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Abstract—We discuss the application of a dynamic refinement
procedure to reduce the computational requirements of an elastic-
plastic model to simulate non-cohesive soil. In the refinement
procedure, the diagonal components of the strain tensor are
used as the criterion for the refinement, and an SPH particle
is refined by replacing it with new daughter particles which are
located according to a square pattern centered at the refined
particle position. The position of the daughter particles and their
smoothing distance are determined such that the error introduced
due to the refinement is kept small. Further, possible numerical
instabilities are identified and avoided by using adequate re-
finement parameters. Obtained results are compared with those
of simulations using a fine discretization in the whole domain.
The comparison shows a good agreement, while the savings in
computational time and memory consumption are considerable.

I. I NTRODUCTION

Smoothed Particle Hydrodynamics (SPH) has been proved
as a valid alternative to mesh-based methods for solving
geotechnical problems. Its application in this area has been
motivated by the difficulties that arise from applying mesh-
based methods, like Finite Elements, to problems involving
large deformations or other complicated phenomena that in-
clude multi-physics. Recent works in this area include the
simulation of seepage failure and erosion [1], water/soil-
suspension [2], landslides [3], post-failure flow of soil [4]–[6],
and others.

The model proposed by Bui and co-workers in [4] is
of particular interest for geotechnical applications since it
considers the plastic behavior of the material, which is very
important for accurate soil simulations. However, when using
this model, the simulations are computationally demanding.

In this work we discuss the application of a dynamic re-
finement procedure to reduce the computational requirements
of the method while still achieving a similar accuracy. The
application of this strategy allows the simulation of larger
physical domains using the same computational resources.

II. SPH FORMULATION FOR SOIL

In this section we briefly describe the SPH formulation
of an elastic-plastic soil model based on the Drucker-Prager
yield condition. More details can be found in the original
work by Bui et al. [4]. In the formulas, Greek superscripts

denote Einstein’s notation, and Latin subscriptsi andj denote
individual particles.

A. Density and momentum equations

The continuity equation is applied to evolve the soil density
ρ for particle i, using the expression

Dρi
Dt

=

N
∑

j=1

mj(v
α
i − vαj )

∂Wij

∂xαi
, (1)

wherem, v and x are the mass, velocity and position of a
particle, andW is the cubic spline kernel function.

The momentum equation used is described by

Dvαi
Dt

=

N
∑

j=1

mj

(

σαβ
i

ρ2i
+
σαβ
j

ρ2j
−Πijδ

αβ

)

∂Wij

∂xβi
+ Fα

i , (2)

with δαβ the Dirac delta function,σ is the total stress tensor
andF corresponds to external forces (gravity in this work).
The artificial viscosity termΠ is included to reduce numerical
instabilities. It is given by

Πij =

{

−αcµij+βµ2

ij

ρ̄ij
: vij · xij < 0

0 : otherwise
, (3)

whereh is the smoothing distance,µij =
hvij·xij

x
2

ij
+0.01h2

, ρ̄ij =
ρi+ρj

2
, the notationAij = Ai − Aj is used, andα andβ are

constants that are taken to be∼ 0.1 as suggested in [4].

B. Stress-strain relationship within the elastic-plasticmodel

Within the elastic-plastic model, the strain rate tensor

ε̇αβ =
1

2

(

∂vα

∂xβ
+
∂vβ

∂xα

)

, (4)

is composed of two parts, the elasticε̇αβe and the plastiċεαβp
strain rate tensors, resulting in

ε̇αβ = ε̇αβe + ε̇αβp . (5)

The elastic term is calculated by applying Hooke’s law,

ε̇αβe =
ṡαβ

2G
+

1− 2υ

3E
σ̇γγδαβ . (6)
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ṡαβ = σ̇αβ − 1

3
σ̇γγ is the shear stress rate,G is the shear

modulus that relates to the Young’s modulusE, the Poisson’s
ratio υ and the elastic bulk modulusK through

G =
E

2(1 + υ)
and K =

E

3(1− 2υ)
. (7)

The plastic part is computed by using the plastic flow rule

ε̇αβp = λ̇
∂g

∂σαβ
, (8)

whereλ̇ is the rate of the plastic multiplier andg is the plastic
potential function.

