
Arenberg Doctoral School of Science, Engineering & Technology 
Faculty of Engineering Science

Department of Mechanical Engineering
Division of Production engineering, Machine design and Automation

Celestijnenlaan 300B box 2420
B-3001 Leuven

Marnix VOLCKAERT

Arenberg Doctoral School of Science, Engineering & Technology  
Faculty of Engineering Science
Department of Mechanical Engineering

Nonlinear iterative learning control
through dynamic optimization

Dissertation presented 
PU�WHY[PHS�M\SÄSTLU[�VM�[OL�
requirements for the degree 
of Doctor in Engineering

November 2012

NO
NLINEAR ITERATIVE LEARNING

 CO
NTRO

L
THRO

UG
H DYNAM

IC O
PTIM

IZATIO
N

M
arnix VO

LCKAERT
Novem

ber 2012



c⃝ KU Leuven
Faculty of Engineering Science
Kasteelpark Arenberg 1 box 2200, BE-3001 Heverlee (Leuven), Belgium

All rights reserved. No part of this publication may be reproduced in any form,
by print, photoprint, microfilm or any other means without written permission
from the publisher.

D/2012/7515/124
ISBN 978-94-6018-590-8



Preface

Het geeft een wat vreemd gevoel om terug te blikken op iets wat enerzijds een
aangename ervaring was, maar anderzijds per definitie niet voor herhaling
vatbaar is. Dat laatste klinkt misschien wat negatief, maar het staat vast dat
een doctoraat een eindig werk is, en dus ooit moet stoppen. Voor mij is dat
moment nu aangebroken, dus rest er mij nog iedereen te bedanken die in meer
of mindere mate heeft bijgedragen aan dit werk.

Ik denk in de eerste plaats aan mijn promotoren Jan en Moritz (Prof. Swe-
vers en Prof. Diehl voor de vrienden, maar ik heb in Nederland geleerd om
Jan en alleman bij voornaam te noemen). Jan, bedankt om mij de kans te
geven om aan dit doctoraat te beginnen. Bedankt voor het vertrouwen dat je
mij gaf, en bedankt voor het geduld dat ik af en toe danig op de proef stelde.
Desalniettemin bleef je grondig papers nalezen en meedenken aan nieuwe on-
derzoeksrichtingen, wat ik zeer gewaardeerd heb. Ook bedankt voor de mooie
traditie die je barbecue ondertussen geworden is, en voor de leuke momenten
op conferenties. Bedankt Moritz, om me voor te stellen aan Jan, en om tijdens
mijn onderzoek frisse wiskundige ideeën aan te dragen. Ook je niet aflatende
energie om leven in OPTEC te blazen zijn zeer waardevol. Ook wil ik graag de
andere leden van mijn examencommissie bedanken. Dank aan Prof. Sansen
voor het voorzitten, bedankt Joris, Wouter, Greg en Johan voor het constructief
beoordelen en vooral verbeteren van de tekst. Om dit professionele luik af te
sluiten wil ik ook de Belgische belastingbetaler bedanken voor het financieel
ondersteunen van dit onderzoek.

Er zijn natuurlijk meer mensen die, zij het op andere manieren, hebben
bijgedragen tot het bereikte resultaat. In de eerste plaats wil ik mijn moeder,
Chris, bedanken. Zonder haar steun op alle vlakken was het mij nooit gelukt.
Het is gemakkelijk om zo’n onvoorwaardelijke steun als vanzelfsprekend te
beschouwen, maar dat is het helemaal niet. Bedankt! Ook m’n zus Astrid, en
aankomende schoonbroer Batist: bedankt voor de aanmoedigingen en peptalk.
En kijk, ik heb nog ongeveer een maand om m’n haar te knippen, me te sche-
ren, en een deftig kostuum te kopen. Ik zal er klaar voor zijn! Bij uitbreiding
wil ik ook mijn lieve grootouders bedanken, evenals nonkels, tantes, etc, voor
de morele steun. Eindelijk gedaan met dat ’studeren’ ;).

Zo, bij deze is m’n eerste familie bedankt. Tijd voor de tweede. Thiupe,
Jokke, Charles, Roelie, Boosty en de Leeuw: bedankt! Ik herinner me nog een
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avond op cafe waarbij jullie uren aan een stuk mijn twijfels moesten aanhoren:
zou ik nu aan een doctoraat beginnen of niet? Het werd ja, en dus staan we
hier vandaag. Bedankt ook om me te behoeden voor vakidiotisme, door slechts
een matige interesse te tonen in de details van mijn onderzoek, zodat ik vooral
over andere dingen kon praten ;). Veel dank ook aan Bert en Nils, voor zoveel
leuke momenten. Onder andere onze trip naar Edinburgh in de Cessna zal ik
nooit vergeten, net een week voor de start van dit doctoraat. Bij uitbreiding
dank aan Delft-vrienden Daan, Maru, Jan, etc.

Dank is ook verschuldigd aan mijn culinaire vrienden Elke, Guido, Lieboud,
Fien en Frank: wekelijks of maandelijks genieten van cannelloni, over inktvis-
rijst, macaroni ham/kaas om je zalig ziek van te eten, tot barbecue in de tuin.
Allemaal onder het motto Fervet olla, vivit amicitia. Als ik minder zin had om
te koken waren er natuurlijk de andere culinaire vrienden Thiupe, Ben, Inge,
Daan en Valerie: bedankt voor de gesprekken over Popol, of over het leven
in al zijn facetten. Om de opgedane calorieën van de week weer te verliezen
kon ik elke vrijdag beroep doen op de Derde Wereld Boys, voor een klinkende
overwinning tegen De Kanaries, of een pijnlijk verlies tegen Bergop. Waarvoor
dank. Ook bedankt aan de OHL-supportersvrienden, op iets hoger niveau ;).

Ik heb het voorrecht gehad om mijn dagelijkse bezigheden te delen met
schitterende collega’s. Vooreerst mijn bureaugenoten Rene, Bert, Keivan, Xu,
Goele, Pieter, Bruno, Lieboud, Gijs, Wannes en Son. En natuurlijk Xin: thanks
a lot for all your support, thanks for everything! Eveneens veel dank aan Anne
voor de zeer prettige samenwerking, vooral tijdens het begin van ons docto-
raat. Bij uitbreiding bedank ik ook de bevriende onderzoeksgroep ELEC van de
VUB, waar ik me tijdens experimenten en cursussen onmiddellijk thuis heb ge-
voeld. De vele verjaardagstaarten die ook mij als buitenstaander altijd werden
aangeboden zullen daar wel voor iets tussen zitten.

Maar ook over PMA kan ik natuurlijk niets dan goeds vertellen. Bedankt
Karin en Lieve, voor de geöliede machine die jullie draaiende houden. Be-
dankt Dirk en Eddy van de werkplaats, waarvoor ik eigenlijk hetzelfde kan
zeggen. Bedankt Paul Vanherck, voor het verbinden van iedereen die op onze
afdeling werkt. Bedankt aan de rest van de collega’s, die tijdens de koffie- en
lunchpauzes altijd wel een interessant onderwerp wisten aan te snijden.

Ziezo, hopelijk ben ik niemand vergeten. Het gemakkelijkste zou natuurlijk
zijn om te zeggen: bedankt iedereen!

Tot slot wil ik dit werk graag opdragen aan mijn vader, die het wellicht het
beste zou begrijpen.

Marnix Volckaert
Leuven, november 2012
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Abstract

An important evolution of the past decades in industry is the mechanization
and automation of production processes. Industrial robots and other mecha-
tronic systems play a crucial role in increasing production speed, and in the
continued miniaturization of components, for example in the electronics indus-
try. One of the major challenges for such systems is to improve the positioning
accuracy by applying modern control strategies. This can be achieved by in-
cluding a mathematical model into the control design, and increased complex-
ity of the system therefore requires the use of more advanced models, such as
nonlinear models. Furthermore, time and cost requirements increase the need
to operate mechatronic systems at the maximum of their potential, so mod-
ern control approaches must be able to include system constraints into their
design.

The repetitive nature of industrial processes has lead to the development
of iterative learning control (ILC) approaches, for which the controls are cal-
culated beforehand and updated after each repetition, or trial. Such a control
strategy can achieve very high accuracy, while being robust with respect to
small variations or changes to the controlled system. Traditional ILC methods
have been developed for linear models, and without dealing with system con-
straints. The goal of the current research is to develop ILC methods which can
deal with nonlinear models, and which take constraints into account directly.

In this thesis, modern dynamic optimization techniques are used to design
an efficient and general calculation strategy for the inversion of nonlinear mod-
els, which is essential in the design of nonlinear ILC. This approach is based on
the solution of inequality constrained nonlinear least squares problems. Using
this calculation strategy, an existing ILC method has been improved by dramati-
cally reducing the required calculation time. Another contribution of this thesis
is the development of a novel ILC approach, based on the concept of explicit
model correction, and consisting of two steps: in the first step the nominal
model is corrected based on the previous trial’s output, and in the second step
the corrected model is inverted to track a given reference. The equivalence
of the proposed approach with existing methods, under certain conditions,
is discussed. An important benefit of the method is an increased applicabil-
ity to other control problems, such as point-to-point motion control, iterative
model identification, constrained feedback control, and the control of systems
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ABSTRACT

which experience sudden changes in dynamics. Each of these applications is
discussed in the thesis. In order to facilitate the application of the proposed
ILC approach, an open source software package is developed, which integrates
state-of-the-art third party packages for automatic differentiation and dynamic
optimization using an interior point method.
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Samenvatting

Een belangrijke evolutie van de laatste decennia in de industrie is de toene-
mende mechanisering en automatisering van productieprocessen. Industriële
robots en andere mechatronische systemen spelen een belangrijke rol bij het
verhogen van de productiesnelheid en bij de verdere miniaturisering van com-
ponenten, bijvoorbeeld in de elektronica industrie. Een van de grootste uit-
dagingen voor zulke systemen is het verbeteren van de positienauwkeurigheid
door het gebruik van moderne regelstrategieën. Dit kan bereikt worden door
het toevoegen van wiskundige modellen in het regelontwerp, waarbij de toene-
mende complexiteit van de systemen ook complexere modellen vereist, zoals
niet-lineaire modellen. Bovendien maken strenge eisen voor tijd en kosten het
noodzakelijk om mechatronische systemen aan te sturen aan het maximum
van hun potentieel, waardoor moderne regeltechniek de systeembeperkingen
expliciet in rekening moet kunnen brengen.

Het repetitieve karakter van industriële processen heeft geleid tot de ont-
wikkeling van iteratief lerende regeling (ILR), waarbij de regelsignalen op voor-
hand berekend worden en aangepast worden na elke herhaling. Zo’n regelstra-
tegie kan een hoge nauwkeurigheid bereiken, en tegelijk robuust zijn indien er
kleine variaties of veranderingen optreden in het systeem. Traditionele ILR me-
thodes zijn ontwikkeld voor lineaire modellen, en zonder rekening te houden
met systeembeperkingen. Het doel van het huidige onderzoek is de ontwikke-
ling van ILR algoritmes die gebruik maken van niet-lineaire modellen, en die
expliciet aan de beperkingen voldoen.

In deze thesis worden moderne dynamische optimalisatietechnieken ge-
bruikt om een efficiënte en algemeen geldende rekenstrategie te ontwikke-
len voor de inversie van niet-lineaire modellen, hetgeen essentieel is in het
ontwerp van niet-lineaire ILR. Deze methode is gebaseerd op het oplossen
van niet-lineaire kleinste kwadraten problemen met ongelijkheidsbeperkingen.
Aan de hand van deze rekenstrategie is een bestaand ILR algoritme verbeterd
door de benodigde rekentijd sterk terug te dringen. Een andere bijdrage van
deze thesis is de ontwikkeling van een nieuw ILR algoritme, bestaande uit twee
stappen: in de eerste stap wordt het bestaande model expliciet gecorrigeerd
aan de hand van een meting van de voorbije herhaling, en in de tweede stap
wordt de inversie methode toegepast op het gecorrigeerde model om een ge-
geven referentie te volgen. De equivalentie van het voorgestelde algoritme
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SAMENVATTING

met bestaande methodes, onder bepaalde voorwaarden, wordt besproken. Een
groot voordeel van de nieuwe methode is een grotere toepasbaarheid voor al-
ternatieve regelproblemen, zoals punt tot punt bewegingen, iteratieve model
identificatie, beperkte terugkoppeling, en het regelen van systemen die plots
van dynamica veranderen. Elk van deze toepassingen wordt besproken in de
thesis. Om het gebruik van de voorgestelde ILR methode te vergemakkelijken
is er een open bron software pakket ontwikkeld dat gecombineerd is met mo-
derne software voor automatische differentiatie en optimalisatie door middel
van een inwendige punt methode.
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List of abbreviations

AD : automatic differentiation
AS : asymptotic stability
BLA : best linear approximation
CGN : constrained Gauss-Newton
DFT : discrete Fourier transform
DO : dynamic optimization
DTFT : discrete time Fourier transform
EPL : eclipse public license
FIR : finite impulse response
FRF : frequency response function
g ILC : generic iterative learning control
GMS : generalized Maxwell slip
GN : Gauss-Newton
IC : integrated circuit
ILC : iterative learning control
LGPL : lesser general public license
LLS : linear least squares
LPV : linear parameter varying
LP : linear programming
LQR : linear quadratic regulator
LTI : linear time invariant
LTV : linear time variant
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MPC : model predictive control
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NLP : nonlinear programming
ODE : ordinary differential equation
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PNLSS : polynomial nonlinear state space
RMS : root mean square
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1 Introduction

The work described in this thesis is in the field of iterative learning control (ILC)
for nonlinear systems. It formulates ILC strategies that can overcome some of
the drawbacks of existing ILC approaches, while making use of the benefits of
modern dynamic optimization methods. This chapter discusses the motivation
and the background of this research, as well as the goals that were set out
at the start, and then describes the contributions of this thesis, along with an
overview of the next chapters.

1.1 Motivation

There is an ever present drive in the control industry to improve the motion
accuracy and speed of mechatronic systems, such as production machines, in-
dustrial robots, and pick and place machines. The constant miniaturization
of components in the electronics industry, for example, requires the machines
that move and position these components to be more and more precise [ITRS,
2011]. It is common for such machines to have a predescribed path that needs
to be followed. In control terminology, this means that there is a reference
signal as a function of time, that needs to be followed by the output of the
system, by manipulating a control input to the system. This is named tracking
control.

Traditionally, tracking control has been tackled for linear systems by feed-
back methods, such as the tuning of proportional-integral-derivative (PID) con-
trollers using heuristics [Ogata, 2001], or model based methods such as pole
placement, loop shaping, or root locus [Franklin et al., 2001; Skogestad and
Postlethwaite, 2005]. In practice, machines are subject to certain limitations,
such as a maximum control effort that can be provided by the actuators, and
the inability of these methods to take these limitations into account hinders
their performance.

Since the reference is assumed to be known beforehand, the control signal
can also be calculated before the motion, which is a feedforward strategy, if
a model of the system is available. Mathematically this amounts to an inver-
sion problem, since the model’s transformation from input to output must be
inverted to a transformation from the reference to the input. However, not all
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1. INTRODUCTION

linear systems are easily invertible [Markusson, 2002], especially in the pres-
ence of system limitations. Another drawback of most feedforward approaches
is a lack of robustness with respect to uncertainty of the model. Even if a very
accurate model can be identified, small variations over time will introduce
a mismatch between the system and the model, for example due to wear of
the machine, or changing environmental conditions. This problem is typically
solved by recalibrating the controller, which takes time and can be expensive.

The observation that many industrial machines repeatedly make the same
motion, for example in mass production plants, has lead to the idea of ILC

strategies [Bristow et al., 2006; Moore et al., 2006; Ahn et al., 2007b,a], which
aim at improving the motion accuracy for each repetition, or trial, by using
information collected during the previous trial(s). Such strategies can correct
for the model plant mismatch, or for disturbances that repeat during each
motion. Slow variations in the system dynamics can also be learned, thereby
removing the need for recalibration. Learning control is the first background
research field for this thesis.

Most research in control engineering, including iterative learning control,
is concerned with linear systems. In practice however, almost all systems ex-
perience some degree of nonlinear dynamic behavior. Common sources of
nonlinearities include [Khalil, 2002] saturation of amplifiers, dead zone found
in pneumatic and hydraulic valves [Ziaei and Sepehri, 2001], and hystere-
sis found in electrical circuits [Elwakil et al., 2006], some types of friction
[Armstrong-Helouvry et al., 1994; Al-Bender et al., 2004b], or piëzo actuators
[Aguirre et al., 2012]. These phenomena are not easy to model. A possible
modeling approach is to identify black box models [Pintelon and Schoukens,
2004], using only measurement data. Other nonlinear dynamics are intro-
duced for example by inverse kinematics in robotic systems [Siciliano and
Khatib, 2008; Spong et al., 2006], or by coupling in multiple input, multiple
output (MIMO) systems. Accurate control of these systems require control ap-
proaches that can take nonlinear dynamics into account. Control for nonlinear
systems is the second background of the current research.

Parallel to developments in learning control and control for nonlinear sys-
tems, a great deal of research has been conducted on bringing the mathemat-
ical concept of optimization into control design. This has lead to numerous
optimization based control strategies, ranging from optimally tuned conven-
tional controllers, to approaches that rely on online optimization algorithms.
Such optimization based controllers provide the third background of the work
described in this thesis.

The following sections first discuss linear ILC in more detail, and later con-
trol of nonlinear systems and optimization based control, with special attention
to ILC in each of these research fields.

2



1.1. Motivation

1.1.1 Linear iterative learning control

The broad range of ILC strategies all share the same basic idea: they realize a
transformation from previous trial tracking error to the next trial’s input signal.
In this way, they can be seen as a feedback strategy in trial domain, and a
feedforward strategy in time domain. It is therefore no surprise that in early ILC

algorithms the update to the input signal is proportional to the previous trial’s
tracking error, which is the equivalent of a proportional feedback controller,
but in trial domain [Arimoto et al., 1984]. This constant typically does not
change over the successive trials, and therefore this approach is said to be trial
invariant. Later this constant gain has been replaced by a dynamic system, or
learning filter. An advantage of this approach is that the learning dynamics
can then be shaped in the frequency domain [Amann et al., 1996b; De Roover
and Bosgra, 2000; Ahn et al., 2006]. In model based approaches, the filter
is designed for example using an inverse model [Elci et al., 1994; Kinosita
et al., 2002], a frequency response function [De Cuyper et al., 2003], or a
finite impulse response [Gunnarsson and Norrlof, 2001; Amann et al., 1996a].
Another approach is to formulate the filter as a closed form solution of an
optimization problem (see 1.1.3).

A common implementation for these methods is the so called lifted system
representation, or super vector notation [Bristow et al., 2006]. This means that
the input and error signals are written as vectors, and causal dynamic systems
are written as lower triangular Toeplitz matrices, of which the elements are
the Markov parameters of the system. This notation makes abstraction of the
time domain dynamics of the system, facilitating the design of the algorithm in
the trial domain. However, this implementation requires the storage of one or
more dense matrices whose size depends on the length of the reference, which
means that ILC approaches based on this implementation do not scale well for
long reference signals. The dense matrices are computed before operation and
kept constant for each trial. Such a strategy is named trial invariant ILC, in
contrast with trial varying algorithms [Chen and Moore, 2003; Tayebi, 2007].
Another drawback of these approaches is that they assume linear time invariant
(LTI) behavior of the system, although extensions to linear time variant (LTV)
systems have also been proposed [Hakvoort, 2009; Chien, 1998; Arif et al.,
2003]. Deviations from LTI behavior, for example due to nonlinear dynamics,
are treated as model plant mismatch, which need to be compensated for by
learning. For systems that have strong nonlinear behavior, these methods can
fail. This shows the need for nonlinear ILC approaches for such systems.

Most ILC algorithms only use information of the previous trial, and are
therefore called first order methods. Higher order methods, which use infor-
mation of multiple trials, have been designed in order to increase robustness
with respect to non-repeating disturbances [Chen et al., 1998; Al-Towaim and
Lewin, 2002; Sun and Wang, 2001]. However, the added complexity of such
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algorithms reduces their applicability. Alternatives are ILC algorithms that in-
clude current trial tracking error data [Chen et al., 1997; Doh et al., 1999], by
combining a conventional approach with a feedback loop in the current trial.
Another drawback of most conventional ILC algorithms is that actuator limita-
tions cannot be taken into account directly, since the trial domain operator is
typically a linear transformation. Recent approaches to deal with constrained
systems include [Xu et al., 2004; Chu and Owens, 2010; Janssens et al., 2011],
but these approaches also assume LTI systems.

1.1.2 Control of nonlinear systems

From a control design perspective it is beneficial to regard systems as linear,
in order to apply the design strategies based on linear systems theory. For the
control of nonlinear systems, a common approach is to linearize the system
around an equilibrium state or along a reference trajectory, and then to design
a robust linear controller using the linearized model. Depending on the level
of nonlinearity of the system (which is somewhat of a contradiction, but in this
sense means deviation from linear behavior, as quantified by a suitable metric),
this can lead to satisfactory results. However, this approach can also introduce
additional limitations, such as a reduction in the range of motion, since the
linearizing assumption must be kept valid.

Other approaches to feedback control take the nonlinearity of the system
into account directly, if a nonlinear model of the system is available. For exam-
ple, a feedback linearization strategy can transform the nonlinear system into
a series of pure integrators [Isidori, 1995; Khalil, 2002], which can then be
controlled by linear feedback. However, the poor robustness of this approach
limits its applicability. One approach to improve the robustness of feedback lin-
earization is called sliding mode control [Utkin et al., 1999; Sabanovic, 2011;
Young et al., 1999]. In this approach an additional, bang-bang type control
signal is added to the feedback loop in order to restrict the motion of the error
dynamics to a favorable subspace, regardless of model uncertainties. Special
measures must then be taken to ensure a smooth input signal. A less conserva-
tive generalization of the sliding mode strategy is called backstepping [Koko-
tovic and Arcak, 2001]. This is an approach that aims at stabilizing the error
dynamics by finding suitable Lyapunov functions, which is difficult in practice.

Another drawback of feedback linearization and its more robust implemen-
tations is that it cannot be applied to systems with unstable zero dynamics. The
zero dynamics of a nonlinear system are defined as the remaining system dy-
namics if the output of the system is forced to zero, and are the equivalent of
the zeros of a linear system [Khalil, 2002]. Systems with unstable zero dynam-
ics are therefore called non-minimum phase systems. For such systems another
feedback approach is based on flatness [Fliess et al., 1995]. The idea is to find
a fictitious output for which the relative degree is equal to the system order,
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since in this case there are no zero dynamics. This flat output can then be used
in a feedback linearization strategy.

Iterative learning control for nonlinear systems

A distinction can be made between nonlinear iterative learning control, which
means that the transformation between past trial data and the new input sig-
nal is a nonlinear relation, and ILC controllers that are designed for nonlinear
systems. Nonlinear ILC algorithms can be applied to linear systems in order to
improve transient learning behavior [Xu and Tan, 2002b] or to deal with trial
varying dynamics, references, or initial states [Meng et al., 2009]. Such algo-
rithms are not the focus of this work. The performance of linear ILC algorithms
applied to nonlinear systems has been studied extensively. Theoretically, the
most basic P-type ILC can be designed to have asymptotic convergence for a
large class of nonlinear systems [Xu, 2011], albeit with a limited convergence
speed [Xu and Tan, 2002b].

In order to improve convergence speed, nonlinear model based approaches
have been developed. Affinity of the model in the control input facilitates
the ILC design, since in this case the sensitivity of the output with respect to
the control input is independent of the input itself. In fact, the inverse of this
sensitivity is used as a gain in an approach called Newton-type ILC [Xu and Tan,
2003]. A common assumption for these methods is that the system dynamics
are globally Lipshitz continuous, which guarantees the existence of a unique
solution to the initial value problem, since there is no finite escape time. Other
approaches only assume local Lipshitz continuity [Xu, 2011]. Approaches for
nonaffine systems are presented in [Chen and Wen, 1999] and [Xu and Tan,
2002a].

1.1.3 Optimization based control

The main approach of the control systems proposed so far is to assume a cer-
tain structure of the controller, and then aim to find a good realization of that
structure, good with respect to performance, robustness, etc. The purpose of
optimization based controllers is to make the least amount of assumptions as
possible with regards to the structure of the controller, and to design it such
that it optimizes a certain performance criterion, or cost function. The criterion
can be different depending on the application, such as the execution time, or
the control effort. For tracking control, the criterion is typically the deviation
of the output from the reference, measured by a suitable norm. Mathematical
optimization problems are also subject to equality and inequality constraints,
which means that many optimization based control algorithms can take sys-
tem limitations into account, although this has a considerable impact on the
optimal solution. Equality constraints are typically the dynamic equation of
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the system to be controlled, hence the term dynamic optimization (DO) for
optimization problems in control.

Initial research into optimal control actually predates the research of what
is now called classical feedback control, since it is one of the motivations be-
hind the theory of calculus of variations, developed at the end of the 17th

century [Sussmann and Willems, 1997]. By evaluating the sensitivity of the
cost function to variations in the states, an expression can be found for the
optimal control input. This approach formed the basis of the work by Bell-
man [Yong and Zhou, 1999], and the work of Pontryagin [Gabasov and Kir-
illova, 1981]. These methods are usually classified as indirect methods, which
means that the optimal control signal is an exact solution of a nonlinear par-
tial differential equation, but this equation can be difficult to solve in practice.
However, an interesting and practical solution is found if the cost function is
a quadratic function of states and input, the equality constraints linear and
without inequality constraints. It was shown by Kalman in the 1960’s that in
that case the optimal control input equals a linear state feedback [Kwakernaak
and Sivan, 1972]. For infinite time, the feedback gain can be found by solving
an algebraic equation of limited size. This method is commonly called a linear
quadratic regulator (LQR).

Direct methods for optimal control follow a different approach [Betts, 2001].
The control input is discretized, and the cost function therefore becomes a
function of a finite set of variables. Many optimization strategies have been
developed for such problems. If the cost function is linear, and the constrained
space is a polytope, linear programming (LP) routines can be used [Vanderbei,
2008]. If both the cost function and the constraint set are convex, algorithms
for convex optimization can be used [Boyd and Vandenberghe, 2004]. For
nonconvex problems, nonlinear programming (NLP) methods have to be used
[Betts, 2001]. For continuous time systems, a suitable discretization method
has to be implemented to formulate the optimization problem, such as single
shooting, collocation, or multiple shooting. For discrete time systems, this step
is obviously not needed.

A well known control approach based on direct dynamic optimization is
model predictive control (MPC) [Camacho and C.Bordons, 2004]. It uses a
quadratic cost function, similar to the LQR approach, but defined over a finite
control horizon. This horizon is moved forward one time instant at a time,
and so the optimization problem is solved within one time instant. Several
methods exist to deal with inequality constraints, such as an active set method,
or an interior point method. The former has a more complex implementation,
but allows an efficient warm start, which makes it interesting for applications
where calculation time is very limited, such as mechatronic applications. The
latter has a relatively constant computational demand, and can exploit sparsity
in an easy way, so it usually scales better for longer control horizons.
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Optimization based iterative learning control

Most optimization based control algorithms are feedforward strategies, since
the optimal control input is calculated beforehand. Only under certain as-
sumptions a feedback control law is found in the form of LQR or MPC. A similar
strategy can be followed to design optimization based ILC algorithms. In norm-
optimal ILC for linear systems [Tao et al., 1994; Gunnarsson and Norrlof, 2001;
Bristow and Hencey, 2008], the matrices used in the ILC update law written
in the supervector notation are designed to optimize a quadratic cost function.
An extension to this approach for LTV systems is given in [Lee et al., 2000].
[Amann et al., 1996a] and [Ratcliffe et al., 2006] propose an algorithm that
is based on the same cost function, but the implementation is in combination
with current trial full state feedback, which means state information is needed.
A drawback of all these approaches is that, analogous to LQR, inequality con-
straints cannot be taken into account.

An interesting approach for nonlinear systems, based on direct dynamic op-
timization, is proposed in [Schoellig, 2009]. The cost function is quadratic, but
the nonlinear dynamics are linearized around the reference trajectory, leading
to an LTV system. Convex optimization is then used to solve the optimal con-
trol problem. A Kalman filter is used to estimate a disturbance model, and this
estimated disturbance is then used to update the optimal control problem for
the next iteration. A drawback of this approach is that the linearization step re-
quires knowledge of the state information along the reference trajectory, which
is not trivial for example when dealing with black box models.

1.1.4 Goals for this thesis

The work described in this thesis aims to bring learning control algorithms,
which are rooted in classical linear control theory, into the recent framework
of optimization centered engineering. This has been described as a paradigm
shift, towards a design strategy where the engineering problem, in this case a
control problem, is translated into a mathematical optimization problem, such
that the solution of the optimization problem determines the design. Such a
change of perspective has been observed in the transition from classical linear
feedback control, over LQR, towards MPC. A similar transition is aimed for in
the field of learning control. The benefits are an increased performance, appli-
cability, flexibility, and the incorporation of system limitations in the control,
at the cost of only a small increase in computational load. More specifically,
the goal of this thesis was defined as follows:

“To design iterative learning control strategies that are applicable to the broad-
est class of nonlinear systems, and that can take system limitations into ac-
count directly, with a strong focus on computational efficiency, particularly for
long reference signals”.
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In order to reach this goal, a number of assumptions must be made about the
kind of systems that are considered, and about what information is available
for the control design. These assumptions provide a framework in which dif-
ferent approaches can be studied. The assumptions are the following:

• The true system is bounded input-bounded output stable. Unstable but
stabilizable systems must first be stabilized by a suitable feedback loop.
The ILC algorithm is then applied to the closed loop system. This is a
common assumption in ILC due to the feedforward nature in time do-
main.

• A reference output as function of time is available. The aim of the devel-
oped ILC strategies is to iteratively improve the control input to make the
system’s output approach this reference output, in other words tracking
control is the considered objective.

• The identical initialization condition (i.i.c.) is satisfied. This means that
the initial state of the motion is the same for each trial, and it is assumed
that the system is brought to this initial state regardless of the ILC control
action. A distinction can be made between initial value problems, for
which an initial state is assumed to be given, and periodic reference
problems, for which it is assumed that the steady state response of the
system is measured. In the latter case, the initial state is unknown, but
assumed to follow the final state of the motion.

• A discrete time state space model is available. No other assumptions are
made on the structure of the model, the linearity, affinity of the control
input, etc. The state and output equation are assumed to be globally
Lipschitz continuous. If a developed ILC approach can incorporate in-
put and state constraints, this assumption can be relaxed to Lipschitz
continuity in the feasible domain. Typically the model has been either
identified experimentally, or constructed based on first principles or a
priori knowledge of the system.

• Time invariance of the system and model is not assumed. However, it
is assumed that the evolution of the dynamics in time is the same for
each trial. This includes switching systems, which are systems that are
most appropriately described by local models at different parts of the
trial length.

To further define the main goal of this work, and to improve on the perfor-
mance of existing ILC approaches, a number of additional objectives can be
identified for the control approaches to be developed. These are the following:

• The control algorithm can only use measured output information, and
no state information, of the previous trial.
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• The required calculation time of the algorithm should scale linearly with
N , being the length of the reference signal.

• Both initial value problems and periodic reference problems should be
considered

• The approach should be easily extendable to MIMO systems

• The implementation of the algorithm should facilitate trial variance, in
other words the algorithm should be easily adaptable during operation

• The control strategy should be easily extendable to other forms of control
besides tracking control, such as point to point motion control, or time
optimal control.

1.2 Contributions

The main contributions of this thesis are:

• Development of a computationally efficient nonlinear inversion al-
gorithm. It is found that nonlinear model inversion is essential to mod-
ern ILC approaches. The inversion of a nonlinear, discrete-time state
space model is written as an NLP problem. The proposed formulation
leads to a sparse structure of the optimization matrices, and this struc-
ture can be exploited by the applied optimization methods. The devel-
oped inversion algorithm is used to improve an existing unconstrained
nonlinear ILC approach, in order to increase the computational efficiency.
The approach has also been extended to more general models with ex-
ogenous inputs, additional outputs, and constraints, to serve as the basis
of a novel nonlinear ILC approach.

• A novel nonlinear ILC approach based on model correction. A novel
approach to nonlinear ILC has been developed based on the notion of
explicit model correction. This means that the nominal model is aug-
mented with one or more additional input signals, which provide learn-
ing by capturing the system behavior during each trial. This leads to a
two-step approach, with the estimation of the correction term as the first
step, and the inversion of the corrected model as the second step. The
structure of both problems is equivalent, and both can be solved with
the previously developed nonlinear model inversion approach. The two
steps together form an iterative procedure that can be regarded as a gen-
eralization of an existing optimization based linear ILC approach called
norm-optimal ILC.
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• Development of a user friendly, flexible and efficient software frame-
work. In order to facilitate the application of the two step approach to
nonlinear ILC, a software package is written in Python that provides an
intuitive way to setup the algorithm, without the need to manually de-
fine the NLP problems that constitute the two steps, and to interact with
the optimization algorithm directly. In order to do this, the software is
combined with an existing package for automatic differentiation of the
model equations in the NLP formulation, and with a sparse implementa-
tion of an interior point method, for the efficient solution of both steps.

These three contributions combined form a general framework for the formu-
lation of ILC for nonlinear systems in the optimization based control paradigm.
The main advantage, next to the ability to use nonlinear models and to incor-
porate constraints, lies in the flexibility offered by such a formulation. Small
adaptations to the optimization problem(s) can greatly increase the applica-
bility of the approach to diverse problems, both in identification and control.
This thesis also analyses three case studies to demonstrate this flexibility.

The first case considers the application of parametric model correction.
This means that the correction terms are applied directly to the model param-
eters, to learn better parameter values. This approach is used in simulation to
iteratively improve the identification of a smoothed Generalized Maxwell Slip
model [Boegli et al., 2012] for the friction of a linear motor.

The second case combines a developed ILC approach with current trial feed-
back control. Both linear state feedback and an input-output linearizing feed-
back are considered. By incorporating the feedback loop into the problem
formulation in a straightforward manner, an optimal closed loop input signal
can be learned while satisfying constraints on the control signal.

