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SUMMARY 

 

Dynamic Network Loading (DNL) models and Dynamic Traffic Assignment (DTA) models 

are an important tool in the context of traffic planning and traffic management. An essential 

input of these models is a dynamic origin-destination matrix. The dynamic origin-destination 

(OD) matrix specifies the number of travelers from each origin to each destination, and this 

for each time period. In general, the OD matrix is not directly observable. Therefore, 

estimation methods are used to derive this OD matrix. They make use of available 

information such as measured flows on a road, measured travel times, etc. When reviewing 

the available literature that discusses these methods, we can identify an important gap in 

current state-of-the-art methods, namely the impact of congestion on dynamic OD estimation. 

The presence of congestion has a non-linear effect on the relationship between link flows and 

OD flows. This relationship is crucial in the dynamic OD estimation problem. In this thesis, 

this relationship is studies in two phases. 

 

 In a first phase of this research, the effect of congestion spillback is analyzed by the use of 

synthetic experiments. It is found that, when congestion spillback is present, the accuracy of 

the estimated OD matrix depends on the spillback mechanism that is used in the OD 

estimation. More importantly, the presence of congestion spillback itself is identified as a 

source of inaccuracy. The ambiguity of traffic flow measurements is conceived as the source 

of this inaccuracy: a certain flow measurement can indicate both slow moving vehicles with a 

small headway (in congested conditions), and fast moving vehicles with a large headway (in 

free flow conditions). To overcome these problems, the use of additional information sources 

is suggested, combined with the use of specialized estimation methods. A novel OD 

estimation procedure based on density measurements is presented and tested in case study on 

a real-world network. It is shown that the manner in which this information is used, has an 

impact on the performance of the estimation: when the speeds were combined with the flow 

measurements into densities, better results were obtained. However, the performance of the 

developed methods on a real-world case study is not yet satisfactory in terms of the match 

between estimated and measured link flows and speeds. 
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The second phase of the research focuses on the approximation of the relationship between 

link flows and OD flows, and its impact on the OD estimation problem. When solving the 

OD estimation problem, this relationship is approximated. In state-of-the-art methods, this is 

usually done by assuming a constant mapping, which implicitly assumes separability of the 

link flows to the OD flows, which can lead to inaccurate results when dealing with congested 

networks. Another important source of error attributable to congestion dynamics is the 

presence of multiple local minima in the objective function. It is illustrated that these local 

minima are the result of an incorrect interpretation of the information from the detectors. This 

work proposes sensitivity-based OD estimation (SBODE), which uses a linear instead of 

constant approximation. It is shown to lead to superior OD estimated. 

 

Although the proposed SBODE method yields superior OD-estimates with respect to existing 

methods, its computational complexity is also much larger due to the need to numerically 

approximate the sensitivity of link flows to OD flows. Hence, in the final phase of this 

research, we focus on efficient algorithms allowing the application of the developed 

methodologies to real-world networks. A first technique is Marginal Computation (MaC), 

which is a computationally efficient method that performs a perturbation analysis (using 

kinematic wave theory principles) for deriving the sensitivity of the link flows to the OD 

flows. The calculation of this sensitivity is a requirement of the SBODE methodology. Next, 

a hierarchical approach for decomposing the dynamic OD estimation problem in a number of 

smaller problems on subareas is presented. The main idea is to perform a more accurate 

dynamic OD estimation only on subareas with substantial congestion. Both approaches are 

successfully tested, both on a study network and on a real network. 
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SAMENVATTING 
 

Dynamische verkeerspropagatie- en verkeerstoedelingsmodellen vormen een belangrijk 

hulpmiddel in het kader van planning en management van de verkeersstromen op het 

wegennetwerk. Een belangrijke input van deze modellen is de dynamische herkomst-

bestemmings (HB) matrix. Een dynamische HB matrix geeft het aantal reizigers weer tussen 

elke herkomst en bestemming, en dit op elk tijdstip van de dag. In het algemeen is deze 

matrix niet direct waarneembaar. Daarom wordt er gebruik gemaakt van schattingstechnieken 

om deze HB matrix te bepalen. Bij deze schattingstechnieken wordt er gebruik gemaakt van 

de informatie die beschikbaar is in het netwerk. Voorbeelden hiervan zijn 

verkeersintensiteiten op een weg, reistijdmetingen, etc. Een literatuuronderzoek naar deze 

schattingstechnieken leert ons dat de huidige state-of-the-art een belangrijk hiaat vertoont, 

meer bepaald omtrent de impact van file op het schattingsproces. De aanwezigheid van file 

zorgt ervoor dat de relatie tussen verkeersintensiteiten en HB stromen niet-lineair is. Deze 

relatie spelt een cruciale rol in dynamische HB schatting. In deze thesis bestuderen we deze 

relatie in twee fases. 

 

Een eerste fase van dit onderzoek bestaat uit het analyseren van de effecten van fileterugslag 

door middel van synthetische experimenten. Dit onderzoek leert ons dat de nauwkeurigheid 

van de HB schatting sterk beïnvloed wordt door de modellering van fileterugslag. 

Daarenboven kan fileterugslag zelf onnauwkeurigheden veroorzaken. De oorzaak van deze 

onnauwkeurigheden kan gezocht worden in het duaal karakter van intensiteitsmetingen: een 

bepaalde waarde van de verkeersintensiteit kan zowel duiden op trage voertuigen met een 

korte volgafstand (bij file), als op snelle voertuigen met een lange volgafstand (bij vrij 

verkeer). Deze problemen vereisen het gebruik van bijkomende data, in combinatie met 

gespecialiseerde schattingsmethodes. Een dergelijke, zelf ontwikkelde schattingsmethode, die 

gebruik maakt van dichtheidsmetingen, wordt uitgetest in een experiment op een reëel 

netwerk. Er wordt aangetoond dat de wijze waarop deze informative wordt gebruikt een 

belangrijke impact heeft op de nauwkeurigheid van de schatting: wanneer snelheden en 

intensiteiten getransformeerd worden naar densiteiten warden betere resultaten bekomen. De 
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nauwkeurigheid van de ontwikkelde methods in termen van de overeenkomst tussen gemeten 

en geschatte intensiteiten en snelheden is echter nog niet voldoende. 

 

In de tweede fase van het onderzoek nemen we de benadering van de relatie tussen de 

intensiteiten op een schakel en de HB stromen onder de loep. Bij een HB schatting wordt een 

benadering gemaakt van deze relatie. State-of-the-art technieken veronderstellen een niet-

veranderlijke relatie, hetgeen impliceert dat de functies, die de intensiteiten schrijven in 

functie van HB stromen, onafhankelijk van elkaar zijn. Deze veronderstelling geeft 

aanleiding tot onnauwkeurige resultaten wanneer er file is. Verder zorgt file ook voor het 

ontstaan van locale minima in de doelfunctie van de schatting. Deze locale minima zijn het 

resultaat van een foute interpretatie van de informatie die vervat zit in de gemeten 

intensiteiten. In dit werk wordt een gevoeligheidsgebaseerde HB schatting voorgesteld, 

waarin een lineaire benadering wordt gebruikt in plaats van een niet-veranderlijke relatie. 

Deze aanpak leidt tot een sterk verbeterde HB schatting, zoals aangetoond wordt aan de hand 

van experimenten. 

 

Hoewel de voorgestelde gevoeligheidsgebaseerde HB schattingsmethode betere resultaten 

oplevert dan bestaande methodes, blijkt de benodigde rekentijd van deze methode veel groter 

te zijn als gevolg van de vereiste om de gevoeligheid van de intensiteiten naar de HB stromen 

numeriek te benaderen. Daarom focust dit laatste deel zich op het ontwikkelen van efficiënte 

methodes die het toepassen van de gevoeligheidsgebaseerde HB schatting in grootschalige 

netwerken mogelijk maken. Een eerste methode is Marginale Berekening, waarmee op een 

efficiënte wijze een perturbatie analyse kan uitgevoerd worden, hetgeen gebruikt kan worden 

om de gevoeligheid van de intensiteiten voor de HB stromen te bepalen. Dit laatste is één van 

de vereisten voor de gevoeligheidsgebaseerde HB schatting. Daarnaast wordt een 

hiërarchische aanpak voorgesteld die het HB schattingsprobleem opdeelt in kleinere 

problemen betreffende deelgebieden van het netwerk. Het basisidee is dat de 

gevoeligheidsgebaseerde HB schatting enkel toegepast dient te worden op delen van het 

netwerk waarin er substantieel veel file aanwezig is. De werking van beide methodes wordt 

geïllustreerd op een synthetisch netwerk, en ook op een reëel netwerk. 
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1  

 

INTRODUCTION 

 
___________________________________________________________________________ 
This first chapter introduces the scope of the research that is conducted in the thesis. The 

need for refined assignment models is discussed, highlighting one of the main obstacles for 

their application: the requirement of an accurate dynamic Origin-Destination (OD) matrix. 

Next, the scope of this research is addressed, and its relevance and contributions are 

discussed. Finally, an overview of the structure of this thesis is presented. 
______________________________________________________________________________________________________________________________________________________ 
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1.1 Context & relevance 

1.1.1  Context 

Congestion causes substantial economic losses, both for individual and commercial transport. 

The estimated cost in Belgium amounts to 450 million euro, resulting purely from travel time 

losses of motorized traffic on highway and secondary road networks (2007 data, Maerivoet & 

Yperman (2008)). A variety of measures exists that enables road authorities to tackle this 

problem. A distinction can be made between long-term (or strategic) and short-term (or 

operational) measures. Long-term measures include the construction of additional roads, 

promoting public transport and carpooling by subsidies or by providing bus lanes and high-

occupancy vehicle lanes, congestion pricing, etc. These measures belong to the traffic 

planning domain. From the operational management perspective, short-term measures exist, 

such as ramp metering, traffic signal optimization, dynamic hard shoulder running, variable 

speed limits, and traveler information systems. These measures belong to the domain of 

traffic management. Both in traffic planning and traffic management, traffic models play a 

crucial role. Traffic assignment models estimate and predict the traffic conditions in the 

network; they tell us where and when there is congestion, what magnitude of flows can be 

expected on certain roads, how long it takes to travel from one point to another, etc. 

Moreover, their primary outputs can be input for post-processing methods, such as emission, 

noise or safety modules. For traffic planning purposes, traffic assignment models are essential 

to assess the result of applying specific measures and compare different policy strategies, for 

instance in cost-benefit analyses. In traffic management, they play a crucial role in the 

support of the decision-making of the traffic manager. Also, the traffic assignment model is a 

central component of many (more advanced) dynamic traffic management (DTM) measures, 

and steers decisions regarding the activation and the intensity of these measures. For 

example, dynamic traffic assignment (DTA) models may be used to predict the effectiveness 

and optimize dynamic traffic management measures, e.g. the metering rate of on-ramp 

metering installations. 

  

Traffic assignment models consist of two components: a propagation (also called network 

loading) component, and a route choice component
1
. The propagation component models the 

propagation of vehicles along the roads and intersections of a network. Given input on the 

topology of the network, and on the route demand (i.e. the number of travelers that wants to 

make a trip along a certain route) that enters the network, it specifies the flow on all links and 

routes, as well as the associated travel times. The route choice component models the route 

choice decisions of travelers. A common behavioral assumption regarding the route choice 

decision of travelers is that they take the route with the lowest (perceived) cost (which is 

often assumed to be equal to the travel time). In most traffic assignment models it is assumed 

that the traveler’s choices and the resulting traffic conditions on the network are in 

equilibrium (Wardrop (1952), Daganzo & Sheffi (1977)). This constitutes a state where no 

traveler can change his/her (perceived) cost by unilaterally changing his/her route. 

Alternatively, transient (day-to-day) models have been proposed, reflecting the daily decision 

                                                
1
 Note that, more generally, this choice component relates not only to a specific route, but also to the departure 

time, mode choice, etc. Since these choice components are beyond the scope of this thesis, we will not elaborate 

on them here. 
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making by travelers based on previous experience with and historical as well as current 

information on the route and time costs (Cascetta, 2001). An important distinction can be 

made between within-day static and dynamic assignment models. In static models there is no 

within-day time dimension in the network conditions: the flow or travel time on a link does 

not alter over time, but has a stationary value instead. The outcome of a static assignment can 

be seen as a steady-state solution of a system that would naturally evolve towards this 

solution. This characteristic seriously limits the realism of these models, since no time-

varying conditions can be represented. This limits the possibility to represent phenomena 

such as a limited throughput caused by a bottleneck, and congestion spillback. DTA models 

on the other hand do describe the dynamics of the traffic propagation. Because of this, DTA 

models can succeed in providing a more accurate representation of congestion phenomena 

compared to static models. Hence, they are becoming more and more popular with 

practitioners. 

 

An essential input of all traffic assignment is the traffic demand. This demand can be 

represented in the form of an origin-destination matrix. The origin-destination (OD) matrix 

specifies the number of travelers from each origin to each destination, i.e. the OD flows. In 

the case of DTA models, a dynamic OD matrix is required. This dynamic OD matrix 

specifies the OD flows for consecutive departure time intervals (e.g. every 15 minutes). The 

accuracy of the OD matrix determines the accuracy of the final output of the assignment 

model (as will be illustrated in the case studies in this thesis). Since link flows are obviously 

composed of the OD flows, errors in this OD matrix are directly transferred to errors in the 

link flows. With that, also the accuracy of the modeled travel times (or in general, the 

network conditions) is compromised. Especially when the network is congested, the travel 

times and queue lengths are highly sensitive to changes in the OD matrix. Hence, small errors 

in the OD matrix may result in large errors in the estimated queue length and travel times in 

such cases. As such, the accuracy of the OD matrix can have a significant impact on the 

decisions of road authorities regarding network planning or DTM deployment that are based 

on the output of the assignment model. It is therefore vital to determine the OD matrix as 

accurately as possible.  

 

A problem is that most measurement systems available in a network do not directly observe 

the OD flows. There are a few exceptions of measurement systems that do measure the trips 

between origins and destinations in (sub)networks. A first example is an intersection, where 

observers count the travelers for each movement. Such a measurement system is very labor-

intensive, and is not extendable to larger networks. A second possibility is the use of surveys 

that directly inquire into the origin and destination of travelers. To allow determining 

dynamic OD flows, these surveys are usually in the form of travel diaries of drivers. The 

main disadvantage is that this is an expensive and time-consuming method that will at most 

provide a sample of the OD flows (i.e. samples of the complete set of travelers). Finally, there 

are more recent systems that can deduce (samples of) the OD flows directly using GPS 

devices, Automatic Vehicle Identification (AVI), and cell phones. One limitation of these 

systems is that they have to deal with privacy issues that differ from country to country. 