To determine the plastic flow regime, the Drucker-Prager
yield condition is applied, given by

f(I1, J2) =
√

J2 + αφI1 − kc = 0. (9)

I1 = 1

3
σγγ
i is the first invariant of the stress tensor,J2 =

1

2
sαβi sαβi is the second invariant of the shear stress, andαφ

andkc are the Drucker-Prager’s constants that, in plane strain
condition, are defined to be

αφ =
tanφ

√

9 + 12 tan2 φ
and kc =

3co
√

9 + 12 tan2 φ
, (10)

with φ (internal friction angle) andco (cohesion) being the
Coulomb’s material constants.

If the non-associated flow rule is considered, the plastic
potential function is given in terms ofJ2, I1 and the dilatancy
angleψ as

g =
√

J2 + 3I1 sinψ. (11)

Then, the rate of change of the plastic multiplierλ̇i is obtained
by solving

λ̇ =
3αφKε̇

γγ + (G/
√
J2)s

αβ ε̇αβ

27αφK sinψ +G
. (12)

Finally, after various transformations, the stress-strain rela-
tionship, in particle approximation form, is given by

Dσαβ
i

Dt
=σαγ

i ω̇βγ
i + σγβ

i ω̇αγ
i + 2Gėαβi +Kε̇γγi δαβ

− λ̇i

[

9K sinψ δαβ +
G√
J2
sαβi

]

,

(13)

where the last term in the equation relates to the plastic
deformation, the third and fourth terms relate to the elastic
behavior, and the two first terms are the result of the use of
the Jaumann’s stress rate tensor, withω̇ the spin rate tensor
that is determined by the expression

ω̇αβ =
1

2

(

∂vα

∂xβ
− ∂vβ

∂xα

)

. (14)

In particle approximation form, (4) and (14) are given by

ε̇αβi =
1

2





N
∑

j=1

mj

ρj
(vαj − vαi )

∂Wij

∂xβi

+
N
∑

j=1

mj

ρj
(vβj − vβi )

∂Wij

∂xαi





(15)

and

ω̇αβ
i =

1

2





N
∑

j=1

mj

ρj
(vαj − vαi )

∂Wij

∂xβi

−
N
∑

j=1

mj

ρj
(vβj − vβi )

∂Wij

∂xαi





(16)

respectively.
In the present work we only deal with non-cohesive soil,

i.e. co = 0. This means that there are no tensile forces
and consequently we don’t have to concern about tensile
instabilities.

III. D YNAMIC REFINEMENT

In mesh-based methods it is customary to have different
resolution in different regions of the domain. This strategy
aims at reducing the computational requirements of a prob-
lem by discretizing with coarse resolution in regions where
properties behave smooth, and with a fine resolution where
more accuracy is required to properly describe the changes of
the material properties.

A similar strategy can be applied in SPH. Instead of using
the same resolution in the whole domain, the resolution can
be varied statically or dynamically. Static variation occurs
before the simulation starts, i.e. during the initialization phase.
Although this strategy is simple and can be sufficient for some
problems [7], it is not applicable to simulations that lead
to the loss of the initial resolution due to the movement of
the particles. Hence, in this paper we focus on the dynamic
variation of the resolution.

The dynamic refinement approach consists of adapting the
local resolution during the simulation, taking into account the
evolution of the material properties. Consequently, a criterion
is required to automatically trigger the refinement procedure.
Both checking the criterion and modifying the resolution take
place inside the simulation loop, thus adding a computational
overhead to the simulation. An implementation of this ap-
proach only makes sense if a) there is a gain in execution
time compared with the simulation using the finer resolution;
b) the accuracy of the results is higher than when using the
coarser resolution; and c) local properties are only slightly
modified by the change of resolution and the global properties
are conserved.

Dynamic adaptation of the resolution has been applied
before to fluid flows and astrophysical simulations [8]–[12]. In
the present work, we follow the dynamic refinement procedure
presented in [13] and provide a brief description of it and the
related numerical aspects.

