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Summary 

Hydrological connectivity describes the internal linkages between runoff generation 

in upper parts of the catchment and the receiving water. It is quantified as the ratio of the 

runoff reaching the catchment’s outlet and the total internal runoff generation. It thus 

effectively bridges the gap between the point-scale separation of rainfall into soil water 

storage and (sub-)surface runoff as opposed to what we see as response at the hillslope or 

catchment scale. In between both, significant water redistribution from runoff source areas 

into sinks may occur such that isolated active areas in upslope regions may become 

disconnected and may not contribute to the actual outflow. This pattern-process interaction 

is one of the main reasons why hydrological observations at laboratory or plot scale are 

inadequate to explain the phenomena witnessed on hillslopes and in catchments and is why 

hydrological connectivity has become, in the last decade, a central concept in hydrology, 

particularly in semi-arid environments. The overall purpose of this dissertation is to identify 

which factors control the connectivity of a hillslope and to discuss how this reflects on data 

collection and modelling. 

While traditionally hydrological variables are estimated through point observations 

dynamically varying in time, connectivity stresses the need to also account for space. It is the 

spatiotemporal heterogeneity in infiltration capacity and rainfall intensity that determines 

connectivity or disconnectivity with complex and spatially varying thresholds governing 

which parts of the domain are active and which contributing and which dominant processes 

affect storage, redistribution and connectivity. Once established that it is the spatial pattern 

of heterogeneous runoff generation and abstraction and not merely the statistical 

distribution of this heterogeneity, we ask ourselves which aspects of pattern determine the 

connectivity and which are negligible. We test a number of hypotheses by opposing 

landscape metrics with the modelled hydrograph of a virtual hillslope. Each metric describes 

a different characteristic of the pattern and their variable correlation with connectivity can 

thus supply an objective criterion to ascertain what controls connectivity. The aggregation of 

runoff source areas in interaction with the flow distance to the outlet dominate in the 

presence of a mosaic of runoff sinks and sources. When the area reacts more homogeneous, 

e.g. due to high rainfall intensity, the pattern disappears and it becomes mainly the travel 

time distribution that governs connectivity. While the used landscape metrics could only 

partially predict the connectivity, they are insightful tools for hypothesis testing and, we 



II 
 

believe, can reversely be used in basin classification and the identification of dominant 

processes. If we establish a link between a certain metric and a particular basin functioning, 

we may also decide upon a range of values of that metric that a basin should fulfil in order to 

be classified in a particular class. 

We propose randomness of pattern as an important characteristic of heterogeneity 

to distinguish two classes: when the heterogeneity is random, its particular configuration 

becomes superfluous and only the statistical distribution of its properties remains of 

interest. If, on the other hand, the heterogeneity expresses clear spatial configuration or 

gradients, accounting for this configuration is indispensible. This has important implications 

for modelling as well as for data collection. If the particular spatial configuration has no 

influence on the outcome, it also does not need to be explicitly modelled. The degrees of 

freedom of the model can therefore be reduced to a smaller number of parameters that set 

the statistical distribution rather than having one uncorrelated parameter for each spatial 

element in the modelling space which would clearly lead to the problem of equifinality. If we 

can only parameterise those spatial aspects that matter, we effectively reduce the 

overparamaterisation that plagues modern distributed modelling. As for data collection: 

since the exact spatial configuration of random patterns is redundant knowledge, a sparse 

data collection that settles the statistical distribution of heterogeneity suffices in that case; 

while in the presence of significant configuration, data sampling strategies should be tailored 

to capture the spatial patterns. 

If we want to gain a better understanding of processes, we need to build models that 

can test hypotheses and collect data that allows to falsify the hypotheses. Both the 

reconfirmation of space as a crucial dimension beside time and the observation that non-

random pattern matters, emphasises the need in connectivity related problems for data that 

can sample dense spatial variations in hydrological state variables and processes. We explore 

a combination of Electrical Resistivity Tomography (ERT) and Time Domain Reflectometry 

(TDR): ERT samples spatial averages and can be translated to a dense 3D resistivity 

distribution. TDR, on the other hand, is a point-scale measurement and is used to supply a 

transformation between resistivity and water content, the so-called pedophysical relation. 

By collecting data both before and after a concentrated flow experiment in a semi-arid gully, 

we map the total infiltration that occurred by taking the difference between the estimated 

water distributions before and after. The straightforward three-step scheme (ERT inversion, 
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transformation to water content, subtraction) returns, however, an invalid solution. To 

improve the outcome, we developed an alternative inversion that constrains the outcome to 

comply to our knowledge of the experiment and that jointly inverses ERT and TDR while 

optimising the pedophysical parameters. Although these alterations effect significant 

improvements, the signal-to-noise ration in the data and the poor resolution of the outcome 

undermine the reliability of the obtained infiltration map. We were therefore unable to 

utilise it in further hypothesis testing or modelling. Nonetheless, we believe that ERT and 

TDR sampling in combination with our proposed inversion scheme can potentially give 

insightful results. 
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Samenvatting 

Hydrologische connectiviteit beschrijft de interne verbindingen tussen afstroom 

geproduceerd in hoger gelegen delen van een bekken en de uiteindelijke uitstroom aan de 

monding stroomafwaarts. Het wordt gekwantificeerd als de verhouding van de afstroom die 

het bekken verlaat t.o.v. de totale interne productie en koppelt dusdanig het lokale proces 

van regenwaterabstractie en afstroomproductie met de uitstroom die daadwerkelijk wordt 

waargenomen op bekkenschaal. Tijdens de waterverplaatsing van het lokale richting de 

monding, kan er substantiële herverdeling plaatsvinden: afstroom komende uit 

‘brongebieden’ wordt opnieuw opgenomen in ‘afnamegebieden’ zodat geïsoleerde actieve 

delen stroomopwaarts effectief afgesneden worden van de monding en dusdanig niets 

bijdragen aan de uitstroom. Deze interactie tussen bron- en afnamepatronen en het 

hydrologische proces is een belangrijke reden waarom hydrologische observaties op 

laboratoriumschaal maar moeilijk de fenomenen waargenomen op veldschaal kunnen 

verklaren. Het vormt dusdanig ook een reden waarom hydrologische connectiviteit 

gedurende het voorbije decennium een sleutelbegrip in hydrologie is geworden, meer 

bepaald in semi-aride omgevingen. Dit manuscript bekijkt welke elementen de connectiviteit 

van een bekken bepalen en bespreekt wat voor gevolgen dit kan hebben voor datacollectie 

en modellering. 

 Waar traditionele hydrologie vaak waarneming behandelt op één locatie variërend in 

de tijd, benadrukt connectiviteit het belang van de ruimte. Het is de heterogeniteit van 

infiltratiecapaciteit en neerslagintensiteit in tijd én ruimte die de connectiviteit bepaalt. Het 

afstroomproces wordt geregeld door complexe overgangen van inactief naar actief en van 

actief naar contribuerend alsook door veranderingen in de dominante processen die 

wateropslag, -herverdeling en connectiviteit reguleren. Nadat wordt bevestigd dat het 

ruimtelijke patronen in heterogeniteit zijn die de connectiviteit bepalen, en niet enkel de 

statistische verdeling van die heterogeniteit, vragen we ons af welke patrooneigenschappen 

bepalend zijn en welke verwaarloosbaar. Een aantal hypotheses worden getest door 

landschapsmaten te correleren met het gemodelleerde hydrogram van een virtueel bekken. 

Elke maat kwantificeert een ander aspect van het landschapspatroon en hun verschillende 

graad van correlatie verschaft dusdanig een objectief criterium voor de significantie van dat 

aspect. De grootte van brongebieden in interactie met hun afstand tot de monding 

domineert de connectiviteit indien de neerslagintensiteit en infiltratiecapaciteiten in de 
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zelfde grootte orde liggen en dusdanig een mozaïek van bron- en afnamegebieden 

bewerkstelligen. Wanneer het bekken meer homogeen reageert, verdwijnen patronen en is 

het het stroomnetwerk en de daaruit volgende reistijden die bepalend zijn. Ondanks het feit 

dat de landschapsmaten maar gedeeltelijk de connectiviteit kunnen voorspellen, vormen ze 

desalniettemin inzichtelijke maten om hypotheses te testen en kunnen dienen in 

bekkenclassificatie en ter identificatie van dominante processen. Indien we een verband 

vinden tussen bepaalde maten en bepaalde bekkenprocessen, kunnen we ook waarden van 

die maten vastleggen waaraan het heterogeniteitspatroon moet voldoen om tot een 

bepaalde klasse te behoren. 

We stellen de ruimtelijke willekeurigheid van het patroon voor als een belangrijk 

kenmerk van de heterogeniteit om twee systemen te onderscheiden: indien het patroon 

volledig willekeurig verdeeld is dan doet de ruimtelijk configuratie er niet toe en is 

uitsluitend de statistische verdeling van belang. Indien, anderzijds, de heterogeniteit een 

trend of onwillekeurig patroon vertoont, dan moet de specifieke ruimtelijke configuratie in 

rekening gebracht worden. Als de ruimte geen invloed heeft op de uitkomst, hoeft het ook 

niet expliciet gemodelleerd te worden. De vrijheidsgraden van het model kunnen dan 

beperkt worden tot de parameters die de statistische verdeling vastleggen, i.p.v. elk 

ruimtelijk element een ongecorreleerde waarde te geven, wat duidelijk zou leiden tot een 

veelvoud aan gelijkwaardige parameterwaarden die allen een aanvaardbare oplossing 

vooropstellen. Indien we enkel die ruimtelijke aspecten parameteriseren die er ook echt toe 

doen, verlagen we de overparameterisatie waaraan moderne distributed modellering lijdt. 

Wat datacollectie betreft: sinds de specifieke ruimtelijk configuratie van willekeurige 

patronen er niet toe doet, volstaat een steekproef die de statistische verdeling van de 

heterogeniteit opmeet; bij onwillekeurige patronen is het echter van belang om deze 

ruimtelijke patronen ook in de datacollectie op te nemen. 

Indien we een beter inzicht willen verwerven in processen, moeten we modellen 

opstellen die hypotheses kunnen testen en moeten we data collecteren die deze hypotheses 

kunnen weerleggen. Zowel het belang van ruimte naast tijd als belangrijke dimensie en de 

vaststelling dat onwillekeurige patronen bepalend zijn, benadrukt dat, in connectiviteit 

gerelateerde problematiek, er een nood is aan data die hydrologische variabelen en 

processen ruimtelijk opmeten. Wij bestuderen een combinatie van Elektrische 

Resistiviteitstomografie (ERT) en Time Domain Reflectometry (TDR): ERT meet ruimtelijk 
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gemiddelde waarden en kan worden omgezet in een drie dimensioneel tomogram. TDR, 

anderzijds, is een kleinschalige meetmethode en wordt gebruikt om een transformatie vast 

te leggen tussen resistiviteit en watergehalte, de zo gehete ‘pedofysische’ functie. We 

schatten de totale infiltratie tijdens een geconcentreerd afstroom experiment in een semi-

aride geul door de 3D verdeling van het bodemvochtgehalte op te meten met ERT en TDR 

voor het experiment als ook na de afloop ervan en dan het verschil te nemen. De voor de 

hand liggende aanpak (ERT inversie, omzetting van de resistiviteitsbeelden naar 

watergehalte en het verschil nemen) leidt echter tot onrealistische waarden. Om de 

uitkomst te verbeteren, ontwikkelen we een alternatieve inversie waarbij beperkingen 

worden opgelegd die de inversie moeten doen overeenkomen met onze kennis van het 

experiment en die gelijktijdig gebruik maakt van de ERT en TDR data en terzelfder tijd de 

pedofysische functie optimaliseert. Alhoewel deze aanpassingen resulteren in significante 

verbeteringen, verhinderen de signal-to-noise ratio in de data en de povere resolutie een 

betrouwbare, kwantitatieve interpretatie van het bekomen infiltratiebeeld. Het was daarom 

onmogelijk om deze verder te gebruiken in hypothese testen en modellering. Desalniettemin 

geloven wij dat ERT en TDR metingen in combinatie met de voorgestelde inversie potentieel 

kan voorzien in inzichtelijke resultaten.  
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y (Number of) discrete distance(s) to outlet 

β, s0 Shape parameter in F(s) 

λ, ϕ Shape parameters in s(x) 

Chapter 3 

R² Goodness of fit measure: equation [18] 
Λ Eigenvalue of principal component analysis 
π (Source) class abundance 
τ Hydrological connectivity 

Chapter 3: Mapping algorithms and metrics symbols other than those define in Table 2 

a Markov parameter: p10 = a.p00 
d Smoothing kernel width 
H Hurst’s exponent 
m (Final) fractal stage: number of subdivisions of the triangular basin in 4 sub-

triangles = 4 
n Horton-Strahler stream order 
p Probability 
p0, p1 Hierarchical probabilities 
pxy Markov probability of being classified as class y if the previous cell was class x 
r Length of yardstick: one half of a triangular cell’s size (m) 
Δ²ν Variance of the mid-point displacements at stage ν 
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μ Mean 
ν (Iterative) fractal stage ≤ m 
σ Standard deviation 

Chapter 3: Hydrological model 

A Wet cross section (m²) 
fi Infiltration rate at time i (m/s) 
Fi Cumulative infiltration at time i (m) 
I Rainfall intensity (m/s) 
Ke Effective hydraulic conductivity (m/s) 
n Manning’s roughness coefficient for overland flow (sm-1/3) 
P Side of a triangular cell = 600/24m 
q Inflow lateral to x (m²/s) 
Qi,j Discharge at time i and position j (m³/s) 
R Hydraulic radius (m) 
S Longitudinal slope 
t Time (s) 
v Flow velocity averaged over cross section A (m/s) 
WP Wet surface width (m) 
x Longitudinal distance (m) 
α, β Routing parameters of momentum equation 
Δθ Water deficit 
ϕ Water front suction (m) 

Chapter 4: ERT-TDR inversion and pedophysical function 

a, b Parameters of the pedophysical function 
B Inequality constraint matrix 
chi² Defined in equation [28]  
D Diagonal data weight matrix (possibly covariance matrix of the data) 
d Data vector (resistance, Ohm) 
f Forward operator (finite element model) 
I Total inflow (m³) 
j Source current density (Am−2) 
m Model vector (estimate, m³/m³) 
mtrue Model vector (true, m³/m³) 
N Number of data 
n Outward normal directional vector 
O Total outflow (m³) 
R Regularization matrix 
 ℜ Resolution matrix                                                                               
rrms Relative root mean square error: equation [27] 
u Electrical potential field (Vm−1) 
v Vector with volume of each cell (m³) 
w Vector defined as [-v,v] 
α Boundary value problem parameter 
Γ Boundary of the domain 
εi Error of data i 
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θ Water content (possible as vector, m³/m³) 
λ Regularization weight 
ρ Electrical resistivity (possible as vector, Ohm.m) 
σ Electrical conductivity (Sm−1) 
τ Total infiltration (m³) = I - O 
ϕ Objective function 
ϕD Data misfit 
ϕM Model roughness 
Ω Model domain 

Annex A: Structure-from-Motion 

C Camera centre, projective centre 
c Parameter vector of the SDP [39] 
dij

k Euclidean distance between point i and j in reconstruction k 
e Epipoles: image coordinate of the other camera’s projective centre 
ei-j All-zero vector with one at position i and minus one at j 
f Polynomial function 
Fk Parameter matrices of the SDP [39] 
K Intrinsic camera matrix 
M Moment matrix 
Q, q, q0 Measurement matrix, vector and scalar in quadratic scale program [35] 
R Rotation matrix 
r0, r1, r2 Rows of the rotation matrix R 

sk Scale of reconstruction k 
t Translation vector 
u Pixel coordinates on image 
W Parameter matrix of SOS   
X Spatial coordinate = [x, y, z]T 

X Matrix with each column the coordinates of one point 
Y Matrix defined as XTX 
Y Primal variables of the SDP [39] 
z Monomial basis 
γ Maximum reprojection error 
θij Angle formed by connecting two image location i, j with the camera projective 

centre 
λ Depth: distance from camera projective centre to 3D point 

Annex B: Sequential quadratic program as far as not defined in Chapter 4 

 ∇�� Jacobian vector at kth Newton iteration: first order partial derivatives 
∆mj Estimate of the Newton update at jth iteration of the conjugate gradient 

algorithm 
A Active set matrix 
bi ith row of B 
c Boundary value 
g Projected descent direction 
G Diagonal preconditioner matrix 
Hk Hessian matrix at kth Newton iteration: second order partial derivatives 
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p Conjugate gradient update direction 
r Descent direction  
u Dual vector of the inequality constraints 
ui ith entry of u 
y Dual (vector) of the equality constraint(s) 
z Projection update 
α Conjugate gradient step length parameter 
Δm Newton update 
η Dual in subproblems 
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Chapter 1 Introduction 

1.1 The problem of scale and heterogeneity 

Hydrological observations at laboratory and plot scale are found to be inadequate to 

explain fully the response witnessed at hillslope and catchment scales. The averaging of 

processes determined from discrete plot- or point-scale samples does not apply to the true 

behaviour involving large spatial structures (Hopmans et al. 2002). Generally the fine scale 

produces larger and more runoff events than larger spatial structures (Cammeraat 2002) 

resulting in local high runoff coefficients that dramatically decrease at the hillslope scale 

(Puigdefábregas et al. 1998). A longer travel distance means that runoff tends to accumulate 

downwards, giving the flow a higher energy (Bryan and Poesen 1989; Lal 1997). More 

importantly, a longer travel time creates more opportunity for re-infiltration. Re-infiltration 

emerges due to spatial heterogeneity in hydrological properties and state variables and 

effects that local disparate pockets of ‘active areas’ (Ambroise 2004) do not necessary relate 

to the channel network (Michaelides and Wainwright 2002; Bracken and Croke 2007; Jencso 

et al. 2009): water is redistributed from source areas into sinks leaving no trace at the outlet. 

This gives rise to the ‘sink-source’ concept in hydrology where the mosaic-like spatial 

distribution of runoff generating and water receiving areas are key factors in the 

hydrological functioning of the hillslope (Bryan and Poesen 1989; Lavee et al. 1998; 

Puigdefábregas 2005; Arnau-Rosalén et al. 2008). Major insights in the sink-source dynamics 

have come from the recognition of non-local controls on hydrological processes (Grayson et 

al. 1997): runoff can be generated at various isolated, disconnected areas in the catchment 

and does not necessarily extend gradually from the drainage lines (McDonnell 2003). 

Instead, complex and spatially varied thresholds govern connectivity or disconnectivity of 

these active areas to the outlet (Cammeraat 2004; James and Roulet 2007; Lehmann et al. 

2007; Spence 2011). Such observations have lately set hydrological connectivity at the front 

of active hydrological research (Bracken and Croke 2007; McDonnell et al. 2007; Michaelides 

and Chappell 2009; Troch et al. 2009). Hydrological connectivity, defined in 1.2, is used to 

describe the transfer of water through the catchment to the outlet. 

Although the awareness of the importance of connectivity has grown tremendously, 

hydrologists seem to struggle with modelling it (Beven 2001; Sivapalan et al. 2003a). 
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Processes within small volumes, on the one hand, are fairly well understood, but upscaling 

to the hillslope or catchment scale is not straightforward, because processes emerge that 

cannot be handled with spatial averaging (Blöschl and Silvapalan 1995; Harman and 

Sivapalan 2007) or re-parameterisation of conservative model structures (Beven 2001). 

Conversely, fine-scale dynamics may average out and become irrelevant to the description 

at coarser scales (Savenije 2001; Sivapalan 2003). Depending on the stand one takes towards 

hydrological modelling (Pappenberger and Beven 2006), one can adhere to the popular way 

of characterising landscape heterogeneity in ever greater detail for highly calibrated 

distributed models, the so called ‘reductionist’ approach, and persist in its physical validity 

even though this is untenable in the face of limited computational resources (Sivapalan 

2005) and a shortage of appropriate, highly detailed field information (Summer 1998; 

Wooldridge and Kalma 2001). Alternatively, one can be more pragmatic and tune 

overparameterised models until they are behavioural (Beven 1993), but parameter 

calibration suffers from equifinality (Beven 2006a) while model constants often don’t remain 

constant under changing boundary conditions (Kirchner 2006). Due to these reasons, 

distributed modelling no longer promises to provide many new scientific insights concerning 

the functioning of the system that is studied. McDonnell et al. (2007) and Sivapalan et al. 

(2003a), among others, argue that the reductionist principle will not move the hydrological 

science beyond its current status-quo. Although this approach is often successful in 

predicting outflows, reductionist models do not always do so for the right reasons (Kirchner 

2006) and have thus failed to fulfil their most important potential: extrapolation beyond the 

calibration range (Beven 2001). Further progress will critically depend on building models 

that do better in representing landscape heterogeneity: we need to get the reasons right 

(supposing that the predictions will then eventually follow), instead of supplying yet more 

“grist for the calibration mill” (Sivapalan 2005). A possible solution might be the 

development of so-called ‘middle path’ models that capture the spatial characteristics of a 

system without requiring explicit spatial disaggregation and the accompanying proliferation 

of free parameters (Kirchner 2006). One strategy in formulating such models is to approach 

heterogeneity not as an unrelated concatenation of infinitesimal small, independent 

elements but as self-organising patterns resulting from external (climatic, ecologic, 

anthropogenic, geomorphologic) forcing (Sivapalan 2005). In order to handle spatial 

structures within a hydrological modelling framework it would moreover be helpful to 



3 
 

reduce the complex and incomplete structural information to a small but meaningful set of 

numbers (Grayson et al. 2002; Schulz et al. 2006).  

Another related problem seems to be the current gap between data availability and 

model complexity (Sivapalan et al. 2003a). Many, overparameterised distributed models are 

still assessed only by comparing observed and predicted discharge. A practice that is “really 

not acceptable” (Beven 2001). This narrow focus on hydrograph fitting may even impede 

advancements in understanding catchment behaviour, which is needed for the 

generalization of hydrologic theories (Sivapalan 2009). Kirchner (2006) argues that there is a 

need to oppose theory and data. Indeed, there seems to be a renewed interest in empirical 

hypothesis testing away from the narrow focus on model calibration and uncertainty 

analyses. Although the latter remain important and are there to stay (Gupta et al. 1998; 

Beven 2006b; Pappenberger and Beven 2006), it should not be the end in itself but a means 

to model structure improvement and process understanding. In this regard, a ‘downward 

approach’ argues that the model structure should be inferred from the data (Sivapalan et al. 

2003a; Wagener et al. 2006) and should be minimally parameterised such that it “stands a 

chance of failing the tests it is subjected to” (Kirchner 2006). From the data side, conversely, 

as voiced by Klemes back in 1986, “it also seems obvious that search for new measurement 

methods that would yield areal distributions, or at least reliable areal total or averages, of 

hydrological variables [...] would be a much better investment for hydrology than the 

continuous pursuit of a perfect massage that would squeeze nonexistent information out of 

the few poor anaemic point measurements”. Fortunately, advances are being made 

(Grayson and Blöschl 2000; Grayson et al. 2002) and innovative data assembling techniques 

explored (Schmugge et al. 2002; Rodgers et al. 2005; Robinson et al. 2008a; Robinson et al. 

2008b; Binley et al. 2010).  

These two elements: parameterising models only as far as data availability 

accommodates such that hypothesis testing and model evaluation remains insightful; and, 

secondly, improved technology to collect relevant data at a wide range of scales and 

resolutions such that ever more complex hypotheses may be stringently validated; we 

believe will greatly help hydrologists to advance the field. They also directly give the main 

structure of this text: Chapter 3 takes a closer look at modelling and hypothesis testing in 

view of hydrological connectivity while Chapter 4 discusses measurement techniques and 

data collection. But first, a more detailed discussion of the term and meaning of 
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‘hydrological connectivity’ is given: 1.2 discusses its definition while Chapter 2 introduces in 

a more formal way how we conceive hydrological connectivity and its role in catchment 

conceptualisation. 

1.2 Hydrological surface connectivity: A definition 

Connectivity, derived from the verb to connect, “to bring together so as to establish a 

link”, seems to imply a binary state of two systems: either there is a link connecting the 

systems or there is not. Defined, however, as “the state or extent of being connected”, there 

seems to be a consensus, at least as concerned to hydrology, that connectivity is a 

probability, intuitively ranging from 0, no connection, to 1, full connection, and allowed to 

take on values in between (Croke et al. 2005). Beyond that, a global definition as to what 

hydrological connectivity exactly means is lacking (Ali and Roy 2009; Michaelides and 

Chappell 2009). The meaning of connectivity is often taken for granted due to the fact that it 

is besides an academic term also a common word, and hence it is often not further defined. 

Hereafter we will explain the term as it will be used throughout the remainder of this 

manuscript and give a quantitative definition in equation [1]. 

