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Abstract—Path following deals with the problem of following
a geometric path without any preassigned timing information
and constitutes an important step in solving the general motion
planning problem. The current paper considers path following
for differentially flat systems. In this case the dynamics of the
system can be projected along the path to a single input system,
resulting in a free end-time optimal control problem. We propose
to rewrite the problem in terms of the velocity along the path
and the path itself. This way, we arrive at a fixed end-time
optimal control problem that can be solved efficiently by interior-
point solvers. Two challenging examples, a truck-trailer parking
simulation and a quadrotor mission, illustrate the efficiency of
the problem formulation and the practicality of the developed
software.

I. INTRODUCTION

As opposed to trajectory tracking where a time-varying
reference is tracked, path following deals with the problem
of following a geometric path without any preassigned timing
information. Path following is often considered as the low level
stage in a decoupled motion planning problem [1]. First, a high
level planner determines a geometric path taking into account
geometric constraints, e.g. obstacle avoidance. Subsequently,
an optimal motion along the geometric path is determined
whereby the system dynamics and limitations, such as actuator
constraints, are accounted for. In fact, many industrially relevant
problems are path following problems. To name but a few:
robot path following [2], [3], [1] in e.g. welding or painting,
control of autonomous vehicles [4], [5], but also control for
chemical reactors [6] and batch crystallization [7].

Only recently system limitations are being considered in an
optimal control framework for path following. Most methods
employ the fact that motion along a path can be described by
a single path coordinate s [1], [3], which allows projecting
the dynamics of the system along the path to a single-input
system. Using this reformulation, the authors of [6] consider
path following for differentially flat systems [8]. However,
according to the authors the path cannot be self-intersecting
and the complexity of the optimization problem depends on the
path geometry. In [2], the authors transform the time-optimal
path following problem for the specific model structure of
robotic manipulators into a convex optimization problem by
reformulating the problem in terms of the velocity along the
path. The present paper extends this transformation for the
more general case of differentially flat systems. The approaches
from [2] and [6] are unified into a framework for solving
path following problems. A small dimensional fixed end-time

optimal control problem is derived, which is efficiently solved
by interior-point optimizers. Contrary to [6], the problem
complexity does not depend on the path parametrization.

To simplify the implementation of the optimization problem
a software package is developed in Python [9] using Ipopt [10]
as a solver. The purpose of this paper is to explain the theory
behind the software and illustrate the use of it by means of two
examples: a truck-trailer parking simulation and a quadrotor
mission.

Section II recalls the notion of differentially flat systems and
addresses the basic path-following problem. By projecting
the system dynamics onto the path, we arrive at a small
dimensional, free end-time optimal control problem. Our main
theoretical contribution is stated in Section III. The free end-
time optimal control problem is transformed into a fixed end-
time problem of smaller dimension by rewriting the problem
in terms of the velocity along the path. Finally, Section IV
briefly details the developed software such that path following
problems can be defined easily. Subsequently, it is illustrated
by means of two challenging non-linear system examples.

In the following, we will use ∂kτ g(τ) to denote the k-th
derivative of g(τ) with respect to τ . For small k, we will use
the shorthand notation ġ to denote the derivative with respect
to time.

II. PROBLEM STATEMENT

A. Differential flatness

Before addressing the path-following problem, let us first
recall the notion of differential flatness, introduced in [8].

Definition 1 (Differentially flat system): The system

ẋ = f(x,u), (1)

with x ∈ Rn and u ∈ Rm, m ≤ n, is differentially flat if there
exists a variable z ∈ Rm, the so-called flat output, such that

z(t) = g(x(t),u(t), . . . , ∂αt u(t))

and

x(t) = Φ(z(t), . . . , ∂β−1
t z(t)),

u(t) = Ψ(z(t), . . . , ∂βt z(t)),
(2)

where Φ and Ψ are smooth functions and α, β ∈ N.
The flat output characterizes all the state motions and cor-
responding input history. It is a powerful concept in motion
planning as it avoids integration of the differential equations.



In the following we consider systems of the form (1) with
output y ∈ R and we assume that the system is differentially
flat with flat output z = y.

B. Optimal path following problem

Consider a geometric reference yr(s) ∈ Cβ , a regular, i.e.
∂syr(s) 6= 0,∀s ∈ [0, 1], parametrized curve as a function
of a scalar path coordinate s. The time dependency follows
from the relation s(t). Without loss of generality it is assumed
that the trajectory starts at t = 0, ends at t = T and that
s(0) = 0 ≤ s(t) ≤ s(T ) = 1. Furthermore, it is assumed
that the velocity along the path is non-negative, i.e. ṡ(t) ≥ 0
and that the boundary conditions x0,xT are consistent with
yr(s), such that x0 = Φ(yr(0), . . . ,y

(β−1)
r (0)) and xT =

Φ(yr(1), . . . ,y
(β−1)
r (1)).

