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Abstract

We study the coefficients of asymptotic expansions of oscillating in-

tegrals. We also consider the connection with the coefficients of Laurent

expansions at candidate poles of the distribution |f |s and show that some

of these coefficients vanish. Next we express some of the most important

of these coefficients as so-called principal value integrals which were first

introduced by Langlands. We combine this with our results on principal

value integrals to obtain new results on the vanishing of these coefficients.

1 Introduction

In the late sixties and the early seventies new insights on the theory of asymp-

totic expansions of oscillating integrals and coefficients of the Laurent expan-

sions of the distribution |f |λ were offered by people like Atiyah [At], Bernstein

[Be], Gelfand [Be-Ge] and Malgrange [Mal]. Igusa studied distributions |f |s
in a more general context (i.e. over local fields) [I1, I2, I3]. For this reason

the functions Z(λ) =
∫

X ρ|f |λ|ω| (see further on) are also called Igusa’s zeta

functions. Using resolution of singularities one can easily determine a set of

candidate poles (containing all poles) of Z(λ). In many examples most of these

candidate poles are no poles. In the real case this is partially explained by the

monodromy theorem [Mal, Theorem 7.9]. In the last two decades this subject

has been studied intensively by people like Barlet [Ba1, Ba2, Ba3, Ba4], Denef

[Den1, Den2, Den3], Loeser [Lo1, Lo2], Sargos [De-Sa], Veys [Ve1, Ve2] and

many others. In this paper we connect the subject to Langlands principal value

integrals [L2].

∗key words: principal values, asymptotic expansions, distributions
MSC (1991): 30B40, 32S05, 32S45
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Let X be a m-dimensional real-analytic manifold and let f : X → R be a

non-constant real-analytic function. Let ω be a real -analytic differentialm-form

onX such that its locus is contained in f−1(0). Let ρ : X → R be a C∞-function

with compact support, denoted by supp(ρ). In mathematics and physics one

is often interested in the asymptotic behaviour (for τ going to infinity) of the

oscillating integral

I(τ) =

∫

X

ρeiτf |ω|.

Here i denotes
√
−1. In [A-V-G, II] the reader can find a summary of the results

on this subject. To simplify the study of I(τ) one often uses a resolution of the

singularities of f and ω. In this introduction we simply assume that the couple

(f, ω) has normal crossings on supp(ρ) (so we don’t need to consider resolutions

here). This means that in each point p of supp(ρ) there exists a chart (U, x)

centered at p, real-analytic functions ξ, η nowhere vanishing on U and m-tuples

of integers N, ν such that on U we have

f = ξyN ω = ηyν−1dy.

Here we use multi-index notation, e.g. yN =
∏m

i=1 yi
Ni . The couples (Nj , νj)

with Nj 6= 0 are called the numerical data for (X, f, ω) in the point p. The

numbers in the descending arithmetic progressions associated to a numerical

datum (Nj , νj)
−νj
Nj

,
−νj − 1

Nj
,
−νj − 2

Nj
, . . .

play an important role in the asymptotic expansion of I(τ). Let P (p) denote

the set containing all the numbers in these rows and for s in P (p) let mp(s)

denote the number of these rows in which s occurs. Let P be the union of all

the sets P (p) with p in supp(ρ) and for s in P let m(s) denote the maximum of

all numbers mp(s) with p in supp(ρ). Also denote m(s)− 1 by r(s). It is well-

known [A-V-G, II,§7 Théorème 3 p.183] that I(τ) has an asymptotic expansion

for τ → +∞

I(τ) ≈
∑

s∈P

r(s)
∑

r=0

ar,sτ
s(ln τ)r. (1)

The numbers ar,s are distributions of the test function ρ. Remark that by

the compactness of supp(ρ) the numbers s in P run through a finite number of

descending arithmetic progressions

−νj
Nj

,
−νj − 1

Nj
,
−νj − 2

Nj
, . . .
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associated to the numerical data for (X, f, ω) on supp(ρ). Let s0 be the maxi-

mum of P . Then ar(s0),s0τ
s0 (ln τ)r(s0) is the dominating term in the asymptotic

expansion (1) if and only if ar(s0),s0 6= 0. So it is important to know whether

the coefficient ar(s0),s0 (and more general the coefficients ar(s),s ) vanish.

In this paper we express some of the coefficients ar(s),s (e.g.ar(s0),s0) in terms

of so-called principal value integrals. Principal value integrals were first intro-

duced by R.P.Langlands [L2]. They give a sense to non-converging integrals. In

section 2 we explain how one defines principal value integrals (see also [J, J2]

for more details). In the specific but important case of multivalued rational

differential m-forms on non-singular projective algebraic varieties we state some

important results (Theorem (2.14), Theorem (2.16) and Corollary (2.17)) about

principal value integrals. The proofs of these results can be found in [D-J, J].

In section 6 we state the consequences of these results for the coefficients ar(s),s

(Theorems (6.15), (6.16), (6.17)). In this introduction we take a closer look at

a special case of Theorem (6.17).

Suppose that X is a non-singular real projective algebraic variety of di-

mension m. Suppose that ω is a rational differential m-form on X , that f is

a rational function on X and that ρ = 1. Let Xc, resp. ωc, fc, denote the

complexifications of X , resp ω, f . Assume moreover that (fc, ωc) has normal

crossings on Xc and that each irreducible component Ec,j , j ∈ J , of the union

of the zeroes and poles of ωc and fc meets X . To each component Ec,j we

associate in the obvious way a numerical datum (Nj , νj). Let sj =
−νj
Nj

and let

Xc(s0) =
⋂

j∈J,sj=s0

Ec,j Lc(s0) = Xc(s0)
⋂ ⋃

j∈J,sj 6=s0

Ec,j .

( 1.1 ) Theorem. Assume that X ∩Xc(s0) 6= ∅. If Xc(s0)− Lc(s0) is affine

and has Euler-Poincaré characteristic 0, then ar(s0),s0 = 0.

Asymptotic expansions of oscillating integrals are closely related to Laurent

expansions of distributions

ρ→
∫

X

ρχ|f |λ|ω| =: Z(λ, χ),

see [A-V-G]. The function χ : R× → R denotes one of the two characters 1 or

sgn (the sign function). Here λ ∈ C. Moreover Z(λ, χ) is a priori only defined

for ℜ(λ) >> 0. The case X = Rm, ω = dx and χ = 1 is probably the most well-

known. The function Z(λ, χ) has a meromorphic continuation to C, denoted by

Z+(λ) if χ = 1 and denoted by Z−(λ) if χ = sgn. All poles of Z±(λ) lie in the
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set P defined above and the Laurent expansion of Z±(λ) at s ∈ P looks like

r(s)
∑

r=−∞

c±r,s(λ− s)−(r+1).

Moreover the coefficients ar,s can be expressed as linear combinations of the

coefficients c±t,s with r ≤ t ≤ r(s). For the proof of these results we refer to

[A-V-G, II,§7]. For convenience of the reader we included the exact statements

in section 5.

The coefficients c±r(s),s are called the candidate highest residues of Z±(λ)

at λ = s and so from now on we denote them by chres(Z±(λ), s). In section

4 we study these candidate highest residues. First we obtain a general result

on the vanishing of chres(Z±(λ), s) as an easy consequence of the calculations

in this section (Theorem (4.19)). A special case of this result also appears in

[A-V-G, II,§7,Lemme 5.2] although formulated in terms of the coefficient a0,s.

For notational purposes we formulate a weaker version of theorem (4.19) at this

point.

( 1.2 ) Theorem. Suppose that for every point p in supp(ρ) with mp(s) =

m(s) there exists a numerical datum (N1, ν1) for (X, f, ω) in p such that −N1s−
ν1 is an odd positive integer. Then chres(Z+(λ), s) = 0.

A similar result holds for chres(Z−(λ), s).

The next part of section 4 is dedicated to the main result (4.23) of this

paper which can be used to express chres(Z±(λ), s) as a sum of principal value

integrals. Again here we state a simplified version of this theorem. Suppose

that there exists a numerical datum (N, ν) for (X, f, ω) in a point of supp(ρ)

with s = −ν
N and such that in each point p of supp(ρ) there is at most one row

−νj
Nj

,
−νj − 1

Nj
,
−νj − 2

Nj
, . . .

associated to a numerical datum (Nj , νj) for (X, f, ω) in p in which s occurs,

and moreover (N, ν) = (Nj , νj) if this happens. Note that this implies that

m(s) = 1. Denote the set of all points p in supp(ρ) for which there exists such

a row by X(s).