An important source of lexical ambiguity arises from the fact that connectivity is 

derived now from the system and then from the process. The terms structural connectivity 

and functional connectivity (Tischendorf and Fahrig 2000; also termed static and dynamic 

connectivity by e.g. Renard and Allard 2011) are proposed to distinguish the two. Structural 

connectivity relates to the system which mediates the process, be it the vadose zone, the 

surface, the river network or another landscape unit and is most often defined in terms of 

adjacency characteristics of some system property, such as infiltration capacity, hydraulic 

conductivity, moisture content or surface depressions. A generic example of such structural 

definition is found in Western et al. (2001) who “use the term connectivity to denote the 

extent to which connected features, such as arbitrarily shaped bands or pathways having 

similar (e.g. high) values, are present in a hydrologically relevant spatial pattern”. 

Quantification of structural connectivity is done by, among others, statistical connectivity 

functions (examples are given in 3.1.2.2) or percolation theory (e.g. Lehmann et al. 2007; 

Renard and Allard 2011).  

Functional connectivity, on the other hand, is process-based and indicates the ease 

with which water flows through the system in interaction with the structure. Functional 
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connectivity is often defined on the basis of the flow or movement of some entity, be it 

water, sediment, species or another element, and the probability of this entity to reach 

another region of the system, such as a random point at a certain distance, or the outlet. 

Examples define functional connectivity as “the transfer of water from one part of the 

landscape to another, and the related physical movement of matter through the catchment” 

(Lexartza-Artza and Wainwright 2009), or as “[...] the potential for a specific particle to move 

through the system” (Hooke 2003). 

The advantage of structural connectivity is that it allows a rigid quantification of 

connectivity through field measurements (Michaelides and Chappell 2009). The property 

whose pattern defines the structural connectivity is often perceived as static, which makes it 

much more measurable than the more dynamic functional connectivity (Lexartza-Artza and 

Wainwright 2009). It is furthermore assumed that if the structural connectivity is known, its 

impact on the process -and therefore the functional connectivity- can be inferred 

(Michaelides and Chappell 2009): e.g. connected pathways of high antecedent moisture 

result in continuous runoff (e.g. Lane et al. 2004; Western et al. 2004; Reid et al. 2007); 

connected patterns of high hydraulic conductivity give rise to preferential subsurface flow 

(e.g. Knudby and Carrera 2005); the extension of rills, gullies and channels steer the transfer 

of flow and sediment (e.g. Bryan and Poesen 1989) etc. But, to use the first example, 

whether or not, in the presence of well connected pathways of high antecedent moisture, 

runoff eventually reaches the outlet still depends on boundary conditions such as rainfall 

duration and intensity (Bracken and Croke 2007). How structural measures relate to the 

process and its functional connectivity is the major focus of current research: it is the 

interaction between structural and functional connectivity that will provide a full 

understanding (Lexartza-Artza and Wainwright 2009). As long as this understanding has not 

been gained, however, we would warn against defining connectivity as a structural measure. 

It appears that a quantitative, structural measure has not been found yet which is a good 

prior for the basin’s functioning, and it is likely that the ‘best’ structural measure will depend 

on the process being monitored (Knudby and Carrera 2005). We therefore use a functional 

definition in this manuscript, and define connectivity, in view of the scaling problem 

discusses in 1.1, as the ratio of the behaviour observed at the scale of the system and the 

integrated sum of local observations. This definition of connectivity effectively supplies the 

missing link between the point-scale process and the integrated response at system scale. In 
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surface hydrology, more specifically, this ratio is formulated as the runoff volume reaching 

the catchment’s outlet divided by the total internal runoff generation. It thus accounts for 

the effective ratio between contributing and active areas: active areas are defined as areas 

where surface runoff occurs while contributing areas are those active areas that contribute 

to the basin response (Ambroise 2004).  

[1] � = ���� �����⁄  

with τ the connectivity as a lumped measure of the system; Vout the runoff leaving the 

system through the outlet (m³); and Vprod the total runoff production within the system (m³). 

This definition is scale-dependent and its value changes with the scale on which Vout is 

defined, but also on the -significantly finer- scale from which Vprod is deduced.  

1.3 Thesis outline and objectives 

The overall purpose of this dissertation is to investigate how hydrological connectivity 

can be modelled, quantified and measured.  

More specifically, the objective of Chapter 2 is  

� to demonstrate in a more rigorous and mathematical presentation the adhered 

conception of hydrological connectivity  

A definition of hydrological connectivity was discussed in section 1.2; but Chapter 2 

gives a figurative understanding of how connectivity is conceived throughout this manuscript 

and, more specifically, how it opposes other conceptualisations of basin functioning. It 

further supplies in its simplicity a number of ready insights that support the other chapters.  

One such insight is that not the heterogeneity itself determines the connectivity of a 

system, but that it is the spatial arrangement or pattern of that heterogeneity that controls 

the connectivity. If we want to model connectivity, we therefore need to account for this 

spatial dimension and its effect on the process within as well as the final output of the 

system. In section 1.1, we argue that doing this through a so called reductionist approach, 

i.e. by characterising the landscape heterogeneity in ever greater detail for highly calibrated 

distributed models, is not the most insightful approach and that it is more meaningful to 

capture the spatial characteristics of a system without requiring explicit spatial 

disaggregation. We will therefore  
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� seek a more holistic, aggregate abstraction of hydrological patterns that captures the 

effects of connectivity. 

The artificial model developed to that effect in Chapter 3 is based on a segmentation 

of the heterogeneity in two hydrological classes: one with high infiltration capacity and one 

with low infiltration capacity. One obvious drawback that arises when extrapolating this to 

real environments, is that detailed, high-resolution information of infiltration capacity is 

hard to assemble at the necessary scale. Nevertheless, information about the internal state 

of the system is required to characterise connectivity, as is clearly demonstrated in section 

2.3.3. In Chapter 4 we describe a field experiment that has two main objectives: one is  

� to map the variations in infiltration that occur  

and to see whether we can indeed distinguish patterns of infiltration capacity. Once 

we have established that such patterns actually occur, the second objective is to see  

� whether there exists a correlation to more practically measurable land characteristics 

such as topography or surface cover.  

Patterns in these land characteristics could then be used to characterise the system’s 

connectivity using the quantifications established in Chapter 3.  
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Chapter 2 Hydrological connectivity as a modelling paradigm 

In this chapter, three alternative approaches describing the same system are 

compared in order to demonstrate how the process of runoff generation and conveyance is 

approached under the umbrella of hydrological connectivity. Hereto, a spatial explicit 

‘storage chain’ model is developed. The two other approaches to which this storage chain 

model is compared are: a homogeneous, lumped storage model; and a heterogeneous 

model governed by a probability density function (pdf) of storage capacities. The crucial 

difference between these approaches lies in the way they consider and conceptualise 

heterogeneity, averaging and re-infiltration. By comparing these three, we show how 

connectivity and heterogeneity are highly intertwined and that they in turn control various 

thresholds in the catchment. At the same time, it further explains in a more figurative way 

how we view and think about hydrological connectivity in the framework of this manuscript.  

All three approaches are based on the same local model describing the separation of 

water input into infiltration and surface flow: namely a reservoir or storage that is filled with 

incoming water until its storage capacity is exceeded, at which point it spills the surplus of 

water integrally, much like a conceptual bucket under a proverbial tap: where the tap 

represents the rainfall, the bucket the infiltration and the spill the runoff. The storage 

capacity is here simply defined as the bucket’s volume, with no time-dimension attached to 

it. In order to represent the potentially more complex response at catchment scale, this local 

behaviour is extrapolated in three ways: extrapolation by lumping, by expected value and by 

explicit integration (King 1991): 

With extrapolation by explicit integration the storage capacities are described as a 

function of their distance to the outlet. s(x) gives the capacity s of the storage element 

located at a distance x from the outlet. The basin response is then found by integrating s(x) 

with x as the variable of integration. Thus, heterogeneity is considered. In addition, we also 

consider re-infiltration by letting each storage spill its excess water into the storage 

positioned directly downstream: runoff thus cascades (or flows) downwards from where it is 

generated and may be completely or partially disconnected from the outlet depending on 

the storage capacities it encounters during its cascade downhill. This method defines the 

storage chain model illustrated in Figure 1. 
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a b 

  

Define the heterogeneity in storage capacity 

s as a spatial function of the distance x to 

the outlet; where x = 0 is the outlet and xmax  

is the watershed divide. 

 

Rainfall P is added. Part of it, i.e. s(x), 

infiltrates directly , while the part the 

storage s(x) can’t store, emerges as local 

runoff production . Where P < s, excess 

storage  is available. 

c d 

  

While the produced runoff streams      

towards the outlet x = 0, re-infiltration  

occurs in downstream excess storage; while 

upstream, excess storage remains empty. 

What remains (runoff production  minus 

re-infiltration ), leaves the catchment and 

equals the response R(P) . 

Figure 1 Graphical overview of storage chain model 

x(P) 
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Extrapolation by expected value amounts to a simplification of the storage chain 

model, in that it considers heterogeneity but does not explicitly account for connectivity. The 

storage capacities are assumed random variables, and their joint probability distribution 

defines the heterogeneity of the landscape. Each storage s, contrary to the storage chain 

model, directly spills into the outlet, independent of other capacities, such that the 

catchment response equals the sum of the runoff spilled by all storages. Thus spatial 

arrangements and re-infiltration are neglected, or it is implicitly assumed that such potential 

additional transmission losses along the runoff’s path from source to outlet are integrated 

into the probability distribution. An expanding proportion of the collection of storages 

contributes to the catchment response as elements with small capacities will spill over early 

and those with larger capacity only later during the event or not at all.  

Extrapolation by lumping is a further simplification. It assume that there is an 

effective average which integrates the heterogeneity into a single mean threshold value, 

thus describing the whole catchment as behaving homogenous and characterised by a single 

storage. In classical handbooks this is called the φ-index (Chow et al. 1988). Rainfall is 

abstracted until the average storage capacity is reached while the rainfall exceeding this 

threshold becomes runoff at the outlet. This defines the homogeneous, lumped model. 

Hereafter we explore a one dimensional version of the storage chain concept and 

compare it to the homogeneous lumped model and the non-spatial probability density 

function methodology, when all three describe the same collection of capacities. 

2.1 Storage chain, probability density and lumped 

All three models work with a basic element, called storage. A storage element is 

characterised by its capacity s, which lumps together the total, potential abstraction of 

incoming water. When this capacity is exceeded and hence the storage is full, runoff occurs 

by the spilling of all surplus water. A collection of such storages, but with varying capacities, 

then conceptualises the heterogeneity in runoff thresholds over the extent of the hillslope. 

In a storage chain, the capacities are moreover expressed as a spatially correlated function 

and each storage spills into its adjacent storage downstream. The, for simplicity one 

dimensional, distance x ranks the storages along a pathway from x = 0 at the outlet to x = 

xmax at the most distant point on the water divide. The function s(x) therefore attributes a 
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storage capacity, or threshold value, of a local storage model to each position x within the 

model domain. 

When modelling a rainfall event, the rainfall depth P is instantaneously and 

simultaneously added to all storages. The local behaviour at x is then determined by the 

difference between what can be abstracted and what is supplied. If P-s(x) is positive, as 

much runoff is produced at x, if the balance is negative, s(x)-P equals the additional water, 

for example runon, which can be abstracted at x; also termed the capacity excess. If the local 

storage threshold is surpassed the surplus will be passed on to the storage downstream, 

representing the flow of runoff downhill. The runoff of source areas, i.e. a succession of 

neighbouring runoff producing localities, is thus transported downstream to the outlet, and  

is reduced by an amount of re-infiltration proportional to the capacity excess of downstream 

sink areas, i.e. successions of neighbouring storages with higher capacities than the supplied 

rainfall. Integrating P-s(x) over the basin’s extent does therefore not always give the runoff 

at the outlet: in Figure 1c this would imply that the excess storage  upstream (to the right) of 

the runoff source area would be ‘filled up’, i.e. that runoff would stream ‘uphill’. To avoid 

this, we integrate from the outlet to the farthest connected point x(P), such that only the 

excess storage downhill (to the left) of the runoff source functions as a sink. The catchment 

response R(P) can therefore be calculated by: 

[2] �(�� = � (�( � − !( ��� = �.  (�� − � !( �� #($�
%

#($�
%  

Where x(P) represents the farthest connected point. Points for larger x do not 

contribute to the response at the outlet. x(P) can generally be found by selecting, from zero, 

the watershed divide xmax and the points given by the inverse of s(x) evaluated in P, the 

maximum nonnegative value smaller than or equal to xmax for which the integral of P-s(x) 

from zero to this value is positive, i.e. the point contributes to the outlet. The fact that x(P) 

can be a discontinuous function complicates a generalised analytic derivation. However, 

there exists an unambiguous x(P) for each P whenever s(x) is set. Figure 1 gives a graphical 

representation of the model and Figure 3 shows two examples. Note that the first part of 

equation [2] allows for a non-uniform rainfall, if desirable, but that this is not considered in 

this paper, i.e. P(x) = P for all x and hence hereafter the second part of equation [2] is used. 
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For the probability density methodology, s(x) is transformed into a probability density 

function (pdf) by counting the frequencies F(S) of storages with capacities s ≤ S. Catchment 

response calculation corresponds, as presented in Figure 2, with the equation: 

[3] �(�� = � &('��'$
%   with &('� = ()*+,+-.-/0(!( � ≤ '�  

Since there is no information on the relative position of storages, connectivity cannot 

explicitly be accounted for. The underlying assumption is that all produced runoff reaches 

the outlet or, as will be further explored in 2.3.3, that only the runoff that reaches the outlet 

determines F(S), which then no longer necessarily corresponds to probability(s(x) ≤ S). 

The lumped model represents the total area by only one reservoir with an average 

storage capacity estimated as the mean of the storage capacity functions s(x) or of the 

probability distribution F(S) which are, following equation [3], identical. It therefore negates, 

besides re-infiltration, heterogeneity as well. In order to come to the catchment response 

the rainfall depth is simply reduced by this characteristic value. This gives the equation: 

[4] �(�� = max5(0, � − !89:�    with !89: = � !( ��  ;8#⁄#<=>%  

 

Figure 2 Probability density approach where the runoff equals the area below rainfall depth P but 

above the cumulative frequency curve F(S) for storage capacities s 
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2.2  Storage chain and derived models 

2.2.1 Analytical functions 

Spatially explicit functions can represent in a parametric way the storage capacities of 

widely different hillslopes. Two functions are designed to illustrate the major findings of this 

chapter: the first, a power function, can represent various catenas; one example, as depicted 

in Figure 3a, would be that high runoff production is realised on the middle, steep part of the 

hillslope while the crest or plateau and the alluvial plane have more absorbing 

characteristics; but equation [5] can represent a range of situations depending on the shape 

parameters a, b, c and d. 

[5] !( � = ?( − ,�@ + � 

In which s(x) is the storage capacity, the total, possible amount of abstraction at x 

during the storm; x is the relative distance from the outlet for which x = 1 represents the 

watershed divide; a, b and c are shape factors; and d is set such that smin is zero, implying 

that P in equations [6] and [8] denotes the precipitation depth minus smin. 

Substituting equation [5] into equation [2] and solving the integral results in the 

catchment response: 

[6] �(�� = (� − �� (�� − B
@CD (( (�� − ,�@CD − (−,�@CD�  

The value of x(P) denotes the farthest point which contributes runoff to the outlet. In 

this example, it can be calculated as the inverse of s(x) evaluated in P, under the 

presumption that c is positive or b is odd, and x(P) is set to one if this inverse exceeds one 

and set to zero if otherwise R(P) turns out negative. 

As a second case, the variation in storage capacities is represented as a cyclic pattern 

depicted by a cosine wave. When dealing with a single wave, this could, for example, 

represent vegetation bands recurring at regular intervals, which might be witnessed in arid 

zones (Tongway 1994). The storage capacity function becomes: 

[7] !( � = !;8# 2(cos(H + �� + 1�⁄  
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Figure 3 Example of storage chain model for a quadratic s(x) = (x-0.5)² (top) and a cosine wave s(x) 

= 0.5 ( cos(1.5x+π) + 1 )  (bottom) storage capacity s as function of distance to outlet x 
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In which s(x) is again the storage capacity at x; x the relative distance from the outlet 

rescaled conveniently such that x = 2π at the watershed divide; λ and ϕ are shape factors; 

and smax is the difference between the maximal storage capacity and the minimal such that, 

again, smin is zero. 

With equation [7], equation [2] becomes, after integration: 

[8] �(�� = � (�� + 1 H⁄ (sin(H (�� + �� − sin�� 
Again, x(P) denotes the farthest connected point. Figure 3b shows how in this case 

x(P) can be discontinuous which implies that it cannot, in general, be written as a single 

function but for special values of ϕ and λ. Nevertheless, there exists a relation between x(P) 

and P such that for each P a single, unambiguous x(P) can be obtained. 

s(x) can be solved according to the storage chain model as in equations [6] and [8], 

but can also be transformed in a probability density function F(S) and inserted in equation 

[3] to come to a catchment response or it can be lumped as in equation [4]. It is important to 

note that all three model the same physical collection of storages { s }, but with varying 

complexity: homogeneous or heterogeneous, with or without considering hydrological 

connectivity. 

2.2.2 Numerical Monte Carlo simulation 

Instead of presuming a regular pattern of storage capacities in the landscape, storage 

capacities are here seen as random variables. They are assumed randomly scattered over 

the landscape. The rainfall-runoff relation is derived by a Monte Carlo simulation of the 

storage chain concept whereby connected storages exchanging runoff from upstream to 

downstream. The area is divided in y storages aligned in a row along the x-axis. Each storage 

is randomly assigned a storage capacity from the probability density function as proposed by 

Zhao (1977): 

[9] &('� = 1 − 	1 − ' !;8#L M  

Advancing one storage at a time from the watershed divide towards the outlet, P-s(y) 

is computed, the result added to a variable R, which is reset to zero when negative before 

advancing to the next storage in the chain. This represents the spilling of runoff from one 

storage into the storage directly downstream and the possible abstraction of incoming runon 
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by the latter. When the outlet is reached, the remaining value of R gives the resulting 

catchment response. This is equivalent to equation [2] where the smooth, continuous 

function s(x) is replaced by the piecewise flat function s(y) for y a discrete partition of { x |  0 

≤ x ≤ xmax = 1 }. 

Simulations, i.e. different random draws from F(S), are repeated until a stable 

estimate of the mean and runoff variance are obtained for some resolution y. In order to 

come to the representative elementary area, the catchment response should minimally 

depend on the arrangement of the storage capacities. In other words, the representative 

elementary area is based on the scale, in this case the resolution y, at which the variance of 

runoff reaches a minimum (Wooldridge and Kalma 2001). 

2.3 Results: Comparing three model paradigms 

2.3.1 Analytical solutions 

Comparison of the three rainfall-runoff relations, i.e. the storage chain, the 

probability density (pdf) and the lumped storage model, shows that the pdf method results 

in the largest runoff and starts off when the rainfall depth exceeds the lowest runoff 

threshold in the catchment. The lumped storage gives the lowest runoff values, starting only 

when the rainfall depth equals the average storage capacity -or, in other words, when all 

storages are filled- and runoff increases linearly with higher rainfall once runoff has been 

initiated. Curves resulting from the storage chain model take position between or coinciding 

with the two former, depending on the shape factors. All methods converge at a rainfall 

depth equal to the largest storage found in the catchment, when the entire area contributes 

runoff to the outlet, and advance from there with a slope equal to one. 

When s(x) is monotonically increasing between x = 0 and xmax = 1, there are no 

transmission losses as downstream storages are always smaller than upstream ones. 

Consequently, the storage chain’s rainfall-runoff relation is identical to the non-linear pdf’s 

corresponding relation, while it coincides with the linear lumped relation if s(x) is 

monotonically decreasing and a connection is only achieved when all capacity excess is filled 

with incoming runon. 

Figure 4 shows the resulting R(P) of the quadratic storage chain model s(x) = (x-0.5)², 

corresponding to equation [5] with c = 1, a = 0.5, b = 2 and d = 0 and depicted in Figure 3a. 

The farthest connected point for this simple function is x(P) = 0 < 0.5 + √� < 1, so that for P 
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< smax = 1/4, equation [2] or [6] becomes  �(�� = �, 	0, 2 3L �Q R⁄ + � 2L − 1 24L  . 

Counting the frequency of S in s(x), the probability density function &('� = 2√' and the 

resulting response according to equation [3] is for P < smax: �(�� = 4 3L �Q R⁄ . Lastly, lumping 

s(x) as in equation [4] gives that !89: = 1 12⁄  so that �(�� = �, (0, � − 1 12⁄ �. 
Figure 5 shows how changing the shape factor a, in Figure 3a set to 0.5, governs the 

start of the runoff, i.e. the catchment’s threshold, and what happens to the latter when 

switching the sign of c.  When b is uneven the runoff starts at the minimal -like the pdf- or 

average -like the lumped- storage capacity, depending on the sign of c. b and c will also 

influence the maximum storage capacity and drive the pdf’s resulting curve closer to the 

lumped result when increasing respectively decreasing. Both will therefore also affect the 

shape of the curve. 

A comparison between the rainfall-runoff relations of the cosine wave [7] shows the 

same trend as with a power function: the pdf’s relation delimits the maximum, the lumped 

the minimal runoff and the storage chain relations vary in shape and position somewhere in 

 

Figure 4 Rainfall-runoff relation R(P) for storage chain model s(x) = (x-0.5)², as in Figure 3a 
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Figure 5 Effect of parameter a in s(x) = c.(x-a)² + d on the minimal rainfall producing runoff relative 

to the minimal rainfall for the probability density (pdf) and lumped model; and some examples for 

respectively a = 0, 1/3, 1/2, 2/3 and 1 with positive c; and one example with negative c 
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Figure 6 Runoff relation R(P) for storage chain model s(x) = 0.5 ( cos(1.5x+π) + 1 ) , as in Figure 3b 

between or coinciding with one of both curves. However, as in the example depicted in 

Figure 3b, the farthest connected point x(P) is, except in special cases, e.g. when λ ≤ 1, a 

discontinuous function, implying that internal connectivity thresholds exist. When the 

rainfall suffices to connect isolated active areas to the outlet, a sudden slope change is 

witnessed in the rainfall-runoff relation giving a non-smooth R(P) result, as seen in Figure 6. 

In that example λ = 1.5 and ϕ = π so that equation [7] is !( � = 0.5(cos(1.5 + T� + 1�, 
which implies that while P < 0.5, the contributing area gradually climbs up the first wave, 

giving  (�� = −2 3L (cosUD(2� − 1� − T�, but when P = 0.5, sink area 1 in Figure 3b equals 

source area 2, so that the area behind the first wave becomes connected, and x(P) suddenly 

jumps from π/3 to 5π/3, giving a threshold-like change in slope in the rainfall-runoff relation 

R(P), since from thereon, when P > 0.5, both the active areas in front and behind the first 

wave contribute to the outlet, while x(P), equal to −2 3L cosUD(2� − 1� + 2T , then 

gradually climbs the second wave of s(x) until all storages are filled. 

The effect of ϕ lies in the catchment threshold, i.e. the rainfall at which runoff starts 

to break through the outlet, while an increasing λ drives the storage chain curves closer 

against each other and towards the lumped result. A high λ actually strongly resembles, in a  
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Figure 7 Effect of parameters λ and ϕ in s(x) = 0.5 smax cos(λx+ϕ) on the rainfall-runoff relation 

where λ=1 (full lines) or λ=3 (dotted lines) combined with ϕ = 0 (curves starting at a), π /2 (at b) 

and π (at c) 

more structured way, the result of the random Monte Carlo patterns for high resolutions, 

discussed in the next section. 

2.3.2 Numerical Monte Carlo simulation 

Section 2.2.2 discusses that a number of storages y is needed that minimises the 

runoff variance for different randomised selections of a sequence of storage capacities. 

Figure 8b gives strong indications, however, that the variance continues to decline as the 

number of cells increases and that it reduces to zero as y goes to infinity. When y = 1 there is 

but one storage with a capacity randomly drawn from the probability density [9]. When 

sufficient samples are simulated, the mean resulting rainfall-runoff relation plotted in Figure 

8a coincides with the pdf rainfall-runoff curve. However, this mean rainfall-runoff curve 

converges to the lumped curve as y moves towards infinity (and the variance towards zero). 

The pdf curve is here obtained by inputting equation [9] into equation [3]. The lumped by 

averaging equation [9] and using this average in equation [4]. 
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Figure 8 Top: lumped and pdf model rainfall-runoff relation compared to rainfall-mean runoff 

relation of randomly selected storages in a chain model; bottom: runoff variance in function of 

number of storages y for different distributions 
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2.3.3 Model similarity 

The identification of the storage chain model is complicated by the fact that the 

observed relation between total rainfall and total runoff cannot differentiate poor 

connectivity, i.e. transmission losses, from local, direct infiltration. This implies that for 

rainfall depths that do not produce any outflow, the re-distribution of runoff into a sink area 

adjacent to the outlet can effectively be replaced by a higher minimum storage capacity, as 

formalised in the next paragraph. Moreover, a pdf-model fits any increasing rainfall-runoff 

function by inverting equation [3]. Note the equivalence between probability density [10] 

and storage chain [11] when it comes to the rainfall-runoff relation, R(P): 

[10] �(�� = �&('��'          therefore &('� = �� ��L  

[11] �(�� = �� − !( ��   therefore !( � = �� ��L             but �(�� = 0 for P < T 

The probability density F(S) that is equivalent in runoff response to the storage 

chain’s response (from hereon called the ‘effective density’), could possibly be modelled by a 

more general formulation of equation [9] that runs S = s0 + (smax - s0) [1-(1-F(S))1/ β] and for 

which equation [9] is the special case of s0 = 0. From Figure 9a, it is clear that s0 no longer 

corresponds to smin, the threshold that initiates active areas in the basin, but is shifted to the 

catchment threshold T = s0 at which runoff is seen at the outlet. Although the resulting R(P) 

is identical, the latter formulation of equation [9] further removes the effective density from 

an actual distribution of (random) storage capacities in the studied catchment, and from a 

description of the actual, internal hydrological processes, e.g. runoff redistribution. 