In this paper we want to find an input signal u(t) such
that the geometric reference is followed exactly by the system
output y(t) = z(t):

z(t) = yr(s(t)),

without violating constraints on states and inputs

u(t) ∈ U , x(t) ∈ X ,
in minimal time T .

For arbitrary non-linear systems this problem is challenging
to solve as it requires integrating a high dimensional non-linear
state space model. However when considering flat systems the
system dynamics can be projected along the path onto a linear
single-input system that is trivial to integrate [6]. By applying
the chainrule we find the time derivatives of yr(s)

ẏr(s) = ∂syr(s)ṡ,

ÿr(s) = ∂2syr(s)ṡ
2 + ∂syr(s)s̈,

(3)

and so on.
By substituting (3) into (2), we can rewrite the states and

inputs to the system as (with slight abuse of notation):

x = Φ(s, ṡ, . . . , ∂β−1
t s)

u = Ψ(s, ṡ, . . . , ∂βt s).

The path following problem can now be formulated as the
small dimensional optimal control problem with control input
∂βt s(t) and states s(t) up to ∂β−1

t s(t)

minimize
s(·),T

T

subject to ∂its(0) = s0i , ∂
i
ts(T ) = sTi , i = 0, . . . , β − 1

T ≥ 0

ṡ(t) ≥ 0,∀t ∈ [0, T ]

Φ(s(t), ṡ(t), . . . , ∂β−1
t s(t)) ∈ X , ∀t ∈ [0, T ]

Ψ(s(t), ṡ(t), . . . , ∂βt s(t))) ∈ U , ∀t ∈ [0, T ],
(4)

where s0i and sTi are chosen such that x0 = Φ(s00 , . . . , s0β−1
)

and xT = Φ(sT0
, . . . , sTβ−1

). Although this reformulation
simplifies the problem to a great extent, it suffers from three

important drawbacks: Firstly, it requires additional assumptions
on the geometry of the path, such as the existence of
y−1(s) [11]. Secondly, because s(t) is an optimization variable,
the geometric path itself enters in the problem formulation
through yr(s(t)). Therefore strongly non-linear paths will
inherently make the problem harder to solve. Thirdly, the
problem is a free end-time optimal control problem for which
the solution can vary quite non-linearly with changes in the
end-time. In the following section we show how to overcome
these difficulties by a transformation of variables.

III. PROBLEM TRANSFORMATION

The key idea is to transform the problem such that, instead
of time t, the path coordinate s becomes the independent
variable. This way we can get rid of the additional assumptions
on yr(s). Moreover, the problem is transformed into a fixed
end-time optimal control problem. To this end we follow the
transformation proposed in [2] and parametrize the velocity
along the path as a function of s:

b(s) = ṡ2. (5)

Taking the derivative with respect to time on both sides of (5),
yields 2ṡs̈ = ∂sb(s)ṡ or

s̈ =
∂sb(s)

2
.

By repeatedly applying the chain-rule, we find

∂3t s =
∂2sb(s)ṡ

2
=
∂2sb(s)

√
b(s)

2
,

∂4t s =
∂2sb(s)s̈

2
+
∂3sb(s)ṡ

2

2
=
∂2sb(s)∂sb(s)

4
+
∂3sb(s)b(s)

2
,

and so on.
States and inputs can now be reformulated as a function of

yr(s) and b(s):

x = Φ(yr(s), b(s), . . . , ∂
β−2
s b(s))

u = Ψ(yr(s), b(s), . . . , ∂
β−1
s b(s)).

Furthermore, using dt = ds
ṡ the objective function is reformu-

lated as

T =

∫ T

0

1dτ =

∫ 1

0

1√
b(s)

ds.

