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Abstract—Total least squares (TLS) estimation is a popular
solution technique for overdetermined systems of linear equations
with a noisy data matrix. In this paper, we revisit the distributed
total least squares (D-TLS) algorithm, which operates in an ad
hoc network, where each node has access to a subset of the linear
equations. The D-TLS algorithm computes the TLS solution of
the full system of equations in a fully distributed fashion (without
fusion center). To reduce the large computational complexity
due to an eigenvalue decomposition (EVD) at every node and
in each iteration, we modify the D-TLS algorithm based on
inverse power iterations (IPIs). In each step of the modified
algorithm, a single IPI is performed, which significantly reduces
the computational complexity. We show that this IPI-based D-
TLS algorithm still converges to the network-wide TLS solution
under certain assumptions, which are often satisfied in practice.
We provide simulation results to demonstrate the convergence
of the algorithm, even when some of these assumptions are not
satisfied.

EDICS: SEN-DIST Distributed signal processing

Index Terms—Distributed estimation, wireless sensor networks
(WSNs), total least squares, inverse power iteration

I. INTRODUCTION

In this paper, we consider the linear regression problem
Uw = d in the unknown P -dimensional regressor w, with
U an M ×P regression matrix and d an M -dimensional data
vector with M ≥ P . Total least squares (TLS) estimation is a
popular solution method for this type of problems, when both
the regression matrix U and the data vector d are corrupted
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by additive noise [2]. The TLS solution is computed from the
eigenvector corresponding to the smallest eigenvalue of the
(squared) extended data matrix [U | d]T [U | d], and therefore
relies on an eigenvalue decomposition (EVD).

The problem of solving an overdetermined set of equations
is often encountered in sensor network applications, where
nodes can either have access to subsets of the columns of U,
e.g. for distributed signal enhancement and beamforming [3]–
[5], or to subsets of the equations, i.e., subsets of the rows of
U and d [6]–[12], e.g. for distributed system identification.
The challenge is then to solve the network-wide problem in
a distributed fashion, i.e., without gathering all the data in a
fusion center.

In [13], the distributed TLS problem is defined in a wireless
sensor network (WSN), where the rows of U and their
corresponding entries in d are distributed over the nodes. A
related distributed TLS problem has later been applied in [14]
for cognitive spectrum sensing. In both [13] and [14], the goal
is to find the solution of the full system of equations in a
distributed fashion, i.e., without gathering all the equations
in a central processing unit. Due to the non-convex nature
of the problem, the proposed algorithm in [14] computes a
stationary point of the cost function, based on a combination
of a block coordinate descent method and the alternating
direction method of multipliers, which eventually yields nested
subiterations. The distributed TLS (D-TLS) algorithm pro-
posed in [13] avoids such nested subiteration by applying a
convex relaxation. Despite this relaxation, it has been proven
that this D-TLS algorithm converges to the exact TLS solution
in each node. In each iteration of the D-TLS algorithm, each
node solves a local TLS problem and shares its result with
its neighbors. The nodes then combine the received data from
their neighbors to update their local TLS matrix. Due to the
flexibility and the uniformity of the nodes in the network, there
is no single point of failure, which makes the algorithm robust
to sensor failures.

Each node in the D-TLS algorithm solves a local TLS
problem in each iteration, which requires an EVD. This is
a significant computational task if the unknown regressor w
has a large dimension. Fortunately, since the D-TLS algorithm
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only requires the eigenvector corresponding to the smallest
eigenvalue of the local extended data matrix, the EVD can
be replaced by an inverse power iteration (IPI) procedure.
However, to find the corresponding eigenvector, multiple in-
verse power (IP) subiterations are required for each iteration
of the D-TLS algorithm, which again represents a significant
computational burden.

In this paper, we relax the task for each node to exactly solve
a TLS problem in each iteration. Instead, each node performs a
single IP subiteration, and then shares the resulting vector with
its neighbors. This significantly decreases the computational
burden at each node. Furthermore, this results in a smooth
transition of the local regressor estimates, making it easier
for the algorithm to reach a consensus. This is especially
important in situations where the distance between the smallest
and one but smallest eigenvalue of the (squared) local extended
data matrix is small. In the original D-TLS algorithm, the
local regressor estimates can then change very abruptly due to
recurring ‘swaps’ of the eigenvectors in successive iterations.
We refer to the new algorithm as the IPI-D-TLS algorithm.
Since the local TLS problems are only approximately solved
in each iteration of the IPI-D-TLS algorithm, the theoretical
convergence results from [13] are no longer valid. Never-
theless, we prove that under certain conditions, which are
often satisfied in practice, the IPI-D-TLS algorithm converges
to the network-wide D-TLS solution at each node. Most of
these conditions were also required to prove convergence of
the original D-TLS algorithm. We demonstrate by means of
simulations that convergence is still obtained, even if some of
the conditions are not met (e.g. when using a fixed step size
instead of a decreasing step size).

It is noted that D-TLS and IPI-D-TLS are actually extreme
cases of a family of algorithms, each having a different
number of IP subiterations. Indeed, D-TLS (virtually) applies
an infinite amount of IP subiterations, and IPI-D-TLS applies
a single IP subiteration. This family of IPI-based D-TLS
algorithms yields a tradeoff between computational complexity
and communication load (in batch mode) or tracking perfor-
mance (in adaptive mode), since reducing the number of IP
subiterations requires more high-level iterations/data exchange
to obtain the same accuracy. In this paper, we only focus on
the convergence properties of IPI-D-TLS (with a single IP
subiteration). It is reasonable to assume that convergence of
this algorithm implies convergence of all other IPI-based D-
TLS algorithms with multiple IP subiterations (under the same
conditions).

The paper is organized as follows. In Section II, we briefly
review the distributed TLS problem statement and the D-TLS
algorithm, as well as some of its convergence properties. The
D-TLS algorithm is then modified to the IPI-D-TLS algorithm
in Section III, and its convergence properties are addressed in
Section IV. Section V contains the main part of this paper, i.e.,
the convergence proof of the IPI-D-TLS algorithm. In Section
VI, we provide simulation results. Conclusions are drawn in
Section VII.

II. DISTRIBUTED TOTAL LEAST SQUARES (D-TLS)
ALGORITHM

In this section, we briefly review the distributed TLS prob-
lem statement and the D-TLS algorithm. For further details,
we refer to [13].

Consider an ad hoc WSN with the set of nodes K =
{1, . . . ,K} and with a random (connected) topology, where
nodes can exchange data with their neighbors through a
wireless link. We denote the set of neighbor nodes of node
k as Nk, i.e., all the nodes that can share data with node
k, node k excluded. |Nk| denotes cardinality of the set Nk,
i.e., the number of neighbors of node k. Node k collects a
noisy Mk × P data matrix Uk = Ũk + Nk and a noisy Mk-
dimensional data vector dk = d̃k + nk, for which the clean
versions Ũk and d̃k are assumed to be related through a linear
regressor w, i.e., Ũkw = d̃k. The goal is then to solve a TLS
problem for the network-wide system of equations in which
all Uk’s and dk’s are stacked, i.e. to compute the regressor
vector w from

min
w,4U1,...,4UK ,4d1,...,4dK

∑
k∈K

(
‖4Uk‖2F + ‖4dk‖2

)
(1)

s.t. (Uk +4Uk) w = (dk +4dk) , k = 1, . . . ,K (2)

where ‖.‖F and ‖.‖ denote the Frobenius norm and the 2-
norm, respectively. In [15], it is shown that the TLS estimate
is unbiased when the noises Nk and nk contaminating Ũk

and d̃k are zero mean and uncorrelated over all entries of the
Uk’s and dk’s.