( 1.3 ) Theorem.

chres(Z+(λ), s) =
2

N
PV

∫

X(s)

ρ|PR(f sω,X(s))|.
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Here PR(f sω,X(s)) denotes the Poincaré residue of the multivalued form f sω

on X(s). In this formula one needs to consider the principal value integral since

the integral
∫

X(s)
ρ|PR(f sω,X(s))| may not converge. Again a similar result

holds for chres(Z−(λ), s).

In section 6 we combine these results with those mentioned in section 2

to obtain new results on the vanishing of chres(Z±(λ), s) in the algebraic case

described above (Theorems (6.8), (6.9), (6.10)).

In section 7 we illustrate our results on an example. In particular in this

example there exists s in P such that the vanishing of chres(Z+(λ), s) can easily

be proved by our Theorem (6.10) but not by the famous monodromy theorem

of Malgrange [Mal].

Finally I’d like to thank professor Jan Denef who introduced me to the

subject. We had many interesting discussions about principal value integrals

and related topics and his suggestions helped me a lot.

2 Principal value integrals

( 2.1 ) Notation. Let X be a real-analytic manifold of dimension m. Let O
denote the sheaf of real-analytic functions onX. Let Ωm denote the sheaf of real-

analytic differential m-forms on X. Let d be a positive integer and (Ωm)⊗d the

d-th tensor power of Ωm over the sheafO, i.e. (Ωm)⊗d = Ωm⊗OΩ
m⊗O · · ·⊗OΩm

(d times).

Let (U, x) be a chart on X . We denote the i-th coordinate function with

respect to x by xi, i.e. xi = pi ◦ x where pi : R
m → R is the projection to the

i-th coordinate. We also write dx for dx1 ∧· · ·∧dxm and (dx)d for dx⊗· · ·⊗dx
(d times).

( 2.2 ) Definition. If U is an open subset of X and ω belongs to (Ωm)⊗d(U),

then we say that ω is a real-analytic differential m-form of degree d on U .

A pair (P, ω) is called a real-meromorphic differential m-form of degree d on

X if

1. P is a closed subset of X ,

2. ω is a real-analytic differential m-form of degree d on X − P ,

3. for each point p in X there exists a chart (U, x) on X and real-analytic

functions g, h on U such that

(a) U is a connected open neighborhood of p in X and h is not identically

zero on U ,

5



(b) P ∩ U = {q ∈ U |h(q) = 0},
(c) ω = g

h (dx)
d on U − P and

(d) the germs of g and h in the local ring OX,p are relatively prime.

The real-analytic subspace P of X is called the polar locus of (P, ω). 2

( 2.3 ) Convention. Sometimes we say: ”Let ω be a real-meromorphic

differential m-form of degree d on X .” Then it means that ω is a real-analytic

differential m-form of degree d on X − P for some closed subset P of X , such

that (P, ω) is a real-meromorphic differential m-form of degree d on X .

( 2.4 ) Definition. A real-meromorphic multivalued differential m-form ψ on

X consists of a couple (ω, d), where ω is a real-meromorphic differential m-form

of degree d on X . We identify two couples (ω1, d1) and (ω2, d2) if ωd2

1 = ωd1

2 .

Sometimes we denote ψ by ω1/d. 2

We introduce some notation to state a well-known lemma on meromorphic

continuations of integrals.

( 2.5 ) Notation. Let sgn denote the sign function, i.e. sgn(x) = 1 for

x ∈ R, x > 0; sgn(x) = −1 for x ∈ R, x < 0; sgn(0) = 0. We use multi-

index notation, so for k ∈ Nm, λ ∈ Cm we write sgn(x)k :=
∏m

i=1(sgn(xi))
ki ,

∂k

∂xk :=
∏m

i=1
∂ki

∂xi
ki
, |x|λ =

∏k
i=1 |xi|λi and so on.

Let V be a non-empty open subset of Cm and f an analytic function from

V to C. If f has a (unique) meromorphic continuation to Cr then we denote it

by [f ]
mc
. If [f ]

mc
is holomorphic in a point α ∈ Cr then we denote the value of

[f ]
mc

in α by [f(λ)]
mc
λ=α .

( 2.6 ) Lemma. Let U be an open subset of Rm. Let ϕ : U → R be a C∞-

function with compact support in U. Let η = (ηi) be a l-tuple of real analytic

functions ηi : U → R non-vanishing on U. Then

1.
∫

U
sgn(x)rϕ|η|t|x|λdx is an analytic function on {(t, λ) ∈ Cl+m|∀i : ℜ(λi) >

−1}.

2.
∫

U
sgn(x)rϕ|η|t|x|λdx has a unique meromorphic continuation to Cl+m,

denoted by
[∫

U sgn(x)rϕ|η|t|x|λdx
]mc

, with polar locus contained in the

set P = {(t, λ) ∈ Cl+m|∃i : λi ∈ Z− N}.

3. Let k ∈ Nm then on {(t, λ) ∈ Cl+m|∀i : ℜ(λi) > −1− ki} we have

[∫

U

sgn(x)rϕ|η|t|x|λdx
]mc

= (

m
∏

i=1

ki
∏

ji=1

−1

λi + ji
)

∫

sgn(x)r+k ∂k

∂xk
(ϕ|η|t)|x|λ+kdx
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4. Let (ǫ, α) ∈ Cl+m−P. Let I be a subset of {1, . . . ,m} containing all indices

i for which Re(αi) ≤ −1. Let J := {1, . . . ,m} − I. Let λI := (λi)i∈I ,

αI := (αi)i∈I , λJ := (λi)i∈J and αJ := (αi)i∈J . Then

[∫

U

sgn(x)rϕ|η|t|x|λdx
]mc

(t,λ)=(ǫ,α)

=

[∫

U

sgn(x)rϕ(|η|t)t=ǫ|x|λdx
]mc

λ=α

=

[∫

U

sgn(x)rϕ|η|t(|x|λ)λJ=αJ
dx

]mc

(t,λI )=(ǫ,αI)

=

[∫

U

sgn(x)rϕ(|η|t|x|λ)(t,λJ )=(ǫ,αJ )
dx

]mc

λI=αI

.

( 2.7 ) Data. In the next part of this section we fix a m-dimensional real-

analytic manifold X . Let ω be a real-meromorphic differential m-form of degree

d on X. Let ρ be a C∞-function X → R. Denote the support of ρ by supp(ρ).

Let L denote the locus of ω and let χ : X → {1, 0,−1} be a function that is

constant and non-zero on the connected components of X − L and equal to 0

on L.

( 2.8 ) Definition.

1. We say that the chart (U, x) on X is an admissible chart for (X,ω) with

data (ξ;β) if ω = ξxβ(dx)d on U , where ξ is a nowhere vanishing real-

analytic function on U and β ∈ Zm.

2. We say that ω has normal crossings in a point p of X if there exists an

admissible chart (U, x) for (X,ω), centered in p (i.e. x(p) = 0). We say

that ω has normal crossings in a subset K of X if it has normal crossings

in every point of K.

3. We say that a chart (U, x) on X is a pv-chart for (X,ω) if (U, x) is an

admissible chart for (X,ω) with data (ξ;β) where the βi/d /∈ Z−N.We say

that (U, x) is a pv-chart for (X,ω, ρ) if (U, x) is a pv-chart for (X,ω) and

ρ has compact support in U (i.e. supp(ρ) is compact and it is contained

in U).

4. Suppose that ω has normal crossings in a point p of X . We say that

ω1/d has no integral poles in p if there exists a pv-chart (U, x) for (X,ω)

centered in p. Suppose that ω has normal crossings on a subset K of X .

We say that ω1/d has no integral poles on K if it has no integral poles in

every point of K.

2

7



( 2.9 ) Definition. If (U, x) is a pv-chart for (X,ω, ρ) with data (ξ;β) then

by lemma (2.6) the integral
∫

U ρχ|ξ|1/d|x|β/d+λ|dx| exists for Re(λ) >> 0 and

has a (unique) meromorphic continuation to C (denoted by square brackets

and the index mc) that is holomorphic in λ = 0. (In this definition λ is a

one-dimensional complex variable.) Then we define

PV
(U,x)

∫

ρχ|ω1/d| :=
[∫

U

ρχ|ξ|1/d|x|β/d+λ|dx|
]mc

λ=0

,

called the principal value integral of ρχ|ω1/d| on (U, x). 2

( 2.10 ) Definition. Let U = {Up|p ∈ P} be a finite open covering of a subset

K of a topological space X (thus. K ⊂ ∪
p∈P

Up). Then a compact partition of

unity with respect to the covering U of K is a collection of continuous maps

{ϕp : X → [0, 1]|p ∈ P} such that

1. supp(ϕp) is a compact subset of Up for all p ∈ P , and

2.
∑

p ϕp(x) = 1 for all x ∈ K.