The third case considers systems that experience a sudden change in dy-
namics, which are often easier to model by separate local models. Due to the
time domain nature of the optimization based methods, it is possible to in-
clude these models in the iterative procedure. The switching of the system can
then be regarded as a disturbance, which can be corrected for by learning in a
robust way.

1.3 Outline

Chapter 2 provides the theoretical background of several existing ILC approaches,
which serve either as the basis for an extended approach, or as a benchmark
for the new ILC algorithm described later.

Chapter 3 introduces the developed nonlinear model inversion technique,
which is the first main contribution of this work. It describes the NLP formula-
tion and the proposed solution strategy, and draws comparisons with existing
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model inversion methods. The extension to generalized plants is also discussed
here.

Chapter 4 presents the extension of an existing nonlinear ILC approach,
which has been improved by the introduction of the inversion approach de-
scribed in chapter 3. It also presents experimental results for the application
of the new approach on an electrical circuit.

Chapter 5 describes the new optimization based ILC approach, which is the
second main contribution of this thesis. It introduces the concept of explicit
model correction, and shows that such a correction is implicit in an existing
linear ILC algorithm. It then presents the two steps of the proposed approach,
and describes how they can be solved with the previously described nonlinear
inversion technique. It is shown that an existing linear ILC algorithm is a special
case of this approach. This chapter also includes experimental validation of the
developed algorithm for the control of a lab scale overhead crane.

Chapter 6 presents the three case studies in which the new ILC approach is
applied. Each of these cases makes use of a different feature of the algorithm,
demonstrating its flexibility and broad applicability.

Chapter 7 discusses the third main contribution of this work, which is the
development of a user friendly software package for the application of the
developed ILC method, which is based on CasADi and IPOPT, existing software
packages for automatic differentiation and NLP optimization.

Finally, main conclusions are drawn for this work in chapter 8, along with
recommendations for future research directions.
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2 Iterative learning control

This chapter discusses a number of conventional approaches to ILC. Of the
many variants proposed in literature, those approaches that are most relevant
for the remainder of this thesis are presented. In recent years, several excellent
review publications and books have appeared that summarize and categorize
the large number of algorithms available, most notably [Ahn et al., 2007a;
Wang et al., 2009; Xu, 2011; Xu and Tan, 2003]. Applications of ILC have been
described in several PhD dissertations [Markusson, 2002; Dijkstra, 2004; Pinte,
2007]. A welcoming introduction to ILC terminology and concepts is presented
in [Bristow et al., 2006].

Section 2.1 introduces ILC, starting from the most simple algorithm, and
moving to a more general formulation. Section 2.2 discusses the design of ILC

algorithms in the frequency domain, while section 2.3 presents an alternative
formulation, and discusses the norm-optimal ILC approach.

2.1 Introduction

The ILC approaches described in this chapter are applicable (unless stated oth-
erwise) to asymptotically stable, discrete-time, causal, single input, single out-
put (SISO), LTI systems, denoted as P. If ui(k) and yi(k) denote the input
and output of the system at time instant k ∈ [0, N − 1], with N the length
of the trial, and using the trial index i = 1,2, . . ., then the tracking error
ei(k) = yr(k)− yi(k) is given by [Bristow et al., 2006]:

ei(k) = yr(k)− P(q)ui(k)− e0(k) (2.1)

The system P(q) is a function of the forward time-shift operator qx(k) = x(k+
1), defined as

P(q) = p0 + p1q−1 + p2q−2 + . . .+ pN−1q−(N−1) (2.2)

with [p0, p1, . . . , pN−1] the finite impulse response (FIR) of the system P. e0(k)
is called the initialization error, and contains trial-invariant disturbances [Nor-
rlof and Gunnarsson, 2002] and the effect of non-zero initial conditions [Long-
man, 2000]. However, without loss of generality it can be assumed that e0(k) =
0.
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The purpose of ILC design is now to find a mapping from ei(k) to ui+1(k),
such that ei(k) = 0 when i →∞ and for all k ∈ [0, N − 1]. If an input ur(k)
exists, such that P(q)ur(k) = yr(k), then this also means ui(k) = ur(k) when
i→∞.

P- and D-type ILC The most basic ILC update law has the following form:

ui+1(k) = ui(k) + lei(k) (2.3)

with l a constant scalar. Surprisingly, (2.3) can be shown to converge asymp-
totically towards u∗(k), even for very complex systems P, if the following in-
equality holds [Xu, 2011]:

(1+ l p0)< 1 (2.4)

This condition is only valid if p0 ̸= 0, in other words if the relative degree of
P is 0. In order to deal with systems with an arbitrary relative degree r ≥ 1,
(2.3) is generalized to:

ui+1(k) = ui(k) + lqr ei(k) = ui(k) + lei(k+ r) (2.5)

The update law for the case r = 0, given by (2.3), is often called P-type or
proportional ILC, while the case r = 1 is often called D-type or derivative ILC.
This is due to the fact that (2.5), for the case r = 1, was first proposed in a
continuous form as ui+1(t) = ui(t) + l ėi(t) in [Arimoto et al., 1984].

General formulation Later, alternative update laws have been proposed to
improve convergence. Most variants can be written in the general formulation
introduced in [Moore et al., 1992]:

ui+1(k) = Lu(q)ui(k) + Le(q)ei(k) (2.6)

with Lu(q) and Le(q) dynamic systems. Note that (2.5) is a special case of
(2.6), for which Lu(q) = 1 and Le(q) = lqr . The remainder of this chapter
presents a number of approaches to design Lu(q) and Le(q).

Asymptotic stability A common goal of these approaches is to establish con-
ditions for asymptotic stability (AS) of (2.6). An iterative procedure of the form
(2.6) is defined to be asymptotically stable if there exists a ū ∈ R for which it
holds that

|ui(k)| ≤ ū for all k ∈ [0, N − 1] and i = 1,2, . . . (2.7)

and for all k ∈ [0, N − 1]

lim
i→∞ui(k) exists. (2.8)
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The converged input sequence is denoted as u∞(k). Note that u∞(k) is not
necessarily equal to ur(k). Inserting (2.1) into (2.6) and rearranging leads to:

ui+1(k) =
�

Lu(q)− Le(q)P(q)
�

ui(k) + Le(q)yr(k) (2.9)

This is a difference equation for u(k) that describes its propagation in the trial
domain. Asymptotic stability is guaranteed if the operator

�
Lu(q)− Le(q)P(q)

�
is a stable operator [Bristow et al., 2006]. This condition forms the basis of
many ILC design procedures.

2.2 Frequency domain ilc design

Equations (2.6) and (2.9) can also be expressed in the frequency domain, if the
signals ui+1(k), ui(k) and yr(k) are transformed by the discrete time Fourier
transform (DTFT) [Norrlof and Gunnarsson, 2002]:

X (ω) =
∞∑

k=0

x(k)e− jωk (2.10)

assuming that this sum exists and is finite for all ω. The frequency response of
the operators Lu(q) and Le(q) is simply Lu(e− jωk) and Le(e− jωk) respectively,
resulting in the following frequency domain update law:

Ui+1(ω) = Lu(e
− jωk)Ui(ω) + Le(e

− jωk)Ei(ω) (2.11)

and the following trial domain difference equation:

Ui+1(ω) =
�

Lu(e
− jωk)− Le(e

− jωk)P(e− jωk)
�

Ui(ω)+ Le(e
− jωk)Yr(ω) (2.12)

Note that the transformation (2.10) is defined by summation over the interval
[0,∞), while the time domain signals are finite, in the interval [0, N − 1].
Therefore (2.12) is an approximation of (2.6), and only valid asymptotically
for the case N =∞.

Defining the norm ∥ · ∥∞ on a system X (q) as

∥X (q)∥∞ = sup
ω∈[0,π]

|X (e− jωk)|, (2.13)

the condition for AS of (2.12) becomes:

∥�Lu(e
− jωk)− Le(e

− jωk)P(e− jωk)
�∥∞ < 1 (2.14)

In other words, if AS holds, then there does not exist a frequency ω for which
the next trial input Ui+1(ω) is amplified with respect to the past trial input
Ui(ω). This condition can be used to shape Lu(e− jωk) and Le(e− jωk) to satisfy
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(2.14). The resulting operators are then transformed back to the time domain,
and (2.6) is used in the practical implementation of the algorithm.

The main advantage of ILC design in the frequency domain is that it fa-
cilitates a robust design. Typically, a model P̂ is used to design Le (see for
example section 2.2.1). Since uncertainty of P̂ is often frequency dependent
but bounded, |Lu(e− jωk)| can be reduced at frequencies where the uncertainty
is largest, based on the uncertainty bounds.

2.2.1 Time waveform replication

One particular frequency domain ILC approach that is of importance for this
thesis is described in [De Cuyper et al., 2003] and is called time waveform
replication (TWR). The main idea is to use a measured frequency response
function (FRF) of the system P, denoted by P̂f r f . This non-parametric model
can for example be found by exciting the system with a broadband periodic
excitation signal, such as a random phase multisine [Pintelon and Schoukens,
2004], and measuring the response. P̂f r f is then calculated by dividing the
Fourier transform of the output by the Fourier transform of the input signal.

The following update law is used:

ui+1(k) = ui(k) + qi P̂
−1[ei(k)] (2.15)

with P̂−1[ei(k)]meaning the inverse model operation, more specifically P̂−1[ei(k)] =F−1�P̂−1
f r fF [ei(k)]

�
, with F [ei(k)] the discrete Fourier transform (DFT) of

ei(k). Note that before the application of (2.15), F [ei(k)] is processed by
windowing in the frequency domain, such that the application of (2.15) leads
to improved tracking performance only up to user defined frequency fb.

The scalar qi is a trial dependent gain, with 0 ≤ qi ≤ 1. [De Cuyper et al.,
2003] suggests to reduce qi if |ei+1(k)| > |ei(k)|, to achieve monotonic con-
vergence. It is clear that (2.15) is a special case of (2.11) with Lu = 1 and
Le = qi P̂

−1. If P̂ = P, then (2.14) is satisfied. In fact, it can be shown that in
this case ui(k) converges towards ur(k) in 1 trial [De Cuyper et al., 2003]. In
case of model plant mismatch, (2.14) can be satisfied by reducing qi .

The transformation of arbitrary input and error signals to the frequency
domain by DFT can lead to leakage errors, unless these signals are periodic.
However, TWR was developed for applications such as the control of durabil-
ity test rigs [De Cuyper et al., 1999], which typically use periodic reference
signals.

2.2.2 Extension of TWR to nonlinear systems

The TWR approach described above converges in 1 trial if the model P̂ is an
exact representation of P, with P̂ an FRF. If P is a nonlinear system, no FRF can
be found that represents P for all input signals, and therefore the TWR approach

16



2.2. Frequency domain ilc design

cannot converge in 1 trial. A solution is to use the best linear approximation
(BLA) of P (see 4.2.1) , and to treat the nonlinear behavior as model plant
mismatch. However, this approach can fail for stronger nonlinear behavior
[De Cuyper, 2006].
[Smolders et al., 2008] proposes a continuous time ILC update law that is

applicable to nonlinear systems, by making an adaptation to (2.15). Denote
the system by Pnl , and assume that a continuous time nonlinear model P̂nl
is available. If the inverse is written as P̂−1

nl (·), then the update law for the
proposed approach is:

ui+1(t) = ui(t) + qi
�

P̂−1
nl [yr(t)]− P̂−1

nl [yi(t)]
�

(2.16)

Note that if P̂nl is linear, (2.16) is equivalent to (2.15). However, this does
not hold in general for a nonlinear model P̂nl , since the superposition principle
does not hold in that case.

The application of (2.16) requires the calculation of the steady state inverse
P̂−1

nl [s(t)] of the nonlinear continuous time model P̂nl , with either s(t) = yr(t)
or s(t) = yi(t). [Smolders et al., 2008] proposes a method to solve this
problem, by applying Newton’s method to the root finding problem s(t) −
P̂nl[u(t)] = 0. This leads to the following iterative procedure, for which the
iteration index is written as j = 1,2, . . .:

u j+1(t) = u j(t) + q jJ
−1
u j

�
s(t)− P̂nl[u(t)]

�
(2.17)

with q j an iteration gain, used to control the step size of Newton’s method. Ju j

is the Jacobian matrix of the model P̂nl[u(t)], evaluated at u(t) = u j(t). This is
the linearization of P̂nl around the signal u j(t). The steady state inverse of Ju j

is
calculated in the frequency domain up to a predefined maximum frequency fb.
Therefore also the solution of (2.17) is calculated up to fb, and the resulting
ILC update law (2.16) is also valid up to fb.

The approach described in [Smolders et al., 2008] has two main draw-
backs. The first is that the calculation of the steady state inverse P̂−1

nl [s(t)] is
very cumbersome and inefficient, since it requires iterative steps that depend
on the inversion of Ju j

(·), which is in itself a challenging problem. Each itera-
tion, Ju j

is recalculated, and must be inverted again. This iterative procedure
to find P̂−1

nl [s(t)] must be repeated for every trial of the ILC procedure.
Furthermore, the update law (2.16) is only valid up to a maximal frequency

fb, and it is shown in [Smolders et al., 2008] that the computational load
increases with increasing fb, presenting the user with an undesirable trade-off
between tracking accuracy and computational efficiency.

Chapter 4 of this thesis presents an ILC approach that is based on (2.16), but
does not have the drawbacks mentioned above. This is thanks to an efficient
nonlinear model inversion approach, based on dynamic optimization, which is
presented in chapter 3.
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2. ITERATIVE LEARNING CONTROL

2.3 Lifted system notation

A popular alternative to the frequency domain notation of section 2.2 is called
the lifted system notation. Evaluate equation (2.1) for each k ∈ [0, N − 1],
and recall that e0(k) is considered to be 0, and that P is a causal system with
relative degree r = 0:

ei(0) = yr(0)− p0u(0)
ei(1) = yr(1)− p0u(1)− p1u(0)

...

ei(N − 1) = yr(N − 1)−∑N−1
n=0 pnu(N − 1− n)

(2.18)

or in matrix form:
ei(0)
ei(1)

...
ei(N − 1)

︸ ︷︷ ︸
ei

=


yr(0)
yr(1)

...
yr(N − 1)

︸ ︷︷ ︸
yr

−


p0 0 . . . 0
p1 p0 . . . 0
...

...
. . . 0

pN−1 pN−2 . . . p0

︸ ︷︷ ︸
P


ui(0)
ui(1)

...
ui(N − 1)

︸ ︷︷ ︸
ui

(2.19)

This is called the lifted system formulation. It allows the dynamic equation
(2.1) to be written in a static equation (2.19), which facilitates the analysis
of the ILC algorithm in the trial domain. Note that the system matrix P is a
lower triangular Toeplitz matrix, since P is assumed to be causal and LTI. If P
is non-causal, then P is not lower triangular, and if P is not LTI, then P is not
Toeplitz.

The lifted system representation of the general ILC update law (2.6) is:

ui+1 = Luui + Leei (2.20)

Convergence properties Inserting (2.19) into (2.20), using ei = yr−yi , and
rearranging leads to:

ui+1 = (Lu − LeP)︸ ︷︷ ︸
Au

ui + Leyr (2.21)

This can be seen as a discrete-time state space system, with i the discrete time
variable, and Au the state propagation matrix. Therefore (2.21) is asymptoti-
cally stable if and only if:

ρ(Lu − LeP)< 1 (2.22)
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2.3. Lifted system notation

with ρ(A) = maxi=1,...,n |λi(A)| the spectral radius of a matrix An×n, with λi(A)
the ith eigenvalue of A. The converged input signal u∞ can be found by replac-
ing ui+1 and ui by u∞ in (2.21):

u∞ = (Lu − LeP)u∞ + Leyr

= (I− Lu + LeP)
−1Leyr

(2.23)

Using e∞ = yr − Pu∞ leads to an expression for the remaining tracking error
after convergence:

e∞ =
�

I− P(I− Lu + LeP)
−1Le

�
yr (2.24)

It is clear that the remaining error is e∞ = 0 only if Lu = I. In other words,
perfect tracking can only be achieved by setting Lu = I.

Even though (2.22) guarantees that ui = u∞ and ei = e∞ for i→∞, it does
not provide any information on the evolution of ei for i = 1,2, . . .. Even for an
asymptotically stable ILC law, the tracking error can become unacceptably large
before convergence. It is therefore desirable to aim for monotonic convergence
of ei towards e∞. Subtracting the first line of (2.23) from (2.20) leads to:

ui+1 − u∞ = (Lu − LeP)(ui − u∞) (2.25)

Multiplying both sides by P and using ei = yr − yi and ui = P−1yi leads to:

e∞ − ei+1 = P(Lu − LeP)P
−1(e∞ − ei) (2.26)

If ∥x∥2 denotes the Euclidean norm of a vector x, then it follows from the defi-
nition of singular values that for a matrix A∈ Rn×n, ∥Ax∥2 < ∥x∥2 if σ̄(A) < 1,
with σ̄(A) the maximum singular value of A [Norrlof and Gunnarsson, 2002].
Applied to (2.26) this leads to the following necessary and sufficient condition
for ∥e∞ − ei+1∥2 < ∥e∞ − ei∥2, in other words for monotonic convergence of
(2.20):

σ̄
�

P(Lu − LeP)P
−1�< 1 (2.27)

Relation with frequency domain approach An interesting analogy exists
between condition (2.27) and (2.14), the condition for asymptotic stability
expressed in the frequency domain, if the systems represented by P,Lu and
Le are causal [Bristow et al., 2006]. In this case, the matrices commute, and
(2.27) reduces to: σ̄(Lu − LeP) < 1. Furthermore, [Norrlof and Gunnarsson,
2002] states that for a causal, LTI system F(q), with a lifted matrix Fn of size
n× n (therefore having the first n elements of the impulse response of F(q) as
the first column of Fn), the following holds:

σ̄(Fn)≤ σ̄(Fn+1)≤ . . .≤ lim
n→∞ σ̄(Fn) = sup

ω∈[0,π]
|F(e jωk)| (2.28)
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In this case F(q) = Lu(q) − Le(q)P(q), and (2.28) can be interpreted as fol-
lows: if the systems represented by P,Lu and Le are causal, asymptotic stability
as guaranteed by (2.14)) is a sufficient condition for monotonic convergence
of update law (2.20), implemented with the finite signal length N . It only be-
comes a necessary condition if N =∞. This means that (2.14) is a conservative
approximation of the actual trial domain dynamics for finite signal lengths.

Note that (2.28) only holds if the operators Lu(q) and Le(q) are causal.
However, many ILC algorithms use acausal learning operators. For example,
it is common to filter e before processing, and if the filtering is applied by an
ideal low pass filter, or a zero phase filter, then this is an acausal operation.
Furthermore, [Goldsmith, 2002] suggests equivalent feedback controllers for
causal ILC algorithms, suggesting that causal ILC has little benefit over feedback
control.

2.3.1 Norm-optimal ILC

A particular ILC approach consists of designing Lu and Le in an optimal sense.
Since the purpose of the ILC algorithm is to reduce the tracking error at the
next trial, a natural choice is to try to minimize ei+1. Such an approach is
proposed in [Amann et al., 1996a] and [Gunnarsson and Norrlof, 2001], and
uses the following objective function:

J = eT
i+1Qei+1 + uT

i+1Rui+1 +∆uT
i S∆ui (2.29)

with ∆ui = ui+1− ui , and Q,R and S diagonal positive semi-definite matrices,
called weight matrices. The term uT

i+1Rui+1 is added to regulate the next trial’s
input signal, and ∆uT

i S∆ui is added to regulate the change of the input signal
from trial i to trial i + 1.

Inserting (2.19) into (2.29) leads to

J = (yr − Pui+1)
T Q(yr − Pui+1) + uT

i+1Rui+1 +∆uT
i S∆ui (2.30)

A closed form solution can be found that minimizes J , by evaluating the deriva-
tive of J with respect to ui+1 and looking for a value of u∗i+1 for which this
derivative is zero. This is called the stationarity condition for optimality of the
solution u∗i+1:

∂ J(u∗i+1)

∂ ui+1
=−PT Q(yr − Pui+1) +Rui+1 + S(ui+1 − ui) (2.31)

Equating (2.31) to zero and rearranging leads to:

(PT QP+R+ S)ui+1 = Sui + PT Qyr (2.32)

20



2.4. Conclusions

Adding and subtracting PT Qyi to the right hand side, and using yi = Pui leads
to:

ui+1 = (P
T QP+R+ S)−1�(PT QP+ S)ui + PT Qei

�
(2.33)

In practice, this expression cannot be evaluated exactly, since the true system
matrix P is typically not known. However, if a model P̂ is available, then
(2.33) can be written in the general ILC formulation of (2.20) by considering
the following learning operators:

Lu = (P̂
TQP̂+R+ S)−1(P̂TQP̂+ S)

Le = (P̂
TQP̂+R+ S)−1P̂TQ.

(2.34)

Applying (2.20) with the operators (2.34) is called norm-optimal ILC. The main
drawback of this approach is that the problem of designing Lu and Le now has
been changed to the problem of selecting the weight matrices. Evaluating
(2.22) and (2.27) is difficult, since P is not available, and substituting P̂ for P
trivially satisfies these conditions if S = 0. In practice, Q,R and S are typically
tuned in an ad hoc approach.

Other drawbacks of the norm-optimal approach are that it is only applica-
ble to linear systems, and that it cannot take system limitations into account.
Chapter 5 introduces an ILC approach that can be regarded as a generaliza-
tion of the norm-optimal approach, which is applicable to nonlinear systems
and which can take constraints into account directly. It will be shown that the
approach presented in this section is a special case of the generalized norm-
optimal ILC approach.

2.4 Conclusions

This chapter reviews a number of ILC approaches that are of interest for the
remainder of this thesis, divided in two design approaches: one based on fre-
quency domain analysis, and the other one on time domain analysis.

Of particular interest is a nonlinear ILC algorithm, based on a frequency
domain model inversion approach. The main drawback of that approach is the
computational complexity of the applied model inversion strategy. Chapter 4
of this thesis presents an adaptation to this nonlinear ILC approach that is based
on a more efficient model inversion algorithm, which is described in chapter 3.

A second interesting ILC approach is found to be the solution of an opti-
mization problem, minimizing the tracking error of the next trial. However,
the main drawbacks of that approach are that it is only valid for linear sys-
tems, and that it cannot take constraints into account. Chapter 5 presents a
new ILC approach that is a generalization of this optimization based approach,
and that is also valid for constrained nonlinear systems.
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3
Model inversion through
dynamic optimization

This chapter discusses approaches to the problem of model inversion. Such
problems are central to modern ILC strategies, and therefore efficient model
inversion algorithms are essential for the design of good ILC controllers.

Entire fields of study are concerned with developing mathematical models
for physical phenomena. The most common models in engineering are func-
tions that relate one or more outputs of the model to one or more given inputs.
A model that is derived using physical insight is called a first principles model
or white box model. A model that is identified using measurements is called
a black box model, while a combination of both approaches is often called a
gray box model. Identification of black box models typically consists of apply-
ing a known input to the system, measuring the response, and then finding the
model that best describes the observation.

The two main reasons for modeling physical systems are (i) to be able to
predict the response of the system to a given input, and (ii) to be able to know
how to manipulate the input such that a desirable response of the system is
obtained. This second objective forms the problem of model inversion.

This work focusses more specifically on the application of model inversion
to ILC. The repetitive nature of ILC means that input and output to the system
and model are finite in time. Furthermore, storing physical measurements of
a system always occurs in discrete sequences, which means that discrete time
models are preferred. For now, a model is considered to be a SISO, discrete
time, input-output operator P̂, for which:

y= P̂(u) (3.1)

with u ∈ RN the input vector and y ∈ RN the output vector, and N the length of
each signal. The desired response of the model is given by the vector yr ∈ RN .
The model inversion problem now consists of finding an input u∗, such that

P̂(u∗) = yr (3.2)

Section 3.1 introduces conventional approaches for the solution of (3.2), for
both linear and nonlinear models. It is then shown in section 3.2 that a more
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general approach can be designed by regarding the model inversion problem as
a dynamic optimization problem. Section 3.3 extends the optimization based
approach to a formulation that is most suitable for the design of new ILC algo-
rithms.

3.1 State of the art on model inversion strategies

This section explores conventional approaches to the model inversion prob-
lem. First a number of model inversion techniques for LTI models are treated,
followed by a discussion on the inversion of nonlinear models.

3.1.1 Inversion of LTI models

Traditional methods for the inversion of LTI models focus on explicitly formu-
lating an inverse relation u∗ = P̂−1(yr). Common model types for P̂ include a
transfer function, a state space model, or the lifted system matrix introduced
in section 2.3, and typically P̂−1 is of the same type. Two properties can lead
to problems in the calculation of the model inverse, namely the presence of
non-minimum phase zeros, and a nonzero relative degree of the model. Each
inversion strategy must be able to overcome both problems.

Transfer function formulation

An expression for the response of a discrete time LTI model to an input u is
given by the convolution of u and the impulse response p of the model:

y(k) = p(k) ∗ u(k) =
∞∑

n=−∞
p(n)u(k− n) (3.3)

with k the discrete time index. The model is causal if p(n) = 0 (and acausal if
p(n) ̸= 0) for n < 0. An efficient formulation to evaluate (3.3) is found by the
z-transform:

Z{u(k)}=
∞∑

k=−∞
u(k)z−k = U(z) (3.4)

Using this transformation, (3.3) can be written as:

Y (z) = H(z)U(z), (3.5)

such that the convolution is replaced by a multiplication with the transfer func-
tion H(z), being the z-transform of the impulse response. H(z) is typically a
fraction of polynomials of z. The roots of the numerator are the zeros of the
system, while the roots of the denominator are the poles. In practice, discrete
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time transfer functions are typically implemented as digital filters, and there-
fore it is desirable to consider systems that are both causal and stable.

Since for causal systems p(k) = 0 for k < 0, it follows from (3.4) that in
this case the order of the polynomial in the numerator of H(z) is lower or equal
to the order of the denominator polynomial. Such a transfer function is called
a strictly proper transfer function if the order of the numerator is lower, and
biproper if the orders are equal. The difference between the number of poles
and the number of zeros is called the pole zero excess, and is equal to the
relative degree of the system.

The stability of a causal discrete time system is determined by the location
of the poles in the imaginary plane. If all poles are located inside the unit
circle, the system is stable. The location of the zeros is important with respect
to inversion, as will be shown later. If and only if all the zeros are located
inside of the unit circle, the system is called minimum phase, otherwise it is
called non-minimum phase. If all the zeros are located outside of the unit
circle, the system is called maximum phase.

Inversion of (3.5), i.e. the solution of equation (3.2), can be achieved by
evaluating

U∗(z) = H−1(z)Y (z), (3.6)

and then u∗ = Z−1{U∗(z)}, with H−1(z) the inverse of H(z). This means that
the zeros of H(z) become the poles of H−1(z), and vice versa.

It is clear that if H(z) is strictly proper, then H−1(z) is improper, and there-
fore acausal. This problem can be solved by multiplying both sides of equation
(3.5) with z r , with r the relative degree, such that z r H(z) is a biproper sys-
tem, which has a biproper inverse z−r H−1(z). Multiplication of the transfer
function with z r has an implication for the time domain signal: it is clear from
(3.4) that

Z−1{z r Y (z)}= y(n+ r) (3.7)

which means that the output is shifted by r samples.
The inverse of a maximum phase system H+(z), denoted by H−1

+ (z), has
unstable poles. In order to find a stable inverse of H+(z), the following pro-
cedure must be followed: by projecting each maximum phase zero onto the
inside of the unit circle, a minimum phase system H−(z) is found, for which
H−(z) = H+(z−1). Evaluating equation (3.5) at z−1 in this case leads to:

Y (z−1) = H+(z
−1)U(z−1), (3.8)

From equation (3.4) it follows that Z−1{U(z−1)}= u(−n), which can be inter-
preted as a time reversal of the signal u. Therefore, the inverse relation:

U∗(z−1) = H−1
+ (z

−1)Y (z−1), (3.9)
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can be implemented as a causal and stable filter, determined by H−1
+ (z

−1), on
the reversed signal y. The input signal u∗ can then be found by reversing the
filtered signal.

A transfer function H(z) that contains both minimum and maximum phase
zeros, can be partitioned as:

H(z) = H−(z)H+(z) (3.10)

with H−(z) a minimum phase system, and H+(z) a maximum phase system.
Both systems can then be inverted using the approaches described above.

State space formulation

An alternative formulation for an LTI model P̂ is the following discrete time
SISO state space model:

P̂(u) :
x(k+ 1) = Ax(k) + Bu(k)

ŷ(k) = Cx(k) + Du(k)
(3.11)

with x(k) ∈ Rn the state vector, u(k) the input, and ŷ(k) the output at time
instant k, and A∈ Rn×n, B ∈ Rn×1, C ∈ R1×n and D ∈ R.

Several approaches exist to find an inverse relation P̂−1(y) to the system
(3.11). On approach is to make use of the equivalent transfer function of the
given state space model, then to follow the approach described above, and
then to find a state space realization of the inverse transfer function. For the
system (3.11), the equivalent transfer function is the following:

Hss(z) = C(zI − A)−1B+ D (3.12)

The zeros of Hss(z) are found as the roots of

C(zI − A)−1B+ D = 0 (3.13)

and the poles are found by

det(zI − A) = 0 (3.14)

Note that equation (3.14) is the characteristic equation of the matrix A, which
means that the poles of the model P̂ correspond to the eigenvalues of the
matrix A.

A state space realization can be found for any proper transfer function, in
a so called canonical form.
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Example: Consider the following strictly proper transfer function:

H(z) =
n1z2 + n2z + n3

z3 + d1z2 + d2z + d3
(3.15)

The controllable canonical form state space realization is then given by:

x(k+ 1) =

−d1 −d2 −d3
1 0 0
0 1 0

x(k) +

1
0
0

u(k)

y(k) =
�

n1 n2 n3

�
x(k)

(3.16)

Note that since the given transfer function is strictly proper, and the system
therefore has a relative degree of 1, there is no feedthrough in the equivalent
state space realization (D = 0). Recall that the transfer function inversion
approach is only applicable to biproper transfer functions. In order to find an
equivalent state space realization for a biproper transfer function, it must be
split into a strictly proper transfer function and a constant:

Hbp(z) = Hsp(z) +Hc(0) (3.17)

A realization of the form (3.16) can be found for Hsp(z), and the total state
space model will include a feedthrough term D = Hc(0).

A second approach for the inversion of (3.11) is based on the formulation
of an inverse state space model directly. If the model P̂ is minimum phase and
has relative degree of zero, such that D ̸= 0, then the inverse model P̂−1 can
be explicitly written as Hirschorn [1979]:

P̂−1(y) :
x(k+ 1) = (A− BD−1C)x(k) + BD−1 y(k)

u(k) =−D−1Cx(k) + D−1 y(k)
(3.18)

It was shown earlier that for the transfer function approach, systems with a
relative degree of r > 0 can be inverted if the z-transform of the output Y (z)
is multiplied with z r , which means that the output vector is shifted r samples.
A similar approach needs to be taken for state space models, since in this case
D = 0 and therefore (3.18) cannot be used. To shift the output to y(k + 1),
consider the following:

y(k+ 1) = Cx(k+ 1) = CAx(k) + CBu(k) (3.19)

If r > 1, then CB = 0, and so the shift of the output is continued:

y(k+ 2) = Cx(k+ 2) = CAx(k+ 1) = CA2x(k) + CABu(k) (3.20)
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etc. until CAr−1B ̸= 0, by the definition of r. In general the output shift of r
samples can be written as:

y(k+ r) = CArx(k) + CAr−1Bu(k) (3.21)

and therefore

u(k) = (CAr−1B)−1�y(k+ r)− CArx(k)
�

(3.22)

Equation (3.22) depends on the unknown states x, which can be derived from
the shifted output by the following relation:

x(k+ 1) =
�

A− B(CAr−1B)−1CAr�x(k) + B(CAr−1B)−1 y(k+ r) (3.23)

Note that the state space formulation of P̂−1 given by equation (3.18) is the
exact inverse of the system (3.11). This means that if the system is not mini-
mum phase, the inverse system will be unstable. Such systems should therefore
be split in a maximum and minimum phase part, comparable to the transfer
function approach.

Lifted system formulation

A popular model representation in the ILC framework is the lifted system pre-
sentation, which was described in section 2.3. Recall that in this structure, the
model has the following form:

y= P̂u (3.24)

with P̂ the lifted system matrix. If the model is causal, then:

P=


p0 0 · · · 0
p1 p0 · · · 0
...

...
. . .

...
pN−1 pN−2 · · · p0

 (3.25)

with [p0, p1, . . . , pN−1] the impulse response. Using the state space representa-
tion of (3.11), the matrix P̂ can also be written as:

P̂=


D 0 · · · 0

CB D · · · 0
...

...
. . .

...
CAN−2B CAN−3B · · · D

 (3.26)

If the matrix P is invertible, then it is straightforward to solve (3.27) for u∗:

u∗ = P̂−1yr (3.27)
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Since P̂ is lower triangular for causal systems, it follows that P̂−1 is also lower
triangular in this case. In fact, it can be shown that the elements of P̂−1 are
formed by the inverse state space representation of equation (3.18):

P−1 =


D̃ 0 · · · 0

C̃ B̃ D̃ · · · 0
...

...
. . .

...
C̃ ÃN−2B̃ C̃ ÃN−3B̃ · · · D̃

 ,

Ã= A− BD−1C

B̃ = BD−1

C̃ =−D−1C

D̃ = D−1

(3.28)

In order for P̂ to be invertible, a necessary and sufficient condition is that
det(P̂) ̸= 0. Since P is a triangular matrix:

det(P̂) =
N∏

i=1

P̂i,i = DN (3.29)

It is clear that if the relative degree of the model is not 0, then P̂ is not in-
vertible. Again the solution consists of shifting the output vector by r samples.
Using the notation ỹ(k) = y(k+ r), equation (3.27) becomes:

y(r)
y(1+ r)

...
y(N − 1+ r)

︸ ︷︷ ︸
ỹr

=


CAr−1B 0 . . . 0
CAr B CAr−1B . . . 0

...
...

. . .
...