Furthermore, the sample of OD pairs that they provide might not be representative. For 

example, GPS navigation systems are typically less frequently used for daily recurring trips. 
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As a result of the limitations that each of the above mentioned systems has, in most networks 

it is not possible to observe the OD flows directly with the available measurement systems.  

 

Since the OD flows cannot be observed, another approach is to turn to demand models that 

provide an estimate of the OD flows. Demand models are based on the idea that travel 

demand derives from the need to carry out activities in multiple locations. They formulate the 

OD flows as a function of a given activity and transportation supply system and their 

characteristics (Cascetta (2001)). Two important types of demand models are the trip-based 

demand model, and the activity-based demand model:  

 

- The trip-based demand model uses socio-economic data on population, employment, 

income, etc., to estimate the so-called production and attraction of each zone. A zone 

can be understood as a subarea of the network for which this data is available. The 

production of a zone is defined as the number of travelers that wants to depart on a 

trip starting in that zone. Similarly, the attraction of a zone is defined as the number of 

travelers that wants to make a trip towards that zone. These productions and 

attractions of different zones are then used as input for a distribution model. The 

distribution model connects the production of a certain zone, to the attraction of 

another zone, and as an output determines the OD flow between each origin and each 

destination zone. A classical assumption here is that the probability for a trip between 

two zones is a (typically decreasing) function of the impedance between these zones, 

which is an aggregate measure of the travel times and costs between these zones. The 

result of this approach is a static OD matrix. This static OD matrix can be transformed 

to a dynamic OD matrix, e.g. by making use of representative time profiles (e.g. 

average time profiles of measured link flows), or by using departure time choice 

models. 

- Activity-based demand models view travel as a derived demand, i.e. derived from the 

need to pursue different activities in different places and at different times. Travel 

decisions are part of a broader activity scheduling process. Activity-based demand 

models  try to predict where and when individuals conduct specific activities (Baht & 

Koppelman (1999)).  The activity and travel decision processes often invoke random 

utility models to represent some components of the decision processes, complemented 

with additional logic and rules that reflect aspects of the household's decision 

protocols (Cascetta (2001)). 

 

These demand models provide a reliable estimate of the structure and the order of magnitude 

of the OD flows for an average day. However, considering the complexity of the processes 

being modelled by demand models, and the sensitivity of DTA models for small changes in 

the OD flows, the resulting OD matrix seldom obtains the required accuracy that is necessary 

when used as input for a DTA model (see Nie (2006)): assigning such a dynamic OD matrix 

with a DTA model will not provide a sufficiently accurate estimation of the flow and 

congestion patterns for each particular day. Therefore these estimated OD flows need to be 

fine-tuned or calibrated using observed network conditions (e.g. link flows, speeds, travel 

times). The method for improving an estimated OD matrix based on observed network 

conditions is what we call DTA-based OD estimation. In this method, a goal function is used 

in which the deviations between the estimated and measured network conditions are 
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penalized. The DTA model is used to relate the OD flows to these network conditions. The 

problem is thus to find the OD matrix which minimizes the goal function. In many networks 

(on highways in particular), loop detectors are available that measure the traffic flow that 

passes that detector. We call these the measured link flows. In the DTA-based OD estimation, 

they constitute a central source of information. The OD flows themselves are not directly 

observable by these loop detectors. However, the link flows contain much information about 

the OD flows. The DTA-based OD estimation problem can therefore be seen as the inverse of 

the traffic assignment problem: instead of mapping the OD flows to find the link flows on a 

network, the OD estimation problem this mapping is to be inverted to derive the OD flows 

from the link flow measurements. To determine this inverse mapping, a DTA model is 

incorporated in the OD estimation (see also chapter 2 for a more detailed description of this 

process).  

 

1.1.2  Relevance 

This thesis contributes to the domain of the DTA-based OD estimation method. For reasons 

of readability, in the rest of this thesis, we will refer to these methods and problems as plain 

'OD estimation methods and problems'. The dynamic OD estimation problem has been 

extensively studied in the last decade (see chapter 2). Nevertheless, there are still some 

important limitations in current state-of-the-art OD estimation methods. First of all, most OD 

estimation methods are only applied on small to medium-scaled networks. The main reason 

for this is the heavy computational burden that the OD estimation methods pose. Secondly, 

the performance of currently available OD estimation methods severely deteriorates when 

congestion is present in the network, as was noted among others by Tavana (2001) and 

Cipriani et al. (2010). However, especially in congested situations, using an inaccurate OD 

matrix leads to an inaccurate representation of the queue lengths and the travel times, because 

of their high sensitivity to the OD flows. Moreover, it is precisely in congested situations that 

DTA models are most valuable to researchers and practitioners, due to their realistic 

representation of congestion dynamics. Hence, precisely when dynamic OD matrices are 

most needed, and furthermore also the highest requirements are placed on their accuracy, 

existing OD estimation methods fail. If we want practitioners to make a transition from static 

traffic models to DTA models (with all their advantages regarding a more realistic 

representation of traffic phenomena such as congestion spillback), OD estimation methods 

are needed that are able to provide accurate, reliable results even (and in fact particularly) in 

large-scale congested networks. 

 

1.2 Objective and scope 

1.2.1. Objective 

Considering the arguments above, the objective of this thesis is to develop a methodology for 

dynamic origin-destination (OD) matrix estimation that can be applied in practice on large-

scale congested networks. There are two subproblems present in this aim. Firstly, there is the 

problem of accuracy in congested conditions. The presence of congestion should not 

negatively affect the accuracy of the estimated OD matrix. Secondly, there is the problem of 
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computation time on large-scale networks. Here, the aim is that the computational 

requirements of solving the OD estimation problem remain feasible
2
.  

 

 1.2.2 Scope & focus 

As was mentioned in the introduction, we focus on DTA-based OD estimation (or simply 

'OD estimation' in the rest of this thesis). There are two different approaches for obtaining an 

OD matrix in the OD estimation problem. A first is a descriptive approach, in which we 

perform a direct estimation of the OD flows of different time periods: the measured link 

flows are used to directly estimate the OD flows. Secondly, there is a behavioral approach. 

Here, there is a behavioral model on top of the OD estimation, and we calibrate this model. 

This behavioral model can range from a rather simple departure time choice model (as in 

Lindveld (2003)) to a finer activity-based model (as in Flötteröd et al. (2011)). In such an 

approach, we do not estimate the OD flows of different time periods directly. Instead, the 

measured link flows are used to calibrate the parameters of the behavioral model. This 

behavioral model then provides OD flows in time as an output. In this thesis, we will focus 

on the descriptive approach for estimating the OD flows in time. Furthermore, the scope in 

this thesis is limited to the unimodal transport mode of motorized traffic (i.e. cars, trucks). 

Other transport modes, such as bicycles, trains and scheduled buses, are not considered. 

Another delimitation is that we only consider a single user class, as opposed to multiple user 

classes, where there exist multiple groups of drivers, each group exhibiting a different 

behavior (e.g. route choice behavior). It should be noted that although these limitations hold 

for the algorithms proposed and applied in this thesis, the theoretical findings and conclusions 

of this research hold generally for all dynamic OD estimation approaches that represent 

congestion on road networks via a DTA model. 

 

Within the scope outlined above, there are still different subproblems that can be identified. 

As was explained in section 1.1, the DTA model is an important component in dynamic OD 

estimation, since it is used to specify the inverse mapping from link flows to OD flows. A 

main issue in dynamic OD estimation is correctly specifying this inverse mapping. The 

problem of inaccurate OD estimation in congested networks is a direct consequence of the 

difficulty of specifying this inverse mapping (see chapter 2). Now, as was mentioned in 

section 1.1, there are two components in a DTA model: the traffic propagation component, 

and the route choice component. Each of these components plays an important role in this 

inverse mapping. For example, how sensitive a link flow is to changes of an OD flow, is 

influenced by the propagation component, since this component determines the delays that 

cause a time shift in the mapping of OD flows to link flows. Similarly, the sensitivity of a 

link flow to changes of an OD flow is influenced by the route choice component, since this 

component determines the distribution of an OD flow over different routes. This thesis will 

focus on the influence of the traffic propagation component (both the influence of specific 

type of propagation model (see chapter 3), and of the traffic conditions predicted by this 

model (see chapter 4)) on the inaccuracy of the OD estimation in congested networks. The 

influence of the route choice component has been studied before (Maher et al. 2001) and, 

                                                
2
 Note that it is difficult to define a 'feasible computation time', since this is a subjective matter. In chapter 5, a 

comparison between feasible and infeasible computation times is provided. 
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although equally important, is not analyzed in detail, but only discussed when necessary in 

the context. 

 

 

1.3 Thesis Contributions 

In this thesis, a methodology for dynamic origin-destination (OD) matrix estimation is 

developed that results in accurate OD matrix estimations, even in the presence of congestion 

on the network, and that is computationally efficient such that it can be applied on large-scale 

networks. More specifically, this has been achieved through the following contributions: 

 

• Identification of the shortcomings of state-of-the-art OD estimation methods in 

congested networks (chapter 3 and 4). A systematic analysis is presented on the 

influence of the propagation model on the accuracy of the estimated OD matrices in 

congested networks. Two factors are identified that are crucial for the accuracy of the 

estimated OD matrix, and their role in this matter is explained. The first factor is the 

manner of approximating the relationship between link flows and OD flows. In 

existing OD estimation methods, an approximation is used that assumes separability 

of the link flows to the OD flows (see chapter 4). This assumption is incompatible 

with some typical phenomena in congested networks, such as congestion spillback 

between links, time lags due to the delay during congestion, and interdependencies 

between crossing (or opposing) flows encountered at intersections. As such, this is a 

source of inaccuracy in existing methods. The second factor is the match between the 

actual and simulated congestion pattern. Existing methods do not pay any attention to 

this match during the optimization process. We argue the importance, and explain 

how this is another source of inaccuracy.  

 

• Development of sensitivity-based OD estimation (SBODE) methodology for accurate 

dynamic OD estimation in congested networks (chapter 4). Based on the acquired 

knowledge on the manner in which the above factors influence the accuracy of the 

estimated OD matrix, a methodology is developed that results in accurate OD 

estimation in congested networks. This methodology can be summarized as follows. 

First of all, the initial OD matrix should be adjusted such that it produces a congestion 

pattern that corresponds (at least at the detector locations) to the actually measured 

congestion pattern. Secondly, a sensitivity-based approximation of the relationship 

between OD flows and link flows is used. All case studies presented in this thesis 

clearly show the superiority of the developed method over state-of-the-art methods. 

 

• Identification and application of Marginal Computation to increase the 

computational efficiency of the SBODE methodology (chapter 5). The technique of 

Marginal Computation (MaC, see Corthout et al. (2011)) is identified as a promising 

technique for enhancing the computational efficiency of the developed SBODE 

method. Marginal Computation is a computationally efficient, approximate algorithm 

that performs partial (marginal) Dynamic Network Loading (DNL) simulations of 

local variations to a base scenario instead of a full simulation for each variation. In 
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this thesis, MaC is applied to numerically derive the sensitivity of the link flows to the 

OD flows. The application of Marginal Computation both on a study network and on 

a real-world network show gains in computational efficiency of at least a factor 3 till 

5 (which can be substantially enhanced if the MaC computer code would be further 

optimized). 

 

• Development of a hierarchical approach that allows selecting the best suited OD 

estimation method for a particular subarea (chapter 5). A hierarchical approach is 

developed that divides the OD estimation problems into separate problems on 

subareas of the network. Then, an OD estimation is performed separately on each 

particular subarea. Finally, the results of the OD estimations on each subarea are 

combined in a consistent manner. As such, the OD estimation method that is best 

suited for a particular subarea can be used. This allows limiting the use of the 

developed SBODE method, which is computationally expensive, to only the 

congested subareas instead of the whole network. This substantially decreases the 

computational requirements, and as such it allows performing accurate OD 

estimations also on large-scale networks. Another advantage of this approach is that 

the effect of the traffic propagation model and the effect of the route choice model on 

the accuracy of the estimated OD matrix (as was introduced in section 1.2.2) can be 

dealt with consecutively (see case study 5.3.3). 

 

 

1.4 Outline 

Chapter 2 discusses the problems related to dynamic OD estimation, and provides an 

overview of state-of-the-art dynamic OD estimation methods. From this overview, a 

summary of former and current research topics is deduced. Based on this summary, an 

important gap in current state-of-the-art OD estimation methods is identified: failure to 

properly account for the impact of congestion in the dynamic OD estimation problem. 

 

Chapter 3 analyzes the effect of congestion spillback on dynamic OD estimation by the use of 

synthetic and real-world experiments. These experiments show that the ambiguity of traffic 

flow measurements (they can be either free flow or congestion) in general is a major cause 

for misinterpretation, and leads to inaccurate OD estimation. Extra information is necessary 

to resolve this ambiguity. For this purpose, a novel OD estimation procedure based on density 

measurements is proposed and tested.  

 

Chapter 4 builds upon the experiences from chapter 3, and provides a theoretical analysis on 

the problem of congestion in dynamic OD estimation. This analysis results in the proposition 

of a new methodology, called the SBODE methodology. In this methodology, the initial OD 

matrix is adjusted to produce a realistic congestion pattern, and a sensitivity-based 

approximation of the relationship between OD flows and link flows is used. Some practical 

difficulties are discussed, such as how to adjust the initial OD matrix, and how to preserve the 

congestion pattern during the OD estimation process. For each of these difficulties, possible 

remedies are suggested and tested. The SBODE methodology is compared with a state-of-
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the-art method, both in a proof of concept, and on a real-world case study. In both cases, the 

new methodology significantly outperforms the state-of-the-art method. 

 

Chapter 5 presents two algorithmic innovations that allow applying the new methodology 

from chapter 4 to large-scale networks. The first approach, Marginal Computation, is used to 

calculate the sensitivity of the link flows to the OD flows numerically in a more efficient 

manner. Secondly, a hierarchical approach for decomposing the dynamic OD estimation 

procedure in a number of smaller networks is presented. This decomposition allows limiting 

the use of more accurate (but also more time-consuming) dynamic OD estimation methods to 

subareas where they are required. Both approaches are successfully tested, both on a study 

network and on a real network. 

 

Finally, in chapter 6, we synthesize the findings from the preceding chapters, and make some 

recommendations for future research directions. 





