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Abstract

We present robust optimization techniques for dynamic systems which are
affected by time-varying uncertainties. After reviewing existing techniques
from the field of reachability analysis and ellipsoidal calculus, we discuss how
to over-estimate the influence of uncertainty in nonlinear dynamic systems.
The corresponding strategies lead to a framework which can be used to solve
min-max optimal control problems in a conservative approximation. The
technique is illustrated by applying it to a robust optimal control problem
for a nonlinear jacketed tubular reactor. Inside this reactor a highly nonlin-
ear and exothermic chemical reaction takes place which is uncertain due to
fouling at the reactor wall. We regard safety constraints on the temperature
which must be satisfied for all possible scenarios.

Keywords: Robust Optimization, Nonlinear Processes, Optimal Control

1. Introduction

In this paper we are interested in the optimization of dynamic systems
which are affected by time-varying uncertainties. Such uncertainties may
arise in various situations. For example they might represent unknown ex-
ternal influences of a process such as unknown temperatures in a chemical
reaction, wind turbulences affecting the dynamic behavior of an airplane, or
unpredicted road excitations influencing the dynamics of a car. When we op-
timize such dynamic processes without taking the uncertainties into account
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we may find “extreme” solutions which drive the system to its bounds. This
can often lead to state bound or state constraint violations when a nomi-
nally optimized control input is blindly applied to the uncertain real-world
system. In practice, model uncertainties as well as external disturbances are
often compensated by feedback control. However, if a nominal tracking tra-
jectory should be computed, if no measurements are available, or if simply
no controller is available yet, the question of the robustness of open-loop
controlled systems is omni-present. The focus of the current paper is on the
robust optimization of such open-loop controlled systems.

During the last decades, robust optimization has been a focus within
many research communities such as the fields of control, convex optimiza-
tion, mathematical programming, economics, and many fields of engineering
science. The origins of robust optimization can be found in the field of clas-
sical robust control theory for which we refer to the work of Glover and
Schweppe [15, 36] as well as Zames [40], who were significantly contribut-
ing to the development of H∞-control. A complete overview on this field of
classical robust control can for example be found in [12, 37, 41]. The develop-
ment of robust optimization was significantly driven by the work of Ben-Tal,
Nemirovski, and El-Ghaoui [2, 3, 4, 5] who developed their robust counter-
part methodology with a main focus on convex optimization problems. In
this context, we also refer to the work of Scherer [35] and the references
therein, as well as to the work of Löfberg [24], where modern convex opti-
mization techniques, especially linear matrix inequalities, are exploited for
robust control.

Looking at the non-convex case we can find some approaches in the liter-
ature that suggest approximation techniques based on the assumption that
the uncertainty lies in a “small” uncertainty set such that the dependence
of the objective and constraints on an uncertainty can be described by a
Taylor expansion, as originally proposed by Nagy and Braatz [29, 30] and
further developed in [11, 17, 19]. Moreover, for the important special case
that the objective and the constraint functions are polynomial in the un-
certainty, there exist efficient robustification techniques which are based on
positive polynomials and LMI-reformulations [23, 31].

The completely nonlinear case in robust optimization has been discussed
as a special case of semi-infinite optimization for which we refer to the work
of Hettich and Kortanek [16], Jongen [20], Rückmann [34], and Stein [39].
However, although some numerical techniques have been suggested [14], these
generic techniques are rather conceptual, as they require the global solution
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of lower level maximization problems, which is extremely expensive.
Whenever we refer to robust optimization, we need to specify our assump-

tions on the uncertainty. One way to model an uncertainty is to identify its
stochastic properties. In this case, we might aim at an optimized control
input which guarantees that the constraints are satisfied with a given con-
fidence probability. In other cases, the nature of the uncertainty might be
deterministic. In this paper we concentrate on the case that the right-hand
side function of a dynamic system is affected by a time-varying input which
is only known to be bounded to be within a given set. Although this assump-
tion on the uncertainty is not sufficient to deal with completely unstructured
uncertainty such as an unknown model order or unknown physical phenom-
ena, many practically relevant cases are covered. This is due to the fact that
we consider general dynamic systems where the state, the control inputs, and
the uncertain inputs are allowed to enter nonlinearly. A possible modeling
approach is to require the constraints to be satisfied for all possible uncer-
tainties in this set. This leads to min-max optimal control formulations. The
aim of this paper is to solve such min-max optimal control problems in a
conservative approximation.

The paper starts in Section 2 by introducing two equivalent ways to for-
mulate robust optimal control problems. Here, the first formulation uses a
min-max notation while the second formulation is based on a set notation.
In Section 3 we provide a literature review of the existing approaches in ro-
bust optimal control. In particular, we discuss some existing techniques in
the field of reachability analysis and ellipsoidal calculus that are employed
in this paper. In Section 4 we discuss an extension of ellipsoidal calculus for
nonlinear dynamic systems. In Section 5 this extension is employed outlining
a strategy to solve robust optimal control problems in a conservative approx-
imation. In Section 6 the corresponding technique is illustrated by applying
it to a robust optimal control problem for a jacketed tubular reactor in which
a highly nonlinear reaction takes place.

2. The Problem Formulation

There are many ways to formulate robust optimal control problems. As
mentioned in the introduction, the focus of this paper is on worst case formu-
lations. In the following, we discuss two equivalent ways to formulate worst
case robust optimal control problems. The notation in Section 2.1 highlights
the min-max structure of robust optimal control problems while the nota-
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tion in Section 2.2 highlights the way how the uncertainty propagates in state
space.