A. Particle refinement procedure

If a particle p is to be refined, it is replaced by a set of
daughter particlesd = 1..M . The properties of the newly
introduced particles must be adequately assigned. Unless there
is a physical law that imposes a restriction or condition,
the properties should be interpolated to guarantee a smooth
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representation of the current status of the system in the
neighborhood where the refinement takes place. For the sim-
ulations in these work, the position of the daughter particles
is calculated by using an axis-aligned square pattern centered
at the position of the refined particle, thusM = 4.

It was shown in [12], [14] that the only velocity distribution
that conserves both linear momentum and kinetic energy is
obtained by copying the velocity of the refined particle to its
daughters. In addition, a symmetric distribution of the daughter
particles and their masses about the original particle position
conserves also the angular momentum. In order to preserve
these global properties, the velocity of the refined particle is
copied to its daughters and the mass is uniformly distributed,
i.e. vd = vp andmd = 0.25mp.

Similarly to Feldman and Bonet [12], [14], we define two
refinement parameters: the separation parameterǫr ∈ (0, 1)
and the smoothing ratioαr ∈ (0, 1). The first determines
the spread of the pattern, i.e. the sides of the square used
to locate the daughter particles is equal toǫrdref , where
dref is a reference distance, taken to be the initial inter-
particle distance. The second refinement parameter relates
the smoothing distances of the daughter particleshd and
of the original particlehp by hd = αrhp. Notice that a
symmetrization approach must be used. For this paper we have
selected the arithmetic mean.

The other particle properties are interpolated at the daugh-
ter particle positions according to the Corrective Smoothed
Particle Method (CSPM) [15]

f(xd) =

N
∑

j=1

mj

ρj
f(xj)W (xd − xj , hj)

N
∑

j=1

mj

ρj
W (xd − xj , hj)

. (17)

CSPM provides a particle approximation that has 0th order
consistency for both interior and boundary particles [16].A
different interpolation method could be used, but it has to
cope with the lack of neighboring particles near free surfaces.

B. Refinement criterion

The selection of the refinement criterion is problem-
dependent. A few criteria have been used in SPH: refinement
zones [12], velocity gradient [11], velocity magnitude [17],
and a physical requirement known as “Jeans Condition” [9],
[10].

In the case of soil, a sufficiently large deformation is a good
indicator for increasing the local resolution. For this reason,
we decided to use the main components of the strain tensor
as the criterion. More precisely, a particlei is refined if it
satisfies(εxxi )2 + (εyyi )2 + (εzzi )2 > εmax, with εmax being
the deformation threshold. This criterion is also used in [13].

C. Refinement error

The refinement procedure changes the local properties and
leads to an error in the current state of the system. It is

important to have control over this error in order to preserve
a good accuracy in the simulation. In [13], we define the
kernel gradient errorE∇W

p , and propose to keep it small as a
mechanism to reduce the error introduced by the refinement.
The kernel gradient error produced by the refinement of the
particlep is defined as

E∇W
p =

∫

Ω

(

∂Wp(x)

∂xα
−

M
∑

d=1

λd
∂Wd(x)

∂xα

)2

dx, (18)

whereΩ is the simulation domain andmd = λdmp. Since the
mass is uniformly distributed over the four daughter particles,
λd = 0.25.

D. Numerical instabilities

The error introduced by the refinement is a measure of the
changes introduced due to the refinement itself. However, after
the refinement, the simulation continues to evolve and the
daughter particle configuration introduced by increasing the
resolution affects this evolution. Accordingly, the refinement
parametersǫr andαr must be selected such that the kernel
gradient error is kept small while ensuring that no instability
will result from the configuration of the daughter particles.

Swegle and colleges [18] employed simplified 1D SPH
equations to show that a sufficient condition for unstable
behavior in SPH is

W ′′T > 0, (19)

whereW ′′ is the second derivative of the kernel andT is the
total stress, which is negative in compression and positivein
tension. Using the cubic spline,W ′′

ij(|xi−xj |, hij) < 0 for all
xi, xj such that|xi − xj |< 2

3
hij . Consequently, two particles

located within a distance of2
3
hij from each other, produce

instabilities in compression regimes. Further, if|xi − xj |>
2

3
hij , instabilities appear in tensile regimes.

