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Abstract

Consider an nth rational interpolatory quadrature rule J7(f) = Z?:l Ajf(xj) to

approximate integrals of the form J,(f) = f_ll f(x)do(z), where o is a (possibly
complex) bounded measure with infinite support on the interval [—1,1]. First, we
discuss the connection of J7(f) with certain rational interpolatory quadratures on
the complex unit circle to approximate integrals of the form ffﬂ f (€1%)d6(6). Next,
we provide conditions to ensure the convergence of JJ(f) to J,(f) for n tending
to infinity. Finally, an upper bound for the error on the nth approximation and an
estimate for the rate of convergence is provided.
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1 Introduction

The central object of study in this paper is an integral of the form

(D= [ fayio()

-1

* This work is partially supported by the Belgian Network DYSCO (Dynamical
Systems, Control, and Optimization), funded by the Interuniversity Attraction Poles
Programme, initiated by the Belgian State, Science Policy Office. The scientific
responsibility rests with its authors.
* corresponding author.

Email addresses: karl.deckers@cs.kuleuven.be (Karl Deckers),
adhemar.bultheel@cs.kuleuven.be (Adhemar Bultheel).
! The first author is a Postdoctoral Fellow of the Research Foundation - Flanders
(FWO).

Preprint submitted to Elsevier 20 December 2011



where o is a (possibly complex) bounded measure with infinite support on
the interval I = [—1,1]. Such integrals can be approximated by interpolatory
quadrature rules with interpolation points that are zeros of orthogonal poly-
nomials and are all in /. However, since ¢ need not be positive, one needs to
introduce an auxiliary positive orthogonality measure ;. This leads to Gauss
quadrature formulas with positive weights that approximate integrals of the
form J,(f), and have a maximal (polynomial) domain of validity. If one of
the endpoints (Radau) or both of them (Lobatto) are imposed as additional
nodes, we get more general Gauss-type quadrature rules. In the ideal situation
1 “resembles” o as much as possible.

However, when f has singularities outside (but possibly close to) the interval
1, it is often more appropriate to not consider a maximal polynomial domain
of validity, but rather consider more general spaces of rational functions. In
such a case the orthogonal polynomials are replaced by orthogonal rational
functions with preassigned poles (to simulate the singularities of f).

A theory of orthogonal rational functions on the complex unit circle T has been
studied intensively in [5]. Of course by a Joukowski Transform z = $(z +271)
one may map = € I to z € T (see e.g. [3]), hence relating poles, nodes, weights,
and measures on [ and T. In the classical situation, the poles for the circle
situation are often taken in pairs {3;,1/3;} with |3;| < 1. This corresponds
to taking real poles for the interval. We refer to this as the situation of “real

poles”; see [20]. If, however, we want to consider arbitrary complex poles for
I, then we need pairs {f3;,1/3;} on T; see [13].

In this paper we will investigate rational interpolatory quadrature rules to
approximate the integrals of the form J,(f), by making the connection with
certain rational interpolatory quadrature rules for the approximation of in-
tegrals of the form I,(f) = ™ f(e?)d&(6), where & is a (possibly complex)
bounded measure with infinite support on T. This connection then allows us
to simultaneously obtain convergence results, error bounds and an estimate
for the rate of convergence for both quadrature rules, on the interval as well
as on the complex unit circle.

The outline of the paper is as follows. After giving the necessary theoretical
background in Section 2, in Section 3 we discuss the connection of the rational
interpolatory quadrature rules on the interval with certain rational interpo-
latory quadrature rules on the complex unit circle. Further, by considering
the nodes from rational Gauss-type quadrature rules as interpolation points,
the convergence result obtained in [10] will immediately induce convergence
results for the rational interpolatory quadrature formulas themselves. Next, in
Section 4 we provide error bounds and an estimate for the rate of convergence
(root asymptotics of the error) for these quadrature rules. We conclude with
some numerical experiments in Section 5.



2 Preliminaries

The field of complex numbers will be denoted by C and the Riemann sphere
by C = C U {oo}. For the real line we use the symbol R and for the extended
real line R = R U {oo}. Further, the positive half line will be represented by
Rt = {z € R: 2z > 0}. Let a € C, then R{a} refers to the real part of
a, while S{a} refers to the imaginary part, and the imaginary unit will be
denoted by i. The unit circle and the open unit disk are denoted respectively
by T={2€C:|z| =1} and D = {2z € C: |z] < 1}. Whenever the value
zero is omitted in a set X C C, this will be represented by Xj. Similarly, the
complement of a set Y C C with respect to a set X C C will be denoted by
Xy;ie, Xy ={te X :t ¢ Y} Further, if b = [a]| with a € R, then b is the
smallest integer so that b > a. If, on the other hand, b = |a] with a € R, then
b is the largest integer so that b < a.

In this paper, we will consider quadrature formulas on the interval I = [—1, 1]
and on the complex unit circle T. Although x and z are both complex variables,
we reserve the notation x for the interval and z for the unit circle.

For any complex function f(t), with ¢ = z or ¢t = z, we define the involution
operation or substar conjugate by f,(t) = f(1/f). Next, we define the super-c
conjugate by f°(t) = f(t), and consequently f¢ by f¢(t) = f(1/t). Note that,
if f(t) has a pole at t = p, then f,.(t) (respectively f¢(¢) and f¢(¢)) has a pole
at t = 1/p (respectively t = p and t = 1/p).

Let there be fixed a sequence of poles A = {ay, ay, ...} C Cy, where the poles
are arbitrary complex or infinite; hence, they do not have to appear in pairs
of complex conjugates. We then define the basis functions

bo(x) =1, bp(x) = Hk_l(lzz_ —

k=1,2,.... (1)

These basis functions generate the nested spaces of rational functions with
poles in A defined by L1 = {0}, Lo = C and Ly := L{ay,..., 4} =
span{b, ..., bx}, k = 1,2,... . Further, with £ we denote the closed linear
span of all {b}72,. With the definition of the super-c conjugate we introduce
Lo =Af: fc e Ly} = L{ay,..., @}, while the product of two spaces of
rational functions £y and £; = £{d,,...,&;} is defined by

Li-Li={f-g:fe€LyandgeL;} =L{o1, ..., d,...,4;}.

Note that £;, and Lj, are rational generalizations of the space Py, of polynomials

of degree less than or equal to k. Indeed, if a; = oo for every j > 1, the

expression in (1) becomes by(1) = z*.



Consider the integral

1) = [ f@ydota),

where o is a (possibly complex) bounded measure with infinite support on
I (in short, a complex measure on I). To approximate J,(f), where f is
a possibly complex function that can have singularities (possibly close to,
but) outside the interval, rational interpolatory quadrature formulas (RIQs)
are often preferred. An nth RIQ is obtained by integrating an interpolating
rational function of degree n — 1, and is of the form

T(f) =2 N s @) Anatior €L wng # 2 it j £k, {X] 1} € C,
k=1

so that J,(f) = JI(f) for at least every f € L,_;. For reasons of notational
simplicity, in the remainder we will write z; and A7, meaning x,,; and A7, ,
for a certain index m. At any time, the index m should be clear from the
context.