Note also that dR/dP does not exist at discontinuities of x(P). Figure 9b shows that 

the abovementioned equivalence still holds, but can no longer be represented, however, by 

artificially increasing the minimum infiltration. Actually, the effective density is the inverse of 

x(P), the farthest connected point: F(S) = x(P)-1 and x(P) is generally (save at its 

discontinuities) the inverse of s(x) evaluated in P: x(P)-1 = s(P). 

Figure 9: as long as the rainfall P < T (T, for which area 1 equals area 2), no runoff 

reaches the outlet for the top figure. This can either be modelled as redistribution of runoff 

water generated in source area 2 into sink area 1, or as a high minimum storage capacity, i.e. 

s0 = T. In the bottom figure, a discontinuous jump in x(P) is witnessed when P = T. Here F(S) = 

dR/dP does not exist, but exhibits an equivalent jump since F(S)-1 = x(P). 
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Figure 9 Equivalence between the storage chain model and the pdf approach 
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2.4 Discussion: Nonlinearity, thresholds and connectivity 

Three alternative approaches have been explored. They are together represented in 

Figure 10. The simplest conceptualisation of the catchment’s behaviour is lumping. Lumping 

results in a perfectly linear response with a high catchment threshold. In reality, however, 

there is nonlinearity in the hydrological response to rainfall of small watersheds (Bracken 

and Croke 2007; Szilagyi 2007), where surface hydrology is mainly governed by hillslope 

processes (McGlynn et al. 2004). The nonlinearity referred to is with respect to the curvature 

of the rainfall magnitude-runoff volume functional relationship (Sivapalan et al. 2002). 

Lumping, therefore, seems too simple a representation: it masses together indiscriminately 

all heterogeneity of soil and land properties associated with different thresholds of runoff 

generation. The catchment thresholds is not relate to average values but to the spatial 

organisation of heterogeneity (Lehmann et al. 2007). By statistically representing 

heterogeneity as a random variable drawn from some probability density function, the 

probability density (pdf) conceptualisation introduces curvature in the rainfall-runoff 

relation. In section 2.3.3, moreover, we argue that there exists a pdf representation for any 

monotonically increasing rainfall-runoff curve, but also show that this ‘effective density’ 

does not necessarily coincide with the actual frequency of storage capacities in the 

catchment. This is because the pdf does not take into account spatial arrangement and can 

therefore not differentiate direct infiltration and runoff redistribution. It is exactly this 

wanting differentiation that hydrological connectivity does try to conceptualise. We 

nevertheless have to keep in mind that this differentiation cannot take place if only 

information about the outflow is available, as the similarity discussed in 2.3.3 evinces. 

Although the effective density does not represent the actual frequency analysis of 

heterogeneity and therefore misses part of the internal processes inside the system, it does 

offer valuable information. The effective density corresponds to the fraction of the area that 

is connected to the outlet and contributes runoff to the catchment response -termed 

contributing areas (Ambroise 2004). In the variable source area (VSA) concept, the density 

curve is supposed to represent the fraction of the area under saturation -active areas in the 

terminology of Ambroise (2004). Topography often, at least in humid environments, 

structures infiltration characteristics, as regions of local concavity tend to be zones of 

convergent flow and, therefore, zones of higher soil water moisture content (Stieglitz et al. 

1997). Such topographical or nonlocal control (Grayson et al. 1997; Western et al. 2004), 
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STORAGE CHAIN 

One possible storage chain 

function (Figure 1) 

 

  

PDF 

A frequency analysis of the storage 

chain returns a pdf whereby the 

runoff is calculated for 100% 

connectivity (Figure 2) 

       

  

LUMPED 

The mean infiltration capacity 

reflects a homogeneous  

catchment 

 

Resulting rainfall-runoff relationships 

(Figure 4) 

 

Figure 10 Overview of the three models: storage chain, pdf and lumped; and how one is derived 

from the other. Plus comparison of their resulting rainfall-runoff curve. 

Frequency analysis F(S) = probability(s(x)<S) 

Averaging save = mean(s(x)) 
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A storage chain model and a pdf 

model with the same outflow. The 

effective density does not however 

correspond to the active areas, but 

to contributing areas and can 

therefore exhibit non-smoothness. 

Such an internal connectivity 

threshold leads to a sudden 

change in slope (Figure 6): 

 

 

 

 

Figure 11 Model similarity, effective density and irregular variable contributing area 

leads to storage capacities that are lower near the drainage lines and increase with their 

distance from the drainage lines. In the variable source area concept, this saturated area 

expands during the rainfall event. The topographically ascending expansion is very gradually 

and smooth, as it follows the relief and its conceptual probability density function is 

therefore similarly regular. Here active and contributing areas coincide. In more arid regions, 

antecedent moisture conditions may relate to variations in local characteristics rather than 

topographic controls (Grayson et al. 1997; Lavee et al. 1998; Puigdefábregas et al. 1998; 

Beven 2002), such that active areas may exist that are disconnected from the outlet for low 

rainfall events but might nonetheless contribute to the outflow for stronger events. In such 

cases, without departing from the idea of expanding fully saturated and non-saturated 

subareas, the variable contributing area (VCA) expansion can be very irregular, which is 

reflected in the effective probability density function that models it as shown in Figure 11. 

Thus, the effective probability density reflects spatial varied connectivity thresholds and 

connectivity should be thought of as a probability distribution over both time and space (Ali 

and Roy 2009). 

R 

P 



28 
 

For the same collection of storage capacities, the storage chain model can obtain 

various rainfall-runoff curves bounded between two extremes. The two extremes are the pdf 

and the lumped curves and the storage chain variations are determined not by the amount 

or statistical characteristics of the heterogeneity, which remain identical, but by its spatial 

arrangement. An interesting case is that of randomly distributed heterogeneity. As shown in 

the Monte Carlo simulation, random patterns are actually equally well represented by 

lumping, since deviations from the mean cancel each other out by redistribution of runoff so 

that in the end a net-mean storage capacity is withheld. We can relate this to certain scales: 

changes in scale usually involve changes in heterogeneity (Meentemeyer and Box 1987) and 

properties change from deterministic to random while moving over scales (Hopmans et al. 

2002); the scale at which properties are random, is the scale at which properties may be 

lumped together and therefore randomness may define the necessary model grain, i.e. the 

spatial and temporal resolution of the model at which scale the model sees the system as a 

spatial and temporal entity, any finer scale heterogeneity has already been integrated (King 

1991); or the representative elementary area (REA), i.e. the scale at which structural 

organisation in heterogeneous properties becomes insignificant (Wood et al. 1988). This 

observation will return in section 3.3. 

Originally, probability density models (e.g.  Zhao 1977; Wood et al. 1992; Todini 1996; 

Moore 2007) were developed for large area hydrology, e.g. general circulation models. The 

broader scale partly smoothens the effect of heterogeneity (Wood et al. 1988; Julien and 

Moglen 1990; Wooldridge and Kalma 2001; Hopmans et al. 2002), as in the Monte Carlo 

simulations presented in this paper, and moreover the responses at such scales are no 

longer governed by hillslope processes but primarily by the network structure (McGlynn et 

al. 2004), so that hillslope-channel connectivity is not the dominant process and a less 

intricate probability density description suits the basin description. 

2.5 Conclusions 

We have formulated a simple yet insightful conceptualisation of hydrological 

connectivity and compared it with two other modelling paradigms: the homogeneous 

lumped and the heterogeneous probability density. While the latter neglects space as 

dimension, the former averages out heterogeneity in addition. The analyses of the storage 

chain model and its comparison have effectively demonstrated that the heterogeneity in 
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interaction with its spatial configuration controls the connectivity of the hillslope and not the 

statistical distribution of heterogeneity on its own. This proves that space is central in 

connectivity. In Chapter 3 we test which aspects of that configuration are significant and 

which are not. We also argued that rainfall-runoff fitting cannot differentiate infiltration 

from re-infiltration, such that in order to gain insight in connectivity, knowledge of the 

internal processes and state variables is indispensable. In Chapter 4 we will address the 

problem of obtaining relevant spatial data. It furthermore led to the formulation of the 

‘effective’ density as a representation of the variable contributing area (VCA). Lastly, we 

unveiled the importance of randomness: a pattern characteristic that will play a central role 

in Chapter 3 as well.  
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Chapter 3 Pattern-process in predicting discharge1 

Hydrological connectivity is, besides the amount of heterogeneity, strongly related to 

the spatial organisation of that heterogeneity. While this observation was already made 

from the model comparison in Chapter 2, an insightful and meaningful quantification of the 

relation between spatial patterns and the process of runoff generation and redistribution lay 

beyond the simplicity of the models in Chapter 2. Nonetheless, in order to understand the 

complex interaction between pattern and processes, relevant spatial configurations must be 

identified and meaningfully quantified (Turner 1989; Schröder and Seppelt 2006). Schröder  

(2006) and Tetzlaff et al. (2007) propose that to-the-point descriptions of heterogeneity -

accounting for both connectivity and configuration- should come from an interdisciplinary 

ecological-hydrological approach: the goal of landscape ecology, in particular, is to 

determine where and when spatial and temporal heterogeneity matter and how they 

influence processes (Turner 1989). In this chapter we will not only try to obtain a better 

understanding of the dynamics that link pattern and process but mainly search for a 

quantification of this relationship.  

Pattern quantification can be supplied by geostatistics (Webster and Oliver 2007), 

which measure gradients of heterogeneity, or by landscape metrics, which are used to 

characterise a mosaic-like pattern of discrete classes (Forman 2006). Connectivity relevant 

heterogeneity forms contrasting patterns of water contributing sources and water accepting 

sinks (Lavee et al. 1998; Bracken and Croke 2007). Sink-source structures conceptualise the 

spatial organisation of pivotal runoff determinants such as vegetation cover that tends to 

match key patterned soil and surface properties (Boer and Puigdefábregas 2005). Several 

recent studies deal with connectivity and patterns of vegetation cover (e.g. Cammeraat 

2004; Puigdefábregas 2005; Bautista et al. 2007; Lesschen et al. 2009), infiltration capacity 

(e.g. Ségius et al. 2002; Michaelides and Wilson 2007; Arnau-Rosalén et al. 2008), moisture 

conditions (e.g. Grayson et al. 1997; Fitzjohn et al. 1998; Western et al. 2004; James and 

Roulet 2007) and rainfall (e.g. Beven and Hornberger 1982; Koren et al. 1999; Reaney et al. 

2007; Mul et al. 2008). This confirms the growing awareness that the spatial configuration of 

heterogeneity governs the basin response, and not merely its probability distribution 

                                                      
1 based on Van Nieuwenhuyse et al. (2011) 
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(Cammeraat and Imerson 1999). Analogous to other recent studies (e.g. Western et al. 2001; 

Knudby and Carrera 2005; Mayor et al. 2008; Antoine et al. 2009; Meerkerk et al. 2009), this 

chapter aims at investigating how landscape metrics relate to hydrological processes. 

For this purpose, Weiler and McDonnell (2004) concept of a virtual experiment is 

adopted. Virtual experiments simplify hydrological processes to the essential elements 

under consideration and hence do not attempt to ‘model the system’, but serve as a tool to 

understand a phenomenon (Weiler and McDonnell 2006) and test hypotheses (McDonnell 

2003). In hydrology, hypothesis testing on the basis of hypothetical models without 

reference to observations is a common instrument (Pappenberger and Beven 2006). When 

the effect of spatial configurations is investigated, so-called neutral landscape models can in 

addition be employed. Neutral landscape models replicate patterns with similar statistical 

properties and spatial indices as real landscapes without simulating the morphologic 

processes lying at their origin (Caswell 1976; Gaucherel et al. 2006). They have been 

identified as a promising approach to examine the functional relations linking landscape 

patterns and processes (Turner 1989) and, when coupled with dynamic models, provide 

insights into the interaction of pattern and process within heterogeneous landscapes (Turner 

et al. 2001). 

Here we investigate in more detail how basin responses may be affected by 

landscape pattern and to what extent landscape metrics can be used to describe this 

interaction without reference to a fully spatially explicit specification of the modelled 

process. Therefore, a computer model is developed that couples two-class landscapes to the 

modelling of the corresponding surface runoff. This model is used to answer the following 

questions: 

� How and to what extent does the basin response change with landscape pattern? 

� In how far can landscape metrics explain these changes? 

� Which aspects of pattern matter and which don’t? 

Understanding the factors relating basin response to catchment patterns allows to 

identify those components of spatial heterogeneity that control the response which in turn 

allows field measurements to focus on those elements that really matter. 
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3.1 Building the pattern-process model 

The computer model stochastically generates landscapes by patterning in various 

ways two distinct hydrological classes: one sink and one source class. Numerical rainfall-

runoff simulations are conducted on these diverse artificial landscapes. The spatial 

configurations are quantified with a set of landscape metrics and the resulting discharge 

time series with several statistics. Those statistics are finally confronted with the landscape 

metrics. All this is implemented in the free open source software platform scilab 

(www.scilab.org). 

3.1.1 Runoff pathways and their quantification 

Surface flow tends to trace tree-like networks (Emmett 1978; Troch et al. 2009) as 

runoff follows the topography and concentrates into rills, gullies and rivers. To mimic this 

behaviour, we exploit what Benoit Mandelbrot did with his ‘squig’ (Mandelbrot 1982). A 

squig is basically a triangular mesh where each cell has none, one or two of its sides 

functioning as inflow(s) and one of its sides as outflow. Because there are potentially more 

inflows than outflows, a triangular mesh gives rise to runoff concentration. In order to 

generate a random flow network in arbitrary detail, the basin is represented as an 

equilateral triangle with a 600m side. Two of its sides represent the watershed divide and 

are therefore ‘impermeable’: no flow passes through. The third side is considered 

‘permeable’ and the outlet is located somewhere along this side. In a first iteration of the 

squig, four inner triangles are defined by connecting the midpoints of each side, thus also 

subdividing the sides in two. Subdivisions of impermeable sides remain impermeable. For 

the permeable sides, one of the two subdivisions is randomly selected with probability p and 

this one is closed while the other subdivision remains permeable. This procedure is repeated 

on each triangle so that a grid is built with a dendritic network spanning all cells through 

their common permeable side. Four iterations are run and the dendritic network therefore 

spans 44 or 256 elementary grid-cells, as exemplified in Figure 12. If repeated ad infinitum, a 

plane filling branching network emerges with a fractal dimension ranging between 1 and 

1.32 depending on the value of the probability p. Natural flowpaths are often fractal 

(Tarboton et al. 1988; Gupta and Waymire 1989; Rodriguez-Iturbe and Rinaldo 2001) with an 

approximate fractal dimension of 1.2 (Hack 1957). 



 

Figure 12 Example of stochastic drainage network creation from iteration 0 to 4 according to 

Mandelbrot’s (1982) squig network

order colouring 

When it comes to quantifying the flow network, there are only two independent 

parameters in network scaling laws (

river(branche)s, the other to the network as a whole.

Peyrière (1981) expresselim;→W logR�X� �⁄ , where N gives the number of triangles crossed by the river

iteration number. This gives log(3

expected number of triangles crossed

generation implies that the dimension of the network at

theoretically expected value, but might deviate from it (
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Example of stochastic drainage network creation from iteration 0 to 4 according to 

network as well as three other possible outcomes with Horton

When it comes to quantifying the flow network, there are only two independent 

parameters in network scaling laws (Dodds and Rothman 1999): one related to individual 

river(branche)s, the other to the network as a whole.  

) expresses the fractal dimension of an individual squiggly river

where N gives the number of triangles crossed by the river

. This gives log(3-p²-(1-p)²)/log(2) for a single river squig as 3

umber of triangles crossed. However, the stochastic nature of the squig 

generation implies that the dimension of the network at hand doesn’t necessarily equals

theoretically expected value, but might deviate from it (Mandelbrot 1982
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Mandelbrot 1982). To measure the 
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fractal dimension of a river, there are multiple methods, all giving slightly different results 

(Gao and Xia 1996; Soille and Rivest 1996). Richardson (1956) measured the coast of Britain 

with different yardsticks and this was later used by Mandelbrot (1967) as a way to fractals. 

At each fractal stage, the length of the main river can be measured as the number of 

triangles it crosses through, so that the size of one triangle gives the yardstick with which 

one measures the river’s length. A log-log relation between length and yardstick gives the 

fractal ‘compass dimension’ (Peitgen et al. 1992). The fractal dimension of the main river, d, 

can thus be expressed as log(N)/log(1/r), where N gives the number of triangles crossed by 

the main river and r the length of the yardstick, i.e. the length of the river section within one 

triangle (supposed to be one half of the triangle side). 

Concerning a measure of the network as a whole: a squig network fills the plain, its 

network dimension is therefore theoretically always equal to 2. However, similar to above, 

this value is only attained for fractal stages going to infinity, i.e. for the true fractal object. La 

Barbera and Rosso (1987) express the fractal dimension of the river network in terms of two 

Horton ratio’s: the bifurcation ratio, Rn, equal to the ratio of the number of order n streams 

to order n+1 streams, and the length ratio, Rs, expressed as the average length of order n+1 

streams divided by the average length of order n streams where the order of a river refers to 

the Horton-Strahler stream ordering (Strahler 1957). The Horton ratio is ln(Rn)/ln(Rs). It has 

been advocated to be the second independent parameter in river network scaling laws 

beside the mainstream fractal dimension (Dodds and Rothman 1999) though also stated to 

be approximately constants for all possible network structures and hence indiscriminate 

between networks (Govers 2009) as well as unrelated to physical controls on river system 

geometry (Bridge 2003). 

3.1.2 Binary landscapes and their metrics 

A two-phase mosaic is created independent of the network by allocating each grid 

cell one of two distinct hydrological classes: one class is parameterised as a source that 

generates runoff under the predefined continuous rainfall, while the other is a sink whose 

infiltration capacity is only exceeded if, in addition to the rainfall, sufficient runon from 

upstream enters. The patterning of the two classes is done with neutral landscape models. 

Introduced by Gardner et al.  (1987), neutral landscape models were initially based on 

percolation theory, i.e. the patterns created were purely random. Since then, more complex 
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neutral landscape models have been built to account for the non-random nature of actual 

landscapes (Pearson and Gardner 1997; With and King 1997; Gaucherel et al. 2006; Gardner 

and Urban 2007). For this study, five different mapping algorithms, explained in 3.1.2.1, are 

chosen. In 3.1.2.2 a diverse set of quantifications of the landscape pattern are given. Many 

of them are, however, correlated to each other as they represent the same basic 

information. A principle component analysis reveals the major dimensions of information. 

3.1.2.1 Mapping algorithms 

A first mapping algorithm is a completely random one in which each cell has the same 

probability of belonging to a class, independent of its neighbours. Percolation theory offers 

important insights into the nature of landscape connectivity of randomly assembled systems 

such as the existence of a critical probability at which an infinite large cluster exist, i.e. one 

spanning from one to the other side of an infinite large lattice (Stauffer and Aharony 1994). 

When the probability of occurrence of a land class, π, is below the critical value the 

landscape will be characterised by numerous, small, fragmented patches; if above it will be 

dominated by a single, large cluster (Turner et al. 2001). 

   

Figure 13 Examples of random patterns for abundances π = 0.25, 0.5 and 0.75 

   

Figure 14 Examples of smoothed maps with different degrees of smoothing (d = 0, 2 and 4) for 

source abundance π = 0.4 
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The second algorithm introduces spatial autocorrelation by smoothing. The simplest 

smoothing algorithm consist of mean filtering (Fisher et al. 1996). Smoothed maps are thus 

random ones on which prior to classification a mean filter is imposed replacing each random 

cell value by the mean of all cells d-cells or less distant from it. ‘Smoothed’ maps are 

generally patchier as the smoothing kernel width, d, increases while they are random when 

d is zero. 

The third algorithm uses a Markov chain to generate anisotropic landscapes. With a 

Markov chain the probability of classification depends on the class of the previous element 

visited. The algorithm starts in the corner opposite the outlet and walks parallel to one of 

the sides, shifting to the next row upon meeting the boundary and treating this row in the 

opposite direction, thus visiting each cell in turn as exemplified in Figure 15. Say that pxy 

gives the probability of being classified as class y if the previous cell was of class x. In a two-

state Markov Chain px0 = 1- px1 and the class abundance (or limiting probability) for an 

infinite mesh π = π.p00 + (1-π) p10 (Ross 2007). When defining p10 = a.p00 and using the 

previous relations, (%% = T �T + ,�1 − T��⁄ , then inputting the parameter ‘a’ suffices to  

   

Figure 15 One of the paths through a triangular grid taken by the Markov chain (left); and 

examples of Markov maps for parameter a = 0.05 and a = 0.2 (right) 

   

Figure 16 Examples of hierarchical maps with parameters (ν=2, p1=0.8, p2=0.1), (ν=4, p1=0.8, p2=0.1) 

and (ν=4, p1=0.6, p2=0.3) 
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create a map with abundance π. The smaller a is, the more striped the map will be. 

The fourth mapping algorithm is based on hierarchy theory which considers a system 

as a component of a larger system which, in turn, is composed of subsystems (Farina 2006). 

The hierarchical classification runs over two hierarchical levels. As explained before, cells are 

created by repeatedly dividing a triangle into four. After ν divisions, there are 4ν triangles 

and these are randomly classified into two groups (1 and 2) with probability p. The 

subdivision of triangles then continues up to the desired iteration m. Cells that emerged 

from the division of a triangle belonging to group 1, have a probability p1 to be classified as 

source, while a probability p2 if emerging from group 2. To achieve an overall end probability 

π the following equation should hold true: π = p.p2 + p1 (1-p), from which p is derived. 

The fifth and last type of map is generated by midpoint displacement (Saupe 1988) 

with random successive addition (Peitgen et al. 1992) and results in a fractal when followed 

ad infinitum. Fractal geometry (Mandelbrot 1982) has identified classes of pattern that 

remain similar over a wide range of scales (Turner et al. 2001) and can represent many kinds 

of pattern (Milne 1991a). Landscape ecological studies that explore the fractal geometry of 

nature have found a multitude of examples of consistent variation in landscape pattern with 

scale (Milne 1991b). A growing number of examples from nature suggest that complexity 

may be described precisely in their statistics with fractals (Milne 1991a). There are multiple 

algorithms to create stochastic fractal landscapes (Halley et al. 2004) of which midpoint 

displacement (Saupe 1988) is “the most popular” (Keitt 2000). The four corner points of a 

square are given random values from a normal distribution with mean μ = 0 and variance σ² 

= 1. The midpoint defined by the intersection of the diagonals is first given the interpolated 

value of the four corner points and then all values are ‘displaced’: a random number 

extracted from a normal distribution with mean zero and variance Δ²ν is added. This process 

is repeated for all existing points by generating new values for the midpoints and 

subsequently randomly displacing them all. The only difference is that Δ²ν, the variance of 

the displacements, progressively decreases according to ∆ZR= [1 − 1 2L RUR\] ^R 2R\ZCDL  

(Saupe 1988) with ν the number of previous displacements and H Hurst’s exponent. A 

triangular grid can be extracted by selecting only the values below the initial square’s 

diagonal.  
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Figure 17 Midpoint displacement and three examples of fractal maps with H = 0.5, 0.3 and 0.1 

Smoothed Markov Chain Fractal Hierarchical 
d p10 = a.p00 H ν p1 p2 
2 with a 0.03 0.4 1 0.8 0.1 
Table 1 Parameters for the mapping algorithms: d smoothing kernel width; p10 the probability of a 

sink if previous cell in Markov chain is a source or p00 when a sink; H Hurst’s exponent; ν first 

hierarchy iteration level; p1 the probability of a source in group 1; p2 in group 2 
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The parameters for each of the mapping algorithms are chosen in such a way that as 

many of the landscape metrics discussed in 3.1.2.2 significantly differ from one mapping 

algorithm to the other such that each type of pattern has its own distinct signature in metric 

space: as exemplified in Figure 18.  The chosen parameter values are given in Table 1.  

3.1.2.2 Landscape metrics 

The pattern is quantitatively characterised using structural landscape metrics 

calculated from the spatial arrangement of sink and source grid cells in interaction with the 

network. The used landscape metrics are listed in Table 2. The non-trivial ones that will turn 

out important are shortly explained hereafter: namely the proximity index, landscape 

connectivity statistics and contributing area functions.  

