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Efficient computation of time-optimal
point-to-point motion trajectories
Pieter Janssens, Wannes Van Loock, Goele Pipeleers and Jan Swevers

Abstract—This paper presents an efficient algorithm to solve
time-optimal point-to-point motion control problems for discrete-
time linear time-invariant systems with linear system constraints.
Instead of using a bisection algorithm and solving a linear feasi-
bility problem in each iteration, this paper proposes an iterative
algorithm that is based on the Newton-Raphson method. In each
iteration a maximum range problem is solved, maximizing the
travel range of a system for a given motion time and system
constraints. Although each iteration of the proposed algorithm is
computationally more expensive than an iteration of the bisection
algorithm, numerical examples demonstrate that the presented
approach is generally more efficient thanks to a great reduction
in the number of optimization problems to be solved.

Index Terms—Time-optimal point-to-point motions, Bisection,
Newton-Raphson

I. INTRODUCTION

Time-optimal point-to-point (PTP) motion control is an
effective tool to reduce the execution time of many industrial
tasks performed by a mechatronic system. The goal is to find
the system input that steers the system output from a given
initial condition to the desired end condition in minimal time
while respecting the system constraints. The literature on time-
optimal motion control is vast and contains both online [1] and
offline [2], [3], [4], [5], [6] optimization methods, and focusses
mainly on robotic manipulators [7], [8], [9], [10] and linear
time-invariant (LTI) systems [1], [2], [3], [4], [5]. Depending
on the linearity of the system and the parametrization of the
motion trajectory, these algorithms yield an approximate [6],
[4], [5] or an exact solution of the time-optimal PTP motion
control problem [1], [2], [3]. This paper considers discrete-
time linear time-invariant (LTI) systems with linear system
constraints for which the globally optimal solution of a time-
optimal PTP motion control problem is typically computed
using a bisection algorithm [1], [2], [3]. Starting from an
interval [Nlb, Nub] that is known to contain the minimal
motion time of N∗ samples, the bisection algorithm solves a
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feasibility problem to determine whether N∗ is in the lower or
upper half of [Nlb, Nub], and subsequently updates the interval
accordingly [11]. This way, the bisection algorithm iteratively
finds the minimal motion time up to the accuracy of 1 sample
after solving dlog2(Nub −Nlb)e linear feasibility problems.
Depending on the width Nub − Nlb of the initial uncertainty
interval, the computational cost of solving the time-optimal
PTP motion problem can become large.

Solving the time-optimal PTP motion problem, i.e com-
puting the minimal motion time N∗ and the corresponding
time-optimal system input to travel the desired distance rdes,
is equivalent to finding the intersection of the curve r∗(N),
which gives the maximum travel range r∗ as a function of
motion time N , with the line r = rdes. The bisection algorithm
solves this root-finding problem with a linear convergence
rate [12] using a sequence of linear feasibility problems. This
paper proposes to solve the time-optimal PTP motion problem
using a more efficient root-finding algorithm that is based
on the Newton-Raphson method, which converges quadrat-
ically near the solution [12]. The Newton-Raphson method
requires both the function value r∗(N) and its derivative to
compute a new estimate of the minimal motion time. Since
the only information obtained by solving a feasibility problem
is whether r∗(N) ≥ rdes or r∗(N) < rdes, we propose to
solve a maximum range problem in each iteration of the root-
finding algorithm. The maximum range problem maximizes
the travel range of a rest-to-rest motion for a given motion time
N , while respecting the system constraints [13]. In the case
of a discrete-time LTI system with linear system constraints,
the maximum range problem is a linear program (LP). After
solving a maximum range problem, the sensitivity of the
solution to changes in motion time is estimated using LP
duality. This way, both the function value and the slope of
the function r∗(N) are obtained by solving only one LP per
iteration.

