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Abstract— This paper presents a procedure to design
reduced-order H2 dynamic output feedback controllers for
discrete-time linear time-invariant systems. Starting from a
stabilizing full-order controller, novel sufficient linear matrix
inequality conditions for the existence of reduced-order H2
controllers are derived. The proposed approach can either be
applied directly to compute a controller of desired order from
the full-order result, or iteratively by reducing the controller
order successively. Numerical experiments confirm the potential
of the proposed controller design approach.

I. INTRODUCTION

The design of reduced-order output feedback controllers
is a major problem in control theory, and it has received a
lot of attention since the 1960s. Especially for complicated
systems, procedures for reduced-order controller design are
a fundamental necessity, since these designs sustain a high
reliability and low implementation costs.

For linear systems, Lyapunov theory and the notion of
dissipativity allow a convex reformulation of many system
analysis and control design problems [1], [2], [3]. The result-
ing feasibility or optimization problems involve linear matrix
inequalities (LMIs) and are efficiently solved by interior-
point methods, which guarantee global convergence within
polynomial time [4]. Specifically, the H2 analysis problem
for linear time-invariant (LTI) systems can be formulated as
an LMI optimization problem. The H2 synthesis problem, on
the other hand, generally invokes bilinear matrix inequalities
(BMIs) which, as opposed to LMIs, are nonconvex and
therefore hard to solve. Provided that the controller to be
designed is of full order, a nonlinear change of variables ex-
ists that transforms the BMI problem into an equivalent LMI
problem [5]. For the design of reduced-order controllers such
a reformulation has not yet been proposed, and to date it is
unclear if it even exists [6], [7]. Despite the lack of a convex
reformulation, several approaches have been developed for
reduced-order controller design [8]. Those include solving
the BMI problem directly [9], [10], solving a nonconvex
reformulation in terms of an LMI plus a rank constraint
[11], [12], or setting up convex sufficient conditions [13],
[14], [15].
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IWT-SBO 80032 (LeCoPro) of IWT-Flanders.

**Goele Pipeleers is a Postdoctoral Fellow of the Research Foundation
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In this paper, the latter approach is adopted. The proposed
method is inspired by [14], [16], [17], where an LMI
procedure consisting of two stages is explained to design
reduced-order controllers satisfying an H2/H∞ performance
criterion. In this procedure, a stabilizing state feedback for
an augmented system is designed first, and is subsequently
used to construct a sufficient LMI condition for reduced-
order output feedback. A reduced-order H2/H∞ controller
results whenever the LMI is feasible. However, the state
feedback design in the first step has infinitely many solutions,
and the particular solution selected has a great influence
on the subsequent reduced-order controller design step. As
selecting an appropriate state feedback (in the first step) to
obtain satisfactory results in the second step is not trivial, we
propose an extension starting from a full-order H2 dynamic
output feedback. Given such a feedback controller, it is
shown how to compute a controller of prespecified order
via an LMI procedure.

The paper is organized as follows. First of all, the
problem is formulated and some important definitions are
given in Section II. In Section III, a novel method to com-
pute reduced-order H2 controllers is described. Section IV
presents numerical results, in order to verify the theoretical
results and to show their relevance. Finally, the conclusions
are given in Section V.

Notation: Since different controller orders are used
throughout this paper, the dependence of a system or matrix
X on the controller order q is indicated by X (q). The identity
matrix of dimension n and zero matrix of dimension m×n
are respectively denoted by In and 0m×n. The subscripts are
omitted whenever the dimensions can be inferred from the
context. The (conjugate) transpose of a matrix X (or X (q)) is
written as X ′ (or X (q)′). λ{X} denotes the set of eigenvalues
of the matrix X . The set of n× n symmetric matrices is
defined as Sn. A star (?) denotes symmetric terms in matrix
inequalities.

II. PROBLEM FORMULATION
Consider the finite-dimensional discrete-time multiple-

input multiple-output LTI state-space realization

G :

 x(k+1) = Ax(k)+Bww(k)+Buu(k),
z(k) = Czx(k)+Dzww(k)+Dzuu(k),
y(k) = Cyx(k)+Dyww(k),

(1)

where x ∈ Rnx denotes the state, u ∈ Rnu the control input,
w ∈ Rnw the exogenous input, z ∈ Rnz the regulated output



and y ∈ Rny the measured output. The index k denotes the
discrete time.

