise position estimations with a high update rate in
indoor environments are required in many scenarios such as
doctor or patient monitoring in hospitals, search and rescue
operations in natural disasters, mobile robot control and lo-
gistics in factories and warehouses [1]. Precision in order
of millimeter is reported in ranging as given in [2] and the
references given therein. The precision increases with the
carrier frequency and the highest precision is achieved by
a cross-correlation based method [3] at 24 GHz carrier fre-
quency. Sub-millimeter precision is possible using a higher
carrier frequency, however cross-correlation based methods
become practically infeasible for achieving high precision for
high carrier frequencies. Therefore cross-correlation based
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methods do not fulfill the high update rate requirements for
a dynamical system. Moreover, realistic indoor applications
demand the use of auto-correlation methods rather than cross-
correlation because of multipath distortions [4]. Here, we tar-
get to build an estimator for an indoor ranging system with
the following properties:

• Ranging precision below 1 mm,

• Adjustable maximum operating range beyond 15 m,

• Hardware efficient and fast,

• Flexible for implementation distortion mitigation,

• Flexible for precision - energy - complexity trade-offs.

Here, the system id built to based on a ToA estimation
technique. A multicarrier signal is chosen to be transmitted,
where the carriers are orthogonal to each other, so an OFDM-
like signal is obtained. An OFDM-like signal has many ad-
vantages for ranging applications due to its practicality in im-
plementation, robustness to multipath fading and spectral ef-
ficiency, which is investigated in [5] particularly.

According to the Cramér Rao Lower Bound (CRLB) on
ToA estimation precision [6], the precision improves with in-
creasing carrier frequency and signal bandwith. This paper
introduces an estimator that uses the frequency domain in-
formation of the received signal. The estimator is enhanced
towards an hardware efficient implementation by separating
it into steps to reduce the computational complexity and com-
bined with a symbol synchronization step. The primary goal
of this stepwise approach is to lower the amount of computa-
tions.

The ranging system is introduced in Section 2 together
with the theoretical bounds on ranging precision that moti-
vates us towards using the frequency domain information of
the signal in our estimator. Derivation of the estimator is
given in Section 3.1, followed by the implementation centric
version in Sections 3.2 - 3.4, and the signal construction for
this estimator is given in Section 3.5. The performance of the
system is investigated for a single path environment with Ad-
ditive White Gaussian (AWG) noise by simulations in Section
4 and finally the paper is concluded in Section 5.



2. SYSTEM MODEL AND LIMITATIONS

The general setup described in this section will be used for a
ranging application which aims to estimate the distance be-
tween the target and the base with 0.1 mm precision in less
than 1 ms, in a single path environment. The maximum range
to be estimated is Rmax. An OFDM symbol built up by N
equally spaced subcarriers is

s(t) =
N/2−1∑

n=−N/2

A(n)ejnω∆t, (1)

where j =
√
−1, ω∆ is the frequency spacing and A is a pat-

tern, chosen to generate an OFDM-like signal with a low peak
to average power ratio (PAPR), such that A(n) ∈ {−1, 1}.
The period of one OFDM-like symbol is TSY M .

The signal is up-converted to the carrier frequency ωc =
2πfc and transmitted at t = 0, through the channel with Ad-
ditive White Gaussian Noise. The signal is received after a
certain delay denoted by τ . At the receiver the signal is down
converted and filtered to obtain r(t), assuming receiver and
transmitter are synchronized:

r(t) = s(t− τ)exp(−jωcτ) + v(t), (2)

where v(t) is Additive White Gaussian noise with a two-sided
power spectral density of N0/2.

The distance d between the target and the base, transmitter
and the receiver respectively, is

d = cτ, (3)

where c = 3.108 m/s is the speed of light. Assuming the
signal is transmitted at t = 0, time of arrival is equal to the
time of flight. Then, ToA ranging can be done by estimating
τ .