 

 

2  

 

OVERVIEW OF DYNAMIC OD  

ESTIMATION METHODS 

 
___________________________________________________________________________ 
This chapter begins by explaining the principle idea of the OD estimation problem. Next, an 

overview is presented of some major works in the field of dynamic OD estimation that should 

give the reader some background on state-of-the-art approaches. In this overview two 

distinctions are made regarding the type of OD estimation method. A first distinction is 

whether or not the method is applicable to any network topology. Secondly, a distinction is 

made whether the estimation method is applicable for off-line or on-line purposes. In each 

cluster we focus on different problem formulations and solution algorithms that have been 

proposed in past studies. The discussion of these approaches allows us to position our own 

research, namely the impact of congestion on dynamic OD estimation, in the current state-of-

the-art. In chapter 3, the importance of this research topic is further discussed and illustrated.  
______________________________________________________________________________________________________________________________________________________ 
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2.1 Introduction 

The problem we are tackling is to look for the underlying OD flow pattern that resulted in the 

traffic situation that was (partly) observed on the network of interest. These observations 

include link flows and speeds, travel times along links and routes, turning fractions, etc. From 

the information contained in these observations, we try to estimate the OD flows. To extract 

this information, a relationship between the observed quantities and the OD flows needs to be 

determined. This relationship is estimated using a Dynamic Traffic Assignment (DTA) 

model. In Figure 2.1, the structure of a DTA model is represented. 

 

DTA model

Supply parameters

Demand parameters

Input variables Output variables

DNL model

Route choice 

model

 

Figure 2.1: DTA model structure 

 

The DTA model combines possible input variables, demand parameters and supply 

parameters to determine the output variables, such as flows and speeds, travel times along 

links and routes, turning fractions, etc. As mentioned in section 1.1, such a DTA model 

consists of two components: a Dynamic Network Loading (DNL) model, and a route choice 

model. The former model propagates route flows over the links and nodes of the network, 

resulting among others in route travel times; the latter uses the route travel times to calculate 

route choice fractions. These new route choice fractions combined with the OD matrix result 

in new route flows. The problem of DTA is to find a set of route choice fractions and route 

travel times that is consistent both with the DNL model and with the route choice model. In 

many solution algorithms, such consistency is obtained by an iterative process between these 

two models. 

 

In the OD estimation process, the DTA model is used to determine a relationship between the 

observed quantities and the OD flows. Apart from the network observations, an a priori OD 

matrix, estimated by a demand model or calibrated in previous model studies, might be 

available. As was discussed in subsection 1.1.1, the prior OD matrix contains valuable 

information on the actual OD pattern, like the spatio-temporal structure and the order of 

magnitude of the OD flows. However, without further calibration exploiting the measured 

network conditions, assignment of the prior OD matrix with a DTA model would typically 
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provide inaccurate estimates of the output variables for a particular day like flows and 

congestion patterns and travel times. In addition to providing a good starting point for the OD 

matrix calibration, the prior matrix also serves another purpose. When only relying on 

observations, it is usually impossible to find a unique solution for the OD matrix. For 

example, in most cases there are many possible OD matrices that can result in the same 

measured link flows (Bar-Gera, 2006). This can intuitively be understood by considering that 

in a general network, the number of OD flows exceeds the number of link flow 

measurements. The problem is therefore underdetermined. In most OD estimation methods, 

this problem of underdeterminedness is tackled by providing an a priori OD matrix (or target 

OD matrix), and stating that the estimated OD matrix should preserve the structure of this a 

priori OD matrix.  

 

A convenient way of understanding the OD estimation problem is to consider it as the inverse 

of the DTA problem, as depicted in Figure 2.2. Whereas the DTA problem intends to find the 

output variables, given the OD matrix, the problem in OD-estimation is to find the most 

likely OD matrix (in Figure 2.2, they are generalized as demand parameters), given (partial) 

observations of the output variables. The a priori OD matrix serves as an initial solution 

and/or as guidance in finding the most likely OD matrix among many possible solutions of 

this inverted problem. 

 

 

Figure 2.2: OD estimation problem 

In this structure, the supply parameters are also an input for determining the demand 

parameters. So we assume that these parameters can be estimated independently from the 

demand parameters, and beforehand. Note that there are also approaches in which the supply 

and demand parameters are estimated together (see the work of Balakrishna (2006) further in 

this chapter). In this thesis, we will focus on OD estimation problem as described by Figure 

2.2. Mathematically, this problem can be expressed as an optimization problem as follows: 

 

 ( ) ( )( )1 2
ˆ arg min , ,z z = + 

x

x x x q x q��  (2.1) 
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In this equation, all variables are rearranged from matrix form to vector form. z1 and z2 are 

distance functions measuring the match between two vectors, x  is the unknown OD vector, 

x̂ is the estimated OD vector, x�  is the a priori or target OD vector, q�  is a vector with 

observations, and q  is a vector with the corresponding estimated quantities. 

 

The main observations that are interesting for reconstructing the OD flows are the flow 

measurements on the links of the network. This is because there is a one-to-one relationship 

between the OD flows and the link flows: every flow that is observed at a specific position 

and time is part of an OD pair that has departed at a certain time. This is for example not the 

case for other observations such as travel times. Furthermore, these flow observations are 

easily obtainable in most networks from loop or tube detectors. This explains why most OD 

estimation formulations in literature include link flow measurements in their goal function. 

Also in this thesis, we put emphasis on OD estimation based on link flow measurements. 

 

The dynamic OD estimation problem has been studied since the early eighties. The focus in 

literature on the dynamic OD estimation problem has been quite diverse. In the following, we 

present a non-exhaustive selection of some of the major studies in this domain. To present the 

different methods in an organized fashion, a classification is therefore necessary. The 

following classifications are typically used to this end: 

 

- On-line versus off-line approaches (Antoniou (2004), Zhou (2004), Peterson (2007)) 

- Recursive versus non-recursive approaches (Nie (2006), Lin (2006)) 

- DTA based versus non-DTA based approaches (Lin (2006), Chi (2010), Zhou (2004)) 

- Approaches for open versus closed networks (Ashok (1996), Chen et al. (2004)) 

 

The former two classifications are closely related. In on-line approaches, the problem is to 

forecast an OD matrix based on information (e.g link flow measurements) that is available 

until the current moment in time, and this forecast will be updated as soon as new 

information is available. In off-line approaches on the other hand, information is available for 

the entire time period considered. Recursive versus non-recursive approaches relate to the 

solution algorithm that is used to solve the optimization problem. Clearly, recursive solution 

algorithms are an interesting choice in on-line approaches, since only the state from the 

previous time period is required to update the OD matrix. 

 

Also the latter two classifications are closely related. DTA based versus non-DTA based 

approaches are defined in literature as whether or not a DTA model is needed. The fourth 

classification makes a distinction between approaches for closed and open networks. Closed 

networks are defined as networks where all entry and exit flows are continuously measured in 

time (so where all flows across a closed cordon line are measured). Open networks are 

defined by the negation of this requirement, so methods for open networks are applicable on 

any network. In literature, both the third and fourth classification result in the same 

distinction of methods. This is due to the fact that in practice, the definition of closed 

networks is in general only satisfied in corridor networks without route choice, where the 

route choice model of a DTA model does not have added value. 
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In this literature overview, we will adopt the first and last classification, namely closed versus 

open network approaches, and off-line versus on-line approaches, as they have in common 

that they both refer to the application domain of the OD estimation methods. 

 

2.2 Closed networks 

All methods in this section build upon the pioneering study of Cremer and Keller (1981). The 

model of Cremer-Keller (1981) is formulated as follows:  
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where  
k

j
o  is the entry flow at origin j during time interval k 

 k

id  is the exit flow at destination i during time interval k 

 k

iε  is the error term for exit flow i during time interval k 

,

k

i j
s  is the OD split fraction, defining the proportion of 

k

j
o  heading towards  

destination j 

I and J are the number of exit and entry points in the network respectively 

 

The methods developed for closed networks are all aimed for on-line estimation. They are 

typically applied on small networks, and solving the estimation problem does not pose large 

computational requirements. The main difference between these methods and the methods for 

open networks, is the fact that different parameters are being estimated. While for open 

networks, these parameters are the OD flows, the goal of the methods for closed networks is 

to find the OD split fractions. The OD split fractions define the proportion of a measured 

entry flow that is headed towards a certain destination. Referring to the structure of the OD 

estimation problem in Figure 2.2, the entry flows are the input variables, the OD split 

fractions are the demand parameters, and the exit flows are the measured output variables. 

This specific structure also explains why all entry and exit flows need to be measured: if not, 

the parameters of the problem cannot be estimated (see also Li & De Moor (2002)). It should 

also be noted that most of these methods assume that the split fractions do not vary over time. 

As a result, the problem, which is underdetermined in most cases, is transformed to an 

overdetermined problem. The advantage here is that no a priori OD matrix is required in 

these methods. 

 

The model described by equations (2.2) - (2.4) can be formulated as an optimization problem 

to estimate the split fractions. Different solution techniques have been proposed to solve this 

problem. An ordinary least squares estimator was proposed by Cremer and Keller (1987), in 
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which the difference between the measured and the estimated traffic flows is minimized. 

Nihan and Davis (1987) proposed a constrained least squares estimator, adding the natural 

constraints (2.3) and (2.4). Subsequently, Nihan and Davis (1989) presented a maximum 

likelihood approach, which was solved using the expectation maximization algorithm of 

Dempster et al. (1977). Later, Nihan and Hamed (1992) proposed a fixed point approach to 

simplify the maximum likelihood method. In all of these methods the split fractions ,

k m

i j
s −

are 

assumed to be constant over time. In Cremer & Keller (1987), a method is presented which 

assumes that ,

k

i j
s  in equation (2.2) follows a random walk process over time. A recursive 

estimator is then obtained by applying a Kalman filter (Kalman (1960)). In this model 

constraints (2.3) and (2.4) are not enforced. Finally, Sherali et al. (1997) formulated equations 

(2.2) - (2.4) both as a constrained least-squares problem, and as a linear programming 

problem, and analyzed the computational requirement for solving these problems using a 

projected conjugate gradient method and a simplex-based algorithm respectively. They 

concluded that the use of recursive techniques such as Kalman filtering is not necessary to 

meet the computational requirements, and advocates the use of these techniques, since they 

provide more accurate solutions 

 

It should be noted that the above model assumes that all travel times between an origin and a 

destination are equal and known. Bell (1991) extended the model of Cremer & Keller (1981) 

to allow travel time variability over the travelers. He presented two different approaches. In 

the first approach he integrated a platoon dispersion factor αj (based on Robertson (1969)) to 

get a geometrical distribution. 

 

 ( ) 1

,

1

1
J

k k k k k

i i i i i j j i

j

d d s oα α ε−

=

= − + +∑  (2.5) 

 

This equation essentially assumes that an exit flow is composed of OD flows from multiple 

time periods, where the contribution of each time period is 1/(1-α) times larger than the 

contribution of the preceding time period, which results in a geometrical distribution. In the 

second approach no assumption on the distribution of travel times is needed. Vehicles are 

allowed to stay on the network for a fixed number of time intervals M. The exit flow 

becomes: 

 ,

,

0 1

M J
k k m k m k

i i j j i

m j

d s o ε−

= =

= +∑∑  (2.6) 

where 
,

,

k m

i j
s is the proportion of traffic from entry j to exit i with a travel time of exactly m 

intervals, and arriving at time interval k. In Bell’s approach, both these proportions as well as 

the platoon dispersion factor in equation (2.5) are assumed to be constant over time. A 

constrained recursive least squares method is proposed to solve both models. Summarizing, 

both models of Bell allow for a distribution of travel times, but only over the travelers, and 

not over time. So there is a difference in travel time between the fastest and slowest vehicle 

departing in a certain time interval. This difference, however, does not vary over time. 
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In Chang and Wu (1994), model (2.2) - (2.4) is further extended to incorporate mainline 

traffic flow measurements, and to allow variable travel times over time. In the measurement 

equation a new set of variables is introduced: 

 ,

,

0 1

M J
k k m k m k m k

i ij i j j i

m j

d s oθ ε− −

= =

= +∑∑  (2.7) 

  

 
1

,

,

0 1

J M l
k k k m k m k m k

l l ij i j j l

j l m i

y o s oθ ε
−

− −

= = =

− = +∑∑∑  (2.8) 

 

 

where k

ly is the traffic flow on link l, and ,k m

ij
θ  is the proportion of ,

k m k m

i j j
s o− − that exits off-

ramp i during time interval k. Note that the system of equations becomes non-linear, and is 

solved using Extended Kalman filtering. Both state variables ,k m

ij
θ  and ,

k m

i j
s − are assumed to 

follow a random walk process in time. To reduce the number of parameters to be estimated, it 

is advised to set some of the fractions to zero. This requires knowledge of the travel times on 

the network. A two-stage method is proposed to estimate these travel times. First the densities 

are derived based on the inflow and outflow of each link. Next, this density is transformed to 

a speed using a speed-density relationship. 

 

In the approach of van der Zijpp (1996) trajectories (derived from available speed data) are 

used to match the time frame of a measured link flow with the time frame of the OD flow. 

This is done by tracking the trajectories of the first and last vehicle of an upstream end of the 

network for every time interval. Furthermore, a truncated multivariate normal distribution is 

used for the split fractions, to take into account the inequality constraints (2.3). These 

distributions are updated using Bayes’ rule. 

 

Given the stringent requirements on data availability and the model assumptions, the above 

approaches are applicable on freeway segments and isolated intersections. Regarding the 

latter application area, Chang and Tao (1996) extend the approach of Chang and Wu (1994) 

to signalized networks. To this end the concept of cordon lines is introduced. A cordon line is 

defined as a closed curve that intersects with a set of links, and subdivides the network into 

inside and outside parts. Additional measurement equations (similar to equation (2.8)) are 

formulated that relate the flow across cordon lines to the OD flows. The split fractions are 

assumed to follow an autoregressive process, and a Kalman filter is used to estimate the state 

each time interval. An important difference with respect to the approach of Chang and Wu 

(1994) is the assumption that the proportions ,k m

ij
θ are known. 

