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Abstract
This paper discusses the application of interval fields for the analysis of uncertain mechanical structures.
More specifically, this work illustrates the use of interval fields to represent uncertainties with spatially dis-
tributed uncertain parameters in the context of finite element analysis. The methods to represent a spatial
uncertainty by interval fields both at the input and the output side of a static finite element analysis are com-
bined in this paper. At the input side, the concept of interval fields is applied to represent a spatial uncertainty
with an interval correlation length. At the output side, the uncertain displacements are represented with an
interval field. The complete method from interval field representation of the input to interval field representa-
tion of the output is detailed and the application of the complete methodology is illustrated using a numerical
example.

1 Introduction

In recent years many probabilistic and non-probabilistic methods have been developed to deal with scalar pa-
rameter uncertainties in Finite Element (FE) analysis. These approaches cover a large part of the uncertainty
problems in engineering. Uncertainty and variability with a spatial character (e.g. material properties or load
distributions) require a specific approach. The mathematical concept of random fields is well developed for
probabilistic methods. However it does not yet have a counterpart in non-probabilistic techniques.

In both frameworks (probabilistic and non-probabilistic) two extreme methods of handling such uncertainties
are often used. The first method consists in the application of a single interval or random variable to rep-
resent a parameter for the entire model. As such the uncertain parameter is considered constant within one
realization of the model. The second method consists in the introduction of an interval or random variable
for every individual element in the FE model. In this way the uncertainty is represented as if it is spatially
independent. Both extremes are clearly unrealistic. The first approximation assumes complete dependence
on input data over the domain, whereas the second approximation ignores all possible dependency. In more
general terms: the first representation is not sufficient, the second representation is not necessary, but also
not feasible from a computational point of view.

The solution to this fundamental problem can be found in presenting such an uncertainty in a framework
that allows for the representation of the uncertainty and the spatial dependency in clearly separated entities.
The spatial dependency is never completely uncertain, nor is the uncertainty completely spatially dependent.
This insight should enable us to represent both aspects separately.

The authors have developed an interval field framework [2]. In the explicit interval field a set of constant
base vectors describes the spatial dependency. Every vector of the set has an associated interval factor,
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which describes the uncertainty. This interval factor scales the associated base vector. In this way the
uncertainty space is drastically reduced from independent uncertainty about every component of the field,
into uncertainty about the value of a limited number of well chosen interval factors. This framework is
further introduced in section 2.

At the input side of an analysis when specifying geometry, material and load properties, the application of
the interval field requires the analysist/expert to specify the set of base vectors. This choice is at the same
time an advantage and a shortcoming of the interval field framework when representing spatially dependent
input uncertainty. This clearly subjective choice acknowledges the spatial dependency but might not take it
into account in a mathematically correct manner.
In the probabilistic framework the concept of random fields [8] has gained particular attention as an interme-
diate solution in between the two extremes described above. The crucial choice to be made in its application
is the autocorrelation structure of such a field, since its autocorrelation structure, in particular its correlation
length, determines completely its discretization into a set of uncorrelated random variables and correspond-
ing deterministic functions (its base vectors). Very often the correlation length of such a random field is
unknown but assumed to be constant. The lack of knowledge on the correlation length is often covered with
a sensitivity analysis of the final result on different values of the correlation length. In the authors’ opinion,
the correlation length itself is an uncertain parameter, which affects the uncertainty in the final FE results.
In confronting the mathematically well developed discretization of a random field with the uncertain corre-
lation length it appears too little uncertainty is left in the actual problem when the correlation length is taken
to be constant. By acknowledging the subjective choice of base vectors in the interval field framework it
may appear that this puts too much uncertainty into the actual problem. By combining the advantages of
both methods the authors have developed an interval field method that captures the influence of an interval
correlation length on a random field representation of an uncertain FE input [9].