With the above transformation the optimization problem (4)
is reformulated as the optimal control problem with pseudo-
time s, differential states b(s) up to ∂β−2

s b(s) and control
∂β−1
s b(s)

minimize
b(·)

∫ 1

0

1√
b(s)

ds

subject to ∂isb(0) = b0i , ∂
i
ss(1) = bTi , i = 0, . . . , β − 2

b(s) ≥ 0,∀s ∈ [0, 1]

Φ(yr(s), b(s), . . . , ∂
β−2
s b(s)) ∈ X ,∀s ∈ [0, 1]

Ψ(yr(s), b(s), . . . , ∂
β−1
s b(s)) ∈ U ,∀s ∈ [0, 1],

(6)



where b0i and bTi are chosen such that x0 =
Φ(yr(0), b00 , . . . , b0β−2

) and xT = Φ(yr(1), bT0
, . . . , bTβ−2

).
This reformulation holds several advantages over (4). Firstly,

it contains one differential state fewer, and is therefore a
smaller dimensional optimal control problem. Secondly, the
optimal control problem now has a fixed end-time (s = 1),
which simplifies the problem to great extent. Thirdly, additional
assumptions on yr(s) can be dropped as s is the independent
variable in the problem, e.g. yr(s) can be self-intersecting.
Finally, this also means that the geometry of the path no longer
influences the complexity of the problem.

IV. EXAMPLES AND SOFTWARE

As is clear from the previous section, deriving the trans-
formed optimization problem requires many tedious manip-
ulations. To alleviate this burden, a software package is
developed to easily model path following problems. The
problems are modeled using Python and CasADi [12] and
discretized using a direct transcription method. As a solver
we use Ipopt [10], an interior-point solver for large non-linear
programs. In the following, the software is briefly explained and
is illustrated by means of two challenging non-linear systems,
a truck-trailer parking simulation and a quadrotor mission.
The software and examples are available for download via
http://people.mech.kuleuven.be/∼u0063507/pathfollowing/.

A. Software

The software supports the definition of differentially flat
systems and path following problems. To define a flat systems
with m flat outputs where the highest derivative is β is defined
by

S = FlatSystem(m, beta ).

The j-th derivative of flat output i is available via the
attribute y[ i , j ]. States and inputs can be defined by using
the instance methods set state (expr , ’name’). Already defined
states are available via the attribute x[’name’]. The instance
method dt (expr) can be used to easily calculate an expression
for the time derivative of expr.

A pathfollowing problem for the differentially flat system S
is defined with

P = PathFollowing(S).

The i-th time derivative of the path variable s is stored
in the attribute in s[ i ]. The instance method set path (expr),
where expr must be a function of s [0], defines the path to
be followed. Constraints can be set using the instance method
set constraint (expr , lb , ub) where lb and ub are values for lower

and upper bounds respectively. Various solver options can be
set using set options ({’ option ’ : value}). Aside from all supported
options of Ipopt in CasADi, the following options are available

• ’N’: The number of discretization steps
• ’Nt’: The number of returned time points in the solution
• ’ reg’: A regularization factor added to the goal function

to avoid singular arcs in the solution

φ
d0

θ0

θ1d1

(x1, y1)

(x0, y0)

Fig. 1. The truck-trailer: notations

Finally, the instance method solve () , solves the problem. The
solution is stored in the attribute P. sol. To easily plot all states,
inputs and constraints, the instance method plot () can be used.

B. Parking a truck with trailers

In this section we consider steering a truck with a trailer
along a geometric reference. The hitch of the trailer is connected
to the rear axle of the truck. The inputs to the system are the
driving velocity v, and steering velocity φ̇. Figure 1 shows
the considered setup and the notations. The flat output for this
system is the Cartesian coordinate, (x1, y1) of the medium
point of the axle of the trailer [8]. Indeed

x0 = x1 + d1 cos(θ1)

y0 = y1 + d1 sin(θ1)

cos(θ0)v = ẋ0

tan(φ)v = d0θ̇0,

and tan(θi) =
ẏi
ẋi
, i = 0, 1.

The constraints θ0−θ1, φ ∈ ]− π
2 ,

π
2 [ rad avoid singularities,

which might occur whenever ẋi = 0. Furthermore to avoid
slipping of the wheels v, v̇ and φ̇ are constrained to ±10m/s,
±20m/s2 and ±π3 rad/s respectively:

x = (θ0 − θ1, φ, v)T ∈ ]−π2 , π2 [ rad×
]− π

2 ,
π
2 [ rad × [−10, 10] m/s

u = (v̇, φ̇)T ∈ [−20, 20] m/s× [−π3 , π3 ]rad/s.