Next, consider the inner product defined by

<.f>g>u - ‘]M(fgc)> fag € 'Ca (2)

where p is a positive bounded Borel measure with infinite support on I (in
short, a positive measure on I), and let || f[|,, := /([ f),- Orthogonalizing

the basis functions {bg, b1, ...} with respect to this inner product, we obtain a
sequence of orthogonal rational functions (ORFs) {yg, ¢1, ...}, with ¢ € L\
Ly-1, s0 that g L, Ly—1; ies (pr,95), = didry, dy € R§ and &, =0,1,..,
where 9y, ; is the Kronecker Delta.

Whenever a,, € Ry, the the zeros x; of o, (z) are all distinct and in the open
interval (—1, 1), and hence, can be chosen as nodes for the quadrature formula
J2(f). For o = p, we obtain in this way the n-point rational Gaussian quadra-
ture formula, which has maximal domain of validity; i.e.; the approximation
is exact for every function f € L, - L5 . It is well known that the weights A
in the rational Gaussian quadrature are all positive (see e.g. [9, Thm. 2.3.5]).
Note, however, that the n-point rational Gaussian quadrature formula does
not exist whenever the last pole «,, ¢ R.

For any other choice of nodes, the weights may be non-positive or even complex
and the quadrature will only be exact in a smaller set of rational functions.
For each node that is fixed in advance, the domain of validity will generally 2
decrease by one. A special case is obtained when one node in the n-point
quadrature is fixed in advance, so that the weights are all positive and the

2 For some specific choices for the nodes, the domain of validity may remain the
same or may even decrease more (see also [2] for the polynomial case).



quadrature is exact for every f € L,y - L _,, which corresponds to the n-
point rational Gauss-Radau quadrature formula. However, the existence of
this n-point rational Gauss-Radau quadrature depends on the choice of the
node (e.g., it surely does not exist whenever the node is a zero of the ORF
¢n_1; see [12]), but it does not depend on whether «,, € R;. Whenever two
nodes in an (n+ 1)-point quadrature formula are fixed in advance, so that the
weights are all positive and the quadrature is exact for every f € £, - LS 4,
we obtain the (n + 1)-point rational Gauss-Lobatto quadrature formula. The
existence of this (n + 1)-point rational Gauss-Lobatto quadrature not only
depends now on the choice of the nodes, but also on the pole «, (e.g., it is
easily verified that it does not exist whenever «,, ¢ R; see also [11, Sect. 2]).

In the remainder we will refer to the nodes and weights of the rational Gauss-
type quadratures as (u, g)-nodes and (p, g)-weights, where g € {0, 1,2} refers
to the Gauss-type: g = 0 for Gaussian, g = 1 for Gauss-Radau, and g = 2 for
Gauss-Lobatto. Moreover, in the case of Gaussian and Gauss-Lobatto, we will
assume that the last pole a,,, if not in Ry, is replaced with an arbitrary pole
&, € Ry, and that the space £, is adapted accordingly (without changing the
notation).

Another sequence of basis functions will be used for the unit circle. Given a
sequence of complex numbers B = {3, 52,...} C D, we define the Blaschke
products for B as

k=1,2,.... (3)

k
By(z) =1, 1:[ /6 m ,

These Blaschke products generate the nested spaces of rational functions
,C_l = {O}, ;CO = C and ,Ck = ﬁ{ﬁl,...,ﬁk}oz span{Bo,...,Bk}, k =
1,2,. Similarly as before, we denote with L the closed linear span of
all {Bk}k o- With the definition of the substar conjugate and the super-c

conjugate we can define Ly, = {f: fe € Li}, L8 = {f : f© € L} and

={f:fce Ek} Note that £, and £k are rational generalizations of Py
too. Indeed, if all 3; = 0 (or equivalently, 1/ﬁj = oo for every j > 1), the
expression in (3) becomes By(z) = Bi(z) = 2.

Consider now the integral

:/:f@mam,zzéﬂ

where & is a complex measure on T2, and f is a (possibly complex) function

3 The measure ¢ on T induces a measure on [—, 7] for which we shall use the same
notation ¢.



bounded on T. The RIQs to approximate I;(f) are then of the form

[g(f) = E :S‘i,kf(zn7k)> {Zn,k}zzl - Ta “n,j 7é “n.k ifj 7é kv {)o‘iJc}Z:l C C>
k=1
(4)

so that I;(f) = I°(f) for every f € Eop-ﬁoq*, withn—1<p+¢<2n—2 and
p,q < n—1. From now on we will write 2z, and Ag, meaning z,,  and )\;‘nk for
a certain index m, where the index m should again be clear at any time from
the context.

Let ¢, € En \ Eon_l denote an nth ORF with respect to the inner product
<f7.g>u = [M(fg*)a fag € 'CO>

where /i is a positive measure on T, and let || f||, , :== \/(f, f),- We then define
a para-orthogonal rational function

Qur(2) = dn(2) + TBu(2)fns(2), T€T. (5)

The zeros zj, of @n;(z) are all distinct and on the unit circle T, and hence, can
be chosen as nodes for the quadrature formula I°(f). In the special case in
which ¢ = 1, we obtain an n-point rational Szegé quadrature formula, which
has maximal domain of validity (p=q=mn-—1). It is well known that in this
case the weights A} are all positive too. Due to the presence of the parameter 7
in (5), however, the nodes and weights in an n-point rational Szegé quadrature
formula are (unlike in the case of the interval) not unique. In the remainder
we will refer to the nodes and weights of the rational Szeg6é quadratures as
ji-nodes and fi-weights.

We denote the Joukowski Transformation z = $(242"") by « = J(z), mapping
the open unit disc D onto the cut Riemann sphere C; and the unit circle T
onto the interval I. When z = €' then 2 = J(z) = cos . In this paper we will
assume that x and z are related by this transformation. The inverse mapping
is denoted by z = J™(z) and is chosen so that z € D if z € C;. With the
sequence A = {ay, as,...} C C; we associate a sequence B = {f1, Bz, ...} C

D, so that B, = J"(ay) for every k > 0, and B = {1, 2, ...} C D with
BA% = 3%_1 = B, k = 1,2,... . Further, we denote the nested spaces of

rational functions based on the sequence B by Ly = ﬁ{ﬁl, ey ﬁk}, so that

Egk = [,2 . £k and Egk_l = [,2 . Ek—l-

A connection between quadrature formulas on the unit circle and the interval
I is given in e.g. [3] and [4]. If o is a complex measure on I, we obtain a



complex measure on T by setting
0(E)=0({cos0,0 € EN[0,7m)})+ 0 ({cosb,0 € EN[-m,0)}). (6)

Clearly, this measure ¢ is then symmetric (i.e.; do(—0) = —da(f)), so that
Is(fS) = I;(f) for every function f on T.

Note that by the Joukowski Transformation, a function f(z) transforms into a
function f(2) = (f o J)(2), so that f¢(z) = f(z) and J,(f) = 115 (f). Further,

let S, be defined by
Sopo1 =L L1y, and Sy = LS - Ly,

and let S = £¢- L, = £¢+ L. From [14, Lem. 3.1] it then follows that every
function f € L\ Lx_1 transforms into a function f € Sy \ (Sgk_l U S(Czk_l)*);
see also [9, Chapt. 3.2].

Consider an arbitrary set of m distinct nodes xp, := {xx}72, C (—1,1), and
let Zom = {21.}2™, C T\ {—1,1} be the corresponding 2m distinct nodes on
the unit circle, with zy = Zp 4 and z, = J(z;) = J(2myx) for £ =1,...,m.
We then distinguish the following three cases:

(0) x19 = x,,, and hence, 2 = zon;

(1) xI¥ = x, 3 U{=£1}, and hence, z[;l}l_l = Zon_2 U {£1};

(2) ,ﬂl = xp-1 U {1, —1}, and hence, 22 = 250 5 U {1,—-1}.

