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Abstract—Time-optimal point-to-point motion trajectories are
typically computed by solving a sequence of linear feasibility
problems and using a bisection algorithm. This paper presents a
more efficient iterative algorithm, inspired by Newton-Raphson’s
root-finding algorithm, to solve time-optimal point-to-point mo-
tion control problems for discrete-time linear time-invariant sys-
tems with linear system constraints. In each iteration a maximum
range problem is solved, maximizing the travel range of a
system for a given motion time and system constraints. Although
each iteration of the proposed algorithm is computationally
more expensive than an iteration of the bisection algorithm, the
presented approach is generally more efficient thanks to a great
reduction in the number of optimization problems to be solved.

Index Terms—Time-optimal point-to-point motions, Bisection,
Newton-Raphson

I. INTRODUCTION

In many mechatronic systems such as pick and place ma-
chines, lithography machines, gantry cranes, ... time-optimal
point-to-point (PTP) motion control is of significant importance
for maximizing the productivity. The goal of time-optimal
PTP motion control is to find the system input that steers the
system output from a given initial condition to the desired end
condition in minimal time while respecting system limitations
such as input, velocity, acceleration, or jerk constraints.

Typically, time-optimal PTP motion control problems for
discrete-time linear time-invariant (LTI) systems are solved
using a bisection algorithm [1], [2], [3], [4]. Starting from an
interval [Nlb, Nub] that contains the minimal motion time of
Nmin samples, the bisection algorithm solves a feasibility prob-
lem to determine whether Nmin is in the lower or upper half of
[Nlb, Nub], and subsequently updates the interval accordingly
[5]. This way, the bisection algorithm iteratively finds the
minimal motion time up to the accuracy of 1 sampling period
after solving dlog2(Nub −Nlb)e linear feasibility problems.

Our approach starts from the observation that computing the
minimal motion time Nmin to travel the desired distance rdes

is equivalent to finding the intersection of the curve r∗(N),
which gives the maximum travel range r∗ as a function of
motion time N , with the line r = rdes. The bisection algorithm
solves this root-finding problem with a linear convergence rate
using a sequence of linear feasibility problems.

This paper proposes to solve the time-optimal PTP motion
problem using Newton-Raphson’s method, which converges
quadratically near the solution. However, Newton-Raphson’s

method requires both the function value r∗(N) and its deriva-
tive to compute a new estimate of the minimal motion time.
Since a feasibility problem does not provide this information,
we propose to solve a maximum range problem in each
iteration of the root-finding algorithm. The maximum range
problem maximizes the travel range of a rest-to-rest motion for
a given motion time, while respecting the system constraints
[6]. In the case of a discrete-time LTI system with linear system
constraints, the maximum range problem is a linear program
(LP). After solving a maximum range problem, the sensitivity
of the solution to changes in motion time is estimated using
LP duality. This way, both the function value r∗(N) and the
slope ∆r∗

∆N (N) are obtained by solving only one LP.
For a given motion time, the maximum range problem of the

proposed approach and the feasibility problem of the bisection
approach are LPs of the same size. However, the feasibility
problem is generally solved faster since the optimization
algorithm can stop once a feasible solution or a certificate of
infeasibility is found. Still, the proposed algorithm yields sig-
nificantly shorter computation times since Newton-Raphson’s
method converges much faster than the bisection method and,
therefore, less problems need to be solved.

This paper is organized as follows. First, Section II presents
the complete iterative algorithm to solve the time-optimal
PTP motion control problem. Next, Section III discusses
the maximum range problem for single-input single-output
(SISO), and multiple-input multiple-output (MIMO) systems
in Subsection III-A and III-B respectively. Then, Section IV
details the computation of the sensitivity of the maximum
travel range to small changes in motion time. Section V
compares the proposed algorithm to the bisection algorithm for
several time-optimal PTP motion control problems on a fourth
order mechanical SISO system and on a 2× 2-MIMO system,
an XY-positioning stage. Finally, Section VI summarizes the
conclusions of this work.