2.1. Worst Case Formulations using the Min-Max Notation

Let us start with a fairly general formulation of an uncertain nonlinear
optimal control problem:

inf
x(·),u(·),p,Te

m( p, Te, x(Te) )

s.t.











x(0) = x0

ẋ(τ) = f(τ, u(τ), p, x(τ), w(τ))

0 ≥ h(τ, u(τ), p, x(τ)) for all τ ∈ [0, Te] .

(1)

Here, Te ∈ R++ denotes the duration of the dynamic process, x(t) ∈ R
nx is a

state vector, u(t) ∈ R
nu a control input, and p ∈ R

np a parameter. Moreover,
the functions m, f , and h denote the Mayer objective term, the right-hand
side of the differential equation, and the constraint function, respectively. All
these functions are assumed to be continuous in their arguments.

The above optimal control problem depends on a possibly time-varying
input function w : [0, Te] → R

nw and a vector x0 ∈ R
nx . Here, we can either

interpret w as a model error or as an external disturbance which can influence
the behavior of the dynamic system, while x0 is the initial value for the state.
Our only knowledge about the uncertainty is of the form

(w, x0) ∈ W := { (w, x0) | ∀t ∈ [0, Te] : w(t) ∈ W (t) and x0 ∈ X0 } ,

where the sets W (t) ⊆ R
nw and X0 ∈ R

nx are given.
In order to introduce the min-max (or inf-sup) formulation of robust

optimal control, we assume for a moment that the solution of the differential
equation uniquely exists, i.e., we assume that the state x(t) can at any time
t be interpreted as a function of the inputs x0, u, p, and w, such that we may
formally write

∀t ∈ [0, Te] : x(t) = ξ[t, x0, u(·), p, w(·)] ,

where the functional ξ can numerically be evaluated by integrating the dif-
ferential equation on the interval [0, t] using the corresponding arguments
x0, u, p, and w as initial value, control input, parameters, and disturbance
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input, respectively. With this notation, the robust counterpart problem of
the optimal control problem (1) can be stated as follows

inf
x(·),u(·),p,Te

sup
(w(·),x0)∈W

m( p, Te, ξ[Te, x0, u(·), p, w(·)] )

s.t. sup
(w(·),x0)∈W

hi(τ, u(τ), p, ξ[τ, x0, u(·), p, w(·)]) ≤ 0 .
(2)

Here, the constraints have to be satisfied for all times τ ∈ [0, Te] and all
components i ∈ {1, . . . , nh} of the constraint function h.

2.2. Worst Case Formulations using the Set Notation

In order to introduce an alternative to the min-max (or inf-sup) notation,
we define the set of reachable states X(t) ⊆ R

nx at any time t ∈ [0, Te] as
follows:

X(t) :=







x(t) ∈ R
nx

∣

∣

∣

∣

∣

∣

∃x(·), w(·) :
ẋ(τ) = f(τ, u(τ), p, x(τ), w(τ))
x(0) ∈ X0 w(τ) ∈ W (τ) ∀ τ ∈ [0, t]







. (3)

Intuitively, the set X(t) can be interpreted as the set of all states x(t)
which we can reach by simulating the dynamic system on the time-horizon
[0, t], testing all possible choices for the initial state and the uncertain input
(x0, w) ∈ W.

In the following, we will use a formal notation which is helpful to clearly
state the dependencies: we say that the function X(t) ⊆ R

nx satisfies a
formal differential equation of the form

∀τ ∈ [t1, t2] : X(τ+) = F (τ, u(τ), p,X(τ),W (τ)) ,

if and only if X satisfies Equation (3) for all t ∈ [t1, t2]. Note that the
above formal differential equation could also be written as a differential in-
clusion [10]. Now, we can state the robust optimal control problem as follows:

inf
u(·),p,Te,X(·)

M( p, Te, X(Te) )

s.t.











X(τ+) = F (τ, u(τ), p,X(τ),W (τ))

X(0) = X0

0 ≥ H(τ, u(τ), p,X(τ)) for all τ ∈ [0, Te] .

(4)
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With Π(Rnx) denoting the set of all subsets of Rnx , we can define the Mayer
objective function M : Rnp × R+ ×Π(Rnx) → R as

M( p, Te, X(Te) ) := sup
ξ∈X(Te)

m( p, Te, ξ ) .

Similarly, we define H : [0, Te] × R
nu × R

np × Π(Rnx) × Π(Rnw) → R
nH

componentwise as

Hi(τ, u(τ), p,X(τ)) := sup
ξ∈X(τ)

hi(τ, u(τ), p, ξ) .

With these definitions we have the following proposition:

Proposition 2.1. If the functions m and h are continuous in their argu-

ments, then the problems (2) and (4) are equivalent.

Proof. In the first step of the proof, we analyze the feasible sets of the prob-
lems (2) and (4). For this aim, we define

F1 :=







(u(·), p, Te)

∣

∣

∣

∣

∣

∣

∀τ ∈ [0, Te], i ∈ {1, . . . , nh} :

sup
(w(·),x0)∈W

hi(τ, u(τ), p, ξ[τ, x0, u(·), p, w(·)]) ≤ 0







as well as

F2 := { (u(·), p, Te) | ∀τ ∈ [0, Te] : H(τ, u(τ), p,X(τ)) ≤ 0 } ,

where X(τ) is defined by equation (3). Now, let us assume that we have a
point ζ := (u(·), p, Te) ∈ F2 which satisfies ζ /∈ F1. As h is continuous, this
implies the existence of a pair (w(·), x0) ∈ W, an index i, and a τ ∈ [0, Te]
with hi(τ, u(τ), p, ξ[τ, x0, u(·), p, w(·)]) > 0. On the other hand, equation (3)
implies ξ[τ, x0, u(·), p, w(·)] ∈ X(τ) such that

Hi(τ, u(τ), p,X(τ)) := sup
ξ∈X(τ)

hi(τ, u(τ), p, ξ) > 0 .