The choice for the Newton-Raphson method as root-finding
algorithm to solve the time-optimal PTP motion problem is
motivated by its local quadratic convergence. Other popular
root-finding algorithms such as the secant method and Brent’s
method do not use sensitivity information, and as a result, they
converge only superlinearly instead of quadratically [12]. An
important drawback of the Newton-Raphson method, however,
is that convergence might not be guaranteed for each initial
guess. For this reason, we use a safeguarded Newton-Raphson
method [14], which is a root-finding algorithm that combines
Newton-Raphson’s method with a bisection method yielding
guaranteed convergence provided that the initial search interval
[Nlb, Nub] contains the minimal motion time N∗.
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For a given motion time, the maximum range problem of the
proposed approach and the feasibility problem of the bisection
approach are LPs of the same size. However, the feasibility
problem is generally solved faster since the optimization
algorithm can stop once a feasible solution or a certificate
of infeasibility is found. Still, numerical examples demon-
strate that the proposed algorithm generally yields significantly
shorter computation times than the bisection approach thanks
to the fast convergence of the Newton-Raphson method, which
reflects in a small number of optimization problems to be
solved.

This paper is organised as follows. Section II first discusses
the maximum range problem and the sensitivity of the optimal
solution to small changes in motion time, and subsequently
presents the complete safeguarded Newton-Raphson root-
finding algorithm, including the stopping criteria. Section III
compares the proposed algorithm to the bisection algorithm
for several time-optimal PTP motion control problems. Finally,
section IV summarizes the conclusions of this work.

II. EFFICIENT SOLUTION OF TIME-OPTIMAL PTP MOTION
PROBLEMS

This section first states the considered time-optimal PTP
motion problems considered in this paper and formulates
their maximum range counterparts. Subsequently, Section II-B
explains the efficient computation of the sensitivity informa-
tion that is needed in the developed Newton-Raphson based
algorithm for solving the time-optimal motion problem. The
algorithm itself is elaborated in Section II-C.

A. Time-optimal PTP motion and its maximum range problem

In time-optimal PTP motion problems a system input is
sought to move the output a desired distance rdes as fast as
possible given the system limitations. Consider a discrete-
time LTI single-input single-output (SISO) system with in-
put u(k), output y(k), states x(k), and state-space matrices
{A,B,C,D}, and assume that the system limitations involve
bounds on the input, the input rate, and the output velocity.
Then, the time-optimal PTP motion problem amounts to

minimize
x,u,y,N

N, (1a)

subject to x(1) = xinit, y(1) = yinit, (1b)
x(k + 1) = Ax(k) +Bu(k), (1c)
y(k) = Cx(k) +Du(k), (1d)
x(N) = Ax(N) +Bu(N), (1e)
y(N) = yinit + rdes, (1f)
u ≤ u(k) ≤ u, (1g)

δu ≤ δu(k) ≤ δu, (1h)

δy ≤ δy(k) ≤ δy. (1i)

In (1), the motion time N is minimized (1a) subject to a set
of linear equality constraints containing the initial conditions
(1b), the state equations (1c) for k ∈ {1, . . . , N − 1}, the
output equations (1d) for k ∈ {1, . . . , N}, and the terminal
conditions (1e,1f), which enforce the system to travel distance

rdes and to arrive at rest. The linear inequality constraints,
(1g), (1h) and (1i) for k ∈ {1, . . . , N}, enforce the system
constraints on the input u(k), on the input rate:

δu(k) =
u(k)− u(k − 1)

Ts
, (2)

and on the output velocity:

δy(k) =
y(k)− y(k − 1)

Ts
, (3)

where Ts denotes the sampling time. The solution of (1) as a
function of rdes is denoted N∗(rdes).

The algorithm proposed in this paper for computing
N∗(rdes) efficiently starts from the observation that

N∗(rdes) = min{N : r∗(N) ≥ rdes} , (4)

where r∗(N) indicates the maximal distance the system can
travel in N time samples while respecting all constraints
enforced in the time-optimal PTP motion problem (1). That
is, for a given N , r∗(N) corresponds to the optimal value of
the following problem:

maximize
x,u,y

y(N)− y(1), (5a)

subject to constraints (1b, 1c, 1d, 1e, 1g, 1h, 1i). (5b)

