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A sparse beam pattern constraint could suppress the sidelobe of the
minimum variance distortionless response beamformer. But the array
gains of the practical beam pattern are not in standard sparse distri-
bution but dense in the mainlobe and sparse in the sidelobes. To
improve performance, while revising the sparse constraint only on
the sidelobe, a total variation minimisation of the whole beam
pattern is incorporated to encourage large array gains accumulated in
the mainlobe and small trivial array gains gathered in the sidelobes.
Simulations demonstrate that performance enhancement is consider-
able for its lower sidelobe level and deeper nulling for interference,
while robustness against the steering angle mismatch is maintained.

Introduction: The minimum variance distortionless response (MVDR)
beamformer is a popular spatial signal processor used in sensor arrays
to control the directionality of the reception or transmission of a
signal. It has wide practical applications in wireless systems [1].
Compared to conventional beamformers, it has superior performance
in interference-plus-noise suppression. However it can also present
unacceptably high sidelobes, which would lead to serious performance
reduction in the presence of high noise or unexpected interferences [2].

Recently a sparse array gain constraint was proposed to incorporate in
the MVDR beamformer to enable sidelobe suppression [3]. For all the
array gains in the beam pattern, the l1 norm-based sparse constraint
was added equally. However, the practical beam pattern has only
sparse array gains in the sidelobes, and the array gains in the mainlobe
are distributed as a solid block. To enhance the performance further by
better fitting the practical array gains, the l1 norm-based sparse array
gains constraint is added only to the sidelobes and a total variation mini-
misation of the array gains constraint restricts the whole beam pattern.
Numerical evaluations show that the proposed beamformer achieves a
better performance.

Signal model: The signal impinging onto a uniform linear array (ULA)
with M antennas can be represented by an M-by-1 vector:

x(k) = s(k)a(u0) +
∑J
j=1

bj(k)a(uj) + n(k) (1)

where k is the index of time, J is the number of interference sources, s(k)
and bj(k) (for j ¼ 1, . . ., J ) are the amplitudes of the signal of interest
(SOI) and interfering signals at time instant k, respectively, ul (for l ¼
0, 1, . . ., J ) are the direction of arrivals (DOAs) of the SOI and interfer-
ing signals, a(ul) ¼ [1 exp( j wl) . . . exp( j(M–1) wl)]

T (for l ¼0, 1, . . .,
J ) are the steering vectors of the SOI and interfering signals, wherein
wl ¼ (2pd/l) sin ul, with d being the distance between two adjacent
sensors and l being the wavelength of the SOI; and n(k) is the additive
white Gaussian noise (AWGN) vector at time instant k.

The output of a beamformer for the time instant k is then given by

y(k) = wH x(k) = s(k)wH a(u0) +
∑J
j=1

bj(k)wH a(uj) + wH n(k) (2)

where w is the M-by-1 complex-valued weighting vector.

Proposed beamformer: The MVDR beamformer is desiged to minimise
the total array output energy subject to a distortionless constraint in the
DOA of the SOI [1]:

wMVDR = arg min
w

(wH Rxw), s.t. wH a(a0) = 1 (3)

where Rx is the M-by-M covariance matrix of the received signal vector
x(k), and wHa(a0) ¼ 1 is the distortionless constraint applied to the SOI,
with a0 being the given DOA of the SOI, which may not be the same as
u0 due to estimation error.

To reduce the sidelobe level of the MVDR beamformer, a sparse array
gains constraint was incorporated in [3]:

wS = arg min
w

(wH Rxw + g1‖wH A‖1), s.t. wH a(a0) = 1 (4)

where g1 is the weighting parameter balancing the minimum variance
constraint on the total array output energy and the sparse constraint on
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the beam pattern. The M- by- N A is the array manifold with an ( n ¼
1, 2, . . ., N ) being the sampled angles in the range [2908, 908], and
the N steering vectors cover all the DOAs in the sampling range, i.e.

Amn = exp( j(m − 1)wn), for m = 1, . . . ,M, n = 1, . . . ,N (5)

wn = 2pd

l
sinan, for n = 1, 2, . . . ,N (6)

and ‖x‖1 =
∑

i
|xi| is the l1 norm of a vector x. It is a kind of measure-

ment of sparsity for x. The smaller the value of ‖x‖1 is, the larger the
number of trivial entries in x is [4]. The optimal weighting vector indi-
cated by (4) can be solved in an iterative way efficiently [3].