At the output side of an analysis, the dependency between the output results is determined by the problem
description itself. The base vectors come naturally from the analysis itself, for instance by calculating ref-
erence solutions for a number of well-chosen sample points in the uncertain input space. The interval field
representation of the output comes down to describing all possible outcomes by a linear combination of these
reference solutions (i.e., the base vectors) [10]. The main advantage of such a representation is the possibility
to perform post-processing on the uncertain output, since the dependency is kept in the representation.

After a short introduction to interval fields in section 2, section 3 describes the method to represent the spatial
input uncertainty with interval correlation length by an interval field. It is shown how the interval field can
be used to represent the displacement field of a non-deterministic static FE-analysis in section 4. Finally
section 5 discusses the combination of the input and output interval field representations and presents the
application of the developed method to an academic FE model.

2 Interval fields

Representing uncertainties by intervals in FE calculations has been the topic of a lot of research [3], [4], [5].
A method to deal with dependency in interval results is the focus of [6]. The interval field technique used in
this paper, is the explicit interval field variant of the general interval field theory [2].

2.1 Explicit interval field

To describe a spatially dependent variation, numerical modeling approaches often use some type of shape
functions (e.g. the modes used to represent the dynamic behavior of a structure using the modal superposition
technique). The actual solution is a linear combination of these shape functions.

Accordingly, the explicit interval field xF is defined as a superposition of nb base vectors ψi using interval
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factors αIi :

xF =
nb∑
i=1

αIx,iψx,i (1)

The base vectors represent a limited set of reference patterns, each of which is scaled by an interval factor.
The components of the interval fields themselves are coupled through the reference patterns. Once the
reference patterns are chosen, the definition of the interval field requires the specification of the interval
factors that define the field on x, which can be assembled in a classical (hypercubic) interval vector αIx. In
matrix notation, the interval field is denoted as:

xF = [ψx]αIx (2)

The application of explicit interval fields on the input side of an analysis is rather straightforward. Since
expert knowledge about the modeled system dominates the definition of the uncertainties, the freedom in
choosing the base vectors is ideal to reflect this knowledge. As an example, in a metal sheet that is formed
by rolling or calandering, the sheet thickness may exhibit a variation that is related to the deviation of the
calandering rollers from the theoretical cylindrical shape and centroid position. In this case, it makes sense
to apply a sine shape reference pattern for the sheet thickness deviation, with an unknown amplitude α.

The concept of explicit interval fields with predefined base vectors is especially applicable to FE input data.

2.2 Extension to the explicit interval field

For the representation of uncertainty on response data (displacement or stress fields), the concept of explicit
intervals is too rigid, as physically appropriate reference patterns are generally not known from beforehand.
For this reason, an extension to the interval field is proposed:

xF = [ψx]φ(βx) βx ∈ βIx (3)

Theφ(βx) are general functions of a set of interval factors βIx and as such allow for a non-linear dependency.

This formulation allows to incorporate sampled values of the interval factors αIx (i.e., function values of
φ(βx)) in the interval field representation. In particular when having an interval field representation at the
input (with interval factors βIx) as well as the output (with interval factors αIx), this extension allows the
interval field representation of the spatial output uncertainty (i.e. its interval factors αIx) to be a function of
the input interval factors βIx. Furthermore, by having a smaller set of interval factors βIx, an additional level
of interdependency is created since each of the output interval factors αIx depends on the same smaller set
of interval factors βIx.

3 Interval field at the input side

To represent the knowledge that is available for a spatial input uncertainty, two important requirements are
usually set forth:

• The representation should provide an upper and lower limit on the uncertain quantity of interest
throughout the model.

• The representation should generate a set of realizations that are considered feasible within these upper
and lower limits. Figure 1 shows a set of four realisations of which some may be deemed impossible
by an expert for a particular spatial model property (e.g., the thickness of a rolled plate).

The interval field method that meets these requirements is explained in the following. This method is based
on the Karhunen-Loève expansion [1] for a random field with interval correlation length. The concept and
the expansion of a random field are explained first. Next, the method to construct the interval field itself is
explained.
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Figure 1: What are possible realisations in between the upper and lower bounds?