This maximum range problem is very similar to (1), except
for the considered objective and the fact that the terminal
condition (1f) is omitted. As (5) corresponds to an LP (and is
hence, convex) every local optimum yields the true maximum
range r∗(N). For later reference, it is noted that r∗(N) is
non- decreasing (i.e. r∗(N + 1) ≥ r∗(N) for all N ) because
the system is enforced to arrive at rest: From the optimal
solution x∗, u∗, y∗ of (5) for N , one can generate a feasible,
but possibly suboptimal point x, u, y of (5) for N + 1 as

x(i) = x∗(i) for i = 1, . . . , N, and x(N + 1) = x∗(N),

and similarly for u and y.
The time-optimal PTP motion problem and the correspond-

ing maximum range problem (5) can easily be extended
with additional linear system constraints such as acceleration
constraints, overshoot constraints, undershoot constraints, etc.
and to LTI multiple-input multiple-output (MIMO) systems.
Consider, for instance, a m× l-MIMO system, where the time-
optimal PTP motion problem seeks the system input that,
starting from the system’s initial conditions, moves the system
outputs yj , j = 1, . . . , l, distances rdes,j as fast as possible,
while respecting the system limitations and arriving at the end
position at rest. The corresponding maximum range problem
maximizes the fraction ρ of the distances rdes,j that can jointly
be traveled by all outputs. Accounting for input constraints,
input rate constraints, and output velocity constraints, the
corresponding optimization problem equals

maximize
x,u,y,ρ

ρ,

subject to yj(N)− yj(1) = ρ rdes,j , j = 1, . . . , l,

constraints (1b, 1c, 1d, 1e, 1g, 1h, 1i).
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Similarly as in the SISO case, the optimal value ρ∗(N) of this
optimization problem is non-decreasing, and it is related to
the minimal motion time as in (4):

N∗(rdes) = min{N : ρ∗(N) ≥ 1} .

B. Efficient computation of the sensitivity ∆r∗

∆n

To compute N∗(rdes) according to the right-hand side
in (4), the proposed algorithm applies safeguarded Newton-
Raphson [14]. In each iteration of the algorithm, (5) is solved
to obtain the maximum travel range r∗(N) for the estimated
minimal motion time N . To re-estimate the minimal motion
time, the algorithm additionally requires information on the
sensitivity ∆r∗

∆N (N) of the maximum travel range r∗ to small
changes in motion time around N . Since computing this
sensitivity using finite differences requires solving another
maximum range problem, a more efficient computation is
proposed that avoids this additional optimization.

To estimate ∆r∗

∆N (N), the effect of changing the time horizon
from NTs to (N + ∆N)Ts seconds is approximated by
changing the sampling period from Ts to N+∆N

N Ts seconds:

∆r∗

∆N
(N) ≈ dr∗

dts
(Ts) ·

∆N · Ts

N
, (6)

where dr∗

dts
(Ts) is the shorthand notation of dr∗(ts)

dts

∣∣
ts=Ts

, the
sensitivity of the maximum travel range r∗ to changes in
sampling time ts around its actual value Ts.

In order to compute the sensitivity dr∗

dts
(Ts) of the optimal

value of (5) to changes in sampling time, the dependency of
the maximum range problem formulation (5) on the sampling
time must be known. In (5), only the constraint coefficient
matrices of equality constraints (1c), (1d), (1e), and inequality
constraints (1h) and (1i) depend on the sampling time. The
dependency of the state-space matrices {A,B,C,D} on ts
can be obtained by starting from a continuous-time state-space
description {Ac, Bc, Cc, Dc} and then applying the analytical
expression of the used system discretization. The analytical
expressions for Tustin discretization, and forward or backward
Euler discretization are described in [15]. In the case of zero-
order hold discretization, the discrete-time system’s state-space
matrices {A,B,C,D} as a function of the sampling time are
given by [16]:

A(ts) = eActs B(ts) =

∫ ts

0

eAcτdτ ·Bc (7a)

C = Cc D = Dc. (7b)

The dependency of the input rate constraint (1h) and the ve-
locity constraint (1i) on ts is given by (2) and (3) respectively.
Equations (2), (3), and (7) allow us to rewrite the maximum
range problem (5) as a parametric optimization problem for
ts = Ts of the following form:

maximize
z

cTz, (8a)

subject to Aeq(Ts)z = beq, (8b)
Ain(Ts)z ≤ bin. (8c)