The lower bound on the standard deviation for the esti-
mate of an unknown parameter (τ̂ ) from an observable vari-
able is given by CRLB [4].

var{τ̂} ≥ 1
E

N0/2
β2

, (4)

where E is the energy of the received signal and β2 is the
Effective bandwidth and given by

β2 =

∫∞
−∞(2πf)2|S(f)|2 df∫∞

−∞|S(f)|2 df
, (5)

where S(f) is the power spectral density of the signal.
The estimation precision in this paper is defined as the

standard deviation on ToA estimation error (σ) is given by

σ =
√

E[(|τ − τ̂ |)2], (6)

where E[.] is the expectation operator and theˆsymbol indi-
cates the variables to be estimated. Mean of estimation error
is not investigated since the mean of the AWG noise is zero.

Effective bandwidth of an OFDM signal approaches its
passband bandwidth, B (difference between its upper and
lower cutoff frequencies) as the number of subcarriers in-
creases. For a sufficient number of subcarriers, the CRLB can
be rewritten as in [6]:

σ2 ≥ 3
4π2 T SNR

(
(fc + B

2 )3 − (fc − B
2 )3

) , (7)

where T is the duration of the signal to be used in the esti-
mation algorithm and SNR is the signal to noise power ratio:
E/(N0/2). The CRLB given in (7) is tight to the maximum
likelihood estimator in the region of our interest [4].

3. RANGING ALGORITHM

As seen from the CRLB in (7), the bandwidth and the carrier
frequency of the signal are dominating the lower limit on the
estimation precision. The phase of a higher carrier frequency
changes to a greater extend compared to a lower one within
the same flight time, so a higher resolution is achieved using
high frequencies. On the other hand, capturing that change
in the phase of carrier requires super fine correlation steps or
extremely high sampling rates. Alternatively, the estimator
proposed in this paper extracts time of arrival information in
the frequency domain to avoid the high computational cost of
correlation based methods. In this section, the estimator is
proposed and it is adapted towards an implementable system.
This implementation-aware estimator is capable of achieving
the CRLB using a 6 GHz bandwidth signal in the unlicensed
60 GHz ISM (Industrial, Scientific and Medical) band under
the conditions that are also derived in this section.

3.1. Estimator

In order to build the estimator, the representation of τ in fre-
quency domain is derived under ideal conditions for a single
path without noise (N0 = 0). Given the frequency of the nth
subcarrier is ωn = nω∆, the phase of the nth subcarrier in the
received signal is

ϕRX
n = −ωnτ − ωcτ + ϕTX

n (8)

where ϕTX
n is the phase of the subcarrier in the transmitted

signal and ϕTX
n = {0, π} since A(n) is either 1 or −1.ϕTX

n

is not an unknown and can be subtracted; so for clarity these
terms are removed from the equations below without loss of
generality.

The received signal is sampled with a sampling frequency
fs that ensures Nyquist sampling criterion such that r[l] =
r(l/fs), l ∈ Z+. Phase of nth subcarrier, calculated by DFT
(Discreet Fourier Transform) of one period, is given as

ρn = (ϕRX
n )mod2π = −ωp

nτ + 2knπ, kn ∈ Z. (9)



The passband frequency of nth subcarrier is ωp
n = ωn + ωc

and ωp
n > ωp

n−1. The matrix representation is given in (10)
and (11).

P = −Wτ + 2πK (10)
P = AX (11)

where X = [k−N/2 k−N/2+1 ... kN/2−1 τ ]′, W =
[ωp
−N/2 ωp

−N/2+1 ... ωp
N/2−1]

′ and ′ indicates the transpose
operation. A(N×N+1) is given as

A = [A1(N×N) A2(N×1)] (12)
A1 = diag(N), A1(i, i) = 2π (13)
A2 = −W (14)

where diag(N) denotes a diagonal matrix sized (N × N).
The phase of a subcarrier n cannot wrap more than the phase
of subcarrier n + 1; also the ratio between ωp

n and ωp
n+1 de-

termines the ratio between kn and kn+1 as stated in (15) and
(16).

kn+1 − kn ≥ 0 (15)

cnkn − kn+1 ≥ 0, cn =
ωp

n+1

ωp
n

(16)

Upper bounds for kn and τ are dependent on the maximum
range that the solution is unique in. Lower bounds on kn and
τ are zero, since the delay cannot be negative.