Let the parameter s € {0, 1,2} refer to one of this three cases, and let n(s)
and N(s) be defined by

n(s) =n+s/2| and N(s) =2n — s mod 2.
[s]

This way we can briefly write that the set of n(s) distinct nodes x, ) C I

corresponds with the set of N(s) distinct nodes ZN}(S) C T, where s represents

the number of nodes that are equal to 1 in absolute value. We then have the
following theorem, which has been proved in [11, Sect. 3].

Theorem 1. Suppose the posztwe measures i on I and i on T are related
by (6). Then the nodes Xn(s C I are (u,s)-nodes iff the nodes z ( C T are
[t-nodes.

3 Rational interpolatory quadrature rules

In this section we will be concerned with the approximation of J,(f) by means
of an n(s)-point RIQ J7 ) (f) based on a preassigned set of n(s) distinct nodes



nggs) on I, where s € {0,1,2} and f is bounded on I. Note that it is always

possible to determine the weights {A] }k ; in such a way that the approxi-
mation is exact for every function f € L,)—1. In this case, the weights are
determined by requiring that n(s)( f) = J (Rn(s 1), where R, (-1 denotes
the unique rational function in £, that interpolates the function f at the
preassigned set of nodes. The success of such quadrature rules not only de-
pends on the choice of nodes (see e.g. [18]), but also on the choice of poles. In
this paper, however, we will assume that the poles are fixed in advance, and
hence, we will only be concerned with the choice of nodes.

Let z 5 be the corresponding set of N(s) distinct nodes on T, with

2k = zn—|'s/2'|-l-k = J””’(;)jk) €T \ {_17 1}a k= 1a SRR (n - [S/Q—I)

2o9n—1 — +1 = T if s % 0, and Zop = —R2p—1 = Lnpal if s=2.

Further, let the measure ¢ on T be related to the measure o on I by means
of (6), and suppose | is bounded on T. We then can consider the approxima-
tion of I5(f) by means of the following N(s)-point quadrature rules:

o N(S) 0. © ° ° o
I (f) = D A f(zk) = Is(f), Yf € Sni (7)
k=1
and
N(S S ° °
Z Mf(a) =L:(f), VfE€ Syt 8)

Note that these quadrature rules — although a different domain of validity from
the one in (4) — are of interpolatory type too, and are obtained by determining

the yveights A7 and A? in such a Wey that I]‘U{,(s)(f) = I5(Sn(s)-1) and f]‘:’,(s)(f) =
I5(Sn(s)-1), where Sy(s)—1 and Sy(s)—1 denote the unique rational functions
in respectlvely SN(S _1 and S(N( that interpolate the function f at the

preassigned set of nodes z N}( . The following theorem now provides expressions

for the weights {X’}k ) in terms of the weights {\¢ }k . and {X’ N(s

Theorem 2. Consider the RIQ J7 (f) for J,(f), based on the set of nodes
s with corresponding set of wezghts {3} "(S . Then for s = 0 it holds that

Xn(s ’

o NN Awmk
ko 2 2 ’

kE=1,...,n, 9)



while for s € {1,2} it holds that

7\ = L6 _ 36 T _
)\ )‘k nl—i—k_)‘n—l—i-k’ k_lvan_l
19 I 38 I )
o _ 2n—1 __ 2n—1 (e — 2n 2 —
Ap ==t =2 and A\, = 2= if s=2,

where {A}y , and {)\0 N are the set of weights in respectively the RIQs
IJ&V(S)(f) and [1‘\’, () (f) for L,(f), based on the set of nodes zgf,}(s),

Proof. Let Ly, k=1,...,n(s), denote the fundamental rational interpolat-
ing functions in L, ~1, 50 that Lk(x]) = 0y  for j =1,...,n(s), and define

ge(2) == (Lr o J) (2 ) 6 82 in(s)—1]- Then it holds that

9x(25) = gr(2n—[s/2144) = Ok, J=1,...,(n—[s/2])
r(zan—1) = 0k if s#0, and gr(z2n) = g1 i s=2,

so that A\] = J, (L) = %Ig,(gk). Since for s = 0 it holds that g, is in SON(O)—I
as well as in Sfy o)1), the equalities in (9) follow by applying the RIQs (7)
and (8) respectively.

Next, for s € {1,2} let I;, I = 1,...,N(s ), denote the fundamental rational
interpolating functions in SN(S _1, 80 that ll(z]) =, ;forj=1,...,N(s), and
define the rational functions hj € Sypns)—1) by

hk(z) = lok(z) + lolcc*(z) = lon—l—i—k(z) + lo?n—l—l—k)*(z)? k= 1a S ]-7
l27L—1(Z) + l&n—l)*(z) ZQTL(Z) + l&n)* (Z)

2 ’ 2
Clearly, we then have that hy(z) = gi(2) for k =1,...,n(s), so that

if s=2.

hn(z) = and  h,yq(2) =

AT — {;{I USRS (lk*)} = l{Ia(ln 14+k) + 15 (l(n 1+k) )} kE<n
i {I&(ln—lﬂc) + I&(l(n—1+k)*)} ) k> n.

Finally, since the measure ¢ is symmetric, we have that
S\Z:]&(ik):[&(lo]i*)7 k:1’7N(8)

where the first equality follow by applying the RIQ (7). This concludes the
proof. -

From the previous theorem it follows that, for s = 0, we need to compute 2n
weights in the RIQs on T in order to obtain the n weights in the RIQ on [.



Under certain conditions on the nodes or on the measure o and the poles, this
number can be reduced to n, as shown in the following two theorems.

Theorem 3. Consider the RIQ JI(f) for J,(f), based on the set of nodes
XE?(]O) with corresponding set of weights {\7}7_,. Define the rational function
Uy, € En in such a way that ¥, (x;) = 0 for every x; € x[ s and let {Ag)2n
and {)\k ity be the set of weights in respectively the R[Qs ]gn(f) and I3, (f)
for Io(f) based on the set of nodes ZEV Then it holds that

T3 =30, and N =MN=XN_ k=1..n (10)

iff
Jo(thn) = 0. (11)

Proof. (We will only prove the first equality in (10); the second equality
can be proved in a similar way). Let lk, k=1,...,2n, denote the fundamental
rational interpolating functions in Son_ 1, S0 that lk(zj) =0, forj=1,..., 2n.
Then we have that

N = N = Lol0) = To(lsa) = To(le) = Lo (G ).

where the last equality follows from the fact that the measure ¢ is symmetric.
Note that, due to Theorem 2, it suffices to prove that )\k = )\n Tk for k =

L...,niff J;(¢,) = 0. So, let us now define the rational function Yon(2) 1=
(n 0 J) (2) = V(. (2) € San. Then it is easily verified that

(Z B BTL)qZ%L(f)
(2 = Bn) (2 = 2 )b (28)

where the prime denotes the derivative with respect to z. Further, note that
from o, (2) = 1o, (1/2) it follows that 1, (z) = %”(l/z , so that

le(2) =

(n—l—k / 1 - /Gn )w2n( ) d&(@)

Zn-i-k - ﬁn 1 — Zn+kz)¢2n(zn+k)

%k

(1— @sz z— Zk)%n(zk)

|
N3
QY
—
>
S~—

Consequently,

10



JC :/’r Won(2) Ll
k ntk -7 (z — zk)@bén(zk) 2k — /Gn 11— ﬁnzk
Y AT
(26 = Bn) (L = Bnzk) V2, (2k)
As a result, \Y = AZM iff 1, (o) = 0; ie.; iff J,(¢,) = 0. This ends the proof.
n

d&(0)

Theorem 4. Suppose o is a real measure on I, and assume that o, € R;
and that the poles {cv, ..., an_1} are real and/or appear in complex conjugate

pairs. Consider the RIQ J(f) for J,(f), based on the set of nodes XLO(}O), with
corresponding set of weights {\]}}_,. Then it holds that

TR and N =R{N), k=1,....n, (12)

where {A3}2" and {ig}ﬁgl are the set of weights in respectively the RIQs
IS (f) and IS (f) for I+(f), based on the set of nodes zg?,](o).