Now that the dependency of the maximum range problem
formulation on the sampling time is known, the sensitivity

dr∗

dts
(Ts) can be computed. Let z∗ denote an optimal point of

(8), and λ∗, ν∗ the corresponding optimal Lagrange multipliers
of the equality and inequality constraints in (8). Then, the
derivative dr∗

dts
(Ts) of the maximum travel range r∗ = cTz∗ to

the sampling time ts, evaluated at the actual sampling time Ts
is given by [17]:

dr∗

dts
(Ts) =−

(
dAeq

dts
(Ts)z

∗
)T

ν∗

−
(
dAin

dts
(Ts)z

∗
)T

λ∗.

(9)

Finally, the sensitivity of the maximum travel range ∆r∗

∆N (N) to
a change in motion time around N is estimated by combining
(6) and (9).

C. Safeguarded Newton-Raphson algorithm for time-optimal
PTP motion problems

This section describes the complete safeguarded Newton-
Raphson root-finding algorithm, including stopping criteria
and global convergence, that computes the minimal motion
time N∗ and the corresponding time-optimal system input to
travel the desired distance rdes.

The algorithm basically performs a Newton step, in which
r∗(N) is locally approximated by a linear function with a
slope ∆r∗

∆N (see Fig. 1), unless the iterate falls outside a
safeguarding interval [Nlb, Nub], which is known to contain
N∗. In the latter case, a bisection step is performed instead.
The following listing illustrates the complete algorithm.
Require: rdes, Nlb : r∗(Nlb) < rdes, Nub : r∗(Nub) ≥ rdes,

and N ∈ [Nlb + 1, Nub − 1]
repeat

Solve (5) for r∗(N) and determine ∆r∗

∆N (N) according to
Section II-B
if r∗(N) ≥ rdes then
Nub := N

else
Nlb := N

end if
NNR :=

⌈
N − r∗(N)−rdes

∆r∗
∆N (N)

⌉
if Nlb + 1 ≤ NNR ≤ Nub − 1 then
N := NNR

else
N :=

⌈
Nlb+Nub

2

⌉
end if

until r∗(N) ≥ rdes and r∗(N − 1) < rdes

The stopping criterion checks for the smallest N for which
r∗(N) ≥ rdes in accordance with (4). Note that the sensitivity
∆r∗

∆N can be used to estimate r∗(N − 1):

r∗(N − 1) ≈ r∗(N)− ∆r∗

∆N
(N). (10)

This way, the stopping criterium can be relaxed to:

r∗(N) ≥ rdes and(
r∗(N − 1) < rdes or r∗(N)− β∆r∗

∆N (N) < rdes

) (11)

where 0 < β < 1 is a safety factor, chosen around 0.9, to
account for the estimation error in (10).
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0 N∗ Ni+1 Ni

rdes

r∗(Ni)

N

r∗

Fig. 1. Estimation of the minimal motion time after solving a maximum
range problem.

At the end, when the minimal motion time of N∗ sam-
ples is found, the corresponding solution x∗(k), u∗(k), y∗(k)
of the maximum range problem is scaled with a factor of
rdes/r

∗(N∗) such that the travel range is exactly equal to the
desired travel range rdes. This scaled solution also satisfies the
linear inequality constraints (1g) and (1i) since rdes/r

∗(N∗) ≤
1.

The sequence of iterates generated by the proposed safe-
guarded Newton-Raphson algorithm converges to the global
optimum N∗ of (1). To see this, note that r∗(N) is non-
decreasing (see Section II-A). Therefore N∗ is guaranteed to
be contained in [Nlb + 1, Nub] if and only if r∗(Nlb) < rdes
and r∗(Nub) ≥ rdes. The updating formulas for Nlb and
Nub safeguard these properties throughout the algorithm. To
guarantee that the interval width Nub − Nlb decreases along
the iterations, the updating formula for N makes sure that
N ∈ [Nlb + 1, Nub − 1] at the start of each iteration. Thus,
the proposed algorithm converges to N∗. Note that in the
worst case, the algorithm requires I − 1 iterations to reach
N∗, where I denotes the initial safeguarding interval width.
Although this worst-case performance is worse than bisection,
in many practical cases the presented algorithm outperforms
bisection, as illustrated in the following examples.