Consider parking a truck of d0 = 3.5m with a trailer of
d1 = 5.5m where the center of the trailer axle follows the
geometric trajectory
(
x1(s)
y1(s)

)
=

(
17− 17p(s)

2p(s)4
(
35− 84p(s) + 70p(s)2 − 20p(s)3

)
)
,

with
p(s) = s2(s+ 3(1− s)),

such that the trailer performs a smooth motion from (17, 0)
m to (0, 2) m and θi(0) = θi(T ) = φ(0) = φ(T ) = v(0) =
v(T ) = φ̇(0) = φ̇(T ) = 0. The code for solving the truck-
trailer problem is given in Appendix A. A solution is obtained
in 8.8 s of which 0.3 s in Ipopt and 8.5 s in non-linear function
evaluations on a 2.8GHz computer with 4GB RAM using the
automatic initialization of Ipopt. Note that most time is spent
in non-linear function calls. This time can be reduced to a large
extent by compiling the functions. Figure 2 shows the optimal
velocity, acceleration and steering velocity to accomplish the
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Fig. 2. Time optimal controls for parking a truck-trailer: driving velocity v
(top) and steering velocity φ̇ (bottom)

Fig. 3. Time optimal truck trailer parking maneuver

desired trajectory. Note that at every time instant either the
velocity, acceleration or steering velocity constraint is active as
expected for a time-optimal motion profile. The constraints on
θ0−θ1 or φ are never active. Figure 3 visualizes the movement
of the truck and trailer in 20 equal time steps.

C. Flying a quadrotor

A second example considers flying a quadrotor time-
optimally along a predetermined geometric reference. Figure 4
illustrates the used notation. The quadrotor is differentially
flat with flat outputs (x, y, x, ψ)T the coordinates of the center
of gravity of the quadrotor and the yaw angle. In [13], a
detailed derivation of the flatness is found. The control input
u = (u1, u2, u3, u4)

T consists of the net body force u4 and
the three body moments u1, u2, u3. The inputs are constrained
to

u ∈ [−8, 8] N m× [−8, 8] N m× [−8, 8] N m× [1, 32] N.

Consider flying the quadrotor along the trajectory

(x(s), y(s), z(s), ψ(s)) = (3, 3, 5, 0.5π)p(s),

with
p(s) = s4

(
35− 84s+ 70s2 − 20s3

)

such that the quadrotor performs a smooth rest-to-rest move-
ment from (0, 0, 0, 0) to (3m, 3m, 5m, 90◦). In appendix B

ψ

(x, y, z)

φ

θ

Fig. 4. The quadrotor with coordinates (x, y, z) of the center of gravity and
roll, pitch, yaw angles (θ, φ, ψ)
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Fig. 5. Time optimal controls for a rest-to-rest movement with a quadrotor

the Python code is given that is used to solve the problem. The
solution is obtained in 28.7 s of which 0.4 s in Ipopt and 28.3 s
in non-linear function evaluations. By compiling the code the
time in non-linear function calls can be greatly reduced.

The optimal controls to accomplish the desired trajectory
time-optimally are shown in figure 5. Again, note that at each
time instant at least one constraint is active. Also note the
aggressive flight angle ψ in figure 6 when breaking to arrive at
standstill in (3, 3, 5). Figure 7 shows the flight of the quadrotor
in 35 equal time steps.

V. CONCLUSION

The presented paper and software deals with path following
problems for (non- linear) differentially flat systems, in which
a geometric path without any preassigned timing information
is to be followed. The system dynamics are projected along the
path onto a single input system, resulting in a small dimensional
free end- time optimal control problem. The main contribution
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Fig. 7. Time optimal quadrotor flight in 35 time steps

of the paper is a transformation of this problem in terms of the
velocity along the path, which allows rewriting the problem
as a fixed end-time optimal control problem that is efficiently
solved by interior-point solvers.

As the transformation requires many tedious manipulations,
a Python software package based on CasADi and Ipopt has
been developed, which allows for simple definition of the path
following problem. The use and practicality of the software
is illustrated by means of two challenging test cases, a truck-
trailer parking simulation and a quadrotor. Even though both
examples are highly non-linear systems, optimal solutions are
calculated efficiently thanks to the proposed transformation.
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APPENDIX

The appendix contains the source code used to run the
examples of the truck- trailer parking simulation and the
quadrotor.

A. Truck-trailer

Note that a small factor e is added to avoid singularities
when tan θi = 0/0.