The objective in this paper is to design stabilizing dynamic
output feedback controllers of prespecified order q (0≤ q <
nx) for the system G, such that the closed-loop H2 norm is
minimized. A controller of order q is denoted by

C(q) :

{
x(q)c (k+1) = A(q)

c x(q)c (k)+B(q)
c y(k),

u(k) = C(q)
c x(q)c (k)+D(q)

c y(k),

where x(q)c ∈ Rq. Setting q = 0 results in a static output
feedback controller.

Interconnecting the system G with a controller C(q) yields
the closed-loop dynamics

H(q) :
{

x̃(q)(k+1) = A (q)x̃(q)(k)+B(q)w(k),
z(k) = C (q)x̃(q)(k)+D (q)w(k),

(2)

where

x̃(q) =
[

x
x(q)c

]
∈ Rnx+q

is a closed-loop state vector. By defining the matrices Ã(q) B̃(q)
w B̃(q)

u

C̃(q)
z D̃(q)

zw D̃(q)
zu

C̃(q)
y D̃(q)

yw 0

 :=


A 0 Bw 0 Bu
0 0 0 Iq 0

Cz 0 Dzw 0 Dzu
0 Iq 0 0 0

Cy 0 Dyw 0 0


(3)

and the controller parameter

Θ
(q) :=

[
A(q)

c B(q)
c

C(q)
c D(q)

c

]
, (4)

the affine dependence of the closed-loop matrices on the
controller parameter is expressed as[

A (q) B(q)

C (q) D (q)

]
=

[
Ã(q) B̃(q)

w

C̃(q)
z D̃(q)

zw

]
+[

B̃(q)
u

D̃(q)
zu

]
Θ

(q)
[

C̃(q)
y D̃(q)

yw

]
. (5)

Let H(q)(z) denote the transfer function of the system H(q).
The H2 norm of the closed-loop system H(q) is defined as

‖H(q)‖2
2 :=

1
2π

∫ 2π

0
trace{H(q)(eiω)′H(q)(eiω)}dω,

and is finite whenever H(q) is Schur stable (see [18]).

III. METHODOLOGY

This section presents convex sufficient conditions for the
synthesis of reduced-order stabilizing LTI controllers, such
that the closed-loop system satisfies an H2 performance
specification. Given a stabilizing controller of order p (0 <
p≤ nx), it is shown how to compute a controller of order q
(0 ≤ q < p) by solving either one or a series of LMI opti-
mization problems. If no controller of order p is available,
a full-order controller is computed as a starting point, using
for instance the approach of [5].

The proposed method relies on a well-known character-
ization of the H2 performance for linear systems and a
system scaling, which are explained first in Section III-A.
Subsequently, the convex sufficient condition for reduced-
order H2 controller design is presented in Section III-B.

A. Preliminary Results

The following lemma characterizes the H2 performance
for the closed-loop system H(q) (see [19]).

Lemma 1. The inequality ‖H(q)‖2 < µ holds if, and only if,
there exist matrices P ∈ Snx+q and W ∈ Snz such that

trace(W )< µ,

[
W −D (q)D (q)′ C (q)

? P

]
� 0, P PA (q) PB(q)

? P 0
? ? µI

� 0.
(6)

Finding the lowest upper bound of the H2 norm related
to the closed-loop dynamics H(q) is a minimization problem
subject to the constraints (6). Whenever the closed-loop
matrices are known, the matrix inequalities in (6) reduce to
LMIs, yielding a convex optimization problem with matrix
variables W and P. The H2 synthesis problem, on the other
hand, is a nonconvex problem, due to the products of the
closed-loop matrices (affinely depending on the controller
parameter) and the matrix P, that appear in (6).

To derive conservative convex synthesis conditions, the
following scaling matrices are defined

U =

[
Iq 0q×(p−q) 0
0 0 Inu

]
, V =

[
Iq 0q×(p−q) 0
0 0 Iny

]
.