This is a contradiction to the assumption ζ ∈ F2. Consequently, we have
F2 ⊆ F1. It can easily be verified that the above argumentation can also be
turned starting with a ζ ∈ F1 which satisfies ζ /∈ F1, as we can use once more
the continuity of the functions hi to obtain a contradiction. In other words,
we have F1 = F2, i.e., the feasible sets of the problems (2) and (4) coincide.
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Finally, as the dependence of the Mayer function m on the variable x(Te)
can always be eliminated by introducing slack variables, we may directly
conclude the statement of the proposition.

In this paper, we will work with the set notation, as the notation in (4)
reflects the structure of the optimal control problem as well as the way how
the uncertainty propagates in state space.

3. Existing Approaches in the Field of Reachability Analysis

The main numerical problem with robust optimal control problems of
the form (4) is that we have to compute the set valued function X . This is
in contrast to standard optimal control problems where the state is a vec-
tor valued function. The problem of computing the uncertainty tube X is
in the literature known under the name “Reachability Problem”. For ex-
ample in [28] and the references therein Mitchell, Bayen, and Tomlin sug-
gest to represent X(t) via a level function v : R × R

nx → R such that
X(t) = {x ∈ R

nx | v(t, x) ≤ 0 }, where v can be interpreted as a viscosity
solution of a Hamilton-Jacobi-Isaacs equation [13], which is a partial differ-
ential equation (PDE). In [28] techniques from the field PDE optimization
have been analyzed and applied to compute the level set function v. In this
context, we also refer to Aubin’s viability theory [1] where a mature mathe-
matical foundation of set theoretic methods can be found. However, we can
also find other numerical techniques in the literature that suggest to approx-
imate X with a given numerical accuracy by using polytopes. This approach
has for example been analyzed by Blanchini and Miani [7, 8] in the context
of computing robust positive invariant tubes. Similar set propagation tech-
niques are suggested in [32, 33] in the context of robust model predictive
control.

The strategies for computing the sets X(t) are applicable if the number
nx of states is small. However, for moderately large state dimensions an
exact computation of the uncertainty tube X is usually too expensive. In
this case, we only apply suitable outer approximation strategies which aim
at a conservative approximation of the reachable sets X(t). In the literature
several approaches have been suggested in the context of linear systems. One
strategy is to construct polytopes [33] to obtain an outer approximation.
In this paper, we concentrate on ellipsoidal outer approximation strategies
which have for example been developed by Schweppe and Glover [15, 36] and
Brockman and Corless in [9]. In particular, Kurzhanski and Varaiya [22, 21]

7
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contributed significantly to this field by introducing their so called “ellipsoidal
calculus” which we exploit in this paper.

Let us briefly summarize one of the existing results from the field of
ellipsoidal calculus for linear dynamic systems, which will later turn out to
be very useful for our purposes. For this aim we consider a linear dynamic
system of the form

∀τ ∈ R : ẋ(τ) = A(τ)x(τ) +B(τ)w(τ) . (5)

Here, A : R → R
nx×nx and B : R → R

nx×nw are assumed to be L1-integrable
functions. The fundamental solution G : R × R → R

nx×nx of this linear
system is given by

∀t, τ ∈ R :
∂G(t, τ)

∂t
:= A(t)G(t, τ) with G(τ, τ) := I . (6)

The reachable set X(t) can in this case be written as

X(t) =

{

G(t, 0)x0 +

∫ T

0

G(t, τ)B(τ)w(τ) dτ

∣

∣

∣

∣

(x, w) ∈ W
}

.

Obviously, if W is convex, X(t) is convex, too, as a linear transformation
preserves convexity. A slightly less trivial result is that if the sets X0 and
W (τ) are for all τ ∈ [0, t] compact, then X(t) is compact, too (see, e.g. [38]).

The main idea is now to model the uncertainty sets W (τ) using ellipsoids.
In the easiest case, we could assume that we have

W (τ) = E(W0) :=
{

W
1

2

0 v
∣

∣

∣
∃v ∈ R

n : vTv ≤ 1
}

,

where W0 ∈ R
nw×nw is a given positive semi-definite matrix which can be

used to shape the ellipsoid E(W0). In the following, we propose a slightly
more general assumption:

Assumption 3.1. Let us employ the notation

∆n :=

{

λ ∈ R
n
++

∣

∣

∣

∣

∣

n
∑

i=1

λi = 1

}

.

Now, we assume that the uncertainty set W (τ) ⊆ R
nw has for all τ ∈ R the

form

W (τ) := {w ∈ R
nw | ∀λ ∈ ∆n : w ∈ E( Ωτ (λ) ) } . (7)

8



Postprint version of paper published in Journal of Process Control 2012, vol. 22, pages 1152-1160. 
The content is identical to the published paper, but without the final typesetting by the publisher. 

