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Abstract

An approach to the Ginzburg–Landau problem for superconducting regular polygons is developed making use of an

analytical gauge transformation for the vector potential A which gives An ¼ 0 for the normal component along the

boundary line of an arbitrary regular polygon. As a result the corresponding linearised Ginzburg–Landau equation

reduces to an eigenvalue problem in the basis set of functions obeying Neumann boundary condition. The proposed

approach allows for accurate calculations of the order parameter distributions at low calculational cost (small basis

sets) for moderate applied magnetic fields. This is illustrated by considering the nucleation of superconductivity in

squares and equilateral triangles where novel vortex patterns containing and antivortex in the centre are obtained on the

Tc–H phase boundary. The stability of these solutions against small deviations from the phase boundary line deeper into

the superconducting state is investigated and the conditions for the experimental observation of the novel vortex

patterns are discussed. � 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Recent progress in microfabrication techniques
makes it possible to investigate mesoscopic su-
perconducting samples with sizes smaller than the
coherence length and the penetration depth [1].
The new qualitative feature arising at the meso-
scopic scale is the strong effect that the boundary
geometry has on the nucleation of superconduc-
tivity in the samples. The description of the nu-

cleation of superconductivity in applied magnetic
fields requires the solution of the linearised Ginz-
burg–Landau (LGL) equation with the boundary
conditions imposed on the superconducting order
parameter w at the superconductor/vacuum inter-
face [2]:
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where A is the vector potential corresponding to
the applied magnetic field, the subscript n in the
second equation stands for the normal component
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at the boundary line and a ¼ ��h2=2m�n2ðT Þ,
with nðT Þ the temperature-dependent coherence
length.
The presence of the vector potential in the

boundary condition, Eq. (1), seriously complicates
the solution of the Ginzburg–Landau equations
for samples of arbitrary geometry. Existing treat-
ments use numerical methods like the method of
finite differences. This way proved to be successful
for the description of superconductivity in meso-
scopic structures [3,4] although it is usually
achieved at the expense of high computational
costs. The problem, however, simplifies very much
if one can find a gauge for the vector potential
giving zero normal component on the boundary
line. Such gauges have been found in the past for
infinite slabs [5], semi-planes with a wedge [6,7],
and obviously disks [8–11].
Here we extend the superconducting vector

potential gauge approach to any regular polygon
in homogeneous magnetic field by deriving an
analytical gauge transformation for polygonal
boundaries. The proposed approach allows for
accurate calculations of the order parameter dis-
tribution at the phase boundary. As a result new
vortex patterns containing an antivortex in the
centre have been found for mesoscopic squares
and equilateral triangles. The stability of these
vortex patterns with respect to small deviations
from the phase boundary deeper into the super-
conducting state is investigated.

2. Superconducting vector potential gauge for reg-

ular polygons

Having found a gauge for the vector potential
(~AA) satisfying the condition

~AAjn ¼ 0 ð2Þ
on the boundary line, it follows immediately from
the second equation in Eq. (1) that the order pa-
rameter can be expanded into a set of functions,
{wm},

w ¼
X
m

cmwm; ð3Þ

obeying the Neumann boundary condition:

rwmjn ¼ 0: ð4Þ

For calculational convenience the functions
wm are supposed to form an orthonormal set.
Furthermore, in order to reduce the dimension
of the basis set these functions should be as close
as possible to the expected solutions of Eq. (1).
Since we are interested in solutions for moderate
values of applied magnetic fluxes both require-
ments are met for sets of low-lying eigenfunc-
tions of the zero-field (i.e. particle in the polygonal
box) eigenvalue problem,

� �h2

2m� Dwm ¼ �mwm; ð5Þ

obeying the boundary condition (4).
Consider a regular polygon shaped sample of a

constant width in a homogeneous magnetic field
applied along the direction perpendicular to the
polygonal surface ðHkzÞ. The simplest form of the
associated vector potential which does not lower
the symmetry of the problem corresponds to the
cylindrical gauge, A ¼ ð1=2ÞH	 r. Indeed, as Fig.
1 shows the direction of A is tangential to con-
centric circumferences in the xy plane, Akeu, which
are also equipotential lines for the vector potential.
Since Az ¼ 0 and the other two components depend
on x and y only, it is easily seen that the solution of
the first equation in (1) factorizes as wðx; yÞ/ðzÞ.