0 ≤ τ < TSY M (17)

0 ≤ kn <
TSY Mωn

2π
. (18)

In the presence of noise (N0 6= 0), X is estimated with the
estimator given below,

Minimize: (AX̂ − P ).2

subject to: BX̂ ≤ 0
X̂ ≥ LB

X̂ ≤ UB

X̂(i) ∈ Z , 1 ≤ i ≤ N

X̂(N + 1) ∈ R
as B , LB and UB defined below.

B =



−1 1 0 ... 0 0
0 −1 1 ... 0 0
: : : : : :
0 0 ... −1 1 0
c1 −1 0 ... 0 0
0 c2 −1 ... 0 0
: : : : : :
0 0 ... cN−1 −1 0


,

LB(i) = 0 , 1 ≤ i ≤ N + 1,

UB =
[ T

ω−N/2
,

T

ω−N/2+1
, ...,

T

ωN/2
, T

]′
.

This is a mixed integer programing problem having one
real variable (τ̂ ) and N integer variables (k̂n). All the con-
straints are linear, but the cost function is nonlinear. This con-
strained least squares problem with mixed integer variables
delivers a unique solution in [0 TSY M ) and it is NP-hard.

3.2. Coarse Step

As stated in Section 3.1, the solution of the constrained least
squares problem is unique in one OFDM symbol period
range. Therefore, symbol synchronization has to be achieved
before applying the estimator. Symbol synchronization is a
well studied subject, in this work the double auto-correlation
synchronization method [7] is employed. This method is
based on calculating two normalized auto-correlation met-
rics, M1 and M2:

M1[l] =
∑Ns−1

m=0 r[l + m]r∗[l + m + Ns]∑Ns−1
m=0 |r[l + m]|2

, (19)

M2[l] =
∑Ns−1

m=0 r[l + m]r∗[l + m + 2Ns]∑Ns−1
m=0 |r[l + m]|2

. (20)

The difference of these two metrics has a maximum at the
beginning of the last correlation window in the sequence. The
time of arrival estimation of this step is τ̂1 = k̂Ts, where Ts

is the sampling period and k̂ is the first sample of the signal
estimated in the coarse step.

The range is uniformly distributed in the interval [0Rmax],
in the absence of noise so the delay estimation error is uni-
formly distributed in the interval

[
− Ts

2
Ts

2

]
. Therefore, when

the noise in the channel is not dominating the estimation
performance, the precision of τ̂1 is limited by (21).

var{|τ̂1 − τ |} ≥ T 2
s

12
. (21)

A parameter sweep for T in the SNR region of interest
allows to derive minimum signal duration to ensure correct
synchronization. When the estimation error (ε) satisfies (22),
the coarse step is locked on the correct symbol.

|τ − τ̂1|= |ε|≤ TSY M

2
(22)

3.3. Fine Step

Fine and super fine range estimation steps are based on the
frequency domain estimator as stated in Section 3.1. The con-
strained least squares mixed integer problem is divided into
two problems to be solved in these two steps. the first estima-
tion τ̂1 is fine tuned in the fine step, when the coarse step is
locked on the correct symbol. τ2 = τ − τ̂1 is estimated in the
fine step to calculate the integer values kn.



Fig. 1. Relation between M and N for equidistantly spaced
subcarriers, B = 6 GHz and εmax = 0.5 ns. The K set in
this example is formed as K = [k4, k3, k2, k1].

The absolute phases of the subcarriers are calculated by
DFT of the symbol synchronized in the coarse step:

Θn = ωnτ2 + ωcτ = 2πkn + θn + ωcτ (23)
Θn, θn ∈ [−π/2 π/2),

where phase of the carrier frequency (ωcτ ) is common for
all absolute phases. The carrier frequency information is re-
moved and the phase relative to Θ1, given in (24), are used.
The relative quantities are denoted by a superscript r.