The sparse constraint encourages sparse distribution for all the array
gains wHA for all the possible DOAs from 2908 to 908. However, the
array gains in the mainlobe are not sparse. On the contrary, the distri-
bution of the entries of the beam pattern is dense as a solid block.
Thus the performance would be improved by a more suitable constraint
on the beam pattern. Here the l1 norm minimisation-based sparse
constraint is added only to the sidelobes, and a total variation minimis-
ation (TVM) restricts the entire beam pattern [5]. The TVM and sparse-
constraint-based MVDR (TVMS-MVDR) beamformer can be
formulated as:

wTVMS = argmin
w

wH Rxw + g2

∑I

i=1
‖Di(wH A)T‖2

((

+‖wH AS‖1

))
, s.t. wH a(a0) = 1

(7)

where

Di =
Di,F

Di,B

[ ]
(8)

AS = [ a(a−90) . . . a(a−b−1) a(a+b+1) . . . a(a+90) ] (9)

Di,F and Di,B are the ith forward and backward differential matrix, I is the
total number of differential matrix Di used in the model; AS is consti-
tuted by the sidelobe steering vectors in A. The product wHAS indicates
array gains of the sidelobe. g2 is the weighting factor controlling the
TVM constraint and the sparse constraint; and b is an integer corre-
sponding to the bounds between the mainlobe and the sidelobe of the
beam pattern. Since the objective function of the proposed beamformer
(7) is convex, the optimal wTVMS can also be solved out by convex pro-
gramming software CVX [6].

In the beam pattern shaping constraint
∑I

i=1 ‖Di(wH A)T‖2+
‖wH AS‖1, the first term is the TVM, which discourages the large fluctu-
ation in the beam pattern. It results in the high array gains accumulated
in the mainlobe and the small trivial ones gathered in the sidelobe. In
addition, the sparse beam pattern constraint is modified to be the
second term to suppress the sidelobe levels. As the new further con-
straint in (7) fits the desired beam pattern better, the performance
would be enhanced.

Simulation: As the above methods have no particular requirement for
the array structure [1, 3], in the simulations, a ULA with eight half-wave-
length-spaced sensors is considered. The AWGN at each sensor is
assumed spatially uncorrelated. The DOA of the SOI is set to be 08,
and the DOAs of three interfering signals are set to be 2308, 308 and
708, respectively. The signal-to-noise ratio (SNR) is set to be 10 dB,
and the interference-to-noise ratios (INRs) are assumed to be 20, 20
and 40 dB at 2308, 308, and 708, respectively. 100 snapshots are
used for each simulation. The bounds parameter b is set to be 20, and
g1, g2 are set to be 5. The matrix A consists of all steering vectors in
the DOA range of [2908, 908] with the sampling interval of 18. The
parameter for TVM in (7) is set to be I ¼ 2.

To evaluate the performance in detail, the signal-to-interference-plus-
noise ratio (SINR) is calculated via the following formula:

SINR = s2
SwH a(u0)aH (u0)w

wH
∑J

j=1 s
2
j a(uj)aH (uj) + Q

( )
w

(10)

where sS
2 and sj

2 are the variances of the SOI and jth interference, Q is a
diagonal matrix with the diagonal elements being the noise variances.

Fig. 1 shows the normalised beam patterns of the MVDR beamformer
(3), the sparse MVDR beamformer (4), and the proposed TVMS-
MVDR beamformer (7) of 1000 Monte Carlo simulations. It is
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obvious that the best sidelobe suppression performance is achieved by
the TVMS-MVDR beamformer (7). Among the three beamformers,
the TVMS-MVDR beamformer (7) has the lowest array gain level
in the sidelobe area, and provides the deepest nulls in the directions of
interference, i.e. 2308, 308 and 708. The average received SINR
by the beamformers defined in (3), (4) and (7) are 2.0732, 4.3178 and
5.8563 dB.
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Fig. 1 Normalised beam patterns of three beamformers without angle
mismatch

Fig. 2 shows the normalised beam patterns of the beamformers with
each one having a 48 mismatch between the steering angle and the
DOA of the SOI. We can see that the MVDR beamformer has a deep
notch at 48, which is the DOA of the SOI. Comparing the beam patterns
of beamformers defined in (4) and (7), we can see that the TVMS-
MVDR beamformer (7) further suppresses sidelobe levels and
deepens the nulls for interference avoidance, and has almost the same
robustness against mismatch. Although the TVMS-MVDR beam-
former’s main beam is slightly broader than that of the sparse MVDR
beamformer, the much lower sidelobes and much deeper nullings for
interferences obtained using the proposed method will mitigate this
effect and the whole output SINR will be improved. In the case of 48
mismatch, the average received SINR by the beamformers defined in
(3), (4) and (7) are 0.0004, 3.1903 and 4.8667 dB, respectively.

Simulations with different arrays, such as M ¼ 12 and/or M ¼ 16, 80
and/or 120 snapshots, etc., have also been performed. The performance
gains can be obtained similarly.
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Fig. 2 Normalised beam patterns of three beamformers with 48 angle
mismatch
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Conclusion: The proposed TVMS-MVDR beamformer shows superior-
ity to the MVDR beamformer and the sparse MVDR beamformer. It
outperforms in terms of sidelobe suppression and nulling for interfer-
ence avoidance, while maintaining robustness against DOA mismatch.
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