Journal homepage:  http://www.sciencedirect.com/science/journal/09591524    
Original file available at: http://dx.doi.org/10.1016/j.jprocont.2012.03.008  

 

Here, Ωτ : Rn
++ → S

nw

+ is assumed to be an anti-homogeneous matrix valued

map, i.e., we assume that we have for every α > 0 and every λ ∈ R
n
++ the

relation Ωτ (αλ) = 1
α
Ωτ (λ).

Obviously, this assumption includes the case that the sets W (τ) = E(W0)
are ellipsoidal, as we can choose the function Ωτ (λ) :=

1
λ
W0 for this purpose.

However, we can also represent other sets. For example a simple box of the
form

W (τ) = {w | ‖w(τ) ‖∞ ≤ 1 }
can be obtained by choosing Ωτ (λ) := diag(λ)−1 with n = nw. Now, we are
interested in the following well-known technical result [21, 22]:

Theorem 3.1. Let us assume that the initial uncertainty set is an ellipsoid of

the form X0 = E(Q0) for some given positive semi-definite matrix Q0 ∈ S
nx

+

and let Assumption 3.1 be satisfied. If κ : [0, t] → R
n
++ and Q : [0, t] → S

nx

+

are any functions which satisfy a differential equation of the form

Q̇(τ) = A(τ)Q(τ) +Q(τ)A(τ)T +
n
∑

i=1

κi(τ)Q(τ) +B(τ)Ωτ (κ(τ))B(τ)T

Q(0) = Q0

(8)

for all τ ∈ [0, t], then we have X(t) ⊆ E(Q(t)).

Note that the statement of Theorem 3.1 has originally been proven by
Kurzhanski and Varaiya [21, 22] who showed this result in a very similar ver-
sion. As we use a slightly different notation and for the sake of completeness,
a short proof of Theorem 3.1 is given in the appendix.

4. Uncertainty Propagation in Nonlinear Dynamic Systems

In this section, we discuss how to conservatively approximate the set of
reachable states for an uncertain nonlinear dynamic system of the form

∀τ ∈ [t1, t2] : ẋ(τ) = f(τ, x(τ), w(τ)) .

Here, the aim is - as in the consideration of linear dynamic systems - to
construct a parameterized robust positive invariant tube, i.e., a set valued
function of the form X : [t1, t2] → Π(Rnx) which satisfies

∀τ ∈ [t1, t2] : X(τ+) ⊇ F (τ,X(τ),W (τ)) .

Unfortunately, nonlinear dynamic systems are in general much more difficult
to treat than linear dynamic systems.

9
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Construction of Nonlinearity Estimates

In order do deal with nonlinear right-hand sides, we first introduce the
central path, i.e., the trajectory which the state of the nonlinear dynamic
system would follow if no uncertainties were present. Here, we assume that
the point-symmetric uncertainty sets W (τ) for the input w are given by
Assumption 3.1 such that the central input w(τ) = 0 corresponds to the
case when there is no uncertainty. Moreover, we assume that our knowledge
about the state x(t1) at the time t1 is of the form x(t1) ∈ X1 := E(Q1, q1),
where q1 ∈ R

nx is the central initial value. The central path q : [t1,∞) → R
nx

is now defined by

∀τ ∈ [t1,∞) : q̇(τ) = ϕ(τ, q(τ)) := f(τ, q(τ), 0) with q(t1) = q1 .

Our strategy is to decompose the dynamic system into a linear and a non-
linear part

ẋ(τ) = d(τ) + A(τ) ( x(τ)− q(τ) ) +B(τ)w(τ) + fn( τ, q(τ), x(τ), w(τ) ) .

Here, the functions A, B and d are integrable functions with suitable dimen-
sions while the function fn : [t1,∞) × R

nx × R
nx × R

nw → R
nx is simply

defined in such a way that the above dynamic system is for all τ ∈ [t1,∞)
equivalent to the original dynamic equation. The main idea is to introduce
the following assumption:

Assumption 4.1. We assume that we have an explicit nonlinearity estimate

for the right-hand side function f . I.e., we assume that we have

∀λ ∈ ∆m−n : fn ( τ, q(τ), x(τ), w(τ) ) ∈ E ( ΩN( τ, q(τ), Q, λ ) ) (9)

for all x(τ) ∈ E(Q, q(τ)), for all w ∈ W, for all τ ∈ [t1,∞), and for all

Q ∈ Snx

+ . In this context, m ≥ n is a given integer and

ΩN : [t1,∞)× R
nx × S

nx

+ × R
m
++ → S

nx

+

is assumed to be a positive semi-definite function, which is anti-homogeneous

in λ.

From a mathematical point of view, the above assumption does not add
a main restriction as we do not even require differentiability of f . However,
in practice, it might of course be hard to find suitable functions ΩN. Never-
theless, there are many interesting cases in which such a function ΩN can be
constructed as it will be illustrated in Section 6.

10
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Construction of Ellipsoidal Uncertainty Tubes

Let us regard two functions ν1 : R → R
n
++ and ν2 : R → R

m−n
++ , one taking

care of the uncertainty w and one taking care of the nonlinear terms, as well

as κ :=
(

νT
1 , νT

2

)T
. Using the Assumptions 3.1 and 4.1 we define

Ωtotal(τ, q, Q, κ) := B(τ)Ωτ (ν1)B(τ)T + ΩN(τ, q, Q, ν2) .

Here, the motivation is to construct a matrix valued differential equation
which can be used to generate robust positive invariant tubes for nonlinear
dynamic systems.