3.1 Random field

The objective of a random field is to represent a spatial variation of a specific model property by a stochastic
variable defined over the region on which the variation occurs [8]. A random field can thus be denoted as
H(x, θ) with x the spatial coordinate and θ the outcome of a random phenomenon. A random field is a
random variable for a given position in space x0 and it is a realization of the field for a given value of the
random variable θ0. The specification of a random field is usually based on the first two statistical moments
of the field variable and a corresponding covariance function, expressing the spatial dependency of the field
variable. In the method a zero mean and unit variance random field with an exponential covariance function
is used.

The application of the concept of random fields in a numerical modeling framework requires some sort
of discretization of the spatially varying stochastic field over the defined geometry. A good overview of
methods can be found in the report by Sudret and Der Kiureghian [7]. The technique that is used here is the
Karhunen-Loève expansion [1] that has gained particular attention in literature. This approach is based on
the spectral decomposition of the autocovariance function CHH(x1,x2). The set of deterministic functions
over which any realization of the field H(x, θ0) is expanded is defined by the eigenvalue problem:∫

Ω
CHH(x1,x2)ϕi(x2)dΩx2 = λiϕi(x) (4)

with Ω the spatial domain and i the counter on the eigenvalues. Once the eigenfunctions are found and after
truncation to a finite number N of eigenvalues, the random field can be expressed as:

H(x, θ) =
N∑
i=1

√
λiξi(θ)ϕi(x) (5)

with {ξi} a set of orthonormal random variables.
In the proposed method [9], an exponential autocovariance function in one dimension is assumed:

CHH(x1, x2) = e−
|x1−x2|

L (6)

with L the correlation length. In the remainder of this paper the autocovariance function is denoted by
CHH(x1, x2, L) to stress its dependence on the correlation length L.
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3.2 Interval field representation of a random field with interval correlation length

All the possible linear combinations of the eigenfunctions of a random field are candidate realizations of a
spatial uncertainty provided that enough information is available to determine the correlation length L. If
such information is lacking, a representation that allows describing all the possible expansions of a random
field with an uncertain correlation length is needed. The paper [9] proposes an interval field method with
an additional uncertainty, namely the correlation length L. The general concept is to use the eigenfunctions
of the random field’s expansion as the base vectors of the interval field description. The random field is
expanded for a limited number of correlation length values. Based on these expansions the interval field
description represents the random field for all the possible correlation lengths by means of a response surface
methodology.

Let the correlation length L ∈ [Lmin Lmax] and Lnom = Lmin+Lmax
2 , then the expansion of the random field

for Lmin, Lnom and Lmax results in: [
ϕmini (x) ϕnomi (x) ϕmaxi (x)

]
(7)

The eigenfunctions from equation (7) are considered as the base vectors [ψx] from equation (2) after or-
thonormalization (denoted by ϕ̄). To determine a value for the interval factors αIx with a given correlation
length L∗ ∈ [Lmin Lmax] the following procedure is proposed. The autocovariance matrix is built for the
considered correlation length. For every i, the corresponding base vectors are used to project this autoco-
variance matrix:

CredHH(x1, x2, L
∗) =

[
ϕ̄mini (x) ϕ̄nomi (x) ϕ̄maxi (x)

]T
CHH(x1, x2, L

∗)
[
ϕ̄mini (x) ϕ̄nomi (x) ϕ̄maxi (x)

]
(8)

From the spectral decomposition of CredHH(x1, x2, L
∗) the contributions of (i.e. the value of the interval factor

for) the different base vectors can be derived:(√
λiϕi(x)

)
L∗
≈ [ϕ̄mini (x) ϕ̄nomi (x) ϕ̄maxi (x)

] (
[χ][
√
κ] γ

)
L∗ (9)

with [χ] the (3 × 3) matrix containing the eigenvectors and [
√
κ] the diagonal matrix containing the square

roots of the eigenvalues of CredHH(x1, x2, L
∗). The projection (8) might result in a different order of the

eigenvectors of CredHH(x1, x2, L
∗) compared to the order of the eigenvectors of CHH(x1, x2, L

∗). γ is a col-
umn vector having a unit value for its component that selects the correct eigenvector appropriately based
on the similarity (determined by the inner product) of the corresponding eigenvectors. The product of
([χ][
√
κ] γ)L∗ forms a vector representing a value of the interval factors αIx of equation (2).