Problem (1)-(2) is referred to as the distributed TLS prob-
lem, since each node only has access to a part of the data. Its
solution for w is denoted as w∗. The goal is to compute w∗

in a distributed fashion, without gathering all data in a fusion
center.

In the sequel, eN is an N -dimensional vector with all zeros
except for the last entry which is equal to 1, 0N is the N -
dimensional all-zero vector, IN denotes the N × N identity
matrix, and ON×Q is the N × Q all-zero matrix. Let N =
P + 1 and define the N × N matrix Rk = UT

k+Uk+, with
Uk+ = [Uk | dk]. Then the solution of the distributed TLS
problem is given by [2]:

w∗ = − 1
eTNx∗

[
IP 0P

]
x∗ (3)

where x∗ is the eigenvector corresponding to the smallest
eigenvalue of R =

∑
k∈KRk. If the smallest eigenvalue

degenerates, i.e., if it has multiplicity larger than one, the TLS
solution is non-unique, and then it may be desirable to single
out a minimum-norm solution [2]. Furthermore, in rare and
contrived scenarios, it may occur that eTNx∗ = 0, such that (3)
cannot be used. This is known in literature as a non-generic
TLS problem, which has to be solved in a different way [2].
Both these special cases are beyond the scope of this paper,
hence we assume that x∗ is unique, and eTNx∗ 6= 0.

The eigenvector x∗ can be computed in an iterative dis-
tributed fashion by means of the D-TLS algorithm [13], which
is given in Table I. In the algorithm description in Table I,
a new matrix Θ(i) has been introduced, which contains the
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TABLE I
THE DISTRIBUTED TOTAL LEAST SQUARES (D-TLS) ALGORITHM.

D-TLS Algorithm

1) ∀ k ∈ K: Initialize Θ(0)
k = ON×N , with N = P + 1.

2) i← 0
3) Each node k ∈ K computes the eigenvector x(i)

k corresponding to the smallest eigenvalue of R
(i)

k defined
by

R
(i)

k = Rk + Θ(i)
k (4)

where x(i)
k is scaled such that ‖x(i)

k ‖ = 1.
4) Each node k ∈ K transmits x(i)

k to the nodes in Nk.
5) Each node k ∈ K updates

Θ(i+1)
k = Θ(i)

k + µi

|Nk|x(i)
k x(i) T

k −
∑
q∈Nk

x(i)
q x(i) T

q

 (5)

with stepsize µi > 0.
6) Compute the local TLS solution w(i)

k = − 1

eT
N

x
(i)
k

[
IP 0P

]
x(i)
k .

7) i← i+ 1.
8) return to step 3.

Lagrange multipliers corresponding to some matrix constraints
that enforce consensus between nodes. The update (5) is a
subgradient update on these Lagrange multipliers, based on a
dual decomposition of the original optimization problem (for
further details, we refer to [13]).

In [13], it has been shown that, ∀k ∈ K, the w(i)
k in the D-

TLS algorithm converges to (3) under the step size conditions
∞∑
i=0

µi =∞ (6)

∞∑
i=0

(µi)2 <∞ . (7)

Under the same conditions, x(i)
k converges to the eigenvector

corresponding to the smallest eigenvalue of R =
∑
k∈KRk.

This is also the eigenvector corresponding to the smallest
eigenvalue of limi→∞R

(i)
where R

(i)
=
∑
k∈KR

(i)

k since∑
k∈KΘ(i)

k = ON×N , ∀ i ∈ N, and therefore R
(i)

= R,
∀ i ∈ N.

Remark I: Table I shows the second version of the D-
TLS algorithm (see [13], Section IV-B, Remark I), which is
theoretically equivalent to the original version, but which has
a reduced overhead and memory usage at each node. Although
this simplified version is robust against random temporary link
failures, it cannot heal itself from permanent link failures [13].
Furthermore, it is quite sensitive to communication noise in the
wireless links, hence requiring strong channel codes. Indeed,
notice that noise on the transmitted xk’s will accumulate in
the Θk’s in (5) such that their sum will deviate from zero
(
∑
k∈KΘ(i)

k 6= ON×N ), which has a significant impact on
the algorithm. In the original version of the D-TLS algorithm,
this problem can be circumvented by letting neighboring nodes
communicate their shared Lagrange multipliers every now

and then to make them consistent at both nodes (note that
this increases the required communication bandwidth). It is
important to note that all results in this paper also apply to
the original version of D-TLS, i.e., the IPI-D-TLS algorithm as
derived in Section III can be straightforwardly reformulated in
this alternative version, to inherit these robustness properties.
However, for the sake of an easy exposition, we only consider
the simplified version based on the algorithm description in
Table I, and we refer to [13] for more details on the alternative
implementation.

III. D-TLS WITH INVERSE POWER ITERATIONS
(IPI-D-TLS)

The computation of the eigenvector corresponding to the
smallest eigenvalue of R

(i)

k is the most expensive step of the
D-TLS algorithm, which has to be performed in all nodes
k ∈ K and in all iterations i ∈ N. In this section, we will
modify the D-TLS algorithm such that this step is replaced by
a single N ×N matrix-vector multiplication.

Let R
(i)

k = B(i)
k Λ(i)

k B(i) T
k denote the eigenvalue decompo-

sition of R
(i)

k where Λ(i)
k = diag{λ(i)

k,1, . . . , λ
(i)
k,N} such that

λ
(i)
k,1 ≥ λ

(i)
k,2 ≥ . . . ≥ λ

(i)
k,N , B(i)

k is an orthogonal matrix, and
b(i)
k,j is its j-th column. Assume λ(i)

k,N−1 > λ
(i)
k,N > 0 (this is

motivated later), and let

P
(i)

k =
(
R

(i)

k

)−1

(8)

then it is well-known that the following iterative procedure,
referred to as the inverse power iteration (IPI) method, con-
verges to the eigenvector b(i)

k,N :
1) Initialize the N -dimensional vector x with a unit-norm

vector such that xTb(i)
k,N 6= 0.
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2) Repeat until convergence:

x← P
(i)

k x

‖P(i)

k x‖
. (9)

Therefore, we could replace step 3 in the D-TLS algorithm by
the above IPI procedure. Assuming that the stepsize µi is not
too large, the eigenvectors b(i−1)

k,N of R
(i−1)

k and b(i)
k,N of R

(i)

k

will be close to each other, and hence only a small number
of IPI’s is required in the i-th iteration if the IPI method
is initialized with the computed eigenvector x(i−1)

k from the
previous iteration. In the modified algorithm, we will therefore
only perform a single PI in each D-TLS iteration.

It is noted that the above procedure requires the inversion of
R

(i)

k to obtain P
(i)

k , which is an O(N3) procedure. A recursive
update of P

(i−1)

k to obtain P
(i)

k significantly reduces the
computational complexity, assuming that N � |Nk|. Indeed,
(5) combined with (4) shows that R

(i)

k is derived from R
(i−1)

k

by means of |Nk| + 1 rank-1 updates. With the Woodbury
matrix identity [16, Section 2.1.3], the inverse of a symmetric
rank-1 updated matrix A can be efficiently computed as(

A± xxT
)−1

= A−1 ∓
(
A−1x

) (
xTA−1

)
1± xTA−1x

. (10)

Assuming P
(i−1)

k is known, we can compute P
(i)

k by applying
this rank-1 update |Nk|+1 times, which is an O(|Nk|N2) pro-
cedure. For brevity, we define R1±

(
A−1,x

)
as the operator

that computes
(
A± xxT

)−1
from A−1 and x based on (10),

i.e.,

R1±
(
A−1,x

)
= A−1 ∓

(
A−1x

) (
xTA−1

)
1± xTA−1x

. (11)

This in effect yields the IPI-D-TLS algorithm, as described
in Table II. It is noted that the cooperation among the nodes
occurs in step 5 of the IPI-D-TLS algorithm, which is actually
equivalent to the combination of (4) and (5) in the original D-
TLS algorithm. However, the update is here explicitely applied

on the inverse matrix P
(i)

k =
(
R

(i)

k

)−1

. In fact, this step
implements an O(|Nk|N2) procedure to compute(

R
(i+1)

k

)−1

=R
(i)

k + µi

|Nk|x(i)
k x(i) T

k −
∑
q∈Nk

x(i)
q x(i) T

q

−1

.