(7)
Multiplication of Θ(q) on the left by U ′ and on the right by
V yields the scaled controller parameter

U ′Θ(q)V =

 A(q)
c 0 B(q)

c
0 0(p−q)×(p−q) 0

C(q)
c 0 D(q)

c

 .
Note that the dimensions of U ′Θ(q)V and Θ(p) agree. In
addition, the closed-loop state-space matrices are augmented
according to this controller augmentation:[

A
(q)

aug B
(q)
aug

C
(q)
aug D

(q)
aug

]
:=

 A (q) 0 B(q)

0 0(p−q)×(p−q) 0
C (q) 0 D (q)

 . (8)

The following corollary immediately follows from Lemma
1.

Corollary 1. The inequality ‖H(q)‖2 < µ holds if, and only
if, there exist matrices P ∈ Snx+p and W ∈ Snz such that

trace(W )< µ,

[
W −D

(q)
augD

(q)′
aug C

(q)
aug

? P

]
� 0, P PA

(q)
aug PB

(q)
aug

? P 0
? ? µI

� 0.



Proof: Looking at (8), it is clear that

λ{A (q)
aug }= {λ{A (q)},0, . . . ,0︸ ︷︷ ︸

p−q

}.

Therefore, A
(q)

aug is Schur stable if, and only if, A (q)

is Schur stable. Note that the state-space models
(A

(q)
aug ,B

(q)
aug,C

(q)
aug ,D

(q)
aug) and (A (q),B(q),C (q),D (q))

have the same input-output behaviour. Therefore, the H2
norms of these state-space models coincide. It can be
concluded that Corollary 1 follows from Lemma 1.

B. Main Results

A sufficient convex synthesis condition is presented for
the design of reduced-order LTI controllers satisfying an H2
performance criterion. A stabilizing controller of order p
(0 < p≤ nx) is assumed.

Theorem 1. Let Θ(p), defined as in (4), parametrize a
given stabilizing controller of order p (0 < p ≤ nx) for the
system (1), and let A (p), B(p), C (p) and D (p) denote the
corresponding closed-loop matrices, as in (2). For a given
integer q (0≤ q < p), let U and V be as in (7). If there exist
matrices P ∈ Snx+p, W ∈ Snz , Θ̂(q) ∈ R(q+nu)×(q+ny) and

X :=

 X11 X12 X13
0 X22 0

X31 X32 X33


with X11 ∈ Rq×q, X22 ∈ R(p−q)×(p−q), X33 ∈ Rnu×nu , and a
scalar µ such that trace(W )< µ and the LMIs

P PA (p) PB(p) PB̃(p)
u

? P 0 C̃(p)′
y

(
U ′Θ̂(q)V −XΘ(p)

)′
? ? µI D̃(p)′

yw

(
U ′Θ̂(q)V −XΘ(p)

)′
? ? ? −X−X ′

� 0

(9)
and

W C (p) D (p) D̃(p)
zu

? P 0 C̃(p)′
y

(
U ′Θ̂(q)V −XΘ(p)

)′
? ? I D̃(p)′

yw

(
U ′Θ̂(q)V −XΘ(p)

)′
? ? ? −X−X ′

� 0

(10)
hold, then the reduced-order dynamic output feedback con-
troller parametrized by

Θ
(q) :=

[
X11 X13
X31 X33

]−1

Θ̂
(q) (11)

stabilizes the closed-loop system (2) with a guaranteed upper
bound on its H2 performance ‖H(q)‖2 < µ .

Proof: First, notice that

U ′Θ̂(q) = XU ′Θ(q),

since

XU ′ =U ′
[

X11 X13
X31 X33

]
.

Therefore, substituting

Θ̂
(q) =

[
X11 X13
X31 X33

]
Θ

(q)

in LMI (9) and (10) yields the equivalent conditions
P PA (p) PB(p) PB̃(p)

u

? P 0 C̃(p)′
y

(
U ′Θ(q)V −Θ(p)

)′
X ′

? ? µI D̃(p)′
yw

(
U ′Θ(q)V −Θ(p)

)′
X ′

? ? ? −X−X ′

� 0

(12)
and

W C (p) D (p) D̃(p)
zu

? P 0 C̃(p)′
y

(
U ′Θ(q)V −Θ(p)

)′
X ′

? ? I D̃(p)′
yw

(
U ′Θ(q)V −Θ(p)

)′
X ′

? ? ? −X−X ′

� 0.