In standard SPH particle configurationsh = radref , where
dref is the initial inter-particle distance andra is taken to
be∼ 1.2. Under these conditions, SPH simulations are stable
in compression but unstable in tensile regimes, thus special
treatment is required to avoid the so called tensile instability.

Swegel’s instability condition must be considered to se-
lect the refinement parameters. Since tensile instability is in
principle not introduced by the dynamic refinement, but is a
consequence of the initial configuration, we focus on avoiding
that a stable particle configuration in a compression regime
becomes unstable due to the refinement.

Based on (19), the following instability conditions can be
derived in terms of the refinement parameters, the initial
particle configuration and the current inter-particle distance
ij, with i being the particle to be refined andj being a
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neighboring particle (see [13] for details):

Cond. 1 : 0 <
2

3
αrra − ǫr

Cond. 2 :
ij

dref
<

2

3
αrra + ǫr

Cond. 3 :
ij

dref
<

(1 + αr)ra
3

+
ǫr
2
.

The second and the third conditions correspond to parallel
lines in the (ǫr, αr)-plane, thus only the most restrictive
condition 2 applies.

E. Refinement parameters

We are interested in values forǫr andαr that keep the error
small and do not introduce instabilities. The kernel gradient
error defined in (18) depends on the smoothing distance
h, which varies in space and time due to the refinement
procedure. This makes the minimization of (18) a time/space
dependent problem that must be solved inside the simulation
loop.

However, if the refinement parameters are fixed for one
simulation, only two different smoothing distances are present,
i.e. hp and hd = αrhp. Under this condition, the analysis
can be simplified as described in [13]. Two model cases
are considered: a)h(x) = hp, ∀x ∈ ID, where ID is
the influence domain of the particle to be refined; and b)
h(x) = αrhp, ∀x ∈ ID. Now the analysis of (18) can be
performed only once before the simulation starts, selecting
the values that give good results for both a) and b).

The density gradient error (18) and the instability conditions
depend on the initial particle configuration, i.e.ra. Following
[4], we perform the soil simulations usingra = 1.2, thus the
values of the refinement parameters are studied for that case.
A more complete analysis can be found in [13].

Fig. 1 shows the kernel gradient error for the two model
cases. Also, the instability conditions for common values of
ij

dref
are shown; notice that in compression regime it is more

likely to have ij
dref

< 1.0. Selecting values that lie in the
lighter zones for the two casesh(x) = hp andh(x) = αrhp,
produces smaller kernel gradient errors. However, the instabil-
ity conditions represent an upper limit to the selection of the
refinement parameters. Accordingly, a good balance has to be
found. In Fig. 1 we have represented with black dots a set of
values that we consider as adequate to study the effect of the
refinement parameters.

IV. RESULTS

For studying the effect of the refinement parameters, differ-
ent simulations are run for each test problem using: a) a coarse
discretization; b) a fine discretization, obtained by statically
refining every particle in the coarse discretization using an
axis-aligned squared with(ǫr, αr) = (0.5, 0.5); and c) an
initial coarse discretization and the application of the dynamic
refinement procedure using the different refinement parameters
represented with black dots in Fig. 1. In this section we present

h(x) = hp

h(x) = αrhp

0.2 0.3 0.4 0.5 0.6 0.7 0.8
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α
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α
r

ij

dref
= 1.0

ij

dref
= 0.85

Fig. 1. Kernel gradient error for the two model cases (ra = 1.2). Gray
gradient representslog(E∇W

p ). Dashed lines correspond to the instability

conditions for two common values of ij
dref

; values below the line do not
result in unstable particle configurations in compression regimes. Black dots
depict the values selected to study the refinement parameters.

representative results taken from the numerous simulations that
are performed.

For the test cases, non-slip boundary conditions are applied
using the Morris type ghost particles as explained in [4]. For
both problems, the maximum deformation threshold is set to
εmax = 0.05.