(12)

This step also dominates the computations, hence the overall
complexity at node k is O(|Nk|N2) per iteration.

Remark II: A rough complexity analysis yields the follow-
ing required number of floating point operations (flops) per
node and per iteration:
• D-TLS: 21N3 + (3|Nk|+ 4)N2 + (|Nk|+ 1)N
• IPI-D-TLS: (5|Nk|+ 2)N2 + (4|Nk|+ 2)N

Here, we assume that an eigenvalue decomposition (or a
singular value decomposition) of an N × N matrix requires
21N3 flops [16], and where a matrix multiplication of an
M ×N matrix with an N ×Q matrix requires 2MNQ flops.

Even for a TLS problem of small dimension, e.g., N = 10,
one iteration of the IPI-D-TLS algorithm requires only 8%
of the flops that are required for the D-TLS algorithm (for a
node with 3 neighbors). This difference rapidly becomes even
more significant if N grows, e.g., if N = 100, one iteration
of the IPI-D-TLS algorithm requires only 0.8% of the number
of flops required for one iteration of the D-TLS algorithm.

IV. CONVERGENCE PROPERTIES OF THE IPI-D-TLS
ALGORITHM

We will prove convergence of the IPI-D-TLS algorithm
under the following assumptions:

Assumption 1:
∑∞
i=0 µi =∞

Assumption 2:
∑∞
i=0(µi)2 <∞

Assumption 3: ∃ κ1 > 0, ∃ L1 ∈ N, ∀ k ∈ K : i > L1 ⇒
λ

(i)
k,N−1 − λ(i)

k,N > κ1

Assumption 4: ∃ ξ1 > 0,∀ i ∈ N, ∀ k ∈ K : λ(i)
k,N > ξ1

It is noted that Assumptions 1, 2 and 3 are also required to
guarantee convergence of the original D-TLS algorithm.

The following theorem guarantees the convergence and op-
timality of the IPI-D-TLS algorithm under these assumptions:

Theorem IV.1. Let Assumptions 1 to 4 be satisfied. Then the
following holds for the IPI-D-TLS algorithm:

∀ k ∈ K : lim
i→∞

w(i)
k = w∗ (14)

where w∗ is the solution of (1)-(2), given in (3).

The proof of this theorem is elaborate and can be found
in Section V. However, we will first discuss the assumptions
that were made, and how they impact the implementation and
behavior of the IPI–D-TLS algorithm in practice.

A. Assumptions 1 and 2

Assumptions 1 and 2 are often imposed in convergence
proofs of (sub)gradient, stochastic gradient or relaxation meth-
ods (see e.g. [13], [17]–[20]), and indeed already appeared in
expressions (6)-(7) to guarantee convergence of the D-TLS
algorithm. As with the D-TLS algorithm, Assumption 2 may
yield slow convergence in the IPI-D-TLS algorithm, and it is
not a practical assumption in tracking applications. However,
the fact that convergence can be proven under these conditions
is good news since it means that in principle an infinite
accuracy can be obtained. Furthermore, this usually indicates
that the algorithm will at least converge to a neighborhood
of the exact solution, when using a fixed step size that is
sufficiently small. This neighborhood then shrinks with the
chosen step size. Simulations in Section VI will demonstrate
that this is indeed also the case for the IPI-D-TLS algorithm.

B. Assumption 3

Assumption 3 guarantees that, after sufficiently many it-
erations, the smallest and one but smallest eigenvalue of
the matrix R

(i)

k are well-separated in each node, i.e., the
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TABLE II
THE INVERSE POWER ITERATION D-TLS ALGORITHM.

IPI-D-TLS Algorithm

1) ∀ k ∈ K: Initialize P
(1)

k = (Rk)−1 and choose a unit-norm N -dimensional vector x(0)
k .

2) i← 1
3) Each node k ∈ K computes

x(i)
k =

P
(i)

k x(i−1)
k

‖P(i)

k x(i−1)
k ‖

. (13)

4) Each node k ∈ K transmits x(i)
k to the nodes in Nk.

5) Each node k ∈ K computes P
(i+1)

k as follows (for stepsize µi > 0)

• A← P
(i)

k

• ∀ q ∈ Nk : A← R1−
(
A,
√
µix

(i)
q

)
• P

(i+1)

k = R1+
(
A,
√
µi|Nk|x(i)

k

)
.

6) Compute the local TLS solution w(i)
k = − 1

eT
N

x
(i)
k

[
IP 0P

]
x(i)
k .

7) i← i+ 1.
8) return to step 3.

smallest eigenvalue does not degenerate1. It is noted that this
eigenvalue degeneration is not a problem as such, as long
as the eigenvalue later iterates away from this degeneration,
which is usually the case. Only if the smallest eigenvalue
degenerates in (or near) the accumulation point R

(∞)

k , a
problem may occur to reach consensus in the w(i)

k ’s. This
certainly holds for the D-TLS algorithm, since step 3) becomes
ill-defined in such situations, i.e., when λ

(i)
k,N ≈ λ

(i)
k,N−1,

small changes in the eigenvalues may result in a completely
different x(i)

k (note that this is not the case for IPI-D-TLS
which is more effective in such situations). This swap of
eigenvectors can only be resolved by choosing a smaller µi,
or by adding extra functionality to the algorithm to ensure that
each node selects the same eigenvector from the eigenspace
spanned by {b(i)

k,N ,b
(i)
k,N−1}. We will not further elaborate on

the case of degenerated eigenvalues, since it rarely occurs and
it significantly complicates the theoretical results. However,
it is an interesting fundamental problem that requires further
investigation, which is beyond the scope of this paper.

C. Assumption 4

Assumption 4 guarantees that the smallest eigenvalue re-
mains strictly positive. This avoids rank deficiency of R

(i)

k ,
and it avoids that the IPI method converges to an eigenvec-
tor other than b(i)

k,N whenever the corresponding eigenvalue
λ

(i)
k,N < 0 and ∃ j < N : |λ(i)

k,j | < |λ(i)
k,N |. Assumption

4 is a reasonable assumption for small step sizes µi and
sufficiently large initial eigenvalues λ

(0)
k,N ’s. If the smallest

eigenvalue does become negative, one can always add a scaled

1In the sequel, we say that the smallest eigenvalue λ(i)
k,N

degenerates if the

distance |λ(i)
k,N
− λ(i)

k,N−1
| < 2|Nk|µi, since only then the update (5) may

result in a ‘swap’ of eigenvectors.

identity matrix to R
(i)

k (and make the corresponding changes

in P
(i)

k =
(
R

(i)

k

)−1

). This does not affect the solution of the

D-TLS problem, since the sum
∑
k∈KR

(i)

k is then equal to
νIN +

∑
k∈KRk = νIN + R (for some ν), which indeed has

the same eigenvectors and the same ranking of eigenvalues as
R.

V. CONVERGENCE PROOF

This section is devoted to the proof of Theorem IV.1. How-
ever, we first need to introduce some preliminary definitions
and theorems that will be needed in the sequel.