Proof. (We will only prove the first equality in (12); the second equality can
be proved in a similar way). Let I, &k = 1,...,2n, and 1y,(2) be defined as
before in the proof of the previous theorem. Note that, due to Theorem 2, it

suffices to prove that Ag = )xg 4 for K =1,...,n under the conditions on the
measure o and the poles, given in the statement. We now have that

M = X4 = L) = Lo(lngn) = Lo () = Lo (I5.0),

where the last equality follows from the fact that the measure ¢ is real sym-
metric. Further, we have that

o n (Z - Bn)ngn(z) 5
Ls(lnyr) = = AL
: /—ﬂ (Zntk — Bp) (2 = Zntk)V2n (2ntk)

e (=B e

(2 — Bn) (2 — 2) [—Ziﬁzén(zkﬂ

Consequently,

NESTE (7 — ) 2R {zk on2) } dé(0).

- (26 = Fu) (2 = 2 Vs (21)
Next, note that 1, (z) is of the form
2n ..
22271(2) _ Cn H]:l(z Z]) Cn E CO’

- (1 = Biz)(z = B;)

11



and that 1, (z) = E—Z%n(z) due to the assumption on the poles. Without loss
of generality, we may as well assume that ¢, = 1, so that

A - X —2® }k s (<Z —BvnlE) g )

- (% — 6n)(z - zk)
} 2y () s (11

Zk

{wz,:(zk)
{

U (24)

Finally, it holds that
— n 2
SIS
¢2n(zk) Hj:Lj;,sk ‘Zk — Zj‘ Zk T Zn+k

Remark 5. Note that, if assumption (11) in Theorem 3 is satisfied, it holds
that J,(f) = JI(f) for every f € L,; see also [8, Rem. 4.7] for the polynomial
case.

Remark 6. The condition on the poles {a1,...,a,_1} in Theorem 4 is suf-
ficient but not necessary. A necessary but not sufficient condition is that the
RIQ J,(f) =~ J2(f) is exact for every f € L,, but not for f € L1 \ L,
where L£,,_; C [im CL, L | and Zcm = [ﬁm.

So far, we have been mainly concerned with the algebraic aspects of the
quadrature rules for J,(f) and I5(f), but nothing has been said yet about
the “goodness” of these quadrature rules with respect to the numerical as-
pects. For this purpose, we will consider de case in which the interpolation
points xfgs) on I are (u,s)-nodes. In the remainder of this section, we will
restrict ourselves to the case of the interval. Similar results are easily proved
with the aid of [6, Sect. 3 and 4] and [13, Sect. 3| for the quadrature rules (7)
and (8), based on an arbitrary sequence of ji-nodes on T (and hence, for a
complex measure ¢ on T which is not necessarily symmetric). In fact, more
general subspaces of S and of the form [,C 1) Eq(n )%, With n the number
of nodes in the RIQ, can then be con81dered

In Theorem 9 we will prove — under certain conditions — the convergence of
the RIQs J77 (f) for n tending to infinity. For this, we first need the following
two lemmas.

Lemma 7. Suppose p is a positive measure on I, and consider the sequence of

orthonormal rational functions {¢y}i_g, with ¢ € Ly \ Lx—1, so that ¢ L,
Ly—1 and ||yl = 1. Further, suppose g(z) is a function on I such that

12



19]l,,0 < 00, and let P{ be its orthogonal projection in Ly(I) onto L5 i.e.;

=Y _api(@), = Ju(erg)-
Then it holds that J, (fP?9) = J, (fg) for every f € L,,.

Proof. Since the sequence {py}7_, forms an orthonormal basis for £, it
suffices to prove that

Ju (@i P?)=J,(p;9), j=0,...,n

We now have for 7 =0,...,n that

Ju (@i P9) =" cnd, (0;95) = ¢; = Ju (959) -
k=0

This concludes the proof. -

Lemma 8. Suppose i is a positive measure on I, and let o be a complex
measure on I, such that o is absolutely continuous with respect to p (0 < )

and
ol <00 9lo) =570 (13)

Consider the set of (u, s)-nodes x.* ( C I, and let {\Y') denote the corre-
sponding (1, s)-weights. Let a, s be given by

0, 5 <2

JM(‘Png) —
7“1('%') s = 2.

an78 —_=

Define the weights
)‘Z = AZ [@n,s%(xk) + Pg—l(xk)] ) k= L... 7n(5>7

where PY_, is the orthogonal projection in L5(I) of g(x) onto LS . Then the

RIQ J,(f) = J5,(f), based on the set of nodes XH and wezghts (A7) s
exact for every f € L)1

Proof. First, note that for ¢ < p, we have with g(z) = ZZE“T; W(fg) =

Jo(f) for every function f. So, consider now the case in which f € £, ;. We
then have that

Jg(s)(f)_ans (f‘Pn)‘l'Ju (f Ply)
= s (f05) + i (f 1) = sy () + o (f),

13



where the last equality follows from the previous lemma. Thus, we find that
Joo(f) = Jo(f) i ansd)(fer) = 0. Recall that the last pole oy, if not

n

real, Was assumed to be replaced with &, € Ry for s € {0,2}, so that
A5, (fgpn) = 0iff s # 1 or a,; = 0. Hence, we have proved the state-
ment for s < 2.

Consider now the case in which s € {0,2} and f = ¢,,. It then holds that

n(s)(@pn) = Qn SJM (|80n|2) + Jﬁ(s)(%Pﬁ_ﬂ
:anysjﬁ(s) (|90n|2) + Ju (onP_1) = ansJ, n(s (|90n| ) .

Note that Jf;(s) (|<pn|2) = 0 for s = 0, due to the fact that ¢, () = 0 for every

(i, 0)-node ;. Consequently, the quadrature is exact for every f € L, iff
Ju(png) = J-(pn) = 0 (see also Remark 5). Thus, if P¢ denotes the orthogonal
projection in L4 (1) of g(x) onto L¢, then we deduce form the previous lemma
that PY(z) = Pj_,(x) whenever J,(p,9) = 0. As a result, the statement
remains valid for this special situation, and we may as well put a, o = 0 too.

Finally, for the case in which s = 2, it holds that J} (\gon\z) € R{. Thus,
setting a,o = J,(0ng)/Jh (|g0n\ ), we get that

o Ju(#ng)
Jni1(@n) = Tir (Ieal®) = Tulong) = Jo(on).
n+1 (|90n| )
This concludes the proof. -

The following theorem now provides a convergence result for the RIQs ,‘L’(S)( f)
for n tending to infinity.