The proximity index (Turner et al. 2001) is defined as the sum over all patches of 

patch size, Sk, divided by the shortest distance, dk, measured along a flow path, from the 

patch’s edge to the outlet, �_ = ∑'a �a⁄ . A patch is here defined as a group of 

neighbouring cells belonging to the same class. Only adjacent cells that share a permeable 

side -that can exchange flow- are, however, considered neighbours. Thus, a ‘hydrological 

patch’ is a continuous area of similar characteristics that has one common drainage point 

along its edge. Patches in this study are hydrological patches of runoff sources. A patch can 

contribute much to the proximity index either by being close to the outlet or by being big, 

while small patches far off will have only little impact. 

Traditional indicator variograms (Webster and Oliver 2007) relate the distance 

between two points to their correlation. However, they do not distinguish between 

connected and disconnected patterns (Western et al. 1998). Landscape connectivity 

statistics consider the probability that separate points of the same class are linked to each 

other by a continuous path of that class (Western et al. 2001). In a multi-point rectilinear 

connectivity function (Strebelle 2002) the pathway is restricted to a straight line, any 

undulation in the observed string breaks the connectivity (Krishnan and Journel 2003). This is 

altered to make use of the hydrological distance along the drainage network. A distinction is 

made between symmetrical and asymmetrical distances (Peterson et al. 2007). A path 

between two points on different branches of the network exists in the symmetrical case, but 

does not in the asymmetrical case since they are not on the same drainage line. In other 
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words: asymmetrical distance takes into account flow direction, symmetrical only the 

branching structure of the hydrologic network. 

In a symmetrical case, the connectivity function τ(n) gives the probability that two 

points at a hydrological distance n of each other are within the same hydrological source 

patch. The symmetrical connectivity is given by integrating τ(n) over all possible values of n. 

The term n-point connectivity (Antoine et al. 2009) was used in the asymmetrical case: take 

at random a string of n-successive points so that water could pass continuously from one 

end to the other, then K(n) gives the probability that they are all sources. Note that K(1) 

equals the abundance of source areas. The n-point connectivity is defined as b� =
� c�b��bW% . 

The contributing area function does not consider connectivity between random pairs 

of points, but the connectivity between a point and a specific object like a catchment outlet 

or a permanent drainage line (Meerkerk et al. 2009). Besides the contributing area function 

to the outlet, the highest order streamline is also considered as object. Take at random a 

string of n-successive points for which the last point is the outlet (or highest order stream) 

and so that water could pass continuously from one end to the other, then c(n) gives the 

probability that they are all source areas. The contributing area metric is then � ?�b��bW% . 

 

 Figure 18 Some examples of metric variations for the different mapping algorithms 



 
 

Metric Formula Explanation Reference Parameters 

Main flow path 

dimension 

d =ln(N)/ln(1/16) Box counting fractal dimension of 

the main flow path (largest drainage 

area at junction) 

Peyrière 1981 N = number of cells 

crossed by main river 

Rn = bifurcation ratio 

Rs = stream length ratio 

A = source patch area 

P = source patch perimeter 

db = Euclidean distance 

from patch cell to patch 

centre 

qij = probability of class i 

neighbouring class j 

D = hydrological distance 

source cell to outlet 

π = source abundance 

n = chain of n successive 

cells along a (symmetrical 

or asymmetrical) line of 

the drainage network 

K(n) = probability of n 

(asymmetrical case) being 

all sources 

 

Horton Ratio H =ln(Rn)/ln(Rs) River network scaling law based on 

the Horton-Strahler ordering 

Dodds and Rothman 

1999 

Normalised area2 nat =16.A/P² Patch shape standardised to a square  Riitters et al. 1995 

Perimeter-area ratio2 pa =P/A Patch compaction metric Riitters et al. 1995 

Perimeter-area scaling2 ocft =slope of  ln(A)~ln(P) Perimeter-area fractal measure: slope 

of the log-log perimeter-area relation  

Riitters et al. 1995 

Radius of gyration2 rgyr =√∑db Patch compaction metric Pickover 2001 

Density-area scaling2 pmas Density-area fractal measure: refer to 

reference for further explanation 

Riitters et al. 1995 

Contagion C =1+∑∑[qijln(qij)]/2ln(2) Measures the degree to which classes 

are aggregated 

Li and Reynolds 

1993 

Mean distance to outlet mdo =∑D/(256.π) Average hydrological distance from 

source cells to the outlet 

 

Deviation of distances 

to the outlet 

sdo =∑(D-mdo)²/ (256.π-1) Standard deviation of the distance at 

which the source cells lie from the 

outlet 

 

Distance to nearest 

source 

dnear  Distance from the outlet to the 

nearest source cell 

 

n-point connectivity nP =∫0to∞K(n)dn Asymmetrical distance over which Antoine et al. 2009 

                                                      
2 Averaged over all source patches 

4
2 



 
 

cells are connected τ(n) = K(n) but for 

symmetrical case 

c(n) = K(n) limited to n’s 

ending at the outlet  

c*(n) = K(n) limited to n’s 

ending at the highest order 

flow path  

nf = number of sink 

patches 

np = number of source 

patches 

dk = shortest hydrological 

distance from patch edge 

to outlet 

L = the number of open 

sides within source patch 

V = the number of source 

cells 

Largest source patch Smax Area of the biggest source patch Turner et al. 2001 

Symmetrical 

connectivity 

Iτ =∫0to∞τ(n)dn Symmetrical distance over which 

cells are connected 

Western et al. 2001 

Outlet adjacent 

connectivity 

Con0 =∫0to∞c(n)dn Connectivity between a point and the 

outlet 

Meerkerk et al. 2009 

Highest order adjacent 

connectivity 

Con5 =∫0to∞c*(n)dn Connectivity between a point and the 

highest Horton-Strahler order flow 

path 

 

Average bridging 

distance 

B Average asymmetrical distance 

separating a source cell from another 

source cell or the outlet 

 

Euler number ε =|nf-np| Landscape fragmentation measure  

Euler number intensity εi =1/(nf+np) Intensity of landscape fragmentation Bogaert et al. 2002 

Euler number 

dominance 

εd = nf.εi Landscape fragmentation’s 

dominance 

Bogaert et al. 2002 

Adjusted Euler number ε*=√( εi² + εd²)  Bogaert et al. 2002 

Proximity Index PX = ∑Ak/dk Ratio of patch area and its distance to 

the outlet 

Turner et al. 2001 

Linkage γ = L/(3V-6) Proportion of possible links being 

used 

Turner et al. 2001 

Table 2 Landscape metrics 

4
3 
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 Λ PCR R² Loaded by (correlation to PC > 0.5) 
PC1 9.31 0.37 C (0.96), Iτ (0.93), Smax (0.92), εi (0.92), n-P (0.91), rgyr (0.91), ocft 

(0.90), γ (0.88), pa (0.68), Con5 (0.67), PX (0.60), pmas (0.58), Con0 
(0.55) 

PC2 3.26 0.47 mdo (0.70), dnear (0.72), PX (0.71), Con0 (0.67), Con5 (0.63), B (0.61) 
PC3 2.24 0.00 εd (0.97), ε* (0.96) 
PC4 2.08 0.00 d (0.85), sdo (0.85) 
PC5 1.70 0.00 pmas (0.65), nat (0.64), pa (0.55) 
PC6 1.30 0.00 H (0.87) 
PC7 0.87 0.00 ε (0.78) 
PC8 0.76 0.01 nat (0.59) 
Table 3 Principal component analysis for maps with source abundance 0.5 of the landscape metrics 

(see Table 2 for abbreviations) and their explanatory power R² (see equation [18]) of a principle 

component regression (PCR) (Jolliffe 2002) with the simulated  connectivity [1] 

Though there is no single metric that adequately describes all facets of a pattern 

(Turner 2005), most metrics are correlated (Turner et al. 2001). These observations also held 

for the metrics listed in Table 2. A principal component analysis (Manley 1986; Jolliffe 2002), 

summarised in Table 3, reveals six components with an eigenvalue Λ bigger than 1. 

The first and major component is related to the degree of clumping, i.e. the tendency 

of source areas to aggregate together into patches. This first component groups together the 

metrics contagion, perimeter-area scaling, radius of gyration, maximal source area, n-point 

and symmetrical connectivity, Euler intensity and linkage. The second component is a 

measure of the distance of the source areas to the outlet and is related to mean distance to 

outlet, distance to nearest source, proximity index (loadings > 0.7) and somewhat to the 

contributing area functions and bridging distance (loadings > 0.6). The third component 

takes into account the adjusted Euler number and the Euler dominance and is therefore a 

measure of fragmentation, the fourth relates to the main river dimension and deviation of 

the distances to the outlet. A fifth component extracts the variance of normalised area, 

perimeter-area ratio and density area scaling which was not yet taken into component one. 

The sixth component is defined by the Horton ratio. 

3.1.3 Hydrological flow and infiltration model 

The kinematic wave model is widely used in surface hydrology to model overland 

flow and provides acceptable predictive accuracy if the underlying assumptions are met 

(Singh 2001). Kinematic wave routing models have been used successfully in conjunction 

with a variant of Green-Ampt infiltration (e.g. Esteves et al. 2000; Fiedler and Ramirez 2000; 
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Ziegler et al. 2007). The kinematic wave model [12] and [13] forms a simplification of the 

shallow water equation by disregarding inertial and pressure forces and balancing the slope 

and friction forces (Singh 2001). 

[12] Continuity equation:  
de d L + df d/L = � 

[13] Momentum equation: f = geM 

Manning’s equation for overland flow [14], is used to describe resistance effects so 

that β equals 3/5 and g = 	h�R Q⁄ b √'⁄ M, with the Manning’s coefficient, n (sm-1/3), the 

slope, S, and WP (m) the wet surface width. 

[14] e = if  with i = √' bL �R Q⁄   and � = f h�L   

with [13] this gives: g = 	h�R Q⁄ b √'⁄ M and β = 3/5 

For a triangle: h�� � = � Δ L  

So that an averaged g = � g� �� Δ ⁄k#% = l�R Q⁄ b √'m n
M

o2p 3L + 1qr  

The Green-Ampt equation [15] (Green and Ampt 1911; Mays 2001) describes the 

infiltration rate, f (m/s), as a decreasing function in time, t (s), of the total amount of 

preceding infiltration, F (m), and asymptotically approaches the effective field hydraulic 

conductivity, Ke (m/s). Δθ and φ (m) are the water deficit and the wetting front suction, 

respectively.  Solving the differential equation f = ∂F/∂t gives the implicit funcwon [16] from 

which F(t+Δt) can be calculated iteratively with F(0) = 0: 

[15] ��/� = c:�1 + sΔt &�/�⁄ � or ��/� = u if smaller 

[16] &�/ + Δ/� = c:Δ/ + &�/� + sΔt ln [v(�Ck��Cwkxv(��Cwkx ] 



 

Figure 19 Kinematic wave finite difference solution

The finite-difference scheme

(Δx) and each time step (Δt). The changes in discharge and average discharge are defined as 

differences in the time-space mesh

discretisation as shown in Figure 

[17] ∆e# ∆ L + gpe89:MUD∆e

According to Figure 19

∆e# ∆ ⁄ = 	e�C∆�,#C∆#
∆e� ∆/⁄ = 	e�C∆�,#C∆#
e89: = 	e�C∆�,#C∆# +
e�C∆�,# = 0  

This gives:  
e�Ck�,#Ck#L
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inematic wave finite difference solution 

difference scheme [17] of the numerical model is applied to each triangle 

(Δx) and each time step (Δt). The changes in discharge and average discharge are defined as 

space mesh and is adapted to deal with the triangularity of 

Figure 19 (similar to Chow et al. 1988). 

e� ∆/m = � 

19: 

# − e�C∆�,# ∆ ⁄  

# − e�,#C∆# ∆/⁄  

e�,#C∆# 2⁄   

Δ L A gp oe�,#Ck# 2L q
MUD

	e�Ck�,#Ck# � e�,

 

is applied to each triangle 

(Δx) and each time step (Δt). The changes in discharge and average discharge are defined as 

the triangularity of the 

,#Ck# Δ/ � �⁄  
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The inflow q is the sum of the runon, i.e. the time-averaged outflow from the 

upstream cell(s) spread uniformly over ∆x:  	e�,yz + e�Ck�,yz 2Δ ⁄ ; and the effective rainfall, 

i.e. the rainfall minus the time-averaged infiltration, multiplied by the surface and uniformly 

spread over ∆x: (u − (�� + ��Ck�� 2⁄ � � 2⁄ . 

Parameters, given in Table 4 are selected such that sources produce runoff, while the 

sinks will not if only subject to rainfall. The sinks, however, have the potential of runoff 

production if sufficient runon enters. The chosen parameters have furthermore realistic 

values: as a source, we have a loamy soil close to sandy (clay) loam (FAO 1990) with higher 

than average bulk density (Rawls 1983) and with a low organic carbon content (Adams 

1973); and, as a sink, a similar soil deprived of clay combined with a lower than average bulk 

density and a high organic carbon content. These properties are translated into realistic 

water deficits (van Genuchten 1980; Vereecken et al. 1989), wetting front suctions 

(Brakensiek et al. 1984) and hydraulic conductivities (Rawls et al. 1989) using pedotransfer 

functions. The Manning’s coefficients represent “rangeland (natural)” and “bare clay loam 

(eroded)” surfaces respectively (Mays 2001). Thus, the pattern can be seen as bare patches 

of semi-arid soil with a thick crust alternated with vegetated patches with a more structured 

soil, enriched with organic litter. Rainfall intensity and duration are drawn from a cumulative 

distribution of 225 rain events in Mahassah, Syria (Somme et al. 2004) enlarged with 15 

events in Same, Tanzania (Gowing and Young 1996). 

Class Ke ∆θ Φ n S Rainfall 
Source 1.1mm/h 0.18 291.8mm 0.013 0.1 Intensity Duration 
Sink 16.1mm/h 0.23 112.4mm 0.085 0.1 17.6mm/h 1h21 
Table 4 Hydrological model parameters: Ke the effective hydraulic conductivity; Δθ the water 

deficit; φ the water front suction; n the Manning roughness; and S the slope  

3.2 Pattern-process results 

A pattern of sinks and sources is generated by one of the mapping algorithms in 

3.1.2.1 and forms, together with a stochastically produced network as in 3.1.1, the landscape 

of a basin to which the hydrological model 3.1.3 is applied. The resulting landscape is 

quantified with the landscape metrics of Table 2 and the connectivity is calculated from the 

outflow hydrograph following definition [1]. Various other statistics of the hydrograph are 

also recorded, such as outflow initiation time, time to peak, peak discharge etc.  For each 

mapping algorithm 100 such simulations are conducted for a constant source abundance of 



 

0.5; two examples are visualized in

characteristics, save for the spatial organis

therefore solely attributable to changes in pattern and flow network. To 

investigate the effect of source abundance, this experiment 

abundance 0.2, 0.4, 0.6, 0.8, and 1. F

between repetitions: hence only 50 simulations (inde

carried out. 

The goodness of fit measure used 

hydrograph statistics is the coefficient of determination

[18] �R = 1 � �X � 1� �X⁄
with N the number of observations, 

regression model’s sum of squared errors and SSTO the total sum of squared errors.

3.2.1 Pattern-hydrograph relation for source abundance 0.5

Firstly, we check whether the hydrograph

other. Boxplotting the hydrograph parameters in 

variations in hydrograph statistics 

other algorithms, but that they

(Manley 1986) accounting simultaneously for all measures

significant pair-wise difference for all mapping algorithms, both in mean and in variance.

Figure 20 Boxplots of resulting hydrograph statistics for 0.5 source abundance as a function of the 

mapping algorithms 

48 

are visualized in Annex C. All generated basins are identical in their 

characteristics, save for the spatial organisation of the elements. Variations of outflow are 

therefore solely attributable to changes in pattern and flow network. To 

investigate the effect of source abundance, this experiment is repeated for source 

0.8, and 1. For source abundance 1, only the water network differed 

between repetitions: hence only 50 simulations (independent of mapping algorithm) a

The goodness of fit measure used to quantify in how far the metrics 

is the coefficient of determination (Kutner et al. 2005

�X � � � 1� SSE SSTOL   

the number of observations, P the number of independent variables, SSE the 

regression model’s sum of squared errors and SSTO the total sum of squared errors.

hydrograph relation for source abundance 0.5 

whether the hydrograph differs from one mapping algorithm to the 

other. Boxplotting the hydrograph parameters in Figure 20, we can see visually that the 

statistics emerging from one mapping algorithm 

, but that they differ in mean and in range. A multivariate Hotelling’s T² test 

accounting simultaneously for all measures confirms this and 

wise difference for all mapping algorithms, both in mean and in variance.

Boxplots of resulting hydrograph statistics for 0.5 source abundance as a function of the 

. All generated basins are identical in their 

ation of the elements. Variations of outflow are 

therefore solely attributable to changes in pattern and flow network. To additionally 

s repeated for source 

or source abundance 1, only the water network differed 

pendent of mapping algorithm) are 

to quantify in how far the metrics explain the 

2005): 

the number of independent variables, SSE the 

regression model’s sum of squared errors and SSTO the total sum of squared errors. 

om one mapping algorithm to the 

, we can see visually that the 

emerging from one mapping algorithm overlap those from 

. A multivariate Hotelling’s T² test 

confirms this and returns a 

wise difference for all mapping algorithms, both in mean and in variance. 

 

Boxplots of resulting hydrograph statistics for 0.5 source abundance as a function of the 
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A principal component analysis (Smith 2002) of the hydrograph statistics reveals two 

major axes: the first axis is the runoff event magnitude and is related to the connectivity, the 

peak discharge, runoff event duration and time of cessation; the second is a retardation 

factor that expresses the time to runoff initiation and the time to peak. Figure 21a places the 

groups of significantly different mapping algorithms in the two major dimensions. Two other 

clusters can be identified in the data: namely those maps with an outlet adjacent source 

area and those with an outlet adjacent sink. Transforming the statistics to the absolute 

deviations from their mean, a similar principal component analysis is done but inferences 

now relate to the variance of the mapping algorithms rather than their mean in analogy to 

Levene (1960) comparison of variation. Differences in the two main axes of variation are 

presented in Figure 21b. Random maps have relatively stable and small runoff events, with a 

quick response to the rainfall: a larger percentage of the sink areas is subjected to inflow, 

hence more re-infiltration and water redistribution occurs, tempering the volume at the 

outlet; however (almost) never reducing it to zero contrary to more clustered maps which 

are more probable to disconnect from the outlet. If runoff does occur in more clustered 

maps, they tend to have larger events due to the accumulation of runoff within source 

patches, and to exhibit a time gap between the rainfall and the runoff initiation as well as 

the runoff peak. The latter may be explained by the larger contributing area which results in 

a longer travel time. As exemplified in Figure 52, random maps have only small contributing 

areas. 

 

  

Figure 21 Mapping algorithms positioned in the space of the two main principle components of the 

hydrograph statistics’ mean (left); and in their variance (right) 



 

A second comparison is done to relate the hydrograph to the landscape metrics. In 

general, we see that event magnitude

largely defined by those two

given in Table 3. The retardation factors initiation time and time to p

predictable but generally not so strongly dependent 

distance measures. There is some correlation with t

well. 

 

Figure 22 Connectivity, τ, regressed against landscape metrics for source abundance 0

2 for metric abbreviations) 

 

 

Connectivity: +PX +Iτ -mdo +d 

Peak discharge: -mdo +Iτ +sdo +mdo

Probability of outflow: PX, Iτ 

Time to end: PX + Iτ -B -dnear 

Runoff initiation time: cte  for d
                                       +dnear -PX

Time to peak: +PX +nP +mdo 

Duration: equals time to end for d
                  +PX +Con5 +nP –Con5

Skewness: -nP +mdo -dnear 
Table 5 Indicative regression function
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on is done to relate the hydrograph to the landscape metrics. In 

event magnitude depends on measures of distance and clumping and 

largely defined by those two. In particular, the goodness of fit of connectivity to them is 

he retardation factors initiation time and time to p

predictable but generally not so strongly dependent on clumping measures

There is some correlation with the tortuosity of the network 

onnectivity, τ, regressed against landscape metrics for source abundance 0

#metric

 

+sdo +mdo. Iτ 

for dnear = 0;  
PX -sdo for dnear ≠ 0 

 

for dnear = 0;   
Con5/PX  for dnear ≠ 0 

egression functions of landscape metrics predicting the hydrograph

on is done to relate the hydrograph to the landscape metrics. In 

measures of distance and clumping and is 

. In particular, the goodness of fit of connectivity to them is 

he retardation factors initiation time and time to peak are far less 

on clumping measures and more on 

the network (PC4) as 

 

onnectivity, τ, regressed against landscape metrics for source abundance 0.5 (see Table 

#metric R² 

4 0.91 

3 0.87 

2 5.2% 

4 0.86 

1 
3 

1 
0.83 

3 0.45 

5 0.93 

3 0.51 
metrics predicting the hydrograph 
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When regressing connectivity directly against the landscape metrics, the proximity 

index, PX, -capturing effects of both clumping and distance- explains 81% of the observed 

variance. A source patch contributes much to the proximity index when close to the outlet or 

when extensive, while small, remote patches have only little impact. Small variations in 

pattern therefore only influence connectivity if they occur close to the outlet while for the 

variation far away, only the large patches connect to the outlet and contribute to the 

catchment runoff. The importance of proximity index moreover indicates that knowledge of 

the distance between source areas and the outlet becomes increasingly important with 

increasing degree of clumping. Adding other metrics into the regression can improve the 

prediction of connectivity. A final formula is given in Figure 22. The fits for other hydrograph 

statistics are given in Table 5. Proximity index plays an important role in almost all of them. 

Other elements that reoccur frequently are the landscape connectivity statistics, be it 

symmetrical connectivity or, often performing slightly better, n-point. The landscape 

connectivity statistics are measures of clumping, but clumping along drainage lines. Also the 

mean distance to the outlet, mdo, supplies important additional information. Irrelevant 

metrics in this study are: shape measures (e.g. normalised area), Horton ratio and Euler 

numbers. 

3.2.2 Influence of source abundance on pattern-hydrograph relation 

Even without variations in pattern, an overall magnitude change in the hydrograph is 

expected with varying source abundance. More sources implies more runoff production. The 

internal production is estimated directly from the Green-Ampt equation as the ponding 

depth multiplied by the total area of sources; hence it varies linearly with source abundance. 

Connectivity, as defined in [1], gives a normalised measure of the basin response, as the 

outflow is scaled with the internal runoff production. Other hydrograph measures are not 

normalised. The overall shift of the hydrograph with source abundance is shown in Figure 

23. 

The trend in connectivity and the differences in this trend according to the mapping 

algorithm is studied in more detail. This comparison is shown in Figure 24. The connectivity 

of random patterns is very low. They have almost certainly a negligible connectivity for 

source abundances smaller than 0.5, the critical percolation probability of a triangular grid 

(Stauffer and Aharony 1994). Even at source abundance 0.6 it is still below 10%, but the 



 

Figure 23 Influence of source abundance on the hydrograph

Figure 24 Influence of source abundance on the connecti

algorithms 

connectivity increases towards 60% when all cells are sources. The higher average 

connectivity of more clustered maps tends to depend on the position of the source patches, 

resulting in a higher variability, which, however, decreases with abundance. Although the 

majority of the simulations have no or very small connectivity at low source abundance, the 

high variability can be explained by a few exceptions of high connectivity that occur when a 

single small source patch is adjacent to the outlet. At higher source abundance, on the other 

hand, connectivity is less uncertain as the number of sources and the associated larger 

runoff production guarantees connectivity with less dependency on the position of tho

sources. Finally, the variance in connectivity for source abundance 1 is exclusively due to 

differences in network structure, leading to differences in travel time to the outlet.

Within the same source abundance each metric i

their relative significance changes with 

dominate the hydrological beh
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Influence of source abundance on the hydrograph 

Influence of source abundance on the connectivity; comparison of the different mapping 
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ity, which, however, decreases with abundance. Although the 

majority of the simulations have no or very small connectivity at low source abundance, the 

high variability can be explained by a few exceptions of high connectivity that occur when a 

l source patch is adjacent to the outlet. At higher source abundance, on the other 

hand, connectivity is less uncertain as the number of sources and the associated larger 

runoff production guarantees connectivity with less dependency on the position of tho

sources. Finally, the variance in connectivity for source abundance 1 is exclusively due to 
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dominate the hydrological behaviour of the basin. The landscape metrics in 
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Figure 25 Changes in how well the metrics explain connectivity with varying source abundance

split up in three groups. Metrics that are to some extent

areas to the outlet show a negative correlation with abundance. The distance becomes less

important with a rise in abundance.

optimum at medium abundance while declining towards both extremes. This is easily 

understood by the fact that near the two extremes

homogeneous pattern, pure clumping metrics are constants and hence cannot explain any 

variability in the process. Unless metrics take into account the network structure

therefore cannot explain remaining variability at source abundance 1. Net

particular show a steep increase in significance near source abundance 1. Some metrics (nP, 

Iτ, Con5, Con0 and mdo) are measures of clumping, distance as well as network structure 

and therefore remain explanat

the dominant process influencing connectivity: at low source abundance, the remoteness 

the few source areas governs

sink-source mosaic regulates 

flow paths, i.e. the basin’s trav

For other hydrograph statistics we see similar behaviour: i.e. decreasing importance 

of distance, concave relation for clumping and

abundance 1. 