The serious reduction of the eigenvalue problem resulting from the projection of CHH(x1, x2, L
∗) on a

limited number of base vectors allows for the fast calculation of approximating eigenvectors of the autoco-
variance matrix. The fast calculation is a first step in the efficient representation of the random field in the
uncertain correlation length space. Using this representation an (anti-)optimization in this space becomes
feasible.
To avoid building the autocovariance matrix for every correlation length L∗ ∈ [Lmin Lmax], then projecting
it on the base vectors and solving the reduced eigenvalue problem to find values of the interval factors, one
can perform this procedure only for a limited number of correlation lengths. Based on this limited number
of solutions, a response surface can be built for the interval factors in the correlation length space. This is an
example of the extension presented in section 2.2, with the φ(βx) of equation (3) the response surface for
the interval factors with L = βx. This approach results in an even faster calculation of the approximating
eigenvectors since no additional reduced eigenvalue problem needs to be solved once the response surface
for the interval factors has been built.

Finally, the interval field representation of the input can be considered as a two level interval field. The first,
lower level, is characterized by the interval correlation length LI . This lower level interval field determines
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the base vectors of the second, upper level, interval field. These upper level base vectors are constructed
by performing a component-wise, sign preserving product of the lower level base vectors. This product is
carried out to guarantee that the upper and lower limit on the spatial uncertainty are respected throughout the
model. This product operation is introduced based on the unit variance property of the random field that is
used in the expansion. The upper level interval field has interval factors αI scaling the resulting base vectors
of the lower level.

xF =
N∑
i=1

[
ϕ̄mini (x) ϕ̄nomi (x) ϕ̄maxi (x)

]
φi(L). ∗ ∣∣[ϕ̄mini (x) ϕ̄nomi (x) ϕ̄maxi (x)

]
φi(L)

∣∣ αi (10)

with .∗ indicating a component-wise multiplication, | . . . | the absolute value to preserve the sign after the
multiplication, L ∈ [Lmin Lmax] the interval correlation length influencing the resulting base vector and
αi ∈ [−1 1] the interval factor scaling the resulting base vector.

4 Interval field at the output side

A general static FE problem is described by:

[K]u = f (11)

with [K] the stiffness matrix, u displacements in the non-constrained degrees of freedom (translations and
rotations) and f the loads in the non-constrained degrees of freedom. If input uncertainty rI affects [K] or
f , then u is a vector with spatial uncertainty. This section presents a method to describe this spatial output
uncertainty by an interval field.

The interval field formulation is similar to the one explained in section 2.2:

uF = [ψu] φ(r) r ∈ rI (12)

with the base vectors [ψu] the displacement field for some sampled values of the input uncertainty. In the
implementation used in this paper the input uncertainty is sampled in its nominal, minimal and maximal
value: [ψnom ψmin ψmax]. The corresponding response surfaces φ(r) for the interval factors are built
based on the following apriori known sample points:

hhhhhhhhhhhhhhhhhfunction values
value of uncertainty r

rnom rmin rmax

φnom(r) 1 0 0
φmin(r) 0 1 0
φmax(r) 0 0 1

Based on this a quadratic approximation can be built for each of the three φ(r)

φ(∆r) = a+ b∆r + c∆r2 (13)

with ∆r = r−rnom
rnom

, the relative deviation of the uncertain parameter from its nominal value.