Theorem 9. Suppose 1 is a positive measure on I, and let o be a complex
measure on I, such that o < p and ||g||,, < oo, where g is defined as before
n (13). Assume 352,(1 — [J™(ay)|) = oo, and consider the RIQs J,(f) ~
o), n=1,2,..., based on the sets of (i, s)-nodes xngs) C I. Then it holds

that lim,,_, o Jg(s)(f) = J,(f) for all functions f bounded on I, for which the
Riemann~—Stieltjes integral J,(f) exists.

Proof. For every n > 0, let R,5—1 € E _1 denote the interpolating ratio-

nal function for f at the sets of nodes Xn(s Smce ns () = I3 (Bas)—1) =
Jo(Ry(s)-1), we have that

To(f) = T3 (F)] = [To(f = Rugo-1)|
= (If = Rut-1l9)| < T (|£ = Buoa] lal)

14



Making use of the Cauchy—Schwarz inequality, and setting || g/l o =M < oo,
we obtain that

Jo(f) — JZ(8>(f)\ <M - Hf - Rn(s)—lH ;

M2

where it follows from [10, Thms. 8, 10 and 12] that lim,, Hf - Rn(s)—lH , =
s
0.

Under the same assumptions on the measure o as in the previous theorem, it
follows from the Banach-Steinhaus Theorem (see e.g. [17, Thm. 2.5]) that there
exists a positive constant M, so that for every n > 0, S, = z;‘f{ IN7| < M.
The next theorem implies as a special case (i.e., with f(z) = 1) that the
sequence S, converges; namely that lim, .. S, = [!, |do(z)|. First, we need
the following lemma.

Lemma 10. Suppose p is a positive measure on I, and assume Z?’;l(l —
|J" (aj)|) = 00. Forn =1,2,..., let Jhsy(f) denote the rational Gauss-type
quadrature based on the (u,s)-nodes. Then it holds that lim,, ., Jﬁ(s)(f) =
J.(f) for all p-integrable functions f.

Proof. The statement directly follows from [10, Lems. 2 and 4], together

with Theorem 1. -

Theorem 11. Suppose i is a positive measure on I, and let o be a complex
measure on I, such that o < p and ||g||,, < oo, where g is defined as before
in (13), and assume that 332, (1 — |J"™(ay)|) = oo. Consider the sets of
(i, s)-nodes xfgs) Cl,n=1,2,..., and let {X,;}ZS{ be the sets of weights in
the corresponding RIQ J,(f) = J3(f). Then

n(s)
Tim S N| f(an) = Ju(f - lg), (14)
k=1

for all functions f bounded on I, for which the function f-|g| is p-integrable.
Proof. For ease of notation, we will denote the sum on the left hand side

in (14) by J} . (f - ‘gﬁ ), where g, () = an 05, (2) + PJ_1(x) € L 5 see
Lemma 8.

Choose an arbitrary g € Ly(I) (i.e; [|g]],, < o0). By the triangle inequality
and because the weights A depend linearly on o, it follows that

T o= | (F - |ax]) = Ju(f - 9])]
< T (11 9w = Gw]) + T (F1-1g = 3) + | T (-

~l
In

) = Ju(f -19])] -

15



Since f is bounded on I, there exists a number M such that | f(z)] < My < oo
for every x € I. Hence,

~l

) = Ju(f - 19D
- Tn,l + Tn,2 + Tn,37

T < MpThy (|92 = 9u]) + My T (lg = 3) + | T (f -

where T,, = ’Jﬁ

Tn3 - Mf (‘g g
to get

o)) = T £ 18Dy Too = My (Jok = g]), and
). To estimate T;, 5, we use the Cauchy—Schwarz inequality

(s)
|
Tos < Myllg =9l Ky Kui= 1], < o0
For T, 2 we note that for every function f, of the form f,(z) = ¢, ¢%(z) +

fo1(x), with f,_; € £E_,, it holds that

Tngs) (Ifnl) < IcnlJﬁs (Ion]) + ) ()

< 3ot e /32 (o) 32 (1)
=K, {|Cn| Ihs) (|S0n|2) + ||fn—1||u,2} )

where the last equality follows from the fact that the quadratures are all exact

11’1 ETL—l N Efl—l

For our purpose, ¢, equals a,, s — ay, s. S0, let us first consider the case in which
s < 2. We then have that

T2 < Mngn—gnH < My llg =9l Ky

so that
Tn < Tn,l + 2Mf ||g - g||u,2 ’ KN'

Consider now the case in which ¢ = P§ € L£5. From [10, Cor. 15] it then
follows that for every € > 0 there exists an integer [, so that for every N > [:

2My |lg — PR, - Ku < €/2,
Thus, for n > N > | we get that
T <€ )2+ | T8 (F - 1P&) = Ju(f - [PED)] -

Further, since

S (f - 19) = Ju (f - 1PRDI < Ju ([ f] - lg = PRI)
<o lg = Pl < Myllg — Pill,o - Ku < €/4,

16



and f - |g| is assumed to be p-integrable, it follows that f-|Py | is u-integrable
too. Consequently, from Lemma 10 we deduce that for every ¢ > 0 there exists
an integer k, so that for every n > k:

PG = Ju(f - [PED| < €/2.

o

Taking n > max{N, k} and setting ¢ = €, we obtain in this way that 7}, < e.
This proves the statement for s < 2.

Next, for s = 2 we have that

Ju(enlg — 9 lg — gl
n+1 (|90n| ) — | (SO (g g))‘ < 4,2

n—l—l (|80n| ) b Jﬁ+1 (|<Pn|2)’

|cn|

so that
Jggﬂm+2Mﬂw_gM24@(1+ [nH(WA)TUﬁ.

Note that J, (|g0n|2) = 1, and hence, from Lemma 10 we now deduce that
that for every €’ > 0 there exists an integer m, so that for every n > m

~1/2

1-¢' < { i} (|<pn| )} <1+¢€".

Proceeding as before, with § = PY, and taking n > max{N, k, m}, we obtain
in this way that 7,, < < (5 + ¢”) = €. This concludes the proof. -

4 Error bound and rate of convergence

In this section we will provide an error bound for the RIQs considered in
the previous section. For this, we will again pass from the interval to the
unit circle by means of the Joukowski Transformation x = J(z) € C. Setting
r = R{z} +iS{x} and 2z = pel?, we obtain that R{x} + iS{z} = J(pe'?) =
s(p+pt)cosf+it(p—p ') sind. Thus, for 0 < p < 1, the circles

C,.={2€C:|z|=p} and Ci:={z€C:|z|=p""} (15)

map onto the ellipse
9 2 9%y 2
&, = {xeC: < %{x_i) +<LI_}1> :1}. (16)
p+p p—p

Let f be an analytic function on some open neighborhood of I, and sup-
pose that p is a positive measure on I. Consider an n-point RIQ JH(f) =

17



Z;L 1 Mo f(zg) which is exact in the space L, = L{ay,...,an}, with £, C
L CL,- LS, and let BX(f) := J,(f) — J*(f) denote the error on the nth
approximation. Further, suppose that U is the domain of analyticity of m,, f,
where 7, () = [Tj2,(1 — z/a;), and let 0 < p < 1 be such that £, C U. Then

the following upper bound has been proved in [15, Eq. (5)]:

2l < R ([ o)+ 35 081) [ s (5= ) 0]

(17)
where

Em+1 <71 ) = min 7]9()

" 7rm(~)(v — ) PEPm+1, p(v)=1 Wm(-)(v — ) 7
and |||, stands for the maximum value of the continuous function |h| on
the compact set K. In [15, Sect. 3] the poles &; where assumed to be real
and /or appearing in complex conjugate pairs. However, following the steps in
the proof of (17), it is easy to see that the expression for the upper bound
remains valid without this assumption on the poles. Furthermore, the result
is easily extended to the case of a complex measure ¢ just by replacing dyu(x)
and A, with |do(z)| and A{ respectively; thus,

B < ;{ L, (/ \+zw) . e (m) dv].