II. A ROOT-FINDING APPROACH TO SOLVE THE
TIME-OPTIMAL PTP MOTION PROBLEM

This section discusses the root-finding algorithm, including
stopping criteria, that computes the minimal motion time Nmin
and the corresponding time-optimal system input to travel the
desired distance rdes. In each iteration of the root-finding al-
gorithm, both the maximum travel range r∗ and the sensitivity
∆r∗

∆N are computed for an estimate of the minimal motion
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Fig. 1. Estimation of the minimal motion time after solving the first maximum
range problem.

time using a method that is described later in Section III and
IV. For now, we assume that both the function value and
its sensitivity are available in each iteration. This allows us
to use Newton-Raphson’s method, which has local quadratic
convergence in contrast to the linear convergence rate of the
bisection algorithm.

The algorithm starts by solving a maximum range problem
for the initial estimate N1 of the minimal motion time, and by
estimating the sensitivity ∆r∗

∆N (N1) of the solution r∗(N1) to
changes in motion time. Next, the function r∗(N) is locally
approximated by a linear function r̂(N) that passes through
the point (N1, r

∗(N1)) with a slope equal to ∆r∗

∆N (N1), and
the minimal motion time is re-estimated by computing the
intersection of r̂(N) with r = rdes (see Fig. 1). This results in
the following update formula for the estimated minimal motion
time:

Ni+1 = Ni −
r∗(Ni)− rdes

∆r∗

∆N (Ni)
, (1)

where subscript i denotes the iteration number of the Newton-
Raphson algorithm. In the next iteration, a maximum range
problem is solved for the new estimate N2 of the minimal
motion time.

This procedure is repeated until the estimated minimal
motion time Ni is the smallest value of N for which r∗(N) ≥
rdes, i.e.:

Ni = Nmin ⇔
{
r∗(Ni) ≥ rdes

r∗(Ni − 1) < rdes (2)

Note that the sensitivity ∆r∗

∆N (Ni) can be used to estimate
r∗(Ni − 1):

r∗(Ni − 1) ≈ r∗(Ni)−
∆r∗

∆N
(Ni). (3)

This way, the stopping criterium in (2) can be relaxed to:{
r∗(Ni) ≥ rdes

r∗(Ni − 1) < rdes OR r∗(Ni)− β∆r∗

∆N (Ni) < rdes

(4)
where 0 < β < 1 is a safety factor, chosen around 0.9, to
account for the estimation error in (3).

At the end, when the minimal motion time of Nmin samples
is found, the corresponding solution of the maximum range

problem is corrected with a factor of rdes/r∗(Nmin) such that
the travel range is exactly equal to the desired travel range
rdes.

III. THE MAXIMUM RANGE PROBLEM

This section details the computation of the maximum travel
range r∗ for SISO and MIMO LTI systems in Subsections III-A
and III-B respectively.

A. SISO systems

For a SISO discrete-time LTI system with input u(k), out-
put y(k), and states x(k), the maximum travel range for a
given motion time of N samples is computed by solving the
following LP:

maximize
x,u,y

y(N)− y(1), (5a)

subject to x(1) = xinit, y(1) = yinit (5b)
x(k + 1) = Ax(k) +Bu(k), (5c)
y(k) = Cx(k) +Du(k), (5d)
x(N) = Ax(N) +Bu(N), (5e)
u ≤ u(k) ≤ u, (5f)

δy ≤ δy(k) ≤ δy. (5g)

In (5), the travel range r = y(N) − y(1) is maximized (5a)
subject to a set of linear equality constraints containing the
initial conditions (5b), the state-space equations (5c) for k ∈
{1, . . . , N − 1}, the output equations (5d) for k ∈ {1, . . . , N},
and the terminal conditions (5e), which enforce the system
to arrive at rest. In addition, (5) contains linear inequality
constraints, (5f) and (5g) for k ∈ {1, . . . , N}, to bound the
input u(k), and the output velocity δy(k), which is defined
as:

δy(k) =
y(k)− y(k − 1)

Ts
, (6)

where Ts denotes the sampling time.
In each iteration of the Newton-Raphson algorithm in Sec-

tion II, optimization problem (5) is solved for an estimate
Ni of the minimal motion time to obtain the corresponding
maximum travel range r∗(Ni). The maximum range problem
(5) can easily be extended with other linear system constraints
such as input rate, acceleration or jerk constraints.