If X is a C∞-manifold the compact partition of unity is said to be C∞ if the

functions ϕp are C∞. 2

( 2.11 ) Definition. Assume that ω1/d has no integral poles on supp(ρ).

Then we can choose a finite set of triples {(Up, ϕp, xp)}p∈P such that {Up}p∈P

is an open covering of supp(ρ), {ϕp}p∈P is a C∞ compact partition of unity

with respect to this covering and (Up, xp) is a pv-chart for (X,ω, ρϕp) for all

p ∈ P . Then we define the principal value integral of ρχ|ω1/d| on X as follows:

PV

∫

X

ρχ|ω1/d| :=
∑

p∈P

PV
(Up,xp)

∫

ρχϕp|ω1/d|.

One can check that this definition is independent of the choice of the covering

and the partition of unity [J2]. 2

( 2.12 ) We state some results which are useful to compute some principal

value integrals on projective algebraic varieties. For a nice overview of the

proofs we refer to [D-J]. The complete proofs can be found in [J].

( 2.13 ) Data. Let X be a non-singular complex projective algebraic variety

defined over R of complex dimension m such that X(R) 6= ∅. Let ω be a rational

differential m-form of degree d on X defined over R. (This is the algebraic

analogue of a meromorphic differential form of degree d.) Define div(ω), the
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divisor of ω, in Div(X) in the obvious way and let |div(ω)| denote its support.

Let χ : X(R) → {1, 0,−1} be a function that is constant and non-zero on the

connected components of X(R)− |div(ω)| and equal to 0 on |div(ω)|.
We assume that |div(ω)| has normal crossings over R, meaning that it

has normal crossings and that each irreducible component containing an R-

rational point is defined over R. Moreover we assume that ω1/d has no triv-

ial monodromies, meaning that div(ω1/d) =
∑

i αiDi with no αi in Z. Here

div(ω1/d) = 1
ddiv(ω) ∈ Div(X) ⊗ Q. This implies that ω1/d has no integral

poles on X(R), so we can define PV
∫

X(R)
χ|ω1/d| as above.

Let L(ω1/d) be the locally constant sheaf of C-vectorspaces on X − |div(ω)|
associated to ω1/d, which is locally free of rank 1. A non-zero section of

L(ω1/d) on a connected open U is an analytic branch of ω1/d on U multi-

plied with a complex number. In [D-J] we construct a homology C-vector space

Hc
m(X(C) − |div(ω)|,L(ω1/d)) in which the classes are represented by cycles

that are linear combinations of simplices in X(C)− |div(ω)| with coefficients in

the sheaf L(ω1/d). The support of such a cycle is a member of the family c of

all compact subsets of X(C)− |div(ω)|. The integral of ω1/d on such a class is

defined in the obvious way.

( 2.14 ) Theorem. There exists z in Hc
m(X(C)−|div(ω)|,L(ω1/d)) such that

PV

∫

X(R)

χ|ω1/d| =
∫

z

ω1/d.

( 2.15 ) Remark. A similar theorem still holds when ω1/d has trivial mon-

odromies (but no integral poles). Then one has to replace the family c by the

family

fin(S) := {K ∩ (X(C)− |div(ω)|)|K is a compact subset of X(C)− S},

where S := ∪αi /∈NDi is the so-called singular locus of ω1/d.

( 2.16 ) Theorem. Let Hm(X(C) − |div(ω)|,L(ω1/d)) denote the classical

m-th cohomology space associated to the space X(C) − |div(ω)| and the sheaf

L(ω1/d). If Hm(X(C)− |div(ω)|,L(ω1/d)) = 0 then

PV

∫

X(R)

χ|ω1/d| = 0.

( 2.17 ) Corollary. Suppose that X(C)−|div(ω)| is affine and that its Euler-

Poincaré characteristic is zero. Then PV
∫

X(R) χ|ω1/d| = 0.
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3 The Poincaré Residue map

( 3.1 ) Data. Let X be a real-analytic manifold of dimension m. Let ω be a

real-meromorphic differential m-form of degree d on X with polar locus P . Let

ρ : X → R be a C∞-function with compact support. Assume that ω has normal

crossings in supp(ρ).

( 3.2 ) Definition. Let Xn be the open submanifold of X consisting of all

points p of X in which ω has normal crossings. Let p be a point of Xn and

let (U, x) be an admissible chart for (X,ω) centered at p with data (ξ;β). Let

mp(ω) denote the number of βi which equal −d. Let m̃ be the maximum of

the mp(ω) when p runs through supp(ρ). Let X̃ be the set of all points p in

Xn for which mp(ω) = m̃. It is clear that X̃ is a real-analytic locally closed

submanifold of X of codimension m̃. We denote ρ|X̃ by ρ̃. 2

( 3.3 ) Proposition. There exists a unique real-meromorphic differential

(m−m̃)-form (P̃ , ω̃) of degree d on X̃ such that for each admissible chart (U, x)

for (X,ω), centered in a point p in X̃, with data (ξ;β) and βi = −d for i ≤ m̃,

we have

1. (X̃ ∩ U, x|X̃) is an admissible chart for (X̃, ω̃) with data

(ξ|X̃ ; β̃) with β̃ = (βm̃+1, . . . , βm) and

2. P̃ ∩ U = {q ∈ X̃ ∩ U |∃i : xi(q) = 0 and βi < 0}.

Proof: We may assume that m̃ ≥ 1, because otherwise there is nothing to

prove. We only have to check that the local constructions given in the propo-

sition don’t depend on the choice of charts. For this purpose let (Ux, x) be

an admissible chart for (X,ω) centered in a point p of X̃ ∩ supp(ρ) with data

(ξ;−d, . . . ,−d, βm̃+1, . . . , βm) and let (Uy, y) be another admissible chart for

(X,ω) centered in a point q of X̃ ∩ supp(ρ) such that X̃ ∩Ux ∩Uy is not empty.

We have to show that we get the same form on this intersection by applying

our construction to the chart x or to the chart y. In [J] we show that we may

assume that Ux = Uy and p = q and that, after a permutation of the coordinate

functions yi and a permutation of the coordinate functions xi, there exists a

number r with m̃ ≤ r ≤ m and nowhere vanishing real-analytic functions fi

on Uy such that xi = fiyi for 1 ≤ i ≤ r and βi = 0 if and only if i > r. For

1 ≤ i ≤ r write Ui for the set of zeros of xi in Ux (which equals the set of zeros

of yi in Uy = Ux). Then we can carry out the construction with respect to x

in steps by restricting first to U1, then to U1 ∩ U2 and so on. Similarly for the
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construction with respect to y. Then it suffices to check that, at each step, we

get the same form. For the first step denote x̄ = (x2, . . . , xm) and ȳ similarly.

Now

ξ

m̃
∏

i=1

x−d
i

r
∏

i=m̃+1

xβi

i (dx)d = ξ

m̃
∏

i=1

(yifi)
−d

r
∏

i=m̃+1

(yifi)
βi det(

∂x

∂y
)d(dy)d

on Uy. Thus we have to check that on U1:

ξ
m̃
∏

i=2

x−d
i

r
∏

i=m̃+1

xβi

i (dx̄)d = ξf−d
1

m̃
∏

i=2

(yifi)
−d

r
∏

i=m̃+1

(yifi)
βi det(

∂x

∂y
)d(dȳ)d.

This is clear since
[

f−d
1 det(

∂x

∂y
)d
]

y1=0

=

[

det(
∂x̄

∂ȳ
)d
]

y1=0

because

dx = det













f1 + y1
∂f1
∂y1

y1
∂f1
∂y2

. . . y1
∂f1
∂ym

∂x2

∂y1

∂x2

∂y2
. . . ∂x2

∂ym

...
...

...
...

∂xm

∂y1

∂xm

∂y2

. . . ∂xm

∂ym













dy.

The other steps are proved similarly.

( 3.4 ) Definition. The form ω̃ on X̃ is called the Poincaré residue of ω

on X̃ and we denote it by PR(ω, X̃). The Poincaré residue of the multivalued

differential form ω1/d is defined similarly and we denote it by PR(ω1/d, X̃). 2

4 Residues of poles of distributions

( 4.1 ) Data. In this section X is a real-analytic connected manifold of

dimension m, f is a real-analytic function on X , and ω is a real-meromorphic

differential m-form (of degree 1) on X with polar locus included in the zero

locus of f . Moreover ρ is a C∞-function on X with compact support and

χ : R → {−1, 0, 1} is a function such that χ|R× is a character and χ(0) = 0.