Definition 4.1. Using the above notation, we define for any function κ :
[t1,∞) → R

m
++ a nonlinear matrix valued differential equation of the form

∀τ ∈ [t1,∞) : Q̇(τ) = Φ(τ, q(τ), Q(τ), κ(τ)) ,

where we are using the following short hand for the right-hand side expression

Φ(τ, q, Q, κ) := A(τ)Q +QA(τ)T +
m
∑

i=1

κiQ+ Ωtotal(τ, q, Q, κ) ,

which is defined for all τ ∈ [t1,∞), q ∈ R
nx, Q ∈ S

nx

+ , and κ ∈ R
m
++.

Now, we can transfer the statement of Theorem 3.1 to our situation:

Theorem 4.1. Let Assumptions 3.1 and 4.1 be satisfied, let q denote the

central path, and let the function Φ be given by Definition 4.1. Now, if

Q : [t1, t2] → S
nx

+ and κ : [t1, t2] → R
m
++ are any functions which satisfy for

all τ ∈ [t1, t2] a differential equation of the form

Q̇(τ) = Φ(τ, q(τ), Q(τ), κ(τ)) ,

then the function X(·) := E(Q(·) , q(·) ) is a robust positive invariant tube

on the given time interval [t1, t2].

Proof. The main idea of the proof of this theorem is already motivated above:
first, we over-estimate the uncertain term B(τ)w(τ) at every time τ by one
parameterized ellipsoid, and second we over-estimate the nonlinear terms
fn ( τ, x(τ), w(τ) ) by another parameterized ellipsoid. We know already from
the considerations for linear dynamic systems how to over-estimate the influ-
ence of uncertainty. Thus, we find that the statement of the theorem holds by
construction using the same argumentation as in the proof of Theorem 3.1,
which can be found in the appendix.
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5. Optimal Control with Robustness Guarantees

In this section, we discuss how the strategies from the previous section
can be applied to solve robust optimal control problems of the form (4)
in a conservative approximation. For this aim, we start with the following
assumption:

Assumption 5.1. We assume that we have functions ϕ, Φ, q0, and Q0

with appropriate dimensions such that the following property is satisfied: for

any given control function u : [0, Te] → R
nu, any parameter p ∈ R

np, any

function κ : [0, Te] → R
m
++, and any vector κ0 ∈ R

n0

++, which admit solutions

q : [0, Te] → R
nx and Q : [0, Te] → S

nx

+ of the coupled differential equation

∀τ ∈ [0, Te] :







q̇(τ) = ϕ(τ, u(τ), p, q(τ), Q(τ), κ(τ)) q(0) = q0(κ0) ,

Q̇(τ) = Φ(τ, u(τ), p, q(τ), Q(τ), κ(τ)) Q(0) = Q0(κ0) ,

the set valued function X(·) := E(Q(·), q(·)) is a robust positive invariant

tube on the interval [0, Te] for which the condition X0 ⊆ X(0) is also

satisfied.

At this point, we recall our consideration from the previous sections,
where we have discussed how we can construct functions ϕ,Φ, q0, and Q0 for
linear and nonlinear dynamic systems which ensure that the above assump-
tion can be met. In order to discuss cases in which Assumption 5.1 can be
used to find sub-optimal approximate solutions of the original robust optimal
control problem, we regard an optimal control problem of the following form:

inf
ξ(·),ζ(·),π,Te

M( p, Te, E(Q(Te), q(Te)) )

s.t.















q̇(τ) = ϕ(τ, u(τ), p, q(τ), Q(τ), κ(τ)) q(0) = q0(κ0)

Q̇(τ) = Φ(τ, u(τ), p, q(τ), Q(τ), κ(τ)) Q(0) = Q0(κ0) ,

0 ≥ H(τ, u(τ), p, E(Q(τ), q(τ))) for all τ ∈ [0, Te] .

(10)

In this optimal control problem, we have collected the differential states in
the function ξ := (q, Q), the controls in the function ζ := (u, κ), and the
parameters in the vector π := (p, κ0). Let us summarize the properties of
this optimal control problem within the following theorem.
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Theorem 5.1. Let Assumption 5.1 be satisfied. Now, every feasible input

(u(·), p) of the auxiliary optimal control problem (10) corresponds to a fea-

sible input of the original robust optimal control problem (4). Moreover, the

objective value of problem (10) is an upper bound on the objective value of the

original problem (4). In other words, any solution of problem (10) yields a

feasible but possibly sub-optimal solution of the original robust optimal control

problem.

The main advantage of the optimal control problem (10) is that we do
not need any set valued functions anymore. However, in order to reduce
this problem to a standard optimal control problem, we still have to mention
how the functions M and H can be evaluated in practice. The aim of the
following example is to outline how the problem (10) can be re-written as a
standard nonlinear optimal control problem if the constraints and objective
are linear in the state:

Example 5.1. If the Mayer objective m is linear in x, i.e., if m has the form

m(p, Te, x) := c(p, Te)
Tx+ d(p, Te) ,

then the evaluation of the associated robust counterpart function can explicitly

be simplified by employing the support function of an ellipsoidal set:

M( p, Te, E(Q(Te), q(Te)) ) = sup
x∈E(Q(Te),q(Te))

m( p, Te, x )

=
√

c(p, Te)TQ(Te)c(p, Te) + c(p, Te)
T q(Te) + d(p, Te) .

An analogous statement holds for the constraint functions h.