CAr+N−2B CAr+N−3B · · · CAr−1B

︸ ︷︷ ︸
P̃

u (3.30)

Since CAr−1B ̸= 0 by definition of r, it follows that P̃ is invertible, such that
the inverse relation is:

u∗ = P̃−1ỹr (3.31)

The fact that the inverse matrix P̂−1 is lower triangular, poses a problem if
the model is non minimum phase, since it was shown earlier that the causal
inverse of such a system is unstable. This leads to an ill-conditioned matrix P̂.
Theoretically, such a matrix is invertible, since it satisfies det(P̂) ̸= 0, but due
to the finite precision of the computer that is used to calculate P̂−1, the result is
highly inaccurate. For matrices that are either singular or ill-conditioned, the
matrix inversion can be performed using the more general, and numerically
more stable, pseudoinverse.

Moore-Penrose pseudoinverse The Moore-Penrose pseudo inverse is a gen-
eralization of the matrix inverse for non-invertible matrices, which is often
used to solve sets of linear equations. Consider A to be an n × n invertible
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matrix. Then the true inverse A−1 can be used to calculate a unique solution
x∗ to the set

Ax= b (3.32)

with x,b ∈ Rn, since in this case x∗ = A−1b. This solution is only unique if
rank A= rank [A b] = n. In the general case, with A an m× n matrix, , there
are three scenarios for which there is no unique solution to equation (3.32):

1. no solution: if rank A = n, but rank [A b] ̸= n, then there exists no x∗
that satisfies (3.32). However, there is a unique solution x that minimizes
the term ∥Ax− b∥2.

2. infinitely many solutions: if rank A = rank [A b] < n, there are in-
finitely many solutions x that exactly satisfy (3.32). There is however
only one of these solutions for which the term ∥x∥2 is minimal.

3. no exact solution, many optimal solutions: this scenario is a combi-
nation of 1. and 2., and presents itself if rank A < n and rank A ̸=
rank [A b] < n. In this case there is no exact solution of (3.32), and
there are infinitely many solutions x that minimize ∥Ax− b∥2. Only one
of those solutions also minimizes ∥x∥2.

The pseudo inverse A+ is a generalization of A−1 in the sense that x∗ = A+b
is the solution for which both ∥Ax − b∥2 and ∥x∗∥2 are minimal, such that
for all scenarios described above, a unique solution can be found. Since A+

has the property that AA+A = A, pre- and post-multiplying with A−1 leads to
A+ = A−1, so it can be concluded that if the true inverse of A exists, then the
pseudo inverse is equal to it.

Since the pseudo inverse finds a solution that minimizes two separate norms,
it can be seen as the solution of a multiple objective optimization problem.
The solution depends on the relative magnitude of each of the norms with re-
spect to each other, and therefore also on the units in which x is defined. It is
common in some problems, for example the calculation of kinematic relations
between vectors in robotic applications, to normalize both objectives based
on weighting terms Wx and Wb. The corresponding matrix A# is called the
weighted pseudo inverse Doty et al. [1993].

The pseudoinverse of the lifted system matrix P̂ can be used to solve (3.2)
for u∗. Substituting P̂−1 by P̂+ in (3.27):

u∗ = P̂+yr (3.33)

Recall that the inverse of the lower triangular matrix P̂ is also lower trian-
gular. It therefore represents the causal inverse, which means (3.27) cannot
be used for non minimum phase systems (since their causal inverse is unsta-
ble). However, P̂+ is not necessarily lower triangular, and can therefore also
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represent the acausal, stable inverse of non minimum phase systems. It can be
concluded that (3.33) is a more general, and more applicable, solution than
(3.27).

The pseudo inverse of P̂ can be calculated in a numerically stable way by
means of the singular value decomposition. However, if P̂ is of full rank, P̂+

can be calculated explicitly by Ben-Israel and Greville [2003]:

P̂+ = (P̂T P̂)−1P̂T (3.34)

which also follows from premultiplying the forward relation yr = P̂u∗ by P̂T

and rearranging.

3.1.2 Inversion of nonlinear models

From the study of model inversion for LTI models, it is clear that two important
aspects of the model are its relative degree and wether it is minimum phase or
not. It is therefore important to define these concepts for nonlinear models as
well. Consider the discrete time SISO nonlinear state space model:

x(k+ 1) = f
�

x(k), u(k)
�

ŷ(k) = h
�

x(k), u(k)
� (3.35)

again with x(k) ∈ Rn the state vector, u(k) the input, and ŷ(k) the output
at time instant k, and f and h locally Lipschitz continuous functions. A state
transformation z = T (x) exists, for which this model can be written in the
normal form Califano et al. [1998]:

z1(k+ 1) = z2(k) (3.36a)

...

zr−1(k+ 1) = zr(k) (3.36b)

zr(k+ 1) = φ[z(k), u(k)] (3.36c)

ŷ(k) = z1(k) (3.36d)

The r elements of z consist of a series of time shifts of the output ŷ(k), such
that zr(k+ 1) depends explicitly on u(k). The minimum r for which this holds
is the relative degree of the model. The remaining n− r states are commonly
defined as the vector η= [zr+1, . . . , zn]T , with the dynamics of η given by:

η(k+ 1) =ψ[z(k),η(k), u(k)] (3.37)

Equation (3.37) is named the zero dynamics of the model P̂. Califano et al.
[1998] discusses the equivalence of (3.36) and (3.37) to the continuous time
normal form discusses in Isidori [1995]. It is shown in Smolders et al. [2008]
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that for a continuous time LTI system, the poles of the zero dynamics corre-
spond to the zeros of the system. Therefore, a nonlinear model is defined as
minimum phase if (3.37) is asymptotically stable, and non-minimum phase
otherwise Monaco and Normand-Cyrot [1987].

Inverse normal form The normal form (3.36) can be inverted to yield an
input u from the output ŷ, using:

z1(k) = ŷ(k) (3.38a)

...

zr(k) = ŷ(k+ r)
η(k) =ψ[z(k− 1),η(k− 1), u(k− 1)] (3.38b)

u(k) = φ−1[z(k− 1),η(k− 1)] (3.38c)

provided that the inverse of φ exists.
It was shown in section 3.1.1 that a non minimum phase LTI model can be

separated in a minimum phase part and a maximum phase part. Both parts can
be inverted separately, and the resulting inverses can be recombined. However,
such a strategy is not easy, if at all possible, for nonlinear models. If the model
is minimum phase, equation (3.38b) is asymptotically stable. If the model is
maximum phase, a time reversal strategy can be applied to yield an acausal,
stable inverse, similar to the approach for LTI systems Markusson [2002].

Input affine models A model is affine in the input, if it can be written in the
following form:

x(k+ 1) = f
�

x(k)
�
+ g
�

x(k)
�

u(k)
ŷ(k) = h

�
x(k)

� (3.39)

This model structure has an advantage with respect to model inversion, since
in this case equation (3.36c) can be written as:

zr(k+ 1) = α[z(k),η(k)] + β[z(k),η(k)]u(k) (3.40)

and the inverse equation (3.38c) simply becomes:

u(k) =
�

zr(k+ 1)−α[z(k),η(k)]�/β[z(k),η(k)] (3.41)

with z(k) and η(k) given by (3.38a) and (3.38b) respectively.

3.2 Model inversion as a dynamic optimization problem

For a linear model P̂(·), written in the lifted system formulation as the matrix
P̂, it was shown that the model inversion problem can be solved in a general
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and numerically stable way using the pseudoinverse, but this approach is not
easily extended to nonlinear models. However, an important characteristic of
the pseudoinverse is that x = A+b is the solution that minimizes the norms
∥Ax− b∥2 and ∥x∗∥2. Applied to (3.33), this means that

u∗ = P̂+yr = arg min
u
∥yr − P̂u∥2 + ∥u∥2 (3.42)

The equivalence written in (3.42) forms the basis of model inversion approaches
that solve the optimization problem on the right-hand side directly, without ex-
plicitly formulating P̂+ or P̂−1. Such an approach leads to linear or nonlinear
least squares problems.

3.2.1 Linear and nonlinear least squares problems

For the sake of simplicity, both objectives of (3.42) are discussed separately in
this section. Consider the first term on the right hand side of (3.42). Finding
the minimum of this term means minimizing the 2-norm of the difference be-
tween the reference output yr and the model output P̂(u), which in the linear
case is equal to P̂u. Using the fact that a solution u∗ = argminu J(u) is not
affected by a squaring of the cost function, u∗ = argminu J(u)2, the model
inversion optimization problem can be written as:

u∗ = argmin
u

J(u), with J(u) =
1

2

�
yr − P̂(u)

�T�yr − P̂(u)
�

(3.43)

Problems of this type arise frequently in parameter identification. In identifi-
cation terminology, yr can be regarded as the observations or measurements,
while u are the parameters. Note that in model inversion least squares prob-
lems, the number of parameters and observations are equal, while parameter
estimation problems generally have many observations for just a few param-
eters. Therefore model inversion problems are often ill-conditioned, which is
why section 3.2.3 will discuss regularization to improve the conditioning.

A convenient notation for least squares problems is to write the objective
function as J = 1

2
∥r∥22, with r a vector of residuals. If the model output is

written as P̂(u) = ŷ, then the residual vector in this case is:

r=


yr(0)− ŷ(0)
yr(1)− ŷ(1)

...
yr(N − 1)− ŷ(N − 1)

 (3.44)

This is a linear least squares (LLS) problem if P̂(u) and therefore r(u) are linear
functions of u, and a nonlinear least squares (NLLS) problem if P̂(u) and r(u)
are nonlinear. A distinction can be made between solution strategies for both
types.
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Linear least squares problems

For LLS problems, (3.43) can be solved easily by setting ∇J(u), which is the
derivative of J(u) with respect to u, to zero. This condition is called the sta-
tionarity condition for the optimality of u∗:

∂ J(u∗)
∂ u

=−P̂T (yr − P̂u∗) = 0 (3.45)

Due to the convexity of J(u∗) this is both a necessary and a sufficient condition.
After rearranging, this leads to:

u∗ = (P̂T P̂)−1P̂T yr (3.46)

which is equivalent to the pseudoinverse solution (3.33) and (3.34).

Nonlinear least squares problems

NLLS problems do not have a closed form solution such as 3.46, and require an
iterative procedure to be solved. Starting from an initial guess u0, the optimal
solution is found by:

u j+1 = u j +∆u (3.47)

with j the iteration index. After convergence, u∗ = u∞. For each value of j,
the residual function is approximated by a first order Taylor series expansion
about u j , and ∆u is found as the solution of the resulting LLS problem:

∆u= argmin
∆u

1

2
∥r j∥22 = argmin

∆u

1

2
(yr− ŷ j−J j∆u)T (yr− ŷ j−J j∆u) (3.48)

The Jacobian matrix J j contains the partial derivatives of the model output
P̂(u) with respect to each element of u, evaluated at the current guess u j , and
needs to be reevaluated at each iteration j.

The solution of the LLS problem (3.48) is:

∆u= (J j T
J j)−1J j T (yr − ŷ j) (3.49)

The combination of (3.47) and (3.49) constitute the Gauss-Newton (GN) method
for NLLS problems. It forms the basis of the constrained Gauss-Newton (CGN)
method discussed in section 3.2.2.

State space formulation

Equation (3.46) represents the solution of the linear model inversion problem
P̂(u∗) = yr , using the lifted system notation P̂(u) = P̂u. However, the dynamic
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optimization approach is easily extended to both linear and nonlinear state
space models. Consider the following discrete time nonlinear SISO model:

P̂(u) :
x(k+ 1) = f

�
x(k), u(k)

�
ŷ(k) = h

�
x(k), u(k)

� (3.50)

with f and h the state and output equation respectively. For ease of notation,
h
�

x(k), u(k)
�

will be written as h(k) throughout this section, with the vector
h= [h(0), h(1), . . . , h(N − 1)]T .

From (3.50) it is clear that:

ŷ(0) = h
�

x(0), u(0)
�

ŷ(1) = h
�

x(1), u(1)
�

= h
�

f [x(0), u(0)], u(1)
�

ŷ(N − 1) = h
�

f [ f [. . .]], u(N − 1)
i (3.51)

In other words, h is a function of each input sample u(k). This has implications
on the matrix J j in the linearized least squares problem (3.48), which is the
derivative of h with respect to u. The structure of J j is the following:

J j = ..

..− ∂ h(0)
∂ u(0)

..− ∂ h(0)
∂ u(1)

..· · · ..− ∂ h(0)
∂ u(N−1)

..− ∂ h(1)
∂ u(0)

..− ∂ h(1)
∂ u(1)

..· · · ..− ∂ h(1)
∂ u(N−1)

..
... ..

... ..
. . . ..

...

..− ∂ h(N−1)
∂ u(0)

..− ∂ h(N−1)
∂ u(1)

..· · · ..− ∂ h(N−1)
∂ u(N−1)

.


.


(3.52)

with the nonzero elements highlighted. It is clear that J j is lower triangular.
In fact, if (3.50) is linear, then J j is equal to the lower triangular lifted system
matrix P̂. By inserting J j = P̂ in (3.49), using (3.47) and rearranging, it is clear
that for linear models:

u j+1 = (P̂T P̂)−1P̂T yr = u∗ (3.53)

which means that in the linear case, regardless of the initial guess u0, the first
solution of the iterative approach described by (3.47) and (3.49) is the optimal
solution u∗. The iterative procedure can therefore be seen as a general solution
strategy, applicable to both linear and nonlinear models. For the remainder of
this chapter, the model P̂(u) will be assumed to be nonlinear, unless stated
otherwise.

A drawback of the dense, lower triangular structure of J j is the high com-
putational load of step (3.49) to solve for∆u. Another drawback of the formu-
lation proposed in (3.43) is the sensitivity of J(u) to small changes in u, which
can be a problem for (near-)unstable models.
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3.2.2 Equality constrained optimization

A computationally more efficient and more stable approach consists of intro-
ducing the states x into the optimization variables. Simultaneously optimizing
on both inputs and states provides more degrees of freedom to the optimiza-
tion algorithm and allows to initialize it at a guess for the states, which are
often much better known than the inputs. This is called the simultaneous ap-
proach to optimal control and was pioneered by Bock [1983] and explained
in details in Betts [2001]. It allows one to much better treat unstable or even
chaotic systems Baake et al. [1992].

The objective function in that case is a function of both x and u, and compli-
ance with the state equation is guaranteed by introducing equality constraints
to the optimization problem. For such an approach, the optimization problem
becomes:

x∗,u∗ = arg min
x,u

1

2

�
yr − h(x,u)

�T�yr − h(x,u)
�

subject to

x(k+ 1)− f
�

x(k), u(k)
�
= 0 for k = 0,1, . . . , N − 2

(3.54)

Note that the equality constraints link each state x(k) with the previous state
x(k − 1), starting from k = 1. The formulation of the constraint for the first
state x(0) depends on the type of model inversion problem that is considered.
A distinction can be made between applications that consider periodic input
and output signals, and applications for which an initial state is known.

Periodicity constraint If yr is a periodic signal, the solution of the model
inversion problem P̂(u∗) = yr should also be periodic. This can be enforced by
adding the following equality constraint:

x(0)− f
�

x(N − 1), u(N − 1)
�
= 0 (3.55)

This constraint specifies that the first state of the set {x(0),x(1), . . . ,x(N − 1)}
must be equal to the state that follows from the last state x(N−1). This ensures
periodicity of x and u∗.

Initial state constraint For other applications, an initial state xinit is given,
and the response of the model to u∗, starting from this initial state, should be
equal to yr . This is achieved by introducing the following equality constraint:

x(0)− xinit = 0 (3.56)

The complete equality constrained optimization problem consists of (3.54),
combined with either (3.55) or (3.56). Combining x and u into the variable
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vector w, using the residual function r(w) = yr − h(x,u), and denoting the
combined equality constraints as g(w), the problem can be summarized as:

w∗ = argmin
w

1

2
r(w)T r(w)

s.t.

g(w) = 0

(3.57)

Recall that in the unconstrained case, the stationarity condition for opti-
mality states that the gradient of the objective function ∇J(w) is zero. In the
constrained case however, the feasible search space is limited to the constraint
surface g(w) = 0. Therefore only the component of∇J(w) inside the constraint
surface is considered, see Figure 3.1. A necessary condition for optimality of a

w2

w1

∇g

∇J

∇g

∇J g(w) = 0w∗
w

J(w)

Figure 3.1: Objective function and constraint surface in a 2-dimensional equality
constrained optimization problem

solution w∗ is that this component is zero, in other words that∇J(w) is normal
to the constraint surface. Since ∇g(w) is normal to this surface, the condition
states that ∇J(w) must be parallel to ∇g(w):

∇J(w∗) =∇g(w∗)λ (3.58)

with λ (positive or negative) a factor accounting for the fact that the gradients
are parallel, but not equal. Equation (3.58) is attributed to Lagrange, and an
alternative formulation is to define a so called Lagrangian function L(w,λ) =
J(w) − λT g(w), such that the necessary condition for optimality of the pair
(w∗,λ∗) becomes:

∇w L(w∗,λ∗) =∇J(w) +∇g(w)λ= 0 (3.59)

with λ called the Lagrange multiplier of the constraint function g(w).
In order to apply (3.59) to solve (3.57), the same approach is followed as

for the unconstrained case: first an initial guess w0 is assumed, and then for
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each iteration j, the functions r(w) and g(w) are linearized around the current
estimate w j , such that the linear subproblem is:

u∗ = argmin
w

1

2
(r j + J j∆w)T (r j + J j∆w)

s.t.

g j + J j
g∆w= 0

(3.60)

with the Jacobian matrices J j and J j
g the gradients of r and g with respect to w.

Two necessary conditions for optimality of a pair (∆w∗,λ∗) follow from (3.59)
and the constraint equation of (3.60):

J j T
J j∆w∗ + J j T

r j + J j
gλ
∗ = 0

g j + J j
g∆w∗ = 0

(3.61)

or in matrix form:�
J j T J j J j

g
J j

g 0

��
∆w∗
λ∗
�
=

�−J j T r j

−g j

�
(3.62)

The first term on the left hand side is called the KKT matrix, named after
William Karush, Harold W. Kuhn and Albert W. Tucker, whose work concerns
necessary optimality conditions for general nonlinear optimization problems,
of which NLLS problems are a special type.

Provided that the KKT matrix is invertible, (3.62) can be solved for ∆w∗
by inversion of the KKT matrix, and a new guess can be found using w j+1 =
w j +∆w∗.

This solution strategy for the nonlinear least squares problem (3.57) is
called the constrained Gauss-Newton method Bock [1983, 1987]; Bock et al.
[1988].

Objective and constraint function Jacobians

The main benefit of the equality constrained approach, its computational effi-
ciency, is due to the sparse structure of the Jacobian matrices. Assuming that
the combined variable vector w is defined as:

w= [x(0)T , u(0),x(1)T , u(1), . . . ,x(N − 1)T , u(N − 1)]T (3.63)
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and using the definition of the residual function r(k) = yr(k)− h[x(k), u(k)],
it is clear that the objective function Jacobian is:

J j = ..

..− ∂ h(0)
∂ x(0)

..− ∂ h(0)
∂ u(0)

..− ∂ h(0)
∂ x(1)

..− ∂ h(0)
∂ u(1)

..· · · ..− ∂ h(0)
∂ x(N−1)

..− ∂ h(0)
∂ u(N−1)

..− ∂ h(1)
∂ x(0)

..− ∂ h(1)
∂ u(0)

..− ∂ h(1)
∂ x(1)

..− ∂ h(1)
∂ u(1)

..· · · ..− ∂ h(1)
∂ x(N−1)

..− ∂ h(1)
∂ u(N−1)

..
... ..

... ..
... ..

... ..
. . . ..

... ..
...

..− ∂ h(N−1)
∂ x(0)

..− ∂ h(N−1)
∂ u(0)

..− ∂ h(N−1)
∂ x(1)

..− ∂ h(N−1)
∂ u(1)

..· · · ..− ∂ h(N−1)
∂ x(N−1)

..− ∂ h(N−1)
∂ u(N−1)

.


.


(3.64)

in which the non zero elements have been highlighted. Comparing this Jaco-
bian matrix with the unconstrained approach Jacobian in (3.52) leads to two
conclusions:

• The unconstrained Jacobian is an N × N matrix, and therefore has N2

elements, while the constrained Jacobian is a N × (n+ 1)N matrix, with
n the size of x(k), and therefore has (n+ 1)N2 elements.

• While the number of non-zero elements for the unconstrained Jacobian
is
∑N−1

i=0 i = (N2+N)/2, the number of non-zeros in the constrained case
is N(n+ 1), and therefore only increases linearly with N .

Since there are N constraints, and the size of w is N(n + 1), the size of
the constraint Jacobian J j

g is nN × N(n + 1). However, this matrix also has
a favorable sparse structure. For example, using the initial state constraint
(3.56), J j

g becomes:

Jg = ..

..In×n ..0 ..0 ..0 ..· · · ..0 ..0

..− ∂ f (0)
∂ x(0)

..− ∂ f (0)
∂ u(0)

..In×n ..0 ..· · · ..0 ..0

..0 ..0 ..− ∂ f (1)
∂ x(1)

..− ∂ f (1)
∂ u(1)

..· · · ..0 ..0

..
... ..

... ..
... ..

... ..
. . . ..

... ..
...

..0 ..0 ..0 ..0 ..· · · ..In×n ..0

.


.


(3.65)

In×n has n non-zero elements, while − ∂ f (k)
∂ x(k)

and − ∂ f (k)
∂ u(k)

contain n2 and n non-
zeros respectively for each of the k = 1,2, . . . , N−1. The initial state constraint
leads to an additional n non-zeros. Therefore, the matrix Jg in total contains
(n2+2n)(N−1)+n non-zeros, which scales linearly with N . A similar analysis
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shows that for the periodicity constrained case, the number of non-zeros is
(n2 + n)N .

The sparse structure of J j and J j
g , and therefore of the KKT matrix in (3.62),

makes the equality constrained optimization based approach an efficient model
inversion strategy for both linear and nonlinear state space models.

3.2.3 Regularization

The solution of (3.43) on page 33 is the input signal u∗ that brings the model
output P̂(u∗) as close as possible to the reference output yr . However, in some
applications it is desirable to find an input signal that is optimal according to
multiple, sometimes conflicting, objectives. In control applications for exam-
ple, it can be desirable to reduce the input signal in order to save energy or
avoid wear of machinery. It was shown in section 3.1.1 on page 29 that the
pseudo inverse P+ minimizes both the error term ∥yr − P̂(u)∥2 as the term
∥u∥2. From a dynamic optimization point of view, this means that both objec-
tives are combined in one cost function J(u). Equation (3.43) represents the
main objective, and additional terms are called regularization terms.

The concept of regularization in model inversion will be exemplified here
using the minimization of the input signal as an additional objective, and using
the lifted system notation for LLS problems. Combination of both objectives is
achieved by using the following objective function:

J(u) = (yr − P̂u)T Q(yr − P̂u) + uT Ru (3.66)

with Q ∈ RN×N and R ∈ RN×N positive semidefinite diagonal matrices, used to
make a trade-off between both objectives. Such a cost function is also found
in many MPC algorithms.

The effect of the second objective becomes clear if the derivative of J(u)
with respect to u is evaluated at the optimal solution u∗ (stationarity condi-
tion):

∂ J(u∗)
∂ u

=−P̂T Q(yr − P̂u∗) +Ru∗ = 0 (3.67)

which after rearranging leads to:

u∗ = (P̂T QP̂+R)−1P̂T Q︸ ︷︷ ︸
P̂−1

r

yr (3.68)

The product (P̂T QP̂ + R)−1P̂T Q can be seen as the inverse of an alternative,
regularized, matrix P̂r , with

P̂r = (P̂
T Q)−1(P̂T QP̂+R). (3.69)
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In other words, (3.68) represents the solution of a regularized model inversion
problem P̂r(u∗) = yr . The importance of this model will be clear in chapter 5.

The following example demonstrates the effect of this type of regulariza-
tion. Consider an LTI discrete time system with zeros, poles, gain and sample
time Ts defined as:

P̂n :


zeros: :−0.8,−0.8

poles: : 0.99± 0.06i

gain: : 1× 10−3

Ts : 0.01

(3.70)

This model is designated as the nominal model P̂n. Using this model, a lifted
system matrix P̂n is constructed. Since the model is minimum phase, and has
r = 0, the inverse P̂−1

n exists and is stable. Regularization is applied according
to (3.66) , with Q = I and R = 0.5I, and the regularized system matrix P̂r
is calculated using (3.69). A reference output yr is designed as a random
phase multisine, in the frequency band 0.0Hz to 2.0 Hz. Two model inversion
problems are solved, both using a direct inversion approach, so:

u∗1 = P̂−1
n yr

u∗2 = P̂−1
r yr

(3.71)

The response of the nominal model to both input signals is simply calculated as
y1 = P̂nu∗1 and y2 = P̂nu∗2. Figure 3.2 shows the signals u∗1,u∗2 (top) and y1,y2
(bottom). It is clear that ∥u∗2∥2 < ∥u∗1∥2, which is the aim of the regularization
objective. From the output figure it is clear that y1 = yr . However, y2 ̸= yr ,
so the regularized model leads to a less accurate model inverse, which is the
price that is paid for the regularization.

Figure 3.3 shows the frequency spectra of both P̂−1
n and P̂−1

r . This figure
clearly shows that the effect of the regularization with respect to the nomi-
nal model is to lower the magnitude of the input signal, without affecting the
phase. It is also clear that the decrease of the magnitude is frequency depen-
dent. This solution is the optimal trade off between accuracy of the model
inversion problem and minimization of the input signal, for the given values
of Q and R. Although it is clear that the applied regularization reduces the
2-norm of the calculated input signal, it is difficult to quantify this reduction
before choosing a value for R. For this example system and choice of R, the
following is found:

∥u∗1∥= 62.66

∥u∗2∥= 21.79
(3.72)

Figure 3.4 shows the value of ∥u∗2∥2 for varying values of R = RI, with Q = I.
The relation between ∥u∗2∥2 and the choice of Q and R is nonlinear and model
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Figure 3.2: Optimal input signals (top)
u∗1 (gray) and u∗2 (black) and corresponding
output signals (bottom) y1 (gray,×) and y2
(black, full), with respect to yr (black, dashed)

Figure 3.3: Magnitude (top) and phase (bot-
tom) as function of frequency for the nominal
model P̂n (gray), and the regularized model P̂r
(black, full - black, ×)
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Figure 3.4: 2-Norm of the input signal u∗2 as a function of regularization weight
matrix R= RI

dependent, and therefore the design of the weighting matrices is often a matter
of tuning by trial and error.

However, especially for model inversion problems in control applications,
there often is a known interval [umin,umax] for which it must hold that umin ≤
u∗ ≤ umax. Instead of reducing the magnitude of the input signal by regular-
ization, such a requirement can be met by introducing inequality constraints
to the optimization problem.
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3.2. Model inversion as a dynamic optimization problem

3.2.4 Inequality constrained optimization

Inequality constraints have the form h(w) ≤ 0 for a given function h(w) ∈ Ri

with i the number of constraints. A typical example of such a constraint in
control applications, is to bound the input signal u in an interval [umin,umax],
in order to avoid saturation of the actuators. This is achieved by setting
h(w) = [(umin − u)T , (u− umax)T ]T and i = 2N . Adding inequality constraints
to the general equality constrained problem (3.57) leads to the following opti-
mization problem:

u∗ = argmin
w

1

2
r(w)T r(w)

s.t.

g(w) = 0

h(w)≤ 0

(3.73)

Recall that the equality constrained optimization approach is based on the defi-
nition of the Lagrangian function L(w,λ), with λ the Lagrange multiplier of the
equality constraint function g(w). Inequality constrained optimization follows
the same approach; the Lagrangian function is augmented with the inequality
constraint function, using a new Lagrange multiplier µ:

L(w,λ,µ) = J(w) +λT g(w) +µT h(w) (3.74)

In order to solve (3.73), necessary conditions for optimality of a solution
(w∗,λ∗,µ∗) must be formulated. A first condition is that ∇w L = 0, similar to
the equality constrained case. A second and third condition naturally follow
from the fact that (w∗,λ∗,µ∗) must satisfy both the equality and inequality
constraints. There are however two more optimality conditions for inequality
constrained optimization problems:

The Lagrangian function provides a way to combine the equality and in-
equality constraints with the objective function. In this interpretation, the
terms λT g(w) and µT h(w) can be seen as penalizing terms, as a cost for not
satisfying the respective constraint, with λ and µ the cost per violation. Note
that an inequality constraint is only violated when hi(w) > 0, with hi the ith

constraint. This implies that µi ≥ 0, to ensure a positive penalizing term.
When hi(w)< 0, the constraint should not limit the search direction for the

optimization algorithm, and is said to be inactive. Therefore µi = 0 in this case.
In other words, hi(w) < 0 implies µi = 0, and µi > 0 implies hi(w) = 0. Since
the product of two numbers is zero if and only if at least one of them is zero,
this condition can be written as µihi = 0 for all i constraints. The first order
necessary conditions for optimality of the set (w∗,λ∗,µ∗) (KKT conditions) can
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3. MODEL INVERSION THROUGH DYNAMIC OPTIMIZATION

be summarized as:

∇J(w∗) +
∑q

i=1µ
∗
i∇hi(w∗) +

∑m
i=1λ

∗
i∇gi(w∗) = 0 (3.75a)

g(w∗) = 0 (3.75b)

h(w∗)≤ 0 (3.75c)

µi ≥ 0 for all i (3.75d)

µihi(w
∗) = 0 for all i (3.75e)

Several approaches have been developed to solve (3.73) based on the KKT con-
ditions. However, conditions (3.75c), (3.75d) and (3.75e) are non-smooth,
and therefore the approach followed in the equality constrained case (solv-
ing the linear matrix equation (3.62)) is not valid here. This problem can be
overcome by the application of interior point methods.

Interior point methods

The idea of interior point methods is to replace the non-smooth KKT conditions
(3.75c), (3.75d) and (3.75e) by a smooth approximation µihi(w) = τ with
τ > 0 small. Using this condition, Newton’s method can be applied to solve
(3.73), and the solution set [w(τ),λ(τ),µ(τ)] is a function of τ. An iterative
procedure can be designed by lowering τ, using the previous solution as initial
guess for the next problem. It can be shown that:

lim
τ→0

w(τ) =w∗

lim
τ→0
λ(τ) = λ∗

lim
τ→0
µ(τ) = µ∗

(3.76)

A number of efficient software implementations of interior point methods have
been developed, such as IPOPT Waechter and Biegler [2006].

3.3 Extension to generalized plants

So far in this chapter, the model inversion problem has been written as P̂(u) =
yr . Section (3.2.3) has shown how this basic problem can be adapted by regu-
larization, using the example of minimizing u as an additional objective. Sec-
tion 3.2.4 has introduced inequality constrained optimization as another pos-
sible adaptation, using the example of bounding u to the interval [umin,umax].
This section introduces a more general formulation for the model inversion
problem, applicable to constrained, nonlinear, MIMO models, based on the con-
cept of the generalized plant. It will be shown in chapter 5 that this formulation
is useful to describe model inversion problems that arise in ILC.
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3.3. Extension to generalized plants

The generalized MIMO plant is a concept that is often encountered in linear
feedback control design, for example in optimal robust feedback control. Its
block diagram is shown in figure 3.5 Such a system has two distinct vectorial

P
uc

w v

y

Figure 3.5: General mimo plant notation using exogenous inputsw, control inputs
uc , measured outputs y, and regulated outputs v

inputs: uc ∈ Rm are the control inputs. These are the elements that are sought
after by the model inversion approach. w ∈ Ro are exogenous inputs. They are
fixed and typically cannot be manipulated. Practical examples include input
disturbances or noise. y ∈ Rp are the measured outputs. In feedback control
design, this term is used to close the loop. z ∈ Rq are the regulated outputs.
Optimization based feedback control design uses a function of this term as
objective function, for example to minimize control effort or sensitivity.

A similar structure is proposed for the purpose of inversion of nonlinear
state space models, shown in Figure 3.6. Again uc and w are the control and

x(k + 1) = f [x(k),uc(k),w]

ŷ(k) = h[x(k),uc(k),w]

zm(k) = sm[x(k),uc(k),w]

zc(k) = sc[x(k),uc(k),w]

uc

w ŷ

˜
yr

zm

˜
zr

zc [zmin, zmax]

Figure 3.6: General mimo plant notation for model inversion, with exogenous
inputs w, control inputs uc , model outputs ŷ, regulated outputs zm and constrained
outputs zc

exogenous inputs respectively. The model output ŷ is defined by the output
equation h. The main objective of model inversion is to match ŷ with the
reference yr . The regulated outputs zm ∈ Rqm and constrained outputs zc ∈ Rqc

are defined by the additional output equations sm and sc respectively. zm has
an associated reference zr , while zc has an associated interval [zmin,zmax].
These additional outputs are used to define regularization terms and inequality
constraints, by a suitable choice of sm, sc , zr and [zmin,zmax].

It can be argued that the distinction between ŷ, zm and zc is rather arbi-
trary. The vector functions h and s could be combined in one output function.
However, the model defined by f and h is typically a representation of a phys-
ical system, for which output measurements y are available, while zm and zc
are outputs that are considered for control purposes only. Especially for the ap-
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3. MODEL INVERSION THROUGH DYNAMIC OPTIMIZATION

plication of ILC, which relies on physical measurements to update the control
signal, the distinction between ŷ, zm and zc simplifies algorithm design.

The general optimization problem that constitutes the model inversion
problem can be written as:

x∗,u∗c = argmin
x∗,u∗c

1

2

�
yr − h(x,uc ,w)

�T Qe
�

yr − h(x,uc ,w)
�

+
1

2

�
zr − sm(x,uc ,w)

�T Qz
�

zr − sm(x,uc ,w)
�

s.t.¨
x(0)− xinit = 0 or

x(0)− f
�

x(N − 1),uc(N − 1),w(N − 1)
�
= 0

x(k+ 1)− f
�

x(k),uc(k),w(k)
�
= 0 for k = 0,1, . . . , N − 2

zmin − sc(x,uc ,w)≤ 0

sc(x,uc ,w)− zmax ≤ 0

(3.77)

with Qe ∈ RpN×pN and Qz ∈ RqmN×qmN positive semidefinite diagonal matrices.
This is an inequality constrained NLLS problem, which can be solved by the
interior point method described in section 3.2.4.