Thus on R× either χ = 1 or χ = sgn, the sign function.

( 4.2 ) Notation. In this section we frequently use a multi-index notation.

Let (U, x) be a chart on a real-analytic manifold of dimension m, let g be a map

from R to R and let a ∈ Cm. Then we denote
∏m

i=1 g(xi)
ai by g(x)a. Similarly

we write ∂k

∂xk for
∏m

i=1
∂ki

∂x
ki
i

(k ∈ Nm) and dx for dx1 ∧ · · · ∧ dxm.
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( 4.3 ) Definition. Let h : X → R be a real-meromorphic function on X and

let ψ be a real-meromorphic differential m-form (of degree 1) on X . We say that

a chart (U, x) on X is an admissible chart for (X,h, ψ) with data (ξ; γ; η;β) if

there exist nowhere vanishing analytic functions η, ξ on U and γ, β in Zm such

that on U we have

h = ξxγ and ψ = ηxβdx.

We say that (h, ψ) has normal crossings in a point p of X if there exists an

admissible chart (U, x) for (X,h, ψ) that is centered in p. We say that (h, ψ)

has normal crossings in a subset S of X if (h, ψ) has normal crossings in each

point of S. 2

( 4.4 ) Assumption. Until (4.24) we assume that (f, ω) has normal crossings

in supp(ρ).

( 4.5 ) Definition. Let (U, x) be an admissible chart for (X, f, ω) centered

in a point p and with data (ξ;N ; η; ν − 1), then we call the pair of integers

(N0, ν0) a numerical datum for (X, f, ω) in p if there exists an index j such that

N0 = Nj 6= 0 and ν0 = νj . If p ∈ supp(ρ) we call (N0, ν0) a numerical datum for

(X, f, ω, ρ). We call the number of indices j such that (N0, ν0) = (Nj , νj) the

multiplicity of the numerical datum (N0, ν0) in p. Note that these definitions

are independent of the chosen chart. The set of all numerical data (Ni, νi, ri)

for (X, f, ω, ρ) is finite and we index this set by I. 2

( 4.6 ) Proposition. Let P be the set of all numbers −ν0−k0

N0

with k0 ∈
N and with (N0, ν0) a numerical datum for (X, f, ω, ρ). Then the integral
∫

X
ρχ(f)|f |λ|ω| converges to an analytic function of λ on ℜ(λ) > maxP . This

integral has a (unique) meromorphic continuation to C whose polar locus is

contained in the set P.

Proof: This follows from lemma (2.6) by using a compact partition of unity

with respect to a finite cover Up of supp(ρ) such that there exist admissible

charts (Up, xp) for (X, f, ω).

( 4.7 ) Definition. The meromorphic continuation of the integral
∫

X ρχ(f)|f |λ|ω|
to C is called the Igusa zeta function associated to ρ, χ, f and ω and is denoted

by Z(ρ, χ, f, ω, λ) or just Z(λ). The elements of P are called the candidate poles

of Z(λ). We say that a numerical datum (N1, ν1) produces a candidate pole s

if there exists an integer k ≥ 0 such that s = −ν1−k
N1

. Note that s occurs at the
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(k + 1)-th place in the following row of candidate poles of Z(λ) produced by

(N1, ν1)
−ν1
N1

,
−ν1 − 1

N1
, . . . .

We call k the shift of the candidate pole s with respect to the numerical datum

(N1, ν1). 2

( 4.8 ) Remark. Letting ρ play the role of test function we obtain a distri-

bution ρ→ Z(ρ, χ, f, ω, λ). Probably the case with X = Rm, χ = 1 and ω = dx

is the most well-known.

( 4.9 ) Definition. Let s be a candidate pole and let p be a point in supp(ρ).

Let mp(s) be the number of numerical data in p that produce s, counted with

their multiplicity. Let m(s) be the maximum of the numbers mp(s) when p runs

through supp(ρ). We call m(s) the candidate order of the candidate pole s since

it is clear from lemma (2.6) that if s is a pole of Z(λ) its order must be less or

equal to m(s). Note that 1 ≤ m(s) ≤ m. Let chres(Z, s) be the coefficient of

(λ−s)−m(s) in the Laurent expansion of Z(λ) around s. We call it the candidate

highest residue of Z in s. The set of all points p in X in which (f, ω) has normal

crossings and for which mp(s) = m(s) is denoted by X(s). It is a locally closed

submanifold of X of codimension m(s). 2

( 4.10 ) Notation. In the next part of this section we fix a candidate pole

s of Z(λ). We want to study the candidate highest residue chres(Z, s) of Z(λ)

in s. Let Xr(s), r ∈ R(s), denote the connected components of X(s) that meet

supp(ρ). Note that the set R(s) must be finite. We will show that each of these

components contributes to chres(Z, s).

( 4.11 ) Lemma. Let r ∈ R(s) and let ϕ : X → R be a C∞-function that

equals 1 in a neighborhood of Xr(s) and which support is disjoint from Xt(s)

for every t in R(s)− {r}. Then

lim
λ→s

(λ− s)m(s)

[∫

X

ϕρχ(f)|f |λ|ω|
]mc

is independent of ϕ.

Proof: Let ϕ1 and ϕ2 be two such functions. We have

[∫

X

ϕ1ρχ(f)|f |λ|ω|
]mc
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=

[∫

X

ϕ2ρχ(f)|f |λ|ω|
]mc

+

[∫

X

(ϕ1 − ϕ2)ρχ(f)|f |λ|ω|
]mc

.

Since ϕ1 − ϕ2 equals 1 in a neighborhood of X(s) ∩ supp(ρ) we know that

supp(ϕ1−ϕ2) doesn’t meetX(s)∩supp(ρ). Hence
[∫

X(ϕ1 − ϕ2)ρχ(f)|f |λ|ω|
]mc

can have a pole of order at most m(s)− 1 in s, which proves the lemma.

( 4.12 ) Definition. Let r ∈ R(s) and let ϕ be as in lemma (4.11). Then

lim
λ→s

(λ− s)m(s)

[∫

X

ϕρχ(f)|f |λ|ω|
]mc

is called the contribution of Xr(s) to chres(Z, s) and denoted by chres(Z, s,Xr(s)).

2

This definition is justified by the following proposition.

( 4.13 ) Proposition.

chres(Z, s) =
∑

r∈R(s)

chres(Z, s,Xr(s)).

Proof: For every r ∈ R(s) we can take a C∞-function ϕr which equals 1 in

a neighborhood of Xr(s). Since X is a manifold, which is Hausdorff, we can do

this such that the ϕr have mutually disjoint supports. Then the formula follows

from lemma (4.11) and a similar argument as in the proof of that lemma.

( 4.14 ) Data. Now we also fix r in R(s) and construct a formula for the

contribution chres(Z, s,Xr(s)) in terms of integrals. For this purpose we choose

a finite number of admissible charts (Up, xp), p ∈ P , for (X, f, ω) centered in

points p in Xr(s) and such that the Up, p ∈ P , cover Xr(s) and are disjoint

from any Xt(s) with t in R(s) − {r}. We also choose a C∞ compact partition

of unity {ϕp|p ∈ P} with respect to this cover.

( 4.15 ) Lemma. Assume the data (4.14). Then

chres(Z, s,Xr(s)) =
∑

p∈P

lim
λ→s

(λ − s)m(s)

[∫

X

ϕpρχ(f)|f |λ|ω|
]mc

.

Proof: This is evident.
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( 4.16 ) Data. Fix p in P and write x for xp, U for Up and ϕ for ϕp. We

may assume that on U :

f = ξxN

ω = ηxν−1dx,

where ξ,η are nowhere vanishing real-analytic functions on U . Moreover we may

assume that all (Ni, νi), 1 ≤ i ≤ m(s), produce s. For all i, 1 ≤ i ≤ m, let

ki = −Nis−νi and let ci be the least non-negative integer such that ci−ki > 0.

Thus, if 1 ≤ i ≤ m(s), the shift of s with respect to the datum (Ni, νi) equals

ki and ci = ki + 1. If m(s) < i ≤ m, then ki is not in N.