Θr
n = ωr

nτ̂2 = 2πkr
n + θr

n, (24)

where Θr
n = Θn − Θ1 and ωr

n = ωn − ω1. Using the
relative phases Θr

n, a baseband estimator can be derived
to estimate τ2. However, that new estimator will also be
a constrained least squares mixed integer problem even
with nonlinear constraints on k̂n since τ2 is not necessar-
ily positive. Instead, Algorithm 1 proposed to split one big
constrained least squares mixed integer problem into multi-
ple low complex least squares problems. In the algorithm,

Algorithm 1 Multiple Least Squares Estimation
P = [Θr

−N/2Θ
r
−N/2+1 ... Θr

N/2−1]
W = [ωr

−N/2ω
r
−N/2+1 ... ωr

N/2−1]
for m = 1 to M do

Pm = P + 2πKm

ˆτm = (WT W )−1WT Pm

em =
∑

(Pm −W ˆτm).2

end for
τ̂2 = τ̂argmin(em)

m

M possible Km vectors are evaluated, given that Km is
[kr
−N/2 kr

N/2+1 ... kr
N/2−1]

T . For each set m, τ̂m is estimated

Fig. 2. Relation between M and ε for N =16, fs =12 GHz,
B =6 GHz.

by solving the equation set W ˆτm = Pm by linear least
squares as given in Algorithm 1. Therefore M least squares
problems will have to be solved. Using the bounds in (15)
and (16), all Km vectors that can be returned by the estimator
are obtained from a search tree with N layers. As shown in
Figure 1.a, the total number of M increases exponentially
with N such that M(N) = O(2N ). Therefore, the maxi-
mum estimation error (εmax) inherited from the coarse step
stated in (25) is taken into consideration to find Km set more
precisely.

−TSY M

2
≤ −εmax ≤τ̂2 ≤ εmax ≤

TSY M

2
(25)

Given the ambiguity of the coarse step, appropriate Km vec-
tors can be trimmed from the search algorithm. As shown in
Figure 2, M linearly increases with the inherited error. The
possible combinations are calculated by dividing the complete
solution space S = {x|x ∈ (−εmax, εmax)} into subsets
where only one Km is possible. An example for the subset
based approach is shown in Figure 1.b for N = 4. With this
approach, M increases linearly with N as shown in Figure
1.a. Even for N = 16, there is a factor of 104 difference
between the number of combinations calculated by these two
methods which means a factor of 104 benefit in computational
cost.

Furthermore, the Km set analysis is only done offline, and
the sets are recorded to be used in the ranging algorithm. So,
this graphical analysis shown in Fig. 1.b is not an overload to
the ranging algorithm.

3.4. Super Fine Step

The coarse and the fine steps form a baseband estimator to-
gether. The baseband estimation (τ̂2 + τ̂1) is used to esti-
mate kn, which are the integer variables of the constrained



least squares mixed integer problem. Therefore, the super
fine step, which is the second step for solving the constrained
least squares mixed integer problem, is simplified to one least
squares problem.

The phase of the carrier frequency can be written as (26)
and with the previous steps, kc can be estimated from (27).

wcτ̂ = 2πk̂c − ρ̂c (26)

k̂c =
⌊ τ̂2 + τ̂1

2πωc

⌋
. (27)

In order to estimate ρc, the absolute phases are used, since the
integer variables are already estimated by previous steps.

ρ̂c = mean(Θ̄−Wτ̂2), (28)

where, Θ̄ = [Θ−N/2, Θ−N/2+1, ..., ΘN/2−1]′. Finally the
ToA estimation is

τ̂ =
2πk̂c − ρ̂c

ωc
. (29)

Super fine step is capable of tuning the ToA estimation in[
− 1

2fc

1
2fc

)
, so in order to benefit from this final step, fine

estimation error should be lower than 1
2fc

. Since the additive
noise is Gaussian, with 99.7% confidence level, fine estima-
tion error is smaller than 3σ. Therefore, to benefit from super
fine step, condition (30) should be provided.( 1

6fc

)2

≥ 3
4π2 T SNR

(
(fc + B

2 )3 − (fc − B
2 )3

) (30)

3.5. Signal Design

The complete signal and its parts are given in Figure 3. STS,
short training symbol, is one OFDM symbol defined in (1). Its
duration is equal to the period of the OFDM symbol, TSY M .