 

2.3 Open networks 

The need for complete and accurate knowledge of all entry and exit flows severely limits the 

applicability to general networks of the models presented in section 2.2. To overcome this 

limitation, more recent studies focus on OD estimation methods that are applicable on a 

general network. Large part of the works in this category can be seen as extensions of static 
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approaches, often developed originally by the same authors. They are all based on the 

relationship between link flows and OD flows, described by the following equation: 

 

 ,

,
1 1

( )
T J

k j t t

i i k j
t j

y a x
= =

= Σ Σ x  (2.9) 

 

In this equation, the dynamic assignment proportions ,

,
( )j t

i k
a x  describe the proportion of an OD 

flow between OD pair j departing in time interval t that passes link i in time interval k. These 

assignment proportions are in general a function of the OD flows, and they represent both the 

propagation of the OD flows, and the route choice decisions related to an OD flow. The 

assignment proportions can therefore be seen as the product of two terms (see Cascetta 

(2001)): 

 

 , , ,

, ,
( ) ( ). ( )j t t r t r t

i k j i k j
a x b p=x x x  (2.10) 

  

 

Here ,

,

r t

i k
b  expresses the proportion of route flow r departing in time interval t that passes link 

i in time interval k, and ,r t

j
p  expresses the proportion of OD flow j choosing a route r 

departing in time interval t. In uncongested situations, these assignment proportions vary 

mildly as a function of the OD flows. However, in congested situations, the dependence of 

the assignment proportions to the OD flows becomes more pronounced and needs to be 

accounted for (which is actually the main motivation of the research presented in this thesis; 

see chapter 4 for a more elaborate discussion and analysis on this issue). 

 

2.3.1  Off-line estimation 

One of the earliest works on dynamic OD estimation in general networks is the study of 

Willumsen (1984). In this paper, he extends the static OD estimation method based on 

entropy maximization (see Van Zuylen & Willumsen (1980)) to the dynamic case. It is 

assumed that the dynamic assignment proportions ,

,

j t

i k
a are provided externally from simulation 

models, so the constraints are all linear. The formulation is given as follows: 

 
1

arg min  log 1

tJ
jt

j t
j j

x
x

x=

  
= −      

∑
x

x
�

 (2.11) 

subject to 

 ,

,
1 1

T J
k j t t

i i k j
t j

y a x
= =

= Σ Σ  (2.12) 

 0≥x  (2.13) 

where t

j
x�  is the a priori or target OD flow. 

 

While Willumsen extended one specific static OD estimation method to the dynamic case, 

Cascetta et al. (1993) on their part extend the general static OD estimation framework to the 

dynamic case: 
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 ( ) ( )1 2arg min  , ,f f= +
x

x x x y y� �  (2.14) 

subject to 

 0≥x  (2.15) 

 

In this formulation, x  is a vector consisting of all OD flows in all time periods, x�  is a vector 

consisting of the corresponding a priori or target OD flows, y is a vector consisting of all link 

flows in all time periods, y�  is a vector consisting of the corresponding link flow 

measurements. The link flows y are in general a function of the OD flows x. Two main 

elements that determine this relationship are the propagation and the route choice behavior. 

For the latter, some sort of equilibrium (deterministic or stochastic) is usually assumed. f1 and 

f2 are objective functions. Depending on the specification of these objective functions, 

equation (2.14) can produce a maximum likelihood, generalized least squares or Bayesian 

estimator. The specification of the objective function is related to the distributional 

assumptions on the vector x� . The mapping between link flows and OD flows is described by 

the assignment matrix, which describes the propagation and the route choice decisions of the 

vehicles on the network. In general, this assignment matrix is dependent on the OD flows. 

Cascetta et al. avoid the problems related to formulating this dependence (see the research of 

Tavana (2001) further) by assuming that speed measurements are available on the entire 

network. An approach is then described to transform these measurements into an assignment 

matrix. Next, they propose two different procedures to solve the optimization problem. The 

first one is referred to as the simultaneous estimator. It solves the whole optimization 

problem in one step, i.e. the OD flows of all time periods are estimated at once by making use 

of the flow measurements of all time intervals. This actually corresponds to the standard way 

of solving the optimization problem. The second suggested procedure is the sequential 

estimator. Instead of producing a joint estimate of the OD flows of all time periods, it 

produces a sequence of OD flow estimates for successive time periods. For every time period 

the OD flows of that time period are estimated by making use of the flow measurements of 

that time interval, and of the estimates of the OD flows of previous time periods. The 

advantage of this approach is that the large optimization problem is decomposed into a 

number of smaller, more manageable ones. Furthermore, the OD flow estimate of a time 

period can be used as initial estimate for subsequent estimations.  

 

Sherali and Park (2001) present a constrained least squares model where the unknown 

variables are not the OD flows, but the path flows. As such, a bi-level formulation is avoided 

in which the equilibrium conditions are part of the lower level. This is done by adding a term 

that penalizes the path flows that experience a high cost, leading to a single-level formulation 

where the equilibrium conditions are added as a soft constraint. A disadvantage is that the 

number of parameters to be estimated becomes larger. This type of approach is also known as 

a path flow estimator, and is based on the work of Sherali et al. (1994) and Bell et al. (1997). 

Sherali and Park assume that the crossing fraction proportions ,

,

r t

i k
b

 
(as defined in equation 

(2.10)) are determined exogenously. A column generation approach is developed that uses a 

sequence of dynamic shortest path subproblems, in order to generate additional path 

information as needed to solve the problem. 
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Tavana (2001) is one of the first to present a dynamic OD estimation methodology in which 

the assignment matrix is not determined exogenously. Since the assignment matrix is itself a 

function of the OD flows, he proposes a bi-level formulation of the problem. In the upper 

level, an estimation problem is solved, which results in an OD matrix. This OD matrix is then 

used as input in the lower level, where a DTA is solved. The problem is that the relationship 

between link flows and OD flows cannot be expressed analytically. Therefore two 

approaches are discussed to use the output of the lower level to determine the relationship 

between the link flows and the OD flows in the upper level. In one approach, this relationship 

is based on the assignment matrix, and in a second approach, it is based on the sensitivity of 

the link flows to the OD flows. This process is iterated until convergence. 

 

In Zhou (2004) the methodology of Tavana (2001) is extended to allow estimation of multi-

day OD flows by incorporating multi-day flow measurements in the objective function. 

Furthermore, a novel approach is suggested to incorporate Automatic Vehicle Identification 

(AVI) data in the objective function. In this approach the deviation from a measured route 

choice fraction of a subroute is penalized. 

 

A rather different approach is presented by Balakrishna (2006). He proposes to jointly 

estimate both OD flows and supply parameters. Since it is not possible for all parameters to 

specify a mapping to the measurements, a stochastic gradient approximation algorithm 

developed by Spall (1998) is used. The advantage of this approach is that the computation 

time needed for evaluation of the gradient approximation is independent of the number of 

variables.  

 

To avoid the bi-level structure in the OD estimation problem, Nie (2006) formulates the OD 

estimation problem as a variational inequality to take the response of travelers into account in 

the goal function in the case of deterministic user equilibrium (DUE). This formulation is 

also a path flow estimator, and estimates path flows instead of OD flows, balancing the path 

cost and the path deviation (which measures the deviation between measured and simulated 

traffic flows), weighted by a dispersion parameter. The dispersion parameter determines to 

which extent DUE is satisfied. 

 

2.3.2  On-line estimation 

Okutani (1987) was the first to develop a state-space model for dynamic OD estimation that 

is applicable to general networks. The model has the following form: 

 
,

,

1 1

k J
k j t t k

i i k j i

t j

y a x ε
= =

= +∑∑  (2.16) 

 1 1ˆ
t

t p p t

j j j j

p t q

x f x ν+ +

= −

= +∑  (2.17) 

where t

j
x  is the OD flow between OD pair j that depart in time interval t, ,

,

j t

i ka  is the 

proportion of 
t

j
x  that passes link i in time period k, q relates to the number of estimated 

lagged OD flows ˆ p

j
x  affecting OD flow 

1t

j
x +

, 
p

j
f  is an autoregression coefficient relating the 
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estimated OD flow ˆ p

j
x to OD flow 1t

j
x + , and 1t

j
ν + is an error term for this transition equation. 

Both the degree of lag and the autoregression coefficients need to be determined beforehand 

from historical data or previous estimates. Okutani uses a state augmentation technique to 

transform equations (2.16) and (2.17) in order to fully exploit all information. The system is 

then solved using a Kalman filter. Note that no specifications are provided on how to 

determine the assignment proportions ,

,

j t

i k
a . 

 

Ashok and Ben-Akiva (1993) argued that the transition equation of Okutani only captures 

temporal interdependencies, while also structural information should be incorporated. To this 

aim they used deviations from historical estimates as state variables. The model is 

transformed as follows: 

 ,

,
1 1

k J
k j t t k

i i k j i
t j

y a x v
= =

∆ = Σ Σ ∆ +  (2.18) 

 1 1ˆ
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t p p t

j j j j

p t q

x f x ν+ +

= −

∆ = ∆ +∑  (2.19) 

where k

iy∆ and 
t

j
x∆

 
are the deviation from respectively the historical link flows (obtained by 

assigning the historical OD flows) and the historical OD flows. The assignment proportions 

again need to be determined exogenously.  

 

Ashok (1996) suggests using speed or travel time measurements to estimate the assignment 

proportions. To account for errors in these estimates he proposes to expand the measurement 

and transition equations with either the travel times or with the assignment proportions as 

extra state variable. 

 

In a subsequent paper, Ashok & Ben-Akiva (2000) proposed an alternative model by 

representing the OD flows as the product of an origin flow and a split factor for the 

destination. The idea is that both components exhibit different variability in time, and that 

allowing for differential variability in the estimation process could increase the predictive 

power of the model. The system of equations is non-linear, requiring extended Kalman 

filtering as a solution algorithm. Their results confirmed that the model yields better 

predictions, but on the other hand loses accuracy in the filtered estimates. 

 

Kang (1999) proposed a polynomial function of order l to represent the evolution of the OD 

flows in time.  

 
0

( )
l

t t i t

j i j

i

x t eβ+∆

=

= ∆ +∑  (2.20) 

The coefficients βi of this polynomial function are used as state variables. So the transition 

equation is formulated in terms of βi. It is suggested that the coefficients of the transition 

equation can be obtained from historical OD data. 

 

Zhou (2004) combined the ideas of Ashok and Ben-Akiva (1993) and Kang (1999) and 

presented a polynomial function to model the evolution of the deviation of demand (with 

respect to the historical demand). Furthermore, a recursive procedure (based on a Kalman 
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filtering approach) is proposed for updating the historical demand with new real-time 

estimates and observations. 

 

Antoniou (2004) further extended the above approaches to include not only OD flows, but 

also the parameters of the fundamental diagram of the links as state variables. Similar as in 

Ashok and Ben-Akiva (1993), deviations from historical estimates are used as state variables. 

The relationship between the measurements and the state variables is determined by 

numerical approximation. To meet the computational requirements, he suggests the use of 

parallel computing. 

 

Bierlaire and Crittin (2004) combine the least-squares formulation of Cascetta et al. (1993) 

with the idea from Ashok and Ben-Akiva (1993) of using deviations of OD flows as main 

variable. They propose the use of the LSQR algorithm by Paige and Saunders (1982) to solve 

the large-scale least squares problem, instead of using a Kalman filter. The advantage of this 

algorithm is that it exploits the sparsity of the assignment matrix, hereby reducing the 

computational effort needed by the Kalman filter approach.  

 

2.4 Conclusions 

The methods for closed networks can only be used for simple networks. Furthermore, they 

require that the travel time between origins and destinations is known beforehand. Nowadays 

they are applied to a lesser extent. More recent studies focus on methods that are applicable 

on a general network. In these studies, both methods for on-line and off-line OD estimation 

are being developed. Advances in OD estimation methods for on-line estimation are mainly 

focused on research on the specification of the transition equation. This can be understood 

from the fact that the prediction component is of main interest here. Since real-time 

estimation and prediction models have a limited available computational ‘budget’, there is 

less room for focusing on the dependency of the assignment proportions to the OD flows. It is 

therefore assumed that these assignment proportions can be determined exogenously, for 

example derived from measured speeds or travel times. Also the early off-line OD estimation 

methods (Willumsen (1984), Cascetta et al. (1993), Sherali & Park (2001)) assume that it is 

possible to derive the assignment matrix exogenously. In more recent methods (Tavana 

(2001), Zhou (2004), Balakrishna (2006), and Nie (2006)), this is no longer required. The 

problem that these methods have to deal with is the fact that the mapping from OD flows to 

the other variables needs to be inverted, without having an explicit formulation for this 

mapping. Each of these more recent methods uses an iterative approach between the 

optimization problem and the DTA model to tackle this problem. 

 

This thesis extends the research on the problem of incorporating the non-linear mapping of 

the OD flows to the link flows. While it is known that both the route choice and the 

propagation are non-linear functions of the OD flows (as is expressed by equation (2.9) and 

(2.10)), there are no studies in the current state-of-the-art that address the mechanism behind 

this non-linearity. Nevertheless, it has been observed (e.g. by Tavana (2001) and Cipriani et 

al. (2010)) that the performance of currently available OD estimation methods severely 

deteriorates when congestion is present in the network. Furthermore, especially in congested 
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situations, using an inaccurate OD matrix leads to an inaccurate representation of the queue 

lengths and the travel times, because of their high sensitivity to the OD flows. Moreover, it is 

precisely in congested situations that DTA models are most valuable to researchers and 

practitioners, due to their intrinsically more realistic representation of congestion dynamics. 

Hence, precisely when dynamic OD matrices are most needed, and furthermore also the 

highest requirements are placed on their accuracy, existing OD estimation methods fail. To 

address this issue, this research will study the mechanism of the non-linearity of the 

propagation in detail, and provide solutions to remediate its negative effects on the OD 

estimation accuracy. To  

 

The inadequacy of state-of-the-art methods will be shown by means of numerical examples in 

the following chapters of this thesis. In the next chapter, we will test the method of 

Balakrishna (2006) on its performance in networks with congestion spillback. In chapter 4, 

the insights of chapter 3 will be related to the work of Tavana (2001). We extend his insights 

on the different approaches of approximating the relationship between link flows and OD 

flows, and link these approaches to the problem of inaccurate OD estimation in congested 

networks. 





 

 

3  

 

EXPLORATORY ANALYSIS ON 

DYNAMIC OD ESTIMATION IN 

CONGESTED NETWORKS 

___________________________________________________________________________ 

This chapter explores the effect of congestion on dynamic OD estimation by the use of 

synthetic and real-world experiments. Three models with different queuing characteristics, 

namely the point queue model, the spatial queue model, and the kinematic wave model, are 

tested. They are used to model the relationship between link and OD flows in dynamic OD 

estimation on simple synthetic networks. These experiments indicate that inaccurate 

modeling of congestion spillback leads to misinterpretation of the available traffic flow 

measurements. The ambiguity of traffic flow measurements in general is identified as a major 

cause for misinterpretation, and it is suggested to use more specialized methods, and possibly 

to use other information sources. A novel OD estimation procedure based on density 

measurements is presented and tested on a real case. The results indicate that merely using 

extra information about the traffic regime in the goal function of the dynamic OD estimation 

problem does not suffice for accurate OD estimation. The experiments that are presented in 

this chapter allow for a better understanding of the effects of congestion in dynamic OD 

estimation, and to gain some experience and intuition on the subject. This is an important step 

before proceeding to the theoretical analysis of chapter 4.   
 