We now have the following lemma, which is a generalization of [15, Lem. 1] to
the case of arbitrary complex poles outside I.

Lemma 12. Suppose z = J(z) € I, v = J(w) € C and &; = J(3;) € C;. Let
us denote

Vi = (14 w®) [+ B), (2 = [1 (= — ),
j=1 j=1
and set
Crn1(2) _ mn(@)v—2) [ (z=w)n(2) (1= W) T (2)
Ving1  2mtly (1 —zw)zmre,, (2) (2 — W) (2) '

Then, ®,,.1(x) is a polynomial in the variable x of degree m + 1.

Proof. First, note that

Vi1 T (2) (1 — 2/0) = o (2)7E (2) (z — w)il — zw)j

so that

G, (x) = D) s ()3 ()42 (1= 20) (1= 2)A,(2) e (2).




Next, with z = €l we have

(z —w)(z —w)

= oy () = O e - (e - )

and

21— 2w) (1 — 20) 7, (2) T (2)

- () (o)L (5-3) (5-7)

Jj=1

Therefore, ®,,.1(x) is a trigonometrical polynomial of degree m + 1 at most,
and hence, can be expressed as a linear combination of cos(kf), k = 0,...,m+
1. An easy calculation shows that the coefficient of cos((m + 1)6) is (1 +

|w]? I, ’@-‘2)/2”‘ # 0. This concludes the proof. -

Note that for |z| = 1, it holds that |(z — @) /(1 — zw)| = |(1 — 2w) /(2 — w)| =
1, and that

7‘3{.6

50 per ag w5
() ome) T gy T Bl

where B,,(z) is the Blaschke product, given by (3). Hence, from the previous
lemma it follows that

(bm-i-l(')
T () (0 =) |

[Vint1] 2le 2
< H 1+ 3.

We are now in a position to prove the following generalization of [15, Thm. 1].

Theorem 13. Suppose o is a complex measure on I. Let f be an analytic func-
tion on a neighborhood of the interval I, and suppose JS(f) = Y p_i A7 f(xg)
is an nth RIQ for J,(f) that is exact in the space L, == L{G, ..., 0}, with
Loy C Ly CLy- LS . Let ES(f) == J,(f) — JO(f), and define Y, and F,,
by

=11 {1 + {Jm”(&j)r} and F,,( f[ (1 —z/d;).

Let U be the domain of analyticity of F,,. Further, let p < 1 be such that
E, C U, where the ellipse &, is defined as before in (16). Then

B0 < () il Il ([ o)+ 321l ) Gt (19
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where ||[Fllg, :=max {|Fy(z)| : v € £y}, and

2 M 1
G 5dt, 19
271'/ H ‘1 _ sz}( )61t‘ ( )

with the product in the integrand equal to 1 when m = 0.

Proof. Proceeding as in [15, Sect. 3], if we choose

2mm

— |wf* Vv

p(x) = H 1= wh| " B (2),

then p is a polynomial of degree m + 1 such that p(v) = 1 and

2 |w|m+1

s [+
S VT a—en A

p(-)
)

T (+) (0 —

so that

oo () < s i 1+5]
m+1 I OICES ’\/’1}2 ’ 1—|w| j= 1‘1—11}5]

Note that we here obtain the same result as in [15], just before the end of the
proof of [15, Thm. 1]. The statement now follows from the last step in that
proof. -

The main advantage of the upper bound given in the previous theorem, is that
the integral (19) is always computable by the Residue Theorem; see [15, Lem.
2]. We can also obtain an error bound for the RIQs on the unit circle, consid-
ered in the previous section. In this respect, we have the following theorem,
which is a generalization of [16, Thm. 1].

Theorem 14. Suppose ¢ is a complex measure on T. Letf be an analytic func-
tion on a neighborhood of the unit circle T, and suppose I (f) = Yp_; A7 f (1)

is annth RIQ I;,(f) that is exact in the space Z',;-Loiq*, with Ly, := Loi{ﬁl, B}
and p,q < n. Let E2(f) == 1,(f) = I?(f), and define F,, by

Fypo(2) = 78(2)f0u(2) f(2),  where fpn(z H (1—-5;2)
Let U be the domain of analyticity of ﬁ’p,q. Further, let r <1 < R be such that
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C,UCr C U, where the circles C, are defined as before in (15). Then
BuD] < [l (/7 105000+ 3 i)
o k=1

(i + e (1) () - e

\ &
Ax

where H]%M ey = max{‘ﬁp,q(z)‘ cz€C U CR}, and
o 1 e B 1
Gm(p) = g/o ]1;[1 Wdta | <1,

with the product in the integrand equal to 1 when m = 0.

Proof. The proof is exactly the same as the one of [16, Thm. 1] when re-

placing ‘m,” and ‘w,’ (i.e.; those with index ‘q’) with ‘7¢” and ‘w{’ respectively.

Note that for f(z) = (f o J)(z), and o and & related by (6), it holds that

T(f) = 5lo(f) and [ o) =5 [ 1as (o).

while it follows from Theorem 2 that J7(f) = %[f\’,(s)(f) =1 ~J‘0{7(5)(f), so that
- 1 ° 5 o 1 5 o
Er o (f) = 5 N (f) = 5 Ny (F)- (21)
Furthermore, whenever either s € {1,2}, or s = 0 and condition (11) is
satisfied, it also holds that
n(s) 1 N(s) .. 1 N(s) 5.
=33 g =53 ],
k=1 k=1 k=1

while we can deduce from Theorems 2-3 that the quadrature rules If\’,(s)( f )
and f]‘:’,(s)( f) have the same domain of validity; they are exact for every f €

Sog(n_s mod 2) (note that 2(n — s mod 2) = N(s) — 1 for s = 1, but that 2(n —
smod 2) = N(s) for s € {0,2}). As a result, the error bound (18) could also
be obtained with the aid of (20) by setting p = ¢ = m and r = 1/R = p, so

that
TII+1 - - Rl—p R 1 R 1 2pm+1 .
(e 2o T ) - o




and noticing that for 3; = J(&,), it holds that Gml(p) = Gum(p) and
HmeH = Tl [[Fllg, If, however, condition (11) is not satisfied for

P
s = 0, we need to consider the auxiliary quadrature rule

CpUCl

-5 o 1 5 o =5 o
I0)(f) = 5 {]N(O)(f> + [N(O)(f)} ;
with weights

MM NN NN AN

where the second and fourth equality follows from the fact that the measure
o is symmetric. This way, we deduce from Theorem 2 that

N(0)
1 2.

1 .
Z_j and Ea(s)(f) = §EJ( )(f)

)
S(O)(f):§le(0)(f)a kz_:lp\

l\DlP—‘

Taking into account that the auxiliary quadrature rule ff\’,(o)( f ) has domain of

validity San_s, the error bound (18) can again be obtained with the aid of (20)
by setting m =p=g¢q, p=r =1/R, and 3; = J"™(q;).