(13)
The augmented matrices (8) can be expressed in terms of the
system matrices (3) and the scaled controller variable (4) as
follows[

A
(q)

aug B
(q)
aug

C
(q)
aug D

(q)
aug

]
:=

[
Ã(p) B̃(p)

w

C̃(p)
z D̃zw

]
+[

B̃(p)
u

D̃(p)
zu

](
U ′Θ(q)V

)[
C̃(p)

y D̃(p)
yw

]
. (14)

Substituting q= p in (5), and then substracting (5) from (14),
one finds[

A
(q)

aug B
(q)
aug

C
(q)
aug D

(q)
aug

]
=

[
A (p) B(p)

C (p) D (p)

]
+[

B̃(p)
u

D̃(p)
zu

](
U ′Θ(q)V −Θ

(p)
)[

C̃(p)
y D̃(p)

yw

]
. (15)

Define
S1 :=

(
U ′Θ(q)V −Θ(p)

)
C̃(p)

y ,

S2 :=
(

U ′Θ(q)V −Θ(p)
)

D̃(p)
yw ,

and the transformation matrices

T1 :=

 Inx+p 0 0 0
0 I 0 S′1
0 0 I S′2

 , T2 :=

 Inz 0 0 0
0 I 0 S′1
0 0 I S′2

 .
Using (15), premultiplying (12) by T1 and postmultiplying
by its transpose gives P PA

(q)
aug PB

(q)
aug

? P 0
? ? µI

� 0. (16)



In the same manner, premultiplication of (13) by T2 and
postmultiplication by its transpose yields W C

(q)
aug D

(q)
aug

? P 0
? ? I

� 0. (17)

Applying Schur complements, (17) is equivalent to[
W −D

(q)
augD

(q)′
aug C

(q)
aug

? P

]
� 0. (18)

The conditions (16) and (18) are equivalent to the matrix
inequalities presented in Corollarly 1. Feasibility of the LMIs
(9) and (10) implies that[

X11 X13
X31 X33

]
+

[
X11 X13
X31 X33

]′
≺ 0.

Hence, the controller transformation (11) is well-defined.
Consequently, the closed-loop system (2) is stabilized with a
guaranteed upper bound on its H2 performance ‖H(q)‖2 < µ .

Theorem 1 describes convex sufficient conditions for the
existence of a reduced-order dynamic output feedback LTI
controller that satisfies an H2 performance specification.
Given a stabilizing controller of order p (0 < p≤ nx), an H2
controller of order q (0 ≤ q < p) can be computed in one
step by minimizing µ subject to the constraints (9), (10) and
trace(W )< µ , provided that these conditions are feasible.

LMI Procedure

Whenever the difference between p and q is large, Theo-
rem 1 can be applied successively by breaking down p−q
in steps of ∆r, instead of going from p to q in one step.

1) Suppose that an H2 controller of order p is given.
Choose a step size ∆r, and set r := p−∆r.

2) Determine an H2 controller of order r, using the
controller of order r+∆r. This is achieved by setting
p := r+∆r and q := r in the LMIs (9) and (10), and
solving the optimization problem

minimize
µ,P,W,Θ̂(q),X

µ

subject to: trace(W )< µ, LMI (9), LMI (10).

3) Update r := max{r−∆r,q}.
4) Repeat steps 2 and 3 until r = q.

IV. SIMULATION RESULTS
In this section, some numerical experiments are discussed

to validate the theoretical results from Section III. MATLAB,
together with the packages Yalmip [20] and SeDuMi [21],
is used for implementation purposes.

For two models from the Combleib library [22], our ap-
proach is compared to the method from [17]. The considered
models are a helicopter model (HE2) and a reactor model
(REA1), see [23]. Both are fourth order models (nx = 4)
that are stabilizable by static output feedback.

In our approach, we apply Theorem 1 in two ways.
After designing a full-order H2 dynamic output feedback

controller (see [5]), the optimization problem in Theorem 1
is first solved with a step size ∆r = nx− q, to immediately
obtain a controller of the desired order q. Subsequently,
Theorem 1 is applied in an iterative fashion by selecting
∆r = 1, such that controllers of order nx−1,nx−2, . . . ,q are
computed successively.