A. Preliminaries
We will need the following lemma, which is proven in

Appendix A:

Lemma V.1. If Assumptions 3 and 4 are satisfied, then

∃ ξ2 > 0,∀ i ∈ N, ∀ k ∈ K : λ(i)
k,1 < ξ2 (15)

and

∃ 0 < β < 1, ∃ L1 ∈ N, ∀ k ∈ K : i > L1 ⇒
λ

(i)
k,N

λ
(i)
k,N−1

< β .

(16)

Furthermore, we also need some definitions and theorems
from the convergence analysis of the D-TLS algorithm (details
can be found in [13]). First, it is noted that (5) in Table I
defines a subgradient update which results in a maximization
of a concave Lagrange dual function denoted by d(Θ), with
Θ denoting the KN ×N matrix that stacks all the Θk’s. The
exact definition of d(Θ) is beyond the scope of this paper but
can be found in [13]. Let Ω denote the solution set

Ω = {Θ∗ : d(Θ∗) = max
Θ

d(Θ)} (17)
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and let PΩΘ denote the projection of Θ onto the solution set
Ω. From the derivations in [13] and duality theory [21] we
know that (details omitted)

Theorem V.2. Let x(i)
k denote the eigenvector corresponding

to the smallest eigenvalue of R
(i)

k = Rk + Θ(i)
k , and let w∗

denote the distributed TLS solution (3). Let

w(i)
k = − 1

eTNx(i)
k

[
IP 0P

]
x(i)
k (18)

as computed by the D-TLS algorithm in Table I. Then
limi→∞w(i)

k = w∗, ∀ k ∈ K if and only if

lim
i→∞

‖Θ(i) − PΩΘ(i)‖F = 0 . (19)

Here, we implicitely assume that the x(i)
k ’s are uniquely

defined in the convergence point Θ(∞), i.e., the smallest
eigenvalue of R

(∞)

k does not degenerate, ∀ k ∈ K. If not,
there exist multiple solutions at certain nodes, and then the
nodes may have difficulties to reach a consensus (see also
Subsection IV-B).

Define the generalized open ball around the solution set Ω
with radius ε as

B(Ω, ε) = {Θ ∈ RKN×N : ‖Θ− PΩΘ‖F < ε} . (20)

From [13], we also obtain the following theorem:

Theorem V.3. For every dual optimal solution Θ∗ ∈ Ω, we
have

∀ ε1 > 0, ∃ δ1 > 0, ∀Θ(i) ∈ RJN×N\B(Ω, ε1) :

µi ≤ δ1 ⇒ ‖Θ(i+1)−Θ∗‖F < ‖Θ(i) −Θ∗‖F
(21)

where Θ(i+1) is the outcome of a D-TLS iteration as described
above.

This theorem can be straightforwardly proven by applying
Theorem III.1 from [13] to the D-TLS subgradient update.
Note that this theorem does not imply that any update (5)
is in an ascent direction of d(Θ), i.e., in contrast to a
gradient method, a subgradient method does not necessarily
improve the objective function in each iteration. It is noted that
Theorem V.3, together with (6)-(7) implies2 (19), and therefore
the D-TLS algorithm converges to the correct solution under
the step size assumptions (6)-(7).

B. Eigenvector tracking

We first prove that the IPI-D-TLS algorithm can track the

eigenvector of R
(i)

k =
(
P

(i)

k

)−1

corresponding to its smallest

eigenvalue, i.e., the vectors x(i)
k remain in an arbitrarily

small neighborhood of the eigenvector b(i)
k,N (note that this

eigenvector changes with the iteration index i):

Theorem V.4. Let b(i)
k,N denote the eigenvector corresponding

to the smallest eigenvalue of R
(i)

k (i.e., the largest eigenvalue

2The proof of this statement is omitted here since it is a special case of
the proof of Theorem V.6, which is given later in this paper.

of P
(i)

k ) and let Assumptions 2, 3 and 4 be satisfied, then

∀ k ∈ K,∀ ε2 > 0,∃ L2 ∈ N : i > L2 ⇒ ‖b(i)
k,N ± x(i)

k ‖ < ε2
(22)

where ± is used to resolve the sign ambiguity, i.e. either ‘+’
or ‘−’ is used, whichever gives the smallest norm.

Proof: In the sequel, let

P
(i)

k = Q(i)
k Σ(i)

k Q(i) T
k (23)

denote the eigenvalue decomposition of P
(i)

k , where

Σ(i)
k = diag

{
σ

(i)
k,1, . . . , σ

(i)
k,N

}
= diag

{
1

λ
(i)
k,N

, . . . ,
1

λ
(i)
k,1

}
(24)

such that σ(i)
k,1 ≥ σ(i)

k,2 ≥ . . . ≥ σ(i)
k,N .

We now analyze the inverse power iterations at an arbitrary
node. For the sake of an easy exposition, we therefore omit
the subscript k, and we keep in mind that the proof holds
for all k ∈ K. We work with the eigenvectors of the matrix
P

(i)
which are the same as the eigenvectors of R

(i)
, but with

reversed indices, i.e., b(i)
N = q(i)

1 and so on. We will prove
that

∀ ε2 > 0,∃ L2 ∈ N : i > L2 ⇒ ‖q(i)
1 ± x(i)‖ < ε2 . (25)

First, it is noted that Assumption 2 implies

lim
i→∞

µi = 0 . (26)

Define E(i) such that P
(i+1)

= P
(i)

+ E(i). Because of
Assumption 4 (λ(i)

N > ξ1 > 0, ∀ i ∈ N), expression (26) and
the fact that ‖x(i)

q ‖ = 1, ∀ q ∈ K,∀ i ∈ N, we know that the
entries of E(i) become infinitesimaly small, i.e.,

lim
i→∞

‖E(i)‖F = 0 . (27)

Since the IPI method is not affected by an arbitrary scaling
of the matrix P

(i)
, or an arbitrary scaling of the iteration

vector x(i), we may replace the power iteration (13) with the
following sequence of operations:

v(i) =
1

q(i) T
1 x(i−1)

Q(i) Tx(i−1) (28)

u(i) =
1

σ
(i)
1

Σ(i)v(i) (29)

x(i) = Q(i)u(i) . (30)

This modified IPI method produces a sequence of vectors
{x(i)}i∈N that is exactly the same as the sequence {x(i)}i∈N
produced by the IPI-D-TLS algorithm, up to a scaling ambi-
guity, i.e.,

x(i) = τ (i)x(i) (31)

with τ (i) a non-zero scalar. It is noted that the first entry of
v(i) and u(i) are always equal to 1. Let

v(i) =
[

1
ṽ(i)

]
, u(i) =

[
1

ũ(i)

]
. (32)

In the sequel, we will prove that limi→∞ ‖ũ(i)‖ = 0. Together
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with (30) and (32), this proves (25), since ‖ũ(i)‖ = 0 implies
that x(i) = q(i)

1 and since ‖q(i)
1 ‖ = 1 we have x(i) = x(i).

Due to (16) and (29), we know that

‖ũ(i)‖ ≤ β‖ṽ(i)‖ . (33)

We implicitly define the matrices G(i) and Ẽ(i) that trans-
form the matrix Q(i) into Q(i+1) in a particular way, i.e.

{G(i), Ẽ(i)} , arg min
G(i),Ẽ(i)

‖Ẽ(i)‖F (34)

s.t. Q(i+1) = Q(i)

[
1 0TN−1

0N−1 G(i)

]
+ Ẽ(i)

(35)

G(i)G(i) T = G(i) TG(i) = IN−1 . (36)

Basically, this constrained optimization problem defines an
optimal rotation inside the (N − 1)-dimensional eigenspace
orthogonal to q(i)

1 , such that the perturbations on each rotated
eigenvector are small, i.e., of the same order of magnitude as
‖E(i)‖F , i.e.

lim
i→∞

‖Ẽ(i)‖F = lim
i→∞

‖E(i)‖F = 0 (37)

for which a proof can be found in Appendix B.