3.3 Discussion: The usefulness of landscape metrics

Each landscape metric extracts different information from the pattern and describes 

other aspects of heterogeneity. By linking them to processes, the 
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n how well the metrics explain connectivity with varying source abundance

Metrics that are to some extent measures of the distance of source 

show a negative correlation with abundance. The distance becomes less

important with a rise in abundance. Metrics that capture the degree of clumping exhibit an 

optimum at medium abundance while declining towards both extremes. This is easily 

near the two extremes the basin is close to homogeneou

homogeneous pattern, pure clumping metrics are constants and hence cannot explain any 

the process. Unless metrics take into account the network structure
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particular show a steep increase in significance near source abundance 1. Some metrics (nP, 

, Con5, Con0 and mdo) are measures of clumping, distance as well as network structure 

explanatory at all abundances. They moreover automatically adapt to 
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s the hydrological reaction, at medium source abundance the 

 the connectivity and at high source abundance the network of 

flow paths, i.e. the basin’s travel time distribution, controls the runoff response.

For other hydrograph statistics we see similar behaviour: i.e. decreasing importance 

of distance, concave relation for clumping and a steep rise of network metrics near source 

: The usefulness of landscape metrics 

Each landscape metric extracts different information from the pattern and describes 

other aspects of heterogeneity. By linking them to processes, the validity of that information 
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Metrics that capture the degree of clumping exhibit an 

optimum at medium abundance while declining towards both extremes. This is easily 

the basin is close to homogeneous. For a 

homogeneous pattern, pure clumping metrics are constants and hence cannot explain any 

the process. Unless metrics take into account the network structure they 

cannot explain remaining variability at source abundance 1. Network metrics in 

particular show a steep increase in significance near source abundance 1. Some metrics (nP, 

, Con5, Con0 and mdo) are measures of clumping, distance as well as network structure 

automatically adapt to 

the dominant process influencing connectivity: at low source abundance, the remoteness of 

the hydrological reaction, at medium source abundance the 

at high source abundance the network of 

the runoff response. 

For other hydrograph statistics we see similar behaviour: i.e. decreasing importance 

a steep rise of network metrics near source 

Each landscape metric extracts different information from the pattern and describes 

validity of that information 
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regarding the process is effectively tested. Thus, landscape metrics provide pertinent 

insights not gained by either black box modelling or by highly-calibrated solutions of a grid-

based, over-partitioned distributed model. Here, we tested how and to what extent the 

basin response depends on landscape pattern and which metrics are the most relevant to 

these changes. Ceteris paribus, pattern can exert a strong control on the basin response. A 

huge variety in runoff responses was attained by only altering the pattern in which set 

hydrological classes were organised.  

However, with patterns completely or close to random, the effect of configuration 

becomes negligible. Modelling purely random heterogeneity can therefore be reduced to a 

simpler depiction where the spatial dimension is ignored. This case is similar to the one we 

made in regard to 2.3.2 where we saw that random organisation also reduces to the simpler 

lumped model. In 2.4, we linked this observation to scaling laws and to the model grain and 

the representative elementary area. Wood et al. (1988) asserts that variations in actual 

patterns of topography, soil and rainfall characteristics result in a spectrum of responses but 

as area increases -and as properties possibly shift from organised to random (Hopmans et al. 

2002)- all basins give similar responses for stationary distributions (Julien and Moglen 1990). 

Thus, if the modelled catchment is much larger than the scale of heterogeneity, the specific 

location of sinks and sources does not play much of a role. If, on the contrary, the two scales 

are similar, spatial organisation emerges as a significant control, and has to be accounted for 

explicitly in model structures. 

The results indicate a need to conform model structures to the organisation of 

heterogeneity since the latter affects the relative importance of processes: not only can we 

ignore spatial arrangements for random patterns while for more organised patterns it should 

be accounted for; but controls also change with source abundance as either the travel time 

distribution or the pattern governs the response. While scale alterations to model structure 

and parameterisation has been discussed profusely (Beven 2001; Blöschl 2001), pattern 

differences also necessitate to question model extent. Changes as well as similarities (Milne 

1991b) in pattern occur both in space and across scales. Pattern can therefore be used as an 

upscaling principle (Imeson and Lavee 1998) and as a means of extrapolation. Metrics, as 

expressions of the patterns, may similarly serve as ready abstractions and allow thus 

quantitative comparison and classification of basins according to pattern differences and the 

accompanying dominant processes and model structure requirements. In the end, those 
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metrics may then contribute to the challenging prediction in ungauged basins (PUB) 

(Sivapalan et al. 2003b; Schröder 2006; Michaelides and Chappell 2009). In order to allow 

comparison across space and scale, complex spatial information needs first to be abstracted 

though to a minimal set of relevant numbers (Grayson et al. 2002; Schulz et al. 2006). 

However, a single landscape metric cannot adequately describe pattern nor capture 

the complex interaction with hydrological processes. Considering the controlled model 

environment that generated the data, not even the 23 applied landscape metrics sufficed to 

define the simulated responses satisfactorily. Nonetheless, a major reduction in variance 

was achieved. This was done by defining patches, neighbourhood and distances in a 

hydrological sense accounting for both sub-basin and drainage network structures. The 

significance of distance to the outlet in determining connectivity appeared clearly, but 

metrics that took into account distance, aggregation and network performed best. 

This study was performed with a single set of infiltration and rainfall parameters. 

Modifications of the parameter values used might provoke significant alterations in results. 

Pattern was shown to have a strong impact on the response if the infiltration parameters of 

the source and sink areas differ sufficiently but not extremely and if the rainfall duration-

intensity effects one of the classes to act as source and the other as sink. However, if both 

classes react more similar to the hydrological event, their arrangement is expected to lessen 

in influence, ultimately leaving only network to control the process, as with source 

abundance 1. This convergence of class behaviour can be achieved by, besides abundance, 

altering the infiltration parameters or by changing the rainfall properties. On the other hand, 

if the infiltration is drastically different, the basin reaction may become solely determined by 

the reaction of the outlet adjacent hydrological patch while the pattern beyond is effectively 

disconnected. Indeed, the control of pattern is strongest at intermediate rainfall intensities 

that fall within the range of the infiltration capacities (Western et al. 2001; Puigdefábregas 

2005). Sink-source patterns can, beside from differences in land and surface properties, 

moreover emerge from heterogeneity in rainfall characteristics. The hydrologic pattern of a 

catchment is moreover not static, but may change in the short term by shifts in antecedent 

soil moisture distribution (e.g. Grayson et al. 1997), at mid-long term by seasonal 

fluctuations, and in the long run by dynamic feedbacks, for pattern is cause (as in this study) 

but also consequence (Tongway 1994; Valentin et al. 1999; Hughes 2008) of a dominant 

hydrologic regime. 
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3.4 Conclusions 

In this chapter we wanted to investigate how and to what extent landscape pattern 

influences the basin response. The hydrological response indeed varies with the spatial 

organisation of the catchment’s heterogeneity, but this dependence diminishes to 

insignificant in case of a random distribution when the heterogeneity varies over much 

smaller areas than that of the modelled catchment and, moreover, can be inferred to alter 

with rainfall and initial infiltration characteristics. The main goal, however, was to find a 

quantification of pattern that explained connectivity. Different metrics relate to the 

hydrological connectivity but no single metric explains its variance completely. Distance and 

aggregation measures proved most valuable. The variable performance of different types of 

information opens interesting perspectives to diagnose the complicated interaction between 

spatial organisation and the internal catchment functioning through landscape metrics. 

Nonetheless, results do not justify their use as pure predictive quantities. They could 

however be insightful as comparison and classification tools, as ways of identifying dominant 

processes and as pointers to what type of predictive model is needed, and what level of 

partitioning of the model domain is meaningful. 

The whole analysis in this chapter started from a known pattern of sinks and sources. 

This could imply that, in order to distinguish various patterns and calculate metrics, the 

spatial arrangement of infiltration characteristics needs to be mapped. As already 

mentioned in 1.3 this is information that is hardly available and not evidently obtainable. 

One redeeming feature is that random patterns do not need spatial information. Data 

sampling strategies may benefit from this observation. We may identify key landscape units 

and map their position; supposing further that heterogeneity within each landscape unit is 

randomly arranged, such that the heterogeneity that matters at the basin scale solely comes 

from the pattern of the landscape units. We might also approximate infiltration patterns by 

patterns of other more readily obtainable landscape characteristics. In Chapter 4 we 

describe a field experiment set up to identify what landscape characterisation could capture 

spatial variations in infiltration. 
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Chapter 4 Mapping spatially varied infiltration in a semi-arid gully 

If we want to investigate and quantify connectivity, simple input-output correlations 

are not sufficient. Although the discussion in section 2.4 argues that the rainfall-runoff curve 

can contain information about contributing area dynamics, the comparison in section 2.3.3 

at the same time evinces that multiple connectivity processes can produce the same overall 

output. The argument is that an analysis of the outflow cannot differentiate direct 

infiltration from runoff redistribution and that this differentiation is exactly what 

connectivity is about. Hence, it is paramount in connectivity studies to acquire knowledge of 

internal state variables and, as was profoundly explored in Chapter 3, of their spatial 

arrangement. The central state variable is infiltration, which was also used in Chapter 3 to 

define the sinks and sources. This chapter deals with mapping the spatial variation in 

infiltration. 

It is however not sufficient to simply map the volume of infiltration, as the origin of 

the water that infiltrated -rainfall or runon- thus remains obscure. To investigate 

connectivity, runoff transmission losses need to be observed directly, rather than the 

combined effect of rainfall and overland flow. With an overland flow experiment, the origin 

of infiltration is clearly runon and the observed infiltration resembles runoff redistribution 

and transmission losses. The latter is important, since infiltration dynamics of runon 

significantly differ from those observed under rainfall conditions (Langhans et al. 2011). 

Plume experiments have been conducted to quantify connectivity (Hairsine et al. 2002; Lane 

et al. 2006), but here, concentrated flow is considered. Hillslope runoff tends to concentrate 

in rills and pass through gullies before providing flow to ephemeral river channels (Emmett 

1978; Favis-Mortlock et al. 1998). Gullies thus form important linkages transporting water 

from hillslopes to valley bottoms and can consequently increase connectivity (Poesen et al. 

2003; Kirkby and Bracken 2005). On the other hand, infiltration of concentrated, high energy 

flow into gully and channel beds forms an important cause of transmission losses in semi-

arid environments (Bull and Kirkby 2002; Thomas 2005; Dahan et al. 2008), even to the 

extent that bed infiltration can exceed infiltration in inter-gully areas (Bryan and Poesen 

1989; Parsons et al. 1999; Poesen et al. 2003). Consequently gullies can also decrease 

connectivity (Descloitres et al. 2003). Understanding transmission losses in rills and gullies 
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and the connectedness of their network is therefore key in understanding the connectivity of 

a hillslope. 

The experiment consists of pouring water into the head of a gully and capturing the 

outflow at its outlet. Similar experiments have been conducted by Molina et al. (2009), who 

mainly looked at the total water loss. Here, the infiltration variations across the length of the 

gully are in addition mapped at high resolution. The first objective is therefore 

� to map the infiltration into a gully bed during a concentrated flow event 

Infiltration depends on many local factors as well as flow characteristics. Vegetation 

plays an important role in semi-arid environments when it comes to water dynamics and 

runoff redistribution (e.g. Cammeraat and Imerson 1999; Puigdefábregas 2005; Bautista et 

al. 2007; Mayor et al. 2008; Molina et al. 2009). The dependence on surface morphology: 

micro-topography, channel cross sections, slope etc.; has also been established (e.g. Mayor 

et al. 2008; Molina et al. 2009). The second objective is then 

� to map the vegetation cover and micro-topography 

By mapping such potential controlling factors, and comparing them with observed 

patterns of high and low infiltration patches, we would be able to determine whether they 

can predict infiltration and subsequently be able to investigate the effect of their spatial 

arrangement on the connectivity. However, the first objective could not satisfactorily be 

achieved since the obtained infiltration map is found to be unreliable. Thus, the latter 

comparison to the controlling factors is not meaningful and was omitted. 

 

 

Figure 26 Experimental site and detail of the outflow collection (1 December 2010, El Salar) 
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 In the following section, we describe how the experiment is set up in order to 

address these objectives and come to two main instruments that are used: structure-from-

motion and hydrogeophysics. Section 4.2 details out what the latter consist of, how it is used 

and which results are obtained from it. A detailed explanation of structure-from-motion is 

postponed to Annex A. 

4.1 Experimental setup and data collection 

According to Lavee et al. (1998), erratic overland flow generated over rocky hillslopes 

in arid regions is often insufficient to support vegetation such that runoff reaches 

unhindered the valley bottom where it subsequently disappears in colluvial soils. In humid 

regions, on the other hand, overland runoff is only produced over saturated areas and these 

are topographically controlled (Dunne et al. 1975; Grayson et al. 1997; Bracken and Croke 

2007). Patchiness in infiltration characteristics is typical of transitional semi-arid areas (Lavee 

et al. 1998). Moreover, in semi-arid environments, connectivity is mainly established by 

surface flow, while subsurface components can largely be neglected (Hughes 1995; Grayson 

et al. 1997; James and Roulet 2007) since, if it occurs, it is but small compared to its overland 

counterpart (Puigdefábregas et al. 1998). There is furthermore no base flow (Pilgrim et al. 

1988; Bracken and Croke 2007) while transmission losses can be high (Pilgrim et al. 1988; 

Hughes 1995; Ségius et al. 2002; Bracken and Croke 2007). This makes the semi-arid climate 

the more interesting for connectivity studies. The experimental site is located near Alicante 

in the south-east of Spain. The area has a semi-arid Mediterranean climate with a mean 

annual rainfall of 270 mm following a bimodal distribution with rain falling meanly in autumn 

and spring. Monthly rainfall ranges from 9 mm (July) to 35 mm (October). Mean annual 

temperature amounts to 18 °C. A gullied hillock with steppe vegetation is selected on the 

edge of El Salar.  

As can be seen in Figure 26a, a water tank is placed at the hillock’s crest with a hose 

bringing the water to the head of the gully. At the valley bottom, 16.6 m downstream, a 

small dam is installed with a hole in the middle from which the outflow is conducted to a 

recipient; as imaged in Figure 26b. The experiment consists of letting water flow from the 

head to the bottom. The outflow that reaches the dam is collected and its quantity and 

timing recorded. After 16 minutes and 162.1 litres, the tap of the tank is closed while the 

outflow continues to be recorded until the end of the runoff event, 3.5 minutes later. The 
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volume that left the gully amounted to 55.6 litres, giving a total infiltration of 106.5 litres 

spread over an approximate area of 16.6 m in length and a width varying between 20 cm 

and 1 m. 

In order to map at high resolution the infiltration that occurred during this 

concentrated flow event, the three-dimensional (3D) soil moisture distribution is imaged 

before and after the flow passed through. By localising regions of soil moisture increase, we 

may pinpoint where and in what amount infiltration occurred. Equating infiltration to the 

change in moisture content assumes that the infiltrated water remains inside the modelling 

domain -e.g. no deep percolation or evaporation- and that no significant horizontal 

subsurface flow takes place. These conditions hold since less than 1 hour elapsed between 

the two soil moisture images. In order to perform this imaging of the soil moisture, there 

exists a variety of techniques. Robinson et al. (2008b) distinguish them according to 

measurement scale. Traditional ‘point’ measurements supply reliable, high accuracy data, 

but are inadequate to capture the full variability of larger areas. Recent advances in 

geophysical instrumentation, on the other hand, promise to yield results at a wide range of 

scales. A number of geophysical quantities are sensitive to soil moisture and can therefore 

be used as indirect measurements of moisture (Vereecken et al. 2006; Binley et al. 2010): 

the dielectric constant is sensed up to several tens of meters depth by Ground Penetrating 

Radar (GPR) (Huisman et al. 2003); electro-magnetic properties are recorded by induction 

(EMI) with no or limited contact with the surface (Corwin and Lesch 2003; Sherlock and 

McDonnell 2003); and electrical conductivity is measured by Electrical Resistivity 

Tomography (ERT) or Direct Current (DC) resistivity (e.g. Dahlin 2001; Binley and Kemna 

2005; Samouëlian et al. 2005). Geophysical methods moreover have the advantage of being 

minimally invasive and largely non-destructive, such that, once installed, time-lapse 

monitoring with measurements at consecutive instances can image the dynamics of 

hydrological processes (Daily et al. 1992; Zhou et al. 2001; Kemna et al. 2002; Vereecken et 

al. 2004; Garré et al. 2010; Garré et al. 2011). By far the oldest technique is Direct Current 

(DC) resistivity which pioneered in the early 1900 with the works of Wenner (Wenner 1915) 

and Schlumberger (Schlumberger 1920). Such early work detected layers in a 1D depth 

profile. With the onset of computer power and fast acquisition technologies, dense 2D or 3D 

imaging of the subsurface has become possible. The latter is known under the term electrical 

resistivity tomography (ERT). The soil moisture distributions are imaged by collecting ERT-
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data both before and after the flow experiment. Each ERT measurement maps the electrical 

conductivity of the shallow subsurface. The electrical conductivity is related to various 

aspects of the soil, mainly its porosity and water content, as formalised in Archie’s Law 

(Archie 1942) and other empirical pedophysical relations (e.g. Waxman and Smits 1968; 

Ewing and Hunt 2006). As water content is the only factor that changes between the two 

measurements, the difference relates solely to the infiltration. A further description of the 

ERT measurements and the data analyses is given in 4.2.  

In addition to the volumetric ERT measurements, Time Domain Reflectrometry (TDR) 

(Noborio 2001) samples a limited number of point measurements. TDR provides water 

content with high accuracy in a fraction of a second and is widely used in hydrology. In 

addition, TDR also provides bulk electric conductivity. The volume measured, however, 

extends only a few centimetres around the probe. In 4.2, the TDR data, also collected both 

before and after the flow experiment, is used in conjunction with the ERT, both as reference 

points as well as to establish the relation between moisture content and electrical resistivity. 

Lastly, potential factors that influence the infiltration are mapped: the surface 

morphology and the vegetation cover are supposed to supply the main variability in 

transmission losses across the measurement domain. To characterise the topography, there 

is a choice between scanners (Heritage and Large 2009), photography (Hartley and 

Zisserman 2003; Ma et al. 2006) and profile meters. Photography is by far the most 

inexpensive, both in labour and in costs. With recent advances in structure-from-motion 

algorithms, it has become possible to create high-resolution, accurate reconstruction from 

handheld oblique photography with common available cameras. Various high standard 

algorithms that fully automate the reconstruction from a set of images have been 

developed, often coming with freely available software (e.g. Vergauwen and Van Gool 2006; 

Snavely et al. 2008b; Farenzena et al. 2009; Olsson and Enqvist 2011). Photo’s, moreover, 

contain colour, such that land cover mapping lies within reach. The largest disadvantage of 

photography is that one cannot reconstruct what one cannot see: the land surface 

underneath view obstructing objects such as plants cannot directly be imaged. In Annex A 

we present the structure-from-motion pipeline that is used to obtain a digital terrain model 

of the gully; but also present our own developments to locate the TDR and ERT sensors. In 

Annex A.2 we explain how this is used to map the vegetation cover. 
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4.2 Imaging 3D infiltration by constrained ERT-TDR inversion  

Direct Current (DC) resistivity is based on measuring the potential difference between 

one electrode pair while transmitting direct current between another pair (Dahlin 2001; 

Cardimona 2002; Pozdnyakov and Pozdnyakova 2002; Samouëlian et al. 2005). The electrical 

resistance of the intermediate medium is related to the injected current and the measured 

potential difference by Ohm’s law. The volume to which this resistance can be attributed, 

however, varies with the relative positions of the four electrodes as well as with the 

resistivity of the intermediate medium, its heterogeneity and the geometry of its 

distribution. Electrical Resistivity Tomography (ERT) is based on conducting a set of 

resistance measurements for various quadruples of electrodes that each measure different, 

but overlapping, volumes in the investigation domain (Daily et al. 2005). The associated 

inverse problem is to find a 3D resistivity distribution that reproduces simultaneously all the 

measured resistances for the specific volume each measurement is sensitive to (Menke 

1989). In soils, electrical conduction is essentially electrolytic: ions moving in the fluid phase. 

The soil resistivity therefore mainly depends on moisture content, salinity and temperature. 

In most studies, the electrical conductivity of the solution is however assumed to be 

constant against the variation related to water content, such that tiny changes in salinity or 

temperature are negligible (Samouëlian et al. 2005). Pedophysical functions transform 

moisture content to soil resistivity and vice-versa. They are often empirically calibrated for 

the particular system under investigation. Time Domain Reflectometry (TDR) measures both 

soil water content and soil electrical conductivity (Noborio 2001). TDR is based on injecting a 

step voltage increase into a probe placed in the soil and observing the reflected waveform 

(Evett 2003). The time the signal takes to return is related to the soil’s dielectric constant 

which has in turn a good empirical correlation with water content (Topp et al. 1980; Ledieu 

et al. 1986); while the soil bulk electrical conductivity is calculated from the amplitude of the 

reflected voltage (Giese and Tiemann 1975).  

Figure 27b shows the overall ERT electrode layout and the positions of the TDR 

probes. The TDR probes are scattered over the area where infiltration is expected. The ERT 

electrodes are installed along 2 parallel lines, one on each side of the flow path, or along 3 

lines in which the middle runs along the centre of the flow path. Figure 27a schematises the 

used quadruples: dipole-dipole data is collected both along each line as well as between 

lines. 
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Figure 27 ERT scheme: position of the four electrodes (AB: current; MN: voltage) relative to the 

zone of infiltration (top); and overview of electrode layout (copy of Figure 49, bottom) 

16.6 m 
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A standard work flow for imaging the infiltration would proceed as follows: first a 3D 

resistivity distribution is estimated through ERT inversion. This is done both for the ERT data 

collected before the infiltration event and, independently, for the data collected after the 

infiltration. A pedophysical relation is separately established from the TDR data for the soil 

under investigation, and this is used to transform both resistivity models into soil moisture 

distributions. Lastly, subtracting the estimated moisture distribution before the infiltration 

event from the one after the event, results in an infiltration estimate. Other time-lapse 

approaches exist: such as, among other, using the first resistivity model as a prior to the 

second (Miller et al. 2008) or demanding a smooth variation in time (Hayley et al. 2011). 

Both options make that the estimates (before/after) do not deviate from each other unless 

the data itself gives sufficient cause. Another option is to directly invert the difference of the 

data (LaBrecque and Yang 2001; Miller et al. 2008) or its ratio (Daily et al. 1992). The latter 

two techniques focus on the changes over time.  

Hereafter, a different scheme is proposed: due to the nature of the experiment, two 

conditions are a-priori known: one is that the moisture content should not decrease. As 

shown by Figure 35b, this is not necessarily the case when the datasets are inverted 

independently. The second condition is that the total volume of the infiltration over the 

whole domain equals the difference between what has been poured into the gully head and 

what has been measured to flow out of it. The first objective of this section is therefore to  

� use water balance and monotony criteria to constrain the infiltration model.  

The resulting inversion scheme is presented in 4.2.1 and results are presented in 

4.2.2.2. In addition, pedophysical functions calibrated from a limited number of point-scale 

TDR measurements are not optimal for the resistivity obtained from ERT. Therefore, the 

second objective is to  

� optimise the pedophysical function simultaneously with a joint ERT-TDR inversion.  

How this is done is explained in 4.2.2.3.  

4.2.1 Constrained hydrogeophysical inversion algorithm 

A least-square optimisation minimises the L2-norm of the data residuals, i.e. the 

difference between the observed resistances for each quadruple of electrodes and the 

predicted resistances for a given estimate of the resistivity model. A weighted least-square 

minimisation is: 
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[19] minimise ���
� = ��	� − ��
��RR 

In which d is a vector of observed resistances, ρ is a resistivity model, D a weighting 

matrix and f a forward operator. The forward operator solves for the potential field 

generated by transmitting current between electrode pairs. The associated boundary value 

problem [20] is solved with Boundless Electrical Resistivity Tomography (BERT). It solves [20] 

using a finite element method (Krysl 2005; Larson and Bengzon 2010) over an unstructured 

tetrahedral mesh, such that arbitrary electrode placement and topography can be modelled. 

We refer to Rücker et al. (2006) for details.  

[20] ∇^∇� = −∇� in Ω ⊂ ℝQ 

^ [���z + g�] = � ∙ b on Γ 

where σ  is the electrical conductivity, u the potential field, j the source current 

density, n the outward normal on the boundary Γ and Ω the modelling domain. 