Adding regularization terms to the objective function can be done by defin-
ing the function sm(x,uc ,w) and a corresponding zr . For example, a term
1
2
uT

c Ruc can be applied by:

sm(x,uc ,w) = uc

zr = 0

Qz = R

(3.78)

Similarly, inequality constraints can be added by defining a suitable choice of
sc(x,uc ,w) and corresponding lower and upper bound [zmin,zmax].

3.4 Conclusions

This chapter presents an overview of conventional model inversion approaches
for both linear and nonlinear models. It shows that for LTI models, a general
and numerically stable solution is found using the pseudoinverse of the lifted
system matrix.

This approach is extended by formulating model inversion as a least squares
problem, for which the pseudoinverse is the solution if the model is linear. For
nonlinear models, the optimization is a nonlinear least squares problem.

The computational cost of solving the least squares problem is reduced by
incorporating the states into the optimization variable vector, and introducing
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3.4. Conclusions

equality constraints. The resulting problem can be solved by a constrained
Gauss-Newton approach.

The approach is further extended by introducing a general formulation,
valid for nonlinear, MIMO, discrete-time state space models with exogenous
inputs, regularization terms and inequality constraints. This general problem
can be solved by an interior point method.
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4
A model inversion based
ILC approach

This chapter proposes an ILC approach based on the equality constrained model
inversion algorithm discussed in chapter 3. The basis of the approach is the ex-
tension of the TWR algorithm for nonlinear systems, discussed in 2.2.2. Similar
to that approach, the new algorithm is applicable to periodic reference signals,
and uses the system’s steady state output. By introducing the optimization
based model inversion algorithm, the computational efficiency of the ILC ap-
proach is increased, as well as the applicability to long reference signals.

The first section of this chapter discusses the implementation of the devel-
oped approach, while the second section discusses the numerical and experi-
mental validation, and draws a comparison between the new approach and a
conventional linear ILC algorithm.

4.1 Implementation

Section 2.2.2 has introduced a nonlinear model based ILC approach with the
following update law:

ui+1 = ui + qi
�

P̂−1(yr)− P̂−1(yi)
�

(4.1)

with i the trial index, qi a trial dependent gain, and P̂−1(·) the inverse of
the available nonlinear model P̂. Note that the developed approach considers
periodic references yr , so yi is the steady state response of the system, and
therefore P̂−1(·) is also periodic.
The contribution of this thesis consists of a more efficient solution strategy for
the model inversion problem P̂−1(·) compared to the approach used in [Smol-
ders et al., 2008]. The new approach makes use of the equality constrained
optimization algorithm described in 3.2.2.

Model The model P̂ is assumed to be a discrete time, nonlinear, SISO state
space model, of the following form:

x(k+ 1) = f
�

x(k), u(k)
�

ŷ(k) = h
�

x(k), u(k)
� (4.2)
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4. A MODEL INVERSION BASED ILC APPROACH

With x(k) ∈ Rn the state vector, u(k) the input, and ŷ(k) the output at time
instant k, and f and h locally Lipschitz continuous functions. The input signal
u is assumed to be periodic.

Model inversion The inverse operator P̂−1(yr) consists of solving the follow-
ing NLLS problem:

x∗,u∗ = arg min
x,u

1

2

�
yr − h(x,u)

�T�yr − h(x,u)
�

subject to

x(0)− f
�

x(N − 1), u(N − 1)
�
= 0

x(k+ 1)− f
�

x(k), u(k)
�
= 0 for k = 0,1, . . . , N − 2

(4.3)

for which P̂−1(yr) = u∗. For ease of notation, the constraints can be combined
as g(x,u) = 0. The optimization problem uses the periodicity constraint to
ensure a periodic input signal, as discussed in section 3.2.2. Problem (4.3) is
solved using the constrained Gauss-Newton approach. The states x and input
u are both initialized at 0.

Iteration gain In [Smolders et al., 2008], the gain qi is a scalar, initialized at
1. After each trial i, (4.1) is used to calculate a suggested next trial input u+i+1.
This updated input signal is then applied to the system, and only accepted if
the tracking error at i+1 is lower than at i. If it is higher, qi is halved and u+i+1
is recalculated. After a successful trial, qi is reset to 1. However, this strategy
can lead to slow convergence in the presence of non-repeating disturbances,
since multiple experiments per trial can be necessary.

A small adaptation to the strategy with respect to qi is proposed. After
initialization at 1, qi is halved if an increase of the tracking error is measured,
but the next trial uses the new value of qi , without resetting. This way, qi
decreases monotonically towards 0, effectively reducing the effect of learning.
The idea is that the ILC algorithm should only learn to compensate for the
model plant mismatch and repeating disturbances, without being too sensitive
to non repeating disturbances.

The proposed ILC approach is summarized in Algorithm A1.

4.2 Numerical and experimental validation

This section describes the validation of the proposed ILC algorithm, and the
used CGN based model inversion approach. The system that is considered is
presented in section 4.2.1. The model inversion approach is validated in 4.2.2,
and finally section 4.2.3 compares the proposed nonlinear ILC approach with
the TWR approach discussed in section 2.2.1.
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4.2. Numerical and experimental validation

Algorithm A1 Model inversion based nonlinear ILC

1: Solve the model inversion problem P̂−1(yr) using the CGN approach. Save
the solution as ur .

2: Assume the initial input signal u0 = ur . Initialise qi = 1, and set the trial
index i to i = 0.

3: Apply ui to the system, and measure and record the output, yi .
4: Solve the model inversion problem P̂−1(yi) using the CGN approach.
5: Apply update law (4.1) using qi ,ur and P̂−1(yi) to get u+i+1.
6: Apply u+i+1 to the system and measure the output, y+i+1.
7: For i > 0: if ∥yr − y+i+1∥2 > ∥yr − yi∥2, then set qi = qi/2 an return to step

5.
8: Set ui+1 = u+i+1 and yi+1 = y+i+1, advance the trial index i and return to

step 4.

4.2.1 The silverbox test setup

The system that is considered is an electric circuit, called the Silverbox, de-
veloped at Vrije Universiteit Brussel [Pintelon and Schoukens, 2004]. The
electrical circuit, shown in figure 4.1, is a physical realization of what is called
a Duffing oscillator. This is a nonlinear system, determined by the following

Figure 4.1: The silverbox test setup: a variable Duffing oscillator

ordinary differential equation (ODE):

ẍ + c ẋ + kx +αx3 = u (4.4)

A mechanical interpretation of this system is that of a mass-spring-damper
system with a mass of 1, a damping coefficient of c, and with a hardening
spring, whose force is given by F = kx + αx3. Since in general k ≫ α, the
nonlinear contribution of αx3 is almost negligible at low x , but can be large at
higher values of x .
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4. A MODEL INVERSION BASED ILC APPROACH

Estimation of the best linear approximation and detection of nonlinear
behavior

In order to compare the nonlinear model inversion based approach, summa-
rized in algorithm A1, with the linear TWR approach discussed in section 2.2.1,
two models are needed: a nonlinear model P̂N L , and a linear model P̂L . Re-
call that the TWR approach uses a measured FRF as a model, so P̂L should be
a nonparametric model. [Paduart, 2008] discusses in detail a technique to es-
timate the best linear approximation of a nonlinear system by exciting it with
well chosen excitation signals. This also allows to quantify and qualify the
nonlinear behavior of the system.

The best linear approximation is defined as the linear model G that mini-
mizes the output error with respect to the measured output of the system, such
that:

GBLA = argmin
G∈G E

�|y(t)− G[u(t)]|2	 (4.5)

with G the set of linear models. The BLA typically depends on the type of
excitation signals that is used to evaluate (4.5). A suitable type of excitation
signal is a random phase multisine. This is a periodic signal of length N and a
period of f0 =

fmax

N
, defined as a sum of harmonically related sine waves, such

that:

u(t) =
1p
N

N∑
k=−N

Uke j(2πk f0 t+ϕk) (4.6)

with ϕ−k = −ϕk, Uk = U−k = U(k f0). fmax is the maximum frequency of the
excitation signal. The random phases ϕk are typically uniformly distributed
over [0,2π), and the amplitudes Uk depend on the user defined power spec-
trum. The multisine is called full if all frequencies k f0 with k = 1,2, . . . , N
are excited. To detect and analyze nonlinear behavior, the best choice is the
random odd multisine [Pintelon et al., 2004]. For this type, the even frequency
lines are not excited. The odd frequency lines are grouped in a block of n
frequencies, with for example n = 4, and 1 frequency line out of each group
remains unexcited (randomly selected with uniform distribution).

To estimate GBLA, M different random phase multilines are applied to the
system, and each time P periods are measured (excluding transients). Per
experiment m and period p, the DFT of the input and output are stored as
U(k)[m,p] ∈ C and Y (k)[m,p] ∈ C. Using this data, the following steps are
performed:

1. The spectra are averaged over the periods:

Ŷ (k)[m] =
1

P

∑P
p=1 Y (k)[m,p] (4.7)
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4.2. Numerical and experimental validation

At this point a noiseless input is assumed, such that Û(k)[m] = U(k)[m,p].

2. The FRF is estimated for each experiment:

Ĝ( jωk)
[m] =

Ŷ (k)[m]

Û(k)[m]
(4.8)

3. The M experiments are combined to obtain the best linear approxima-
tion:

ĜBLA( jωk) =
1

M

M∑
m=1

Ĝ( jωk)
[m] (4.9)

The quality of ĜBLA can be assessed by estimating the sample variance over
the M experiments:

σ̂2
BLA
(k) =

1

M(M − 1)

M∑
m=1

|Ĝ[m] − ĜBLA|2 (4.10)

For the estimation of the nonlinear model P̂N L , it is useful to know to what ex-
tent σ̂2

BLA
is due to the stochastic nonlinear contributions (with variance σ2

N L),
or due to the measurement noise (with variance σ2

n), since σ̂2
BLA

is given by:

σ̂2
BLA
(k) = σ̂2

N L(k) + σ̂
2
n(k) (4.11)

The measurement noise can be analyzed by looking at the variation of the
output over the P periods. The sample variance due to measurement noise
σ̂2

n
[m] for each experiment m is calculated using

σ̂2
n
[m] =

1

P

 
σ̂2

Y
[m]

|Û[m]|2
!

(4.12)

with the output variance σ̂2
Y
[m] given by:

σ̂2
Y
[m] =

1

P − 1

P∑
p=1

|Y [m,p] − Ŷ (k)[m]|2 (4.13)

and averaging over the experiments leads to

σ̂2
n =

1

M2

M∑
m=1

σ̂2
n
[m]

(4.14)

53



4. A MODEL INVERSION BASED ILC APPROACH

The sample variance due to nonlinear contributions, σ2
N L , then follows from

(4.11).
The described technique has been applied to the test setup for two different

excitation levels, in order to study the nonlinear behavior as a function of
excitation level. The experiment is designed with the settings written in table
4.1. The results of the analysis are shown in figure 4.2, in gray for the 50mV

Table 4.1: Experiment settings for the estimation of the best linear approximation
and nonlinearity of the silverbox test setup

Parameter Value Unit

fs 3000 Hz
N 3000 -

fmax 150 Hz
M 6 -
P 10 -

RMS(u) 50/100 mV

case, and in black for 100 mV. It is clear that the sample variance due to the
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Figure 4.2: Best linear approximation (full), sample variance of the stochastic
nonlinear contributions σ̂2

N L (dashed) and measurement noise sample variance

σ̂2
n (dotted), for an excitation level of 50mV rms (gray) and 100 mV rms (black)

stochastic nonlinear contributions, σ̂2
N L , is much larger than the measurement

noise sample variance σ̂2
n. It is also clear that an increased excitation level

leads to higher nonlinear contributions, confirming the effect of the nonlinear
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4.2. Numerical and experimental validation

term αx3 in (4.4). The increased excitation level also leads to a lower value of
σ̂2

n, due to the higher signal to noise ratio.

Nonlinear model structure

The model P̂N L , which is used in the nonlinear ILC approach, is a nonlinear
state space model of the following form:

x(k+ 1) = Ax(k) + Bu(k) + Eζ[x(k), u(k)]
ŷ(k) = Cx(k) + Du(k) + Fη[x(k), u(k)].

(4.15)

This model structure is called a polynomial nonlinear state space (PNLSS) model
[Paduart et al., 2010]. It consists of a linear part, augmented with the poly-
nomial nonlinear terms Eζ and Fη. The linear part is characterized by the
matrices A ∈ Rn×n, B ∈ Rn×1, C ∈ R1×n and D ∈ R. The vectors ζ ∈ Rnζ and
η ∈ Rnη contain monomials in x(k) and u(k); the matrices E ∈ Rn×nζ and
F ∈ R1×nη contain the coefficients associated with those monomials, with nζ
and nη the number of monomials in ζ and η respectively.

The identification of PNLSS models is discussed extensively in [Paduart,
2008] and [Van Mulders, 2012]. It consists of solving a nonlinear least squares
optimization problem, minimizing the difference between the model output
and measurements. The linear part of (4.15) can be initialized using a para-
metric fit of the BLA, while E and F are typically initialized at 0. [Van Mulders
et al., 2009] compares a Levenberg-Marquardt based solution strategy with an
approach based on the CGN method.

4.2.2 Numerical validation of the optimization based model
inversion approach

This section discusses the validation of the nonlinear model inversion approach,
based on the CGN algorithm discussed in section 3.2.2.

Reference output A suitable reference signal is found by exciting the elec-
trical circuit with a full random phase multisine, and measuring the steady
state response. This way it is certain that the reference signal is achievable
by the system. The excitation signal of 3000 samples has a sample frequency
of 3000Hz, a bandwidth of 150 Hz, and a root mean square (RMS) value of
80mV, in order to get sufficiently strong nonlinear behavior. The measured
reference output is shown in figure 4.3. Figure 4.4 shows the magnitude of its
frequency spectrum.

Model A 2nd order PNLSS model is estimated with 2nd and 3rd degree non-
linear terms. This model is denoted as P̂N L . The estimation data consists of
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Figure 4.3: Reference signal at 80mV exci-
tation level; measured response of the setup
to a band limited random phase multisine

Figure 4.4: Magnitude in the frequency do-
main of the reference signal at 80 mV excita-
tion level

6 realizations of a full random phase multisine, measuring 10 periods of each
realization (after excluding 4 periods of transients). Each realization is nor-
malized to an RMS value of 90mV, such that the model is identified at a higher
excitation level than the excitation level of the reference output.

Results The constrained Gauss-Newton optimization algorithm is initialized
with x = 0 and u = 0, which is a feasible but trivial solution. The evolution
of the 2-norm of the residual function r(x,u) is shown in figure 4.5, while the
2-norm of the constraint function g(x,u) is shown in figure 4.6. It is clear
that after the first iteration, the algorithm shows monotonic convergence to-
wards machine precision for both functions. The constraint function is zero
for the initial estimate, but subsequent values of the variable vector violate the
constraint g= 0 in order to guarantee a decrease in the objective function.

4.2.3 Comparison of linear and nonlinear ILC

The developed model inversion based nonlinear ILC algorithm A1 is validated
experimentally on the silverbox, and compared to the TWR approach, described
in section 2.2.1, at different excitation levels (75 mV, 80 mV, 85 mV and 90mV).

Reference output For each experiment, the reference output is found using
the same approach as in section 4.2.2: a full random phase multisine of 3000
samples, with a sample frequency of 3000Hz and a bandwidth of 150 Hz, is
designed with the required RMS value. The system is excited with the multisine,
and the steady state response is measured and taken as the reference.
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Figure 4.5: Evolution of the 2-norm of the
residual function r(x,u) over 6 iterations of
the model inversion approach

Figure 4.6: Evolution of the 2-norm of the
constraint function g(x,u) over 6 iterations of
the model inversion approach

Model The nonlinear ILC algorithm uses the same PNLSS model P̂N L that was
used in section 4.2.2. For the linear approach, the BLA is estimated at each
excitation level using estimation data of 10 periods of 6 realizations of a full
random phase multisine.

Results Figure 4.7 shows the evolution of the relative tracking error RMS

value over 6 trials for the TWR approach. Figure 4.8 shows the same for the
nonlinear approach. It is clear that using the linear model, the initial track-
ing error is much worse than using the nonlinear model. In the linear case,
increasing the excitation level leads to increasing relative tracking error, and
slower convergence. At an excitation level of 90mV, the TWR approach fails to
converge. However, for the nonlinear case, the initial tracking error is inde-
pendent of the excitation level, up to 90 mV. This is due to the fact that P̂N L
is estimated at an excitation level of 90 mV. Figure 4.8 also includes an exper-
iment that was carried out at an excitation level of 100 mV. Extrapolation in
this case leads to a slightly increased initial tracking error.

The nonlinear approach also shows much faster convergence than the lin-
ear approach, for all excitation levels. This is mainly due to the much more
accurate first trial performance of the nonlinear approach. For most excitation
levels, the nonlinear approach converges to the measurement noise level in 1
or 2 trials.

Figures 4.9 and 4.10 show the tracking performance of one experiment for
the linear and nonlinear ILC approach respectively, namely the experiment at
85mV excitation level. While the reference is shown in light gray, the tracking
error of the initial trial is shown in dark gray, and the tracking error of trial
6 is shown in black. It is clear that at this excitation level, the tracking error
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Figure 4.7: Evolution of relative tracking er-
ror rms value over 6 trials in experiments for
twr, using excitation level of 75mV (full, cir-
cle), 80mV (full, dot), 85mV (dashed, ×)and
90mV (dashed, circle)

Figure 4.8: Evolution of relative tracking
error rms value over 6 trials in experiments
for nonlinear ilc, using excitation level of
75mV (full, circle), 80 mV (full, dot), 85 mV
(dashed, ×), 90mV (dashed, circle) and
100mV (dashed, dot)

of the linear algorithm is much larger than for the nonlinear approach. After
6 trials, the nonlinear approach is fully converged towards the measurement
noise level, while the linear approach has not yet reached convergence.
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Figure 4.9: Reference signal (light gray) at
85mV excitation level, initial tracking error
(gray) and tracking error after 6 trials (black),
for the twr approach

Figure 4.10: Reference signal (light gray)
at 85mV excitation level, initial tracking error
(gray) and tracking error after 6 trials (black),
for the nonlinear ilc approach
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4.3. Conclusions

4.3 Conclusions

This chapter presents a model inversion based nonlinear ILC algorithm. The
approach is based on the algorithm described in [Smolders et al., 2008], but
makes use of the efficient model inversion approach based on equality con-
strained optimization, presented in section 3.2.2. The newly proposed algo-
rithm is validated experimentally on an electrical circuit. It is shown that this
system experiences stronger nonlinear behavior for increased excitation levels.

A comparison between the nonlinear ILC approach and the TWR approach
is made at various excitation levels. The nonlinear algorithm makes use of an
accurate polynomial nonlinear state space model, while the linear model uses
an estimate of the best linear approximation of the system. While the linear
approach shows decreasing convergence speed and eventually divergence for
increasing excitation levels, the nonlinear approach shows fast convergence,
up to excitation levels for which the linear approach diverges.
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5
A generalized
norm-optimal ILC
approach

This chapter proposes a new optimization based ILC approach for nonlinear sys-
tems with constraints. The algorithm described in chapter 4 has the structure
of a classical inversion based ILC approach, and despite the improved compu-
tational efficiency that was achieved by the application of the model inversion
approach described in chapter 3, the algorithm has limited flexibility and a
fixed structure, and it cannot take system limitations into account directly.

This has lead to the development of a new optimization centered approach,
which aims at directly translating the ILC problem into a mathematical opti-
mization problem, rather than to use the efficient optimization technique as
part of a classical control approach. This improves the applicability and adapt-
ability of the algorithm to different control problems, while maintaining the
efficiency introduced by the model inversion techniques of chapter 3.

The first section of this chapter shows how correction of a nominal model
of the system is the underlying mechanism of the new approach. The sec-
ond section describes the approach in more detail. Experimental validation is
discussed in section 5.3, and finally conclusions are drawn from this chapter.

5.1 Implicit versus explicit model correction

This section introduces the concepts implicit and explicit model correction,
and shows that implicit correction is applied in the linear norm-optimal ILC

approach.

5.1.1 Implicit model correction in linear norm-optimal ILC

It was shown in section 2.3.1 that the linear norm-optimal ILC algorithm uses
the following update law:

ui+1 = Luui + Leei , (5.1)
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with the learning operators:

Lu = (P̂
TQP̂+R+ S)−1(P̂TQP̂+ S)

Le = (P̂
TQP̂+R+ S)−1P̂TQ.

(5.2)

These learning operators are defined by minimizing a cost function J , which
is a function of the unknown true system matrix P, and then approximating P
by the available system model P̂. If the weight terms Q, R and S are constant,
then (5.1) is a trial invariant ILC algorithm. However, it will be shown here that
this approach can be interpreted as a trial varying model inversion problem.

Recall from (2.29) on page 20 that the matrix S determines the weight of
a trial domain regularization term of the input signal. First, consider the case
without such a regularization term, so S= 0N×N . Inserting (5.2) into (5.1) and
rearranging then leads to

(P̂TQP̂+R)ui+1 − (P̂TQP̂)ui = P̂TQei , (5.3)

premultiplying with (P̂TQ)−1, using ei = yr − yi and rearranging leads to

(P̂TQ)−1(P̂TQP̂+R)ui+1︸ ︷︷ ︸
P̂r (ui+1)

+

correction︷ ︸︸ ︷
(yi − P̂ui) = yr , (5.4)

The first term in equation (5.4) is the regularized model P̂r(·) that was found
for the inversion problem P̂r(u∗) = yr based on the nominal model P̂(·) and the
weight matrices Q and R, see 3.69 on page 40. However, the term (yi − P̂ui),
which is a function of past trial data, is added to the output of the regular-
ized model in order to correct it. If the correction term is called αi , then the
combined terms on the left hand side of equation (5.4) can be considered to
be a corrected model P̂c(u,α). It is clear that the calculation of the next trial
input signal ui+1 amounts to solving the trial varying model inversion problem
P̂c(u∗,αi) = yr .

The term αi is independent of the weight matrices Q and R, whose function
is to regulate the model inversion problem. The purpose of regularization with
S ̸= 0N×N is to penalize the change of the input signal from trial i to i + 1. In
this case, a similar derivation as made above leads to:

(P̂TQ)−1(P̂TQP̂+R+ S)ui+1 + (yi − P̂ui) = yr + (P̂
TQ)−1Sui . (5.5)

It is clear that this type of regularization adapts the reference of the underlying
model inversion problem.

Model correction is the mechanism for the linear norm-optimal ILC algo-
rithm to introduce learning behavior, but this correction is only implicit. The
correction term αi = (yi − P̂ui) is the difference between the measured output
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5.1. Implicit versus explicit model correction

of the past trial and the expected output based on the nominal model, and
therefore it is a measure of the model plant mismatch. However, the form of
this correction is fixed and ‘hidden’ in the optimal operators (5.2). Further-
more, the above derivation is based on the LTI property of the nominal model
P̂(·).

In order to generalize this approach to nonlinear systems, and to be able to
solve the trial varying model inversion problem P̂c(u∗,αi) = yr directly using
the efficient optimization based approach introduced in chapter 3, the model
correction must be made explicit.

5.1.2 Explicit model correction

Assume a nonlinear, discrete time, MIMO state space model P̂(·) with the fol-
lowing structure:

P̂ :

¨
x(k+ 1) = f [x(k),u(k)]

ŷ(k) = h[x(k),u(k)]
, (5.6)

with x(k) ∈ Rn, u(k) ∈ Rm and ŷ(k) ∈ Rp. This model can be augmented with
a vector α(k) ∈ Rs in order to change the input-output relation of the model.
The aim is to correct the nominal model, for example for unmodeled dynamics
or disturbances, in order to improve the model’s accuracy. The corrected model
is written as:

P̂c :

¨
x(k+ 1) = f [x(k),u(k),α(k)]

ŷc(k) = h[x(k),u(k),α(k)]
. (5.7)

Depending on the structure of P̂c(·), a distinction can be made between non-
parametric and parametric correction.

Nonparametric model correction

Nonparametric correction means that the correction vector α(k) is indepen-
dent of the structure of the nominal model, as defined by the state equation
f and the output equation h. The advantage of this type of correction is that
it gives the model the ability to represent any input-output relation, even if
that particular relation cannot be represented by the structure of the nominal
model. Nonparametric model correction can be applied in several different
ways:

• Additive correction:
In this case the correction vector α(k) is added to one of the elements in
the model. This can be the output, the input or the states, such that the
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5. A GENERALIZED NORM-OPTIMAL ILC APPROACH

corrected model output ŷc(k) can be written as

output: ŷc(k) = h[x(k),u(k)] +α(k)

input: ŷc(k) = h
h

x(k), [u(k) +α(k)]
i

states: ŷc(k) = h
h
[x(k) +α(k)],u(k)

i (5.8)

Here it is assumed that α(k) has the same size as the element to which
it is added, and that the state equation f is also corrected in a similar

way, such that x(k + 1) = f
h

x(k), [u(k) + α(k)]
i

for input correction,

and x(k+ 1) = f
h
[x(k) +α(k)],u(k)

i
for state correction.

• Multiplicative correction:
In this structure the correction term is multiplied elementwise with either
the output, input or state vector. For example, consider α(k) = α j(k) for
j = 1, . . . , s, and the nominal model output ŷ(k) = ŷ j(k) for j = 1, . . . , p,
then the corrected model output can be written as ŷc, j(k) = ŷ j(k)α j(k).
Multiplications with the input and state elements is analogous.

The distinction between additive and multiplicative correction is useful when a
priori knowledge is available about the source of the unmodelled phenomena
that should be captured in the correction term. This is important when dealing
with the estimation of the correction vector, which will be described in section
5.2.2.

Parametric model correction

Parametric model correction means that the parameters of the model are changed
by α. The parameter dependency of the state and output equations is usually
omitted in the notation of f and h. However, consider θ to be a vector of
q parameters, then the state equation of a time invariant nominal model is
x(k+1) = f [x(k),u(k),θ ], and the output equation is ŷ(k) = h[x(k),u(k),θ ].
One approach to apply parametric model correction in ILC is to identify a new
set of parameters θ i , based on the measured data of trial i, using black box
identification procedures (see for example Pintelon and Schoukens [2004]).
Such an approach can overcome a typical problem of black box models that
occurs when the model is evaluated at a region of the input space outside of
the region used during identification measurements, leading to model inaccu-
racy.

However, accurate model identification requires suitable excitation signals,
and control signals used during operation often don’t meet the required cri-
teria, for example with respect to signal to noise ratio, especially if only one
trial is considered. Furthermore, this approach improves the model inside the
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parameter space determined by f and h. Unmodeled dynamic behavior or re-
peating disturbances outside of this space can never be accurately modeled.
Therefore this approach is not considered in the proposed ILC algorithm.

Another approach is to manipulate θ by a vector α(k), to transform the
model into a time varying model. This greatly increases the degrees of freedom
of the corrected model, by effectively introducing sN additional parameters to
the problem (with s the size of α(k) and N the length of the input and output
signals). Again a distinction can be made between additive correction, in the
form θ̂ c(k) = θ + α(k), and multiplicative correction, in the form θ̂c, j(k) =
θ jα j(k) for j = 1, . . . , q. Note that a time invariant parametric correction can
also be achieved if α is constant for each time instant k.

5.2 An ILC approach based on explicit model correction

This section proposes a new approach to iterative learning control, based on
explicit model correction. It is a generalization of the linear norm-optimal ILC

algorithm described in section 2.3.1, which is valid for nonlinear, constrained,
MIMO systems.

5.2.1 Algorithm overview

Assume that a nonlinear discrete time state space model P̂ is available for the
system P, and that P̂ is augmented by a correction term α of appropriate size,
in one of the configurations described above (to produce the corrected model
P̂c). Assume a reference is given for each output of P. The iterative procedure
summarized in Algorithm A2 is now proposed.

Algorithm A2 Generalized norm-optimal ILC

0: Initialization: set α = 0, such that P̂c = P̂. Use P̂c to calculate u1. Set the
trial index i to i = 1.

1: Apply the input ui to the system, and measure and record the output, yi .
2: Use ui and yi to estimate the correction term αi , to improve P̂c .
3: Calculate the next trial input signal ui+1, based on P̂c .
4: Advance the trial index i and return to step 1.

At the centre of the proposed algorithm are the steps 2 and 3. Step 2 is
called the estimation step, while step 3 is called the control step. The algorithm
effectively separates the two functions of any ILC algorithm: to learn from past
trial data, and to generate a suitable feedforward control signal for the next
trial. Both steps are described in more detail in the next section.
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5.2.2 Two step procedure

Step 2 in A2: estimation

The aim of this step, after trial i, is to find a value for αi , such that the modeled
output ŷc follows the actual measurement yi more closely. Since α acts as an
input to P̂c , this step constitutes the following model inversion problem:

P̂c(ui ,α
∗) = yi (5.9)

An exact solution requires that yi − P̂c(ui ,α
∗) = 0. Now define ēi(α) = yi −

P̂c(ui ,α). ēi(α) can be interpreted as the difference between the predicted
tracking error of trial i, êi = yr − P̂c(ui ,α), and the measured true tracking
error of trial i, ei = yr − yi , for a given value of α. Then the inversion problem
(5.9) is solved by minimizing the following objective function:

αi = argmin
α

Jα = ēi(α)
T Qαēi(α), (5.10)

Step 3 in A2: control

The aim of this step is to use the estimated αi in order to find the optimal input
signal for the next trial, ui+1, such that ŷc is close to yr . This step amounts to
solving the following model inversion problem:

P̂c(u
∗,αi) = yr (5.11)

Analogous to step 1, define êi+1(u) = yr − P̂c(u,αi). êi+1(u) is the predicted
tracking error of the next trial, for a given u. It is clear that problem (5.11) is
solved by minimizing the following objective function:

ui+1 =min
u

Ju = êT
i+1Quêi+1 (5.12)

5.2.3 Illustrative example

Consider the following first order nonlinear system with parametric uncer-
tainty:

x(k+ 1) = x(k) + p1 cos2[x(k)] + p2u(k)

y(k) =
x(k)2 + p3

x(k)2 + p4
u(k)

(5.13)

with the parameters and their uncertainty intervals listed in table 5.1. The
system is simulated for a particular realization of the parameters, chosen ran-
domly with a uniform distribution over the uncertainty interval. The system is
modeled using the nominal value of the parameters. This introduces a model
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Table 5.1: Parameters and uncertainty intervals for the nonlinear system (5.13)

parameter nominal value uncertainty interval
p1 8.0× 10−4 ± 3.0× 10−4

p2 1.6× 10−3 ± 1.2× 10−3

p3 2.0 ± 2.0
p4 50.0 ± 20.0

plant mismatch that needs to be corrected for by the ILC algorithm. In order
to apply the proposed ILC approach, the nominal model is augmented by a
correction term additive to the output, such that:

P̂c =


x(k+ 1) = x(k) + p̄1 cos2[x(k)] + p̄2u(k)

ŷc(k) =
x(k)2 + p̄3

x(k)2 + p̄4
u(k) +α(k)

(5.14)

with p̄ the nominal parameter value.
Assume that the initial state is x0 = 0.5, and that the reference output is

r(k) = k2 for k ∈ [0,2000]. Conform the steps of Algorithm A2, the initial
input signal is found by setting α(k) = 0, and then solving the control problem
by minimizing the cost function (5.12) using a constrained Gauss-Newton ap-
proach. After each trial, first the estimation step is performed by minimizing
the cost function (5.10) with the same approach, and then the control step is
performed using the updated P̂c .

The calculated input signal for the first 3 trials and trial 10 is shown in
figure 5.1. The tracking error for the same trials is shown in figure 5.2. It is
clear that the mismatch between the nominal model and the simulated system
results in a large tracking error for the initial trial. However, the tracking error
decreases for each trial, and after 10 trials no error remains.

The model plant mismatch has been captured in the correction term α.
The evolution of α for trials 1,2,3 and 10 is shown in figure 5.3. This term also
converges to an optimal value. The convergence of α for linear systems will
be discussed in section 5.2.6. Figure 5.4 shows the evolution of the 2-norm of
the tracking error. The proposed ILC approach shows monotonic convergence
towards zero tracking error in 10 trials. The results presented here are for 1
realization of the uncertain system 5.13. In order to demonstrate the robust-
ness of the proposed approach with respect to the model plant mismatch, the
simulation is repeated for 10 different realizations of the simulated system, by
randomly perturbing all system parameters using a uniform distribution in the
uncertainty interval. The evolution of the 2-norm of the tracking error for each
realization is shown in figure 5.5. The tracking error for the first trial depends
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Figure 5.1: Control input for trial 1 (dotted),
trial 2 (dash-dotted), trial 3 (dashed) and trial
10 (full)

Figure 5.2: Tracking error for trial 1 (dotted),
trial 2 (dash-dotted), trial 3 (dashed) and trial
10 (full)
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Figure 5.3: Model correction for trial 1 (dot-
ted), trial 2 (dash-dotted), trial 3 (dashed) and
trial 10 (full)

Figure 5.4: Evolution of the 2-norm of the
tracking error for 10 trials

on the amount of model plant mismatch for each realization, but it is clear that
for each realization, monotonic convergence is achieved. The converged input
signals are shown in figure 5.6. The large variation in optimal input signals
indicates that the considered uncertainty of the system is large. This shows the
robustness of the proposed approach with respect to model plant mismatch.

5.2.4 Relation with inversion based nonlinear ILC

In section 2.2.2 on page 16, an approach to nonlinear ILC has been proposed,
as an extension to the TWR method introduced in section 2.2.1. This approach
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Figure 5.5: Evolution of the 2-norm of the
tracking error over 10 trials for 10 realizations
of the uncertain system (5.13)

Figure 5.6: Converged control input (trial
10) for 10 realizations of the uncertain system
(5.13)

consists of the following update law:

ui+1(t) = ui(t) + qi
�

P̂−1
nl [yr(t)]− P̂−1

nl [yi(t)]
�

(5.15)

with qi a trial dependent gain, and with P̂−1
nl (·) the inverse of the model P̂nl.

It can be shown that under certain conditions, this approach is a special case
of the proposed ILC algorithm based on explicit model correction. First, con-
sider the case qi = 1 for all i, in other words a constant update gain. These
conditions are then the following:

1. The model correction term α is additive to the input, such that P̂c(u,α) =
P̂(u+α). It is assumed that the dimensions of u and α are equal.