6. Application to a Nonlinear Jacketed Tubular Reactor

In this section, we apply the robust optimal control technique from the
previous section to an example from the field of chemical engineering. Here,
the studied setting involves a tubular chemical reactor operating under steady-
state conditions. Inside the reactor an irreversible and exothermic reaction
takes place, while a surrounding jacket enables the heat removal. The reac-
tor model adopted is based on the 1D plug flow model from [25]. The main
modeling assumptions are:

1. steady-state condition,

2. no axial dispersion,
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3. perfect radial mixing,

4. a constant density and heat capacity of the fluid,

5. a negligible heat resistance between the reactor and its jacket, and

6. an Arrhenius law dependence of the reaction rate on the temperature.

Using the spatial coordinate z along the reactor as the independent variable
yields a highly nonlinear ODE system for z ∈ [0, L]:

d

dz
x1(z) =

α

v
(1− x1(z)) exp

(

γx2(z)

1 + x2(z)

)

,

d

dz
x2(z) =

αδ

v
(1− x1(z)) exp

(

γx2(z)

1 + x2(z)

)

+
β(z)

v
(u(z)− x2(z)) .

Here, the states x1, and x2 are scaled versions of the concentration C and
reactor temperature T , respectively. More precisely, we have

C(z) := CF(1− x1(z)) and T (z) := TF(1 + x2(z))− 273.15◦C ,

where CF and TF are the given reactant concentration and temperature of
the feed stream. The parameters α, v, δ, and γ are given constants.

The input u(z) = TJ(z)−TF

TF

contains the dimensionless version of the jacket
temperature TJ(z) which can be controlled along the reactor. Here, the main
problem is that the heat transfer coefficient β is often difficult to measure
or estimate and may in particular vary along the reactor, e.g., due to local
fouling at the reactor wall. In our study we assume that β is known to vary
at most ±6% around its nominal value, i.e., we define Γ := 0.06 and use an
uncertainty model of the form

β(z) := βnominal(1 + Γw(z)) ,

with w(z) ∈ W (z) denoting the scaled version of the time-varying uncer-
tainty, i.e., we assume W (z) := [−1, 1].

Maximizing the conversion in the reactor amounts to minimizing an ob-
jective of the form

Φ := CF(1− x1(L)) . (11)

Now, we first minimize Φ nominally, i.e., for β(z) = βnominal without taking
the uncertainty into account, subject to initial value conditions of the form
x(0) = 0, a maximum temperature constraint T (z) ≤ Tmax, as well as upper

14
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Figure 1: The figure contains two simulation results: first, the solid line shows the nom-
inally optimal solution for the concentration C and temperature T as a function of the
spatial coordinate z ∈ [0, L] (with L = 1.2m). Note that this nominally optimized solution
respects the temperature constraint Tmax = 110◦C which is active over large parts of
the reactor. Second, the dashed line shows a simulation of the perturbed system applying
the nominally optimized control input but +6% uncertainty in the heat transfer coeffi-
cient. This leads to a violation of the maximum temperature constraint as the nominal
optimization does not take uncertainties into account.

and lower control bounds on the jacket temperature denoted as TJ,min ≤
T (z) ≤ TJ,max which should be satisfied for all z ∈ [0, L]. All concrete
numerical values for these constants are taken from [25]. Only the reactor
length L and the upper reactor temperature bound Tmax have been set to
1.2m and 110◦C, respectively. The corresponding nominally optimal result
for the concentration C and temperature T are shown as the solid lines in
Figure 1.

Note that the maximum temperature constraint is active along a large
part of the reactor tube. Now, we simulate the conversion and temperature
once more by applying the nominally optimal control input but choosing
some disturbance w, which satisfies w(z) ∈ W (z) for all z ∈ [0, L]. The cor-
responding result is also shown in Figure 1 in form of the dashed lines. We
can clearly see an overshoot in the reactor temperature, i.e., our constraint is
violated. This is due to the fact that the uncertain heat transfer coefficient
directly affects the differential equation for the reactor temperature. More-
over, higher temperatures stimulate the reaction causing additional heat to
be produced. Consequently, a nominal optimization of the reactor does not
lead to an acceptable solution and can even lead to hazardous situations.
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In the next step, we plan to take the uncertainty into account with the aim
to solve a conservative robust counterpart problem of the form (10). Here,
the main difficulty is to derive the nonlinearity estimate for the functions

f1(x, u, w) :=
α

v
(1− x1) exp

(

γx2

1 + x2

)

f2(x, u, w) :=
αδ

v
(1− x1) exp

(

γx2

1 + x2

)

+
βnominal(1 + Γw)

v
(u− x2 )

The main strategy is to use the general inequality exp( y ) ≤ 1 + y +
y2

2
exp ( |y| ) which holds globally for all y ∈ R

nx . Using this inequality it
can be shown that we can find a nonlinearity estimate ΩN as follows:

j(q, Q) :=
γ

(1 + q2)(1 + q2 −
√
Q22)

r1(q, Q) := j(q, Q) +

√
Q22

2
j(q, Q)2 exp(

√
Q22 |j(q, Q)| )

r2(q, Q) :=
j(q, Q)

1 + q2
+

j(q, Q)2

2
exp(

√
Q22 |j(q, Q)| )

l1(q, u,Q) :=
α

v
exp

(

γq2
1 + q2

)

[

r1(q, Q)
√
Q11Q22 + r2(q, Q)Q22

]

l2(q, u,Q) := δ l1(q, u,Q) +
Γβnominal

√
Q22

v

ΩN( τ, q, Q, u, λ ) :=

(

l1(q,u,Q)2

λ1
0

0 l2(q,u,Q)2

λ2

)

.