The resistivity model ρ in [19] is a vector with one entry for each cell in the 

tetrahedral discretisation. The degrees of freedom of this model are much larger than the 

data can accommodate, such that the solution of problem [19] is non-unique. In order to 

alleviate this non-uniqueness, Constable et al. (1987) adds a Thikonov regularization 

(Tikhonov and Arsenin 1977) that penalises contrasts between neighbouring resistivity 

values. Thus, of all the possible solutions, the ‘smoothest model that still explains the data’ is 

retained. The multi-objective function to minimise is: 

[21] minimise ��
, H� = ��(
� + H��(
� = ��	� − �(
��RR + H‖�
‖RR 

with regularization matrix R. The objective function ϕ is thus a balance between 

minimizing the data misfit ϕD while keeping the model roughness ϕM small. When D is the 

inverse covariance matrix and when the residuals are independent standard normal 

variables, the squared sum of the residuals is χ²-distributed (Kutner et al. 2005). On the basis 

thereof, the regularization factor λ is optimised such that ϕD equals the number of data 

entries (Constable et al. 1987; LaBrecque et al. 1996). This is the quantification of the vague 

criteria ‘that still explains the data’. When λ is underestimated, the resulting model is too 

rough and we are overfitting the data error; while if λ is overestimated, the resulting model 



66 
 

is too smooth and we are blurring out reliable resistivity contrasts. This, however, requires 

that the noise in the data is well known. If only the relative data uncertainty is known, but 

their absolute size is not, other techniques can be used to determine a proper regularization 

strength, among which the L-Curve procedure (Hansen and O'Leary 1993; Farquharson and 

Oldenburg 2004; Günther et al. 2006): variations in λ track a pareto front in the (ϕD, ϕM)-

plane. This curve often has an L-shape. At the corner of this curve, a change in λ results in an 

equally significant change in model roughness as in data misfit. The λ value associated with 

this corner therefore gives a reasonable balance between representing the observations and 

structure in the model. 

Using a pedophysical function ρ(θ) that maps moisture content to resistivity, [21] can 

be written as a minimisation over the moisture content θ. Moreover, when two datasets and 

two models are involved, the following unconstrained objective function is obtained: 

[22] ��t%, tD, H� = ���% 00 �D� �log �
�%�D� − log � �
 �t%tD����R

R
+ H ���% 00 �D� �

t%tD��R
R
 

where the indices 0 and 1 refer to before respectively after the infiltration event. 

Since resistance is often supposed to be log-normal distributed, a log-transformation is used 

to normalise them. In formulation [22], there is no inter-dependency between the models θ0 

and θ1 and solving it would therefore amount to separately solving [21] for ρ(θ0) and ρ(θ1) 

respectively. However, extra knowledge of the infiltration experiment is used in order to 

constrain the result. There are two conditions: 

[23] tD ≽ t% 

[24] v�(tD − t%� = u − � 

Constraint [23] says that the moisture content is non-decreasing: water was added to 

the soil, no water left it. Constraint [24], where v is a vector with the volumes of each cell in 

the mesh, reduces the total infiltration over the whole modelling domain to the difference 

between the inflow I at the gully head and the outflow O observed downhill. By adding these 

constraints to problem [22], the models θ0 and θ1 are no longer independent: the 

conservation of mass constraint [24] forces them to differ a set amount, while constraint 
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[23] makes the moisture content after the infiltration event to be at least as moist as before. 

[22], [23] and [24] form together the nonlinear program [25]. 

[25] minimise ���, H� = ��(�� + H��(�� = ‖�(log � − log �(
(����‖RR + H‖��‖RR 

subject to ��� = � and �� ≽ 0 

in which θ0 and θ1 are concatenated into one model vector m. Problem [25] is solved 

by a Sequential Quadratic Program (SQP) using an Conjugate Gradient (CG) active set 

method and two projection functions. A detailed explanation of these three tools and how 

they are tailored to efficiently solve [25] can be found in Annex B. The algorithm was added 

into the open-source code GIMLi, a C++ library for “Geophysical Inversion and Modelling” 

(Günther et al. 2006). 

4.2.2 ERT-TDR data processing and tomography results 

Firstly, the diagonal weighting matrix D is created: each measurement is weighted by 

the inverse of its estimated uncertainty. The higher the uncertainty, the less the 

measurement weights upon the inversion. Stack errors are recorded by repeating the same 

measurement up to five times and calculating the standard deviation. After having set D, the 

ERT data is filtered in 4.2.2.1 in order to remove outliers. A robust weighting further refines 

D and an L-Curve procedure estimates the proper magnitude of the regularization factor λ. 

The TDR data is perceived to be disturbed by random Gaussian noise with no outliers. The 

TDR supplies a pedophysical function: Figure 28a shows a linear relation between measured 

soil bulk electrical conductivity and measured soil moisture content. However, this linear 

relation results in invalid negative conductivities for valid moisture content. Therefore Figure 

28b employs an exponential fit to keep the resistivity strictly positive:  

[26] 
(t� = �(@Ux� 8⁄  with a = 7.91 and b = 68.25 

With this pedophysical function, the inversion is formulated in moisture content [22] 

and constraints [23], [24] are added. The difference between the unconstrained formulation 

[22] and the constrained problem [25] is discussed in 4.2.2.2. Subsequently, in 4.2.2.3, we try 

to improve the inversion by jointly inverting TDR and ERT and by dynamically optimizing the 

parameters a, b of the pedophysical function [26].  
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Some statistics that are used, with N the number of data: 

[27] ))�! = �[� − �	
�t�] �⁄ � √XL  

[28] ?ℎ-R = �� X⁄  

 

 

Figure 28 Pedophysical function calibrated on TDR measurements 
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4.2.2.1 RANSAC data filter, error model and L-Curve 

The ERT data is noisy and may contain outliers. Random Sampling Consensus 

(RANSAC) (Fischler and Bolles 1981) is used to identify and remove outliers. RANSAC is based 

on randomly sampling subsets of the data and estimating the model from this subset. 

Resistivity models are estimated from [21] for each of the two datasets (before\after) 

separately.  

To start, 83 inversions are run for random data selections. Each selection samples 

600 data from the total of 1159 and each inversion returns an optimal model based on this 

sample. On the basis of this model, we divide all the 1159 data into inliers, i.e. those that fit 

the model, and outliers, those that don’t. In order to do so, a threshold has to be identified 

that splits the data into in- and outliers. To this end, the residuals of the random sample of 

600 are analysed for their distribution. On the basis of this distribution, a threshold is 

determined. None of the 83 inversions result in normal-distributed residuals; most, 

however, have a good log-normal distribution. Those that don’t, are removed and further 

not considered. For the inversions that have a log-normal distribution, its mean and 

standard deviation are calculated from the subset of 600 data. All 1159 data are 

subsequently categorised as inliers or outliers based on the p-value of their residual with a 

0.05 threshold.  

Each of the 1159 data is now classified for each of the 83 inversions either as outlier 

or as inlier. The probability of a data point to be a ‘good’ one, is defined as the percentage of 

inversions for which it is an inlier. This probability is used to identify and remove outliers 

from the data: a threshold is set and data that have a smaller probability than this threshold 

are considered outliers and removed from the dataset. Figure 29 shows how the fit improves 

as the threshold is increased and as more outliers are removed from the inversion. It also 

shows that there seems to be no further significant improvement for threshold values larger 

than 0.5 for the dataset before the infiltration and 0.3 for the one after the infiltration. For 

these thresholds, as can be seen in Figure 30, the residuals are also normally distributed, 

which evinces that the remaining inliers all have random Gaussian noise. 1119 and 1135 data 

are retained from a total of 1159. 

 The residual plots in Figure 31 can be divided into two groups: the first 700 or so 

data have clearly a larger variance than the last 400 data points. This division corresponds 

with the used electrode configurations. The first group of data are those that have been  
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Figure 29 Changes in data misfits rrms [27] and chi² [28] for increasing (0.0, 0.1 ... 0.9) threshold of 

inlier probability for the ERT dataset before (left) and after (right) the infiltration 

 

Figure 30 The residuals’ normality, i.e. the correlation of a QQ-plot, in function of the threshold 

(dotted line = dataset before, full line = after); where residuals = ������ − ������� ��� 

  

Figure 31 Residual plot for ERT inversion with thresholds 0.5 (dataset before, left) and 0.3 (after, 

right); where residuals = ������ − ������� ��� 
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measured along either of the electrode lines: all four electrodes stand on the same side of 

the infiltration zone and they are collinear. The last group of data are those for which the 

four electrodes form a parallelogram with two electrodes on one side of the infiltration zone 

and two on the other. The latter measurements appear to be less noisy and should therefore 

be weighted more in the inversion. More particularly, we robustly weight each data point 

individually based on its residual as in [29] and afterwards rescale the new uncertainty 

estimates ¡y¢ such that the overall uncertainty is kept identical (LaBreque and Ward 1991). 

The ith diagonal entry of the weighting matrix D is then set to 1 ¡y¢⁄ ; this removes the 

heteroscedasticity in the residuals. 

[29] ¡y¢ = ¡y£�log � − log �(��� ¡y⁄  

The robustly weighted data expresses relative confidence in each data point. The 

absolute uncertainty, on the contrary, is not well defined. Stack errors, i.e. the standard 

deviation of repeated measurements, can only sample a portion of the true error which also 

contains systematic errors. Hence, Stack errors generally underestimate the data 

uncertainty. We therefore expect to require stronger regularization than the statistical 

criteria ‘data misfit ϕD equals the number of data’ would suggest. The L-Curve was 

approximated as described in Günther (2005). On the basis of Figure 32 a regularization 

factor λ = 9 is chosen. 

 

 Figure 32 Approximate L-Curve for the unconstrained ERT inversion [22]: (ϕD, ϕM)-pairs for various 

selections of λ in the minimisation of ϕ(θ) = ϕD(θ) + λ ϕM(θ) 
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4.2.2.2 Unconstrained versus constrained hydrogeophysical inversion3 

A simple synthetic example is set up in order to investigate how the results alter by 

constraining the inversion and to see when constraints improve the model estimate. We 

start with a simple homogeneous 2D model with constant resistivity (400 Ωm) and add a 

small square anomaly of lower resistivity (100 Ωm). We can formulate similar constraints as 

[23] and [24] since the total change equals (400-100) times the area of the anomaly and 

since the resistivity does not increase. Dipole-dipole data is extracted from a 21 electrode-

array and 5% random Gaussian noise added to the artificial measurements. Figure 33 

compares the inverse results with constraints as in [25] or without as in [22]. Besides the 

trivial fact that the constrained inversion satisfies the monotony and mass-balance 

restrictions, while the unconstrained result does not, the anomaly is also better restrained in 

space and the resistivity values resemble the actual values closer: fit, i.e. sum of squared 

difference, with the true model is 0.196 for the constrained solution versus 0.261 for the 

unconstrained. The smoothness regularization smears the anomaly out, especially in 

downward direction where the data sensitivity is low. This regularization artefact is less 

pronounced in the constrained inversion. On the other hand, the homogeneous starting 

model is fitted slightly worse: 0.07 for the constrained model versus 0.05 for the 

unconstrained. Because it is a homogeneous model, smoothing is correct and cannot 

wrongly fill data insensitive areas. In addition, the constraints create inter-dependency 

between the two models, such that data error and inversion artefacts from one dataset are 

propagated into the other and vice versa. Nonetheless, the overall fit as well as the 

difference or model change is better estimated with constraints: 0.176 versus 0.258 for the 

unconstrained one. It is the latter that interests us most.  

The above comparison comprises but one example. Figure 34 shows results for 

multiple runs of the same setup with increasing noise added to the data. In addition to 

confirming the example, it shows that the improvement obtained by adding constraints is 

more severe with good quality data than when the data are disturbed by large amounts of 

noise. 

For the ERT data from the concentrated flow experiment, results are visualised in 

Figure 35. An unconstrained inversion [22] results in an inadmissible model with strongly 

decreasing moisture content, where we expect only increasing values. Due to these negative 

                                                      
3 a more thorough analysis may be found in Van Nieuwenhuyse et al. (submitted) 
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Figure 33 A simple synthetic model with surface measurements and 5% noise; inverse solutions for 

constrained (left) versus unconstrained (right); where the true anomaly (indicated by white 

rectangle) changes from 400 Ohmm to 100 Ohmm (true difference equals -300) 

 

Random noise added to 

synthetic data, resulting 

mean = full line;  

deviation = dotted line. 

 

Fit = average over all cells of 

squared difference between 

true resistivity and inverse 

estimate 

Figure 34 A simple synthetic model with surface measurements: how well does the inversion 

estimate resemble the true model with increasing noise? For the difference model. 
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Figure 35 Inverse moisture content change in 100m³/m³: with both non-negative and total mass 

balance constraint [25]  (top) and unconstrained [22] (bottom) split up in two figures: one giving 

the places of moisture increase, the other of moisture decrease; the gully runs diagonal: from 

lower left to upper right corner 
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Moisture content (100m³/m³) Change in moisture content (100m³/m³) 

  

Figure 36 TDR moisture content data versus ERT constrained inversion estimate: absolute moisture 

content (left) and difference (right) 

values, the total change in moisture over the whole model is uninformative. If only the non- 

negative constraint [23] is applied, the predicted change in moisture content is 11.4 times 

larger than with the mass constraint [24], possibly due to vertical or lateral smearing caused 

by the smoothness regularization. With both constraints [23] and [24], the total infiltration 

necessarily equals the known input of 106.5 litres. 

4.2.2.3 Joint ERT-TDR inversion and coupled pedophysical optimisation 

In order to examine the output of the constrained ERT inversion closer, Figure 36 

compares the moisture content as measured by the TDR probes with the ERT estimate at 

that position. There is evidently no correlation between them. In addition, the ERT generally 

underestimates the infiltration and overestimates the absolute moisture content. At least 

the latter can be rectified by an appropriate adjustment of the parameters a, b in the 

pedophysical function [26]. Therefore, we propose in this section to invert the ERT and TDR 

jointly while simultaneously optimising the pedophysical function parameters. 

ERT and TDR have different measurement scales. ERT integrates resistance over a 

large volume, where the exact extent depends on the electrode spacing and the medium 

into which current is injected. Electrode spacing is 70 cm such that the measurement 

volumes lie in the metre range. TDR, on the other hand, has only a reach of a few 

centimetres around the probe. Integrating the TDR into the ERT inversion is done by 

inserting small cuboids into the tetrahedral mesh, as visualised in Figure 37. Each cuboid 

envelopes the probe: its horizontal sides equal the 5 cm space between the two pins of one  
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Figure 37 TDR probes are inserted into the inversion mesh as small cuboids representing the 

measurement reach of each probe (view from underneath the surface) 

probe and its vertical sides are as long as one pin (12 cm). This is smaller than the actual 

sensitivity reach of the measurement, which varies according to the surrounding medium 

and is therefore difficult to exactly determine. If the cuboid would be too large, however, 

this would lead to extrapolation of moisture content. Therefore, it is judged better to take 

the cuboid too small than too large. Note that, anyhow, the smoothness regularization 

propagates the moisture estimate into neighbouring cells. The moisture content in each 

cuboid is represented by one entry in the model vector m. Minimising the difference 

between this entry and the TDR data, makes the inversion fit the TDR. 

In addition, the pedophysical parameters a, b of equation [26] are set as free 

optimisation variables. The data fit term �� for joint inversion of ERT and TDR, coupled with 

the pedophysical function becomes: 

[30] ����, ,, +� = ��¤	log �¤ − log �¤	e(¦U§� ¨⁄ �RR+���	dª − fª(m��RR 

where the subscript E stands for ERT and T for TDR. The data vector dT consists of the 

observed moisture contents, while the forward operator fT simply selects the elements of m 

that correspond to the positions of the TDR probes, without applying any transformation to 

their value. The inversion based on [30] can be seen as follows: a resistivity model is fitted 

through the ERT data and a moisture model through the TDR data. In addition, these two 

models are constrained to be related by some pedophysical function of exponential form as 



77 
 

in [26]. Changing the pedophysical function alters the overall scale of the moisture model 

and therefore the magnitude of the model roughness. In addition, the TDR residuals 

complement the overall data misfit. To regain a good balance between data misfit ϕD and 

model roughness ϕM, a new optimal regularization factor λ = 1.8 is estimated using the L-

Curve method. The result is presented in Figure 38 and Figure 39. There is a better relation 

between TDR measurements and model estimate but the infiltration is still generally 

underestimated. There is also some indication that the improved ERT-TDR correlation is only 

local, while regions at a distance from the TDR probes are not affected: the position of some 

of the TDR probes can be seen in the model as local blobs of high infiltration in a background 

of low or no infiltration. 

 

Figure 38 Results for the joint ERT-TDR inversion coupled with pedophysical parameter 

optimisation: infiltration model in 100m³/m³ with electrode positions and a slice to demonstrate 

the distribution with depth 
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L-Curve Change in moisture content (100m³/m³) 

 
 

Moisture content (100m³/m³) Pedophysical function 

  

Figure 39 Results for the joint ERT-TDR inversion coupled with pedophysical parameter 

optimisation: L-Curve: (ϕD, ϕM)-pairs for various selections of λ in the minimisation of ϕ(θ) = ϕD(θ) 

+ λ ϕM(θ) (top left) and the joint ERT-TDR inversion estimate with optimised pedophysical function 

compared against the TDR measurements (bottom and top right) 

4.2.3 Discussion: Uncertainty and resolution 

Error modelling and outlier detection and removal in geophysical data is an important 

and challenging task. Data error arises due to: systematic errors originating in poor contact 

between  electrodes and the soil; random errors coming from the measurement device; and 

sporadic errors appearing due to non-deterministic external effects (Binley et al. 1995). Of 

these error sources, stack errors only sample the random device error, while reciprocal 

measurements can pick up part of the systematic error. Reciprocal measurements change 

the role of the same four electrodes involved in one measurement, e.g. current electrodes 

become potential electrodes. They are more useful as true error representations (Koestel et 

al. 2008; Tanguy et al. 2011). Lack of information about data uncertainty can lead to poor 
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images (Binley et al. 1995; LaBrecque et al. 1996). In want of reciprocal data, we 

nevertheless reverted to stack errors to robustly weight the data. As a criteria of the error 

model, Binley et al. (1995) pointed out that the distribution of the residuals should be 

normal with zero mean and constant variance. The RANSAC filter successfully reduced the 

data to a set with normally distributed residuals, such as is expected from a natural data set 

with no outliers. Outlier removal is traditionally only done by removing extreme values in 

either the data or the estimated error. Schwartz et al. (2008), on the other hand, filtered on 

the basis of the residuals of a single inversion. In presence of severe outliers, such inversion 

result will be biased, such that the associated residuals are bad representations of the true 

data uncertainty. RANSAC avoids this by executing multiple inversions for minimal subsets of 

the data in the hope that the random selection will at least once sample only well behaving 

data and thus produce a model that is not biased but that reflects the true model closely. 

The residual plot Figure 31, however, shows that the data consists of two groups depending 

on electrode configuration. A similar dependency is also observed by Oberdörster (2010). By 

robustly weighting the data, we ended up with homoscedastic, zero-mean residuals. 

An unconstrained inversion returns, due to data error and regularization artefacts, an 

inadmissible model, with areas where the moisture content seemingly decreases. This could 

be avoided by adding the non-negative infiltration constraint [23]. In addition, as a 

consequence of the regularization, the zone of model change is wrongly extrapolated far 

beyond the actual region of change. This (vertical) smearing is typical for smoothness 

regularized geophysical inversion of surface measurements: tomography tends to 

overpredict the extent and underpredict the magnitude of geophysical targets (Day-Lewis et 

al. 2005). It is successfully tackled by the total mass balance constraint [24]. Constraining the 

inversion thus does not only increase the validity of the outcome by discarding models that 

do not comply to the knowledge of the experiment, but additionally delineates the 

infiltration zone more truthfully which can be conjectured to help in better discerning local 

variations.  

ERT and TDR measure a fundamental different scale. Small-volume pedophysical 

relations cannot readily be extrapolated to the field: obtaining hydrological state variables 

from geophysical tomograms at field-scale has therefore been only moderately successful 

(Singha et al. 2007). Tomographic images from ERT bear the imprint of regularization, survey 

geometry, measurement error and resolution. Therefore, Day-Lewis et al. (2005) argue that 
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tomographic estimates cannot be treated as approximate point-scale measurements. 

Tomographic images are blurry, blunted and artefact-prone versions of reality which leads to 

a correlation loss with point-scale hydrological measurements. This correlation loss may 

explain the pore relation in Figure 36 and could be seen as a strong argument against joint 

inversion with TDR. Nonetheless, several studies show a good correlation between ERT 

models and TDR measurements: e.g. Michot et al. (2003) report a coefficient of 

determination R² of 0.46, Schwartz et al. (2008) one of 0.57 and Zhou et al. (2001) of 0.67. 

Furthermore, Oberdörster (2010) obtains root mean square errors (rmse) between 0.03 and 

0.27 and Garré et al. (2011) between 0.005 and 0.03, depending on soil horizon. Other good 

correlations are reported in e.g. Al Hagrey and Michaelson (1999) or Hauck and 

Scheuermann (2005). For comparison, the statistics of Figure 39b and c are: rmse = 0.048, R² 

= -0.034 for the infiltration and rmse = 0.037, R² = 0.58 for the moisture content. For Figure 

36 the same statistics read: rmse = 0.085, R² = -1.20 and rmse = 0.092, R² = -2.83. 

How well tomograms can estimate point-scale measurements depends on the local 

resolution, which in turn depends on how the subsurface is sampled and on the applied 

regularization and inversion (Singha et al. 2007). Ill-resolved regions revert to the mean 

value and hydrological estimates are consequently biased (Day-Lewis et al. 2005). Well-

resolved parameters correspond to the average of their respective cell domain and 

consequently resemble the true model (Menke 1989; Friedel 2003): a cell as large as the 

sensitivity domain of the TDR that is also perfectly resolved should therefore match the TDR 

measurement. The resolution matrix	ℜ (Menke 1989; Friedel 2003; Günther 2005; Miller and 

Routh 2007) quantifies how the tomographic estimate at one point is actually a weighted 

average of its surrounding, much like a smoothing kernel that is placed over the ‘true’ 

moisture distribution, such that � = ℜ����:. The ith row in the resolution matrix lists the 

weights of this kernel. When a cell is perfectly resolved, the (i,i)-diagonal element of ℜ is 

therefore expected to be 1, while off-diagonal entries are all zero. Figure 41b shows 

however that no diagonal element exceeds 0.85, while Figure 40a indicates that for the TDR 

the diagonal entries are even smaller than 0.15 while many off-diagonal elements are non-

zero. Figure 40b furthermore visualizes how the weighting kernel extends far into the 

surrounding: this surrounding includes regions of high infiltration and -left, right and under 

the infiltration front- regions where the moisture content remained unchanged. Hence the 

predicted moisture increase from the smoothed, averaging ERT tomogram is much smaller  
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Figure 40 Resolution analysis of TDR-cuboids. Top: plots the number of entries in the TDR rows of 

the resolution matrix whose (absolute) value is larger than the value on the horizontal axis; 

bottom: an example of one column of the resolution matrix corresponding to the TDR whose 

cuboid is indicated by the white rectangle. 
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Figure 41 Coverage or cumulative uncertainty (Günther 2005): in how far is the estimate 

determined by the data (top); and the diagonal elements of the resolution matrix (bottom) 

than the actual local moisture increase observed by the TDR. If this reduced increase is 

smaller than the general uncertainty of the tomogram, no significant model change can be 

visualised. To obtain useful correlations between TDR and ERT, resolution should therefore 

be high at the TDR positions. This can be achieved by appropriately configuring the sensor 

geometry and measurement scheme. The chosen sensor setup, as presented in Figure 27, 

achieves some coverage in between the electrode lines -where the infiltration occurs- but 

the highest sensitivities, as seen in Figure 41a, are found along each electrode line. Note that 

the data coverage or cumulative sensitivity relates the moisture estimates to the data, while 

the resolution -as discussed above- combines the effect of data and regularization (see 

Günther 2005). In addition, data error is preferably low since increasing noise in the data 

results in poorer resolution (LaBrecque et al. 1996). Lastly, resolution in tomograms typically 

varies within the modelling domain. Recently, techniques have emerged that take into 
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account the resolution dependency of the pedophysical relation (Day-Lewis and Lane 2004; 

Moysey and Knight 2004; Day-Lewis et al. 2005; Moysey et al. 2005; Moysey et al. 2006). 

Pedophysical relations emerging from point-scale calibration, such as [26], may not 

hold at field-scale (Moysey et al. 2005; Singha et al. 2007). Aforementioned good 

correlations between ERT model and TDR measurements in other studies have in common 

that the pedophysical relation is calibrated after an independent geophysical inversion. The 

constraints on the hydrology of the system, however, require that a pedophysical function is 

known in advance. Although the direction of change should be independent of the particular 

pedophysical parameterisation, the viability of the total mass constraint [24] strongly relies 

on an accurate pedophysical estimate: if the pedophysical function is unreliable, the total 

infiltration mass will result in an enforced change in the resistivity model that may no longer 

relate to the ERT measurements. Thus, the pedophysical parameterisation adds an extra 

source of uncertainty. In this view, the joint-coupled inversion supplies a solution: it 

simultaneously exploits potential correlation between ERT and TDR data in order to estimate 

the pedophysical parameters and utilizes the hydrological constraints to ensure model 

admissibility and a global verification of the model with the mass balance. Indeed, joining 

the TDR data and the pedophysical parameters with the ERT inversion made the estimate 

resemble the moisture distribution better. 