The first step in the approach of [17] is to derive a stabi-
lizing state feedback for an augmented system of the form
(3). To remove some of the indeterminacy in this design,
we designed this stabilizing state feedback to minimize the
closed-loop H2 norm. The optimal set of the resulting LMI
problem is still not unique, and with the default settings Se-
DuMi returns a solution that corresponds to a state feedback
for the actual system G. As this solution inherently yields
static output feedback controllers in the second step, we
included scalar equality constraints to avoid it. Unfortunately,
it is unknown how to select the equality constraints such that
satisfactory reduced-order H2 controllers result. On the other
hand, following the method in this paper, where a full-order
H2 controller is the starting point, no equality constraints
need to be selected to prevent solutions that can be reduced
to static output feedback controllers.

The results are summarized in Table I and Table II. In
both tables, the first row shows the controller order q. For
each approach, upper bounds µ(q) and exact closed-loop
H2 norms are displayed for each relevant controller order.
Looking at the results for the HE2 model, the approach
from this paper performs best for high controller orders (q =
4,3,2), both for ∆r = nx−q and ∆r = 1. The best static output
feedback is obtained using the state feedback approach from
[17]. For the REA1 model, the method from this paper yields
the best H2 upper bounds for all controller orders. The state
feedback approach yields the lowest closed-loop H2 norms
for q= 1 and q= 0. It is remarkable that, for q= 1 and q= 0,
the direct (∆r = nx−q) and iterative approach (∆r = 1) lead
to substantially different upper bounds for the HE2 model,
while similar solutions are obtained for the REA1 model.

In conclusion, for the two examples treated in this paper,
our method gives better results for a small reduction of the
controller order. As the order reduction becomes larger, it is
hard to say which method performs best, and for static output
feedback controller design the state feedback approach gives
the best results.

V. CONCLUSIONS

Novel sufficient LMI conditions for the synthesis of
reduced-order H2 dynamic output feedback controllers for
discrete-time LTI systems are presented. Starting from a full-
order dynamic output feedback H2 LTI controller, reduced-
order controllers satisfying an H2 performance criterion
are computed (whenever possible) by solving either one
or a series of convex optimization problems. Numerical
experiments show the potential of the proposed approach.

Planned future work includes the synthesis of reduced-
order controllers with a mixed H2/H∞ performance crite-
rion for discrete-time LTI systems. Additionally, experimen-
tal validation on a mechatronic test setup is planned.



q 4 3 2 1 0
DIRECT APPROACH (∆r = nx−q)

µ(q) 0.269 0.301 0.298 11.33 12.07
‖H(q)‖2 0.269 0.295 0.296 0.623 0.809

ITERATIVE APPROACH (∆r = 1)
µ(q) 0.269 0.301 0.333 3.701 1.071
‖H(q)‖2 0.269 0.295 0.291 0.677 0.861

STATE FEEDBACK APPROACH
µ(q) 0.321 0.365 0.566 0.808 0.942
‖H(q)‖2 0.270 0.282 0.412 0.420 0.427

TABLE I
UPPER BOUNDS µ(q) AND ASSOCIATED CLOSED-LOOP H2 NORMS FOR

THE HELICOPTER MODEL (HE2).

q 4 3 2 1 0
DIRECT APPROACH (∆r = nx−q)

µ(q) 0.152 0.171 0.170 0.170 0.472
‖H(q)‖2 0.152 0.169 0.170 0.170 0.359

ITERATIVE APPROACH (∆r = 1)
µ(q) 0.152 0.171 0.170 0.169 0.464
‖H(q)‖2 0.152 0.169 0.169 0.169 0.357

STATE FEEDBACK APPROACH
µ(q) 0.176 0.178 0.483 0.482 0.553
‖H(q)‖2 0.157 0.159 0.253 0.254 0.192

TABLE II
UPPER BOUNDS µ(q) AND ASSOCIATED CLOSED-LOOP H2 NORMS FOR

THE REACTOR MODEL (REA1).
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