Define
α(i) ,

1

q(i) T
1 x(i−1)

. (38)

We know from (96) (see Appendix B) that

lim
i→∞

‖q(i)
1 − q(i−1)

1 ‖ = 0 (39)

and therefore:

i→∞ : q(i) T
1 x(i−1) = q(i−1) T

1 x(i−1) . (40)

With this, and since q(i) T
1 x(i) = 1, ∀i ∈ N, (this follows from

(30) and (32)), we find

lim
i→∞

α(i) = 1 . (41)

Note that q(i) T
1 x(i) = 1 does not imply that q(i)

1 = x(i) since
x(i) is not normalized to have a unity norm (otherwise, the
theorem would have been proven at this point). Substituting
(35) and (30) in (28) yields

v(i+1) = α(i+1)
(
y(i) + Ẽ(i)x(i)

)
(42)

where
y(i) ,

[
1

ỹ(i)

]
,

[
1

G(i) T ũ(i)

]
. (43)

Removing the first entry in (42) and applying the triangle
inequality yields

‖ṽ(i+1)‖ ≤ |α(i+1)|
(
‖ỹ(i)‖+ ‖Ẽ(i)x(i)‖

)
(44)

(we did not remove the first entry in the last term, which is not
a problem since it is an upper bound). Because the Frobenius
norm is submultiplicative, and since ‖x(i)‖ = ‖u(i)‖ =

√
1 + ‖ũ(i)‖2 ≤ 1 + ‖ũ(i)‖, we find that

‖ṽ(i+1)‖ ≤ |α(i+1)|
(
‖ỹ(i)‖+ ‖Ẽ(i)‖F ‖ũ(i)‖+ ‖Ẽ(i)‖F

)
.

(45)
Since ỹ(i) is a rotated version of ũ(i), we have

‖ỹ(i)‖ = ‖ũ(i)‖ . (46)

Combining (33), (45) and (46) we find that

‖ũ(i+1)‖ ≤ γ(i)‖ũ(i)‖+ δ
(i)
2 (47)

with

γ(i) = β|α(i+1)|
(

1 + ‖Ẽ(i)‖F
)

(48)

δ
(i)
2 = β|α(i+1)|‖Ẽ(i)‖F . (49)

We will prove that

∀ ε3 > 0,∃ L4 ∈ N : i > L4 ⇒ ‖ũ(i)‖ < ε3 (50)

which is equivalent to proving that limi→∞ ‖ũ(i)‖ = 0, which
is what we aim for. Because of (37) and (41), we know that

lim
i→∞

γ(i) = β < 1 (51)

lim
i→∞

δ
(i)
2 = 0 . (52)

Therefore, for every ε3 > 0 there should exist a corresponding
L5 ∈ N and an η that satisfies 0 < η < (1− β)ε3 such that

i > L5 ⇒ δ
(i)
2 < (1− γ(i))ε3 − η . (53)

Notice that such an η only exists if L5 is chosen large enough
such that i > L5 ⇒ γ(i) < 1. From (47) and assuming that
i > L5 and ‖ũ(i)‖ > ε3, then

‖ũ(i)‖ − ‖ũ(i+1)‖ ≥
(

1− γ(i)
)
‖ũ(i)‖ − δ(i)

2 (54)

>
(

1− γ(i)
)
ε3 − δ(i)

2 (55)

> η . (56)

Here, we used (47) in the first step, and (53) in the last step.
Expression (56) shows that

i > L5 ⇒ ‖ũ(i+1)‖ < ‖ũ(i)‖ − η (57)

i.e., if i > L5, ‖ũ(i)‖ will shrink with a finite amount until
‖ũ(i)‖ ≤ ε3. Therefore, there exists an i = L6 > L5 such
that ‖ũ(i)‖ ≤ ε3. We then only have to prove that once
this holds, it holds for all future iterations, i.e., if i > L6,
then

(‖ũ(i)‖ ≤ ε3 ⇒ ‖ũ(i+1)‖ ≤ ε3
)
. Therefore, assume that

‖ũ(i)‖ ≤ ε3 and i > L6. From (47) and (53), we obtain

‖ũ(i+1)‖ ≤ γ(i)‖ũ(i)‖+ δ
(i)
2 (58)

< γ(i)ε3 + (1− γ(i))ε3 − η (59)
< ε3 − η (60)

and therefore ‖ũ(i+1)‖ remains smaller than ε3. Therefore,
(50) holds by choosing L4 = L6.
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Θ∗

µi∆
(i)

Θ(i) = Θ
(i)

µiD
(i)

Θ
(i+1)

µiD
(i)

Θ(i+1)

φ(i)

φ
(i)

Fig. 1. Schematic illustration of the D-TLS update and the IPI-D-TLS update
of Θ(i) = Θ

(i)
.

C. Proof of convergence to solution set Ω

We define the variable Θ
(i)

k =
(
P

(i)

k

)−1

− Rk which

corresponds to the Θ(i)
k as defined in Table I, but then with

the x(i)
k ’s and x(i)

q ’s from the IPI-D-TLS algorithm instead
of those from the D-TLS algorithm. Note that Θ

(i)

k is never
explicitely computed in the IPI-algorithm. Similar to Θ(i), we
define Θ

(i)
as the stacked version of all the Θ

(i)

k ’s.
We will now prove two important theorems that will be

needed in the sequel. The first theorem states that the IPI-D-
TLS algorithm generates an infinite amount of points Θ

(i)
that

are within a chosen distance from the set Ω as defined in (17).
The second theorem states that, if Θ

(i)
gets within a chosen

range from Ω and if i is sufficiently large, it will stay within
this range in the next iteration.

Theorem V.5. It holds that

∀ ε4 > 0,∀ L7 ∈ N,∃ i0 > L7 : Θ
(i0) ∈ B(Ω, ε4) (61)

where B(Ω, ε4) denotes the generalized ball around Ω with
radius ε4, as defined in (20).

Proof: We will prove this theorem by reductio ad absur-
dum, i.e., we assume in the sequel that

∃ L7 ∈ N,∀ i > L7 : Θ
(i)

/∈ B(Ω, ε4) (62)

and we will show that this results in a contradiction.
Assume that we are in iteration i of the IPI-D-TLS algo-

rithm, where we obtained Θ
(i)

/∈ B(Ω, ε4). We define D
(i)

as
the update direction of the IPI-D-TLS algorithm at iteration i,
i.e.

Θ
(i+1)

= Θ
(i)

+ µiD
(i)
. (63)

Let D(i) denote the update direction that the original D-TLS
algorithm would apply if we set Θ(i) = Θ

(i)
. The discrepancy

between the update directions of the D-TLS algorithm and the
IPI-D-TLS algorithm is then defined by

∆(i) = D
(i) −D(i) . (64)

This is schematically depicted in Fig. 1.