from pathfollowing import ∗
from casadi import ∗

d0, d1, e , pi = 3.5, 5.5, 1e−8, 3.14159265

# Define flat system
S = FlatSystem(2, 4)
y = S.y
S. set state (y[0, 0], ’x1’)
S. set state (y[1, 0], ’y1’)
# assures angle is between −pi/2 and pi/2
S. set state ( arctan ( tan ( arctan2 (y[1, 1], y[0, 1] + e ))), ’ th1’ )
S. set state (y[0, 0] + d1 ∗ cos(S.x[’th1’ ]), ’x0’)
S. set state (y[1, 0] + d1 ∗ sin (S.x[’th1’ ]), ’y0’)
S. set state (S.dt (S.x[’x0’ ]), ’vx0’)
S. set state (S.dt (S.x[’y0’ ]), ’vy0’)
S. set state ( arctan ( tan ( arctan2 (S.x[’vy0’ ], S.x[’vx0’] + e ))), ’ th0’ )
S. set state (S.dt (S.x[’th0’ ]), ’dth0’ )
S. set state (S.x[’vx0’] / cos(S.x[’th0’ ]), ’v’)
S. set state (S.dt (S.x[’v’ ]), ’dv’)
S. set state (

arctan ( tan ( arctan2 (S.x[’dth0’ ] ∗ d0, S.x[’v’] + e ))),
’phi’ )

S. set state (S.dt (S.x[’phi’ ]), ’dphi’ )

# Path tracking problem
P = PathFollowing(S)
ps = P.s [0] ∗∗ 2 ∗ (P.s [0] + 3 ∗ (1 − P.s [0]))
x1 = 17 − 17 ∗ ps
y1 = 2 ∗ ps ∗∗ 4 (ps ∗∗ 3 + 7 ∗ ps ∗∗ 2 (1 − ps) +

21 ∗ ps ∗ (1 − ps) ∗∗ 2 + 35 ∗ (1 − ps) ∗∗ 3)
P. set path ([x1, y1])
P. set constraint ( ’v’ , −10, 10)
P. set constraint ( ’dv’ , −20, 20)
P. set constraint (S.x[’dphi’ ], −np.pi / 3, np.pi / 3)
P. set options ({’N’: 199, ’Nt’: 499, ’reg’ : 1e−15})
P. solve ()
P. plot ()

B. Quadrotor

from pathfollowing import ∗
from casadi import ∗

G = 9.81
m = 1.35
Jx, Jy , Jz , I = 0.1325, 0.1325, 0.2651, 0.235

# Define flat system



S = FlatSystem(4, 5)
y = S.y
S. set state (

m ∗ sqrt (y[0, 2] ∗∗ 2 + y[1, 2] ∗∗ 2 + (y[2, 2] − G) ∗∗ 2),
’u4’)

S. set state (
arcsin (−m ∗ (y[0, 2] ∗ sin (y[3, 0]) −

y[1, 2] ∗ cos(y[3, 0])) / S.x[’u4’ ]),
’ theta ’ )

S. set state (
arcsin (− m ∗ (y[0, 2] ∗ cos(y[3, 0]) + y[1, 2] ∗ sin (y[3, 0])) /

(S.x[’u4’] ∗ cos(S.x[’ theta ’ ]))),
’phi’ )

S. set state (S.dt (S.x[’ theta ’ ]) − sin(S.x[’phi’ ]) ∗ y[3, 1], ’wx’)
S. set state (

cos(S.x[’ theta ’ ]) ∗ S.dt (S.x[’phi’ ]) +
sin (S.x[’ theta ’ ]) ∗ cos(S.x[’phi’ ]) ∗ y[3, 1],
’wy’)

S. set state (
−sin(S.x[’ theta ’ ]) ∗ S.dt (S.x[’phi’ ]) +
cos(S.x[’ theta ’ ]) ∗ cos(S.x[’phi’ ]) ∗ y[3, 1],
’wz’)

S. set state (
(Jx ∗ S.dt (S.x[’wx’]) + (Jz − Jy) ∗ S.x[’wy’] ∗ S.x[’wz’]) / I ,
’u2’)

S. set state (
(Jy ∗ S.dt (S.x[’wy’]) + (Jx − Jz) ∗ S.x[’wx’] ∗ S.x[’wz’]) / I ,
’u1’)

S. set state (Jz ∗ S.dt (S.x[’wz’]) + (Jy − Jx) ∗ S.x[’wx’] ∗ S.x[’wy’],
’u3’)

# Path tracking problem
P = PathFollowing(S)
s = P.s [0]
ps = s ∗∗ 4 ∗ (35 − 84 ∗ s + 70 ∗ s ∗∗ 2 − 20 ∗ s ∗∗ 3)
path = [3 ∗ ps , 3 ∗ ps , −5 ∗ ps, 0.5 ∗ np.pi ∗ ps]
P. set path (path)
P. set constraint ( ’u1’ , −8, 8)
P. set constraint ( ’u2’ , −8, 8)
P. set constraint ( ’u3’ , −8, 8)
P. set constraint ( ’u4’ , 1, 32)
P. set options ({’Nt’: 499, ’N’: 199, ’reg’ : 1e−15})
P. solve ()
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