III. NUMERICAL VALIDATION

This section presents a comparison of the proposed algo-
rithm with the bisection algorithm described in [1], [2], [3] for
a SISO minimum phase system, a SISO non-minimum phase
system, and a minimum phase MIMO system. In this paper,
all optimization problems are solved in Matlab [18] using
Mosek [19] on a laptop PC with a 2.66 GHz Intel Core 2
Duo processor and 4 GB RAM memory.

A. Fourth-order minimum phase system

The first example considers the mechanical system shown
in Fig. 2 where a force u(t) acts on a mass m1 = 1 kg, which
is connected to a second mass m2 = 0.1 kg via a spring with
spring constant k = 400 N m−1 and a damper with damping
coefficient c = 0.1 N s m−1. In addition, viscous friction cg =
0.1 N s m−1 is present between the ground and the first mass.
The continuous-time state-space matrices (12) are derived
for the states x(t) = [ẏ1(t) ẏ2(t) y1(t)− y2(t) y2(t)]

T,

m1 m2

k

cc

cg

u(t)

y1(t) y2(t)

Fig. 2. Fourth order mechanical system.

where y1(t) and y2(t) respectively denote the position of mass
m1 and mass m2, and y2(t) is the output of the system.

Ac =


− c+cg

m1

c
m1

− k
m1

0
c
m2

− c
m2

k
m2

0

1 −1 0 0
0 1 0 0

 Bc =


1
m1

0
0
0


Cc =

[
0 0 0 1

]
Dc =

[
0
]

(12)

The continuous-time state-space model (12) is discretized at
a sampling rate of 500 Hz using the zero-order hold method.
The system is commanded to travel a distance rdes = 0.1 m
time-optimally while respecting the constraints on the input:
u = 1 N, on the input rate: δu = 40 N s−1, and on the velocity
of the second mass: δy = 0.3 m s−1. The time-optimal system
input, input rate and the corresponding output position and
velocity are shown in Fig. 3. At each time instant, one of
the system constraints is active, hence the motion time of 347
samples or 0.694 s is minimal. Fig. 4 shows the maximum
travel range as a function of motion time for the considered
system dynamics and constraints.

The time-optimal PTP motion control problem is solved
using both the safeguarded Newton-Raphson and the bisection
root-finding algorithm for 500 different intervals [Nlb, Nub]
with an interval width I = Nub − Nlb ranging from 1 to
500 samples. For all intervals the minimal motion time N∗ is
located at 1/5 of the interval and for both methods the initial
guess for N is located in the middle of the interval:

Nlb =N∗ −
⌈
I

5

⌉
(13a)

Nub =Nlb + I (13b)

N =

⌈
Nlb +Nub

2

⌉
. (13c)

Fig. 5 shows the total computation time and the number of
optimization problems required to solve the time-optimal PTP
motion problem using the safeguarded Newton-Raphson algo-
rithm and the bisection algorithm as a function of the interval
width I . The number of feasibility problems in the bisection
algorithm is given by dlog2 Ie. Fig. 5 clearly shows that the
proposed algorithm outperforms the bisection algorithm.

Next, the time-optimal PTP motion control problem is also
solved for 100 different values of rdes, equidistantly distributed
between 0.001 m and 0.2 m. The bounds of the uncertainty
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Fig. 3. Time-optimal system input, input rate and the corresponding output
position and velocity for the fourth-order system.