5 Interval field at both the input and output side

In this section the interval field methods that allow to represent spatial input and output uncertainty as de-
scribed in section 3 and section 4 are combined. Particular attention to the two level nature of the spatial
input uncertainty is needed when linking both methods. The combination of both methods is explained using
an academic FE problem.
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5.1 Problem description

A 1D FE problem of a simply supported beam is considered. The beam has a length of 1m and a circular

Figure 2: Nominal model of a simply supported beam, showing the FE mesh and the nominal displaced
shape, and with markers on the positions of the output nodes of interest

cross section with a nominal diameter (rnom) of 24mm. The diameter is considered to be uncertain, and
modeled by an interval (r ∈ [23, 25]mm, and an uncertain correlation length L ∈ [0.2, 2.2]m. The beam
is simply supported at both sides and loaded in its midpoint by a vertical force of 1kN . The requested
output is the displacement difference between two nodes symmetrically located at −0.2 and +0.2m from
the midpoint of the beam. The well-known nominal deformation is shown in figure 2. The requested output
(i.e., the difference in the displacement of the two nodes indicated by the arrows in the figure) for this nominal
case is simply zero because of perfect symmetry.

5.2 Input interval field

An explicit interval field describing the uncertain diameter is used. The interval field uses the first four
eigenfunctions of an exponential autocovariance function with correlation length L ∈ [0.2, 2.2]m.

xF = rnom + . . . (14)

rdev. ∗
4∑
i=1

[
ϕ̄mini (x) ϕ̄nomi (x) ϕ̄maxi (x)

]
φi(∆L). ∗ ∣∣[ϕ̄mini (x) ϕ̄nomi (x) ϕ̄maxi (x)

]
φi(∆L)

∣∣ αi
with

φi(∆L) =

 φmini (∆L)
φnomi (∆L)
φmaxi (∆L)

 =

 amini + bmini ∆L+ cmini ∆L2 + dmini ∆L3 + emini ∆L4

anomi + bnomi ∆L+ cnomi ∆L2 + dnomi ∆L3 + enomi ∆L4

amaxi + bmaxi ∆L+ cmaxi ∆L2 + dmaxi ∆L3 + emaxi ∆L4

 (15)

To build this representation, the following evaluations are needed:

• Eigenvalue problem of the full autocovariance matrix for Lnom, Lmin and Lmax, to determine three
times four eigenfunctions.

• Four times an orthonormalization of a set of three eigenfunctions.

• Eigenvalue problem of the reduced autocovariance matrix for Lnom, Lmin, Lmin+Lnom
2 , Lmax+Lnom

2
and Lmax, to determine five sample points for the response surface φ(∆L) for each of the three
interval factors for each of the four eigenfunctions in the uncertain correlation length space.

• Construct the fourth order response surface (15) for each of the three interval factors for each of the
four eigenfunctions in the uncertain correlation length space. I.e., determine the values for a, b, c, d
and e 12 times.

Figure 3 schematically shows the two level interval field representation of the input.
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INPUT
D    a1 a2 a3 a4L

. a1 +  . a2 + . a3 + . a4 

j1 j2 j3 j4

j1 j1 j1
min nom max

. f1(DL) +
min

. f1(DL) + . f1(DL)
nom max

j2 j2 j2
min nom max

. f2(DL) +
min

. f2(DL) + . f2(DL)
nom max

j3 j3
min max

. f3(DL) +
min

. f3(DL) + . f3(DL)
nom max

j3
nom j4 j4

min max

. f4(DL) +
min

. f4(DL) +
nom max

j4
nom

. f4(DL)

Figure 3: Schematic overview of input interval field representation

deterministic evaluation ∆L α1 α2 α3 α4

Nominal→ ψ
Lnom,αnom

i
u,nom 0 0 0 0 0

Minimal L, minimal α→ ψ
Lmin,α

min
1

u,1 -0.8333 -1 0 0 0
Minimal L, maximal α→ ψ

Lmin,α
max
1

u,1 -0.8333 1 0 0 0

Nominal L, minimal α→ ψ
Lnom,αmin

1
u,1 0 -1 0 0 0

Nominal L, maximal α→ ψ
Lnom,αmax

1
u,1 0 1 0 0 0

Maximal L, minimal α→ ψ
Lmax,αmin

1
u,1 0.8333 -1 0 0 0

Maximal L, maximal α→ ψ
Lmax,αmax

1
u,1 0.8333 1 0 0 0

Table 1: The sample values for the nominal evaluation and the deviatoric evaluations for the first eigenfunc-
tion