( 4.17 ) Lemma. Assume the data (4.16). Then

lim
λ→s

(

(λ− s)m(s)

[∫

X

ϕρχ(f)|f |λ|ω|
]mc)

= (

m
∏

i=m(s)+1

ci
∏

li=1

1

ki + 1− li
)(

m(s)
∏

i=1

ci−1
∏

li=1

1

ki + 1− li
)(

m(s)
∏

i=1

−1

Ni
)

×
∫

X

∂c

∂xc
(ϕρ|η||ξ|s)χ(ξ)χ(x)N sgn(x)c|x|c−k−1|dx|.

Proof: We have

lim
λ→s

(

(λ− s)m(s)

[∫

X

ϕρχ(f)|f |λ|ω|
]mc)

= lim
λ→s

(

(λ− s)m(s)

[∫

X

ϕρχ(ξ)χ(x)N |η||ξ|λ|x|Nλ+ν−1|dx|
]mc)

= lim
λ→s

(

(λ − s)m(s)(

m
∏

i=1

ci
∏

li=1

−1

Niλ+ νi − 1 + li
)

×
∫

X

∂c

∂xc
(ϕρ|η||ξ|λ)χ(ξ)χ(x)N sgn(x)c|x|Nλ+ν−1+c|dx|

)

= (

m
∏

i=m(s)+1

ci
∏

li=1

1

ki + 1− li
)(

m(s)
∏

i=1

ci−1
∏

li=1

1

ki + 1− li
)(

m(s)
∏

i=1

−1

Ni
)

×
∫

X

∂c

∂xc
(ϕρ|η||ξ|s)χ(ξ)χ(x)N sgn(x)c|x|c−k−1|dx|.

The second equality follows from lemma (2.6). The integral in the last

expression converges by lemma (2.6) since ci − ki − 1 > −1 for all i. Then the

last equality follows using thatNis+νi = −ki andNiλ+νi−1+ki+1 = Ni(λ−s).
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( 4.18 ) Notation. We say that (Ni, νi) is a numerical datum associated

to Xr(s) with associated multiplicity ri if (Ni, νi) is a numerical datum with

multiplicity ri in one (and so in each) point of Xr(s). Denote the set of all

indices i ∈ I for which (Ni, νi) is a numerical datum associated to Xr(s) by

I(Xr(s)).

( 4.19 ) Theorem. Let r ∈ R(s) and let (N1, ν1) be a numerical datum

associated to Xr(s). Let k1 (= −N1s− ν1) denote the shift of s with respect to

(N1, ν1). Assume that k1 is odd if χ(1) = 1 and that k1+N1 is odd if χ(1) = −1.

Then chres(Z, s,Xr(s)) = 0.

Proof: By lemma (4.15) and lemma (4.17) we may assume that chres(Z, s,Xr(s))

equals a finite sum of expressions as in lemma (4.17) with c1 even if χ(1) = 1

and c1 + N1 even if χ(1) = −1. Write x̄ = (x2, . . . , xm), c̄ = (c2, . . . , cm),

N̄ = (N2, . . . , Nm) and k̄ = (k2, . . . , km). Then the integral in such an expres-

sion equals
∫

x̄

∫

x1

∂c1

∂xc11
(
∂ c̄

∂x̄c̄
(ϕρ|η||ξ|s))χ(ξ)χ(x̄)N̄ sgn(x̄)c̄|x̄|c̄−k̄−1dx1dx̄.

Now this integral vanishes, which can be seen by first integrating out the variable

x1 and using that ϕ has compact support.

( 4.20 ) Corollary. Let s be a candidate pole of Z such that in each point p

of X(s) ∩ supp(ρ) there exists a numerical datum (N1, ν1) for (X, f, ω, ρ) that

produces s such that its shift k1 (= −N1s− ν1) with respect to (N1, ν1) satisfies

the following condition: k1 is odd if χ(1) = 1 and k1 +N1 is odd if χ(1) = −1.

If s is a pole of Z(λ) then its order is strictly smaller than its candidate order

m(s). In particular: if s has candidate order 1 then s is not a pole of Z(λ).

( 4.21 ) Definition. We define a function χf on Xr(s). Let (U, x) be a

chart as in data (4.16), centered in a point p of Xr(s). Let x̄ = (x1, . . . , xm(s)),

x̃ = (xm(s)+1, . . . , xm) and Ñ = (Nm(s)+1, . . . , Nm). Then we define χf on

U ∩Xr(s) as the restriction of χ(x̃Ñ ξ) to U ∩ Xr(s). If χ(1) = −1 we require

that all Ni, i ∈ I(Xr(s)), are even. Note that this definition is independent of

the chosen chart. 2

( 4.22 ) Assumption. We assume that s equals the first element, namely
−νi
Ni

, of each row

−νi
Ni

,
−νi − 1

Ni
, . . . i ∈ I(Xr(s)).
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Equivalently the shift of s with respect to each numerical datum (Ni, νi), i ∈
I(Xr(s)), is equal to zero. Note that the Poincaré residue PR(f sω,Xr(s)) is

defined on Xr(s) (see section 3) and it has no integral poles on supp(ρ|Xr(s)).

( 4.23 ) Theorem. Assume (4.22). If χ(1) = −1 and one of the Ni, i in

I(Xr(s)), is odd then chres(Z, s,Xr(s)) = 0. Otherwise

chres(Z, s,Xr(s)) = (
∏

i∈I(Xr(s))

2

N ri
i

)PV

∫

Xr(s)

ρχf |PR(f sω,Xr(s))|.

Proof: The case that χ(1) = −1 and one of the Ni is odd has been proved in

theorem (4.19). So we exclude this case. By the local nature of principal value

integrals and Poincaré residues we can prove the theorem locally. More precisely

we may assume the data (4.16) with ki = 0, ci = 1 for all i, 1 ≤ i ≤ m(s) (by

our assumption). Then it suffices to prove that

lim
λ→s

(λ− s)m(s)

[∫

X

ϕρχ(f)|f |λ|ω|
]mc

= (

m(s)
∏

i=1

2

Ni
)PV

∫

Xr(s)

ϕρχf |PR(f sω,X(s))|.

Define x̄ = (x1, . . . , xm(s)) and x̃ = (xm(s)+1, . . . , xm). Define k̄, k̃, c̄, c̃, N̄ , Ñ

and t̃ similarly. Then we have

lim
λ→s

(

(λ− s)m(s)

[∫

X

ϕρχ(f)|f |λ|ω|
]mc)

= (

m
∏

i=m(s)+1

ci
∏

li=1

1

ki + 1− li
)(

m(s)
∏

i=1

−1

Ni
)

∫

X

∂c

∂xc
(ϕρ|η||ξ|s)χ(ξxN )sgn(x)c|x|c−k−1dx

= (

m(s)
∏

i=1

−1

Ni
)

[
∫

x

∂

∂x̄
(ϕρ|η||ξ|s)sgn(x̄)χ(ξx̃Ñ )|x̃|−k̃−1+t̃dx

]mc

t̃=0

= (

m(s)
∏

i=1

2

Ni
)

[∫

x̃

[ϕρ|η||ξ|s]x̄=0 χf |x̃|−k̃−1+t̃dx̃

]mc

t̃=0

= (

m(s)
∏

i=1

2

Ni
)PV

∫

Xr(s)

ϕρχf |PR(f sω,X(s))|.

The first equality is obtained by applying lemma (4.17). The second equality

follows from lemma (2.6). In the third equality we just integrate out to the

variables x̄ and the last equality follows from the definitions of principal value

integral and Poincaré residue.

17



Resolutions

( 4.24 ) Data. Now we drop the assumption that (f, ω) has normal crossings

in supp(ρ). In stead we will work with a resolution π : Y → X for (X, f, ω, ρ)

as in the following definition.

( 4.25 ) Definition. Let Y be a real-analytic connected manifold of dimen-

sion m. Let L denote the union of the locus of f and the locus of ω. We say

that the map π : Y → X is an embedded resolution for (X, f, ω, ρ) if

1. π is a proper real-analytic morphism,

2. π|Y −π−1(L) : Y − π−1(L) → X − L is a real-analytic isomorphism, and

3. (π∗(f), π∗(ω)) has normal crossings in supp(π∗(ρ)).

2

( 4.26 ) Definition. Let P be the set of candidate poles of Z(π∗ρ, χ, π∗f, π∗ω, λ).

Then for ℜ(λ) > maxP the integral
∫

X
ρχ(f)|f |λ|ω| converges to the analytic

function
∫

Y

π∗ρχ(π∗f)|π∗f |λ|π∗ω|.

Hence we define

Z(ρ, χ, f, ω, λ) := Z(π∗ρ, χ, π∗f, π∗ω, λ).