To conclude this section, we will give an estimate for the rate of convergence of
the sequence of RIQs considered in the previous section. Let us first consider
the case of the unit circle. For this, we need to know something about the
distribution of the complex numbers B = {3, 3s,...} C D. Let ©? be the
normalized counting measure which assigns a point mass to f;, taking the
multiplicity of 3, into account. We then have the following generalization
of [7, Thm. 5.2].

Theorem 15. Suppose i is a positive measure on T that satisfies the Szegd
condition [" _log [i/(0)df > —oo, where [/ is the Radon-Nikodym derivative
of the measure [ with respect to the Lebesque measure on T, and let o be a
complex measure on T, such that ¢ < 1 and

[ o) ane) < oo i) =0

Let the sequence B be contained in a compact subset of D, and assume that 1/5
converges to some measure U° in weak star topology. Consider the R]Qs I"(f)
n=1,2,..., based on the sets of n ji-nodes, such that I"(f) I (f) for all
f e LS E gin—1)x> wWith p(n —1)+q(n—1) =n—1, and lim,,_. q(n)/n =

p(n—1)

€ (0,1). Suppose that f is analytic in a closed and connected region G for
whz’ch TCG, GN(BUBU{0,00}) =0, where BS = {1/61,1/0s,...}, and
such that the boundary 0G is a finite union of Jordan curves. Then it holds
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that
lim sup ‘Eg(f)‘l/n

n—oo

<7<l
where
v =max{_max fexplAG)]}_max fexpl(1 = DA/}

with E:={2¢€ C:|z| > 1} and

u—=z

Az) = [logl¢-(w)] di'(w), Co(w) =+

1—Zu

Proof. The proof is exactly the same as the one of [7, Thm. 5.2] when
replacing ‘my,)’ and ‘wy,y’ (ie.; those with index ‘q(n)’) in the proof of [7,
Thm. 5.1] with ‘Wg(n)’ and ‘wg(n)’ respectively. This way it holds for the para-
orthogonal rational function ‘y,(z)" in [7, Eq. (5.8)] that (see also [7, Thm.

2.4))
lim sup 1%n(2) [V = exp{rA(z) + (1 = 1)A(Z)}, Vz R,

where it is easily verified that A\(Z) = —A(1/2). -

Finally, we can prove the following estimate for the rate of convergence for
the case of the interval.

Theorem 16. Suppose i is a positive measure on I that satisfies the Szegd

condition fll %dz > —o0, where i’ is the Radon-Nikodym derivative of

the measure p with respect to the Lebesgue measure on I, and let o be a
complex measure on I, such that o < p and ||g|,, < oo, where g is defined
as before in (13). Let the sequence A = {ay,q,...} be bounded away from
I, and assume that the corresponding normalized counting measure converges
i weak star topology. Consider the RIQs Jg(s)(f), n = 1,2,..., based on
the sets of n(s) (u,s)-nodes, such that J7 o, (f) = Jo(f) for all f € Ly)-1-
Suppose that f is analytic in a closed connected region H for which I C H,
HN(AU{oco}) =0, and such that the boundary OH is a finite union of Jordan
curves. Then it holds that

lim sup ‘EZ(S) (f) ’1/11(3)

n(s)—oo

<k <1,

where ,
K = max {exp[A(va(x))]} ;

and \(z), with x = J(2) and By, = J™(ay,) for every k > 0, is defined as
above in Theorem 15.

Proof. From (21) it follows that
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lim sup ‘EJ )ll/n(s) = lim sup <%) 1/l ’EN(S )‘1/"(8)

n(s)—oo n(s)—oo

o 11/N(s)) V(s)/n(s)
_hmsup{}EN(s (f)}/ ()} <<l

n(s)—oo

So, set H := {z € C: J(z) € H} and let 9H denote the boundary of H. Then

it follows from Theorem 15, with r = % and OG = OH, that

7= maX{ max {exp[A(Z)]},Zergg%{exp[k(l/ Z)]}} = max {exp[A(z)]},

z€OHND z€OHND

where the last equality is because z € OHNE iff 1 /z € OH ND. This concludes
the proof. =

5 Numerical examples

In this section we will illustrate the effectiveness of the quadrature formulas
introduced in Section 3. For this, we consider the Chebyshev weight function

of the first kind
dx

du(x) = Vi xel,
which satisfies the Szegdé condition [~ ! 1(\’}5”7 dr > —oo, and for which the
corresponding measure on the unit circle is the Lebesgue measure dji(0) = df.
Explicit expressions for the orthonormal rational functions ¢, with respect
to this measure and inner product (2) are given in [14, Thm. 3.2], while ex-
pressions to compute the (u, s)-nodes and (p, s)-weights in the corresponding
Gauss-type quadrature formulas can be found in [11, Sect. 4]. Further, we take

dx
for which [!, |do(z)| = ol o, =5 The corresponding measure on
/’117
the unit circle is then given by
—i/2
° . —i |Z2 — 1|1 i
da(@) = \sm@\l /2d9: Wdﬁ, 2269.

Given a function f;(x) on I, we approximate the integral J,( f;) by means of an
n(s)-point RIQ J7 ) (fi), based on the set of (y, s)-nodes xus) C I, where we

replaced a,, ¢ R; with &, = oo for s € {0,2}, and with the weights {\7}"*)
as defined in Lemma 8. In the examples that follow, the computations were
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done with the aid of MAPLE®10, with 30 digits. Since the calculation of the
projection coefficients J,(py) could take a lot of time (especially for higher
degrees and/or different poles?), we considered the auxiliary functions (see
also [19, Sect. 3])

1 — apx\™*

) s mk:#ak in {ozl,...,ozk},

Fena) = (

r — O

to speed-up the computations. The integrals J, () were then computed by
solving the lower-triangular system of equations

k
Jo(f) = 30 Ju(FH5) - Ja(e))

k
@ a(71) = B () Jal1) = 3 T (1) Tl

k=1,....n—1

Y

where JJ/ i (+) is the n(s)-point rational Gauss-type quadrature formula. In the
case in which s = 2, we also needed to compute the constant a,, ». For this, we
have that

n—1
T(FE5) - Toipn) = To(FO)) = 32 Tu(F05) - Toliy)
j=0
I, (@) Z Ty (FO05) - To(5),

where it holds for the left hand side that

Ju(f @) pe)

Tu(fO05) - T (pn) = W

Jo(n) - Jff(z)(f(d")@;)
= ap2 - Jﬁ(z)(f(d")%)-
Example 17. The first function f,):(z) to be considered is given by

xn(s)—l
fa@i(t) = ————, weC;, n>1, (23)

(x —w)r=1

which has poles of order n — 1 in w, and one pole at infinity for the case in
which s =2. So let ap =w, k=1,2,..., with w = 3T+i. Table 1 then gives the

relative error -
, ': Jo(fn(s),l) - Jn(s)(f”(3)71)
n(s),l - Ja(fn(s),l)

4 For certain degrees or choices of poles, MAPLE®10 even completely failed to
compute the integral J,(¢k).

(24)
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Table 1

The relative error, given by (24), in the RIQs for the estimation of J,(fy,(s),1), where

o is given by (22) and f,(4),1 is given by (23).

n Tr(0)1 To)1 (1) | o) (=1) Tn(2),1

2 | 9.3780e — 30 | 7.2139¢ — 30 | 7.3567¢ — 30 | 8.1616e¢ — 30
3 | 1.5784e — 29 | 1.4216e — 29 | 1.6002e¢ — 29 | 4.1922¢ — 30
4 1 1.9734e — 29 | 9.3931e — 30 | 1.5795¢ — 29 | 2.0998e — 29
5 | 2.6967e — 29 | 1.9363e — 29 | 3.4059¢ — 29 | 2.6656e¢ — 29
6 | 2.1534e — 29 | 3.5910e — 29 | 5.3360e — 29 | 2.1231e — 29
7 | 5.7863e — 29 | 1.5959e — 29 | 1.5255e — 29 | 3.8053e — 29

for several values of n. The relative errors in Table 1 clearly show that the
integrals are approximated exactly by the RIQs.