5.3 Output interval field

An explicit interval field describing the uncertain displacements is used as in equation (12). The interval field
uses deterministic evaluations of the static FE problem as base vectors [ψu]. The considered deterministic
realisations of the radius (determined by the values for ∆L,α1, α2, α3 and α4) are shown in table 1 for the
general nominal and the deviatoric realisations of the first eigenfunction. In total 25 = 1 nominal +4 ∗ 6
deviatoric deterministic evaluations are needed to get the 25 base vectors. The response surfaces for the
interval factors :

φnom(∆L,α1, α2, α3, α4) = 1 +
4∑
i=1

aαi + bα2
i + c∆Lαi + d∆Lα2

i + e∆L2αi + f∆L2α2
i (16)

φ
Lxxx,α

yyy
i

ai (∆L,αi) = aαi + bα2
i + c∆Lαi + d∆Lα2

i + e∆L2αi + f∆L2α2
i (17)

with Lxxx ∈ {Lmin, Lnom, Lmax} and αyyyi ∈ {αmini , αmaxi } resulting in the 24 response surfaces for the

interval factors φLxxx,α
yyy
i

ai (∆L,αi). All these response surfaces are built based on the apriori assumptions
that:
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• The nominal base vector ψLnom,αnom
i

u,nom should have a unit value for its interval factor when all of the
αi are zero.

• The influence of the ∆L is only noticeable with a non-zero value for at least one αi.

• The base vectors ψLxxx,α
yyy
i

u,i have a negligible influence of the αj with j 6= i. This allows to make
them only dependent on their own αi value.

Especially the last assumption needs further investigation.

To check the accuracy of the interval field representation of the output the following check is performed.
The correlation length interval and the interval factors are all sampled in five equidistant points. By means
of a nested looping with the ∆L samples for the outer loop and then the αi samples in ascending order of i,
55 = 3125 realizations are calculated both by solving the static FE problem and by building the interval field
solution of the output. The error of the interval field representation is calculated for each realization:

error =
∑ndof

n=1 | un − uFn |
ndof | un | (18)

with ndof = 101 the number of nodes in the FE model of the beam and un and uFn the displacement of the nth

node for the exact solution and the interval field solution respectively. Figure 4 shows the error over all the
samples. The highest error (1.34%) is found for the sample with ∆L = −0.416, α1 = −1, α2 = −1, α3 = 1

Figure 4: The error of the interval field representation for all the 3125 samples

and α4 = 1. Figure 5 shows the exact displacement and the interval field representation for this realisation.

The biggest jumps in the error occur when α1 changes its value and ∆L = −0.416 or ∆L = 0.416, these
are the sample numbers 625 till 1250 and 1876 till 2500. For these values of ∆L no exact base vector
exists in the output interval field representation and the consequences of this are most clear when the biggest
contributing eigenfunction (i = 1) of the input has a non-zero interval factor.

In the final paper the actual output of interest (the difference in displacement) is studied to emphasize the
benefits of the interval field representation when post-processing displacement results.
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Figure 5: The interval field representation and the exact displacement for the sample with number 650

6 Conclusion

This paper presents a novel approach to predict the propagation of spatial uncertainty on the input data to the
response displacement shapes of the structure that is modeled. The well-known concept of random fields is
taken as a base line to define interval fields. Spatial uncertainty is specified on the input side through explicit
interval fields, and uncertainty is added to the correlation length on the model input parameter. Interval fields
are used on the output side too, to represent physically consistent displacement patterns.
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