Note that the nonlinearity estimate depends on the matrix Q ∈ S
2
+ and the

linearization point (central path) q ∈ R
2. Moreover, the first component f1 of

the right-hand side function does not explicitly depend on w. Consequently,
the over-estimation term l1 satisfies l1(y, u,Q) = O( ‖Q‖ ) for small Q as
the derivative of f1 with respect to the states is locally Lipschitz continuous.

Once we have derived the above nonlinearity estimate, we can directly
implement and solve the conservative robust counterpart problem of the
form (10). The corresponding result is shown within Figure 2. As can be
seen, the robustified reactor temperature profile does not rise as sharply as
before and it exhibits a back-off with respect to the upper reactor temper-
ature bound. The ellipsoidal tube is rather narrow at the beginning, while
it broadens when it is close to the upper limit. The explanation is that
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Figure 2: The robustly optimized concentration C and temperature T as a function of the
spatial coordinate z ∈ [0, L] (with L = 1.2m) at the nominally optimal solution (solid line).
The dotted lines show projections of the ellipsoid tube defining the region in which the
states are guaranteed to be. Note that the maximum temperature constraint is guaranteed
to be satisfied for all possible realizations of the uncertain heat transfer function assuming
that the variation in β is less than 6%.

the uncertain heat transfer coefficient enters the dynamic equation for the
temperature via the term β(z) [TJ(z)− T (z) ] where TJ is the controlled
jacket temperature and T the temperature inside the reactor. Thus, if we
adjust the control input TJ(z) such that it coincides with the temperature
T (z) inside the reactor, the uncertainty cannot affect the reaction itself, as
TJ(z)−T (z) = 0 in this case. Thus, especially at the beginning of the tube,
i.e., for small z, when there is still a high reactant concentration present, a
robust optimizer chooses TJ(z) ≈ T (z) such that despite the large amount
of reactant, the uncertainty hardly has an influence (cf. Figure 6). However,
as soon as T (z) comes close to the upper limit, we cannot continue with this
strategy as there is the danger of over-heating otherwise. The broadening
ellipsoidal tube touches as expected the upper temperature limit, ensuring
that the reactor temperature will not exceed this value (given the specified
maximum uncertainty of 6% on the heat transfer coefficient β), while still
trying to be as optimal as possible. As robustness typically induces conser-
vatism in the optimal solution, the performance decreases which is reflected
by higher outlet concentrations of the reactant and, thus, lower conversions.
The loss in performance is easily explained as lower temperatures typically
slow down irreversible reactions and, hence, yield lower conversions.
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Left: The nominally optimized jacket temperature TJ(z) (control input)
as a function of the spatial coordinate z ∈ [0, L] (with L = 1.2m). The
upper bound of the form TJ(z) ≤ 127◦C is active for small z. Right: The
corresponding robustly optimized jacket temperature for which the control
bounds are not active.

In the right part of Figure 6 the robustly optimized jacked temperature
TJ(z) (control input) is shown. In comparison to the nominally optimized
control input (left part of Figure 6), we can observe a less extreme heat-
ing strategy, which is close to the reactor temperature as explained above.
Note that in the nominally optimized case, the upper bound on the maxi-
mum jacket temperature is active while in the robustly optimized case the
temperature is kept in a moderate range and is not driven to its bounds.

Finally, it remains to be discussed whether the computed robust solution
is reasonable or much too conservative. Note that this is a relevant question
as we have used a non-trivial nonlinearity estimate, i.e., we can only qualita-
tively assess the level of conservatism. Figure 3 shows a simulation (dotted
lines) of the nonlinear system applying the robustly optimized control input
as well as a uncertain heat transfer coefficient whose values differ at most
6% from the nominal heat transfer coefficient βnominal. As guaranteed by our
theoretical result, the simulated states must be in the ellipsoidal outer tube
shown as the dashed lines in Figure 3. However, we can also observe that the
simulation drives the states quite close to their theoretical limits. The simu-
lated temperature takes a maximum at z∗ ≈ 0.6m. At this point, we have
Tsimulate(z

∗) ≈ 109.65◦C, which is obviously quite close to the upper limit
Tmax = 110◦C. In this sense we can state that our nonlinearity estimate
was sufficiently accurate and did not introduce an unreasonable amount of
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Figure 3: A simulation of the concentration C and temperature T (dotted lines) for
6% uncertainty in β applying the robustly optimized control input. It is guaranteed by
Theorem 4.1, that the simulation result must be between the two dashed lines representing
the outer ellipsoidal tube. However, the simulated concentration and temperature are in
some parts of the reactor quite closed to their theoretical upper limits, i.e., the nonlinearity
estimate was sufficiently accurate and did not introduce too much conservatism.

conservatism.
Finally, we note that a systematic trade-off between nominal optimality

and robustness could be performed by using techniques from the field of
robust multi-objective optimization for which we refer to [26].

7. Conclusions

In this paper we have discussed strategies for solving robust optimal
control problems in a conservative approximation. Here, we have first re-
viewed some existing approaches in robust optimal control including some
well-known results from the field of ellipsoidal calculus. These ellipsoidal
techniques have been transferred to nonlinear dynamic systems aiming at a
conservative but tractable reformulation of robust optimal control problems
into standard optimal control problems. Moreover, we have illustrated the
applicability of the proposed reformulation strategy by optimizing a jacketed
tubular reactor with uncertain heat transfer.
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[2] A. Ben-Tal, L. El Ghaoui, and A. Nemirovski. Robust optimization. Princeton Uni-
versity Press, 2009.