From Theorem V.4, we know that

lim
i→∞

‖x(i)
k − b(i)

k,N‖ = 0 (65)

where x(i)
k is the vector as computed in step 3 of the IPI-

D-TLS algorithm. It is noted that the corresponding x(i)
k ’s, as

computed in step 3 of the D-TLS algorithm when Θ(i) = Θ
(i)

,
are equal to the b(i)

k,N ’s in Theorem V.4 since D-TLS computes

exact eigenvectors. Since D
(i)

and D(i) only depend on their
respective x(i)

k ’s (see update (5)), it straightforwardly follows
from (65) that

lim
i→∞

‖∆(i)‖F = 0 . (66)

It is tempting to conclude from (64) and (66) that the updates
of the original D-TLS algorithm become equivalent to those of
the IPI-D-TLS algorithm, and that convergence of the former
therefore also implies convergence of the latter. However, this
is a wrong conclusion at this point, since the norms of both
D

(i)
and D(i) become infinitely small when Θ

(i)
gets closer to

the solution set Ω. Therefore, even though ‖∆(i)‖F becomes
infinitely small, the update directions D

(i)
and D(i) may still

be completely different.
Now choose a Θ∗ ∈ Ω, and define φ(i) as illustrated in

Fig. 1, i.e., φ(i) = φ
(
Θ(i)

)
where φ (Θ) is the operator

that returns the angle between vec (Θ∗ −Θ) and vec (D (Θ)),
where vec(A) is the operator that creates a vector by stacking
all the columns of the matrix A, and with D (Θ) denoting
the subgradient D(i) applied by the D-TLS algorithm when
Θ(i) = Θ. From Theorem V.3, we know that the subgradi-
ent applied by the D-TLS algorithm always points towards
the inside of the sphere with center point Θ∗ and radius
‖Θ∗ −Θ(i)‖F , i.e.,

0 ≤ |φ(i)| < π

2
. (67)

Because of convergence of the D-TLS algorithm3 under
Assumptions 1 and 2, we know that Θ(i) cannot diverge and
therefore ∥∥∥∥∥

∞∑
i=0

µiD(i)

∥∥∥∥∥
F

<∞ . (68)

In Appendix C we prove that
∞∑
i=0

µi‖∆(i)‖F <∞ . (69)

Using (68) and (69), we find that∥∥∥∥∥
∞∑
i=0

µiD
(i)

∥∥∥∥∥
F

=

∥∥∥∥∥
∞∑
i=0

µi

(
D(i) + ∆(i)

)∥∥∥∥∥
F

≤
∥∥∥∥∥
∞∑
i=0

µiD(i)

∥∥∥∥∥
F

+

∥∥∥∥∥
∞∑
i=0

µi∆(i)

∥∥∥∥∥
F

≤
∥∥∥∥∥
∞∑
i=0

µiD(i)

∥∥∥∥∥
F

+
∞∑
i=0

µi‖∆(i)‖F <∞ .

(70)

3This was explained in [13], based on convergence results in [17].
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Expression (70) shows that also the variable Θ
(i)

of the IPI-
D-TLS algorithm cannot diverge, and therefore there exists a
closed compact set C such that Θ

(i) ∈ C, ∀ i ∈ N.

Define the set C̃ = C\B(Ω, ε4). Since B(Ω, ε4) is an open
set, and since C is closed and compact, the set C̃ is also closed
and compact. With this, define

δ3 = max
Θ∈C̃

φ (Θ) (71)

δ4 = min
Θ∈C̃
‖D (Θ) ‖F . (72)

Since C̃ is closed and compact, we know that δ3 and δ4 exist.
Because of (67), we know that

δ3 <
π

2
. (73)

From Theorem V.2 we know that Θ /∈ Ω⇒ ‖D (Θ) ‖F > 0,
and therefore

δ4 > 0 . (74)

Since we have assumed that ∀ i > L7 : Θ
(i)

/∈ B(Ω, ε4),
we know that ∀ i > L7 : Θ

(i) ∈ C̃. Therefore, and because of
(66) and (73)-(74), we know that there also exists a δ3 <

π
2 ,

δ4 > 0 and a corresponding L9 (chosen such that L9 > L7)
such that

∀ i > L9 : ‖D(i)‖F > δ4 > 0 (75)

and
∀ i > L9 : |φ(i)| < δ3 <

π

2
(76)

where φ
(i)

denotes the angle between vec
(
D

(i)
)

and

vec
(
Θ∗ −Θ

(i)
)

(see Fig. 1). Since D
(i)

is constructed from

normalized vectors x(i)
k (see (13)), we know that there exists

a δ5 > 0 such that

∀ i ∈ N : ‖D(i)‖F < δ5 . (77)

Define

η(i) = ‖Θ(i) −Θ∗‖2F − ‖Θ
(i+1) −Θ∗‖2F (78)

which is equal to the decrease of the squared distance between
Θ and Θ∗ achieved at iteration i. From a straightforward
trigonometric derivation, based on Fig. 1, we find that

η(i) = 2µi cos(φ
(i)

)‖Θ(i) −Θ∗‖F ‖D(i)‖F − µ2
i ‖D

(i)‖2F .
(79)

With the bounds δ3, δ4, and δ5 (see (75)-(77)), we find from
(79) that (assuming i > L9):

η(i) ≥ µi
(

2ε4 cos(δ3)δ4 − µiδ2

5

)
. (80)

From this, together with the fact that µi becomes infinitesi-
mally small (see (26)), we can conclude that there exists an
L10 > L9 such that i > L10 ⇒ η(i) ≥ 0. Since we assumed
in (62) that Θ never reaches B(Ω, ε4), this means that the
infinite sum of all the η(i)’s is finite, i.e.

∞∑
i=0

η(i) <∞ . (81)

However, by making the summation of both sides of (80),
we conclude that

∞∑
i=L9

η(i) ≥ 2ε4 cos(δ3)δ4

∞∑
i=L9

µi − δ2

5

∞∑
i=L9

µ2
i =∞ (82)

where the latter follows from Assumption 1 and 2. This
contradicts (81) and therefore (62) cannot be true, which
proves (61).

Theorem V.6. It holds that

∀ ε4 > 0,∃ L7 ∈ N :(
Θ

(i) ∈ B(Ω, ε4) ∧ i > L7

)
⇒ Θ

(i+1) ∈ B(Ω, ε4)
(83)

where ∧ denotes the logic ‘and’ operator.

Proof: The proof of (83) actually also follows from the
arguments in the proof of Theorem V.5. We have basically
shown that, for any radius ε4 and sufficiently large i, Θ

(i+1)

will be closer to Θ∗ compared to Θ
(i)

as long as Θ
(i)

/∈
B(Ω, ε4) (this follows from the fact that η(i), as defined in
(78), is shown to be always positive under these conditions).
This will also hold for a radius ε5 < ε4, i.e.

∀ L11 ∈ N, ∃ L12 >L11 :(
i > L12 ∧Θ

(i)
/∈ B(Ω, ε5)

)
⇒ η(i) ≥ 0 .

(84)

Now choose L11 such that

i > L11 ⇒ µiδ5 < ε4 − ε5 . (85)

We know that such an L11 must exist because of (26). For
this L11 choose a corresponding L12 > L11 such that (84) is
satisfied. Now, because of (63), (77) and (85), we know that

i > L11 ⇒ ‖Θ(i+1) −Θ
(i)‖F < ε4 − ε5 . (86)

Now choose L7 in (83) equal to L7 = L12, and assume
that Θ

(i) ∈ B(Ω, ε4) and i > L7, i.e., the righthand side
of (83) holds. Then, either Θ

(i) ∈ B(Ω, ε5) or Θ
(i) ∈

B(Ω, ε4)\B(Ω, ε5). In the former case, Θ
(i+1) ∈ B(Ω, ε4)

due to (86), and in the latter case it also holds that Θ
(i+1) ∈

B(Ω, ε4) due to (84). This proves (83).
Remark III: The above proofs also show that Theorem V.3,

together with (6)-(7), implies (19), as already mentioned in the
preliminaries. Indeed, by replacing Θ

(i)
with Θ(i) in (78) and

below, we prove convergence of Θ(i) to B(Ω, ε4).