2. The exact inverse of P̂(·) exists, and is denoted by P̂−1(·). This means
that equation (5.9) can be solved for α∗ directly, such that ēi(α) = 0,
and that (5.11) can be solved for u∗ directly, such that êi+1(u) = 0.

Assuming that a nonlinear model P̂nl(u) is available, such that the corrected
model is P̂nl(u+α), an exact update law can be formulated by combining both
steps of the general approach.

Estimation: Equation (5.9) becomes

P̂nl(ui +αi) = yi (5.16)

and therefore

αi =−ui + P̂−1
nl (yi) (5.17)
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Control: Equation (5.11) becomes

P̂nl(ui+1 +αi) = yr (5.18)

and using (5.17):

ui+1 = ui + P̂−1
nl (yr)− P̂−1

nl (yi) (5.19)

Equation (5.19) is the discrete time equivalent of the update law (5.15) that is
used in the nonlinear inversion based ILC approach described in section 2.2.2,
for the case qi = 1.

The introduction of qi can be accounted for in the generalized approach by
an adaptation of the corrected model. Consider the following definition of P̂c:

P̂c(u,α) = P̂
�1

q
(u+α)

�
(5.20)

In other words, the applied input to the nonlinear model is reduced by the
factor q, which can be trial varying. Equations (5.9) and (5.11) now become:

αi =−ui + qi P̂
−1
nl (yi)

ui+1 = ui + qi
�

P̂−1
nl (yr)− P̂−1

nl (yi)
� (5.21)

which is the discrete time equivalent of (5.15) in the general case.

5.2.5 Adding additional objectives and inequality constraints

The objective functions (5.10) and (5.12), which constitute the estimation and
control steps respectively, are written in their most basic form. For the esti-
mation step this is the minimization of the discrepancy between modeled and
measured output, for the control step this is the minimization of the expected
next trial tracking error. Both are shown to be model inversion problems.

However, recall that the model inversion approach presented in chapter 3
was extended to generalized plants, with additional objectives and constraints
(see section 3.3). The schematic representation of the generalized inversion
problem that was shown in figure 3.6 is repeated here in figure 5.7. Recall

x(k + 1) = f [x(k),uc(k),w]

ŷ(k) = h[x(k),uc(k),w]

zm(k) = sm[x(k),uc(k),w]

zc(k) = sc[x(k),uc(k),w]

uc

w ŷ

˜
r

zm

˜
zr

zc [zmin, zmax]

Figure 5.7: Schematic overview of the generalized model inversion problem
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that in this representation, w is the exogenous input, which is known, uc is the
control input, which is sought after, and ŷ is the model output. The reference
for the model inversion is written as r, to avoid confusion with the reference
for the ILC algorithm. zm and zc additional outputs, defined by the functions sm
and sc . zm has an associated reference rz , while zc is bounded by the interval
[zmin,zmax]. Using this notation, the solution of the general model inversion
problem is found by solving the following optimization problem:

x∗,u∗c = argmin
x∗,u∗c

1

2
(yr − ŷ)T Qe(yr − ŷ) +

1

2
(zr − rz)

T Qz(zr − rz)

s.t.¨
x(0)− xinit = 0 or

x(0)− f
�

x(N − 1),uc(N − 1),w(N − 1)
�
= 0

x(k+ 1)− f
�

x(k),uc(k),w(k)
�
= 0 for k = 0,1, . . . , N − 2

zmin − zc ≤ 0

zc − zmax ≤ 0

(5.22)

The two steps of the proposed ILC approach fit into this schematic, but they
differ in the definition of each of the elements of the generalized plant.

Estimation For the estimation problem, it is clear that the following holds:
w= ui

uc = αi

r= yi

(5.23)

The functions f and h are the state and output equation of the corrected model
P̂c .

An additional output function sm can be defined in this step to manipulate
the estimation of αi , and thereby manipulate the learning behavior of the al-
gorithm. For example, if zm = αi and zr = 0, the objective function (5.10) is
effectively changed to:

min
α

Jα = ēi(α)
T Qαēi(α) +α

T Rαα (5.24)

with Rα a positive definite diagonal matrix. By varying the diagonal elements
of Rα, the magnitude of the estimated αi can be varied at different time instants
within the trial. This means that if the accuracy of the model changes with time
during each trial, the learning behavior of the algorithm can be targeted at time
instants where learning is most desired, while reducing the sensitivity to non
repeating disturbances at other time instants.
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Another possible application of adding additional objectives is to define
zm = αi and rz = αi−1. The objective function then becomes:

min
α

Jα = ēi(α)
T Qαēi(α) + (α−αi−1)

T Rα(α−αi−1) (5.25)

This type of regularization penalizes large changes of the correction from one
trial to the next. In general this slows down the convergence, but it makes the
ILC algorithm less sensitive to non repeating disturbances.

By defining an additional output zc = αi and selecting appropriate bounds
[zmin,zmax], the correction can be bounded. Note that zmin and zmax can vary
in time. Therefore it is easy to allow large model corrections at certain time
instants, or effectively switch off the learning at time instants where the model
is known to be exact.

Control The general model inversion problem has the following elements for
the control step:

w= αi

uc = ui+1

r= yr

(5.26)

with again the functions f and h being the state and output equation of the
corrected model P̂c .

Also for this step, there are a number of potential benefits of defining ad-
ditional objectives and/or constrained outputs. For example, recall that the
linear norm-optimal ILC algorithm described in section 2.3.1 uses an addi-
tional objective to minimize control effort, with the term uT

i+1Rui+1, and to
minimize the change of the control signal from trial to trial, with the term
(u−ui−1)T S(u−ui−1). It is clear that the same terms can be introduced in the
objective function (5.12) by the following additional outputs respectively:

uT
i+1Rui+1 : zm = ui+1, zr = 0, Qz = R

(u− ui−1)
T S(u− ui−1) : zm = ui+1, zr = u, Qz = S

(5.27)

However, the proposed approach is not limited to these types of penalty terms
in the objective function. Any differentiable function of x,u and αi can be as-
signed to an additional output zm. It is shown in chapter 6 that this feature
makes it possible to apply the algorithm as a reference generator to a closed
loop system, while shaping the internal control signal, since the feedback con-
troller can be incorporated in zm.

A typical application of adding inequality constraints in the control step,
by defining an output zc , is to bound the control signal ui+1 by the interval
[umin,umax] to avoid saturation of actuators.
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In the optimization problem (5.22), the matrix Qe determines the weight of
the residual (yr−ŷ). Minimization of this term in the control step is what makes
the ILC algorithm track the given reference. However, by setting the diagonal
elements of Qe equal to zero at certain time instants, the algorithm can also
be applied to point-to-point motion control problems. These are problems for
which no tracking is required for certain parts of the time horizon, since the
objective is to bring the system from a given initial state to a target state.
Section 5.3 discusses the experimental validation of such a problem.

5.2.6 Application to linear unconstrained systems

This section shows that the linear norm-optimal ILC approach discussed in sec-
tion 2.3.1 is a special case of the proposed algorithm. Under certain conditions,
a closed form solution of the two optimization problems (5.10) and (5.12) can
be formulated, and this solution corresponds to the update equation of linear
norm-optimal ILC. These conditions are the following:

1. The system and its model are linear, such that the lifted system notation
y= Pu can be used, and with P̂≈ P

2. No inequality constraints are introduced in the estimation and control
steps of the proposed approach

3. The correction signal α is assumed to be additive to the model output,
i.e. P̂c(u,α) = P̂u+α

4. The estimation step is solved by minimizing the objective function (5.10)
only, without additional objectives

5. The control step uses a regularized objective function of the following
form:

min
u

Ju = êT
i+1Quêi+1 + uT

i+1Ruui+1 +∆uT
i Su∆ui

by defining additional outputs zm = [uT ,uT ]T with the associated refer-

ences zr = [0,uT
i ]

T and weigth term Qz =
�

Ru 0
0 Su

�
.

Estimation Using ēi(α) = yi − P̂c(ui ,α) and condition 3), the objective func-
tion for the estimation step becomes:

min
α

Jα = ēi(α)
T ēi(α) = (yi − P̂ui −αi)

T (yi − P̂ui −αi) (5.28)

A minimizer of this objective function is obviously:

αi = yi − P̂ui , (5.29)
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Note that this optimal value of αi corresponds to the implicit model correction
term found in the linear norm-optimal ILC (5.4).

Control Substituting êi+1(u) = yr − P̂c(u,αi) in the objective function for
the control step, written in condition 5), and using condition 3), leads to the
following:

min
u

Ju = (yr− P̂u−αi)
T Qu(yr− P̂u−αi)+uT

i+1Ruui+1+∆uT
i Su∆ui (5.30)

By taking the derivative of (5.30) with respect to u at u = ui+1 and equating
to zero, the stationarity condition for optimality becomes:

−P̂T Qu(yr − P̂ui+1 −αi) + (Ru + Su)ui+1 − Suui = 0, (5.31)

substituting ei = yr − yi , inserting (5.29) and rearranging leads to:

ui+1 =(P̂
T QuP̂+Ru + Su)

−1(P̂T QuP̂+ Su)︸ ︷︷ ︸
Lu

ui

+ (P̂T QuP̂+Ru + Su)
−1P̂T Qu︸ ︷︷ ︸

Le

ei .
(5.32)

Equation (5.32) represents the update law that is implied by the proposed ILC
approach under the given conditions, and it is clear that the same update law
is found as for the norm-optimal ILC algorithm (5.1) and (5.2). This shows that
the norm-optimal algorithm is a special case of the proposed approach.

Convergence of the model correction term

Inserting the true output yi = Pui into equation 5.29 leads to:

αi = (P− P̂)ui =∆Pui (5.33)

∆P is the difference between the system matrix P and the model matrix P̂, and
therefore is a measure of the model plant mismatch. If ∆P is invertible, then:

ui =∆P−1αi (5.34)

Inserting this equation in (5.1) leads to:

∆P−1αi+1 = Lu∆P−1αi + Leei . (5.35)

Using ei = yr − yi and yi = Pui and rearranging:

∆P−1αi+1 = Lu∆P−1αi + Leyr − LePui (5.36)
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Inserting (5.34) and further rearranging leads to:

∆P−1αi+1 = (Lu − LeP)∆P−1αi + Leyr (5.37)

Premultiplying with ∆P leads to:

αi+1 =∆P(Lu − LeP)∆P−1︸ ︷︷ ︸
Aα

αi +∆PLeyr (5.38)

Recall from (2.21) on page 18 that Au = (Lu − LeP) determines the trial do-
main dynamics of the input signal u. Necessary and sufficient conditions for
asymptotic stability and monotonic convergence of the input signal were given
by ρ(Au)< 1 and σ(Au)< 1 respectively.

Since Aα is similar to Au, both matrices have the same eigenvalues, and
therefore ρ(Aα) = ρ(Au). This means that if the proposed ILC algorithm is
asymptotically stable, the correction term α is also guaranteed to converge, or
in other words if ui = u∞ when i→∞, then also αi = α∞ when i→∞. Using
(5.34) and (2.21) on 18 leads to:

α∞ =∆P(I− Lu + PLe)
−1Leyr (5.39)

However, similarity of Aα and Au does not guarantee that both matrices
have the same singular values. This means that even if u converges monotoni-
cally towards u∞ (in a 2-norm sense), this does not necessarily mean the same
holds for α.

It can be noted however that monotonic convergence is not as important
for α as it is for u. For the input signal, it is a desirable property in order to
avoid that the input signal grows to a magnitude that is unachievable by the
system, but the magnitude of α does not influence the system directly, and can
assume any value.

5.3 Experimental validation

The generalized norm-optimal ILC approach is validated experimentally on a
lab scale model of an overhead crane with fixed cable length. This system
is described in section 5.3.1. The following sections describe the results of
two control experiments: one for tracking control, and one for point to point
motion control.

5.3.1 The overhead crane test setup

The proposed ILC approach is validated experimentally on a lab scale model
of an overhead crane with fixed cable length, see figures 5.8 and 5.9. The
position of the cart is denoted by xc , and the length of the cable is denoted as
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xc

xl

!
l

Figure 5.8: Photo of the lab scale overhead
crane

Figure 5.9: Schematic representa-
tion of the lab scale overhead crane

l. The angle of the load with respect to the vertical is θ . The single input to
the system is the command uc sent to the cart velocity controller. The single
output is the load position x l , which is calculated as x l = xc + l sinθ . The cart
position xc is measured with an encoder on the cart, while a second encoder
measures θ in the point where the cable is attached. The length l is fixed at
50cm, and therefore the crane has a fixed resonance frequency of 0.705Hz.
The goal is to control the load position without residual oscillation, without
exact knowledge of the cable length. Therefore a model is constructed using
an estimated value l̂, to introduce a model plant mismatch. The used value of
l̂ is indicated separately for each experiment in this section.

Furthermore, in order to avoid saturation of the velocity controller, the
input signal must be contained in the interval ±10V, with a maximum slew
rate of ±100V/s.

Nonlinear model

The nominal model that describes the motion of the crane is based on physical
insight. The input uc is a voltage proportional to the desired cart velocity, and
the relation between uc and the actual cart velocity ẋc is modeled as a first
order system:

Ẋ c(s)
Uc(s)

=
A

τs+ 1
. (5.40)

A is a constant parameter, and τ is the time constant of this velocity loop.
Discretizing this equation with a forward Euler method yields:

Ẋ c(z)
Uc(z)

=
AT

τ(z − 1) + T
. (5.41)
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The transfer function for the position is found by multiplying 5.41 with Tz
z−1

:

X c(z)
Uc(z)

=
Tz

z− 1

AT

τ(z− 1) + T
=

AT 2z

τz2 + (T − 2τ)z+ (τ− T )
(5.42)

Taking the reverse z-transform of (5.42) leads to the time domain difference
equation for the cart position:

xc(k+ 1) =
1

τ
[(2τ− T )xc(k) + (T −τ)xc(k− 1) + AT 2uc(k)] (5.43)

An expression for the acceleration ẍc(k) can be found by applying a combina-
tion of forward (s = z−1

T
) and backward (s = z−1

Tz
) Euler discretization to the

relation Ẍ (s) = s2X (s) and taking the reverse z-transform. This leads to:

ẍc(k) =
1

T 2 [xc(k+ 1)− 2xc(k) + xc(k− 1)] (5.44)

and using (5.43):

ẍc(k) =− 1

τT
[xc(k)− xc(k− 1)− ATuc(k)] (5.45)

Following a similar approach as (5.44) for the instantaneous angular accelera-
tion θ̈ (k) leads to:

θ̈(k) =
1

T 2 [θ(k+ 1)− 2θ(k) + θ(k− 1)] (5.46)

For a fixed length l, the dynamics of the crane are governed by the follow-
ing nonlinear equation:

lθ̈ + ẍc cosθ + g sinθ = 0. (5.47)

Inserting expressions (5.45) and (5.46) in (5.47) and rearranging leads to:

θ (k+ 1) =
T

lτ
cosθ(k)[xc(k)− xc(k− 1)− ATuc(k)]

+ 2θ(k)− θ(k− 1)− gT 2

l
sinθ (k)

(5.48)

Using this equation, a 4th order nonlinear state space model can be written
with the following states:

x1(k)
x2(k)
x3(k)
x4(k)

=


xc(k)
xc(k− 1)
θ(k)
θ(k− 1)

 (5.49)
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leading to the following state and output equations:
x1(k+ 1)
x2(k+ 1)
x3(k+ 1)
x4(k+ 1)

=


p1 p2 0 0
1 0 0 0

p4 cos x3(k) −p4 cos x3(k) 2 −1
0 0 1 0




x1(k)
x2(k)
x3(k)
x4(k)

+
0
0

p5 sin x3(k)
0

+


p3
0
−p3/l

0

u(k)

ŷ(k) = x1(k) + l sin[x3(k)]

(5.50)

The model parameters pi for i ∈ [1,5] are functions of A,τ, T, l and g, and are
given by

p1 =
2τ− T

τ
p4 =

T

lτ

p2 =
T −τ
τ

p5 =− gT 2

l

p3 =
AT 2

τ

(5.51)

5.3.2 Experiment 1: tracking control

The purpose of the first experiment is to track a given reference trajectory for
the load position. This reference trajectory is designed as a sine wave with
an amplitude of 20 cm and a frequency of 0.57 Hz, shown in figure 5.10. This
amplitude and frequency have been chosen such that the crane must swing the
load at angles for which the dynamics of the crane are sufficiently nonlinear.
In order to introduce a moderate model plant mismatch, the estimated length
for this experiment is defined as l̂ = 55cm.

Application of ILC

Corrected model The first step in the application of the proposed ILC ap-
proach is to define a corrected model. In this experiment a nonparametric
correction, additive to the output, is applied to the nominal model given in
(5.50). The output equation therefore becomes:

ŷc(k) = x1(k) + l sin[x3(k)] +α(k) (5.52)

In order to guarantee that the next trial input signal satisfies the slew rate
constraint, a constrained output zc will need to be defined in the control step,
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Figure 5.10: Reference position for the load, for experiment 1

with zc(k) = u(k)− u(k− 1) (more details are provided later in this section).
However, recall from the schematic representation of the model inversion prob-
lem, figure 5.7, that a constrained output zc(k) can only be a function of x(k),
uc(k) and w(k), and not of uc(k−1). Therefore the state equation of the nom-
inal model, (5.50), must be augmented with a fifth state, denoted as x5(k), for
which it holds x5(k) = u(k− 1), or x5(k+ 1) = u(k).

Additional objectives and constraints A number of additional objectives
are defined for the current experiment, along with constraints on the input
signal and input slew rate. These are the following:

• For the estimation step, a trial domain regularization is defined, to pe-
nalize the change of the estimated α from one trial to the next, in order
to reduce the algorithm’s sensitivity to trial varying disturbances. This is
achieved by defining the following terms:

zm = αi

rz = αi−1

Qz = 1× 102I

(5.53)

• For the control step, two constrained outputs zc are defined:
zc(k) =

�
u(k)

u(k)− x5(k)

�
zmin =

� −10
−100

�
, zmax =

�
10

100

� (5.54)
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• To achieve a smooth input signal and reduce the sensitivity to measure-
ment noise, a regularization term is added to the control step to minimize
u(k)− u(k− 1). This is achieved by setting:

zm(k) = u(k)− x5(k)
rz = 0

Qz = 5× 102I

(5.55)

Results

The ILC algorithm is applied for 15 trials. The tracking error that is measured
for trials 1, 2, 3, 14 and 15 are shown in figure 5.11. It is clear that the tracking
error in the first trial reaches almost 10cm. It is interesting to note that the
tracking error is mostly reduced at the start of the swinging motion for the
first 3 trials, but actually increases at the final part of the trajectory for trials
2 and 3. After 15 trials, a small oscillation of 0.705 Hz, which is the natural
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Figure 5.11: Tracking error for trial 1 (dot-
ted), 2 (dash-dotted), 3 (dashed), 14 (full,
gray) and 15 (full, black) of experiment 1

Figure 5.12: Input signal (top) and input sig-
nal slew rate (bottom) for trials 1 (dotted) and
15 (full) of experiment 1

frequency, remains. Figure 5.11 also plots the tracking error of trial 14, which
shows a similar oscillation, but it is clear that this error is not repetitive over
the trials, and therefore it cannot be corrected for by the ILC algorithm1. The
oscillation is due to the fact that the load is often not perfectly in rest at the
start of the motion, but can experience a small rotation around the cable itself.

1For these particular trials, a phase difference of about 180◦ between the remaining tracking
errors is observed. However, this it not the case for each trial
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The fast swinging motion then induces the small oscillation. For other motion
profiles, such as a smooth step, this effect is not observed.

Figure 5.12 shows the input signal and input slew rate of trials 1 and 15.
It is clear that the calculated input signals satisfy both constraints. The motion
of the crane is sensitive to small variations of the input signal, and therefore
the difference of the input signal between trial 1 and trial 15 is small.

The reference trajectory for this experiment has been designed such that
the motion of the load is mostly due to swinging. Figure 5.13 shows the motion
of the cart for trials 1 and 15. It is clear that after a fast motion of about 15cm,
which is aimed at getting the crane to start swinging, a front and back motion
of the cart of about 5cm is required to track the reference. This is because the
reference has a lower frequency than the crane’s natural frequency.

The load angle for trials 1 and 15 is shown in figure 5.14. A swing angle
of about 15◦ is reached during the swinging. It is clear that for the first trial,
the crane is not swung high enough, which leads to the large initial tracking
error. The evolution of the 2-norm of the tracking error over the 15 trials is
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Figure 5.13: Position of the cart for trials 1
(dotted) and 15 (full) of experiment 1

Figure 5.14: Load angle for trials 1 (dotted)
and 15 (full) of experiment 1

shown in figure 5.15, and from this figure it is clear that the algorithm reaches
convergence after 10 trials. The remaining tracking error norm corresponds
to the small remaining oscillation that was described earlier. In order to study
the robustness of the applied ILC algorithm with respect to the model plant
mismatch, the experiment was repeated for different values of the estimated
length l̂, namely 56 cm, 57 cm and 58cm. The results are shown in figure 5.16.
It is clear that the increased model plant mismatch leads to increasing values
of the initial tracking error. It can also be observed that the convergence speed
is lower for the case l̂ = 56cm, compared to l̂ = 55cm. For l̂ = 56cm, the
convergence is not monotonic, since the second trial has a larger tracking error
than the first one. This poor transient learning behavior is more prominent for
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Figure 5.15: Evolution of the 2-norm of the
tracking error over 15 trials for experiment 1

Figure 5.16: Evolution of the 2-norm of
the tracking error for experiment 1, with es-
timated lengths of 55 cm (dot), 56cm (×),
57cm (circle) and 58 cm (+)

the case l̂ = 57cm. However, the ILC algorithm still converges for this case,
and in fact does not require more trials than the case l̂ = 56cm. If the model
plant mismatch is increased further, the divergence of the tracking error for
the first trials is intensified. For the case l̂ = 58cm, the experiment had to be
stopped after three trials to prevent damage to the test setup, since the load
angle reached more than 45◦.

5.3.3 Experiment 2: point-to-point motion

The second experiment validates the ability of the developed ILC approach to
use the time domain nature of the model inversion algorithm to target the
tracking control to certain parts of the time horizon. The aim of the experiment
is to move the load 30cm in a given amount of time, denoted by the motion
time tm, without residual oscillation. After tm, no control is allowed. The
estimated length for this experiment is l̂ = 60cm.

Application of ILC

Corrected model The same correction is used in this experiment as was used
in experiment 1, namely a non parametric correction, additive to the output.
Again the state equation of the corrected model is augmented with the state
x5(k), for which x5(k+ 1) = u(k).

Algorithm settings The ILC algorithm is applied with the following settings:
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• In the estimation step, a trial domain regularization is defined similar to
experiment 1, so again zm = αi , rz = αi−1 and Qz = 1× 102I.

• In the control step, a constrained output zc(k) = [u(k), u(k)− x5(k)]T is
added. At time instants before tm, the same constraints as in experiment
1 apply. No control is allowed after tm, so the constraints are set to zero
at these time instants. This is achieved by setting the following terms:¨

zmin = [−10,−100]T

zmax = [10,100]T
for k ∈ [0, tm)

zmin = zmax = 0 for k ∈ [tm, N − 1]

(5.56)

• For the motion before tm, no tracking is required, so the weight of the
residual in the control step is set to 0 at the time instants before tm:¨

Qy(k, k) = 0 for k ∈ [0, tm)

Qy(k, k) = 1 for k ∈ [tm, N − 1]
(5.57)

Results

A first experiment is carried out using tm = 1.1 s, and the ILC algorithm is ap-
plied for 3 trials. Figure 5.17 shows the input signal and input slew rate of each
trial. At the start of the time horizon, the input signal is at the maximum value
of 10 V. This means that the cart starts moving at the maximum velocity, in or-
der to complete the motion in time. Around 0.5 s, a maneuver is performed to
reverse the load angle, by moving the cart in the opposite direction. It is clear
that the required input signal is overestimated during the first trial, which is
due to the model plant mismatch. This is most apparent in the angle reversing
maneuver. After the motion time tm = 1.1 s, the input signal is zero. The load
position for the three trials is shown in figure 5.18. For the first trial, the load
does not reach the required distance of 30cm, since the backward motion of
the cart at about 0.5 s was too fast. The second trial shows improved accuracy
of the motion, but there is still a residual oscillation after tm. The third trial
manages to complete the motion without residual oscillation.

It is clear that the crane is able to reach the target position within the given
motion time of tm = 1.1 s, while satisfying the constraints on the input and
input slew rate. A second experiment is performed, with the given motion
time reduced to tm = 1.07 s. The results for three trials are shown in figure
5.19 and 5.20. The load position for the first trial is comparable to the result
obtained with tm = 1.1 s. However, from the load position of the third trial,
it is clear that the given motion time tm = 1.07 s is not enough for the crane
to complete the motion without residual oscillation. This is clear from figure
5.19, which shows that at each time instant, the input signal is determined
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Figure 5.17: Input signal (top) and input
slew rate (bottom) for trials 1 (dotted), 2
(dashed) and 3 (full) of experiment 2, with
tm = 1.1 s. Constraints are in gray

Figure 5.18: Load position for trials 1 (dot-
ted), 2 (dashed) and 3 (full) of experiment 2,
with tm = 1.1 s

0 0.5 1 1.5 2

-10

-5

0

5

10

Time [s]

In
p
u
t
[V

]

0 0.5 1 1.5 2

-100

-50

0

50

100

Time [s]

In
p
u
t
sl
ew

ra
te

[V
/s
]

0 0.5 1 1.5 2

0

0.1

0.2

0.3

Time [s]

O
u
tp
u
t
[m

]

Figure 5.19: Input signal (top) and input
slew rate (bottom) for trials 1 (dotted), 2
(dashed) and 3 (full) of experiment 2, with
tm = 1.07 s. Constraints are in gray

Figure 5.20: Load position for trials 1 (dot-
ted), 2 (dashed) and 3 (full) of experiment 2,
with tm = 1.07 s

either by the input constraint, or by the slew rate constraint. However, the
motion is still improved from trial 1 to trial 3, and from figure 5.19 it can be
observed that this is because the maneuver to reverse the load angle is started
at a later time instant. After 3 trials, the ILC algorithm has converged.

In order to study the effect of the model plant mismatch, the experiment
is repeated with a different estimated cable length, l̂ = 40cm, so this time
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the cable length is underestimated. The available motion time is again tm =
1.07 s. The results are compared with the case l̂ = 60 cm in figures 5.21 and
5.22. It is clear that for the first trial, in the case l̂ = 40 cm, the input signal
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Figure 5.21: Input signal (top) and input
slew rate (bottom) for trials 1,3 using x̂L =
60 cm (black dashed/full) and using x̂L =
40 cm (gray dashed/+)

Figure 5.22: Load position for trials 1,3 us-
ing x̂L = 60 cm (black dashed/full) and using
x̂L = 40 cm (gray dashed/+)

and slew rate do not hit the applied constraints. However, after three trials,
the ILC algorithm has converged towards the same solution found in the case
l̂ = 60cm, leading to the conclusion that this solution is the best possible one,
given the constraints on input and input slew rate.

5.4 Recommendations for real world applications

In the previous section, the developed nonlinear ILC approach has been val-
idated on an experimental test setup. In the current section, a number of
recommendations are made for the application of this approach to systems in
an industrial environment. The purpose is to guide a user of the proposed
generalized ILC approach, and to identify possible problems and solutions.

In order to apply the developed approach, the following are necessary steps
that do not form part of the algorithm per se, but are required for a successful
application.

1. Model identification: The presented algorithm is model based, and
therefore a model of the system to be controlled is required. This needs
to be a discrete-time state space model. Typically, such a model can be
obtained in one of three ways:

85



5. A GENERALIZED NORM-OPTIMAL ILC APPROACH

• black box models: for a black box model, no prior knowledge about
the system is assumed, and the model is identified using suitably
chosen excitation signals and the corresponding measurements. Sev-
eral problems can occur: first of all, not all systems can be easily
or safely excited by the selected signal type, and safer excitation
signals might lead to poor models. In that case black box model-
ing is not a good option. Secondly, a model structure should not
be selected with more freedom than necessary to describe the sys-
tem. This poses no problem for the modeling itself, but can lead to
poor conditioning and corresponding convergence problems in the
sequential nonlinear model inversion approach (see section 3.2 on
page 32).

• white box or first principles models: such a model is obtained by
physical insight, and typically applying Newton’s second law of mo-
tion. Care must be taken when transforming the model to discrete
time, to make sure no discretization errors are introduced.

• gray box models: these are a combination of the black and white
box model structure. The corresponding recommendations apply.

2. Knowledge of the reference: The task that is required of the system
needs to be described by a reference signal for the system’s output. For
MIMO systems, a reference signal is required for each output. By de-
fault, the proposed approach solves the tracking control problem. If no
reference is available, or the application requires the system to reach
a certain output only at given time instants (point-to-point motion, see
section 5.3.3), then the weight of the tracking error must be set to zero
in the second step.

3. Accurate initial state or periodicity: The developed approach requires
the system to either always start the trial at the same initial state, or to
consider the steady state response to a periodic input signal. In the for-
mer case, it can be necessary to implement an accurate homing system
(for example by feedback) to reach the initial state before the trial. In
the latter case, the system needs to have a periodic response to a periodic
input. In order to reduce the number of periods that needs to pass be-
fore reaching the steady state, the system should have a short transient
response.

4. Knowledge of noise sources and magnitudes: In the presence of mea-
surement or process noise, several regularization terms an be added to
either of the steps in the generalized approach. Options are to include a
trial domain regularization, or to add a time domain smoothing regular-
ization term, to either the input or the model correction. It is typically
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hard to quantify the weight that is required on these regularization terms
based on the knowledge of the noise magnitude. However, the weight
can easily be adjusted during operation.

5. Knowledge of system constraints: It is important to identify which con-
straints need to be included in the ILC algorithm. These can be due to
actuator limitations, but can also include safety constraints, such as a
maximum velocity or acceleration. Constraints on the calculated control
signal are guaranteed to be satisfied by the algorithm. However, con-
straints that include the system’s dynamics, such as state constraints, are
not guaranteed to be satisfied in case of model plant mismatch. It is
therefore advisable to choose such constraints conservatively.

6. Knowledge of model uncertainty: In order to iteratively improve the
tracking performance, the developed approach is typically applied with
a nonparametric correction term. However, if there is knowledge of the
main source of model error or uncertainty, the convergence of the ILC al-
gorithm can be improved by applying a parametric correction to that part
of the model.

5.5 Conclusions

This chapter introduces a new optimization based approach to ILC, which is ap-
plicable to nonlinear systems with constraints. The basis of the algorithm is the
nonlinear model inversion technique discussed in chapter 3. This technique is
applied to a model that is updated after each trial by explicitly estimating a
correction term. The algorithm consists of solving two nonlinear model inver-
sion problems. By using the general model inversion formulation including
additional objectives and constraints, the applicability and adaptability of the
proposed approach can be increased.

It is shown in this chapter that the linear norm-optimal ILC approach de-
scribed in section 2.3.1 is a special case of the proposed approach under cer-
tain conditions, based on closed form solutions of the underlying optimization
problems.

The developed approach is validated experimentally on a lab scale model
of an overhead crane, and recommendations are formulated for the application
of the approach in an industrial environment.
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6 Applications

This chapter presents a number of applications of the generalized norm optimal
approach that is proposed in chapter 5. The simulations presented in this
chapter have been designed to demonstrate the flexibility of the developed ILC

approach.
The first application makes use of the explicit model correction to improve

the accuracy of a nonlinear friction model. The second example investigates
the combination of the ILC approach with linear and nonlinear feedback control
in the presence of system limitations. The third example demonstrates the
ability of the ILC algorithm to deal with multiple local models.

6.1 Iterative identification by parametric model correction

This section presents an application where the model correction (and therefore
the learning) is targeted at the parameters of the nonlinear model. Apart from
reaching the main objective of the ILC algorithm, which is to provide more
accurate tracking over successive trials, the added benefit of such an approach
is to improve the model itself. Such an improved model can for example be
used as a new nominal model, if the ILC approach is repeated for a different
motion.

6.1.1 Simulated system and model

The system that is considered in this application is a linear motor, which needs
to be controlled with high precision, such that nonlinear friction must be accu-
rately modeled and taken into account.

Friction in a linear motor

Linear motors are often used in industry to move and position an object or tool.
A typical example is the wafer stage used in the photolithographic process of
integrated circuit (IC) production [Wassink et al., 2005]. To achieve high qual-
ity of the produced ICs, the required position accuracy is in the nanometer
range, while high throughput of wafers requires typical speeds and accelera-
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tions of 0.5 m/s and 10 m/s respectively. These stringent requirements can be
met if the applied control strategy can accurately compensate for friction.

In the absence of friction, the system can be modeled as a double integrator,
with the applied force as input and the position as output. In general however,
the contact between the motor and the bearings results in a friction force F f in
the opposite direction of motion. This force is often modeled by a combination
of a viscous friction term Fv and a static friction term Fs. The viscous friction
term is a function of motor velocity v. This can be a linear relation Fv = cv,
with c the friction coefficient, or a nonlinear relation F f = f (v). The static
friction term only depends on the sign of the velocity: Fs = Fc sgn(v) with Fc a
constant called the Coulomb friction force [Armstrong-Helouvry et al., 1994].
A typical friction force curve as a function of velocity is shown in figure 6.1.
This type of friction modeling can accurately predict the friction force for large
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Figure 6.1: Friction force as a function of velocity for a typical linear motor, mod-
eled using viscous friction and Coulomb friction

velocities, but it is inaccurate when the velocity is near zero, such as at the end
of a motion, or when the direction of motion is reversed. It fails to describe
the hysteresis that is observed in the friction behavior as a function of position
rather than velocity, in the regime between v = 0 (stick) and v > 0 (slide),
which is called presliding.