0 200 N∗ 400 600
0

0.05

0.1

0.15

0.2

0.25

N

r∗
(m

)

Fig. 4. Maximum travel range as a function of motion time for the fourth-
order system.

interval on N∗ are chosen as follows: Nlb = 1, and Nub = 800.
The safeguarded Newton-Raphson algorithm and the bisection
algorithm both start from an initial guess of N = 400 samples
for the minimal motion time. The average computation time of
the safeguarded Newton-Raphson algorithm and the bisection
algorithm are 0.65 s and 1.73 s respectively. For this example,
the proposed algorithm yields a reduction of 62% in compu-
tation time on average. As expected, the average computation
time of a single feasibility problem (0.17 s) is smaller than the
average computation time of a single maximum reach problem
(0.22 s).

100 200 300 400 500

0.5

1

1.5

2

C
om

pu
t.

tim
e

(s
)

Bisection Newton-Raphson

100 200 300 400 500
2
4
6
8

10

Interval width I

N
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be
r

of
ite
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tio

ns

Fig. 5. Total computation time and number of optimization problems of the
proposed algorithm and the bisection algorithm for the fourth-order system.

B. Non-minimum phase system

The second example is taken from [2] and considers a non-
minimum phase system with transfer function

G(s) =
10(3.5− s)(s2 + 25)

(s+ 2)(s+ 3)(s+ 4)(s+ 5)
. (14)

The continuous-time state space model derived from the
transfer function G(s) is again discretized at a sampling rate
of 500 Hz using the zero-order hold method.

As in [2], the system is commanded to travel a dis-
tance rdes = 3 m time-optimally while respecting the input
constraints: u(k) ∈ [−2, 2] and output constraints y(k) ∈
[−0.1, 3.1]. The time-optimal system input, and the corre-
sponding output position are shown in Fig. 6. At each time
instant, one of the system constraints is active, hence the
motion time of 697 samples or 1.394 s is minimal. The
surprising time-optimal input/output pair is due to the intrinsic
difficulty in controlling a system with both an unstable zero
and a couple of purely imaginary zeroes [2].

Fig. 7 shows the maximum travel range as a function
of motion time for the considered system dynamics and
constraints. Due to the overshooting constraint, this system
cannot perform PTP motions larger than y = 3.1 m and, as a
result, the slope ∆r∗

∆N (N) is zero for N > 705. As a result,
a pure Newton-Raphson method diverges if initialized in this
region. The safeguarded Newton-Raphson method described
in Section II-C, however, performs a bisection step in the case
that the Newton-Raphson estimate for the next iteration is out-
side the search interval. This way, convergence is guaranteed,
even when the root-finding algorithm is initialized in the region
N > 705.

The time-optimal PTP motion control problem is solved
using both the safeguarded Newton-Raphson and the bisection
root-finding algorithm for 500 different intervals [Nlb, Nub]
with an interval width I = Nub − Nlb ranging from 1 to
500 samples. For all intervals the minimal motion time N∗
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Fig. 6. Time-optimal system input and the corresponding output position for
the non-minimum phase fourth-order system.
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Fig. 7. Maximum travel range as a function of motion time for the second-
order system.
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Fig. 8. Total computation time and number of optimization problems of the
safeguarded Newton-Raphson algorithm and the bisection algorithm for the
non-minimum phase system in the second example.

m (kg) c (Ns/m) u (N) δu (N/s) δp (m/s)

X motor 10 0.7 7 80 0.3
Y motor 4 0.3 3 80 0.25

TABLE I
NUMERIC VALUES FOR THE SYSTEM PARAMETERS AND SYSTEM

CONSTRAINTS OF THE XY-POSITIONING STAGE.

is located at 1/5 of the interval and for both methods the
initial guess is located in the middle of the interval. The initial
guess for N , and the bounds Nlb, and Nub of the interval are
again given by (13). Fig. 8 shows the total computation time
and the number of optimization problems required to solve
the time-optimal PTP motion problem using the safeguarded
Newton-Raphson algorithm and the bisection algorithm as a
function of the interval width I . Note that the safeguarded
Newton-Raphson method converges even when its initial guess
N1 > 705, i.e. for I > 29. The number of feasibility
problems in the bisection algorithm is given by dlog2 Ie.
For the considered example, the proposed algorithm clearly
outperforms the bisection algorithm.