This chapter is an edited version of Frederix, R., C.M.J. Tampère, F. Viti, L.H. Immers. The 

effect of Dynamic Network Loading models on DTA-based OD estimation. In Tampère 

C.M.J., Viti F., Immers L.H. (eds): New Developments in Transport Planning: Advances in 

Dynamic Traffic Assignment. Edward Elgar, Cheltenham UK and Northampton, MA, USA, 

2010, and Frederix, R., Viti, F., Tampère, C.M.J., 2010. A density-based dynamic OD 

estimation method that reproduces within-day congestion dynamics. In Proceedings of the 

IEEE-ITSC 2010 conference. Madeira Island, Portugal. 

___________________________________________________________________________ 
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3.1 Introduction 

In this chapter we explore the problem of dynamic OD estimation, and look at application of 

dynamic OD estimation methods in networks with congestion spillback. As was explained in 

chapter 2, in OD estimation problems we look for the underlying OD flow pattern that 

resulted in the traffic situation that was (partly) observed on the network of interest. The 

dynamic OD estimation problem was formulated as follows: 

 

 ( ) ( )( )1 2
ˆ arg min , ,z z = + 

x

x x x q x q��  (3.1) 

 

where z1 and z2 are distance functions measuring the match between two vectors, x  is the 

unknown OD vector, x̂ is the estimated OD vector, x�  is the target OD vector, q�  is a vector 

with observations, and q  is a vector with the corresponding estimated quantities. The latter 

quantities are estimated using a Dynamic Traffic Assignment (DTA) model. There is a 

variety of outputs of the DTA model: link flows and speeds, travel times along links and 

routes, turning fractions, etc. In principle, all of these variables can be compared with their 

observed counterparts for the estimation of the OD flows. Of course, these variables are only 

interesting for OD estimation when a deviation between an estimated and observed variable 

tells us something on the OD flows. In the case of travel times or speeds, this is not self-

evident. The main observations that are interesting here for reconstructing the OD flows are 

the flow measurements on the links of the network. This is because there is a one-to-one 

relationship between the OD flows and the link flows: every flow that is observed at a 

specific position and time is part of an OD pair that has departed at a certain time. This one-

to-one relationship is also referred to as a mapping.  

 

A B

C

OD flow A-B

link flow C

time

time

time

link flow D

D

 

Figure 3.1: Mapping in free flow conditions 
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Hence, the main idea behind OD estimation is that the flow measurements contain 

information on the OD flows. On a very simple network this can be quite straightforward. 

Suppose there is an OD flow going from A to B (see Figure 3.1). Then this OD flow is 

detected at C after a time equal to the travel time between A and C, which is equal to the 

distance between A and C, divided by the free flow speed (LAC/vf). The information on the 

demand between A and B thus travels forward according to the free flow speed. 

 

When there is congestion, the problem becomes more complex. Suppose that there is a 

bottleneck between C and B, with a capacity lower than the demand between A and B (see 

Figure 3.2). Then there will be queuing upstream of this bottleneck. As long as the demand is 

larger than the capacity, this queue will grow, and eventually it will spill back onto detector 

C. From that moment on this detector will no longer measure information on the demand. 

Instead it will measure information on the supply, i.e. the capacity of the bottleneck.  

 

A B
C

OD flow A-B

link flow C

time

time

D

time

link flow D

 

Figure 3.2: Mapping in congested conditions 

 

The difficulty for the OD estimator is to find out what kind of information a flow on a link 

contains. Does it contain information about a certain OD flow, and if so, about which OD 

flow (and about which not)? When the information is misinterpreted, this will lead to a biased 

OD flow estimate. As will be shown in this chapter, there are two critical components that 

influence this interpretation: the Dynamic Network Loading (DNL) model and the modeled 

relationship between OD and link flows that is used in estimation problem (3.1). In the 

following we will first focus on the effect of different queuing approaches on dynamic OD 

estimation. The different queuing models that are compared are first presented in section 3.2. 

The effect of applying a more simplified queuing model is analyzed in section 3.3. Next in 

this section some problems with the modeled relationship between OD and link flows are 

discussed. As one possible way to deal with these problems, a density-based OD estimation is 
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suggested in section 3.4 (another approach is elaborated in chapter 4). Finally, section 3.5 

discusses the results presented in this chapter. 

  

 

3.2 DNL models 

DTA models are generally classified into two main categories. The first group consists of 

analytical models that describe the average behavior of traffic with macroscopic traffic flow 

variables such as inflow rates and travel times. The advantage of these models is their ability 

to specify properties such as existence and uniqueness of the solution, and a lower 

computational cost. However, a guarantee for such properties severely restricts the function 

that maps route flows on travel times, i.e. the DNL model. These restrictions prevent realistic 

representation of traffic dynamics, such as queue spillback.  

 

A second group contains the simulation-based models, which keep track of individual 

vehicles, or vehicle packets, at each time step. Here, there is no restriction on the DNL 

component. Such models describe certain traffic phenomena more accurately, though at a 

higher computational cost. Properties such as existence and uniqueness of the solution are 

more difficult to derive. A more detailed overview of the different DTA models and their 

properties can be found in Peeta & Ziliaskopoulos (2001), Zhang & Nie (2005), Viti & 

Tampere (2010). 

 

The difference in application of the DNL model as illustrated above explains why less 

realistic models are still used: there can be cases where a realistic representation of traffic 

dynamics is less of importance with respect to the ability to describe traffic behavior with 

analytical models (e.g. in economic studies for a large region). In this subsection we will 

discuss the following three queuing models that are mostly used: 

 

• Point queue model 

• Spatial queue model 

• First-order kinematic wave model 

 

3.2.1  Point queue model 

The vertical queue or point queue model (PQ) is the most basic model that still describes 

queuing behavior, though in an approximate way. In this model vehicles travel at free flow 

speed along a link, and form a queue at the end of a link if the outflow rate exceeds the 

capacity of that link. There is no restriction on the inflow of the link. A continuous 

mathematical form of this model can be found in Zhang & Nie (2005) and is given as below: 
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 where  inq  is the inflow rate at time t 

   outq  is the outflow rate at time t 

   λ (t) is the queue length at time t 

   C is the saturation rate of the link 

 L is the length of the link 

 
fv  is the free flow speed of the link  

 

3.2.2  Spatial queue model 

A second model is the horizontal queue or spatial queue model (SQ). It uses a node model to 

describe the interaction between upstream and downstream links. Congestion propagation 

through links can thus be modeled. For every link the demand D and supply S is calculated as 

follows: 
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 ( )( ) min , max( ,  0)
jam

S t C k L x= ⋅ −  (3.5) 

 

where kjam is the jam density, x is the number of vehicles on the link. The demand D and 

supply S are used as input for the node model to determine the outflow of the upstream link. 

In this thesis we use typical freeway diverge, merge and connecting nodes (see Daganzo 

(1995a) and Tampère et al. (2011)). 

 

3.2.3  First-order kinematic wave model 

A third model is based on kinematic wave theory, which was introduced by Lighthill & 

Whitham (1955) and Richards (1956). This theory considers traffic as a continuous flow 

characterized by aggregate traffic variables: density, speed, and flow. These variables obey a 

traffic flow conservation law that is complemented by an empirical relationship between two 

of the variables, while the third follows by definition of the flow being the product of speed 

and density. The solution of this model consists of kinematic waves, shockwaves and 

expansion fans propagating along the links of the traffic network. For more explanation on 

kinematic wave theory, we refer to appendix A.  

 

When a triangular fundamental diagram is used to describe the relationship between flow and 

density, simplified kinematic wave theory after Newell (1993) can be exploited to solve 

model by only considering cumulative flow at the up- and downstream ends of the links in 

the network. This allows for an efficient numerical solution algorithm for simplified 

kinematic wave theory in networks, called Link Transmission Model (LTM), which was 

developed by Yperman (2007) and is extensively used throughout this thesis. LTM is briefly 

introduced hereafter; for more details about this model, we refer to Yperman (2007).  
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In each time step, demand and supply at the up- and downstream link ends are determined 

and used as input for the node model to determine the outflow. The same node models as 

above are used. The demand or sending flow is defined as the maximum amount of vehicles 

that can leave the downstream end of the link if this link end were connected to a reservoir 

with infinite capacity. The only constraints are the link’s capacity and the available inflow to 

the link, which is propagated downstream using the minimal travel time of vehicles: 

 

 
0

( ) min ( , ) ( , ),
L

f

L
D t N x t t N x t C

v
= + ∆ − −

 
 
 

 (3.6) 

 

The supply or receiving flow is defined as the maximum amount of vehicles that can enter the 

upstream end of the link if this link end were connected to a reservoir with infinite demand. 

The only constraints are the link’s capacity and the allowable outflow (due to the spillback of 

queues over the downstream node), which is propagated upstream using the minimal wave 

travel time along the link: 
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 (3.7) 

 

Here x
0
 and x

L
 are the link boundaries, the cumulative vehicle numbers are N(x,t) and w is 

characteristic the wave speed for congestion.  For more information on these parameters and 

the derivation of equation (3.6) and (3.7), we refer to Yperman (2007). 

 

 

3.2.4  Comparison of queuing models 

The three models discussed above differ from each other only in the case of congestion: when 

no bottleneck is activated, the propagation along the links follows free flow speed. As soon as 

a bottleneck is activated, the models behave differently. In the PQ model, there is no 

restriction on the inflow of the link. Thus, if the inflow exceeds the capacity, a queue starts 

building up in the bottleneck link itself, without affecting upstream links, as is depicted in 

Figure 3.3 (a). Therefore, spillback of this queue to upstream links is not modeled. In the SQ 

model, link interactions can be accounted for. As soon as the number of vehicles on a link 

exceeds kjam.l vehicles on it, congestion spills back to the upstream link. The vehicles in a 

queue are stacked together as densely as possible, as is depicted in Figure 3.3 (b). In LTM, 

the density of vehicles in a queue is dependent on the speed at which they are driving. The 

mapping between density and speed is determined by a fundamental diagram. Vehicles with a 

non-zero speed will queue at a lower density than kjam. Therefore it takes less time for a queue 

to reach the end of a link compared to SQ models, where the queue always has a density of 

kjam, regardless of the outflow. LTM will thus predict earlier spillback than with SQ models, 

as can be seen in Figure 3.3 (c). This has implications for the interactions with other links.  
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(a)     (b)    (c)  

Figure 3.3: Queuing in (a) PQ, (b) SQ, and (c) LTM, when flow moves from left to right 

 

 

3.3 Analysis on different queuing approaches 

Both in academia and in practice, many different models are used in the context of dynamic 

OD estimation. Examples include Dynasmart (Zhou & Mahmassani (2006), Tavana & 

Mahmassani (2001)), Dynameq (Cipriani et al. (2010)), MitSimLab (Balakrishna et al. 

(2007)), and DynaMIT (Gupta (2003)). Not all of these models exhibit a similar queuing 

mechanism. While the effects of using different queuing approaches on the output of the 

DNL model has already been studied extensively (e.g. Zhang & Nie (2005)), its effect on 

dynamic OD estimation has not. Nevertheless, the importance should not be underestimated. 

While many practitioners realize the limitations of the DNL model they are applying, they 

cannot as easily assess the limitations of an OD matrix that might have been estimated by 

others. Therefore, errors due to simplified queuing models might be more severe in the 

context of OD estimation than in the context of dynamic network loading. This paragraph 

aims to analyze the effect of using a more simplified queuing model on dynamic OD 

estimation. To this end, LTM is used as a reference, since the PQ model and the SQ model 

provide a more simplified and less accurate queuing representation than LTM. Note that a 

discussion on the descriptive power of first-order kinematic wave models is outside the scope 

of this research (see e.g. Daganzo (1995b), Papageorgiou (1998), and Zhang & Nie (2005) for 

more details on the matter). The analysis is performed on small test networks in order to 

better comprehend the estimation process. In case study 1-3, the initial OD matrix is the 

actual OD matrix. This is done to remove the influence of anything other than the queuing 

mechanism. 

 

3.3.1  Case study description & solution methodology 

The optimization problem to be solved is given by equation (3.1). In this goal function, 

quadratic deviations are used as a distance function. The term that accounts for the distance 

between the target matrix and the estimated matrix is ignored, because we are interested in 

the influence of DNL models on the estimation process, without any other influence. 

Normally this target matrix is necessary for eliminating the underspecification of equation 

(3.1) (see Marzano et al. (2007)). In the test networks described below, there are more 

(independent) flow measurements than OD flows, so there is no need for including the target 

matrix. In the experiments described below, an OD matrix is assigned onto a network using 
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LTM. From the simulation we generated synthetic link flow measurements, which are later 

used as input in the OD estimation. These flow measurements are available at the upstream 

side of every link, with a sample interval of 5 minutes. Throughout this thesis, two measures 

of performance are used to quantify the deviations, namely the Root Mean Square Error 

(RMSE) and the Root Mean Square Normalized (RMSN): 
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where 
iq�  are the actual/measured variables, ˆ

iq represents the estimated/simulated counterpart, 

and N is the number of measured variables. In this case study, the performance of the 

different approaches is compared based on the RMSE and RMSN of the simulated link flows 

and the estimated OD flows. Convergence of the estimation process is assumed when the 

difference in RMSN after 100 iterations is smaller than 0.001. 

 

The solution algorithm chosen for solving the optimization problem is the Simultaneous 

Perturbation Stochastic Approximation (SPSA) algorithm, an approximate-gradient stochastic 

optimization algorithm, developed by Spall (1998). It is an optimization method that has been 

claimed to be superior to other optimization methods in the context of OD estimation (e.g. 

Balakrishna (2006), Vaze et al. (2009)). In contrast with the Finite Difference method, which 

requires 2p measurements (p being the number of variables) of the objective function to 

obtain one gradient approximation, SPSA only takes 2 measurements per iteration, regardless 

of the number of variables. For the OD estimation problem, where the number of variables 

rapidly increases with the network size and the considered time period, this is a very 

attractive feature. Remember that the goal of this thesis is to be able to perform a dynamic 

OD estimation on a large-scale network. This case study offers an interesting opportunity to 

study the characteristics of SPSA in OD estimation in detail even though no complex 

networks are considered in the analysis of this chapter, and thus calculation time is not really 

an issue. 