The numerical data for (Y, π∗f, π∗ω, supp(π∗ρ)) are called the numerical data of

the resolution π for (X, f, ω, ρ). The candidate poles of Z(π∗ρ, χ, π∗f, π∗ω, λ)

are called the candidate poles of Z(ρ, χ, f, ω, λ) with respect to π. 2

( 4.27 ) Remark. If the real-analytic function f is reduced, then (1, 1)

is a numerical datum of the resolution π for (X, f, ω, ρ) and it produces the

so-called trivial candidate poles s, s ∈ Z<0. Suppose that (1, 1) is the only

numerical datum that produces s and suppose that the candidate order of s is

equal to 1. Applying corollary (4.20) we see that Z(ρ, χ, f, ω, λ) is holomorphic

in s if either χ(1) = 1 and s is even, or χ(1) = −1 and s is odd.

5 Coefficients of asymptotic expansions of oscil-

lating integrals

( 5.1 ) Data. Let X be a m-dimensional real-analytic manifold and let

f : X → R be a non-constant real-analytic function. Let ω be a real-analytic
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differentialm-form on X such that its locus is a subset of f−1(0). Let ρ : X → R

be a C∞-function with compact support.

( 5.2 ) Definition. Define the following functions

1. For τ ∈ R let

I(τ) :=

∫

X

ρeiτf |ω|.

2. Let

F±(λ) :=

∫

±f>0

ρ(±f)λ|ω|

for the complex numbers λ for which this integral converges.

3. Similarly let

Z±(λ) := F+(λ) ± F−(λ)

for the complex numbers λ for which this integral converges.

2

( 5.3 ) Remark. Then we have

Z+(λ) =

∫

X

ρ|f |λ|ω|

and

Z−(λ) =

∫

X

ρ.sgn(f)|f |λ|ω|.

Hence we meromorphically extend Z+(λ), resp. Z−(λ), to the Igusa zeta func-

tion Z(ρ, χ, f, ω, λ) with χ(1) = 1, resp. χ(1) = −1, of section 4.

( 5.4 ) Data. Fix a resolution π : Y → X for (X, f, ω, ρ) with numerical data

(Ni, νi), i ∈ I. Let P be the set of candidate poles of Z±(λ) and for s ∈ P , let

r(s) + 1 be the candidate order of s as a pole of Z±(λ). For the reader who

skipped section 4 we repeat the property that defines the number r(s). (Note

that r(s) + 1 = m(s), where m(s) is defined as in (4.9).) In each point p of

supp(π∗ρ) there exists a chart (U, y), centered in p, real-analytic functions ξ, η,

nowhere vanishing on U , and m-tuples of integers N , ν such that on U we have

π∗f = ξyN and π∗ω = ηyν−1dy

and s occurs in at most r(s) + 1 of the rows

−νj
Nj

,
−νj − 1

Nj
, . . . , j = 1, . . .m,Nj 6= 0.

Moreover there is at least one point p of supp(π∗ρ) and one such chart (U, y)

for which s occurs in exactly r(s) + 1 of these rows.
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( 5.5 ) Definition. For t ∈ R we define

J(t) :=

∫

π∗f=t

π∗ρ

∣

∣

∣

∣

π∗ω

d(π∗f)

∣

∣

∣

∣

,

where π∗ω
d(π∗f) denotes the Gelfand-Leray form of π∗ω with respect to π∗f . 2

( 5.6 ) Proposition.

1. The function I(τ) has an asymptotic expansion for τ → +∞

I(τ) ≈
∑

s∈P

r(s)
∑

r=0

ar,sτ
s(ln τ)r .

2. The function J(t) has asymptotic expansions for t→ ±0

J(t) ≈
∑

s∈P

r(s)
∑

r=0

j±r,st
−(s+1)(ln t)r.

3. The functions F±(λ) and Z±(λ) have meromorphic continuations to C,

denoted the same way; their poles lie in the set P and their Laurent ex-

pansions around s in P have the following form

F±(λ) =

r(s)
∑

r=−∞

b±r,s(λ− s)−(r+1)

and

Z±(λ) =

r(s)
∑

r=−∞

c±r,s(λ− s)−(r+1).

Proof: We refer to [A-V-G, II,§7]. The last part also follows immediatly from

(4.6).

( 5.7 ) Remark. Note that c+r(s),s = chres(Z+(λ), s) and c−r(s),s = chres(Z−(λ), s).

( 5.8 ) Proposition. I(τ) has an asymptotic expansion for τ → +∞

I(τ) ≈
∑

s∈P

r(s)
∑

r=0

j+r,s(−1)r
dr

dsr
(Γ(−s)(−iτ)s)

+
∑

s∈P

r(s)
∑

r=0

j−r,s(−1)r
dr

dsr
(Γ(−s)(iτ)s)
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Proof: See [A-V-G, II,§7.C]

( 5.9 ) Corollary. For s ∈ P and 0 ≤ r ≤ r(s) we have

1.

ar,s = a+r,s + a−r,s

with

a±r,s :=

r(s)
∑

l=r

j±l,s

l
∑

j=r

(

l

j

)

dl−j

dsl−j
(Γ(−s))e∓π

2
si(−1)l

(

j

r

)

(∓π
2
i)j−r .

2.

j±r,s =
(−1)r

r!
b±r,s.

3.

c±r,s = b+r,s ± b−r,s.

( 5.10 ) Corollary. For s in P we have:

a±r(s),s = j±r(s),sΓ(−s)(−1)r(s)e∓
π
2
is

= b±r(s),s
Γ(−s)
r(s)!

e∓
π
2
is

=
c+r(s),s ± c−r(s),s

2

Γ(−s)
r(s)!

e∓
π
2
is

( 5.11 ) Proposition. Suppose that (1, 1) is the only numerical datum that

produces the candidate pole s and suppose moreover that r(s) = 0. Then a0,s =

0.

Proof: If s is even corollary (5.10) implies

ar(s),s =
Γ(−s)
r(s)!

(−1)s/2c+r(s),s.

Now the result follows from remark (4.27). The proof in case s is odd is analo-

gous.
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6 Rational multivalued forms, distributions and

asymptotic expansions.

( 6.1 ) This section is the algebraic analogue of the previous sections. We

study zeta functions Z(ρ, χ, f, ω, λ) and oscillating integrals I(τ) =
∫

X ρeiτf |ω|,
where f is a rational function and ω is a rational differential form on an algebraic

variety X . Since this is a special situation of the analytic analogue one can use

the results of the previous sections. Thus under appropriate conditions we

can express coefficients of the Laurent expansion of Z(ρ, χ, f, ω, λ) at candidate

poles s and coefficients of the asymptotic expansion of I(τ) in terms of principal

value integrals of rational multivalued differential forms. (It should be noted

that the Poincaré residue of a rational multivalued differential form is again a

rational multivalued form.) In the algebraic case we can go one step further

due to the results mentioned in the introduction. The principal value integrals

that appear can be expressed as ”ordinary” integrals in a complex space and

we even have nice sufficient conditions for the vanishing of these principal value

integrals. So this gives us important results about the vanishing of coefficients

in the Laurent expansions of Z(ρ, χ, f, ω, λ) and the vanishing of coefficients in

the asymptotic expansion of I(τ). We remark that our results are not implied

by the famous monodromy theorem [Mal, Theorem 7.9]. This is shown by an

example in section 7.

( 6.2 ) Data. Let Xc be a non-singular complex algebraic projective variety

of dimension m. Let ωc be a complex rational differential m-form on X and

let fc be a complex rational function on X such that the polar locus of ωc is

contained in the locus of fc. We assume that Xc, ωc and fc are defined over

R and that Xc(R) 6= ∅. Denote Xc(R) by X and denote the restriction of ωc,

resp. fc, to X by ω, resp. f . Let χ : R → {1, 0,−1} be such that χ|R× is a

character and χ(0) = 0. Let ρ : X → R be a C∞-function with compact support

such that f is regular in a neighborhood of supp(ρ). Let Lc denote the union

of the loci of ωc and fc in Xc. We will choose a resolution πc : Y
c → Xc of Lc,

i.e. Y c is a complex non-singular variety of dimension m and πc is a birational

morphism such that

1. π|Y c−π−1
c (Lc) : Y

c − π−1
c (Lc) → Xc − Lc is an isomorphism,

2. the irreducible components Ec
j , j ∈ J , of π−1

c (Lc) are non-singular and

intersect transversally.

Moreover πc is chosen such that
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1. πc is defined over R,

2. each component Ec
j that meets Y = Y c(R) is defined over R and

3. the restriction π : Y → X of πc to Y is an embedded resolution for

(X, f, ω, ρ).