The generalized Maxwell slip model Recently, a friction model has been
proposed to accurately describe the friction force in the presliding regime,
called the generalized Maxwell slip (GMS) model [Al-Bender et al., 2004a,
2005]. In this model the friction force is assumed to be a function of an internal
state z, and the velocity v and position x of the motor, so

F f =F (z, v, x). (6.1)
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6.1. Iterative identification by parametric model correction

The dynamics of the states z are described by an ODE with the same dependan-
cies, so

ż= G (z, v, x). (6.2)

The idea behind this approach is to model the contact surface of the motor
as nz parallel spring elements, with nz the size of z. Each element can be either
sticking or slipping. If some elements are slipping while others are sticking, the
motor is said to be in the presliding regime. Each element i shares the motor
displacement x and velocity v, but exerts an individual friction force Fi , as a
function of the spring displacement zi and the stiffness ki . The sum of the
spring forces is the static friction term. Combined with a linear viscous friction
term, the total friction force can be written as:

F f = Fs + Fv =
nz∑

i=1

(kizi) +σv v. (6.3)

The function G determines the evolution of z. Typically this function is
not analytic, and has a different formulation for sticking and slipping of the
element. However, a particular alternative that proves beneficial for the appli-
cation of ILC uses one smooth (infinitely differentiable) function G . This model
is called the smooth GMS (S-GMS) model [Boegli et al., 2012].

The smooth GMS model The S-GMS model is described in [Boegli et al.,
2012] and will be briefly introduced here. This model has the same repre-
sentation of the friction force (6.3) as the GMS model. It uses the following
differential equation for the internal states:

żi = v −ηA,iηB,i |v| kizi

νi Fc
for i = 1,2, . . . , nz (6.4)

The parameters νi are used to distribute the total static friction over the ele-
ments, such that

∑nz
i=1 νi = 1. ηA,i and ηB,i are two functions that provide a

smooth transition between sticking (ηA,iηB,i ≃ 0) and slipping (ηA,iηB,i ≃ 1).
These functions are defined as:

ηA,i = 1+ tanh
�
λ(

kizi

νi Fc
− ζ)�− tanh

�
λ(

kizi

νi Fc
+ ζ)

�
ηB,i =

1

2
+

1

2
tanh(γ

kizi

νi Fc

v

vs
)

(6.5)

The parameters λ and γ determine the sharpness of the transition for ηA,i and
ηB,i respectively, while ζ ∈ [0.9,1.0) is used to avoid ringing in sliding regime
when |kizi | ≈ νi Fc . vs is the Stribeck velocity, which can account for the fact
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that (6.4) is smooth in zi , but it is a function of the non-smooth |v|. If v is a
state of a complete dynamic model, of which (6.4) is a part, then |v| can be

approximated by the smooth term
p

v2 + ε, with ε an arbitrarily small positive
constant.

Simulated system

The smooth GMS model is used to describe the friction behavior of a typical
linear motor, both to simulate the system and as a nominal model. A model
plant mismatch is introduced by changing the values of several parameters of
the model, compared to the simulated system. The purpose of the ILC algorithm
is now to improve the tracking control by learning optimal values of the S-GMS

model parameters.
Consider a linear motor with mass m. The force applied by the motor is the
input u, and the position x is the output of the system. The motion of the
motor can then be described by the following ODEs:

ẋ = v

v̇ =
1

m
(u− F f )

(6.6)

Recall from (6.1) that the friction force F f is a function of a set of internal states
z. Therefore Equation (6.6) is augmented with the differential equations (6.4).
It is assumed that nz = 4, in other words four elements are used in the S-GMS

model. Discretizing the equations by a forward Euler approach with time step
Ts, and using the state vector

x= [x0, x1, x2, x3, x4, x5]
T = [x , v, z0, z1, z2, z3]

T , (6.7)

the structure of the simulated system and the model is the following:

x0(t + 1) = x0(t) + Ts x1(t)

x1(t + 1) = x1(t) +
Ts

m
�− 3∑

i=0

ki x i+2(t)−σv x1(t) + u(k)
�

x2(t + 1) = x2(t) + Ts
�

x1(t)− k0 x2(t)
ν0Fc

ηA,0(t)ηB,0(t)
p

x1(t)2 + ε
�

...

x5(t + 1) = x5(t) + Ts
�

x1(t)− k3 x5(t)
ν3Fc

ηA,3(t)ηB,3(t)
p

x1(t)2 + ε
�

y(t) = x0(t)

(6.8)

No process or output noise is considered in this application. The discrete ex-
pressions ηA,i(t) and ηB,i(t) can easily be found by inserting the discrete state
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Table 6.1: Parameter values of the simulated linear motor, using model structure
(6.8)

i νi ki

0 0.4 10N/m
1 0.3 20N/m
2 0.2 40N/m
3 0.1 80N/m

parameter value unit

m 5.0 kg
σv 0.01 Ns m−1

Fc 2.0 N
λ 1× 103 –
γ 100 –
ζ 0.99 –
ε 1× 10−3 ms−1

Ts 2× 10−3 s

definitions (6.7) in (6.5). Note that the time instant is written as t to avoid
confusion with the element stiffness ki . The parameter values of the simulated
system are written in Table 6.1.

Model

An imperfect model of the linear motor is constructed by using the same model
structure (6.8) with an alternative parameter set. More specifically, the distri-
bution parameters νi and stiffnesses ki are changed, along with the total static
friction term Fc . From Table 6.1 it is clear that the simulated system contains
16 parameters. 9 of these are altered in the model, while 7 keep the same
value. The set of altered parameters is called θmod, while the set of unaltered
parameters is θsys. The total set of parameters θ for the nominal model can
therefore be written as:

θ =
�
θsys
θmod

�
(6.9)

with

θsys = [m,σv ,λ,γ,ζ,ε, Ts]
T

θmod = [ν0,ν1,ν2,ν3, k0, k1, k2, k3, Fc]
T (6.10)

The nominal model can now be summarized as:

x(t + 1) = f
�

x(t), u(t),θ
�

y(t) = x0(t)
(6.11)

with f analogous to (6.8) with the alternative parameter set θ . The parameters
of θmod are written in Table 6.2, while the parameters of θsys are found in Table
6.1.
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Table 6.2: Values of the alternative parameter set θmod for the nominal model

i νi ki

0 0.3571 5N/m
1 0.2438 7N/m
2 0.18 13N/m
3 0.219 45N/m

Fc 2.15 N

The effect of the model plant mismatch on the friction hysteresis function
is shown in Figure 6.2. This figures shows the sum of the contributions to Fc of
each of the elements. It is clear that for the model, the static friction increases
less sharp with increasing displacement, but reaches a higher asymptotic value.
The inaccuracy of the model leads to a mismatch in the estimated friction force
that is experienced if a force is applied to the linear motor. This is shown in
Figure 6.3. A force of 2.5N is applied to the mass in forward and backward
direction, and the resulting simulated and predicted friction forces are shown.
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Figure 6.2: Static friction force as a function
of element displacement for the simulated
system (full) and the nominal model (dashed)
of the linear motor

Figure 6.3: Simulated (black, full) and pre-
dicted (black, dashed) total friction force as a
result of an applied force (gray) to the linear
motor

Figures 6.4 and 6.5 show the position and velocity of the linear motor as
a result of the applied force of 2.5 N. The velocity changes sign around 1.15 s
and 1.70 s, and it is clear from Figure 6.3 that such a velocity reversal leads
to fast changes in the friction force. This is the result of the spring elements
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switching from sliding to sticking when v = 0. The advantage of the GMS and

0 1 2
0.00

0.05

0.10

0.15

0.20

Time [s]

P
os
it
io
n
[m

]

0 1 2
−0.2

0

0.2

Time [s]
V
el
o
ci
ty

[m
/s
]

Figure 6.4: Position of the linear motor for
alternating applied force of 2.5 N and −2.5 N,
simulated (full) versus modeled (dashed)

Figure 6.5: Velocity of the linear motor for
alternating applied force of 2.5 N and −2.5 N,
simulated (full) versus modeled (dashed)

S-GMS models is that they can account for the hysteresis behavior of the friction
force at v = 0. This hysteresis behavior is clearly shown in Figures 6.6 and 6.7.
Figure 6.6 shows the total friction force as a function of position. The change
in friction force is the result of reversing the direction of motion. The returning
leg of the hysteresis function does not meet the first leg at the same force level,
due to the inertia of the linear motor, which causes a further increase of the
displacement even after the applied force has changed signs.
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Figure 6.6: Total friction force as a function
of linear motor position, for the simulated sys-
tem (full) and the nominal model (dashed)

Figure 6.7: Total friction force as a function
of linear motor velocity, for the simulated sys-
tem (full) and the nominal model (dashed)
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6.1.2 Application of ILC

The purpose of the ILC algorithm is now to improve tracking control for a given
reference trajectory, while at the same time learning better model parameters.

Reference The reference trajectory is designed as a 2 Hz sine wave with an
amplitude of 0.1 m, beginning and ending in rest, as shown in Figure 6.8.
Such a position profile contains many velocity reversals, such that the tracking
accuracy will be sensitive to the introduced model plant mismatch.
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Figure 6.8: Reference output for the ilc simulation of the linear motor

Corrected model The nominal model is based on the parameter set θ , con-
sisting of θsys and θmod. The altered parameters of θmod lead to a mismatch
in the estimated static friction force as a function of element displacement, as
shown in Figure 6.2. It is therefore the aim of the model correction to find
a better representation of this curve. This is achieved by adding a correction
term to the parameters ki and Fc . In other words, the model parameter set θmod
is divided in a set θ̄mod of uncorrected parameters, and a set θ̃mod of corrected
parameters, with:

θ̄mod = [ν0,ν1,ν2,ν3]

θ̃mod =


k0 +α0(t)
k1 +α1(t)
k2 +α2(t)
k3 +α3(t)
Fc +α4(t)


(6.12)
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The parameter set of the corrected model can be written as θc = [θsys, θ̄mod, θ̃mod]T .
Note that the correction terms αi(t) are a function of time, while the para-
metric correction requires a scalar value. It is therefore necessary to add
an additional constraint to find a constant value for each αi(t). Therefore
the corrected model is augmented with a state vector xα of size 5, for which
xα(t) = α(t − 1). The complete corrected model thus becomes:�

x(t + 1)
xα(t + 1)

�
=
�

f
�

x(t), u(t),θc
�

α(t)

�
y(t) = x0(t)

(6.13)

Algorithm settings The objective functions of the estimation and control
steps are slightly adapted, in order to achieve the parametric model correc-
tion. The main adaptation is the addition of constraints in the control step, in
order to find a scalar value for each correction term. A vector zc is defined as

zc =


α0(t)− xα,0(t)
α1(t)− xα,1(t)
α2(t)− xα,2(t)
α3(t)− xα,3(t)
α4(t)− xα,4(t)

 (6.14)

This constrained output function is associated with an interval [zmin,zmax]. By
setting zmin = zmax = 0, the function zc is forced to be zero, and therefore each
correction term α(t) is set equal to α(t − 1). This results in a scalar value for
the parameter update.

In order to improve the convergence of the optimization algorithm during
the estimation step, an alternative initial guess for the optimization variables
is used. By default, both the states x and the correction terms α are initialized
at zero, but in this case the states found in the solution of the control step of
the previous trial are used to initialize x.

Results The application of ILC in this case has two objectives: the first one is
to improve the tracking control of the reference output shown in Figure 6.8,
while the second is to improve the parameter values of the corrected model.
Figures 6.9 and 6.10 show the input signal and tracking error respectively,
for trial 1 and trial 4. The difference in input signal between trial 1 and 4,
magnified by a factor 10, is small, which indicates the sensitivity of the model
structure. It is also clear that the tracking error, magnified by a factor 100 for
trial 4, is greatly reduced after convergence of the ILC algorithm. However,
perfect tracking control cannot be achieved in this case. This is because dif-
ferent distribution parameters νi have been assumed for the nominal model
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Figure 6.9: Input signal for trial 1 (gray), and
the difference (×10) between the input of trial
1 and trial 4 (black)

Figure 6.10: Tracking error for trial 1 (gray),
and for trial 4 (×100) (black)

Table 6.3: Improved parameter values for the stiffnesses ki and the total Coulomb
friction force Fc , for the first 4 trials

Trial 1 2 3 4

k0 45 94.2 94.6 94.6
k1 13 18.8 8.6 8.6
k2 7 12.9 22.7 22.7
k3 5 8.6 8.6 8.6
Fc 2.15 2.0 2.0 2.0

(see Table 6.2), and these parameters are not corrected, such that a perfect
representation of the simulated system cannot be made.

The algorithm therefore converges to the optimal stiffnesses ki and the
optimal total static friction force Fc for the given values of νi . Table 6.3 shows
the corrected parameter values for each trial. All parameters have converged
after 4 trials. The values of ki do not correspond to the values of the nominal
model (Table 6.1), due to the different values of νi . However, the converged
stiffness values correspond to an optimal representation of the static friction as
a function of displacement, for the given set of νi , as shown in figure 6.11. This
improved representation of the static friction force leads to a better estimation
of the total friction force when an external force is applied to the linear motor.
Figure 6.12 shows the friction force predicted by the nominal and the improved
model, as well as the simulated friction force, as the result of an applied force
of 2.5N, similar to Figure 6.3. It is clear that the improved model provides
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Figure 6.11: Coulomb friction force as a function of element displacement for
the simulated system (full), the nominal model (black, dashed), and the improved
model (gray, dashed)

a much better estimation of the friction force. This is also clear from Figure
6.13, which shows the friction force as a function of the position. A drawback
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Figure 6.12: Total friction force of the sim-
ulated system (black, full), of the nominal
model (black, dashed) and of the improved
model (gray, +) as a result of an applied force
(gray) to the linear motor

Figure 6.13: Total friction force as a function
of linear motor position, for the simulated sys-
tem (full), the nominal model (dashed), and
the improved model (gray, +)

of the developed approach is the increase of the computational load compared
to non parametric correction. For the estimation step, the minimum number
of optimization variables is (nx + nα)N , with nx the numbers of states, nα
the number of correction terms, and N the length of the correction signal.
Since the parametric correction approach requires the addition of nα additional
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states in the corrected model (6.13), the total number of optimization variables
becomes (nx + 2nα)N , and so the number of optimization variables increases
proportional to the number of parameters that are corrected. This is in contrast
with non parametric correction, which can often be applied with nα = 1 and
without additional states.

6.1.3 Conclusions

This section demonstrates how the proposed ILC approach can be used to it-
eratively improve the quality of a nonlinear friction model, in the absence of
disturbances. By applying correction to individual parameters in the model,
the algorithm adapts the parameters with the aim of increasing tracking per-
formance. After convergence, the adapted model is a better representation
of the system for the given reference profile. A drawback of parametric model
correction is an increase of the computational load, as a function of the number
of corrected parameters, compared to a non parametric correction approach.

6.2 Integration with feedback control

This section investigates the combination of the generalized norm-optimal ILC

approach with feedback control. ILC is a pure feedforward control strategy in
time domain, and therefore the system’s instantaneous response is only cor-
rected in the next trial. However, for some applications this is not acceptable,
and it is required to close the loop with feedback control first, and then to
apply ILC to the closed loop system. For conventional ILC algorithms, this can
lead to an overly conservative approach if system limitations need to be taken
into account.

6.2.1 Simulated system and model

The Van der Pol oscillator

The simulated system for this case study is the Van der Pol oscillator. This is
a second order SISO system that is described by the following nonlinear state
space model:

ẋ1 = x2

ẋ2 =−x1 + ε(1− x2
1)x2 + u

y = x1

(6.15)

The single parameter ε determines the dynamic behavior. The oscillator is
named after Balthazar Van der Pol, who described an electrical circuit with
vacuum tubes that corresponds to (6.15) in 1927. It is a typical example of a
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6.2. Integration with feedback control

system that has a stable limit cycle. This means that there exists a closed trajec-
tory in the phase plane, which the system will start to follow when time goes
to infinity, in the absence of control. From a mechanical viewpoint, the Van der
Pol oscillator represents a mass spring damper system, with x1 the position of
the mass and x2 its velocity, with unit mass and stiffness, and with a nonlinear
damping coefficient −ε(1− x2

1). For low x1, or position close to the origin, the
damping coefficient is negative, meaning that the system gains energy when
it moves, while for large x1 there is a large positive damping coefficient. The
limit cycle is a self sustained oscillation, which in a mechanical sense means
an exchange of kinetic energy, and potential energy which is alternately dissi-
pated and gained due to the nonlinear damping term. Figure 6.14 shows the
limit cycles in the phase plane for several values of ε. Equations (6.15) can
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x
2
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]

Figure 6.14: Limit cycle of the Van der Pol oscillator (6.15) for ε = 1.0 (dotted),
ε= 2.0 (dash-dotted), ε= 3.0 (dashed) and ε= 4.0 (full)

be discretized by a forward Euler approach with sample time Ts = 1/300s,
resulting in the following discrete time system, denoted by P:

P :


x1(k+ 1) = x1(k) + Ts x2(k)

x2(k+ 1) = x2(k) + Ts
�− x1(k) + ε(1− x1(k)

2)x2(k) + u(k)
�

y(k) = x1(k)

(6.16)

The dynamics of the system are fully determined by the parameter ε. In
order to introduce a model plant mismatch, both the feedback control design
as the ILC algorithm use an estimated value ε̂= 2.0, while the simulated system
has a value of ε= 2.2.
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Table 6.4: Limitation and disturbance parameters for the simulated Van Der Pol
oscillator

Parameter Value

umax 120
δumax 1.5
σu 0.1
σy 0.001

System limitations and disturbances

The system is assumed to experience saturation of the input signal, as well as
a maximum slew rate. For the simulated system, these limitations are imple-
mented by applying the following functions to u(k) before simulation:¨

if u(k)> umax : u(k) = umax

if u(k)<−umax : u(k) =− umax
(6.17)

¨
if [u(k)− u(k− 1)]> δumax : u(k) = u(k− 1) +δumax

if [u(k)− u(k− 1)]<−δumax : u(k) = u(k− 1)−δumax
(6.18)

Furthermore, both input and output disturbance is considered, such that the
system to be controlled is shown schematically in figure 6.15. The input noise

P+
+

+
+u y

nu ny

Figure 6.15: Block diagram of the open loop system, including input and output
noise

nu(k) and output noise ny(k) are assumed to be Gaussian distributed random
variables with a mean of zero, and a standard deviation of σu and σy respec-
tively.
Unless stated otherwise, all simulations are carried out using the parameters
written in table 6.4.

Low level control strategies

At the lowest level, the system is controlled by 3 alternative strategies. The ILC

algorithm is then applied on top of this lower level.
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6.2. Integration with feedback control

Open loop control For the first case, the system is controlled in open loop,
without feedback controller, such that the ILC algorithm directly applies to u(k).
The model P̂ that is used in the ILC approach has the same structure as (6.16),
except that it uses ε= ε̂= 2.0.

Linear state feedback In this scenario, the model is linearized around the
equilibrium state x = [0, 0]T , and a state feedback gain vector K s = [K s

1, K s
2]

T

is designed using pole placement, in order to achieve a suitable closed loop
dynamic behavior. A block diagram of this control strategy is shown in figure
6.16.

P

K

+
+
−

+
+

N
ucl u

y

x

nu ny

Figure 6.16: Block diagram of the system with linear state feedback

Linearizing (6.16) around x= [0,0]T and using ε= ε̂ leads to:�
x1(k+ 1)
x2(k+ 1)

�
=
�

1 Ts−Ts (1+ ε̂Ts)

�
︸ ︷︷ ︸

As

�
x1(k)
x2(k)

�
+
�

0
Ts

�
︸︷︷︸

Bs

u(k)

y(k) =
�

1 0
�

x

(6.19)

The state feedback controller has the form:

u(k) =−K sx(k) + N sucl(k) (6.20)

such that the closed loop dynamics are determined by

x(k+ 1) = (As − BsK s)x(k) + BsN sucl(k) (6.21)

The gain vector K s is designed such that the closed loop system has a band-
width of 1Hz and is critically damped. Using Ts = 1/300s and ε̂ = 2.0, this
leads to the following results:K s

1
K s

2
N s

=
36.76

10.88
37.76

 (6.22)
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Input-output linearizing feedback The idea of input-output linearizing feed-
back is to apply a nonlinear feedback term that cancels the nonlinear dynamics
of the open loop system and transforms the system into a series of integrators.
From inspection of (6.16) and using ε = ε̂, it is clear that this can be achieved
by:

u(k) = x1(k)− ε̂(1− x1(k)
2)x2(k) + ul(k) (6.23)

which yields the double integrator system�
x1(k+ 1)
x2(k+ 1)

�
=
�

1 Ts
0 1

�
︸ ︷︷ ︸

Al

�
x1(k)
x2(k)

�
+
�

0
Ts

�
︸︷︷︸

Bl

ul(k) (6.24)

This linear system can now be controlled using a similar approach as with the
linear feedback control. A feedback gain vector K l and feedforward gain N l

are designed such that the closed loop system

x(k+ 1) = (Al − B l K l)x(k) + B l N lucl(k) (6.25)

has a bandwidth of 1 Hz and is critically damped. The control signal due to the
linearizing feedback and the state feedback of the resulting double integrator
can be combined as

u(k) =
�

(1− K l
1)−[ε̂(1− x1(k)2) + K l

2]

�
︸ ︷︷ ︸

Flin

x(k) + N lucl(k) (6.26)

A block diagram of the feedback linearization control strategy is shown in fig-
ure 6.17. Using Ts = 1/300s and ε̂= 2.0, the control parameters are found to

P

Flin

+
+
−

+
+

N
ucl u

y

x

nu ny

Figure 6.17: Block diagram of the system with input-output linearizing feedback

be: K l
1

K l
2

N l

=
38.9

8.88
38.9

 (6.27)
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6.2. Integration with feedback control

6.2.2 Application of ILC

Reference

The reference trajectory for each of the three control strategies is the same,
namely a smooth step from the initial state x = [0,0]T towards the state x =
[5,0]T and back. The system must remain in both points in the phase space
for a given amount of time. The reference output is shown in time domain
in figure 6.18, and in the phase space in figure 6.19. The purpose of the
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Figure 6.18: Reference output to be tracked
by a combination of ilc and three feedback
control approaches

Figure 6.19: Phase space trajectory of the
reference signal (initial state shown as full
dot)

simulation is to investigate the combination of the developed ILC approach
with feedback control. However, it is interesting to compare later results to a
purely feedback controlled simulation. Therefore the reference signal shown in
figure 6.18 is applied to the closed loop systems of both feedback approaches.
The results are shown in figure 6.20 and 6.21 for the linear state feedback and
for the linearizing feedback respectively. From both figures it is immediately
clear that the linear state feedback has poor performance compared to the
linearizing feedback. This is expected, since the reference trajectory moves a
considerable distance away from the equilibrium position in the phase space
around which the model was linearized for the design of the state feedback.
The linearizing feedback is equally applicable around or far away from the
equilibrium position and therefore has a better tracking performance. Note
that both controllers have not been very aggressively tuned, since their main
purpose is stabilization and disturbance rejection, while accurate tracking will
be achieved by the combination with ILC.
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Figure 6.20: Reference output (dashed) and
closed loop response (black) using only linear
state feedback

Figure 6.21: Reference output (dashed) and
closed loop response (black) using only input-
output linearizing feedback

ILC in open loop

Corrected model In this simulation one correction term additive to the input
signal is used, since it was found to yield the best performance during the
correction estimation step. If the input signal that is calculated by the ILC

algorithm is denoted as uilc , then the modeled control signal is given by:

u(k) = [uilc(k) +α(k)] (6.28)

In order to ensure that uilc does not lead to saturation of the control signal,
constraints will be added to the control step. For the slew rate constraint at
time instant k, the previous input uilc(k− 1) must be available. It is therefore
necessary to augment the state vector of the model by one state xu(k), for
which xu(k) = uilc(k− 1). The complete corrected model then becomes:x1(k+ 1)

x2(k+ 1)
xu(k+ 1)

=
 f1[x, uilc(k),α(k)]

f2[x, uilc(k),α(k)]
uilc(k)


ŷc = x1(k)

(6.29)

with

f1 = x1(k) + Tsx2(k)

f2 = x2(k) + Ts
�− x1(k) + ε̂(1− x1(k)

2)x2(k) + [uilc(k) +α(k)]
� (6.30)

Algorithm settings The most important addition to the control step is the
application of constraints on the input signal and input slew rate. For the open
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6.2. Integration with feedback control

loop control case, this means that the constraints are put on the input signal
itself, so the constrained output function zc for the model inversion step simply
becomes:

zc(k) =
�

uilc(k)
xu(k)− uilc(k)

�
(6.31)

with the second term xu(k) − uilc(k) added to constrain the slew rate, since
xu(k) was defined as uilc(k−1). The associated interval [zmin,zmax] is defined
as:

zmin =
�−120
−1.5

�
, zmax =

�
120
1.5

�
(6.32)

Apart from applying a constraint on the maximum slew rate, an additional
objective is defined to minimize the slew rate, in order to achieve a small
smoothing effect of the input signal, using:

zm(k) = xu(k)− uilc(k) (6.33)

with the corresponding reference output zr = 0, and with a weight matrix
Qz = I.

Results The open loop approach is first validated on a noiseless system, with
σu = 0 and σy = 0. 12 trials are evaluated. The tracking error for several trials
is shown in figure 6.22. Note that the reference output has been extended
(with zeros) in order to better observe the limit cycle behavior. It is clear that,
due to the model plant mismatch, the system moves to the limit cycle during
the first trials, leading to a large tracking error. After trial 12, the accuracy
of the control has improved in order to hold the system in the final state long
enough to complete the reference trajectory.
The trajectory of the system in the phase space is shown in figure 6.23. It can
be seen that for the first trials, after the system has returned to the state x =
[0,0]T , the poor accuracy of the control leads to the system moving towards
the limit cycle, while the system remains on the reference trajectory for trial
12, apart from a small deviation close to the point (3,−5). This is due to the
effect of the input constraint. The calculated input signal uilc and the sample
difference δuilc(k) = uilc(k)− uilc(k− 1) are shown in figure 6.24. It is clear
that the input signal is only marginally updated at each trial, and the converged
input signal is nearly identical to the initial one. This illustrates the sensitivity
of the system with respect to small variations in the control. It can also be
observed that the system’s limitations on the input signal are not exceeded.
This is expected, since for the open loop case the applied constraints are on
the input signal directly. The evolution of the 2-norm of the tracking error
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Figure 6.22: Tracking error during trial num-
ber 1 (dotted), trial number 2 (dash-dotted),
trial number 3 (dashed), and trial number 12
(full)

Figure 6.23: Phase plane of the reference
signal (gray) and motion during trial number
1 (dotted), trial number 2 (dash-dotted), trial
number 3 (dashed), and trial number 12 (full)

0 2 4 6

−100

0

100

u
[-
]

0 2 4 6
−2

−1

0

1

2

Time [s]

δu
[-
]

1 2 3 4 5 6 7 8 9 101112
0

20

40

60

Trial number [-]

T
ra
ck
in
g
er
ro
r
2-
n
or
m

[-
]

Figure 6.24: Input signal uilc (top) and
sample difference of input signal δuilc(k) =
uilc(k)− uilc(k− 1) (bottom) for trial number
1 (dotted), trial number 2 (dash-dotted), trial
number 3 (dashed) and trial number 12 (full).
System limitations are drawn in gray

Figure 6.25: Evolution of the 2-norm of the
tracking error over 12 trials; convergence to
machine precision is achieved after 10 trials

over the 12 trials is shown in figure 6.25. Since the ILC algorithm was applied
to a noiseless system, the tracking error reduces to machine precision after
convergence, which is achieved after 10 trials.

The above results are only valid in the absence of input noise. The state x=
[0,0]T is an unstable equilibrium, and even though the achieved accuracy of
the ILC controller is sufficient in the noiseless case, the pure feedforward action
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6.2. Integration with feedback control

is not capable of holding the system in the equilibrium state in the presence
of disturbances. Figure 6.26 shows the response of the system to the input
signal of trial 12 of the previous simulation, using input noise of σu = 1× 10−1

and output noise of σy = 1× 10−3. The tracking is accurate until the system
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Figure 6.26: Output of the system including input noise (black) for the converged
input signal, and reference (gray)

is returned to the equilibrium state. The input noise immediately drives the
system away from the equilibrium, and towards the limit cycle. This clearly
demonstrates the need for a lower level feedback controller, mainly to hold the
system in its final state after the reference trajectory has been completed.

Linear state feedback

Corrected model Similar to the open loop case, the corrected model is con-
structed by applying the correction term to the input signal uilc in an additive
manner. The corrected input signal then constitutes the closed loop control
signal ucl . A combination with equation 6.20, which gives the control law for
the linear state feedback, leads to

u(k) =−K sx(k) + N s[ucl(k) +α(k)] (6.34)

In order to avoid exceeding the system limitations, constraints need to be ap-
plied on u(k) and δu(k) = u(k)− u(k− 1). To make u(k− 1) available at time
instant k, an additional state xu is defined, similar to the open loop case. How-
ever, the definition of xu now includes the control law (6.20). The complete
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corrected model therefore becomes:x1(k+ 1)
x2(k+ 1)
xu(k+ 1)

=
 f1[x, uilc(k),α(k)]

f2[x, uilc(k),α(k)]−K sx(k) + N sucl(k)]


ŷc = x1(k)

(6.35)

with

f1 = x1(k) + Tsx2(k)

f2 = x2(k) + Ts
�
(K s

1 − 1)x1(k) + [ε̂(1− x1(k)
2)− K s

2]x2(k) + N s[uilc(k) +α(k)]
�

(6.36)

Note that even though a linearized model is used to design the state feedback,
the ILC algorithm uses the nonlinear model of the system. This simulation is
therefore not an example of a linear ILC approach, but rather a combination of
nonlinear ILC with linear feedback.

Algorithm settings Two alterations are made to the basic steps of the gener-
alized ILC approach: in the control step, the constraints on the low level control
signal u(k) are added. In the estimation step, a trial domain regularization is
added to decrease the sensitivity of the algorithm with respect to the input and
output noise.

The system limitations are applicable to the low level control signal u(k),
and therefore the ILC algorithm needs to include the control law into the con-
straint function zc:

zc(k) =
� −K sx(k) + N sucl(k)

xu(k) + K sx(k)− N sucl(k)

�
(6.37)

The upper and lower bound for zc are equal to the open loop case, given by
(6.32). Note that the constraints are put on the control signal u(k) without
the addition of α(k), which might seem counterintuitive. However, α is aimed
at improving the accuracy of the input-output relation of the corrected model,
and should therefore be seen as part of the model, while the constraint acts
on the input signal directly. The location of α in the corrected model therefore
does not influence the constraints.

In order to reduce the sensitivity of the algorithm to the input and output
noise, a trial domain regularization term is added in the estimation step, using:

zm(k) = α(k), rz(k) = αi−1(k), ,Qz = 1× 107I. (6.38)
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Results The simulation is carried out over 8 trials, and assumes input noise of
σu = 1× 10−1 and output noise of σy = 1× 10−3. Figure 6.27 shows the input
signal uilc that is calculated for the first three trials and the final trial, together
with the reference signal. The closed loop input signal deviates considerably
from the reference, in order to compensate for the fact that the linear feedback
is used in a region of the phase space where the linearization assumption is
not valid. This figure also shows the benefit of including a feedforward control
approach to the closed loop system, since the control signal can anticipate the
reference trajectory. The sharp changes that are observed in uilc , for example
around 3s, are due to the action of the constraints on the feedback control
signal u, as will be shown later. Figure 6.28 shows the tracking error for the
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Figure 6.27: Reference output (gray) and
closed loop input signal for trial 1 (dotted),
trial 2 (dash-dotted), trial 3 (dashed) and trial
8 (full)

Figure 6.28: Tracking error for trial 1 (dot-
ted), trial 2 (dash-dotted), trial 3 (dashed) and
trial 8 (full)

first three trials, as well as the 8th trial. It is clear that the tracking error steadily
reduces towards the measurement noise level for most of the signal, except at
about 1.5 s and 3 s. At these time instants, the reference trajectory changes the
fastest, and it will be shown later that at these moments the feedback control
signal reaches the system limitations, thereby reducing the achievable tracking
accuracy.

The convergence of the ILC algorithm is clear from figure 6.29, which shows
the evolution of the 2-norm of the tracking error over the 8 trials. After 5 trials,
the algorithm has converged. The converged value does not correspond to the
measurement noise level, since it was shown earlier that a constraint induced
tracking error remains at certain parts of the trajectory. Figure 6.30 shows the
estimated correction signal α for trials 1,2,3 and 8. Since the first input signal
is found by solving the control step using the nominal model, the correction
is zero at trial 1. For each consecutive trial, the estimated correction signal
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Figure 6.29: Evolution of the 2-norm of the
tracking error over 8 trials for the linear state
feedback case

Figure 6.30: Correction signal for trial 1
(dotted), trial 2 (dash-dotted), trial 3 (dashed)
and trial 8 (full)

moves only a limited distance towards the converged value. This is due to the
trial domain regularization that was applied in the estimation step. This also
has a smoothing effect on α, such that the input and output noise do not lead
to extremely noisy estimates of α.

The effect of the constraints that are placed on the feedback control signal
u can be seen in figure 6.31, which shows the control signal u and its sample
difference δu for trials 1,2,3 and 8. On first sight, it appears that the control
signal converges towards the optimal open loop input signal that was shown
in figure 6.24, as expected. However, there is an important difference with
the open loop case: since for that case the control signal is the solution of a
constrained optimization problem, the constraints are obviously satisfied. In
the feedback control case, the control signal is a function of the closed loop
input signal uilc , and actual measured states x, which might not correspond to
the predicted states during the control step of the ILC algorithm due to model
plant mismatch and disturbances. Therefore satisfaction of the constraints on
u is not guaranteed. Figure 6.32 shows a detail of figure 6.31 at selected time
instants. It is clear that for the first trials, there is a considerable constraint
violation, which decreases for subsequent trials. Note that the signals shown
in this figure are the control signals as they are commanded by the feedback
controller, and not the actual control signals applied to the system, due to
the effect of the saturation functions 6.17 and 6.18. The difference between
the commanded control signal and the output of the saturation functions is
a measure for how well the control strategy takes the system limitations into
account. Ideally, the discrepancy caused by model plant mismatch should be
reduced by the ILC algorithm, with any remaining constraint violation due only
to non repetitive disturbances, for which the ILC algorithm cannot compensate.
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Figure 6.31: Control input (top) and differ-
ence (bottom) of the feedback loop for trial 1
(dotted), trial 2 (dash-dotted), trial 3 (dashed)
and trial 8 (full)

Figure 6.32: Detail of control input (top) and
difference (bottom) of the feedback loop for
trial 1 (dotted), trial 2 (dash-dotted), trial 3
(dashed) and trial 8 (full)
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Figure 6.33: Difference between com-
manded and applied control signal for trial
8 (dotted), trial 20 (dash-dotted), trial 30
(dashed) and trial 50 (full)

Figure 6.34: Evolution of the normalized 2-
norm of the tracking error (full) and constraint
violation (dashed) for 50 trials

In order to evaluate the ability of the developed ILC approach to improve con-
straint compliance, the simulation has been extended to 50 trials. The differ-
ence between commanded and applied control signals is shown in figure 6.33
for trials 8, 20, 30 and 50. Recall from figure 6.29 that the tracking error ap-
pears to have converged after 5 trials. However, the reduction of the constraint
violation continues to decrease over many trials.