D. Proof of the main convergence theorem

From the obtained results, we can now prove Theorem IV.1:
Proof: Based on an induction argument on Theorem V.5

and Theorem V.6, we find that

∀ ε4 > 0, ∃ L7 ∈ N : i > L7 ⇒ Θ
(i) ∈ B(Ω, ε4) . (87)

This is equivalent to

lim
i→∞

‖Θ(i) − PΩΘ
(i)‖F = 0 . (88)

Let b(i)
k denote the eigenvector corresponding to the small-
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Fig. 2. Convergence properties of the D-TLS and IPI-D-TLS algorithm for
different step sizes, averaged over 1000 Monte-Carlo runs.

est eigenvalue of R
(i)

k = Rk + Θ
(i)

k , and let

w̃(i)
k = − 1

eTNb(i)
k

[
IP 0P

]
b(i)
k . (89)

Then we know from Theorem V.2 that, if (88) holds, the
w̃(i)
k ’s, ∀ k ∈ K, converge to the distributed TLS solution (3).

From Theorem V.4, we know that the x(i)
k ’s in the IPI-D-TLS

algorithm get infinitesimally close to the b(i)
k ’s. Therefore, the

w(i)
k ’s of the IPI-D-TLS algorithm get infinitesimally close to

the w̃(i)
k ’s defined in (89). Convergence of the latter to the

distributed TLS solution (3) also proves convergence of IPI-
D-TLS to this solution in each node.

VI. SIMULATION RESULTS

In this section, we provide numerical simulation4 results
that demonstrate the convergence properties of the IPI-D-TLS
algorithm. To illustrate the general behavior, we show results
that are averaged over multiple Monte-Carlo (MC) runs. In
each MC run, the following process is used to generate the
network and the sensor observations:

1) Construct a P -dimensional vector w where the entries
are drawn from a zero-mean normal distribution with
unit variance.

2) Create a random connected network with K nodes,
with 3 neighbors per node on average. To create this
network, we start from a random tree to guarantee that
the network is connected. Links are then randomly added
until the average number of links per node equals 3.

3) For each node k ∈ K:
• Construct a 2P × P input data matrix Uk where

the entries are drawn from a zero-mean normal dis-
tribution with unit variance. The matrix Uk is then
scaled by a random factor drawn from a uniform

4Matlab code to reproduce these simulations can be found in
http://homes.esat.kuleuven.be/ ãbertran.
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Fig. 3. Robustness of the IPI-D-TLS algorithm against random link failures,
averaged over 1000 Monte-Carlo runs.

distribution on the unit interval (this models the
different observation SNR at each node).

• Compute dk = Ukw.
• Add zero-mean white Gaussian noise to the entries

in Uk and dk, with a standard deviation of 0.5.
In each experiment, we choose K = 20, N = P + 1 = 10.
To assess the convergence and optimality of the algorithm, we
use the error between the true solution and the local estimate,
averaged over the K nodes in the network:

1
|K|

∑
k∈K

‖xk ± x∗‖2 (90)

where x∗ is the normalized eigenvector corresponding to the
smallest eigenvalue of R =

∑
k∈KRk, i.e., the eigenvector

from which the network-wide TLS solution w∗ can be ex-
tracted based on (3). The ‘±’ is again used to resolve the sign
ambiguity.

Fig 2 shows the convergence over 400 iterations of the IPI-
D-TLS algorithm for different choices of the step size µi,
averaged over 1000 MC runs. We use a fixed step size ranging
from 0.02 to 0.3, which results in a converging algorithm even
though Assumptions 1 and 2 are not satisfied. Larger step sizes
often cause the algorithm not to converge. The figure also
shows the results of a variable step size strategy where µi =
0.3 1

i0.7 , which satisfies Assumptions 1 and 2. It is observed
that this results in an impractically slow convergence.

It is observed that the convergence speed strongly depends
on the choice of the step size. The proper choice of the
step size for the IPI-D-TLS algorithm is crucial to obtain a
sufficiently fast convergence and sufficient accuracy (as it is
also the case in the original D-TLS algorithm). Small step
sizes yield slow convergence, but too large step sizes may yield
unstable behavior or insufficient accuracy. It is still an open
question how the optimal step size strategy can be determined
on the fly.

The convergence of the D-TLS algorithm is also shown in
Fig. 2 as a reference (with fixed step size µ = 1, which was
empirically found to give the best convergence properties for
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Fig. 4. Convergence properties of the IPI-D-TLS algorithm for different
values of N , averaged over 500 Monte-Carlo runs.

this scenario [13]). It is observed that the D-TLS algorithm
converges faster than the IPI-D-TLS algorithm. This demon-
strates that the original D-TLS algorithm has better tracking
capabilities than the IPI-D-TLS algorithm. However, the true
strength of the IPI-D-TLS algorithm is its low computational
complexity, especially so for the estimation of large regressors,
where it is too complex to calculate an exact EVD.

Fig. 3 shows the robustness of the IPI-D-TLS algorithm
against random link failures. In each iteration of the algorithm,
each link has a probability of failing equal to p%, where p is
chosen as p ∈ {0, 20, 40, 60, 80}. Basically, this means that the
set of neighbors of node k can now change in each iteration,
i.e., Nk is replaced by N (i)

k in the IPI-D-TLS algorithm, where
N (i)
k contains all the neighbors of node k that are able to

transmit their data to node k in iteration i. The results in Fig.
3 are averaged over 1000 MC runs. It is observed that the IPI-
D-TLS algorithm is quite robust against random link failures,
which is a property inherited from the D-TLS algorithm [13].

Fig. 4 shows the first 800 iterations of the IPI-D-TLS algo-
rithm, averaged over 500 MC runs, for different N = P + 1,
i.e., for increasing dimension of the D-TLS problem. In [13]
it was shown that the maximum step size is more or less
linearly dependent on the smallest eigenvalue of the matrix
R. Therefore, the step size is chosen as µ = 2N/100, since
the eigenvalues of the matrix R increase with N (remember
that each node collects 2N observations). We do not show the
results for the D-TLS algorithm since the processing time for
N ≥ 100 is too long.

Fig. 5 shows the error at 5 nodes in the network for a
single run in a scenario where N = 200. The dynamics of the
estimate w(i) in this experiment (or other random scenarios)
are visualized in a Matlab animation, which is provided as an
attachement to this paper5.

Finally, Fig. 6 shows the entries of the final estimate at
node 1 in the same scenario as shown in Fig. 5, after 400
iterations. It is observed that the final estimate is quasi identical

5This can also be found on http://homes.esat.kuleuven.be/̃ abertran/software.html.
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Fig. 5. Convergence properties of the IPI-D-TLS algorithm for N = 200
and µ = 2, for nodes k ∈ {1, . . . , 5}.
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Fig. 6. The 200 entries of the final estimate x
(400)
1 at node 1 after 400

iterations of the IPI-D-TLS algorithm for a scenario with N = 200 and
µ = 2.

to the network-wide TLS solution, and very different from the
initial local TLS solution computed at node 1 without using
the information from its neighbors.

VII. CONCLUSIONS

In this paper, we have revisited the D-TLS algorithm for
linear regression problems in ad hoc wireless sensor networks.
We have modified the algorithm to reduce its computational
complexity, by replacing its EVD by a single IPI. We have
shown that, even though the nodes do not share their true
eigenvectors, the IPI-D-TLS algorithm still converges to the
network-wide TLS solution under certain assumptions, which
are often satisfied in practice. We have provided simulation
results to demonstrate the convergence of the algorithm, even
when some of these assumptions are not satisfied (e.g. when
a fixed step size is used instead of a decreasing step size). As
an attachement to this paper, we have provided Matlab scripts
to visualize the dynamics of the algorithm. In future work, we
will investigate whether the performance of IPI-D-TLS can be
improved by applying diffusion techniques as in [7]–[9].
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APPENDIX

A. Proof of Lemma V.1

Note that, from the definition of Θ
(i)

k , we have that

∀ i ∈ N :
∑
k∈K

Θ
(i)

k = ON×N . (91)

This means that, if the largest eigenvalue λ(i)
k,1 of R

(i)

k goes
to infinity, then there should exist a node q 6= k for which
the smallest eigenvalue λ(i)

q,N goes to minus infinity. Since we
have assumed that λ(i)

q,N > ξ1 > 0 (Assumption 4), this cannot
hold, and therefore (15) must be true.