B. MIMO systems

The maximum range problem (5) can easily be extended to
controllable MIMO LTI systems. This can be done by maximiz-
ing the travel range of one of the outputs rj = yj(N)− yj(1)
for which the desired travel range rdes

j 6= 0, while considering
the constraints and dynamics of the full MIMO system, and
adding linear equality constraints (7) to enforce that the travel
ranges of the other outputs ri, i 6= j scale properly with the
travel range of the selected output rj :

rdes
i · [yj(N)− yj(1)] = rdes

j · [yi(N)− yi(1)] . (7)

The Newton-Raphson root-finding algorithm described in
Section II is applied to the selected output only. By adding



equality constraints (7) to the maximum range problem (5), the
minimal motion time obtained by the root-finding algorithm,
automatically satisfies r∗i (Nmin) ≥ rdes

i .

IV. SENSITIVITY OF THE MAXIMUM TRAVEL RANGE TO
CHANGES IN MOTION TIME

The maximum range problem (5) is solved in each iteration
of the proposed algorithm and yields the maximum travel
range r∗(Ni) for the estimated minimal motion time of Ni
samples, where the subscript i denotes the iteration number.
In order to use the Newton-Raphson approach described in
Section II to re-estimate the minimal motion time, we also
need information on the sensitivity

∆r∗

∆N
(Ni) =

r∗(Ni + ∆N)− r∗(Ni)

∆N
(8)

of the maximum travel range r∗ to small changes in motion
time around Ni. However, the exact evaluation of ∆r∗

∆N (Ni)
using (8) would require two maximum range problems per
Newton-Raphson iteration. Fortunately, the computational cost
per Newton-Raphson iteration can be reduced by estimating
∆r∗

∆N (Ni) based on the solution of only one maximum range
problem.

To estimate ∆r∗

∆N (Ni), the effect of changing the time hori-
zon from NiTs to (Ni + ∆N)Ts seconds is approximated by
changing the sampling period from Ts to Ni+∆N

Ni
Ts seconds:

∆r∗

∆N
(Ni) ≈

dr∗

dts
(Ts) ·

∆N · Ts

Ni
, (9)

where dr∗

dts
(Ts) is the shorthand notation of dr∗(ts)

dts

∣∣
ts=Ts

, the
sensitivity of the maximum travel range r∗ to changes in
sampling time ts around its actual value Ts.

In order to compute the sensitivity dr∗

dts
(Ts) of the optimal

value of (5) to changes in sampling time, the dependency of
the maximum range problem formulation (5) on the sampling
time must be known. In (5), only the constraint coefficient
matrices of equality constraints (5c), (5d), (5e), and the
constraint coefficient matrices of inequality constraints (5g)
depend on the sampling time. The dependency of the velocity
constraint (5g) on ts is according to (6). The dependency of
the state-space matrices {A,B,C,D} on ts can be obtained
by starting from a continuous-time state-space description
{Ac, Bc, Cc, Dc} and then applying the analytical expression
of the used system discretization. The analytical expressions
for Tustin discretization, and forward or backward Euler dis-
cretization are described in [7]. In the case of zero-order hold
discretization, the discrete-time system’s state-space matrices
{A,B,C,D} as a function of the sampling time are given by
[8]:

A(ts) = eActs B(ts) =

∫ ts

0

eAcτdτ ·Bc (10a)

C = Cc D = Dc. (10b)

Now that the dependency of the maximum range problem
formulation on the sampling time is known, the sensitivity
dr∗

dts
(Ts) can be computed. The sensitivity of the solution of an

LP to small changes in the right-hand side constants is given by
the Lagrange multipliers [5]. In [9], this is extended for small
changes in the constraint coefficient matrices. The maximum
range problem (5) corresponds to a parametric optimization
problem for ts = Ts of the following form:

maximize
z

cTz, (11a)

subject to Aeq(Ts)z = beq, (11b)
Ain(Ts)z ≤ bin. (11c)

Let z∗ denote an optimal point of (11) for ts = Ts, and λ∗, ν∗

the corresponding optimal Lagrange multipliers of the equality
and inequality constraints in (11). Then, the derivative dr∗

dts
(Ts)

of the maximum travel range r∗ = cTz∗ to the sampling time
ts, evaluated at the actual sampling time Ts is given by [9]:

dr∗

dts
(Ts) =−

(
dAeq

dts
(Ts)z

∗
)T

ν∗

−
(
dAin

dts
(Ts)z

∗
)T

λ∗.