[3] A. Ben-Tal and A. Nemirovski. Robust Truss Topology Design via Semidefinite
Programming. SIAM Journal on Optimization, 7:991–1016, 1997.

[4] A. Ben-Tal and A. Nemirovski. Robust Convex Optimization. Operations Research,
23:769–805, 1998.

[5] A. Ben-Tal and A. Nemirovski. Robust Solutions of Uncertain Linear Programs.
Operations Research, 25:1–13, 1999.

[6] S. Bittanti, P. Colaneri, and G. De Nicolao. The periodic Riccati Equation. In
Willems Bittanti, Laub, editor, The Riccati Equation. Springer Verlag, 1991.

[7] F. Blanchini. Set invariance in control. Automatica, 35:1747–1767, 1999.

[8] F. Blanchini and S. Miani. Set-Theoretic Methods in Control. Birkhäuser, 2008.
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APPENDIX

A Proof of Theorem 3.1

In order to verify the statement of Theorem 3.1, we compute the support
function Vc of the set X(t) for a given direction c ∈ R

nx as follows

Vc = max
x(·),w(·)

cT
(

G(t, 0)x(0) +
∫ t

0
G(t, τ)B(τ)w(τ) dτ

)

s.t. x(0) ∈ E(Q0) and w(τ) ∈ W (τ) .
(12)

The above maximization problem can be regarded as an infinite dimensional
convex optimization problem. As the convex set W (τ) is given by Assump-
tion 3.1, the dual of the problem defining the function V can be written
as

Vc = inf
λ(·)

inf
µ>0

ν(·)>0

1

µ
Q1 +

∫ t

0

cTHt(τ)Ωτ (λ(τ))Ht(τ)
T c

4 ν(τ)
dτ + µ +

∫ t

0

ν(τ) dτ

s.t. λ(τ) ∈ ∆n for all τ ∈ [0, t] ( Ht(τ) := G(t, τ)B(τ) ),

where the time-varying multiplier ν : R → R+ has been introduced to account
for the parameterized constraints on the uncertainty which have the form
w(τ) ∈ E( Ωτ (λ) ) while the scalar multiplier µ ∈ R+ takes care of the
initial value inclusion x(0) ∈ E(Q1 ). Finally, we use the assumption that
the function Ωτ is anti-homogeneous, i.e., we have

1

ν(τ)
Ωτ (λ(τ)) = Ωτ (ν(τ)λ(τ))

such that we can rescale both the function λ and the multiplier µ writing the
support function V in the form

V (t, c) = inf
Q(t),µ>0,λ(·)>0

√

cTQ(t) c s.t.

Q(t) =
(

1
µ
Q1 +

∫ t

0
Ht(τ)Ωτ (λ(τ))Ht(τ)

Tdτ
)(

µ+
∫ t

0

∑n

i=0 λi(τ)dτ
)

.
(13)
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As the above equation for the support function V (t, c) of the closed and
convex set X(t) holds for all directions c, we obtain an ellipsoidal outer
approximation, i.e., we have X(t) ∈ E(Q(t)). Now, we define

P (t) :=
1

µ
Q1 +

∫ t

0

Ht(τ)Ωτ (λ(τ))Ht(τ)
T dτ , r(t) := µ+

∫ t

0

n
∑

i=0

λi(τ)dτ

such that Q(t) = r(t)P (t). Here, the matrix P (t) can also be obtained by
a forward simulation of a Lyapunov differential equation of the form

∀τ ∈ [0, t] : Ṗ (τ) = A(τ)P (τ) + P (τ)A(τ)T +B(τ)Ωτ (λ(τ))B(τ)T

with P (0) = 1
µ
Q1 .

(14)

Note that Lyapunov differential equations are well-known since a long time [27,
6]. The fact that the function

P (τ) =
1

µ
Q1 +

∫ τ

0

Ht(τ)Ωτ (λ(τ))Ht(τ)
T dτ

satisfies the differential equation (14) can simply be checked by using the
definition of Ht together with the differential equation (6).

The main idea of the proof of Theorem 3.1 is now to directly derive a
differential equation for the function Q(t) := r(t)P (t) for t ∈ [t1, t2]. For
this aim, we employ the chain rule:

Q̇(τ) = ṙ(τ)P (τ) + r(τ)Ṗ (τ)

= [
∑n

i=1 λi(τ)]P (τ) + A(τ)Q(τ) +Q(τ)A(τ)T + r(τ)B(τ)Ωτ (λ(τ))B(τ)T

=
∑n

i=1
λi(τ)

r(τ)
Q(τ) + A(τ)Q(τ) +Q(τ)A(τ)T +B(τ)Ωτ

(

λ(τ)
r(τ)

)

B(τ)T .

In the last step we have used that the function r is for all τ ∈ [t1, t] strictly
positive:

r(τ) = µ+

∫ τ

t1

n
∑

i=1

λi(τ
′) dτ ′ ≥ µ > 0 .

The statement of the Theorem 3.1 follows now by introducing the new re-
scaled multiplier function κ(τ) := λ(τ)

r(τ)
, which is well-defined for all τ ∈

[t1, t].
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