The evolution of the 2-norm of both the tracking error and the constraint
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violation signal of figure 6.33 for 50 trials are shown in figure 6.34. Both
norms are normalized, such that a value of 100 corresponds to their respective
values at trial 1. This figure shows that the reduction of the tracking error
occurs much faster, while compliance with the system limitations is a much
slower process. This is because the tracking error (and therefore the correction
estimation step) is only sensitive to changes to the control signal if they are
within the system limitations. This means that there is no incentive to update
the control signal from one trial to the next, if it does not influence the tracking
error. The very small reduction of the tracking error beyond trial 5 is what
drives the reduction of the constraint violation.

Input-output feedback linearization

For the state feedback approach, the feedback loop is a linear function of the
states x. For the linearizing feedback the loop is a nonlinear function of x.
Due to the ability of the developed approach to handle nonlinear models, both
approaches can easily be implemented by the same strategy.

Corrected model The model correction term is again designed to be additive
to the closed loop input signal. Using (6.26), the control law for the low level
control yields:

u(k) =
�

(1− K l
1)−[ε̂(1− x1(k)2) + K l

2]

�
︸ ︷︷ ︸

Flin

x(k) + N l[uilc(k) +α(k)] (6.39)

Again, in order to be able to apply a constraint on δu(k), the state vector is
augmented by xu, and the complete corrected model becomes:x1(k+ 1)

x2(k+ 1)
xu(k+ 1)

=
 f1[x, uilc(k),α(k)]

f2[x, uilc(k),α(k)]
Flinx(k) + N luilc(k)


ŷc = x1(k)

(6.40)

with

f1 = x1(k) + Tsx2(k)

f2 = x2(k) + Ts
�− K l

1 x1(k)− K l
2 x2(k) + N l[uilc +α(k)]

� (6.41)

Algorithm settings The same settings are used as for the linear state feed-
back, albeit with a different definition of the constraint function zc , in order to
reflect the nonlinear feedback function:

zc(k) =
�

Flinx(k) + N luilc(k)
xu(k)− Flinx(k)− N luilc(k)

�
(6.42)
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6.2. Integration with feedback control

With again the upper and lower bound for zc given by (6.32).
The estimation step is augmented with the same trial domain regularization
term as in the linear feedback case, so

zm(k) = α(k), rz(k) = αi−1(k), ,Qz = 1× 107I (6.43)

Results In order to compare the results with the linear state feedback case,
the ILC algorithm is simulated for 8 trials. The closed loop input signals for
trials 1, 2, 3 and 8 are shown in figure 6.35. The input signals are much closer
to the reference, compared to the state feedback, due to the better performance
of the linearizing feedback. At around 1.5 and 3 seconds, there are a few
sharp changes in the closed loop input signal, caused by the constraints put
on the feedback control signal. The tracking error for the same four trials is
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Figure 6.35: Reference output (gray) and
closed loop input signal for trial 1 (dotted),
trial 2 (dash-dotted), trial 3 (dashed) and trial
8 (full) using linearizing feedback

Figure 6.36: Tracking error for trial 1 (dot-
ted), trial 2 (dash-dotted), trial 3 (dashed) and
trial 8 (full), using linearizing feedback

shown in figure 6.36. Compared to the linear state feedback, there is a larger
error during the first trial. However, after 8 trials, both control strategies have
converged towards the same tracking error level.

The larger initial tracking error for the linearizing feedback during the first
trial(s) is also clearly visible from figure 6.37, which compares the evolution of
the 2-norm of the tracking error for both approaches. Despite the larger initial
error for the linearizing approach, the convergence speed of both approaches
is comparable. Figure 6.38 shows the correction signal α that is estimated
for the four trials. It is interesting to note that around 3s, α is estimated at
a higher value than the converged value after the first trial. It was shown
that for the state feedback case, the commanded feedback control signal does
not satisfy the applied constraints by a small margin, especially in the first
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Figure 6.37: Evolution of the 2-norm of the
tracking error over 8 trials, using state feed-
back (gray) and using linearizing feedback
(black)

Figure 6.38: Correction signal for trial 1
(dotted), trial 2 (dash-dotted), trial 3 (dashed)
and trial 8 (full), using linearizing feedback
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Figure 6.39: Control input (top) and differ-
ence (bottom) of the feedback loop for trial 1
(dotted), trial 2 (dash-dotted), trial 3 (dashed)
and trial 8 (full)

Figure 6.40: Detail of control input (top) and
difference (bottom) of the feedback loop for
trial 1 (dotted), trial 2 (dash-dotted), trial 3
(dashed) and trial 8 (full)

trials, due to the model plant mismatch. A similar effect is observed in the
linearizing feedback case, as can be seen from figure 6.39. The violation of the
constraints is slightly worse for the linearizing feedback, and from figure 6.40
it is clear that its reduction is not monotonic, and much slower than for the
state feedback case.

This leads to the conclusion that the combination of the ILC approach with
state feedback performs better than the combination with a linearizing feed-
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6.3. Discontinuously changing dynamics

back. The reason is that the linearizing feedback is more sensitive to the model
plant mismatch, since the wrong model enters the feedback control law di-
rectly.

6.2.3 Conclusions

This section demonstrates how the ILC algorithm can be combined with feed-
back control, in order to control systems that cannot be accurately controlled
with a pure feedforward approach. The system is first stabilized with a feed-
back loop, and the ILC algorithm is applied to the closed loop system. System
limitations lead to constraints on the internal control signal of the feedback
loop, such that the feedback controller dynamics must be taken into account
by the ILC algorithm. The ability of the developed approach to use nonlinear
models, means it can be combined with both linear and nonlinear feedback
loops, while satisfying constraints on the internal control signal.

6.3 Discontinuously changing dynamics

This section describes an application of a system that experiences a sudden
change in dynamic behavior. For mechanical systems, such a switch can for
example be caused by a sudden change of inertia or stiffness. If the difference
between both dynamic regimes is too large, it cannot be accurately described
by one time invariant model. However, it is often possible to identify 2 distinct
time invariant models, one for each regime. Technically, the combination forms
a time varying system, but it is typically referred to as a switching system, to
distinguish it from systems of which the dynamics vary continuously over time.

In general, a SISO switching system can be described by the following set of
nonlinear state space systems:

P :

¨
x(k+ 1) = f1

�
x(k), u(k)

�
y(k) = h1

�
x(k), u(k)

� for: k < ks

P :

¨
x(k+ 1) = f2

�
x(k), u(k)

�
y(k) = h2

�
x(k), u(k)

� for: k ≥ ks

(6.44)

with ks the switching time instant, and f1, f2 the state equations, h1, h2 the
output equations of both regimes respectively.

It was shown in chapter 3 that the optimization problem that constitutes
each step of the developed nonlinear ILC approach depends on the solution of a
linearized least squares problem, based on the Jacobian matrices J and Jg , and
that these matrices contain partial derivatives of the state and output equation
of the model.
Inspection of (3.64) and (3.65) on page 39 shows that for each time instant
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k, J contains the terms ∂ h(k)
x(k)

and ∂ h(k)
u(k)

, while Jg contains the terms ∂ f (k)
x(k)

and
∂ f (k)
u(k)

.
To apply the proposed model inversion approach to switching systems, the

Jacobians must be constructed using the local state and output equations at
the time instants where they are valid. In other words, J must contain ∂ h1(k)

x(k)

and ∂ h1(k)
u(k)

for k < ks, and ∂ h2(k)
x(k)

and ∂ h2(k)
u(k)

for k ≥ ks.
The following example demonstrates the performance of the developed ILC

approach when using this strategy.

6.3.1 Simulated system and model

A robotic arm holding an object

The considered case is a robotic arm with one rotational degree of freedom,
which can hold an object at the end effector (see Figure 6.41). The robot arm
moves in the vertical plane. The input is the torque T applied to the arm at the
joint, which is limited to the range of ± 12Nm. The output is the angle θ of
the arm measured counterclockwise from the vertical. The arm is modeled as
a stiff pendulum of length L, with the total mass at the end effector written as
M , such that the rotational inertia is M L2. Joint viscous friction is considered
with friction coefficient c. The dynamics of this system can be described by the

m

L

T
c

θ

Figure 6.41: Schematic representation of the robotic arm, holding an object

following second order ODE:

M L2θ̈ = T −M g L sin(θ)− cθ̇ (6.45)

M is the total mass at the end effector. Two situations can be distinguished:

• The robotic arm is carrying the object, in which case M = ma+mo, with
ma the equivalent mass of the arm, and mo the mass of the object.
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6.3. Discontinuously changing dynamics

• The robotic arm is not carrying the object, in which case obviously M =
ma.

The purpose of the simulation is now to control the robotic arm without feed-
back of the angle, in a scenario where the object is dropped from the robot
during the motion. This creates a sudden change in the dynamic behavior of
the arm, and the ability of the developed ILC approach to deal with such a
scenario is evaluated.

Simulated system

Equation (6.45) can be transformed into a second order, discrete time state
space system by assuming the state vector x = [θ , θ̇]T and using a forward
Euler discretization approach with sample time Ts, resulting in:

P :


x1(k+ 1) = x1(k) + Ts x2(k)

x2(k+ 1) = − gTs

L
sin
�

x1(k)
�
+
�

1− cTs

M L2

�
x2(k) +

Ts

M L2 u(k)

y(k) = x1(k) + ny(k),

(6.46)

with ny(k) a zero mean Gaussian distributed random term with a standard de-
viation σy added to simulate measurement noise.
Two separate systems (P1 and P2) are simulated for this case study. For system
P1 the arm permanently holds the object. This serves as a benchmark simu-
lation. For system P2, the object is released after 3 s, during each trial. Both
systems therefore differ in M , but are equal in the other parameters in (6.46).
The definition of M for both models is the following:

P1 : M = ma +mo

P2 : M =

¨
ma +mo for t < 3s

ma for t ≥ 3s

(6.47)

The parameter values used in the simulation are listed in Table 6.5.

Model

In order to represent the dynamics of the robotic arm in different situations,
4 distinct models are used. The first model, P̂1, is meant to represent system
P1. The three other models, labeled P̂2,a, P̂2,b and P̂2,c , all represent system P2,
and reflect different strategies of modeling the sudden dynamic change. All
models have the same structure as (6.46), but differ in the parameter values. In
order to introduce a model plant mismatch, it is assumed that the exact value
of mo (and therefore also of M) is not known. All models use the estimate
m̂o = 0.4kg. All other parameters are assumed to be known. The models are
defined as follows:
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Table 6.5: Parameters of the simulated robotic arm

parameter value unit

ma 1.0 kg
mo 0.5 kg
Ts 0.002 s
g 9.81 m/s2

L 1.0 m
c 2.0 Nms/rad
σy 2.2× 10−3 rad

• Model P̂1 models the scenario when the arm permanently holds the ob-
ject. It therefore uses the estimate M̂ = ma + m̂o and this value is con-
stant.

• Model P̂2,a also uses a constant mass estimate M̂ , by ignoring the object
altogether. The idea is that only the arm is modeled, and the addition
of the object for three seconds is treated as a disturbance. Therefore the
model uses M̂ = ma.

• Model P̂2,b is the most accurate model, in the sense that it accurately
reflects the change of dynamics after 3 seconds. This means that M̂ has
two distinct values in time:

M̂ =

¨
ma + m̂0 for t < 3s

ma for t ≥ 3s
(6.48)

• Model P̂2,c is comparable to P̂2,b, but models the change in dynamics after
2.6 s instead of the true value of 3 s. This model is used to evaluate the
robustness with respect to a switch time error. The mass M is modeled
as:

M̂ =

¨
ma + m̂0 for t < 2.6 s

ma for t ≥ 2.6 s
(6.49)

6.3.2 Application of ILC

Reference The reference trajectory that is considered is shown in figure 6.42.
It consists of a smooth forward and backward motion of 45 degrees. Note that
at the 3 s mark, when the object is released, the arm must hold still at the 45◦
position. The initial state is x= [0,0]T .
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Figure 6.42: Reference output for the ilc simulation of the robotic arm

Corrected model The correction to the model is assumed to be non paramet-
ric, additive to the output. In order to apply a regularization term on δu(k) =
u(k)− u(k − 1), the state vector is augmented with a term xu(k) = u(k − 1).
Using the estimated total mass M̂ , which is defined separately for the four
considered models, each of the corrected models can be written as:

P̂c :


x1(k+ 1) = x1(k) + Ts x2(k)

x2(k+ 1) = − gTs

L
sin
�

x1(k)
�
+
�

1− cTs

M̂ L2

�
x2(k) +

Ts

M̂ L2
u(k)

xu(k+ 1) = u(k)
ŷc(k) = x1(k) +α(k),

(6.50)

Algorithm settings Two alterations are made to the basic ILC algorithm, both
of them in the control step. Constraints are put on the control signal, due to
the maximum deliverable torque of ±12Nm, using:

zc(k) = u(k), zmin =−12, zmax = 12. (6.51)

Furthermore, a regularization term is added on δu(k), in order to make the
algorithm less sensitive to the measurement noise, using:

zm(k) = [xu(k)− u(k)], rz(k) = 0, ,Qz = 1× 10−3I (6.52)

Results Four simulations are carried out, and 10 trials of the ILC algorithm
are simulated for each of them. The first simulation uses system P1 and model
P̂1, while the second, third, and fourth experiment all use system P2 and mod-
els P̂2,a, P̂2,b and P̂2,c respectively. Figure 6.43 shows the calculated input signal
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Figure 6.43: Input signal for trial 1 (dot-
ted) and trial 10 (full) for experiment 1. Con-
straints are drawn in gray

Figure 6.44: Tracking error for trial 1 (dot-
ted) and trial 10 (full) for experiment 1

for trial 1 and trial 10. The introduced model plant mismatch leads to a track-
ing error in trial 1, as seen in figure 6.44, but at trial 10 the ILC algorithm has
converged. The tracking error remaining after convergence corresponds to the
measurement noise level (note that σy = 0.13◦), except during the forward
motion, where the input hits the 12N m input constraint, as can be seen in
figure 6.43. Figures 6.45 and 6.46 show the results of the second experiment.
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Figure 6.45: Input signal for trials 1 (dotted),
2 (dash-dotted), 3 (dashed) and 10 (full) for
experiment 2. Constraints are drawn in gray

Figure 6.46: Tracking error for trials 1 (dot-
ted), 2 (dash-dotted), 3 (dashed) and 10 (full)
for experiment 2

The initial input signal deviates much from the converged input signal during
the forward motion, because the model P̂2,a does not take the extra mass of
the object into account: the torque required to accelerate the arm is too small
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6.3. Discontinuously changing dynamics

yielding a large initial tracking error. The ILC algorithm has nearly converged
after 10 trials, so the convergence speed is much slower than during the first
experiment. After convergence, the input signal during forward motion is simi-
lar to that of the first experiment. During the backward motion a smaller input
signal is obtained because of the reduced load. Figures 6.47 and 6.48 show the
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Figure 6.47: Input signal for trials 1 (dotted),
2 (dash-dotted), 3 (dashed) and 10 (full) for
experiment 3. Constraints are drawn in gray

Figure 6.48: Tracking error for trials 1 (dot-
ted), 2 (dash-dotted), 3 (dashed) and 10 (full)
for experiment 3

results of the third experiment. It is clear from the graph of the initial input
signal that the ILC algorithm immediately takes the changing dynamics into ac-
count. The initial tracking error during the forward motion of this experiment
is comparable to that of the first experiment. During the backward motion the
initial tracking error is much smaller in this experiment because from this point
P̂2,b is exact. The convergence speed of the ILC algorithm is comparable to the
first experiment, and so it is not influenced by the sudden change in dynamics.
This is due to the fact that the switch time is known exactly for P̂2,b. Therefore
the fourth experiment investigates the robustness with respect to timing er-
rors. The results of the fourth experiment are shown in figures 6.49 and 6.50.
It is clear that the initial input signal is reduced too early, since the time of the
release is not modeled accurately. This leads to an initial tracking error that
is higher than for experiment three, where the release time is known exactly,
but not as high as for experiment two, where no change in dynamics are taken
into account by the ILC algorithm. However, the tracking error reduces over
subsequent trials, and the algorithm converges after five trials. The conclusion
is that an error in the estimation of the load release time only results in slower
convergence, so the ILC algorithm is robust with respect to this estimation.
Figure 6.51 shows more detail of the input signals during trial 1, 2, 3, and 10.
It is clear that the change of the input signal that is needed to overcome the
error in switching time actually occurs in 1 trial, while the change in amplitude
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Figure 6.49: Input signal for trials 1 (dotted),
2 (dash-dotted), 3 (dashed) and 10 (full) for
experiment 4. Constraints are drawn in gray

Figure 6.50: Tracking error for trials 1 (dot-
ted), 2 (dash-dotted), 3 (dashed) and 10 (full)
for experiment 4
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Figure 6.51: Detail of input signal for trials 1
(dotted), 2 (dash-dotted), 3 (dashed) and 10
(full) for experiment 4

Figure 6.52: Evolution of the 2-norm of the
tracking error for experiments 1 (circle), 2
(dot), 3 (+) and 4 (×)

that is needed to overcome the mismatch of the object’s mass takes a bit more
trials to learn.

Figure 6.52 shows the evolution of the relative tracking error for all the ex-
periments. It is clear that the converged tracking error is similar for all exper-
iments. This value is slightly higher than the measurement noise level, due to
the tracking error caused by the torque constraint. However, the number of tri-
als needed to reach convergence and the initial tracking errors are different for
the four experiments. For the first experiment, the initial tracking error is the
smallest since the dynamics do not change. However, a similar initial tracking
error and convergence speed are obtained during the third experiment. This
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means that the ILC algorithm can effectively deal with the changing dynam-
ics, without a decrease in convergence speed, if the time of dynamic change
is known exactly. An error in the time estimation leads to slower convergence
of the ILC algorithm, as can be seen from the graph of experiment four. Figure
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Figure 6.53: Correction signal α for experi-
ments 3 (top) and 4 (bottom), for trials 1 (dot-
ted), 2 (dash-dotted) and 10 (full)

Figure 6.54: Tracking error 2-norm for ex-
periment 2 with ma = 1 kg (+), ma = 0.9 kg
(circle), ma = 0.85kg (×), ma = 0.8 kg (dot,
black), and for experiment 4, ma = 0.8 kg
(dot, gray)

6.53 shows the model correction vector α for trials 1, 2 and 10, during both
the third and the fourth experiment. It is clear that during the fourth experi-
ment, the model correction vector is larger than during the third experiment,
because α must compensate for the error in the load release time estimation.
It is also clear that the algorithm needs more trials to reach the optimal value
of α during the fourth experiment, compared to the third experiment.

It can be noted that the change in dynamics for the presented example does
not lead to a divergence of the ILC algorithm, even if the change in dynamics
is not modeled, such as in the second experiment. However, if the difference
between the load mass and arm mass is larger, the change in dynamics becomes
larger and the ILC algorithm does fail to converge if model P̂2,b is used. This is
clear from figure 6.54, which shows the evolution of the 2-norm of the tracking
error for different values of the arm mass and a fixed load mass of 1.5 kg, under
the same conditions as during experiments two and four. For the case when
the arm mass is 0.8kg the ILC algorithm diverges if the change in dynamics
is not modeled. This means that the ability of the model correction vector to
correct this kind of modeling error is limited. However, under the conditions of
experiment four, that is, if a switching model is used, the algorithm converges
in seven trials, even though the load release time is not known accurately.
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6.3.3 Conclusions

This section demonstrates the ability of the developed ILC approach to handle
systems with discontinuously changing dynamics. These are systems that are
described by 2 distinct time invariant models. By adapting the dynamic opti-
mization problems that constitute the estimation and control steps of the ILC

approach, the algorithm can successfully combine both models. It is shown
that the convergence speed depends on the accuracy of the models, and on the
accuracy of the estimated time instant at which the change in dynamics occurs.

6.4 Conclusions

This chapter presents three control applications of the generalized norm-optimal
ILC approach that was introduced in chapter 5. Each application makes use of
a particular feature of the proposed approach.
The first application describes parametric model correction as a way to itera-
tively improve the model’s accuracy. The second application investigates the
combination of the ILC approach with linear and nonlinear feedback control in
the presence of system limitations, while the third application considers mul-
tiple local models to describe a system that experiences a sudden change in
dynamic behavior.

These applications demonstrate the broad applicability of the developed
ILC approach, which is achieved by adapting the optimization problems that
underly the estimation and control steps.
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7 Software development

This chapter discusses an open source software package that has been devel-
oped to facilitate the application of the generalized norm optimal ILC approach
that was discussed in chapter 5. The software allows the user to quickly set
up an instance of the algorithm with minimal coding effort. Once set up, a
number of functions are available to evaluate the steps of the algorithm.

The first section introduces the software, and discusses two specialized
third party packages that are integrated with it. The second section provides
more detail about the architecture of the package, and discusses the interaction
between the components. A more user oriented introduction to the software,
along with working tutorials, is provided in appendix A, and available online
[Volckaert, 2012].

7.1 The gILC package overview

The developed software package is named gILC, which stands for generic iter-
ative learning control. It is written in Python [Python Software Foundation,
2012], and consists of a cascade of Python class definitions, combined in one
installable module. The use of Python facilitates the integration of the software
in larger open source software environments due to its nature as a dynamic lan-
guage, which means it does not require a compilation and linking step before
execution. It also facilitates the use of third party software for key components
of the algorithm, since many open source packages provide a Python interface.
Sections 7.1.1 and 7.1.2 discuss the use of such third party packages in gILC.

gILC provides an interface between the user and the solver of the under-
lying NLP problems of the estimation and control steps of the ILC algorithm.
The advantage is that the user does not need to set up or manipulate the op-
timization problems directly, but can formulate the iterative control algorithm
in an intuitive way, after which one function is available to perform each step.
Despite the minimal coding effort required to set up the algorithm, the user
retains full control of the underlying optimization problems, and can redefine
most aspects of the problem during operation.

As a solver for the underlying NLP problems, gILC makes use of the third
party package IPOPT, as discussed in 7.1.2. As an intermediate layer between

127



7. SOFTWARE DEVELOPMENT

gILC and IPOPT, the CasADi package is used, which will be described in 7.1.1.
This layered software structure is visualized in figure 7.1.

User CasADigILC IPOPT

Figure 7.1: Overview of the layered structure of gilc, including third party pack-
ages casadi and ipopt

7.1.1 CasADi for automatic differentiation

CasADi is an open source framework for automatic differentiation using a hy-
brid symbolic/numeric approach [Andersson et al., 2010, 2012]. Automatic
differentiation (AD) is a technique for evaluating derivatives of continuously
differentiable algorithmic functions. It is based on the notion that any com-
puter algorithm consists of a sequence of elementary arithmetic operations
(addition, subtraction, etc.), regardless of its complexity. By deconstructing
this sequence and then applying the chain rule for derivatives, an algorith-
mic expression can be found for the derivative function to arbitrary degree
and accurate to machine precision. Especially for the calculation of directional
derivatives of vector-valued functions, AD is much more efficient and accurate,
compared to alternatives such as symbolic or numerical differentiation.
The advantages of CasADi over other AD algorithms are that it can represent
sparse matrix-valued elementary operations as opposed to only scalar opera-
tions, which increases the efficiency, and that it can easily link to state of the
art optimization routines, such as IPOPT.

It was shown in chapter 3 that an efficient formulation of the SISO model
inversion problem P̂(u∗) = yr amounts to the following equality constrained
optimization problem:

w∗ = argmin
w

1

2
r(w)T r(w)

s.t.

g(w) = 0

(7.1)

with w = [x(0)T , u(0),x(1)T , u(1), . . .]T , r(w) = [yr − h(x,u)] and g(w) a
vector function based on the state equation f(x,u). For nonlinear models, r(w)
and g(w) are nonlinear vector functions. (3.64) and (3.65) on page 39 show
the sparse structure of the Jacobian matrices J and Jg which are the directional
derivatives of these nonlinear vector functions. CasADi can be used to efficiently
calculate J and Jg , for given nonlinear residual and constraint functions r(w)
and g(w).
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The CasADi framework provides two useful type definitions: the symbolic
variable type SX, and the symbolic function SXFunction. This allows the ob-
jective and constraint functions of problems of the form (7.1) to be defined
as symbolic functions of a vector of symbolic variables. Furthermore, CasADi
provides a direct link to the NLP solver IPOPT, by providing a class IpoptSolver,
which handles the SXFunction representation of the optimal control problem.
This facilitates the interaction between software using CasADi, such as the gILC

package, and IPOPT.

7.1.2 IPOPT as nonlinear programming solver

IPOPT, short for interior point optimizer, is a software library for large scale
nonlinear optimization [Waechter and Laird, 2012]. Starting from version 3.0
it is written in C++ and released under the eclipse public license (EPL). It can
be used to generate a library that can be linked to other C++ packages. For
use in gILC, IPOPT is linked to CasADi, which in turn is connected to gILC via its
Python interface.

NLP problems that can be solved by IPOPT are generally written in the fol-
lowing form:

min
x

f (x)

s.t.

gL ≤ g(x)≤ gU

xL ≤ x≤ xU

(7.2)

Inspection of (3.73) on page 43, which is the dynamic optimization problem
that constitutes the general model inversion problem, shows that this problem
fits the formulation (7.2). Note that equality constraints can also be written in
the form of (7.2), by setting gL = gU = 0.

IPOPT is an interior point optimization algorithm, and therefore uses the
approach described in 3.2.4 to solve the NLP problem. It is especially suited for
large scale sparse NLP problems. Objective and constraint Jacobian matrices are
passed and handled by IPOPT in a sparse representation, which only consists of
the row, column and value information of non zero elements. For the solution
of the linearized subproblem (see section 3.2.1), IPOPT also makes use of sparse
linear solvers, such as [MUMPS, 2012].

7.2 Software architecture

This section discusses the architecture of the gILC package in detail. It shows
how the software translates the control problem defined by the user into the
NLP problems that constitute the 2 steps of the generalized ILC algorithm, and
how it interacts with the third party packages CasADi and IPOPT.
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7.2.1 Object oriented structure

gILC consists of a Python module that contains 3 class definitions. The main
class is called gILC. An object of this class forms an instance of the gILC algo-
rithm, and all interaction with the algorithm occurs via this object. The two
other classes are called step and nlp, and one or more objects of these classes
are members of the class above it, in a cascaded structure. This structure is
visualized in figure 7.2.

gILC

step

nlp

solveipopt

casadi

User

Figure 7.2: Nested structure of the gilc package. Full rectangles indicate class
definitions, dashed rectangle indicates function definition

When an object is created of the gILC class, its constructor creates two
objects of the step class: one object for the estimation step of the algorithm,
and one object for the control step. These objects contain the information that
is specific for that particular step, such as constraints or additional objectives.
To execute the step, an object is created of the nlp class. This object contains
functions defined by CasADi which formulate the NLP problem. At the heart
of the nlp class lies the function solve, which sends the CasADi defined NLP

problem to an instance of the IPOPT solver. The solution is then passed back up
the cascaded structure towards the user.

7.2.2 Class definitions

Each of the three classes that are defined in the gILC module contain a number
of variables and/or functions. Generally speaking, the top level gILC class
contains variables that are important on each level, such as the number of
states in the model, while the step class contains variables specific to either
the estimation or control step. The nlp class contains the symbolic variables
defined by CasADi, which are used to solve the NLP problem. Figure shows a
detailed list of all variables and functions in each class.
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+ constructor
+ setSystemdynamics
+ setReference
+ setExogin
+ setMinimizedoutputs
+ setConstrainedoutputs
+ setInitstate
+ setWeights
+ setInitialguess
+ solve

gILC

variables

functions

- Qy
- xguess
- hzm
- rz, Qz
- hzc
- zmin, zmax

functions

variablesvariables

functions
+ constructor
+ estimation
+ control

- nu, nx, nxa, ny
- r
- f, h
- xinit
- end

step nlp

- nuc, nw
- w
- x, uc
- ffcn, hfcn
- hzmfcn, hzcfcn
- Jfcn, gfcn
- solver

Figure 7.3: Variable and function members of the gILC, step and nlp classes

The connections between the three classes are visualized in figure 7.4. Each
interaction or user input has a letter or number, and these will be used when
describing the variables and functions of the class, to show where the infor-
mation comes from that is stored in the variable or handled by the function.
Optional elements are indicated by a dashed symbol.

gILC

step

nlp solve ipopt

User

Data

casadi

2

1
3

B

A

A B C

1

2

3

general algorithm info

step specific info
operational data

component interaction

solution
C

Figure 7.4: Information flow diagram, indicating component interactions and so-
lution path
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gILC class

The gILC class contains the following variables:

- nu, nx, nxa, ny:..1 Scalars that define dimensions. nu being the number
of inputs, nx the total number of states, nxa the number of augmented
states, and ny the number of outputs. A distinction is made between
nx and nxa because the augmented states are not subject to initial or
periodicity constraints.

- r:..1 A matrix with ny columns that contains the reference signal for each
of the model outputs

- f, h:..1 User defined functions that provide the state and output equation
of the model.

- xinit:..1 A vector of size nx that specifies the initial state. This variable is
not required if a periodicity constraint is imposed.

- end:..1 An optional string variable that takes the value “periodic” if a peri-
odicity constraint is imposed.

and the following functions:

+ constructor: Function that is called when an object of the gILC class is
created. This function creates two objects of the step class, and initializes
default step variables.

+ estimation: Main function to solve the estimation step. This function
creates an object of the nlp class inside the estimation step object, and
then calls all nlp functions, followed by the solve function. Output of
this function is the estimated model correction term.

+ control: Main function to solve the control step, analogous to the esti-
mation function. Output of this function is the control input for the next
ILC trial.

step class

The step class contains only optional variables, since they are either not neces-
sary for operation or have commonly used default values. The variables are:

- Qy:..2 A vector that defines the diagonal of the weight matrix on the main
optimization objective. The default value is 1× 108I.

- xguess:..2 An initial guess for the optimization variables. The default value
is 0.
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- hzm, rz, Qz:..2 Variables that are used to specify additional optimization
objectives. hzm is a user defined function that provides a vector of min-
imized outputs. rz is a vector of the associated references, while Qz is
the diagonal of the weight matrix.

- hzc, zmin, zmax:..2 Variables that are used to specify inequality constraints.
hzc provides a vector of constrained outputs. zmin and zmax are ma-
trices, with each column the lower and upper bound of the elements of
hzc.

There are no functions defined in the step class. The purpose of this class is
to store information that is specific to the step. For example, it is common to
introduce constraints in the control step, while the estimation step is uncon-
strained. The stored variables are used in the nlp class through interaction ..B
to evaluate and solve the optimization problem.

nlp class

The nlp class variables and functions that are used to solve the inversion prob-
lem of the generalized model structure, that was introduced in section 3.3.
It was shown in chapter 5 that both the estimation step and the control step
can be written as such a model inversion problem, by a suitable choice of the
control input uc , the exogenous input w, and the inversion reference r. The
variables in the nlp class are:

- nuc, nw:..A Variables that determine the problem dimension. nuc is the
number of control inputs, nw the number of exogenous inputs. This is
determined using nu and na from the gILC class.

- w:..C A matrix of nw columns with the exogenous input. Depending on the
step, this is either past trial input data, or estimated model correction
data.

- x, uc: Internal variables of the SX type defined by CasADi. These are the
optimization variables, with x the states and uc the control inputs.

- ffcn, hfcn:..A Symbolic functions of the SXFunction type defined by CasADi.
These functions are linked to the functions f and h of the gILC class.

- hzmfcn, hzcfcn:..B Symbolic functions of the SXFunction type, linked to
the hzm and hzc functions of the step class.

- Jfcn, gfcn: Internal symbolic functions of the SXFunction type that con-
stitute the NLP problem. Jfcn is the objective function, gfcn is the combi-
nation of equality and inequality constraint functions.

- solver: An instance of the IpoptSolver class defined by CasADi, in order
to link the functions Jfcn and gfcn to IPOPT.
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Most functions of the nlp class provide the interactions ..A and ..B , to use the
information of the gILC and step classes to create the NLP problem. The last
function, solve, is used to return the optimal solution. An overview of the
functions is:

+ constructor:..A This function uses nu and na from the gILC class to deter-
mine nuc and nw.

+ setSystemdynamics:..A This function links the system dynamics defined in
the gILC class to the symbolic functions ffcn and hfcn.

+ setReference:..A ..C This function determines the inversion reference, which
is either past trial output data, or the ILC reference output r, depending
on the step.

+ setExogin: ..C This function sets the exogenous input, which is either past
trial input data, or estimated model correction data, depending on the
step.

+ setMinimizedoutputs, setConstrainedoutputs:..B These functions link the
minimized output function hzm and constrained output function hzc in
the step class to the symbolic functions hzmfcn and hzcfcn.

+ setInitstate, setWeights, setInitialguess:..A ..C These functions use the vari-
ables xinit from the gILC class, and Qy and xguess from the step class to
set up the optimization problem.

+ solve: This is the main function of the nlp class, which constructs the NLP

problem and calls on the solver object to solve it.

7.2.3 User interaction

Using the gILC software as part of a Python script starts by creating an object
of the gILC class by the command

ilc = gilcClass()

The user interacts with the software by providing information that can roughly
be split in three categories, indicated by ..1 , ..2 and ..3 in figure 7.4.

The first category consists of the information that is stored in the main ilc

object, which is essential for the operation of the algorithm, such as ilc.nx,
ilc.ny, ilc.r, etc. The state and output equation of the model are first
defined as regular Python functions, using the def command, and then passed
to the algorithm as ilc.f and ilc.h.