(12)

Finally, the sensitivity of the maximum travel range ∆r∗

∆N (Ni)
to a change in motion time around Ni is estimated by
combining (9) and (12).

V. NUMERICAL VALIDATION

This section presents a comparison of the proposed algo-
rithm with the bisection algorithm described in [1], [2], [3],
[4] for several time-optimal PTP motion control problems.
The first example considers a fourth order mechanical SISO
system with input constraints, velocity constraints, and jerk
constraints. The second example considers an XY-positioning
stage consisting of two linear motors with input constraints,
input rate constraints and velocity constraints. All optimization
problems are solved in Matlab [10] using Mosek [11] on a
laptop PC with a 2.66 GHz Intel Core 2 Duo processor and 4
GB RAM memory.

A. Fourth order SISO system

The first example considers a mechanical system where a
force u(t) acts on a mass m1 = 1 kg, which is connected to
a second mass m2 = 0.1 kg via a spring with spring constant
k = 400 N m−1 and a damper with damping coefficient c =
0.1 N s m−1. In addition, viscous friction cg = 0.1 N s m−1 is
present between the ground and the first mass. The continuous-
time state-space matrices (13) are derived for the states x(t) =
[ẏ1(t) ẏ2(t) y1(t)− y2(t) y2(t)]

T, where y1(t) and y2(t)
respectively denote the position of mass m1 and mass m2, and
y2(t) is the output of the system.

Ac =


− c+cg

m1

c
m1

− k
m1

0
c
m2

− c
m2

k
m2

0

1 −1 0 0
0 1 0 0

 Bc =


1
m1

0
0
0


Cc =

[
0 0 0 1

]
Dc =

[
0
]

(13)
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Fig. 2. Time-optimal system input, and the corresponding output position,
velocity and jerk for the fourth-order system.

The continuous-time state-space model (13) is discretized at
a sampling rate of 500 Hz using the zero-order hold method.
The system is commanded to travel a distance rdes = 0.1 m
time-optimally, starting from rest at y = 0, while respecting
the constraints on the input: u = 1 N, on the velocity of the
second mass: δy = 0.25 m s−1, and on the jerk of the second
mass δ3y = 40 m s−3. The time-optimal system input, and the
corresponding output position, velocity and jerk are shown in
Fig. 2. At each time instant, one of the system constraints is
active, hence the motion time of 346 samples or 0.692 s is
minimal.

Fig. 3 shows the maximum travel range r∗(N) as a function
of motion time for the considered system dynamics and
constraints. Fig. 4 shows the actual sensitivity of the maximum
travel range to changes in motion time, given by (8) for
∆N = 1, and its estimate according to (9). This figure
shows that the estimation method presented in Subsection IV
is sufficiently accurate.

The time-optimal PTP motion control problem is solved
for 255 different initial guesses N1 of the minimal motion,
ranging from the minimal motion time of 346 samples to
600 samples. Fig. 5 shows the total computation time and the
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Fig. 3. Maximum travel range as a function of motion time for the fourth
order system.
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Fig. 4. Actual sensitivity and estimated sensitivity of the maximum travel
range to changes in motion time as a function of motion time for the fourth
order system.

number of optimization problems required to solve the time-
optimal PTP motion problem using the proposed algorithm and
the bisection algorithm. The number of feasibility problems
in the bisection algorithm is computed as dlog2(Nub −Nlb)e
assuming that Nlb = Nmin and Nub = 2·N1−Nmin. In this case,
[Nlb, Nub] is the smallest uncertainty interval that is symmetric
around N1 and contains the minimal motion time Nmin. In
other words, this comparison considers the minimal number
of feasibility problems required in the bisection algorithm
for each initial guess of the minimal motion time. Fig. 5
clearly shows that, even in this case, the proposed algorithm
outperforms the bisection algorithm.