Since λ(i)
k,N−1 − λ(i)

k,N > κ1 if i > L1 (Assumption 3) we
find that

i > L1 ⇒ 1− λ
(i)
k,N

λ
(i)
k,N−1

>
κ1

λ
(i)
k,N−1

. (92)

Since κ1 > 0 and 0 < λ
(i)
k,N−1 < ξ2, ∀ i ∈ N, we know that

κ1

λ
(i)
k,N−1

> κ1
ξ2

and therefore

i > L1 ⇒
λ

(i)
k,N

λ
(i)
k,N−1

< 1− κ1

ξ2
. (93)

By choosing β = 1 − κ1
ξ2

, and since by definition κ1 < ξ2,
also (16) is proven.

B. Proof of (37):
Because of (27) we know there exists an L3 such that

i > L3 ⇒ ‖E(i)‖F ≤ d(i)

4
(94)

where d(i) = σ
(i)
1 −σ(i)

2 . Note that for the L1 from Assumption
3, there also exists a κ2 > 0 such that i > L1 ⇒ d(i) > κ2 >
0, which follows from the upper and lower bounds ξ1 and ξ2
(see Lemma V.1) on the eigenvalues of R

(i)

k . Therefore, we
choose L3 > L1. From [16, p. 399, Theorem 8.1.12], which
considers the eigenvector changes due to a rank-1 update of a
matrix, we know that, if the righthand side of (94) holds, then
(details are omitted)√

1−
(
q(i) T

1 q(i+1)
1

)2

≤ 4
d(i)
‖E(i)‖F . (95)

With (27), and the fact that d(i) > κ2 > 0 for i > L3, we
therefore find that

lim
i→∞

‖q(i)
1 ± q(i+1)

1 ‖ = 0 . (96)

Define Q(i)
−1 such that Q(i) =

[
q(i)

1 Q(i)
−1

]
. Because of

(96), the orthogonal complement of q(i+1)
1 , i.e., the subspace

spanned by the columns of Q(i+1)
−1 , will get infinitesimally

close to the subspace spanned by the columns of Q(i)
−1. In

other words, there exists a rotation matrix G(i) such that

lim
i→∞

‖Q(i)
−1G

(i) −Q(i+1)
−1 ‖F = 0 . (97)

Finally, (37) is proven by comparing (96) and (97) with (35).

C. Proof of (69):

First, observe in the rank-1 update function (10), that
‖E(i)‖F is O(µi), which means that

∃ C > 0,∃M ∈ N : i > M ⇒ ‖E(i)‖F < Cµi . (98)

Using this in (95), and since d(i) is lower bounded with a
positive value κ2, we know that sin(θ(i)) is O(µi), where θ(i)

denotes the angle between the new eigenvector q(i+1)
1 and the

previous eigenvector q(i)
1 (to resolve the sign ambiguity, we

choose 0 ≤ θ(i) ≤ π
2 ). Based on a straightforward trigonio-

metric derivation (note that q(i)
1 and q(i+1)

1 are normalized
to unity norm), we find that ‖q(i)

1 − q(i+1)
1 ‖ = 2 sin(θ(i)/2).

Using the fact that sin(θ(i)/2) ≤ sin(θ(i)) if 0 ≤ θ(i) ≤ π
2 ,

the above shows that ‖q(i)
1 −q(i+1)

1 ‖ is also O(µi). With this,
and based on a similar reasoning as in Appendix B, we find
that ‖Ẽ(i)‖F (with Ẽ(i) defined in (34)-(36)) is also O(µi).

Let us now focus on (47). Based on (51), and for the sake
of an easy exposition, we will replace γ(i) with the fixed
β. Although this is not entirely correct, we know that if i
is sufficiently large, this approximation becomes arbitrarily
accurate. It is noted that the proof can be continued without
making this replacement, but it will be more elaborate. From
(41) and (49), and because ‖Ẽ(i)‖F is O(µi), δ(i)

2 is also
O(µi). Therefore, (47) becomes

∃C1 > 0, ∃L8 : i ≥ L8 ⇒ ‖ũ(i+1)‖ ≤ β‖ũ(i)‖+C1µi . (99)

Note that, since µi > 0, ∀i ∈ N, we can always choose L8 = 0
by choosing C1 large enough, so we will assume that L8 = 0
in the sequel for the sake of an easy exposition. By expanding
the iteration (99), we find (for i > 0)

‖ũ(i)‖ ≤ βi‖ũ(0)‖+ C1

i∑
j=0

βi−jµj . (100)

By making a summation over both sides of (100), we find that
∞∑
i=0

µi‖ũ(i)‖ ≤ ‖ũ(0)‖
∞∑
i=0

µiβ
i + C1

∞∑
i=0

µi

i∑
j=0

βi−jµj .

(101)
The sequence (βi)i∈N is O(µi) since

∑∞
i=0 β

i < ∞ and∑∞
i=0 µi = ∞. Therefore, and since the sequence (µi)i∈N

is square-summable (Assumption 2), we can conclude that the
first summation on the righthand side of (101) is bounded, i.e.
there exists a C2 such that

∞∑
i=0

µi‖ũ(i)‖ ≤ C2 + C1

∞∑
i=0

µi

i∑
j=0

βi−jµj . (102)

Note that the second term can be rewritten as
∞∑
i=0

µi

i∑
j=0

βi−jµj =
∞∑
i=0

µ2
i + β

∞∑
i=0

µiµi−1 + β2
∞∑
i=0

µiµi−2 + . . .

=
∞∑
j=0

βj

( ∞∑
i=0

µiµi−j

)
(103)

where we assume that µi = 0 if i < 0. Define the j-shifted
sequence (µji )i∈N such that µji = µi−j . Note that all sequences
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(µji )i∈N, ∀ j ∈ N, belong to l2, i.e. the space of square-
summable sequences. Since l2 is an inner-product space, we
can apply the Cauchy-Schwartz inequality to find that

∀ j ∈ N :

( ∞∑
i=0

µiµi−j

)2

≤
( ∞∑
i=0

µ2
i

)( ∞∑
i=0

µ2
i−j

)
(104)

=

( ∞∑
i=0

µ2
i

)2

. (105)

Substituting this in (103) yields

∞∑
i=0

µi

i∑
j=0

βi−jµj ≤
 ∞∑
j=0

βj

( ∞∑
i=0

µ2
i

)
=

1
1− β

∞∑
i=0

µ2
i .

(106)
Substituting this result in (102), and again relying on the fact
that (µi)i∈N is square-summable (Assumption 2), we find that

∞∑
i=0

µi‖ũ(i)‖ <∞ . (107)

Note that we have removed the subscript k in the proof of
Theorem V.4 since the proof holds for an arbitrary node k ∈
K, and therefore we actually have that

∑∞
i=0 µi‖ũ(i)

k ‖ < ∞,
∀k ∈ K. Since ‖∆(i)‖F is O(

∑
k∈K ‖ũ(i)

k ‖) (this follows from

expressions (30)-(32) and the (implicit) definition of D
(i)

in
function of the x(i)

k ’s), we eventually obtain

∃ C3 :
∞∑
i=0

µi‖∆(i)‖F ≤ C3

∑
k∈K

∞∑
i=0

µi‖ũ(i)
k ‖ <∞ (108)

which proves (69).
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