Finally, the time-optimal PTP motion control problem is
solved for 100 different values of rdes, equidistantly distributed
between 0.1 m and 3.1 m. The bounds of the uncertainty inter-
val on N∗ are chosen as follows: Nlb = 1, and Nub = 1000.
The safeguarded Newton-Raphson algorithm and the bisection
algorithm both start from an initial guess of N = 500 samples
for the minimal motion time. The average computation time of
the safeguarded Newton-Raphson algorithm and the bisection
algorithm are 1.18 s and 2.52 s respectively. For this second
example, the proposed algorithm yields a reduction of 53% in
computation time on average.

C. XY-positioning stage

The third example considers an XY-positioning stage con-
sisting of two linear motors. Both linear motors are modelled
as a mass m subject to a driving force u(t) and a viscous
friction force, characterized by the viscous friction coefficient
c. Table I shows the numeric values for the model param-
eters m and c of the two linear motors together with the
numeric values of the input constraints, input rate constraints
and velocity constraints. The model parameters are used to
derive a continuous-time state-space model, which is again
discretized at a sampling rate of 500 Hz using the zero-order
hold method. The output position of the X-motor and Y-motor
are denoted by px and py , respectively. The XY-positioning
stage is commanded to travel a distance of rdes,x = 0.2 m
in the X-direction and a distance of rdes,y = 0.2 m in the Y-
direction time-optimally, starting and arriving at rest, while
respecting the system constraints in table I.

The time-optimal system input, input rate and the corre-
sponding output position and velocity are shown in Fig. 9.
At each time instant, one of the system constraints is active,
hence the motion time of 592 samples or 1.184 s is minimal.
Fig. 10 shows the maximum travel ranges r∗x (N) and r∗y (N)
of the two linear motors as a function of motion time for the
considered system dynamics and constraints.
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Fig. 9. Time-optimal system input, input rate and the corresponding output
position and velocity for the XY-positioning stage.
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Fig. 10. Maximum travel range as a function of motion time for the XY-
positioning stage.

The time-optimal PTP motion control problem is solved
using both the safeguarded Newton-Raphson and the bisection
root-finding algorithm for 500 different intervals [Nlb, Nub]
with an interval width I = Nub − Nlb ranging from 1 to
500 samples. For all intervals the minimal motion time N∗

is located at 1/5 of the interval and for both methods the
initial guess is located in the middle of the interval. The initial
guess for N , and the bounds Nlb, and Nub of the interval are
again given by (13). Fig. 11 shows the total computation time
and the number of optimization problems required to solve
the time-optimal PTP motion problem using the safeguarded
Newton-Raphson algorithm and the bisection algorithm as a
function of the interval width I . Again, the proposed algorithm
clearly outperforms the bisection algorithm.

Finally, the time-optimal PTP motion control problem
is solved for 100 different values for [rdes,x, rdes,y],
evenly distributed within the square with vertices
[(0, 0); (0, 0.1); (0.1, 0.1); (0.1, 0)]. The safeguarded Newton-
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Fig. 11. Total computation time and number of optimization problems of the
proposed algorithm and the bisection algorithm for the XY-positioning stage.

Raphson algorithm and the bisection algorithm both start
from an initial guess of N = 500samples for the minimal
motion time. The bounds of the uncertainty interval on N∗

are chosen as follows: Nlb = 1, and Nub = 1000. The average
computation time of the proposed algorithm and the bisection
algorithm are 0.85 s and 3.03 s, respectively. For this third
example, the proposed algorithm yields a reduction of 62%
in computation time on average.

IV. CONCLUSION

This paper presents an efficient algorithm to solve time-
optimal point-to-point motion control problems for discrete-
time linear time-invariant systems with linear system con-
straints. Instead of using a bisection algorithm and solving a
sequence of linear feasibility problems to compute the minimal
motion time and the corresponding time-optimal system input,
this paper proposes to use the safeguarded Newton-Raphson
method and solve a maximum range problem in each itera-
tion. Although a maximum range problem is computationally
slightly more expensive than a feasibility problem, the overall
computation time of the proposed method is significantly
shorter thanks to a great reduction in the number of optimiza-
tion problems to be solved. The numerical validation confirms
the computational efficiency of the proposed algorithm.
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