To each Ec
j , j ∈ J , we can associate a numerical datum (Nj , νj) of the resolution

πc. If E
c
j meets supp(π∗ρ) this datum produces the following row of candidate

poles of Z(ρ, χ, f, ω, λ) with respect to π

−νj
Nj

,
−νj − 1

Nj
,
−νj − 2

Nj
, . . . .

Fix such a candidate pole s. Define Y (s) as in (4.9) and let Yr(s), r ∈ R(s), de-

note the connected components of Y (s) that meet supp(ρ). Denote the complex-

ifications of Y (s), resp. Yr(s) by Y
c(s), resp. Y c

r (s). For j ∈ J and r ∈ R(s) let

Dc
j(Y

c
r (s)) denote the set of irreducible components of Ec

j∩Y c
r (s). Denote Ec

j (R)

by Ej . Let J(Yr(s)) = {j ∈ J |Yr(s) ⊂ Ej} and define cr(s) =
∏

j∈J(Yr(s))
2
Nj

.

Define χ(π∗f) as in data (4.21). Let PR(π∗
c (f

s
cωc), Y

c
r (s)) denote the Poincaré

residue of π∗
c (f

s
cωc) on Y c

r (s) (similarly defined as in (3.4)). Note that this is

again a rational multivalued differential form, defined over R. Its restriction

to Yr(s) is equal to the Poincaré residue PR(π∗(f sω), Yr(s)). Theorem (4.23)

directly yields the following theorem.

( 6.3 ) Theorem. Assume that s only appears in a row

−νj
Nj

,
−νj − 1

Nj
,
−νj − 2

Nj
, . . .

if either s = −νj/Nj or Ej ∩ Yr(s) = ∅. Then

1. PR(π∗(f sω), Yr(s)) has no integral poles on Yr(s),

2. chres(Z, s, Yr(s)) = cr(s)PV
∫

Yr(s)
(π∗ρ)χ(π∗f)|PR(π∗(f sω), Yr(s))| and

3.

div(PR(π∗
c (f

s
cωc), Y

c
r (s))) =

∑

s6=−νj/Nj

(Njs+νj−1)
∑

Dc∈Dc
j
(Y c

r (s))

Dc = KY c
r (s)

in Cl(Y c
r (s))⊗Q.

HereKY c
r (s) denotes the canonical divisor class in the divisor class group Cl(Y c

r (s))

of Y c
r (s).
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( 6.4 ) The last part of the theorem gives us relations between the numerical

data of the resolution πc.

( 6.5 ) Assumption. In the next two theorems we will assume that s is a

candidate pole and r ∈ R(s) are such that s only appears in a row

−νj
Nj

,
−νj − 1

Nj
,
−νj − 2

Nj
, . . .

if either s = −νj/Nj or Ec
j ∩ Y c

r (s) = ∅.

( 6.6 ) Notation. Assume (6.5). Let Lc
r(s) denote the locus of PR(π

∗
c (f

s
cωc), Y

c
r (s))

and let Sc
r(s) denote the so-called singular locus of PR(π∗

c (f
s
cωc), Y

c
r (s)). Thus

Sc
r(s) is the union of all components Dc in Dc

j(Y
c
r (s)) with Njs + νj − 1 /∈

N ∪ {−1}. Let fin(Sc
r(s)) denote the family of supports on Y c

r (s) − Lc
r(s) con-

sisting of all subsets K ∩ (Y c
r (s) − Lc

r(s)) where K is a compact subset of

Y c
r (s)−Sc

r(s). Similarly one defines Lc(s), Sc(s) and fin(Sc(s)) on Y c(s)−Lc(s).

( 6.7 ) The next three theorems follow from theorem (2.14), remark (2.15),

theorem (2.16) and corollary (2.17).

( 6.8 ) Theorem. Assume (6.5). Suppose that π∗(ρ) = 1 on Yr(s). Then

there exists a cycle z in

H
fin(Sc

r(s))

m(s) (Y c
r (s)− Lc

r(s),L(PR(π∗
c (f

s
cωc), Y

c
r (s))))

such that

chres(Z, s, Yr(s)) =

∫

z

PR(π∗
c (f

s
cωc), Y

c
r (s)).

This means that chres(Z, s, Yr(s)) is just a finite sum of integrals of analytic

differential forms on compact simplices in Y c
r (s).

( 6.9 ) Theorem. Assume (6.5). Suppose that π∗(ρ) = 1 on Yr(s). If the

cohomology space

Hm(s)(Y c
r (s)− Lc

r(s),L(PR(π∗
c (f

s
cωc), Y

c
s (r))))

vanishes then chres(Z, s, Yr(s)) = 0.

( 6.10 ) Theorem. Assume that s is a candidate pole and r ∈ R(s) such that

1. Njs+ νj − 1 /∈ Z− {0,−1} if Ec
j ∩ Y c

r (s) 6= ∅,

2. Y c
r (s)− Lc

r(s) is affine and its Euler-Poincaré characteristic is zero and
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3. π∗(ρ) = 1 on Yr(s).

Then chres(Z, s, Yr(s)) = 0.

( 6.11 ) Data. From now on we assume that ω is regular in a neighborhood

of supp(ρ). For τ ∈ R let I(τ) =
∫

X
ρeiτf |ω|. Let P be the set of candidate

poles of Z(λ) with respect to π. Then we know that I(τ) has an asymptotic

expansion for τ → +∞

I(τ) ≈
∑

s∈P

r(s)
∑

r=0

ar,sτ
s(ln τ)r.

Now fix a candidate pole s of Z(λ) with respect to π. Define R(s, sgn) as the

set consisting of all r in R(s) for which all Nj , j ∈ J(Yr(s)), are even.

( 6.12 ) Using Corollary (5.10) one gets the analogues of the previous theorems

for the coefficient ar(s),s.

( 6.13 ) Theorem. Let s be a candidate pole of Z(λ) with respect to π.

Assume that s only appears in a row

−νj
Nj

,
−νj − 1

Nj
,
−νj − 2

Nj
, . . .

if either s = −νj/Nj or Ej ∩ Y (s) = ∅. Then ar(s),s = a+r(s),s + a−r(s),s with

a±r(s),s =
Γ(−s)e∓π

2
is

2r(s)!
(
∑

r∈R(s)

cr(s)PV

∫

Yr(s)

(π∗ρ)|PR(π∗(f sω), Yr(s))| ±

∑

r∈R(s,sgn)

cr(s)PV

∫

Yr(s)

(π∗ρ)(sgn)π∗f |PR(π∗(f sω), Yr(s))|).

( 6.14 ) Remark. Note that the condition on s is satisfied if s = max(P ).

( 6.15 ) Theorem. Let s be a candidate pole of Z(λ) with respect to π that

satisfies the condition (6.5) for every r in R(s). Suppose moreover that π∗ρ = 1

on Y (s). Then there exists a cycle z in

H
fin(Sc(s))
m(s) (Y c(s)− Lc(s),L(PR(π∗

c (f
s
cωc), Y

c(s))))

such that

ar(s),s =

∫

z

PR(π∗
c (f

s
cωc), Y

c(s)).
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( 6.16 ) Theorem. Let s be a candidate pole of Z(λ) with respect to π that

satisfies the condition (6.5) for every r in R(s). Suppose moreover that π∗ρ = 1

on Y (s). If the cohomology space

Hm(s)(Yc(s)− Lc(s),L(PR(π∗
c (f

s
cωc), Yc(s))))

vanishes then

ar(s),s = 0.

( 6.17 ) Theorem. Let s be a candidate pole of Z(λ) with respect to π such

that

1. Njs+ νj − 1 /∈ Z− {0,−1} if Ec
j ∩ Y c(s) 6= ∅,

2. Y c(s)− Lc(s) is affine and its Euler-Poincaré characteristic is zero and

3. π∗(ρ) = 1 on Y (s).

Then ar(s),s = 0.

7 Example

We consider

I(τ) =

∫

R2

ρeiτf |dx|,

where x = (x1, x2) and f : R2 → R is the polynomial function given by

f(x1, x2) = (x32 − x71)((x2 − x1)
3 − x141 )((x2 − 2x1)

3 − x81) + (x1x2)
N ,

with N ≥ 10. The function ρ : R2 → R is a compactly supported C∞-function

such that (0, 0) is the only singularity of f−1(0) contained in supp(ρ) and ρ(0) =

0. We also look at the associated Igusa zeta functions

Z+(λ) =

[
∫

R2

ρ|f |λ|dx|
]mc

and Z−(λ) =

[
∫

R2

ρ sgn(f)|f |λ|dx|
]mc

.