Despite all these improvements, the resulting model in Figure 38 is insufficiently 

reliable: not only is the comparison with the TDR data poor, as reported above, but it also 

appears that the improvement gained by the joint inversion in section 4.2.2.3 is only local, 

i.e. a better resemblance is achieved near the TDR probes, but this betterment does not 

propagate throughout the rest of the model. In addition, the uncertainty and the resolution 

of the estimate, as in Figure 41, leave much to be desired. Potential difficulties in producing 

a reliable image may in addition to the above discussed issues arise from (in no particular 

order): temporal smearing, challenging topography, heterogeneity in pedophysical 

properties, low infiltration, sharp contrasts and poor electrode contact. The collected 

datasets are treated as if they measure the soil resistivity instantaneously, while in reality 

more than an hour separates the sensing of the first electrode quadruple from the last 

within the same dataset. This is generally no problem if the sensed resistivity distribution 

remains constant within this time span. If, however, the distribution significantly alters, 

measurements can no longer be treated as if collected instantaneously (Day-Lewis et al. 
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2002; Kim et al. 2009a): this problem is referred to as temporal smearing. It is plausible that 

infiltrated water is still redistributing within the soil matrix while the second measurements 

were taken, such that temporal smearing may have occurred. The triple-grid inversion 

scheme generally works better for ‘flat’ surface, while strongly undulating domains pose 

greater challenges, particularly in the calculation of the primary potentials and topographic 

effect (Günther and Rücker 2005; Günther et al. 2006; Rücker et al. 2006). The convexity of 

the gully bed and the quickly changing micro-topography can therefore hamper the 

tomographic reconstruction. In addition, the topography and sensor positions are only 

approximately known, which adds uncertainty to the model. Only a single pedophysical 

function is used over the whole modelling domain, while severe heterogeneity may occur:  

especially between weathered soil and unweathered rock. The TDR calibration Figure 28 

suggest but one pedophysical relation, but TDR predominantly sampled the weathered soil, 

while leaving out the hard rock. The total infiltration is comparatively low. When the 

infiltration plume would be more extensive, the difference would be more easily picked up 

by the ERT. In addition, a small infiltration plume creates a sharp contrast between the zone 

of infiltration and the zone underneath, where the infiltration did not reach. The general 

smoothness regularization is ill-adapted to such sharp boundaries (Günther and Rücker 

2006). Lastly, the stony, dry environment may cause bad sensor contact. 

Still, we believe that ERT is a promising measurement technique as predecessors 

have shown. It can densely image time varying processes which is crucial to gain insight in 

hydrological connectivity. Severe challenges remain though, especially concerning field-scale 

experiments in uncontrolled natural environments. 

4.3 Conclusions 

The goal of the field experiment was to map the spatially varied infiltration, the 

micro-topography and the vegetation pattern in a semi-arid gully during a concentrated flow 

event. Maps of these three components are displayed together in Figure 42. Furthermore, 

we wanted to search for correlations between the landscape characteristics and the 

hydrological process in order to gain insight in the connectivity of the gully. Due to the low 

confidence in the obtained infiltration estimate, the latter aim remains unrealised. 

4.2.3 discusses potential causes that may explain the insufficient result. We believe 

nonetheless that a reliable infiltration mapping is possible with a combination of ERT and 
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TDR if these difficulties are addressed and carefully considered when planning the survey 

and during data analysis.  

A good knowledge of the data error and an appropriate error model is critical. In this 

view, reciprocal measurements are an important tool in addition to repeatability and stack 

errors. Future acquisitions should therefore contain (at least a subsample) reciprocal 

measurements.  

Another bottle-neck lies in the sensor lay-out and measurement scheme that should 

attain a good coverage of the region of interest and result in an appropriate resolution such 

that the TDR and ERT can be used conjunctively and such that a pedophysical relation exists 

that links them. The chosen setup was insufficient in this regard. It might be more opportune 

in the future to choose either a full 3D acquisition, at the cost of an increased measurement 

time, or to opt for a 1D array running inside the flow path such that the sensitivity is 

maximized in the area of moisture change, yet at the risk of disturbing the natural infiltration 

process by the obstructive presence of the sensors.  

Lastly, the environment and infiltration amount should be selected appropriately in 

order to maximise the signal-to-noise ratio and, at the same time, to maximise the sensitivity 

to the process being measured; while still allowing to answer the study’s objectives.  

If these prerequisites are met, the developments presented in this chapter -RANSAC 

filter, constraints, joint and coupled inversion- can help in attaining a reliable and insightful 

result. Whether, however, ERT monitoring can achieve a sufficiently accurate and dense 

image remains an open question: the nature of the smoothness regularization and 

resolution issues may blur the heterogeneous contrasts which we are looking for. 
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Figure 42 Topographic contour map, plant pattern and depth-integrated infiltration map
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Chapter 5 Discussion and conclusions 

Hydrological connectivity has been brought in prominence because of the difficulties 

in appropriately representing heterogeneity in hydrological processes and models. That not 

merely the heterogeneity in itself but moreover its spatial configuration is predominant, 

needed no further confirmation as can be seen in a recent shift towards ‘sink-source’ and 

‘pattern-process’ concepts in hillslope hydrology (e.g. Sivapalan 2005; Schröder 2006; Schulz 

et al. 2006), especially concerning semi-arid environments (Lavee et al. 1998), and in the 

emergence of space besides time as an important dimension (Woods 2002). Both Chapter 2 

and Chapter 3 reassert and emphasize this viewpoint.  

What characteristics of the spatial configuration are hydrologically relevant and how 

to capture them quantitatively remains however an open discussion, despite numerous 

studies (see e.g. Michaelides and Chappell 2009). Various landscape metrics were tested in 

Chapter 3: while they go only a little way towards predicting the outflow, they can effectively 

be used in hypothesis testing in order to gain insights in the interaction between pattern and 

process. Thus we established that the amount of aggregation in interaction with the distance 

of source areas to the outlet is the main aspect that controls the connectivity when the 

rainfall intensity versus infiltration capacity creates a mosaic of runoff sinks and sources. 

Future research should continue to explore such artificial or observational comparative 

studies combined with quantifications such as landscape metrics and thus bring insightful 

advancements in the search for unifying laws of heterogeneity.  

To thigh together different specific case-studies, a common quantification of 

functional hydrological connectivity should be agreed upon, which could then be used to 

validate various structural measures, model efforts and observations. Definition [1] is here 

proposed and has the advantage that it directly quantifies the problem of upscaling with 

which this manuscript started. Since the denominator in [1] is however scale-dependent, we 

stress the need to define structural measures and to consider observations at the same scale 

as the denominator is defined and hope that the scale dependency will thus drop when 

investigating the correlation between scales and between the structure and the functional 

definition. 

Like landscape metrics can be the basis of hypothesis testing, they can reversely be 

used in identification of dominant processes and in basin classification. Metrics form an 



88 
 

objective quantification of pattern that bridge arbitrary scale divisions. Many aspects of 

upscaling, integration of fine-scale phenomena and changes in dominant processes with 

scale, are related to changes in landscape pattern. Additional investigation into the 

interaction between pattern, scale and process needs to be conducted.  

In both Chapter 2 and Chapter 3, randomness in particular emerged as a threshold 

criterion: it allows the simplification that spatial configuration can be ignored and that only 

the statistical distribution of heterogeneity remains significant. Indeed, some of the fine-

scale variability in runoff complexity will be integrated out as the interest moves to coarser 

scales, and as area increases all areas might even yield almost identical responses for the 

case of stationary distributions, as spatial patterns move from deterministic to random over 

scales (Blöschl et al. 1995; Savenije 2001; Sivapalan 2003). The hierarchical and fractal 

nature of landscapes may imply that this simplification phenomena may reoccur: e.g. that 

spatial configuration is important over small areas, can be ignored due to randomness for 

intermediate areas, but reappears for larger areas when other landscape trends emerge and 

the changing dominant process may trigger other components of the landscape to be the 

main process driver.  

Instead of trying to model everything, we need to allow for process simplification 

when integration into one model component does not significantly worsen the data misfit 

and concentrate on dominant processes which determine the outcome, ignoring or lumping 

insignificant processes (Sivakumar 2004). ‘Rescaling’ refers less to the need to ‘upscale’ 

detailed local process descriptions and more to changes of or alterations in the processes 

being described. Scale- or case-specific models may indeed be the best we can create (Beven 

2000), but this demands clear basin classification (McDonnell and Woods 2004; Wagener et 

al. 2007) such that areas of interest may be classified, similarity classes may be linked to 

certain dominant processes and the combination of processes correspond to particular 

model structures and data requirements (Sivakumar 2008). Time varying pattern should be 

one aspect of an urgently needed classification and metrics can supply objective criteria for 

pattern-based classes. 

One of the remaining open question in Wagener et al. (2007) is: “At what scale do 

internal structure and heterogeneity become important and need to be considered?”; which 

links closely to the representative area (REA) concept (Wood et al. 1988; Blöschl et al. 1995). 

We believe that randomness in spatial distribution of heterogeneity may play a threshold 
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role for model aggregation. REA was indeed introduced to supply fundamental building 

blocks for catchment modelling, but we would emphasize that randomness does not 

necessarily imply that the time-dimension needed to model the flow from one point to 

another inside these building blocks can be ignored, neither that the heterogeneity can be 

replaced by an ‘effective’ homogeneity; merely that the spatial configuration becomes 

superfluous. The effective parameters in e.g. a distributed model for a random (sub)region 

that need to be calibrated can therefore be the distribution -mean and variance- of the 

heterogeneity, as opposed to the individual values of each cell in the discretisation whose 

particular configuration does not matter. Future distributed modelling should try to step 

away from free calibration of parameters, but should try to account for spatiotemporal 

correlations in these parameters in accordance with the processes that form and alter the 

heterogeneity in the landscape. This could potentially counter part of the ill-posedness of 

distributed hydrological modelling.  

Randomness has furthermore implications for data collection: randomly distributed 

(sub)regions can be sampled sparsely, while in an area with significant spatial configuration 

the sampling strategy should try to capture fully this configuration or gradient. Without any 

knowledge of the system, a first, explorative sampling should, through spatial and cluster 

analyses of the collected data, try to determine key landscape units and their pattern; while 

a second survey can then ensure that each spatial element is sufficiently sampled in order to 

fix the relevant degrees of freedom, such that models may be stringently paramaterised 

within data uncertainty.  

Data sampling has to be in accordance with model complexity and parameterisation 

or vice-versa. In order to gain insight in hydrological connectivity, spatial data of hydrological 

variables is crucial as only little or no insight can be gained by scrutiny of the input-output 

relations as discussed in 2.3.3. Traditional point-scale measurements are however 

inadequate to capture fully the potential spatial variation. Yet, innovative geophysical 

measurement techniques promise to give data at scales and at a coverage relevant to 

hydrological connectivity. In 4.2 we presented such a measurement technique. The main 

concern remains the resolution and in how far the smoothened tomogram approximates 

point-scale hydrologic characteristics. This is partially caused by the typical non-uniqueness 

of the inverse problem. This can be countered by appropriate data collections schemes and 

inversion algorithms: e.g. constraining the problem ensures admissibility and consistency. 
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However, the resolution of tomograms will always vary across the modelling domain. 

Pedophysical and hydrological models should try to accommodate this typical tomographic 

property. Resolution also depends on data uncertainty and noise. Appropriate error models 

and data filters such as RANSAC help greatly in increasing the information content that can 

be extracted from the data. Future acquisitions should optimise the electrode layout and 

measurement scheme such that dense coverage and good resolution can be attained. If the 

later are fulfilled, we believe that reliable, detailed images of the heterogeneity can be 

obtained. A good error model, with reciprocal measurements should also be included. Lastly, 

a well conceived investigation of the pedophysical relations and their variability and 

uncertainty is required. 

To test hypothesis about hydrological connectivity we require spatial data coverage, 

that may be supplied by hydrogeophysical methods, and simplified models that concentrate 

on falsifying the hypothesis in collision with the data availability while taking into account its 

uncertainty. We moreover should not try to model everything but identify the dominant 

processes and build our data sampling strategy and model structure around those. This also 

demands a dynamic basin classification where the combination of structural basin 

characteristics, antecedent conditions and rainfall determine the dominant process that 

occurs. Such process classes should be based on threshold values of objective quantifications 

using metrics that account for heterogeneity, scale, and connectivity. 
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Annex A Topography, plants and sensor positions from overlapping 

pictures 

As introduced in 4.1 the surface morphology and the vegetation cover are obtained 

by photographing the site. Two series of images were taken: one during the period of the 

flow experiment when all sensors were in place, and hence visible in the images. These 

images were however not of sufficient quality to be processed by automated pipelines. 

Hence, a second series of images was taken that could be processed by existing software. 

This second series, however, did not contain the sensors as both the TDR probes and ERT 

electrodes had already been removed prior to the photo shooting. This section is split up in 

three parts: A.1 summarises the basic steps of the automated structure-from-motion 

pipeline and shows the results obtained by processing the second photo series using free 

third-party software. Note that many alternative pipelines exist and that A.1 only elaborates 

on the one used. The camera poses and topographic surface obtained are used in A.2 to map 

the vegetation. Finally, A.3 explains our own developments in producing a strategy tailored 

to tackle the issues inhibiting the first series of images to be reconstructed in the same 

manner. In A.3, more particular, we are interested in finding the positions of the sensors, 

without aiming for a full surface reconstruction. 

A.1 Automated structure-from-motion: Dense micro-topography 

A.1.1 Background 

When we photograph the world, we project a three-dimensional environment onto a 

two-dimensional image plane. The simplest representation of this phenomenon is the 

central projection formulised in [31]. A 3D point X is first transformed to the camera 

coordinate system whose origin is the projective centre and whose z-axis is the viewing 

direction. This is done by a rotation R and a translation t. The projection itself amounts to 

dividing the thus transformed coordinates by a proper scaling factor λ. Finally, image 

coordinates are translated to pixel positions u by an intrinsic matrix K. 

[31] H� = c��_ + /� 
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 As seen in Figure 43b, all points that lie on the same projective ray are projected on 

the same image location. Hence, if the process is reversed, an object seen in the image can 

be positioned at any positive depth along the ray that runs through the projective centre of 

the camera and the image location. Stereo is based on taking two images of the same object 

from different positions and different viewing angles. Thus we obtain two projective rays, 

one coming from the first camera and one coming from the second. The depth problem can 

then be solved by intersecting these two rays, referred to as triangulation. Two problems 

immediately arise, visualised in Figure 43a and c: one is the point correspondence problem 

which refers to linking the projection of the object in one image with the projection of the 

same object in the other image; the other is camera calibration: determining the relative 

position of the camera projective centres as well as their viewing direction or camera 

orientation. An additional problem arises in the translation from true image coordinates to 

pixel locations in the digital image. This transformation mainly depends on focal length, 

image resolution and possibly radial distortion: all camera specific and independent of the 

scene that is photographed. The latter is therefore called intrinsic calibration, as 

distinguished from extrinsic calibration for camera position and orientation.  

  

 

Figure 43 Basic stereo problems: correspondence problem (upper left); pinhole camera model 

(upper right); epipolar geometry and triangulation (bottom) 
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Stereo begins with solving the correspondence problem. Photographed objects leave 

a certain colour pattern upon the image. When the camera position and viewing angle alters, 

the colour signature of that object changes. Not only does the central projection deform the 

morphology differently, but lighting conditions alter, the distance to the object makes it 

cover less or more pixels etc. The human eye can often, nonetheless, recognise the object 

under wildly different viewing conditions. Making a computer do so proofs a challenge. But, 

just like the human eye can recognise certain objects easier than others, there are colour 

configurations that a computer algorithm more easily discerns. Such distinguishable colour 

configurations are called features or interest points; the process of identifying them in one 

image is called feature detection; while finding a corresponding feature in another image 

that represents the same object is feature matching. Suppose that you have two pictures of 

a white wall with a black dot in the middle. Matching a white area in one image to the 

corresponding area in the other image is impossible: the colour pattern left by that area is 

white, but in the other image there are numerous areas that are all white; which one is the 

correct one? Matching the black dot, on the other hand, is trivial: as there is only one black 

dot in both images, they have to correspond. The black dot, in this example, is a feature; 

while the white wall is not. To make feature matching possible beyond black dots on white 

walls, features need to be described in such a way that comparison of descriptors yields high 

similarity for correct matches, even if the images are taken under widely different 

conditions. Feature descriptors have come a long way since Harris’ corner detector (Moravec 

1980; Harris and Stephens 1988) such that reliable descriptors can be produced (e.g. 

Lindeberg 1998; Kovesi 1999; Lowe 2004; Bay et al. 2008; Tola et al. 2010). Such descriptors, 

however, often result in high-dimensional arrays; while one image may produce several 

hundredths of features depending on the resolution and image quality. Exhaustively 

comparing all features in one image with all other features in another is therefore time-

consuming if not impossible. Fast search algorithms are critical for solving the 

correspondence problem efficiently (e.g. Bentley 1975; Friedman et al. 1977; Beis and Lowe 

1997; Nene and Nayar 1997). 

If sufficient point correspondences are found between two images, the camera 

calibration problem can be solved based on geometric laws known as the epipolar geometry 

(Hartley and Zisserman 2004): five correspondences are sufficient to reduce the number of 

possible solutions to ten (e.g. Nistér 2004), six correspondences are in general sufficient to 
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yield a unique solution (Netravali et al. 1989), while if eight correspondences are available, 

the problem can be formulated and solved using a set of linear equations (Longuet-Higgins 

1981; Hartley 1997a). Similar geometric relations can be formulated and solved in case of 

three images (Quan 1994; Hartley 1997b; Hartley 1998; Zisserman and Hartley 2003), but no 

analytic solutions exist for more views. Automated feature matching however often result in 

hundredths of correspondences between images, of which a good portion are incorrect. This 

is tackled by Random Sampling Consensus (RANSAC) (Fischler and Bolles 1981): RANSAC 

randomly selects a minimal set of correspondences -five, six or eight- and solves the 

calibration based on a minimal algorithm. If this is repeated a sufficient number of times, the 

random selection will at some point sample only well-behaving correspondences and yield a 

calibration close to the optimal one. This estimate is then used to evaluate all 

correspondences and see which fit the proposed calibration (inliers) and which don’t 

(outliers). Thus incorrect matches are identified and removed. The calibration estimate is 

finally nonlinearly refined considering all the inliers. 

Once the cameras are calibrated, triangulation retrieves the 3D coordinates of points 

in space. For two or three images, again, optimal L2-norm solutions exist (Hartley and Sturm 

1996; Kanatani et al. 2008), while the triangulation problem for more views has only recently 

been tackled by minimizing the L-infinity norm (Hartley and Kahl 2007).  

While stereo deals with two images, state of the art structure-from-motion methods 

handle sets of several thousand images with a million of points. To upscale stereo to 

arbitrary many views, the pipeline used in this study employs an incremental scheme 

(Snavely et al. 2006; Snavely et al. 2008b; Snavely et al. 2008a): starting from an initial stereo 

pair, images are added one or a few at a time. After each addition, a bundle adjustment is 

executed (Triggs et al. 2000). Bundle adjustment optimises simultaneously all variables 

involved: camera intrinsic and extrinsic parameters as well as 3D coordinates of points. The 

error that is minimised is the reprojection error: the distance in the image plane between 

the observed image location and the estimated projection. An L2-norm minimisation of the 

reprojection error is a highly non-linear, non-convex optimisation known to have many local 

minima, performed often in high dimensional space, such that good initial estimates are 

critical for success. 
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A.1.2 Image processing and results 

The bottleneck in taking images for 3D reconstruction is the correspondence 

problem. If sufficient correct correspondences are found, the structure-from-motion 

pipeline should handle the rest to satisfaction. The first series of images, however, yielded 

no or too few correspondences because the view point differed too severally between 

consecutive images. A second series of images was therefore taken. These images are all 

taken more or less in vertical direction, i.e. looking downwards, while the first series are 

more oblique. The main difference between views therefore comes from displacing the 

camera position rather than from altering the viewing angle. In addition, care was taken to 

supply sufficient overlap between consecutive images: the displacements are consequently 

small, i.e. about one human step. This does not only supply sufficient overlap, but also limits 

the changes in image colour patterns. Lastly, all images of the second series were taken in 

one go, while photos in the first series come from different days. These differences explain 

why the first series could not be processed; while the second series succeeded.  

 

 

 

 

Figure 44 Two overlapping images with detail of a ground control point (stainless steel pin with red 

head) 
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The 112 images of the second series are processed by a number of free software: 

Scale Invariant Features (SIFT), made available by David Lowe (Lowe 1999; Lowe 2004), 

supplies the feature detection and description; features are matched by the approximate 

nearest neighbour (ANN) shared library (Arya et al. 1998). Subsequently, Bundler (Snavely et 

al. 2006; Snavely et al. 2008b) starts by calibrating two images. An initial estimate of the 

intrinsic camera parameters is taken from jpeg’s Exif tags. The extrinsic calibration is done by 

random sample consensus (Fischler and Bolles 1981) combined with Nistér (2004) five-point 

algorithm. Images are subsequently added in an incremental way one or a few at a time with 

the direct linear transform (DLT) technique (Hartley and Zisserman 2003). A Levenberg-

Marquardt optimisation is used for sparse bundle adjustment (sba, Lourakis and Argyros 

2004). This whole pipeline is fully automated and chained together by Noah Snavely. His 

program can be downloaded from the web: phototour.cs.washington.edu/bundler 

The resulting output is a point cloud as well as camera intrinsic and extrinsic 

parameters for each registered image. The point cloud is visualised in Figure 45. In the cloud, 

a number of large gaps occur in which no points are reconstructed. These mainly correspond 

to the location of vegetated patches. While the stony surface of the none-vegetated areas is 

well-suited for feature matching, the vegetation is not and no or only very few 

correspondences could be established between plant parts. As we are here interested in the 

surface topography, the absence of plants in the 3D reconstruction does not pose a problem.  

 

 

Figure 45 3D Point cloud containing 272172 points of the gully’s micro-topography: top-down view 

(upper) and side view (lower) 

16.618 m 

3.788 m 
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It does evince the large dependency of the success or failure of structure-from-motion on 

the texture of the scene that is photographed. While the stony bare areas supply a solid, 

smoothly varying surface with limited changes with lighting conditions, plant parts rapidly 

change texture from one view point to another and hence pose a greater challenge for 

feature descriptors. 

3D reconstruction from images results in an unreferenced point cloud. Neither the 

scale nor the orientation has physical ground. In order to reference the cloud, control points 

with known coordinates in the reference frame are required. To this effect, 22 control points 

are spread over the length of the gully and their coordinates recorded by a total station 

survey. Coordinates of the same control points in the unreferenced image coordinate system 

are retrieved by manually locating the control points in multiple images and subsequently 

triangulating them using the estimated camera position, orientation and intrinsic 

parameters. Once coordinates are known in both systems, a rigid transformation is 

determined that maps one upon the other. The transformation is calculated as a least-

square problem minimizing the distance between the control points’ reference coordinates 

and the coordinates of the triangulated points after transformation. The remaining residuals 

are a quality measure of the reconstruction. The obtained transformation maps the control 

points to 3 cm accuracy. This transformation is then used to place all points of the cloud in 

the reference frame. 

Finally a smooth interpolation surface is drawn through the point cloud, such that the 

height of any arbitrary (x,y)-position can be estimated. Thus the gaps between the points are 

filled up and the surface is also extrapolated outside the extent of the reconstruction. The 

point cloud is sampled by overlaying an (x,y)-grid and sampling one point for each square 

cell. To robustify the sampling, only cells with three or more points are sampled and the 

point with medium height value is selected. Through the selected points, a thin-plate-spline 

function (Wahba 1990; Blöschl and Grayson 2001) is estimated. 

A.2 Vegetation cover 

Each image with a known camera pose is binary segmented in vegetated parts and 

non-vegetated parts, as exemplified in Figure 46a. This texture segmentation is executed 

manually. For each point on the topographic surface, the photographic projection [31]  
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Figure 46 Vegetation cover: an example of manual texture segmentation in an image (left) and why 

it is better to take the intersection of vegetation projection on the topographic model than the 

union (right). 

calculates the pixel location on each image. If a point is projected in at least one image on a  

pixel that is classified as non-vegetated, than the point is not vegetated. Positions on the 

topographic surface that are only projected into pixels classified as vegetation, are 

vegetated. The resulting vegetation cover map is shown in Figure 42b. 

A.3 Manual structure-from-motion: Sensor positions 

The first image series cannot be processed as in A.1. As alluded to in A.1.2, 

consecutive images are not similar enough to yield sufficient reliable point correspondences. 

However, these images contain the information needed to position the ERT and TDR sensors. 