The algorithm iterates between the following steps (see Spall (1992,1998)): 

 

- Gradient approximation:  
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where ( )f x  is the goal function for which the approximate gradient ( )ˆ ˆ
k

g
k

x is being 

calculated, ˆ
kx is a vector with the estimated values of the variables of the goal function at 
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iteration k, 
k

c
c

k
γ

=  and k
∆  is a p-dimensional random perturbation vector where each of the 

components are generated from a Bernouilli ±1 distribution with probability of ½ for each ±1 

outcome. 

 

- Updating x̂  estimate: 

 ( )ˆ ˆ ˆ ˆ
k k

a g= +
k +1 k k

x x x  (3.11)  

 

where 
( )

k

a
a

A k
α

=
+  

is the step size. In these equations A, a, c, α and γ are parameters. In all 

case studies in this thesis where SPSA is used, parameters α and γ were taken equal to 0.602 

and 0.101, according to the guidelines in Spall (1998). For case study 1- 4 in this paragraph, 

different settings for the parameters A, a, and c were tested. These parameters were finally set 

to 100, 0.1, and 1 respectively, in which case the convergence behavior was found to be both 

stable and (relatively) fast.  

 

3.3.2  Case study 1: Link network 

 
 

Link ID Length (km) Speed (km/h) Capacity (veh./h) Jam density (veh./km) 

4 1 90 800 62 

Other links 1 90 1800 140 

 

 

Figure 3.4: Link network and demand 

 

The first test network consists of 9 nodes and 8 links, and has 1 OD pair (see Figure 3.4). The 

time period considered is 2 hours. Detectors are assumed available on all links at the 

upstream node. Link 4 is a bottleneck in this network. When the OD flow is assigned onto the 

network, a queue emerges upstream of the bottleneck. This queue spills back on node 3 and 

2. The capacities and demand are chosen such that congestion does not reach the origin node 
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of the network, because otherwise demand information will be blocked. The results are 

summarized below. 

 

 

Figure 3.5: OD flow according to different models on link network 

 

LTM reproduces the solution almost exactly, which is to be expected, as it starts on top of the 

solution and flow measurements are obtained by LTM itself. The small deviations that can be 

seen in Figure 3.5 are the result of the stochastic nature of the SPSA algorithm. 

 

Even though also the SQ model started on top of the solution, the performance of this model 

is worse. Estimation of the OD flow is correct until spillback passes node 3 in the flow 

measurements at t=0.9. In the SQ model, the queue has not yet reached node 3 at this point in 

time, because of a slower spillback. The lower flow measurements are thus misinterpreted as 

a decrease of the demand, while actually it only carries information about the supply, namely 

a lower capacity downstream leading to congestion. When the queue finally reaches node 3 in 

the SQ model at t=1.1, the demand is estimated correctly. As soon as the queue passes node 2 

in the flow measurements this process is repeated. The drop of the demand afterwards is not 

observable in all flow measurements, because some carry only supply information. The SQ 

model again mistakes these higher flow measurements for demand information, because the 

traffic state in the flow measurements around node 2 is different from the one in the SQ 

model. As a result the OD flow is overestimated. This error disappears when the queue at 

node 2 dissolves in the flow measurements and traffic states correspond again. Finally this 
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error reappears and disappears again, because of the different instant at which the queue at 

node 3 dissolves. 

 

The results of the PQ model deviate substantially from the intended solution. While in the SQ 

model, traffic states still adequately match for some links, this is not the case for the PQ 

model. If the queue passes a detector in the traffic counts, the OD flow is decreased in this 

model. As a consequence, the flow over node 4 is larger than the capacity of link 4 when the 

correct demand is assigned to the PQ model. To achieve a better match to the traffic counts, 

the total flow sent is therefore underestimated by this model. 

 

3.3.3  Case study 2: Diverge network 

Flow (veh./h)

1000
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T (h)

21.250.25

OD 1-2

600

300
T (h)

21.250.25

OD 1-3

 
Link ID Length (km) Speed (km/h) Capacity (veh./h) Jam density (veh./km) 

7 1 90 760 59 

Other links 1 90 1800 140 
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Figure 3.6: Diverging link network and demand 
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Figure 3.7: OD flow according to different models on diverge networks 

 

A comparison of the results of link flows and OD flows (see Figure 3.7) shows that LTM 

approximates the solution well. Again, only small deviations from the solution are observed. 

 

The results for the SQ model are correct until the queue passes the first detector at node 9 in 

the flow measurements at t=0.95. The lower count is interpreted as a decrease of OD flow 1-

2. Because there are no flow measurements available for OD flow 1-3, this demand is 

increased with the same amount, so that the sum of both OD flows still matches the flow 

measurements on node 1, 4, 5 and 6. When the real demand drops again at t=1.25, the 

detector at node 9 still observes a queue and its corresponding traffic flow until this queue 

dissolves. During this time, period flow measurements are therefore higher than the demand. 

The SQ model considers these flow measurements to contain demand information, and thus 

OD flow 1-2 is not lowered significantly. Again, the opposite holds for OD flow 1-3, so that 

the sum of OD flow 1-2 and 1-3 matches with the flow measurements on the incoming 

branch of the diverge. 

 

In the PQ model, the flow over node 10 exceeds the capacity of link 7 when the correct 

demand is sent. Therefore, to spread the errors over the different traffic counts, OD flow 1-2 

is underestimated. OD flow 1-3 is overestimated accordingly. Similar to the SQ model, OD 

flow 1-2 is decreased and OD flow 1-3 is increased if congestion spills back. Afterwards at 

t=1.25, demand does not decrease as much as in the correct solution, because else the 

mismatch for the flow on node 10 would be too large. One would expect that the surplus of 
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OD flow 1-2 is compensated by a decrease of OD flow 1-3. This does not occur here, because 

the convergence criterion was reached and thus the optimization algorithm ended. 

 

3.3.4  Case study 3: Merge network 

This test network consists of 13 nodes and 12 links (see Figure 3.8), and has 2 OD pairs (1-3 

and 2-3). The actual OD flows are represented in Figure 3.8. The merging of the 2 OD pairs 

creates a bottleneck on link 9, and a queue forms on links 3 and 4 (assuming a capacity-

proportional node model, such as described in Tampère et al. (2011)). Link 1 has a larger 

length, such that the queue does not spill back onto the detector positioned at node 1. The 

time period considered is 2.5 hours. 

Flow (veh./h)
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Link ID Length (km) Speed (km/h) Capacity (veh./h) Jam density (veh./km) 

1 2.5 90 1800 140 

Other links 1 90 1800 140 
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Figure 3.8: Merge network and demand 
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Figure 3.9: OD flow according to different models on merge network 

 

With LTM, the optimization problem converges towards the solution (see Figure 3.9). The 

SQ model deviates from the solution. OD flow 1-3 and 2-3 are overestimated so that the 

speed of the congestion wave can increase, in accordance with the solution. Still this queue 

reaches node 6 at a later time (t=0.75) than the flow measurements indicate (t=0.6). Therefore 

the decrease of flow in the flow measurements results in a decrease of OD flow, as in the 

previous test cases. As demand decreases at t=1.58, extra capacity becomes available for OD 

flow 1-3, because there is no congestion on link 8. The outflow of link 4 increases and the 

corresponding traffic state travels backwards. When this wave passes node 5, an increased 

flow over this node is observed in the traffic counts, because the outflow increases. But as 

there is no queue at node 5 due to slower congestion spillback in the SQ model, and thus no 

extra vehicles that can make use of the increased outflow, OD flow 1-3 is increased instead 

for a better match with the traffic counts. Because congestion dissolves at the same moment 

as in the solution (thus avoiding extra errors), this increase is limited. Obtaining an extra 

increase by decreasing OD flow 2-3 (making the total OD flow sent equal) is also not 

possible, because then even more capacity would become available. 

 

The PQ model gives a result similar to the SQ model. Both OD flows are underestimated at 

the start, because the flow on node 10 in the model is not restricted, and sending the correct 

OD flow would result in large deviations from the traffic counts. OD flow 1-3 is increased 

when the measured traffic flows increase due to the extra available capacity. Because of the 
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underestimated demand at the start, this increase is not restricted as was the case for the SQ 

model. 

 

3.3.5  Summary of case studies 1-3 

The results of the three cases are summarized below (see Table 3.1). They show that not all 

DNL models are able to correctly estimate the OD flows in case of congested traffic 

situations, independent of the optimization algorithm used, even though all start from the 

correct solution. Both the SQ and PQ model tend to misidentify a decreased flow due to 

congestion as a lower demand. This leads to a lower estimate of the demand when congestion 

is building up, and a higher estimate when congestion is dissolving. Demand can also be 

shifted between different OD pairs, as illustrated in the case of the diverge network. As 

expected, the SQ model performs better than the PQ model. While in the SQ model the traffic 

state behind a bottleneck can still partly be reproduced, this is not the case for the PQ model, 

where no link interactions are possible. 

 

Link Diverge Merge 

Model PQ SQ LTM PQ SQ LTM PQ SQ LTM 

RMSE link flow (veh/h) 73.1 40.29 6.97 84.15 42.91 4.04 74.32 51.83 12.28 

RMSN link flow 0.101 0.056 0.01 0.106 0.054 0.005 0.068 0.048 0.011 

RMSE OD flow (veh/h) 75.15 30 8.78 63.54 36.66 6.48 85.68 33.3 18.74 

RMSN OD flow 0.1 0.04 0.01 0.106 0.061 0.011 0.102 0.04 0.022 

Table 3.1: Results for the three cases 

Since LTM was used as a reference, no definitive conclusion can be drawn about its 

simplified queuing representation compared to reality. Reversing the process from generated 

link counts to estimated OD flows using the same LTM did however give an indication of the 

order of magnitude of the error caused by the SPSA algorithm. This gives a clearer idea of 

what contribution is instead given by the chosen queue model. 

 

3.3.6  Case study 4: different regime 

In this experiment, we test the performance of all three queuing approaches in a more realistic 

setting where we do not start on top of the solution. The network and the actual travel 

demand remain the same as above (Figure 3.8). In this experiment, the start OD matrix does 

not equal the actual OD matrix, but is taken equal to 1000 veh./h and 600 veh./h for OD flow 

1-3 and 2-3 respectively, and this for all time periods. These OD flows do not activate the 

bottleneck at the merging of the two branches. The solution algorithm used is SPSA. Similar 

as in paragraph 3.3.1, the term that accounts for the distance between the target matrix and 

the estimated matrix is ignored.  
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Figure 3.10: OD flows according to different models 

 

All three DNL models give a similar result for OD 1-3 (see Figure 3.10). If congestion spills 

back the demand is lowered to better match the decreased flows from the counts. 

Subsequently, as extra capacity becomes available, demand is increased. For the SQ and PQ 

model this is in accordance with the previous case. The question remains why the correct 

congestion pattern is not recognized when using the LTM, as it was used to generate the 

target matrix. Apparently, due to the strong non-linearity of travel times, the SPSA algorithm 

could find only a local optimum. With these obtained OD flows the congestion wave does not 

pass node 6. Therefore increasing the demand with a small amount would increase the flow 

on node 1, 4, 5 and 6. This enlarges the error on node 6 more than it reduces the error on node 

1, 4 and 5. Only when demand would be increased with a large amount the congestion wave 

would pass node 6 and a better match would be obtained for all 4 nodes. 

 

This case study shows that applying a DNL model that incorporates spillback effects more 

correctly does not seem sufficient for accurate OD estimation. Only when starting close to the 

solution the correct demand can be predicted with certainty. Naturally, this is not a simple 

condition, because generally we do not know beforehand if we are close enough. Further 

analysis shows that the local optima originate from an incorrect traffic regime. When starting 

in the wrong regime, the optimization algorithm first has to cross one or more local peaks 

before it can find the correct solution. A possible solution to this problem would be to use 

global optimization methods, such as genetic algorithms. A disadvantage of this approach 

would certainly be the high number of DNL simulations that is required, which will certainly 
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be problematic in large-scale networks. Another solution would be to include information 

about the traffic regime, in the form of speed or travel time measurements. First, the OD 

flows should be adjusted such that the links exhibit the right traffic state, and next the OD 

flows can be fine-tuned using the traffic counts. 
 

3.3.7  Conclusions on the analysis of different queuing models 

In this paragraph, the effect of using different queue mechanisms in the DNL models on the 

dynamic OD estimation problem was examined on different test networks. When applying 

the PQ and SQ models for OD estimation, two phenomena can be observed. Firstly, they tend 

to confuse supply information with demand information: if in reality spillback occurs over a 

detector, the SQ and PQ models interpret this as a decrease of the OD flow that passes over 

that detector, or as a decrease of an OD flow of which no information is available. Secondly, 

the demand information is sometimes misidentified: if a queue builds up on one link because 

of a merging with flow from another link, and this queue passes a detector, there may be 

information available about this other flow in the measurements. The SQ and PQ model will 

relate this information to the demand passing the detector. More generally, it can be stated 

that in a congested network these models misidentify the OD flows that need to be altered to 

correct for a deviation of the link flows. As a result of these misinterpretations, the final 

estimated OD matrix is biased. Therefore, applying a DNL model that represents queuing 

properly is a necessary condition for accurate OD estimation. However, it is not a sufficient 

condition. Convergence to the global optimum is not guaranteed when the starting point is 

not close to the solution, as is illustrated in case study 4. Local optima may arise from the fact 

that the traffic regime is estimated wrongly, and although shifting to the right traffic regime 

would reduce the error, the value of the objective function might deteriorate first, before 

decreasing below the original value. One approach to deal with these local optima is to use a 

global optimization algorithm, such as a genetic algorithm. The problem is that these 

optimization algorithms require a very large number of function evaluations (in this case, 

DNL simulations). Therefore, we explore another approach in the next section, namely 

including information about the traffic state in the OD estimation problems to overcome this 

problem of local optima. 

 

3.4 Density-based OD estimation 

The analysis in paragraph 3.3 indicates that a traffic model with a realistic queuing 

mechanism is a necessary condition for unbiased OD estimation. However, it is not a 

sufficient condition. Difficulties arise when the initial OD matrix produces traffic regimes 

different from the actual traffic regimes. Using only flow data is not sufficient to identify the 

correct regimes. A similar conclusion can be found in Tavana (2001). In this section we study 

the impact of including speed measurements in the OD estimation problem. Different 

approaches of including these measurements are presented and tested. 
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3.4.1  Methodology 

The idea is that available speed measurements can help to identify whether a flow 

measurement represents a congested or uncongested situation. As such they can help to 

correctly interpret the flow measurements, and to identify which OD flows need to be 

adjusted, and in which direction. This should help to avoid the occurrence of local optima. 