Fig. 1. Piece of a regular polygon containing one edge (thick

line). The origin of the coordinate system is chosen in the centre

of the polygon. n is the unit vector normal to the edge. er and eu
are unit vectors of the cylindrical coordinate system. The z-axis

coincides with the N-fold rotational axis of the polygon.
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The z-dependent component of the solution satis-
fying the boundary condition d/=dz ¼ 0, z ¼ 
d=
2, and corresponding to the lowest value of �a in
Eq. (1) has the form / ¼ const. This means that the
superconductivity nucleates homogeneously across
the width of the sample and the solution of the
LGL equation reduces to a 2D problem.
Starting from the cylindrical gauge for the vec-

tor potential (A) the new gauge satisfying the
condition in Eq. (2) can be obtained via the trans-
formation:

~AA ¼ AþrS: ð6Þ
It can be shown [12] that for regular polygons

the function S is obtained by a simple ansatz:

SN ðr;uÞ ¼ RN ðrÞ sinðNuÞ; ð7Þ
where N is the order of the polygon and r, u are
polar coordinates in the xy plane (Fig. 1).
The transformation (6,7) keeps the symmetry

of the vector potential (and of Eq. (1)) equal to
the rotational symmetry of the regular polygon,
described by the point group CN . Since the LGL
equation is a linear eigenvalue problem its solu-
tions, according to Wigner’s theorem [13], are
characterized by irreducible representations (ir-
reps) of the corresponding symmetry group. The
point group CN is Abelian and therefore contains
N different one-dimensional irreps which trans-
form as

wnðuÞ � expðinuÞ; n ¼ 0; 1; . . . ;N � 1; ð8Þ

under rotations around the z-axis by symmetry
angles, the smallest of which coincides with the
angle a in Fig. 1. The symmetry analysis provides a
set of N labels to assign eigenfunctions and splits
the matrix eigenvalue equation into diagonal
blocks corresponding to different irreps [13] which
simplifies much the calculations.

3. Nucleation of superconductivity in basic polygons

3.1. Square

A square in homogeneous magnetic field has a
symmetry described by the rotational point group
C4, which contains the irreps A, B, Eþ and E� with

the corresponding numbers n ¼ 0; 2; 1 and �1 (or
3) in Eq. (8). Using the conventional symmetry
projection technique [13] the symmetrized basis set
is easily constructed from the solutions of the
particle in a square box problem, Eq. (5), obeying
the boundary condition (4).
The solution for RN ðrÞ in Eq. (7) for a square

gives the following components for the gauge
transformed vector potential ~AA [12]:

~AAr ¼ � 1

4
ffiffiffi
2

p Hað1þ uÞ3=2½�1þ u

þ ð1þ 2u� u2Þe�uEiðuÞ� sin 4u;

~AAu ¼ 1

2
Hr þ 1

2
ffiffiffi
2

p Hað1þ uÞ3=2½1� ue�uEiðuÞ� cos 4u;

u ¼ 2ðr=aÞ2 � 1;
ð9Þ

where EiðuÞ is the exponential integral function
[14] and a is the side length of the square. As can
be seen from Fig. 2 this vector potential coincides
with the cylindrical gauge in the central region and
smoothly changes into a square symmetry pattern
when approaching the boundaries.
Fig. 3 shows the comparison of the calculated

and the measured phase boundary (open squares)

Fig. 2. Vector potential for the square (arbitrary units) after the

gauge transformation, described by Eq. (9).
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for the mesoscopic Al square [15]. The theoretical
curve in Fig. 3b is obtained from Fig. 3a, where the
ground state level is selected for all flux values. At
the cusp positions on the phase boundary the

vorticity L changes by one, starting from zero (no
fluxoids) at low magnetic fields. In the case of a
disk (C1) the vorticity is just the orbital quantum
number, L, defining the flux, LU0, carried by the
giant vortex [8]. For the square the rotational axis
is of finite order (C4) and, therefore, the distribu-
tion of vortices in symmetry-consistent solutions is
not a priori evident. The seven insets in Fig. 3b
show schematically the distribution of vortices,
which are clearly different from the giant vortex
states.
In the case of small Ls, vortices can occupy one

central and four diagonal positions. In contrast to
the diagonal vortices which always enclose a single
quantum U0, the central vortex can have different
winding numbers in order to conserve the total
vorticity of a given state. The contribution of the
two kinds of vortices (centralþ four diagonal) to
the total winding number of the states shown in
Fig. 3b is given by:

L ¼ nþ 4m; n ¼ 0; 1; 2;�1; ð10Þ

where m ¼ 0, 1. Note that the four numbers in the
second equation match the n numbers in the ex-
pressions for the basis functions of the corre-
sponding irreps, Eq. (8). This is not surprising
since these resemble the eigenfunctions of a 2D
rotator with momentum n.
As a result the nature of the central vortex

changes, whenever vorticity is changed by one.
Thus the central vortex is absent in the first state, it
is aU0-vortex in the second state, it is a giant vortex
in the third state and it is an antivortex (the winding
number is negative!) in the fourth state (see Fig. 1).
The sequence of winding numbers of the central
vortex (�1, 0, 1, 2) is periodically repeated when
going to the right of the phase diagram.
Because the kinetic energy of a vortex is pro-

portional to L2, the system prefers to split the giant
vortex into a sum of smaller vortices [16] if there
are no special symmetry restrictions. Another en-
ergy based reason is that vortices get attracted to
the corners as it was shown for the case of a semi-
infinite plane with a wedge [17]. This explains why
the four dispatched vortices prefer to stay on the
diagonal positions in the ground states. The
combination of these two arguments explains why
only four numbers mentioned above appear as

Fig. 3. Calculated and measured superconducting Tc–H phase

boundary for a square. (a) Lower eigenvalues of the LGL

equation for the mesoscopic square, as a function of applied

magnetic flux, with superconductor–vacuum boundary condi-

tions. The different lines correspond to the four irreps A (solid),

B (chain), Eþ (dashed) and E� (dotted). (b) Comparison be-

tween the calculated (lines) and the measured TcðUÞ phase
boundary (open squares) (from Ref. [15]). The top left inset

shows the AFM image of the investigated Al square. In the

seven insets, the vortex structure in different regions of the

phase diagram is shown schematically as circles. In the range

5 < U=U0 < 6:3, an antivortex is formed spontaneously at the
center of the square, coexisting with four U0-vortices along the

diagonals.
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winding numbers for the central vortex. On the
other hand, the formation of antivortices is dic-
tated completely by the discrete symmetry. Indeed,
in the state with L ¼ 3, one cannot distribute three
U0-vortices on the square keeping the symmetry.
The dilemma is solved by having four diagonal U0-
vortices and adding one antivortex in the centre.
Fig. 4a shows the distribution of the order pa-

rameter corresponding to the antivortex solution.
The central antivortex is separated from vortices
on the square diagonals by about 2% of the edge
length. The maximal value of the order parameter
on the line connecting the antivortex with one
vortex does not exceed one thousandth of its value
in the corners of the square. Note that this solution
is obtained within the present approach by using a
moderate basis set. To reproduce these features by
finite grid methods a very large basis set corre-
sponding to at least a 400	 400 gridpoints should
be involved in the calculations [18].
At higher values of applied field the additional

vortices will continue to occupy the diagonal po-
sitions as it is shown in Fig. 5 for states of sym-
metry A.

3.2. Equilateral triangle

The equilateral triangle in a homogeneous
magnetic field has a symmetry corresponding to
the rotational point group C3, which contains the
irreps A, Eþ and E� matching the numbers n ¼ 0, 1
and �1 (or 2) in Eq. (8) respectively. The particle
in the box problem (5) for the triangle with Neu-
mann boundary conditions is not so trivial as for
the case of a square but still can be expressed as a
linear combination of a small number (6 6) of
plane waves [19].
The solution (7) for the triangle [12] leads to the

following components of the gauge transformed
vector potential:

~AAr ¼ 27
2
Hað9r08 � 7r06 þ 5

3
r0
4Þ sin 3u;

~AAu ¼ 1
2
Hr þ 81

2
Haðr08 � r0

6 þ 1
3
r0
4Þ cos 3u;

r0 ¼ r=
ffiffiffi
3

p
a;

ð11Þ

where a is the side length of the triangle. In full
analogy with the previous case (Fig. 2), the vector

potential (11) gradually changes from the cylin-
drical gauge in the central region to a triangular
pattern close to the edges (Fig. 6).
Fig. 7 shows the calculated and measured phase

boundaries for the mesoscopic Al triangle [19]. As
in the case of the square each smooth line element
on the phase diagram corresponds to a given in-
teger vorticity number which increases by 1 upon
each transition to the next ground state. Again,
since the rotational axis is of finite order we do not
expect the giant vortex state to be always a ground
state solution. Actually there are no vortices in the

Fig. 4. Order parameter plots corresponding to the ground

state of the square in an applied magnetic flux U ¼ 5:5U0. The

contour plot (a) shows (in logarithmic scale) the vortex pattern

in the central region of the square zoomed in eight times after

convergence with respect to the basis set size was achieved. The

panel (b) displays the cross-section in the diagonal direction

(q¼ 0 is the centre of the square) for different sizes of basis sets
used in the calculations.