After these variables have been set, the second category of input, marked
as ..2 , assigns variables to the estimation and control steps, which are called
ilc.est and ilc.con respectively. For example, to add an additional con-
strained output to the control step, it is first defined by the function
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ilc.con.hzc,
and then the lower and upper bound are set by
ilc.con.zmin and ilc.con.zmax.

The third type of information provided by the user is the operational data,
shown as ..3 . In a practical application, this data is measured on a physical
system. However, from the perspective of the algorithm, the data is made
available by the user, regardless of how it is gathered. The data consists of the
matrices u_i and y_i, which contain the previous trial’s inputs and outputs
respectively.

After the algorithm has been set up, the estimation and control steps of the
algorithm can be executed by running

a_i = ilc.estimation(u_i, y_i)

u_ip1 = ilc.control(a_i)

with a_i the estimated model correction term. u_ip1 is the next trial input.
After a new trial, both functions can be called again. The variables and func-
tions that have been defined during setup of the algorithm, ..1 , ..2 , can all be
modified between trials, which provides a lot of flexibility and makes it easy to
implement a trial-varying algorithm.

7.3 Software distribution

The gILC package is distributed under the GNU lesser general public license
(LGPL), and therefore users are free to use the code, including in commercial
applications. The third party package CasADi is also distributed under the same
license, and its source code is included with gILC. IPOPT is distributed under
the similar EPL. IPOPT requires the installation of external packages, of which
the linear solver package is the most important. The version of IPOPT that is
included with gILC uses the MUMPS linear solver [MUMPS, 2012], which is in
the public domain.

gILC is a Python module, that can be added to any working Python instal-
lation by using Python’s distutils feature [Python Software Foundation, 2012].
The software is available online [Volckaert, 2012], and includes a user manual
with detailed installation instructions and a description of three working tuto-
rial examples that demonstrate the use of the software. The user manual can
also be found in appendix A.

The reader is referred to the software page of the OPTEC Center of Ex-
cellence of KU Leuven, http://www.kuleuven.be/optec/software, for
easy access to the gILC package website.
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7.4 Conclusions

This chapter describes the gILC software package, implemented as a collection
of Python class definitions, that allows a user to quickly set up and use the
generalized norm-optimal ILC approach, described in chapter 5, in an intuitive
and flexible way. With minimal coding effort, the algorithm can be configured
without the need to directly manipulate the dynamic optimization problems
that constitute the developed ILC approach.

The software is coupled with state of the art routines for efficient automatic
differentiation of nonlinear equations, and a sparse implementation of an in-
terior point method NLP solver, making it applicable to a wide range of models
and control applications.

An extensive user manual for the software, including installation instruc-
tions and tutorial applications, can be found in appendix A.
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8 Conclusions

8.1 Main conclusions

The objective of the research that is presented in this thesis can be summarized
as the development of efficient ILC strategies for a broad class of nonlinear
systems, taking into account the system limitations. Three main contributions
towards this goal can be identified.

As a first main contribution, this thesis proposes a new approach to the
model inversion problem, which is applicable to constrained nonlinear models.
The approach is based on the solution of nonlinear least squares problems. For
linear models, the approach is equivalent to the solution of conventional model
inversion strategies. The extension of the least squares problem with equality
constraints, which incorporate the system dynamics, leads to a sparse structure
of the gradient matrices in the optimization procedure. This improves the com-
putational efficiency of the algorithm, especially for inversion problems with
a long time horizon. The approach is extended further to generalized plants,
including exogenous inputs, controlled outputs, and inequality constraints.
An ILC approach is proposed based on the nonlinear model inversion algorithm,
as a variant of an existing ILC approach which solves the model inversion prob-
lem in the frequency domain. The new ILC approach has an improved compu-
tational efficiency. The algorithm is validated experimentally on a nonlinear
system, and compared to a linear approach, which uses a measured frequency
response function. The new approach can converge in situations where the
linear approach diverges due to stronger nonlinear dynamics of the system.

A second main contribution is the development of a new ILC approach,
applicable to constrained nonlinear models, based on model correction. The
approach consists of two steps: in the first step the nominal model of the plant
is corrected based on the previous trial’s output, and in the second step the
corrected model is inverted to track the reference. Both steps are formulated
as generalized model inversion problems.
It is shown that a well known linear ILC approach called norm-optimal ILC is
a special case of this general approach, for which the correction of the model
is implicit. By explicitly estimating the model correction in the new approach,
more control over the learning behavior is achieved. While norm-optimal ILC

has been proposed for linear systems without constraints, the newly developed
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algorithm can deal with nonlinear models, and take constraints into account.
The broad applicability and flexibility of the developed approach is demon-

strated by the simulation of three different control problems. The first problem
consists of the accurate control of a linear motor under the influence of fric-
tion. By applying the model correction directly to the parameters of the friction
model, an improved model can be learned. This improved model also leads to
more accurate control of other reference trajectories.
The second case combines the ILC approach with current trial feedback con-
trol. Both linear state feedback and an input-output linearizing feedback are
considered. By incorporating the feedback loop into the problem formulation,
an optimal closed loop input signal can be learned while satisfying constraints
on the feedback control signal.
The third problem is the control of systems that experience a sudden change
in dynamics, which are often easier to model by separate local models. The
proposed approach can handle these models due to the time domain nature of
the model inversion algorithm. The switching of the system can be regarded
as a disturbance, which can be corrected for by learning in a robust way.

A third main contribution of this thesis is the development of a compre-
hensive software tool for the application of the model correction based ILC

approach. The software makes use of efficient third party packages for the
automatic differentiation of the model equations in the optimization problem
formulation, and with a sparse implementation of an interior point method, to
solve both algorithm steps. This allows an easy set up of the algorithm, without
the need to interact directly with the underlying optimization problems.

8.2 Outlook on future work

The suggested research directions for future work can be divided in three
groups. The first is the further improvement of the optimization based non-
linear model inversion algorithm. The second are open questions and rec-
ommendations for the generalized norm-optimal ILC approach, and the third
group consists of more applications that can be studied, to take full advantage
of the structure of the developed ILC approach.

The proposed model inversion algorithm has the following open questions
or possible improvements:

• The formulation of the model inversion approach for generalized plants
rigorously promotes sparsity of the Jacobian matrices. In order to ap-
ply regularization terms or constraints that depend on variables at other
time instants, the state vector must be augmented with those variables.
This preserves sparsity, but greatly complicates the formulation of the
optimization problem since a state equation must be provided for each
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state. Such a situation occurs for example if a frequency weighting of the
control input signal is desired.

• The present formulation focusses on the efficiency of the model inversion
approach for problems with a long time horizon. However, the method
does not scale well for systems with a higher model order. The models
considered in this thesis typically consist of a handful of states. It is
desirable to improve the efficiency for models going up to an order of
100 or more, for example for the accurate control of multi-body dynamic
systems.

• A possible improvement lies in the application of other norms of the
residual and regularization terms in the objective function, besides the
currently used two-norm. This can have desirable effects on the calcu-
lated model inverse. For example, the inverse of a step output for a two-
norm regularized model typically leads to overshoot. A model inverse
that does not experience this overshoot can be found using an l1-norm.

• The current implementation of the optimization algorithm uses the full
control input and state trajectories as optimization variables, to solve one
large problem. For extremely long data records, it can be an interesting
approach to implement a cutting strategy, that divides the trajectory in
more manageable time horizons. These blocks can then be inverted sep-
arately and the solutions joined back together, if constraints are imposed
on the continuity of the entire solution. However, it must be noted that
such a strategy would only reduce memory load, and not the total com-
putation time. Due to the sparsity of the formulation, memory load is
not the main bottleneck.

The following open questions and recommendations remain with respect
to the generalized norm optimal ILC approach, based on model correction:

• More understanding is needed on the effect of the type of non-parametric
model correction on the performance of the estimation step. It is not well
understood how the choice of model correction type (for example addi-
tive to the output, additive to the input, multiplicative, . . . ) impacts both
the convergence of the interior point method during the estimation step,
as well as the eventual solution, for nonlinear models. Differences in the
convergence speed of the estimation step, and convergence to local min-
ima, have been observed for different choices of model correction, but
the precise impact of this choice is not clear, and very problem specific.

• The parametric model correction can be implemented in a more efficient
way. Currently it is imperative to the formulation of the ILC algorithm
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that the model correction is a trajectory with the same length as the in-
put. A scalar value can be obtained by imposing a constraint that equals
the value at each time instant. However, this is not the most efficient
implementation. Furthermore, it can be interesting to reformulate the
ILC algorithm to allow a combination of parametric and nonparametric
model correction in an efficient manner. Currently the efficiency of the
approach is not influenced by wether a correction term is parametric or
not.

• The stochastic properties of the model correction with respect to noise
can be better understood. The questions remain how different sources
of noise influence the model correction estimation, and what is the un-
certainty on learned parameter estimates for the parametric correction.

Finally, a number of possible applications are presented, which would fur-
ther investigate the performance and applicability of the generalized norm op-
timal ILC algorithm. These are the following:

• The current formulation of the ILC algorithm can be applied to point-
to-point motion control by setting the residual weight to zero at time
instants where no tracking is required. A further improvement would
be to also apply learning to the time instants where tracking is required.
This can result in a time optimal approach, which learns to accurately
move a system in the state space in the least amount of time.

• Parametric model correction can be applied to slowly varying linear pa-
rameter varying (LPV) systems, for which the repetition of the reference
trajectory is much faster than the variation of the parameter, and for
which the parameter is difficult to measure. The advantage of the cor-
rection based ILC approach is that it can provide an estimate of the pa-
rameter value for each trial, such that the ILC approach becomes an on-
line estimator of the slowly varying parameter. A possible application is
in the active cooling of microelectronics, where feedforward control of
valves is sensitive to the temperature, but where the temperature is hard
to measure directly.

• Another application of the developed ILC approach is adaptive feedfor-
ward linearization. Currently, many robotic systems are controlled by
feedback linearization, by using estimated states in a feedback loop to
compensate for the nonlinear kinematics of joints. The states are esti-
mated because the feedback linearization is sensitive to noise. Feedfor-
ward linearization uses known state trajectories to compensate for non-
linear behavior, for motions that are predetermined. By applying non
parametric correction to the states, the ILC approach can provide more
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accurate state trajectories for repeated motions, and so it can be an al-
ternative to online nonlinear estimators, such as the extended Kalman
filter.

• As a kind of byproduct of the model inversion step, the developed ILC

algorithm can provide the most accurate linearized model of a nonlinear
system around the reference trajectory. This model can be useful for the
application of other control strategies. Linearizing a model around the
reference trajectory requires knowledge of the state propagation over the
entire trajectory. This state propagation is calculated together with the
control input in the model inversion step. It is also recalculated each
trial, using the corrected model, and therefore it can be used to improve
the linearized model as well.
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A gILC user manual

A.1 Introduction

gILC is an open source software tool for the application of model based itera-
tive learning control (ILC). The approach is easily adapted to work with a broad
class of systems, including nonlinear systems, and provides excellent computa-
tional efficiency, even for very long data records. It is written in Python and can
be installed in Linux and Windows environments. gILC makes use of 2 third-
party open source software packages: IPOPT [Waechter and Laird, 2012] is
used for the solution of nonlinear programming (NLP) problems, and CasADi
[Andersson and Gillis, 2012] is used for automatic differentiation.

A.1.1 License information

gILC is distributed under the LGPL license, and therefore users are free to
use the code, including in commercial applications. The third-party software
CasADi is also distributed under the same LGPL license, and its source code
is included with gILC. The software package IPOPT is distributed under the
similar EPL license. IPOPT requires the installation of external packages, of
which the linear solver package is the most important. The version of IPOPT
that is included with gILC (both for Windows and using the install script in
Linux) uses the MUMPS linear solver, which is in the public domain. It is
possible to build IPOPT from source in Linux using a linear solver of your
choice, such as the HSL sparse linear solver. Since this solver is only free for
academic users, it cannot be included with the gILC source code. Detailed
instructions can be found in section A.2.1.

A.2 Installation instructions

The gILC software can be installed both in Linux and Windows operating sys-
tems. Installation procedures are slightly different for both, because of the
third party software packages. The gILC software itself is written in Python,
and is equal for both Linux and Windows versions. Linux users can down-
load the gilc_linux.tar.gz file, while Windows users can download the
gilc_windows.zip file.
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A.2.1 Installation in Linux

For easy installation in Linux, an install script has been created that first installs
the prerequisite packages, if needed, using the advanced packaging tool apt
(for Ubuntu or similar). This includes the package coinor-libipopt-dev,
which also includes the MUMPS linear solver. gILC for Linux is bundled with
the source code of CasADi, which will be built and installed automatically by
the install script. Users who wish to build IPOPT from source (for example to
include another linear solver, such as HSL), should not use the install script to
build CasADi, as written in section A.2.1.

Basic installation

The easiest way to install the gILC tool in Ubuntu is to use the

install_gilc.sh

script. The following instructions have been tested in version 11.04 and higher:

1. Download gilc_linux.tar.gz from the gILC website, and extract it.

2. Open a terminal and go into the extracted folder.

3. Type the following command: ./install_gilc.sh

For the installation of prerequisite packages, the script will ask you for your
root password. Feel free to inspect the install_gilc.sh script for more
information about what packages are required, and what steps are taken in
the installation of gILC.

Advanced installation: building IPOPT and CasADi from source

It is possible to build IPOPT from source, instead of using the precompiled
package coinor-libipopt-dev. The main reason for this is to be able
to use a different linear solver than MUMPS, for example the HSL routines
(which are free for academic users). To use HSL, IPOPT needs the MA57
package, which can be requested for download from www.hsl.rl.ac.uk/

catalogue/ma57.xml. These routines can benefit from the software pack-
age METIS, which is downloaded separately. These are the necessary steps for
the advanced installation:

1. Download gilc_linux.tar.gz from the gILC website, and extract it.

2. Locate the files ma57d.f, mc19d.f and deps.f in the HSL package
and copy them to the main gILC/source folder

3. Install prerequisite packages using the command:
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• sudo apt-get install wget subversion cmake \

mpich-bin gfortran libblas-dev liblapack-dev \

python-dev python-numpy python-scipy swig1.3 \

--install-recommends

4. Open a terminal and go into the main gILC folder

5. Download the IPOPT source code, using the following commands:

• cd source

• svn co

https://projects.coin-or.org/svn/Ipopt/stable/3.10 ipopt

6. Provide the necessary HSL routines, using the following command:

• cp mc19d.f ./ipopt/ThirdParty/HSL/mc19ad.f

• cat ma57d.f deps.f > ./ipopt/ThirdParty/HSL/ma57ad.f

7. Go into the folder for the METIS sourcecode, and download it by using:

• cd ./ipopt/Thirdparty/Metis

• ./get.Metis
8. Create a build folder for IPOPT, and run the configure script, by using:

• cd ../..

• mkdir build

• cd build

• ../configure
9. Make and install IPOPT:

• make
• sudo make install

10. Go into the build folder for CasADi, and use cmake, with the following
commands:

• cd ../../casadi/build

• cmake ..

11. Build and install CasADi and its Python interface:

• make
• make python

• sudo make install_python

12. Go into to the source folder and install the gILC script:
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• cd ../..

• sudo setup.py install

If everything went well, you now have a successful gILC installation. Feel free
to test some of the tutorials in the gILC/Tutorials folder

A.2.2 Installation in Windows

The Windows installation depends on a precompiled version of CasADi, that
includes a precompiled IPOPT with MUMPS as linear solver. It is assumed that
a working Python installation is present. An excellent source is Python(x,y),
which bundles everything you need to get started with Python in Windows. To
install gILC, simply copy the contents of the gILC\source folder into the
folder for external packages for the Python installation, for example in

C:\Python27\Lib\site-packages\

Caution: do not copy the source folder itself, but only put the content into
the Python path.

A.3 Theoretical background

This section gives a brief overview of the theoretical background of the gILC
algorithm. More background can be found in [Volckaert et al., 2010] and
[Volckaert et al., 2011], [Waechter and Laird, 2012]. Since the algorithm is
a generalization of an existing linear approach called norm optimal ILC, this
linear approach will be introduced first.

A.3.1 Linear norm optimal ILC

Conventional norm optimal ILC uses a linear update law of the form

ui+1 =Q[ui + L(ei)], (A.1)

with i the trial index, and Q(·) and L(·) a robustness and learning operator
respectively. The tracking error ei is defined as ei = (r−yi) with r the reference
output. Q(·) and L(·) (or in matrix notation QILC and LILC) are designed in
order to minimize a quadratic cost function, which is a trade off between the
minimization of the tracking error, input effort, and input update rate, and has
the following form [Gunnarsson and Norrlof, 2001]:

Ji+1(ui+1) = ei+1
TQuei+1 + ui+1

TRuui+1

+∆uT
i Su∆ui ,

(A.2)

where ∆ui denotes the change in u from trial i to i + 1, such that ∆ui =
(ui+1 − ui), Qu is an N × N positive-definite matrix, and Ru and Su are N × N
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positive-semidefinite matrices. Note that (A.2) depends on the unknown next
trial tracking error ei+1, which needs to be approximated by using a model
P̂(u) of the system P(u), or in matrix form P̂≈ P.

Since ui+1 = ui +∆ui , it follows that yi+1 = yi + P∆ui . Therefore the true
value ei+1 can be written as ei+1 = r− yi − P∆ui , and using P̂ ≈ P the error
can be approximated by

êi+1 = r− yi − P̂∆ui . (A.3)

It can be shown that (A.3) is used as an approximation to ei+1 in the conven-
tional norm optimal ILC to determine the matrices QILC and LILC. A further
analysis of (A.3) shows that this approximation can be interpreted as an im-
plicit model correction. Applying ∆ui = ui+1 − ui to (A.3) and rearranging
leads to:

êi+1 = r− �P̂ui+1 + (yi − P̂ui)
�︸ ︷︷ ︸

ŷi+1

. (A.4)

The predicted next iteration output ŷi+1 consists of the term P̂ui+1, which is the
expected next iteration output based on the nominal model, corrected by the
term (yi − P̂ui), such that the next iteration tracking error is estimated better
than using the nominal model only. The correction is only implicit, and in a
fixed form.

A.3.2 gILC: a two-step approach

The gILC algorithm is based on a similar cost function (A.2), but it does not
use a linear update law of the form (A.1). The main difference is in the approx-
imation of the next trial’s tracking error. The rearrangement of the predicted
next iteration tracking error êi+1 from (A.3) into (A.4) and the resulting inter-
pretation are based on the LTI property of the model P̂. However, the same
type of approximation can also be made with nonlinear models if the correc-
tion term is made explicit. For example, the next iteration tracking error can
be approximated as follows:

êi+1 = r− �P̂(ui+1) +αi
�

(A.5)

with αi a correction signal to be estimated after trial i. In this case the sum
of the nominal model and the correction signal can be written as the corrected
model P̂c(u,α). It is clear that if P̂(u) is a linear model, and αi is estimated
as (yi − P̂ui), then êi+1 is the same as for the conventional norm optimal ILC.
However, explicitly estimating αi makes it possible to manipulate this signal,
for example to constrain it, or to change its features in time- or frequency do-
main.
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Furthermore, α can enter the corrected model P̂c(u,α) in several ways. For
(A.5) α is additive to the model output, but other examples include P̂c(u,α) =
P̂(u+ α), or more complex forms. Regardless of this choice, P̂c(u,α) can in
general be written as

P̂c :

¨
x(k+ 1) = fc[x(k),u(k),α(k)]

ŷc(k) = hc[x(k),u(k),α(k)]
, (A.6)

and the signal α can be considered to be an additional input of P̂c . Therefore
the gILC algorithm consists of finding an optimal value of αi in an estimation
step, followed by a control step to calculate ui+1. Both steps use a user defined
corrected model P̂c .

Step 1: estimation

The aim of this step, after trial i, is to find a value for αi , such that the mod-
eled output ŷc follows the actual measurement yi more closely. Since αi can
be regarded as an additional input signal to the model P̂c , this is an optimal
control problem. This optimal control problem is represented schematically in
figure A.1.

x(k + 1) = f [x(k),ui(k),αi(k)]

ŷc(k) = h[x(k),ui(k),αi(k)]αi

ui
ŷc

˜
yi

1

2

3

4

5

zm

˜
rz

zc [zmin, zmax]

Figure A.1: Schematic overview of the estimation step

This schematic representation consists of the following elements:

..
1 exogenous input: this is the input signal that is known beforehand. For

the estimation step, this is the previous trial’s input signal ui

..
2 control input: this is the input signal that is calculated by solving the

optimal control problem, in this case the correction signal αi .

..
3 main objective: the aim of the estimation step is to make the model

output ŷc as close is possible to the measured output yi . Therefore the
main objective function of the optimal control problem is:

minimize
x,αi

J =

J1︷ ︸︸ ︷
(yi − ŷc)

T Qy(yi − ŷc)

subject to g(x) = 0 :

¨
x(0) = xinit

x(k+ 1) = f [x(k),ui(k),αi(k)]

(A.7)
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with Qy a diagonal semidefinite matrix. Note that the states x are also

..
4 additional objectives: The user has the option to define any number of

additional output signals zm. Such an output signal must be a function
of x,ui and αi , but does not need to be measurable in the system. A
reference rz and a diagonal weight matrix Qz must be provided for each
additional output. The objective function J is then augmented with a
quadratic term, minimizing the difference of zm and rz , such that the
optimization problem becomes:

minimize
x,αi

J = J1 + (rz − ẑm)
T Qz(rz − zm)

subject to g(x) = 0
(A.8)

..
5 constraints: A second group of additional outputs, called zc , can be

defined in order to add constraints to the optimal control problem. zc
must be a function of x,ui and αi , and the lower and upper bounds zmin
and zmax must be provided for each constrained output. The optimization
problem then becomes:

minimize
x,αi

J

subject to g(x) = 0

zmin ≤ zc ≤ zmax

(A.9)

The solution of the optimal control problem (A.7), (A.8) or (A.9) is the correc-
tion signal αi , and the states that are associated with this solution. αi can then
be used in the second step, to calculate ui+1

Step 2: control

After step 1 has resulted in an optimal model correction signal αi , a second op-
timal control problem is formulated. The structure of this problem is identical
with the first step. The second step it represented schematically in figure A.2.
The problem is based on the following elements:

x(k + 1) = f [x(k),ui+1(k),αi(k)]

ŷc(k) = h[x(k),ui+1(k),αi(k)]ui+1

αi
ŷc

˜
r

1

2

3

4

5

zm

˜
rz

zc [zmin, zmax]

Figure A.2: Schematic overview of the control step

..
1 exogenous input: in the control step this is the model correction signal,

estimated in step 1
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..
2 control input: the input signal for the next trial

..
3 main objective: the main objective for the step 2 is to make the model

output as close as possible to the reference. The optimization problem
is similar to (A.7), but the objective function is J1 = (r− ŷc)T Qy(r− ŷc).
The weight matrix Qy is not necessarily equal to the weight matrix used
in step 1.

..
4 additional objectives: again the user has the option to augment the

optimization problem, by defining additional output signals zm, and pro-
viding corresponding references rz and diagonal weight matrices Qz .

..
5 constraints: similar to step 1, constraints can be added to the problem

by defining constraint output functions zc and providing lower and upper
bounds zmin and zmax.

Software structure

gILC consists of a Python script that interfaces between the two step approach
to ILC described above, the underlying optimization problems and the solvers
used to minimize those problems. The structure is summarized in figure 7.1 on
page 128. The user provides the following information in order to use gILC:

1. Model equations: the functions f and h as a function of x,u and α.

2. The reference output r

3. The initial state xinit

4. Additional objectives for the estimation step and/or control step (op-
tional)

5. Constraints for the estimation step and/or control step (optional)

The gILC algorithm then uses CasADi to construct the optimization problem to
be solved, and calls IPOPT to solve the problem. The results are then passed
back to the user. After initialization of the algorithm (at which point the infor-
mation listed above is passed), gILC provides 2 main functions: a function to
solve the estimation step, to calculate αi based on ui and yi , and a function to
solve the control step, to calculate ui+1 based on αi .

A.4 Tutorials

This section shows you how to use the gILC software by describing each com-
mand of a typical nonlinear ILC application. The tutorials gradually introduce
extra functionality, but all are based on the example application described in
section A.4.1.
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Figure A.3: The example application is a rod attached to an actuated hinge

A.4.1 Example application

Simulated system and model

The system that is considered in the tutorials is shown in figure A.3 and consists
of a rod with a mass m of 0.5 kg, a moment of inertia I of 0.006 kgm2 and a
length 2L of 0.6 m (such that L = 0.3 m), attached to an actuated hinge on
one end. A torque T can be applied to the rod in the hinge, which has a viscous
damping coefficient c of 0.1 Ns/rad. The angle of the rod with respect to the
vertical is θ . The purpose of the ILC algorithm is to find a feedforward control
signal for T in order to raise the rod from the stable equilibrium θ = 0◦ to the
unstable equilibrium θ = 180◦ with a constant rotational velocity, and return
to θ = 0◦. It is assumed that the parameters m and c are not known exactly, to
introduce a model plant mismatch. Due to the fact that θ = 180◦ is an unstable
equilibrium and requires T = 0 N independent of m and c, the system is very
sensitive to this model plant mismatch.

The dynamics of the rod are governed by the following equation:

(I +mL2)θ̈ = T − gmL sin(θ)− cθ̇ (A.10)

Using T as input u, θ as output y, and [θ , θ̇]T as state vector x, the following
state space model can be constructed:�

ẋ1
ẋ2

�
=

�
x2

1
(I+mL2)

[−gmL sin(x1)− cx2 + u]

�
y = x1

(A.11)

Discretized using a forward Euler approach with sample time Ts, this leads to:�
x1(k+ 1)
x2(k+ 1)

�
=

 x1(k) + Ts x2(k)

x2(k) +
Ts

(I+mL2)

h
− gmL sin[x1(k)]− cx2(k) + u(k)

i
y(k) = x1(k)
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(A.12)

This discrete-time state space model is used as simulated system and as model
for the ILC algorithm. The parameters for the simulated system and the model
are summarized in table A.1.

Table A.1: Parameters of the simulated system and the model for the example
application

Plant Model

m [kg] 0.5 0.495
c [Ns/rad] 0.1 0.105
I [kgm2] 0.006 0.006
L [m] 0.3 0.3
Ts [s] 0.002 0.002

Reference

The objective of the example application is to track a reference signal for the
angle θ using gILC. An example reference signal is shown in figure A.4. This
reference signal has a trapezoidal velocity profile, and contains 2000 samples.
A script called a_create_reference.py is included in order to generate
this reference signal using a parameterized velocity profile, and to save it in
a file. This file will then be read by each of the tutorial scripts to load the
reference. After getting acquainted with gILC, feel free to experiment with
different velocity profiles or reference signals.

Model correction

The provided model needs to be corrected by at least one term α(k). In this
example application one correction term is used, additive to the input signal.
This means that in the model (A.12), u(k) is replaced by [u(k) +α(k)].

A.4.2 Tutorial 1: nonlinear ILC

The first tutorial can be found in the script

b_tutorial1.py

and demonstrates how to use gILC to find a torque profile to track the reference
without any additional objectives or constraints. The script b_tutorial1.py
also contains commands used for the simulation of the system and for plotting,
but since these commands are not gILC specific, they will not be described here.
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Figure A.4: Reference output for the example application

Initialization of gILC

In order to use the gILC package, it must be imported at the beginning of the
script, by using the command

from gilc import *

All interaction with gILC occurs through an object, typically called ilc, which
needs to be created by the command

ilc = gilcClass()

Using this ilc object, the first settings to be defined are the problem dimen-
sions:

ilc.nu = 1 Number of inputs
ilc.na = 1 Number of model correction terms
ilc.nx = 2 Total number of states (system + additional)
ilc.nxa = 0 Number of additional states
ilc.ny = 1 Number of outputs

For some applications, the state vector is augmented with additional states.
This is for example the case when a constraint or penalty term requires knowl-
edge of the control signal at a time instant different from k, such as u(k− 1).
However, such additional states do not require an initial value (since this value
can be unknown), which is required for the system states. To make this dis-
tinction, ilc.nx and ilc.nxa are passed separately.

The next step is to provide the model equations. First the state equation is
defined in a function:
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def f(xk,uk,ak):

I = 0.006

m = 0.495

L = 0.3

c = 0.105

Ts = 1/500.0

xkp1=[xk[0]+Ts*xk[1],\

xk[1]+(Ts/(I+m*L**2)),\

*(-c*xk[1]-9.81*m*L*sin(xk[0])+(uk[0]+ak[0])),\

]

return xkp1

Note that the function f(xk,uk,ak) is a function of the state vector x(k),
the input vector u(k), and the correction vector α(k). All three dependencies
must be included in the function definition. However, they do not need to be
present in the function itself, for example if the correction only occurs in the
model output equation. Note that xk, uk and ak must have an index, even
if their dimension is 1 (for example, use uk[0] for the first and only input,
instead of uk). The output equation is defined in another function:

def h(xk,uk,ak):

y = [xk[0], \

]

return y

Again the function definition must include all three dependancies, even if they
are not present in the actual function.

gILC also requires the initial state of the system (the state of the system at
the start of the trial). As is common in ILC, it is assumed that the system is
brought to the same initial state for each trial. This state, which for the exam-
ple application is the zero vector, is passed to the algorithm by the command:

ilc.xinit = [0.0,0.0]

Now that all necessary information is passed to the algorithm, the simulation
can start. The two main functions provided by the gILC algorithm are called
ilc.estimation and ilc.control respectively. These functions are de-
scribed in the following section.

Estimation and control functions

The purpose of the estimation function is to find the optimal value of αi , based
on ui and yi of the trial i. The function is called with the following command:

a_i, xa_i = ilc.estimation(u_i,y_i)
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After completing the estimation step, the control step is called to find the next
trial’s input signal ui+1, based on the correction signal αi . This step is per-
formed using:

u_i, xu_i = ilc.control(a_i)

Note that the states are also given as output of both the estimation and control
functions. Before starting the simulation, the input signal for the first trial is
found by initializing the model correction term to zero and calling the control
function.

Additional settings

The commands described in A.4.2 are necessary commands, and gILC will send
an error if they are not provided. There are however a number of settings
for which a default value is used if they are not provided, but which can be
overwritten if necessary.

1. Initial guess of optimization variables. The optimization variables are
the states and correction terms (for the estimation step), or the states
and input (for the control step). The default is to initialize all variables
at zero. However, it is possible to initialize at another value. In that case,
an initial value must be provided during the initialization of gILC, using
the following commands:

ilc.est.xguess = zeros((ilc.nx,N))

ilc.est.alphaguess = zeros((ilc.na,N))

for the estimation step, and

ilc.con.xguess = zeros((ilc.nx,N))

ilc.con.uguess = zeros((ilc.nu,N))

for the control step. Providing an initial guess for one step doesn’t require
you to provide a guess for the other step. However, if only part of the
initial guess is needed (such as an initial guess of the states but not
the input in the control step), then both parts of that step have to be
initialized explicitly, even if a zero value is used. The initial guess can
be updated at any time during the operation of the algorithm. A typical
example is to use the solution for the states that is found in the estimation
step, called xa_i in the tutorial, as an initial guess for the states in the
control step, using:

ilc.con.xguess = xa_i

2. Weight of the residual. The diagonal weight matrix for the main ob-
jective in both the estimation and control optimization problems is Qy .
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This matrix has a default value of 1e8I, for both steps, and therefore does
not need to be provided explicitly. The default value can be overwritten
using the following commands:

ilc.est.Qy = 1e4*ones((ilc.ny,N))

ilc.con.Qy = 1e4*ones((ilc.ny,N))

A.4.3 Tutorial 2: adding constraints

The second tutorial builds on tutorial 1, and demonstrates how to add con-
straints to the gILC algorithm. It was shown in section A.3 that constraints and
additional objectives are handled by defining additional outputs z, namely zc
for constraints, with zc(k) a function of x(k), u(k) and α(k). Upper and lower
bounds for each time instant k can then be put on this output. The script

c_tutorial2

demonstrates this by constraining the input signal to the interval [−2,2] Nm.
The first step is to define the constrained output function during initialization:

def hzc(xk,uk,ak):

zc = [uk[0]]

return zc

Note that, similar to the functions f and h, hzc must be a function all the
variables xk,uk,ak, even if they do not appear in the function itself, and again
all variables need an index. The command written above merely defines the
function, so the next step is to assign the function to either the estimation step
or the control step, in this case by the command:

ilc.con.hzc = hzc

Now that the constrained output is defined for the control step, the upper and
lower bounds are passed using the following commands:

ilc.con.zmin = -2*ones((1,N))

ilc.con.zmax = 2*ones((1,N))

These commands are written in the initialization of the gILC algorithm. How-
ever, it is possible to change the bounds during each trial, by simply assigning
new values to zmin and zmax.

A.4.4 Tutorial 3: adding additional objectives - dealing with
measurement noise

The third tutorial demonstrates how to add additional objectives to the op-
timization functions of the estimation and control optimization problems. It
was shown in section A.3 that an additional objective can be seen as a penalty
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or regularization term to the objective function, minimizing the difference be-
tween zm and a given reference rz , in a least squares sense and weighted by a
diagonal matrix Qz . By setting the reference for the defined output function to
zero, the function itself can be minimized. The tutorial is a further extension
of tutorial 2, and can be found in the following script:

d_tutorial3

For this tutorial, the effect of measurement noise is investigated. Therefore a
Gaussian distributed random noise term with a standard deviation of 0.005 rad
is added to the output of the simulated model (A.12). Measurement noise in
ILC typically leads to an input signal with large contributions at high frequen-
cies, which is often countered by applying low pass filtering to the calculated
input signal. In gILC, the effect of measurement noise can be minimized by
adding a regularization term in the control step, to minimize the change of the
input signal with respect to the previous trial’s input signal. The first step is
defining the additional output function:

def hzm(xk,uk,ak):

zm = [uk[0]]

return zm

and assigning this function to the control step:

ilc.con.hzm = hzm

The reference will be set to the previous trial’s input signal during each trial,
but needs to be initialized first:

ilc.con.rz = zeros((1,N))

Since the regularization should only be applied after the first trial, the diagonal
of the weight matrix is initialized at zero:

ilc.con.Qz = 0*ones((1,N))

After the first trial has been evaluated, the reference and the weight for the
additional objective are updated by the commands:

ilc.con.rz = u_i

ilc.con.Qz = 1e7*ones((1,N))
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