Multiple STSs form a Correlation window, CW, such that
length of one CW (TCW ) is longer than the maximum delay
Rmax

c
, in order to prevent ambiguity to detect false synchro-

nization points inside the range of interest:

TCW = NSTS × TSY M >
Rmax

c
(31)

For the double auto-correlation method, there should be a
sudden change in the signal after at least 3 CWs. Therefore,
the synchronization sequence, SS, is formed by three negative
CWs followed by three positive ones. Overall signal contains
multiple copies of the same sequence: SS. The copies are used
for averaging, total length of the signal is determined consid-
ering the typical received SNR for the application.

Moreover, the total number of STSs (N∗
STS) to be used

for frequency domain analysis should be

N∗
STS ≥

3/
(
6fc

)2

4π2 TSY M SNR
(
(fc + B

2 )3 − (fc − B
2 )3

) .

(32)

Fig. 3. Signal construction. The smallest unit of the signal
STS is used to construct the signal.

4. SIMULATIONS

Assuming a state of the art power amplifier for 60 GHz has a
15 dBm output power in the linear region [8], the receiver has
10 dB noise figure [9] and omnidirectional antennas are used,
the typical value of received SNR at 20 m is around 0 dB.
Therefore, simulation setup is designed for achieving 0.1 mm
precision below 0 dB.

Simulation result for a signal that does not ensure the
condition (32) is plotted in Figure 4 to show the timing re-
lations between the steps. In the Figure, the performance
of the coarse step had reached its limit at 0 dB and is not
changing with increasing the SNR. That means, the highest
precision determined by sampling frequency is obtained from
this step. From the point that the first stage locks on the cor-
rect symbol, the estimation error in the baseband estimator
starts to decrease with the Cramér-Rao lower bound drawn
for fc = 0. The estimation error of the super fine step can
follow the bound only after the precision of the second step
is better than 1/(6fc) as shown in (30). Before that point,
estimation error of fine and super fine steps follow the same
curve.

Using the proposed implementation-aware estimator to
its full force by ensuring (32) and correct synchronization
in coarse step, a precision of 0.1 mm is obtained at 0 dB
received SNR as shown in Figure 5. The performance of the
estimator approaches the CRLB without assuming infeasible
resolution and within acceptable computational complexity.

5. CONCLUSION

A ToA estimator to be used in ranging application is derived
based on frequency domain representation of the transmitted
signal. In order to increase its solution space to meet the max-
imum range, it is combined with symbol synchronization in
a coarse estimation step. The subsequent finer estimation re-
sults in an NP-hard constrained least squares mixed integer
problem. For implementation reasons it is solved in two steps:



Fig. 4. Understanding the relations between steps. 20 ran-
domly selected range values between 1 cm to 18 m are sim-
ulated. N =16, NSS = 20, N∗

STS = 10 B =6 GHz,
fc =60 GHz, total duration of the signal is 7.2 µs. Each
simulation is repeated for 500 times.

fine and super fine steps. Carefully selecting the least squares
problems to be solved in this step highly reduced the compu-
tational cost and built a link between number of least squares
problems and the performance of the coarse step. This rela-
tion between coarse and fine steps provide flexibility against
implementation trade-offs between transmitted signal energy,
computational cost and ranging precision. Stepwise approach
also brings flexibility for future improvements such as chan-
nel and clock offset equalization, so this estimator can be
strengthen against realization and environment imperfections,
and it is suitable for real world implementation.

The performance of the estimator is evaluated for a single
path channel with AWG noise and a precision under 1 mm is
obtained for received SNR lower than 0 dB. To the authors’
knowledge, this result is the first efficiently implementable
estimator achieving the precision to the CRLB for sub-mm
precision.
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