L.F. Chibotaru et al. / Physica C 369 (2002) 149–157 153



first state (L ¼ 0), there is one U0 vortex in the
central position in the second state (L ¼ 1), and
there is one �U0-antivortex in the centre and three

U0-vortices at the diagonal positions in the third
state (L ¼ �1þ 3 ¼ 2). This sequence is periodi-
cally repeated when going to higher applied fluxes.
For instance, the fourth state (L ¼ 3) will con-
tain three U0-vortices dispatched along the diago-
nals of the triangle. Fig. 8 shows the gradient of
phase of the order parameter in the above states.
The total winding number is a sum of the vorticity
numbers of the central and diagonal vortices as
follows:

Fig. 5. Three vortex patterns corresponding to the symmetry A

of the order parameter and the total vorticity L ¼ 4 (a), L ¼ 8

(b) and L ¼ 12 (c). In all cases the vortices are arranged sym-

metrically along the diagonals of the square. The panel in the

right bottom corner shows the zoomed in central region of the

plot c.

Fig. 6. Vector potential for the equilateral triangle (arbitrary

units) after the gauge transformation, described by Eq. (11).

Fig. 7. (a) Calculated Landau levels for an equilateral triangle

with boundary conditions given in Eq. (1). Continuous, dashed

and dotted lines correspond to states of symmetry A, Eþ and

E�, (b) Experimental TcðHÞ phase boundary of an equilateral
mesoscopic triangle (open squares) [19]. The arrows and the

vertical dotted lines indicate the positions of the cusps in TcðHÞ,
as calculated from the linear GL theory. The inset shows an

AFM micrograph of the studied Al triangle.
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L ¼ nþ 3m; n ¼ 0; 1;�1; ð12Þ
where m ¼ 0; 1; . . . is the number of vortex triades.
The number n in this equation matches the corre-
sponding irrep via Eq. (8).
On the whole, the nucleation of superconduc-

tivity in equilateral triangles has similar features
with the squares. We expect most of these features
to be general for higher order regular polygons too
since they are based on symmetry grounds. For
instance, the avoided crossing patterns of levels
belonging to the same irrep is a common feature.
One can see that it is more pronounced in the
triangle (Fig. 7a) than in the square (Fig. 3a) and
will generally diminish with increasing order of the
polygon, disappearing completely in the case of
disk (N ! 1). The same for the vortex patterns:
they are expected to shrink with increasing N and
merge into giant vortex states in the limit of the
disk. The asymptotic behavior of the ground state
solutions in the limit of high applied field corre-
sponds to the N-fold degenerate ground Landau
level, the components of which belong to N dif-
ferent irreps of the corresponding polygon. This
becomes infinitely degenerate in the case of disk,

containing all different rotational (vorticity) states
as components [10].
As for antivortex containing solutions obtained

above (Figs. 3b and 8), they are not expected to
survive for large Ns since the angles at the corners
become larger and the attraction of vortices to the
corners consequently smaller in the corresponding
polygons. For the states with vorticity L ¼ N � 1,
a transition from the antivortex containing to a
giant vortex state will probably take place at some
critical N.

4. Stability of the linearised Ginzburg–Landau
solutions

One important point related to the observability
of the obtained vortex patterns concerns the sta-
bility of the corresponding LGL solutions versus
deviations from the phase boundary line deeper
into the superconducting phase. We address this
problem here in the simplest way (i) assuming small
deviations from the phase boundary and (ii) con-
sidering the case when the field induced by super-
currents can be neglected. The latter is achieved
for extreme type II superconductors, when the
Ginzburg–Landau parameter j ! 1 [16,20], and
for thin enough samples [21]. The order parameter
is obtained in these cases from the nonlinear
Ginzburg–Landau equation [2,16]:

1

2m�

�
� i�hr� 2e

c
A

�2

w þ aw þ bjwj2w ¼ 0; ð13Þ

where A is the vector potential still corresponding
to the applied magnetic field. Therefore w obeys
the same boundary condition as in the case of
the LGL problem and can be expanded via its ei-
genstates, /m, corresponding to a given magnetic
field:

w ¼
X
m

cm/m: ð14Þ

Consider a small deviation from the phase
boundary by lowering the temperature below the
critical one, T < T3cðHÞ, at a given value of applied
field. In this case the parameter a in Eq. (13) de-
viates from its phase boundary value a0 as follows:

Fig. 8. Gradients of phase of the order parameter at the middle

of the lowest four cusps in the TcðHÞ phase diagram in Fig. 7.

Large arrows rotating clockwise encircle the vortices and those

rotating in the anticlockwise direction display the antivortex.

The panel for the E� state, zoomed 16 times, shows the presence

of an U0-antivortex in the centre.
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a ¼ a0 þ Da;

Da ¼ a0 Tð � T3cðHÞÞ;
ð15Þ

where the primed a stands for the derivative of a
after temperature at phase boundary in zero field.
Then Eq. (13) can be rewritten in the form:

1

2m�

�"
� i�hr� 2e

c
A

�2

þ a0

#
w þ Daw þ bjwj2w

¼ 0: ð16Þ

In equation, the first and last terms are always
positive (the term in square brackets can also be
zero when w ¼ /0), while the middle term is
always negative since Da < 0. Substituting the ex-
pansion (14) into Eq. (16) we obtain a matrix
equation for the coefficients cm, the contribution of
the nonlinear term being expressed through the
integrals:

Alk
mn ¼

Z
/�

m/�
n/l/k dr: ð17Þ

In the lowest order of perturbation theory we
obtain the following solutions.
(1) w � c0/0:

c20 ¼ �Da
b

1

A0000
;

DF ¼ �Da2

2b
1

A0000
:

ð18Þ

Note that the quantity A0000 entering Eqs. (18) is
the Abrikosov parameter, bA, [16] for the ground
LGL state /0 since this is normalized to the unity.
Reducing the value of this parameter results in a
higher weight of /0.
(2) First-order admixure of /m (m > 0):

cm
c0

¼ � bA00m0
a0 � am

c20; ð19Þ

where am is the eigenvalue of /m.
It follows from Eqs. (18) and (19) that cm=c0 can

be made small enough if the inequality �Da �
a0 � am holds. This relation is apparently fulfilled
for highly excited states (large denominators in Eq.
(19)) already for moderate values of �Da, corre-
sponding to measurable deviations of temperature
from T3cðHÞ in Eq. (15).

As for the excited states from the ground
manifold, corresponding to the group of lowest
states in Figs. 3a and 7a, /l; l ¼ 1; . . . ;N � 1, they
all belong to irreps which are different from /0. In
these cases the integrals A00l0 in Eq. (19) vanish for
symmetry reasons, which means that we do not
have first order contributions of these states to w.
On the other hand the lowest-order perturbation
approach is apparently ill defined for these states
since �Da can be of the order of a0 � al. Hence we
have to solve the system of nonlinear equations for
the admixure coefficients in full. Considering for
simplicity that only one excited state (/l) can ad-
mix appreciably to /0 we obtain that this admixure
takes place (cl 6¼ 0) only if

�Da > �Dacrit ¼
a0 � al

1� 2A0l0l=A0000
: ð20Þ

It follows from the above analysis that for small
deviations from the phase boundary deeper into
the superconducting phase the admixure of the
excited states to the ground state solution of
the LGL problem can be small enough to preserve
the vortex patterns obtained in the previous sec-
tion.

5. Conclusions

An analytical gauge transformation for the
vector potential is derived with a vanishing normal
component at the boundary line of any regular
polygon.With this vector potential gauge, the LGL
problem reduces to an eigenvalue equation in a
basis set of functions obeying Neumann boundary
conditions, which can be found for different regular
polygons. The proposed approach allows for ac-
curate evaluations of the order parameter distri-
butions and proves to be especially efficient at
moderate values of applied magnetic fields. For
low values of applied magnetic fluxes the order
parameter for superconducting square and equi-
lateral triangle contains an antivortex in the centre.
These solutions are found to be stable with respect
to small deviations from the phase boundary line
and can be probed by techniques which are sensible
to the superfluid density, for example, by using
scanning tunneling microscopy.
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