One can resolve the singularity of f−1(0) at (0, 0) by applying a resolution

π : Y → R2 that is a composition of blowing-ups with points as centers. If

the resolution is minimal one obtains the following intersection graph for the
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exceptional curves Ei, 1 ≤ i ≤ 15, and the strict transform E0 of f−1(0).

E1

E11

E9

E13

E4

E6

E14

E15

E10

E8

E7

E5

E3

E2

E0

............................
............................

.............................
.............................

............................
.............................

............................
.............................

...........

E12

E0 E1 E2 E3 E4 E5 E6 E7

Ni 1 13 20 14 60 39 18 26

νi 1 4 6 4 17 11 5 7

si −1 −4/13 −6/20 −4/14 −17/60 −11/39 −5/18 −7/26

E8 E9 E10 E11 E12 E13 E14 E15

Ni 15 42 27 39 12 12 12 9

νi 4 11 7 10 3 3 3 2

si −4/15 −11/42 −7/27 −10/39 −3/12 −3/12 −3/12 −2/9

The numerical data (Ni, νi) associated to the Ei are summed up in the table.

The Ei are ordered such that si ≤ sj if i ≤ j. Each component Ei produces a

row of candidate poles of Z±(λ) starting with the corresponding si in the table.
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E0 −1 −2 −3 . . .

E1 −4/13 −5/13 −6/13 . . .

E2 −6/20 −7/20 −8/20 . . .
...

...
...

...
...

E15 −2/9 −3/9 −4/9 . . .

The numbers in these rows form the set P of candidate poles of Z±(λ). From

proposition (5.6) we know that I(τ) has an asymptotic expansion for τ → +∞

I(τ) ≈
∑

s∈P

r(s)
∑

r=0

ar,sτ
s(ln τ)r.

By definition 0 ≤ r(s) ≤ 1 and r(s) = 1 if and only if s occurs in each of the

rows associated to two crossing components Ei and Ej . Note that ar(s),s may

be zero.

Now we will discuss the coefficients ar(s),s and chres(Z±(λ), s) for s equal to

the si, 1 ≤ i ≤ 15. We start with s15 = max(P ). Since s15 only appears in the

row associated to E15 we see r(s15) = 0. We will express the coefficient a0,s15
in terms of the candidate highest residues chres(Z±(λ), s15). Since N15 (= 9) is

odd we know from theorem (4.19) that chres(Z−(λ), s15) = 0. From corollary

(5.10) we deduce

a0,s15 = chres(Z+(λ), s15)Γ(2/9) cos(π/9).

Using theorem (6.3) we can express this candidate highest residue as a principal

value integral

chres(Z+(λ), s15) =
2

9
PV

∫

Y (s15)

ρ(0)|PR((π∗f)s15π∗(dx), Y (s15))|.

Here Y (s15) = E15 and PR((π∗f)s15π∗(dx), Y (s15)) is the Poincaré residue of

(π∗f)s15π∗(dx) on E15. We can compute the representation of this Poincaré

residue in an affine chart on Y meeting E15. We obtain such a chart by com-

posing these blowing-ups used in the resolution π that lead to a normal crossings

configuration of the components Ei, i ≥ 12. In the affine chart y = (y1, y2) with

x1 = y1y2(y2 + 1)(y2 + 2), x2 = y1y2(y2 + 1)(y2 + 2)2 we have

π∗f = y91y
12
2 (y2+1)12(y2+2)12

[

g(y) + y2N−9
1 y2N−12

2 (y2 + 1)2N−12(y2 + 2)3N−12
]

with

g(y) = (1−(y2+2)y41y
4
2(y2+1)4)(1−y111 y112 (y2+1)8(y2+2)11)(1−y51y22(y2+1)5(y2+2)5)
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and

π∗(dx) = y1y
2
2(y2 + 1)2(y2 + 2)2dy1dy2.

Here E15
∼= P1 and it is given by y1 = 0. Hence by the construction of the

Poincaré residue we have

PR((π∗f)s15π∗(dx), Y (s15)) = y
−2/3
2 (y2 + 1)−2/3(y2 + 2)−2/3dy2.

Thus

chres(Z+(λ), s15) =
2

9
ρ(0)PV

∫

P1(R)

|y|−2/3|y + 1|−2/3|y + 2|−2/3|dy|.

The fact that the exponent −2/3 appears three times in this principal value

integral is also predicted by theorem (6.3). Now

PV

∫

P1(R)

|y|−2/3|y+1|−2/3|y+2|−2/3|dy| = 2−1/3PV

∫

P1(R)

|z|−2/3|z−1|−2/3|dz|.

In fact the integral
∫

P1(R) |z|−2/3|z−1|−2/3|dz| already converges, so in this case

we don’t need principal value integrals to calculate chres(Z+(λ), s15).

In general (see [J2]) forN0, N1, N∞ ∈ {0, 1}, a0, a1, a∞ ∈ Q−{0,−1,−2, . . .},
with a0 + a1 + a∞ = 1 we have

PV

∫

P1(R)

sgn(z(z−1))N∞sgn(z)N1sgn(1−z)N0|z|a0−1|1−z|a1−1|dz| =

4

π

∏

x∈{0,1,∞}={x,y,z}

(−1)NyNzΓ[ax] cos[
π

2
(ax + |Ny −Nz|)].

Using this formula we obtain

chres(Z+(λ), s15) = ρ(0)
2

9
.2−1/3

[

3
√
3Γ(1/3)3

2π

]

≈ ρ(0) 2.80436

and

a0,s15 = chres(Z+(λ), s15)Γ(2/9) cos(π/9) ≈ ρ(0) 10.8218.

So a0,s15τ
s15 is the dominating term in the asymptotic expansion of I(τ). For

s = s4, s9, s11 one can use the same formula to calculate chres(Z±(λ), s) ( except

for chres(Z−(λ), s11) which is 0 by theorem (4.19)).

Let’s look at the candidate pole s14 (= s13 = s12) produced by E14, E13 and

E12. Since s14 does not appear in the rows produced by E15, E8, E10 and E11

by theorem (6.3), resp. theorem (6.13), we can express chres(Z±(λ), s14), resp.

a0,s14 , in terms of principal value integrals. Now Yc(s14) = E14(C) ∪ E13(C) ∪
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E12(C) and Lc(s14) consists of the six intersection points of this union with the

other components. Y (s14) consists of the three connected components Ei, 12 ≤
i ≤ 14. The locus of the Poincaré residue of π∗(f s14dx) on Ei (12 ≤ i ≤ 14) each

time consists of two points (use theorem (6.3)). Since Ei(C) ∼= P1(C) the space

Y c(s14) − Lc(s14) is affine and its Euler-Poincaré characteristic is zero. Hence

by theorem (6.10), resp. theorem (6.17), it follows that chres(Z±(λ), s) = 0,

resp. a0,s = 0, for s = s14. The same arguments yield the same vanishing

result for s = s6, s7, s8, s10. At this point we should remark that e2πis is not an

eigenvalue of the monodromy of f for s = s14, s6, s7, s10. Hence for these values

of s the vanishing of chres(Z±(λ), s) and a0,s also follows from the monodromy

theorem [Mal, Theorem 7.9]. However one cannot use the monodromy theorem

to prove the vanishing of chres(Z±(λ), s8) and a0,s8 since e2πis8 is an eigenvalue

of the monodromy of f .

Remark that E5 and E11 both contribute to chres(Z±(λ), s5). The contri-

bution of E5 is equal to 0 since χ(E5(C)− Lc(s5)) = 0. We cannot express the

contribution of E11 in terms of principal value integrals since s5 does not appear

at the first place of the row associated to E11. However theorem (4.19) implies

chres(Z+(λ), s5, E11) = 0.

The candidate pole s2 occurs at the second place in the row produced by

s4. Thus the shift of s2 with respect to (N4, s4) is equal to 1. So theorem

(4.19) implies that chres(Z±(λ), s2) = 0. Since m(s2) = 2 this means that s2 is

at most a simple pole of Z±(λ). By corollary (5.10) also a1,s2 = 0. Similarly

chres(Z±(λ), s) = 0 and a1,s = 0 for s = s1, s3.
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999(1997),1-9.

[De-Sa] J.DENEF and P.SARGOS, Polyèdre de Newton et distribution f s
+.

I, J. Analyse Math. 53(1989),201-218; Polyèdre de Newton et dis-
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