A. Aluminum bars test case

Bui and co-workers conducted an experiment to test the soil
model. Small aluminum bars of1 and1.5mm diameter, length
50mm and density2650 kg/m3 were chosen to mimic 2D
soil particles. The aluminum bars were initially arranged in a
200x100mm rectangular configuration kept in equilibrium by
two vertical rods at both sides. Then, the right rod is suddenly
removed causing the collapse of the block of aluminum bars.
A shear box test was applied to obtain the required parameters.
Under the assumption of a constant Poison’s ratioυ = 0.3, the
values obtained wereK = 0.7MPa, co = 0 andφ = 19.8◦.

Fig. 2 shows frames from different simulations of this prob-



7th international SPHERIC workshop Prato, Italy, May 29-31, 2012

t = 0.060000 sec t = 0.110000 sec t = 0.600000 sec

(ǫr, αr) = (0.5, 0.5)

(ǫr, αr) = (0.55, 0.5)

(ǫr, αr) = (0.55, 0.6)
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Fig. 2. Aluminum bars test case simulations. Top: using the unrefined domain; Middle rows: using dynamic refinement with different refinement parameters;
Bottom: using the fine discretization. Color represents(εxx)2 + (εyy)2 + (εzz)2.

lem. The refinement criterion correctly chooses the particles
near the failure region, thus keeping the coarse resolutionin
regions with nearly none deformation. The simulations using
dynamic refinement describe very well the post-failure flow of
the soil. Additionally, the description of the total deformation
provided by these simulations is very similar to the description
obtained using the fine discretization of the domain.

For ǫr ≥ 0.6 or αr ≥ 0.6, we observe a tendency to the
formation of particle clumps and cracks, which is a signal
of the presence of numerical instabilities. This can be clearly
observed in Fig. 3.

B. Non-cohesive soil

Also following [4], we have performed simulations using
realistic soil parameters. For this test case, the soil density
is ρ = 1850 kg/m3, elastic bulk modulusK = 1.5MPa,
and friction angleφ = 45◦. Similarly to the previous case,
the soil is considered to be arranged in a rectangular shape
(2x4m). Two vertical rods standing by each side keep the soil
in equilibrium, until the right rod is suddenly removed causing
the collapse of the soil.

In Fig. 4 representative frames of five simulations are
shown. The results of the simulations using dynamic refine-
ment are in good agreement with the simulation using the fine
discretization. Moreover, concerning the evolution of thetotal

t = 0.600000 sec

(ǫr, αr) = (0.5, 0.5)

(ǫr, αr) = (0.55, 0.6)

(ǫr, αr) = (0.55, 0.7)
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

0
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0.08

0.1

Fig. 3. Apparition of instabilities (particle clumps and cracks) due to the
refinement.
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t = 0.250000 sec t = 0.450000 sec t = 1.800000 sec

(ǫr, αr) = (0.5, 0.5)

(ǫr, αr) = (0.55, 0.5)

(ǫr, αr) = (0.55, 0.6)
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Fig. 4. Non-cohesive soil simulations. Top: using the unrefined domain; Middle rows: using dynamic refinement with different refinement parameters; Bottom:
using the fine discretization. Color represents(εxx)2 + (εyy)2 + (εzz)2.

deformation, the results obtained by using dynamic refinement
are clearly an improvement over the results obtained using
the coarse discretization. Like in the previous test case, for
ǫr ≥ 0.6 or αr ≥ 0.6 instabilities are observed. The instability
becomes more pronounced for larger values of the refinement
parameters.

V. CONCLUSION

In this work, we have implemented a dynamic refinement
procedure into an elastic-plastic soil model. The application of
the dynamic refinement allows to study in more detail the post-
failure flow of the particles, and keeps the coarse resolution
in regions that are not affected by the failure. Consequently,
the computational requirements are noticeably reduced andthe
accuracy is very similar to that of the simulation using the fine
discretization. Moreover, the results confirm the validityof the
instability conditions. Based on the performed simulations, we
suggest to use0.5 ≤ ǫr ≤ 0.58 and0.5 ≤ αr ≤ 0.58.
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