Example 18. The second function f5(z) to be considered is given by

fo(z) = sin <ﬁ) , w e R, (25)
This function has an essential singularity in x = iw and * = —iw. For w > 0
but very close to 0, this function is extremely oscillatory near these singulari-
ties. Since an essential singularity can be viewed as a pole of infinite multiplic-
ity, this suggests taking oy, = (—1)iw, k =1,2,.... So, let w = %. Table 2
then gives the relative error

Jo(f2) = I (f2)
Jcr(f2)
for several values of n. With 8 = J™ (3i/4) = —i/2 and 0¥ = §(d3 + d3)

(where ¢, is the unit measure whose support is the point z) we obtain from
Theorem 16 the following estimation for the rate of convergence:

Tn(s),2 *—

(26)

22_62

1—z%32

K =

Ig%xD{ } > exp[A(0)] = 0.5.

Figure 1 graphically shows the actual rate of convergence

‘1/n<s>

Kn(s) *= Ja(f2) - JS(S)(]CQ) (27)
as a function of the number of interpolation points n(s) for the case in which
s = 0. The graph suggests that lim,,)—oc kn(o) ~ 0.1, which is indeed less than
or equal to 0.5. However, this also suggests that for a desired accuracy that
is sufficiently small, the accuracy will be reached approximately three times

faster than indicated by the estimated rate of convergence.
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Table 2

The relative error, given by (26), in the RIQs for the estimation of J,(f2), where o

is given by (22) and fs is given by (25).

n T'n(0),2 Tn)2(+1) | Taa)2(=1) Tn(2),2
3 4.1088¢e — 2 1.1244e — 2 1.1244¢e — 2 1.9547e¢ — 2
5 8.5077e — 4 2.3263e — 4 2.3263e — 4 4.1060e — 4
9 9.1766e — 7 3.3781e — 7 3.3781e — 7 2.5981e — 7
17 | 5.0893e — 13 | 2.2097¢ — 13 | 2.2097e¢ — 13 | 6.9810e — 14
33 | 5.7247e — 27 | 2.6760e — 27 | 2.6780e — 27 | 3.8649¢ — 28
0.5
0.45} l
0.4 1
o 0.35f i
<
S 03t ]
g
§ 0.251 R
S 0.2} 1
)
€ 0.15} .
0.1f R
0.051 R
O 1 1 1 1 1 1
0 5 10 15 20 25 30 35

Fig. 1. Rate of convergence k), given by (27), in the RIQ ‘]g(o)( f2) for the esti-

number of interpolation points

mation of J,(f2), where o is given by (22) and f, is given by (25).

Example 19. The last function f3(x) to be considered is given by

fa(z) =

_ T /w
sinh(7z/w)’

w € Ry,

which has simple poles at the integer multiples of iw; thus, let

ar = (—1)*[k/2]iw,

Note that (see e.g. [1, p. 85])

sinh(7x /w)
T /w

27

[ee]
=11
j=1

k=1,2,...

513'2

(Jw)?
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Table 3

The absolute error a3, s € {0,2}, and upper bound a

[u]

n(s

)3 given by (30), in the
RIQs for the estimation of J,(f3), where o is given by (22) and f3 is given by (28).

[u] [u]
n n(0),3 n(0),3 n(2),3 n(2),3
2 1| 2.6931e — 1 | 1.0237e + 1 || 3.2052e — 2 | 5.8884e + 0
3 || 1.0475e — 2 | 2.8423e¢ — 1 || 4.0725e¢ — 3 | 2.8559¢ — 1
4 || 3.5376e — 3 | 4.5227e — 1 || 8.1381le — 5 | 1.4787e — 1
5 || 7.7270e — 5 | 5.0176e — 3 || 3.8165e — 5 | 5.0353e — 3
6 || 2.0835¢ — 5 | 8.4449¢ — 3 || 3.9569¢ — 7 | 1.8290e — 3
7 || 2.5942e — 7 | 4.5704e — 5 || 9.0437e — 8 | 4.5791e — 5
so that
HFn(s)—l € - ||Fn—1||5‘pn(s) = ’Fn—l (J((_l)n_lipn(s))) v Pn(s) € (|ﬁn| ) 1)a

Pn(s)

where |8,| = \/([n/2]w)* + 1 — [n/2]w. So, let w = 1. Tables 3-4 then give

the absolute error an )3 1= |J(f3) — I (fg)‘ for several values of n, together
with the upper bound

2pmn,s
[u] . : n(s) n—1e
a = min ——— | || - [Fhet (J((—1 105 (s X
n(s),3 Pr(s) €(1Bnl,1) { (1 — pi(s)) | 1] ’ 1 ( ((=1) Pn( )))’
n(s)
2+ Z ‘)‘ﬂ Gn—l(pn(s)> ’ (30>
k=1
with
2[n/2],s=0
Mps = § N, s=1
n+1, s=2,

where the expression for the case in which s = 0 follows from the fact that
on(—2) = (=1)"p,(x) for the given sequence of poles (29) and for &, = oo,
so that J,(p,) = 0 whenever n is odd (see also Remark 5). Since |.J,(f3)| ~
1.3272, the relative errors are of the same order.

6 Conclusion

We presented a connection between rational interpolatory quadrature formulas
(RIQs) for complex bounded measures o on the interval and certain RIQs for

28



Table 4

The absolute error a, (1) 3 and upper bound a%l) 4, given by (30), in the RIQs for
the estimation of J,(f3), where o is given by (22) and f3 is given by (28).

n || ans(+1) | a5+ || ans(-1) | all 5(-1)
2 || 2.2220e — 1 | 1.0210e + 1 || 2.2071e — 1 | 1.0245e + 1
3 || 3.5521e — 3 | 8.4133e — 1 || 3.5521e — 3 | 8.4133e — 1
4 || 3.5242e — 3 | 4.5203e — 1 || 3.5207e — 3 | 4.5314e — 1
5 || 2.1264e — 5 | 2.2622e — 2 || 2.1264e — 5 | 2.2622¢ — 2
6 || 2.0992e — 5 | 8.4495¢ — 3 || 2.0986e — 5 | 8.4561e — 3
7 || 8.7345e — 8 | 2.7964e — 4 || 8.7345e — 8 | 2.7964e — 4

complex bounded measures ¢ on the unit circle. Conditions have been given
to ensure the convergence of these RIQs for the case of the interval (conditions
for the case of the unit circle are easily obtained in a similar way), and an
upper bound for the error on the nth approximation and an estimate for the
rate of convergence have been provided for the case of the interval as well as
for the case of the unit circle. We concluded with some numerical experiments.
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