The most straightforward approach to include the information provided by speed 

measurements is to include the deviations from speed measurements in the goal function of 

the OD estimation problem. The goal function can thus be written as follows: 

 

 ( ) ( )( ) ( )( )1 2 3( ) , , ,g z z z = + + x x x y x y v x v� � �  (3.12) 

 

where v�  are the measured speeds, and v(x) are the simulated speeds that are a function of the 

OD flows. 

 

Using the fundamental diagram, another approach to include the same information provided 

by flow and speed measurements would be to use density data. Indeed, according to the 

fundamental diagram, there is a one-to-one relationship from density to flow, as well as from 

density to speed. We explain now that from a theoretical point of view one would expect that 

using density data, although it provides the same information as the speed-flow case, does a 

better job in getting to the correct regimes in the OD estimation procedure. Figure 3.11 shows 

a triangular fundamental diagram, which is used typically in first-order kinematic wave 

theory (Newel (1993)), and which is also adopted in LTM. Suppose that we start from the 

point (k’, q’) of the diagram, which is in free flow regime, while the measurement is the point 

(k’’, q’’), thus in congestion. If one adopts a gradient-based approach for the OD estimation 

procedure using a combination of flow and speed data in the goal function, the gradient of the 

flow term will suggest decreasing the OD flow, while the gradient of the speed term will be 

zero (because in free flow the speed is indifferent to the flow rate for a triangular fundamental 

diagram). The gradient will thus point in an incorrect direction. For sake of simplicity we 

used here a triangular relationship between flows, speeds and densities, but the same 

argument can be made on any concave fundamental diagram. Whether the gradient will point 

in the correct direction depends on the relative weight given to flow and speed measurements. 

A density-based approach is not affected by this limitation, because the gradient points into 

the correct direction. In the previous example, a gradient-based approach therefore has no 

problem to get to point (k’’, q’’). A second approach is therefore to use the following goal 

function in the OD estimation problem: 

 

 ( ) ( )( )1 2( ) , ,g z z = + x x x ρ x ρ��  (3.13) 

 

where ρ�  are the measured densities, and ρ(x) are the simulated speeds that are a function of 

the OD flows. 
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Figure 3.11: Triangular fundamental diagram used in first-order kinematic wave 

theory 

 

However, there are some issues that one has to consider when using density data. First of all, 

in most cases densities are not measured directly, but instead flows and speeds are measured. 

In that case the densities need to be estimated from the flow and speed measurements. 

Density can be approximated by dividing flow by speed but this approximation is known to 

be biased for instance in non-stationary conditions and for low speeds (see e.g. Helbing 

(1997)). Secondly, the flow rate is highly sensitivity to the density in free flow regime: a very 

small change in density leads to a large change in terms of flow, as can be understood from 

the steep slope of the free flow part of the fundamental diagram in Figure 3.11. As a result the 

estimation becomes highly sensitive to errors in the density. Also, the priority of the solution 

algorithm to reduce errors in the density in the free flow regime will be very low, since the 

reduction of error here is limited. To overcome this problem a two-stage approach can be 

used. First only density data is used, and the goal function (3.13) is optimized. This first stage 

should help to correctly identify the regime, hereby removing the ambiguity of the traffic 

flows that was mentioned earlier. Next, this estimate is improved by using flow data in the 

goal function, possibly complemented with density data. This would result respectively in the 

following goal functions: 

 ( ) ( )( )1 2( ) , ,g z z = + x x x y x y� �  (3.14) 

 ( ) ( )( ) ( )( )1 2 3( ) , , ,g z z z = + + x x x y x y ρ x ρ�� �  (3.15) 

  

This second stage is used to fine-tune the results, hereby avoiding the aforementioned 

sensitivity to measurement errors. In the second phase the use of both flow and density data 

can be preferred over the use of flow data solely, to prevent the estimation to switch back to 

the incorrect regime, which is likely to happen if for instance only flow data would be used.  

 

It should be noted that the combination of different data types results in issues regarding the 

weight that should be given to each type of data. When these data types have a different order 
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of magnitude, less importance is given to the data type of lesser magnitude. This should be 

corrected for (e.g. by considering normalized values). Also, there might be 

between different types of data measured by the same detector. When this is not accounted 

for, some information in the network might get a higher weight than it should get. To address 

this problem, it is common practice to weigh with an inverse covariance matrix. However, 

this covariance matrix assumes the relationship between two data sets to be linear, which 

does not hold in many cases, for example in the case of the relationship between flows and 

speeds, or in the case of the relationship between flows and densities. 

decide to first assess the proposed methodology without this correction. As will become clear 

later on, we will decide to continue our research in a different direction. However, should the 

proposed methodology be further developed , this problem w

 

In the next section we test the 

study, and analyze whether they result in an estimated OD matrix that produces flows and 

speeds similar to reality. 

 

3.4.2  Case study 

3.4.2.1  Case study description

A comparison is made between the use of flow and speed data versus the use of density data 

in dynamic OD estimation. Both approaches are tested by performing a dynamic OD 

estimation on the highway network around the city of Antwerp in Belgium

Figure 3.12. The choice of this network is motivated by various factors. First of all, since we 

are focusing on the effect of congestion dynamics, we need a network where there is little 

influence of route choice. Secondly, the amount of congestion is substantial in this network, 

as can be seen in the spatio-temporal plots of mean speeds along the inner ring of Antwerp 

(R1) in Figure 3.13. For this network, both flow and speed measurements are available every 

5 minutes. Density 'measurements' are approximated by dividing flow by speed 

measurements. The supply parameters of the links on this network hav

previous study for the Flemish Traffic Centre.
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We estimate the OD flows every 15 minutes. Four different OD estimation methods, as 

described in the previous subsection, are tested. In each method a different goal function is 

used. The goal function penalizes deviations from: 

 

I.  both flow and speed measurements (goal function (3.12)) 

II.  density measurements only (goal function (3.13)) 

III.  density measurements in a first stage (goal function (3.13)) 

 flow measurements in a second stage (goal function (3.14)) 

IV.  density measurements in a first stage  

 both flow and density measurements  in a second stage (goal function (3.15)) 

 

In all four cases quadratic deviations are used as a distance function. Because we are 

interested in the influence of different data sources on the estimation process, without any 

other influence, the term 
1( , )z x x� that accounts for the distance between the target matrix and 

the estimated matrix is ignored, i.e. it is given a weight of zero. To correct for the different 

magnitude of the different data types, all terms that account for flow deviations are given a 

weight of one, while all terms that account for speed deviations are given a weight equal to 

the flow measurement divided by the speed measurement. Goal function (3.12) thus becomes: 
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Similarly goal function (3.15) becomes: 
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The goal function is again optimized using the SPSA algorithm (see section 3.3.1). The 

parameter c was set to 1, A was set to 1000 to reduce rapid decrease of the step size with the 

number of iterations, and a was chosen such that the average step size in the first iteration of 

the SPSA was 10 veh/h. LTM is used to assign the OD matrix and derive the simulated flows, 

speeds, and densities. The initial OD matrix in all four cases is an OD matrix that produces 

free flow all over the network. Therefore we are in an analogous situation as depicted in 

Figure 3.11. Convergence of the estimation process is assumed when the difference in RMSN 

after 100 iterations is smaller than 0.001. The performance is evaluated by the RMSE and 

RMSN of the link flows and speeds, and by qualitative comparison of the congestion 

patterns. 

 

3.4.2.2  Results 

Table 3.2 shows the results for the whole motorway network depicted in Figure 3.12 in terms 

of RMSE and RMSN for the four different methods. The first method performs best in terms 

of flows. However it does not perform equally well in terms of speeds. Also, as one can see 

in Figure 3.14(a), this method does not reproduce a correct congestion pattern. If one would 
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use this OD matrix for travel time prediction or for some form of decision support system one 

could suggest erroneous management strategies, like sending more flows where congestion is 

already serious.  

 

 

 

 

Figure 3.13: Measured speed contour plot along inner ring of Antwerp 
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(a) 

 
(b) 
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(c) 

 
(d) 

Figure 3.14: Estimated speed contour plot using (a) method I, (b) method II, (c) method 

III, and (d) method IV 
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The second method performs better in terms of speed. Also, the congestion pattern resembles 

the actual congestion pattern better than method 1, although the results are not yet 

satisfactory. In terms of flow this method does not perform well. This can be explained by the 

high sensitivity of the flows to the density in the free flow regime: a larger error in the flow 

will be perceived as a small error in the density. 

 

The third and fourth method start from the estimated OD flows of the second method. In the 

third method the correspondence with the flows becomes better, but both the speeds and the 

congestion pattern become worse. This problem was anticipated, as in the fourth method also 

the densities were included to keep the congestion pattern correct. This fourth method shows 

the best fit in terms of speeds and, looking at Figure 3.14(d), it seems to reproduce quite 

satisfactorily the congested area. The correspondence with the flows is similar as for the first 

method. 

 

I II III IV 

RMSE link flows (veh/h) 782 1102 866 845 

RMSN link flows (%) 29.6 41.8 32.8 32.0 

RMSE link speeds (km/h) 24.8 23.6 26.9 23.3 

RMSN link speeds (%) 34.05 32.4 37.0 32.0 

Table 3.2: Comparison of RMSE and RMSN for four different OD estimation 

approaches on the Antwerp network 

It should be pointed out that the RMSE and RMSN values are quite high. Furthermore, the 

difference in performance in Table 3.2 seems rather small. Further analysis learns that this is 

caused by a number of factors: 

• In the case study, there are stop-and-go patterns present on the E313. These stop-and-

go patterns cannot be reproduced by a simplified first-order traffic model such as LTM. 

As a result, there is a high residual error both in terms of speed and flow. This high 

residual error is dominant compared to the other errors, and as a result the difference in 

RMSE between the four methods is small. Furthermore, these stop-and-go patterns and 

the resulting residual error also have an impact on the optimization algorithm. SPSA 

uses a coarse approximation of the gradient; at a certain point it does not find a proper 

descent direction anymore, while there is still room for improvement. The reason is 

that the residual errors are dominant over the other errors when determining the 

approximate gradient. This causes very slow convergence.  

• A triangular fundamental diagram is used, which assumes that in free flow regime the 

speed is indifferent to the flow rate. In the measurements there is some variability of 

the speed in free flow regime. This is one of the causes for the high RMSE of the 

speeds. Also, since the congestion area over the entire network is relatively small 

compared to the free flow area, the gain of estimating the congestion area well is small. 

This is another reason for the small differences in RMSE of the speeds. 

• The 'measured' densities that are derived by dividing the measured flows by the 

measured speeds are not all located on the fundamental diagram. When pursuing this 

density, the resulting flow will be erroneous. This can explain why for method 4 the 
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congestion pattern has a decent resemblance with the actual congestion pattern, but the 

RMSE values for speed and flow do not score equally well. 

 

3.4.3  Conclusions on density-based method 

The density-based method provides the possibility to include information about the traffic 

regime. However, the results in this case study are not entirely satisfactory. Two important 

error sources that can account for this are the chosen traffic model and the optimization 

method. The traffic model is a first-order kinematic wave model with a triangular 

fundamental diagram, and has difficulties reproducing stop-and-go patterns, speed variations 

in free flow regime, and traffic states that do not coincide with the fundamental diagram. 

These limitations should be kept in mind when applying the kinematic wave model for OD 

estimation purposes. In such cases it might be better not to penalize (or at least penalize with 

a low weight) deviations that cannot be avoided because of the limitations of the traffic 

model, because these unavoidable deviations can steer the optimization in a wrong direction.  

 

While the optimization method shows potential in the fact that it can deal with any kind of 

information, there are also several disadvantages. Firstly, convergence is quite slow, and as a 

result the required computational effort is burdensome. Secondly, due to the stochastic nature 

of the algorithm it is more difficult to analyze or control the convergence. Thirdly, there are 

many parameters affecting the convergence behavior and the accuracy of the estimated OD 

flows that need to be determined beforehand (see SPSA algorithm in subsection 3.3.1). 

Examples are the initial step length, the parameters that determine the evolution of the step 

length, the weights for variables of different magnitude (e.g. densities vs flows), the criterion 

in method 3 and 4 for switching from the first to the second stage. As a result, it is difficult to 

conclude whether a bad estimation result is caused by the estimation method, the choice of 

the parameters, or the stochastic nature of the solution algorithm.  

 

Regarding this difficulty to assess the quality of the estimations, there are two possible 

research directions from this point on. One possibility is to further develop the density-based 

OD estimation method, and to try and solve each of the current and possible future problems 

by developing some heuristic rules. Also the problem of correlation between different data 

types should be addressed in that case. Another path is to return to the more basic problem 

formulations and solution algorithms, and analyze their weaknesses more profoundly and 

from a more theoretical point of view. This can also provide a better understanding of the 

advantages and disadvantages of solution algorithms such as SPSA (that have been claimed 

to be superior in the context of dynamic OD estimation), compared to more traditional 

approaches. In this thesis we choose for the latter approach.  

 

3.5 Conclusions 

When evaluating traffic management measures in congested networks, it is necessary to use a 

model with realistic spillback mechanism. Similarly, it is important that the dynamic OD 

matrix, which is used as an input for these models, is estimated using models with realistic 
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spillback. When using simplified traffic models in congested networks, the traffic flow 

measurements on a certain link may be misinterpreted, and it becomes unclear which OD 

flows should be adjusted in order to alter the flow on this link, or how they should be 

adjusted. As a result, the estimated OD matrix can be biased. However, when dealing with 

congestion spillback in dynamic OD estimation, there is another important error source. 

Incorrect initial traffic regimes seem to have a similar effect as can be observed with 

simplified models: the traffic flow measurements are again misinterpreted, causing 

misidentification of the OD flows that need to be adjusted. To overcome the problems caused 

by an incorrect initial traffic regime, several methods are presented in which additional 

information about the traffic regime is included in the form of speeds. It is shown that the 

manner in which this information is used, has an impact on the performance of the 

estimation: when the speeds were combined with the flow measurements into densities, better 

results were obtained. However, the performance of these methods on a real-world case study 

is not yet satisfactory. Whereas this chapter showed empirically some characteristics and 

sensitivities of the problem, in the next chapter a theoretical study on the impact of 

congestion spillback on dynamic OD estimation is presented. 