We therefore manually identify point correspondences on each image, primarily the sensors 

themselves as well as the ground control points; but also additional points where required to 

solve the structure-from-motion problem. This laborious work yields a very sparse image 

graph, with only 10 to 25 point correspondences between consecutive images. An 

incremental scheme like A.1 is error prone and was unsuccessful to reconstruct the sensor 

positions. We therefore developed a non-sequential scheme that does not only take into 

account all data simultaneously from the start, but that also uses directly the ground control 

points. The latter are stable points around which the reconstruction is built. 

A non-sequential structure-from-motion scheme (Enqvist et al. 2011a; Enqvist et al. 

2011b; Olsson and Enqvist 2011) consists of three basic steps: relative reconstruction of all 

image pairs; transformation from the relative coordinate frame to a common global frame; 

and a global reconstruction. Each pair of two views that share sufficient correspondences is 

topographic surface 

Image 1 
Image 2 

union:  

intersection:  
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reconstructed. For the subsequent steps, only inter-point distances are required. As each 

pair-wise reconstruction defines its own local scale, inter-point distances need to be 

upscaled to a common global scale. Once all distances are known in the same scale, a graph 

realization transforms the distances to absolute coordinates, using the ground control points 

as anchors to lock the point cloud in place. In the transformation from local to global frame, 

we only used the 3D points and thus lose information of camera extrinsic parameters. A last 

step recalculates them such that the reconstruction can be finalised by a local refinement 

using bundle adjustment. A.3.1 goes into more detail about each of these steps. The 

algorithms are coded in Microsoft Visual C# 2010 Express. 

A.3.1 Non-sequential structure-first multi-view reconstruction 

The first step is reconstructing each image pair with sufficient point correspondences. 

The corresponding stereo-problem is introduced in A.1.1. Point correspondences are 

manually supplied, which bypasses the feature detection and matching. Estimates of the 

camera intrinsic parameters are separately retrieved using Zhang (1999) calibration 

procedure and are supposed to be identical for all photo’s taken with the same camera. The 

essential matrix is found using the linear eight-point algorithm (Longuet-Higgins 1981; 

Hartley 1997a), which directly sets the minimum limit for view pair reconstruction to those 

having eight or more matches. From the essential matrix, the relative camera orientation is 

extracted (Horn 1990). Only the orientation is used, as it is more reliable than the camera 

position (Enqvist et al. 2011b). The orientation is further locally refined by a Levenberg-

Marquardt algorithm. We only need to search the three-dimensional rotation space, as from 

the rotation, an optimal translation and corresponding maximal reprojection error can be 

found through solving a linear program (Hartley and Kahl 2009). We are not limited to image 

pairs, however: image triplets with seven or more correspondences are also reconstructed 

by calculating the trifocal tensor (Hartley 1997b; Hartley 1998) and extracting the relative 

orientations (Zisserman and Hartley 2003). Once the relative orientations of image pairs and 

triplets are known, 3D point coordinates are triangulated. An optimal L-infinity norm 

solution is found through simply branch-and-bounding the maximum error γ (Seo and 

Hartley 2007; Agarwal et al. 2008; Kahl and Hartley 2008; Seo et al. 2008). Checking whether 

a solution exists for some fixed value of γ is formulated as a second order cone program 

(SOCP) (Lobo et al. 1998; Alizadeh and Goldfarb 2003). With this SOCP, we can check for any 
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γ whether it is too low (no solution exists, the problem is infeasible) or whether it is too high 

(a feasible solution exists). Thus, the range in which the optimal value of γ lies can iteratively 

be narrowed, until it is known to arbitrary precision. A single feasibility problem amounts to 

solving the SOCP: 

[32] Find Xj, ti for each point j seen in camera i 

subject to �)Dy_ + /Dy , )Ry_ + /Ry�R ≤ ®	)Qy_ + /Qy  

This problem is depicted in Figure 47 as minimising a radius γ. This radius represents 

a circular area around the observed image location in which the true projection is supposed 

to fall and we want to make this radius small, i.e. drive the true projection as close to the 

observed projection as possible. This implies that the true 3D point should lie within a cone 

with the camera centre as origin and that intersects the image plane as a circle with radius γ 

around the observation. As long as cones for corresponding points have a common 

intersection, a true 3D point can be inferred somewhere inside this intersection volume, and 

problem [32] remains feasible. If γ is set too small, there doesn’t exist a common 

intersection, and hence no 3D point exists that can produce such small reprojection errors. 

The correct γ is the one that reduces the intersection to a point, the 3D coordinate. 

 

 
Figure 47 The known rotation L-infinity problem for structure from motion (figure taken from 

Hartley and Kahl 2007) 

The second step is to upscale the retrieved inter-point distances to a common, global 

scale. Each pair-wise (or triplet) reconstruction defines its own unreferenced scale. This 

implies that distances measured in one reconstruction differ a constant factor of the same 
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distances, i.e. between the same points, in another reconstruction. We define a scale vector 

s which contains the relative scales of each reconstruction and note that for each pair of 

points (i,j) present in two reconstructions (k,l) the following equality should hold, with inter-

point distance dij: 

[33] !a�ya = !¯�y¯  

We may transform equality [33] into a quadratic least square problem: 

[34] minimise ∑ ∑ 	!a�ya − !¯�y¯ Ry,a,¯ = !�e! 

Q is a measurement matrix with each off-diagonal element ea,¯ = −∑ 	�ya �y¯ y , 

where the sum goes over all (i,j) which are in both reconstructions k and l. Diagonal 

elements ea,,a = ∑ 	by − 1�ya Ry  with nij the number of reconstructions in which the point 

pair (i,j) appears and with the sum going over all (i,j) in cluster k. 

Some reconstructions contain 2 or more ground control points, such that their scale 

can be trivially found. By fixing these scales, equation [34] is dehomogenised and the 

minimisation becomes a convex quadratic program in the remaining unknown scales: 

[35] minimise !�e! + !�� + �% 

Through solving [35], we scale all inter-point distances to the common reference 

scale. The third step is to find absolute point coordinates from the set of inter-point 

distances. This is a well-described problem with many known applications. It is found under 

the term graph realization, molecular conformation or sensor network localization. 

Particularly under the umbrella of the latter, a family of efficient and accurate solvers has 

recently been developed. Biswas and Ye (2004) proposed a semi-definite program (SDP) 

relaxation and noted that the problem [36] may be relaxed to standard SDP form [37]: 

[36] minimise ∑ °�_y − _�R − �yR °y,  

[37] find X, Y 

subject to ±) [	�yU�yU� ²] = �yR  and ² ≽ _�_ 
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in which the non-convex equality Y = XTX is relaxed to the convex constraint Y ≽ XªX; 

with optimisation variable X a matrix with as columns the 3D positions of each point; ei-j is an 

all-zero vector with one at position i and minus one at j; and Tr(A) is the trace of matrix A. 

The coordinates of the ground control points are used to anchor the realization. The scale 

and orientation ambiguity in problem [37] is thus also removed and the reconstruction is 

directly estimated in the reference coordinate system. 

Since Biswas and Ye (2004), many variants have been developed like second order 

cone relaxation (Tseng 2008), ESDP (Wang et al. 2008) or sum-of-squares (SOS) relaxation 

(Nie 2009), among others. Besides, methods have been explored to handle noisy data 

(Biswas et al. 2006), to exploit sparsity in the graph of inter-point distances (Kim et al. 

2009b) or to handle particularly large problems through a divide and conquer method 

(Leung and Toh 2008). Moreover, methods to check whether equation [37] has a well-posed 

unique solution have been investigated. In general, the theory of graph rigidity questions 

whether an edge distribution over a set of vertices is realizable in d-dimensional space. This 

problem has long been unsolvable for dimensions greater than 2 (Hendrickson 1992), but 

has recently been solved by Gortler et al. (2007). More particular for equation [37], So and 

Ye (2007) investigated the rank constraint on the solution of the semi-definite program to 

see if the relaxation scheme is tight. In case of the non-sequential multi-view problem, we 

may assume that each local reconstruction defines a dense sub-graph. To see whether these 

sub-graphs can safely be merged into one generic globally rigid graph, Connelly (2011) 

basically proves that an overlap of 4 points between two dense sub-graphs suffices to merge 

them into one without losing rigidity. This corresponds to the observation by So and Ye 

(2007) that a trilateration graph has a unique solution as concerned to equation [37]. 

The SDP [37] is solved using the software CSDP (Borchers 1999) and supplies a good 

initial reconstruction. For a further refinement, bundle adjustment requires both structure 

ánd motion. Camera motion is estimated using a perspective-n-point (PnP) solver: given 

known point coordinates, what is the position and orientation of the camera picturing them? 

The cosine rule [38] relates the inter-point distance dij to the distances λi and λj that separate 

the 3D points from the camera centre; as shown in Figure 48. 

[38] HyR + HR − 2λ¶λ·cos ty = �yR  
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Figure 48 The cosine rule in the perspective-n-point problem 

in which the depths λi and λj separating points Xi and Xj from the camera centre C are 

the unknowns; θij is the observed angle formed by the legs connecting camera centre C with 

the image observations ui and uj; and dij is the distance between points Xi and Xj. 

A least square formulation of the system of equations [38] over all points (i, j) results 

in a fourth order sum-of-squares (SOS) polynomial and is solved using the theory of SOS 

relaxation (Parrilo 2003) and its dual, the theory of Moments (Lasserre 2001). A SOS-

polynomial is by definition a polynomial that can be written as a sum of squared 

polynomials. Any SOS polynomial f can be written in the form f = zTWz = Tr(MW) with Tr(A) 

the trace of matrix A; z = [λ0, λ1,... λn,1, λ0², λ0 λ1... λ0λn, λ1², λ1λ2... λn²] the monomial basis of 

f; and the moment matrix M = zTz. W is non-unique for any f of degree higher than 2, but if a 

positive semi-definite W exists for which the equality f = zTWz holds then f must be SOS. 

Parrilo (2003) noted that refuting the existence of a positive semi-definite W, amounts to a 

semi-definite program (SDP): 

[39] minimise cTy  subject to ¸ = ∑ &a0aa − &% ≽ 0 

Problem [38] can thus be solved by polynomial optimisation software such as 

Gloptipoly (Henrion et al. 2009), SOSTools (Prajna et al. 2004) or sparsePOP (Waki et al. 

2008). We implemented our own relaxation that exploits the special structure of [38] and 

solved the resulting sparse SDP [39] with CSDP (Borchers 1999). The special structure 

consists in the fact that the solutions λ and -λ are equivalent. This sign-symmetry is exploited 

(Löfberg 2009). 

C 

dij Xi 

Xj 

λi 

λj 

uj 

ui 

θij 

The basic equation: a point 
pair Xi and Xj in space form a 
triangle with the projective 
centre C. The image 
projections ui and uj give us a 
viewing angle θij. The cosine 
rule relates the side lengths λj, 
λi (the depths) and dij (the 
inter-point distance) to the 
viewing angle θij. 
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Retrieving camera position and orientation from depth estimates λ is trivial. With 

both point coordinates and camera motion, a final bundle adjustment is performed. In order 

to merge the manual reconstruction with the topography obtained in A.1.2, the bundle 

adjustment is adapted such that 3D points are restrained to lie on the thin-plate-spline 

surface. The result is presented in Figure 49. 

 

Figure 49 Sensor positions top-down view: TDR probes consisting of two pins each (diamonds) and 

ERT electrode layout (crosses) 

A.4 Conclusion 

We have demonstrated in A.1 and A.2 how photography can be used as an 

accessible, cheap, fast, yet accurate instrument to obtain dense topographic information and 

to map surface cover. In addition, A.3 presented a non-sequential reconstruction scheme 

using inter-point distance as the main variable. Non-sequential schemes have the advantage 

over sequential and hierarchical approaches that all the data is taken into account in one 

step and that thus global inconsistencies are easier avoided. Using graph-realization 

furthermore allowed the direct usage of known control points to anchor the reconstruction.

16.618 m 
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Annex B A sequential quadratic program for time-constrained 

inversion4 

In 4.2.1 we formulated the constrained nonlinear program: 

[40] minimise ���, H� = ��(�� + H��(�� = ‖�(log � − log �(
(����‖RR + H‖��‖RR 

subject to ��� = � and �� ≽ 0 

Here we go into further detail as to how this problem is solved taking into account 

the special structure of the constraints. We will furthermore suppose that the regularization 

weight λ is a constant within the scope of our algorithm.  

B.1 Sequential quadratic programming 

To solve a constrained nonlinear optimisation problem such as [40], various iterative 

techniques exist. One way is to reformulate the constrained problem as an unconstrained 

one by adding penalty terms to the objective function (Fiacco and McCormick 1990). These 

extra terms penalise violations of the constraints in such a way that the model is forced 

inside the feasible domain. For equality constraints, a classic Lagrange function can be 

defined, while for inequality constraints, penalty functions can be devised that go to infinity 

when the model violates any of the constraints. Examples include log-barrier methods which 

keep the model feasible at each iteration (Frisch 1955; Nazareth 2003) and augmented 

Lagragian methods which allow violations along the way to only ensure feasibility at 

convergence (Hestenes 1969; Powell 1969; Philip and Robinson 2012). Another way is to 

look at the first-order optimality conditions. For an unconstrained optimisation such as 

hydrogeophysical minimisation [22], ∇§� = 0 is the only necessary first order optimality 

condition. Newton’s method is applied to it. Newton’s method linearises the optimality 

condition around a given estimate mk to then solve the resulting linear system for an update 

∆m of the model such that mk+1 = mk + ∆m (see Günther et al. 2006). For the constrained 

formulation [40] a classic Lagrange function is defined with Lagrange multipliers or dual 

variables u and y: 

 

                                                      
4 also presented in Van Nieuwenhuyse et al. (submitted) 
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[41] ℒ��, �, 0� = �(�� − 0(���− �� − ��(��� 
subject to � ≽ 0 

The following first order Karush-Kuhn-Tucker (KKT) conditions (Karush 1939; Kuhn 

and Tucker 1951) are necessary but generally not sufficient for optimality: 

[42] ∇� − 0� − ��� = 0 

[43] ��� = � 

[44] �� ≽ 0 

[45]  � ≽ 0 

[46] �y(+y��� = 0 

bi
T is the ith row of B and ui is the ith entry of u. The stationarity condition [42] states 

that the first order derivative of the Lagrangian Error! Reference source not found. needs to 

vanish. Conditions [43] and [44] guarantee primal feasibility while [45] ensures a dual 

feasible solution. The complementary slackness [46] says that either the dual should be zero, 

in which case �� ≽ 0, or �� = 0, in which case � ≽ 0. This implies that strictly feasible 

solutions �� ≻ 0 are not penalised since u is required to be zero in such cases. Because 

conditions [44-46] are non-smooth, Newton’s method cannot solve the system when 

inequality constraints are present. Interior point methods alleviate this issue by relaxing the 

complementary slackness condition: they replace the zero on the right hand side in [46] by a 

positive scalar that is iteratively brought to zero (Kamarkar 1984; Nesterov and Nemirovskii 

1994; Forsgren and Gill 1998; Boyd and Vandenberghe 2004). 

We will here explore a Sequential Quadratic Program (SQP) approach (Wilson 1963; 

Gill and Wong 2010) to solve [40]. SQP is based on the observation that the optimality 

conditions [42-46], when expressed as a function of an update ∆m given a current iterate mk, 

are identical to the optimality conditions of a constrained quadratic program: 

[47] minimise � = D
R∆��»a∆� + ∆��∇a� 

subject to �∆� ≽ −��a; ��∆� = � − ���a 
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Hk is the Hessian matrix of the objective function ϕ(m). Newton’s method linearises 

the objective function [22] around a current estimate mk. The SQP [47] extends Newton’s 

method by also linearising the constraints. As constraints [23-24] are linear, their first order 

Taylor expansion is exact and not an approximation as would be the case for nonlinear 

constraints. Therefore problem [47] is as exact as Newton’s method would be in the absence 

of constraints. Indeed, problem [47] is identical to solving the normal equations »a∆� =
−∇a� where the Hessian and the Jacobian are identical to the unconstrained case, while 

keeping the solution mk + ∆m feasible. 

The main steps of an SQP are identical to the Gauss-Newton optimisation as 

implemented in Günther et al. (2006). Starting from an initial model estimate, we repeat: 

calculation of the partial derivatives; finding an update direction ∆m; determining the step 

length using line search; update the model; and redo the previous steps until convergence. 

The only difference is that the update direction is found by solving quadratic program [47] 

rather than by solving the normal equations. 

B.2 Conjugate gradient active set method 

We have reduced the constrained hydrogeophysical inverse problem [40] to a 

sequence of quadratic problems of the form [47]. This section discusses how we solve this 

sub-problem. We will firstly suppose that the Hessian is positive definite such that the 

objective function is convex and [47] has a unique finite solution. However, the Hessian is in 

general dense and of considerable dimension such that explicitly calculating and storing it is 

not evident. Moreover, as the outer SQP loop does not necessarily need an exact solution 

(Dembo and Tulowitzki 1985), only a descending one, we may solve [47] approximately. 

Conjugate Gradient (CG) methods often yield a good approximation in few iterations and 

only require matrix vector multiplications such that the Hessian can be implicitly stored as a 

function of the Jacobian matrix of the forward operator (Zhang et al. 1995). CG solves the 

linear system  in least-square sense by iteratively updating an estimate ∆mj 

in a (conjugate) direction p such that ∆mj+1 = ∆mj + αp (e.g. Schewchuk 1994). In order to 

keep each iterate ∆mj feasible, i.e. to accommodate for the constraints, a projected 

conjugate gradient method is used in combination with ideas from active set methods 

(Nocedal and Wright 1999; Gould et al. 2005). Similar strategies are used in large scale 

ϕkk mH −∇=∆
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bound constrained nonlinear programming (e.g. Dembo and Tulowitzki 1983; Calamai and 

Moré 1987; Dai and Fletcher 2005; Dóstal and Schöberl 2005). 

Each feasible iterate ∆mj in the course of the CG partitions the inequality constraints 

into a free and a binding set. A binding constraint is an inequality constraint that evaluates 

to equality for the current iterate and whose dual is nonnegative. In other words, the 

current iterate lies on the boundary of this constraint and the negative gradient points away 

from the feasible domain. This implies that any step in the descent direction would render 

the next iterate infeasible. Free constraints, on the other hand, are those constraints for 

which a strictly positive α exists, such that a step in the negative gradient direction with 

length α remains feasible. This can either be because the constraint holds with strict 

inequality at the current iterate or because the iterate is on the boundary, but the negative 

gradient points towards the feasible domain. Note that all constraints are in either set and 

no single constraint can be in both sets.  

Binding = { i | bi
T∆mj = -bi

Tmk and ui > 0 } 

Free = { i | (bi
T∆mj > -bi

Tmk and ui = 0) or (bi
T∆mj = -bi

Tmk and ui < 0 ) } 

An active set method will ‘activate’ the constraints in the binding set and leave the 

free constraints free. This implies that an update direction p will be sought in such a way that 

the next iterate ∆mj +αp remains on the boundary for any constraint that was in the binding 

set. Note that the sign of the dual does not necessarily remain identical, such that a binding 

constraint may become free at the next iterate. No restriction is posed upon the update 

direction p as concerned to the free constraints. This implies that the next iterate ∆mj + αp 

can violate its free constraints. To keep the next iterate feasible, we define a projection 

function that brings infeasible iterates to the nearest feasible point.  

Thus the iterates of the CG are kept feasible, as depicted in Figure 50: free constraints 

that become violating are projected back into the feasible domain while binding constraints 

will remain feasible because the conjugate update direction p keeps them on the boundary. 

The latter is done by projecting the descent direction onto the boundary of the binding set. 

In the next section, we explain in more detail these two projection functions and show why 

the special sparsity structure of our problem makes them work efficiently. 
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Figure 50 Left: a free point Δmj is brought into the infeasible grey domain by the conjugate update 

αpj. It is projected back onto the boundary by solving [51] and added to the binding set. Right: the 

conjugate descent direction ¼½ is projected by solving [48] to a direction g that keeps the binding 

point Δmj on the boundary of the feasible domain 

B.3 Projection functions 

Gould et al. (2001) describe a conjugate gradient method for equality constrained 

quadratic programs. It is based on eliminating the equalities and solving over the reduced 

Hessian (Biegler et al. 1995; Fletcher and Johnson 1997) but in such a way that the null-space 

of the constraint matrix does not need to be calculated explicitly. At each iterate of a CG 

algorithm, the conjugate descent direction is projected onto the equality constraint sub-

space. If we treat binding constraints as strict equality constraints and ignore free 

constraints, we can follow this scheme to generate projected update directions p such that 

constraints in the binding set remain on their boundary. 

Let A be a matrix with all constraints currently treated as equalities, which we shall 

call ‘active’: that includes the equality constraint [24] representing the conservation of mass 

and the rows of the inequality constraint matrix B in [23] that are currently in the binding 

set. Let r be the descent direction. Then a direction g in the null-space of A can be found by 

solving: 

[48] ¾¿ f�f 0 À [ÁÂ] = ¾)0À 

Where G is a preconditioner which we will suppose to be diagonal and η are the 

Lagrange multipliers of the active constraints. Hence, by solving this system, we do not only 

project r into the null space of A but also retrieve the dual variables of the active constraints 
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(note that the duals of ‘inactive’ constraints are by condition [46] equal to zero). After 

elimination we get: 

[49] �f¿UDf��Â = f¿UD) 

[50] Á = ¿UD�) − f�Â� 
The second projection function projects an iterate ∆mj to the nearest point that 

satisfies all constraints. We again compose a matrix A that includes the active constraints 

and now also all inequality constraints that are violated. The nearest feasible point is a point 

that brings the violating constraints onto their boundary (and keeps the active constraints on 

their boundary). Let c be the boundary, then we search a minimal update z such that ∆mj + z 

lies on c: 

[51] minimise ‖Ã‖  subject to f	∆� + Ã = ? 

Introducing Lagrange multipliers η we can solve for z: 

[52] �ff��Â = fΔ� − ? 

[53] Ã = −f�Â 

The efficiency of solving [48] and [51] depends mainly on inverting AAT or AG-1AT to 

calculate the Lagrange multiplier η in [49] and [52], especially since the  active set method 

will change the content and dimension of A as the binding and free set evolve. However, 

constraints [23-24] only relate parameters in the time domain which results in a special 

structure of AAT, and by extension AG-1AT, as G is supposed to be diagonal. When only two 

times are involved, BBT is a diagonal matrix. Therefore, AAT would also be diagonal for any 

selection of rows of B. For more times, BBT is no longer diagonal, but can still efficiently be 

inverted by solving 2x2 sub-matrices. A, however, also includes one or more dense 

conservation of mass constraints [24]. AAT is solved by further elimination. E.g. [52] 

becomes: 

[54] ¾��� ������ ��� À [0�] = Ä��Δm· − τ�Δm· Æ 

[55] (��� − ���(����UD���� ∙ 0 = ��Δm· − τ − ���(����UD�Δm· 
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[56] � = �����UD	�Δm· − ���0 

When there is only one conservation of mass constraint, y in [55] is a scalar. When 

there are more conservation of mass constraints, system [55] is a square, dense equation in 

the number of conservation of mass constraints. 

The complete algorithm for solving the Newton step-direction [47] is:  

 

Initialize: Δmj=0 = 0; turn Δmj=0 feasible by projecting it [51];  

determine binding Bj=0 and free Fj=0 constraints 

Set rj=0 = H Δmj=0 – ∇kϕ and get projected gradient g j=0 and dual [y, u] j=0 from [48] 

Start CG as p j=0 = -g;  

Loop: 

 Check binding set for negative duals: V = { i | i ∈ Bj, ui < 0 } 

  If any are found: move constraints i to free set Bj+1 = Bj - V, Fj+1 = Fj ∪ V 

Get new g j and dual [y, u] j from [48] with ui = 0, i ∈ V 

   and restart CG: p j = -g j 

 Check convergence, exit loop if true, else continue 

 α = rjTgj / pjTHkpj 

 Δmj+1 = Δmj + αpj 

 Check free set for violated constraints: V = { i | i ∈ Fj, bi
Tm < 0 } 

  If any are found: move constraints i to the binding set Bj+1 = Bj ∪ V, Fj+1 = Fj - V 

project Δmj+1 feasible by [51] 

rj+1 = Hk Δmj – ∇kϕ 

get g j+1 and dual [y, u] j+1 from [48] 

   and restart CG: p j+1 = -g j+1 

  else CG update: 

   rj+1 = rj + αHkpj 

   get g j+1 and dual [y, u] j+1 from [48] 

   β = rj+1Tgj+1 / rjTgj 

   pj+1 = βpj – gj+1 
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Annex C Two examples of runoff simulations 

 Example 1: Random pattern Example 2: Fractal pattern 
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Figure 51 Two examples of runoff events: one for a fractal pattern with no connectivity, and one 

for a random pattern
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Figure 52 Two examples of runoff simulation events in time and space: one random pattern (left) and one fractal pattern (right)

1
3

9 

 

 

 

 

Two examples of runoff simulation events in time and space: one random pattern (left) and one fractal pattern (right)

 

Two examples of runoff simulation events in time and space: one random pattern (left) and one fractal pattern (right) 
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