Next, the time-optimal PTP motion control problem is also
solved for 100 different values of rdes, equidistantly distributed
between 0.001 m and 0.2 m. The proposed algorithm and
the bisection algorithm both start from an initial guess of
400 samples for the minimal motion time. The bounds of
the uncertainty interval on Nmin for the bisection algorithm
are chosen as follows: Nlb = 1, and Nub = 800. The
average computation time of the proposed algorithm and the
bisection algorithm are 1.33 s and 3.8 s respectively. For this
example, the proposed algorithm yields a reduction of 65%
in computation time on average. As expected, the average
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Fig. 5. Total computation time and number of optimization problems of the
proposed algorithm and the bisection algorithm for the fourth order system.

m (kg) c (Ns/m) u (N) δu (N/s) δy (m/s)

X motor 10 0.7 7 80 0.3
Y motor 4 0.3 3 80 0.25

TABLE I
NUMERIC VALUES FOR THE SYSTEM PARAMETERS AND SYSTEM

CONSTRAINTS OF THE XY-POSITIONING STAGE.

computation time of a single feasibility problem (0.38 s) is
smaller than the average computation time of a maximum
reach problem (0.42 s).

B. XY-positioning stage

The second example considers an XY-positioning stage
consisting of two linear motors. Each linear motor is modelled
as a mass m with viscous friction c. Table I shows the
numeric values for the model parameters m and c of the two
linear motors together with the numeric values of the input
constraints, input rate constraints and velocity constraints. The
model parameters are used to derive a continuous-time state-
space model, which is again discretized at a sampling rate of
500 Hz using the zero-order hold method. The XY-positioning
stage is commanded to travel a distance of rdes

x = 0.2 m in the
x-direction and a distance of rdes

y = 0.2 m in the y-direction
time-optimally, starting from rest, while respecting the system
constraints in table I. The time-optimal system input, input rate
and the corresponding output position and velocity are shown
in Fig. 6. At each time instant, one of the system constraints
is active, hence the motion time of 592 samples or 1.184 s is
minimal. Fig. 7 shows the maximum travel ranges r∗x (N) and
r∗y (N) of the two linear motors as a function of motion time
for the considered system dynamics and constraints.

The time-optimal PTP motion control problem is solved
for 209 different initial guesses N1 of the minimal motion,
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Fig. 6. Time-optimal system input, input rate and the corresponding output
position and velocity for the XY-positioning stage.
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Fig. 8. Total computation time and number of optimization problems of the
proposed algorithm and the bisection algorithm for the XY-positioning stage.

ranging from the minimal motion time of 592 samples to
800 samples. Fig. 8 shows the total computation time and the
number of optimization problems required to solve the time-
optimal PTP motion problem using the proposed algorithm
and the bisection algorithm. Again, the number of feasibility
problems in the bisection algorithm is computed for the
smallest uncertainty interval symmetrically around N1 that
contains the minimal motion time Nmin. Fig. 8 clearly shows
that, even in this case, the proposed algorithm outperforms the
bisection algorithm.

Finally, the time-optimal PTP motion control problem
is solved for 100 different values for

[
rdes

x , rdes
y

]
,

evenly distributed within the square with vertices
[(0, 0); (0, 0.1); (0.1, 0.1); (0.1, 0)]. The proposed algorithm
and the bisection algorithm both start from an initial guess of
500 samples for the minimal motion time. The bounds of the
uncertainty interval on Nmin for the bisection algorithm are
chosen as follows: Nlb = 1, and Nub = 1000. The average
computation time of the proposed algorithm and the bisection
algorithm are 0.85 s and 3.03 s respectively. For this second
example, the proposed algorithm yields a reduction of 62%
in computation time on average.

VI. CONCLUSION

This paper presents an efficient algorithm to solve time-
optimal point-to-point motion control problems for discrete-
time linear time-invariant systems with linear system con-
straints. Instead of using a bisection algorithm and solving a
sequence of linear feasibility problems to compute the minimal
motion time and the corresponding time-optimal system input,
this paper proposes to use Newton-Raphson’s method and
solve a maximum range problem in each iteration. Although
a maximum range problem is computationally slightly more
expensive than a feasibility problem, the overall computation

time of the proposed method is significantly shorter thanks to
a great reduction in the number of optimization problems to be
solved. The numerical validation confirms the computational
efficiency of the proposed algorithm.
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