 

 

4  

 

SENSITIVITY BASED  

OD ESTIMATION: 

THEORETICAL MOTIVATION  

& ANALYSIS  
___________________________________________________________________________ 

This chapter builds upon the experiences from the previous chapter, and analyzes the 

problems in dynamic OD estimation due to congestion from the perspective of the 

relationship between link flows and OD flows. When solving the OD estimation problem, the 

relationship between the OD flows and the link flows is approximated. When solving the OD 

estimation problem, this relationship is approximated. In state-of-the-art methods, this is 

usually done by assuming a constant mapping, which implicitly assumes separability of the 

link flows to the OD flows, which can lead to inaccurate results when dealing with congested 

networks. Another important source of error attributable to congestion dynamics is the 

presence of multiple local minima in the objective function. It is illustrated that these local 

minima are the result of an incorrect interpretation of the information from the detectors. The 

theoretical findings are cast into a new methodology. This methodology is successfully 

tested, both in a proof of concept, and on a real world case study. The methodology gives rise 

to considerations concerning the calculation time and the practical feasibility. The next 

chapter presents novel techniques to deal with these issues.  

 

This chapter is an edited version of Frederix, R., Tampère, C.M.J., Viti, F., 2011. Dynamic 

origin-destination estimation in congested networks: theoretical findings and implications in 

practice. Transportmetrica, doi: 10.1080/18128602.2011.619587. 

___________________________________________________________________________ 
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4.1 Introduction 

In this chapter, we focus on the dynamic OD estimation problem using traffic counts, which 

is a rather traditional approach to this problem. Key issue in the estimation of an OD matrix 

from traffic counts is the identification of the origin-destination flows that reproduce the 

observed traffic data. When the relationship between the link flows and OD flows cannot be 

determined exogenously, the dynamic OD estimation problem can be expressed as a bi-level 

problem: 

 

 ( ) ( )( )1 2
ˆ : arg min , ,upper level z z = + 

x

x x x y x y� �  (4.1) 

 
 :  

                        

lower level =

=

y A(x)x

B(x)P(x)x
 (4.2) 

 

where in the upper level z1 and z2 are distance measures, [ ]= 1 2 t Tx x ,x , ..., x , ...,x  denotes the 

unknown OD vector containing N=W×T elements, W being the number of OD pairs and T 

being the number of (discretized) departure time periods. The generic element in x , tx , is 

itself a vector of elements t

j
x  with j denoting any OD pair belonging to the set of OD pairs J; 

x̂  is the best estimate of the true OD vector given x� , the target OD vector, and 

[ ]= 1 2 k Ky y ,y ,...,y ,...,y� � � � � , being a vector with traffic counts containing M=S×K elements, with S 

being the number of sensors and K being the number of time periods in which traffic counts 

are collected; 
ky� , is itself a vector of elements k

i
y�  denoting the flow measured at link i during 

time period k; finally y  is a vector with the corresponding estimated link flows, given x . 

  

The relationship between the OD flows and the link flows in the lower level is described by 

the assignment matrix A , which has dimensions M×N. This matrix can be further subdivided 

into a crossing fraction matrix B  with dimensions M×R (R being the number of route flows), 

and a route fraction matrix P , which has dimensions R×N (see Cascetta (2001)). The 

elements 
,

,

r t

i k
b  of crossing fraction matrix B  express the proportion of route flow r departing 

in time interval t that passes link i in time interval k, thereby describing the spatio-temporal 

propagation of the route flows throughout the network. The elements 
,r t

jp  of route fraction 

matrix P  express the proportion of OD flow j choosing a route r departing in time interval t.  

 

Conventional methods to solve problem (4.1) - (4.2) use an algorithm that iteratively assigns 

the OD matrix from the upper level into the lower level, and then solves the upper level 

problem using the relationship between link flows and OD flows from the lower level, in 

which the assignment matrix is kept fixed. However, this iterative estimation-assignment 

algorithm can lead to biased solutions. Yang (1995) indicated that this algorithm is an exact 

and efficient algorithm for solving Cournot-Nash games, and does not necessarily converge 

to the exact solution of a Stackelberg game. So while the OD estimation problem is a 

Stackelberg game, conventional methods solve the problem with solution algorithms that are 

designed for solving Cournot-Nash games. As a result, it cannot be guaranteed that the 
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solution of the OD estimation problem is found. Also Maher et al. (2001) criticized 

conventional approaches. They made a distinction between formulating problem (4.1) - (4.2) 

as a bi-level program or as an equilibrium program. In a bi-level problem, the lower level 

problem can be seen as a constraint for the upper level. Conventional approaches treat the 

two sub-problems in a parallel way and seek a mutually consistent solution by iteratively 

solving each sub-problem and transferring the latest solution to the other sub-problem. These 

approaches fall into another type of mathematical programming problem, namely, the 

equilibrium programming problem (Garcia and Zangwill, 1981). Maher et al. argue that in 

general, both formulations lead to different solutions. The comments of Yang and Maher et 

al. are essentially the same: the OD estimation problem is a Stackelberg game, which 

corresponds to a bi-level problem. The iterative estimation-assignment algorithm converges 

to a mutually consistent solution (if it converges at all), but not necessarily to the bi-level 

solution. 

 

This finding motivated Yang, and later Tavana (2001), to include the response of the lower 

level when solving the upper level. Yang compared two heuristics with a different response 

function. The first one assumes that link cost functions are independent. The second one can 

be used in cases where link cost functions cannot be assumed independent of each other. He 

showed that different types of response functions have different underlying assumptions, and 

have an impact on the estimation accuracy.  

 

In this chapter, Yang’s analysis on the adoption of different types of response functions is 

extended to dynamic OD estimation. In particular, we focus on the impact of delay, 

congestion formation and spillback on the response function. This analysis is described in 

section 4.2. 

 

A major difficulty in solving the bi-level problem (4.1) - (4.2) is the fact that this problem is 

inherently non-convex due to the non-linear dependency of the assignment matrix on the OD 

flows. Therefore, it is possible that the estimated OD matrix corresponds to a local minimum 

and not a global minimum. While many papers acknowledge this fact, the problem of 

converging to a local minimum has received little attention. However, in many cases these 

local minima result in a congestion pattern that differs strongly from reality. This was 

illustrated in the previous chapter. 

 

As can be deduced from the assignment relationship in equation (4.2), there are two main 

sources of non-linearity leading to the non-convexity of problem (4.1) - (4.2): one because of 

the dependence of the crossing fraction matrix B  on the OD flows, the other one because of 

the dependence of the route fraction matrix P  on the OD flows. Note that in static OD 

estimation, the crossing fraction matrix B  is equal to the link incidence matrix, and is not a 

function of the OD flows. Therefore this problem arises only in the dynamic OD estimation 

problem. Section 4.3 will focus on the theoretical analysis of the non-linearity of the crossing 

fraction matrix, and its effect on the risk of converging to a local optimum. Although we 

acknowledge the importance of route choice and its effect on the occurrence of local optima, 

we only consider networks without route choice in this chapter, to focus exclusively on the 

effect of the non-linearity of the crossing fraction matrix on OD estimation 
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Both the analysis of the different types of response function and the theoretical findings on 

the effect of the non-linearity of the crossing fraction matrix and the occurrence of local 

optima describe a set of requirements that need to be met for any dynamic OD estimation in 

congested networks, and thus form a methodology, which is illustrated in a proof of concept 

in section 4.4.  

 

This chapter is organized as follows: the analysis on the underlying assumptions of different 

types of response functions is presented in section 4.2. In section 4.3, we study the non-

convexity of the OD estimation problem due to congestion dynamics. The new methodology 

and its proof of concept are presented in section 4.4.  This methodology is tested on a real-

world case study in section 4.5. In the last section, we formulate our conclusions along with 

future research lines. 

 

4.2 The impact of different response functions 

We introduce the following notation: 
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When solving the upper level problem (4.1), a certain relationship between the link flows and 

OD flows has to be assumed, implicitly or explicitly. Since this relationship is not available 

analytically, an approximation of this relationship is necessary.  

4.2.1  Linear approximation using separable response functions 

Most dynamic OD estimation methods implicitly use a linear relationship between OD flows 

and link flows described by the assignment matrix. The linear relationship assumed in these 

approaches at point ˆ
0x  can be written down as follows: 

 

 ( ),

,
1 1

ˆ
iJk

k j t t

i i k j
t j

y a x
= =

= Σ Σ 0x  (4.3) 

The problem with this type of linear relationship is that it assumes that the link flows are 

separable: it assumes that the flow on a certain link i during a certain time interval k can 

always and only be changed by changing one of the OD flows that passes link i in time 

interval k when ˆ
0x  is assigned. The assumption of separability is illustrated in Figure 4.1. We 

make a distinction between separability in time and in space.  
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 a) Separable in time 

 

 b) Separable in space 

Figure 4.1: Separable in (a) time and (b) space 
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The assumption of separability in time results in an altered link flow due to an altered OD1 

flow (with the alteration indicated by the arrow in Figure 4.1, in this case an increase of 

OD1), but only in the original time intervals indicated in the figure. The assumption of 

separability in space results in an altered link flow (due to an altered OD1 flow), only in the 

links where OD1 passes, as is illustrated in Figure 4.1(a) and (b): an increased OD1 causes an 

increase of the the link flows on all links where OD1 passes (so not on link 4) during the time 

interval where it originally passed. Separability can also be understood by noting that the 

assignment fraction ,

,

j t

i ka  in equation (4.3) is zero for all OD flows that do not pass link i in 

time interval k when ˆ
0x  is assigned. More particularly, this means an observed flow on link i 

at k is not affected by flows that passed here prior to k, neither by flows that do not pass link i 

(including crossing or opposing flows). This assumption of separability is incompatible with 

some typical phenomena in congested networks, such as congestion spillback between links, 

time lags due to the delay during congestion, and interdependencies between crossing (or 

opposing) flows encountered at intersections. In these cases it is very likely that increasing an 

OD flow will cause delays to other flows that do not pass that time-space interval, hereby 

altering the amount of flow passing the link in the considered time interval. In Figure 4.2, it is 

illustrated that merely the presence of delays (due to an increased OD flow) causes a 

violation of the assumption of separability, both in time and space: an increase of OD1 leads 

to an increase of the link flows, but not in the original time window (as is illustrated in Figure 

4.2(a)), and this delay also leads to a delay on links where OD1 does not pass, namely link 4 

in Figure 4.2(b). 

 

 

a) Non-separable in time 
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 b) Non-separable in space 

Figure 4.2: Non-separable in (a) time and (b) space 

 

4.2.2  Linear approximation using non-separable response 

functions 

A common manner to specify a linear relationship at a certain point 
0x  is using a first-order 

Taylor expansion. We will now make a comparison between the traditional linear relationship 

(4.3) that is used in the optimization step of OD estimation methods, and the Taylor 

expansion approximation. The Taylor approximation of the link flows at point ˆ
0x  has the 

following form: 
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The difference between equations (4.3) and (4.4) is the inclusion of the second term in 

equation (4.4). This term incorporates the sensitivity of the assignment matrix to changes in 

the OD flows, thereby allowing link flows to have non-separable behavior: the flow on a 

certain link i during time interval k can now also be changed by changing an OD flow that 

does not pass link i during k when 0x  is assigned. This can be observed by focusing on 

equation (4.4), where the first term is summed over Ji, while the second term is summed over 

J. The sensitivity of the assignment matrix to changes of the OD flows consists of two terms 

itself, as can be seen in the following equation: 
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The first term incorporates the dependence of the crossing fraction matrix B  on the OD flows 

keeping the route choice fractions fixed. This dependence is caused by travel time delay and 

congestion. The second term accounts for the dependence of the route fraction matrix P  on 

the OD flows. The dependence here is caused by rerouting effects. As mentioned previously, 

we focus on cases with fixed route choice, so with ( ), '

' / 0r t t

j j
p x∂ ∂ =x . 

 

While using equation (4.4) instead of equation (4.3) might be theoretically more sound, the 

feasibility of calculating this second term can be questioned. This is a very likely for the 

widespread use of equation (4.3). For more complex traffic models that properly describe 

congestion dynamics, no analytical expression is available for the relationship between the 

assignment fractions and the OD flows. As a result, numerical methods are required to assess 

the derivative of this expression. It is conceivable to use finite differences to numerically 

approximate the sensitivity of the link flows to the OD flows, but if we have N OD pairs and 

T departure time intervals for these OD pairs, it would require performing a Dynamic 

Network Loading (DNL)/Dynamic Traffic Assignment (DTA) model N×T times. Since this is 

usually judged not feasible in terms of computation time, many researchers prefer the use of 

equation (4.3) to (4.4). To reduce the calculation effort and hereby allowing the response 

function to account for non-separable behavior, some researchers have suggested the use of 

heuristic methods. Maher et al. (2001) propose an algorithm that solves the upper level 

problem with response function (4.3), and then use this OD matrix to define a search 

direction and to derive a linear approximation of the relationship between OD flows and link 

flows along this direction. A line search is then used to determine the step-size. Flötteröd & 

Bierlaire (2009) propose a linear regression model to approximate the response function. To 

reduce the dimensions of the model, a demand transformation based on Principal Component 

Analysis is proposed. In Frederix et al. (2011), the method of Marginal Computation is used 

to efficiently calculate the sensitivity of the link flows to the OD flows. This method, which 

is described in Corthout et al. (2011), performs a perturbation analysis using kinematic wave 

theory principles. We will come back on this in chapter 5. The difficulty to derive an exact 

calculation of equation (4.4) has also attracted attention towards the use of other gradient 

approximation methods, among which the Simultaneous Perturbation Stochastic 

Approximation (SPSA, Spall (1998)) has been used recently in dynamic OD estimation 
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problems (e.g. Balakrishna & Koutsopoulos (2008), Cipriani et al. (2010)) since it allows one 

to approximate a descent direction with significantly lower computational resources than 

through explicit calculation. This descent direction is only a rude approximation of the 

gradient. However, this descent direction does implicitly take into account the sensitivity of 

the assignment matrix to the OD flows. So although SPSA implicitly provides only an 

approximation of the response function (4.4), this approximation does not have a systematic 

bias, as opposed to the response function (4.3). Further details on this matter can be found in 

the above-cited papers. 

 

To summarize, in this section the implicit assumptions behind different types of response 

function were discussed in detail. It can be concluded that the use of response function (4.4), 

whether implicitly or explicitly, is to be recommended when dealing with congested 

networks. Further research is however necessary to guarantee its applicability in large-scale 

networks or networks where we relax the assumption of the absence of route choice. 

 

4.3 Non-convexity due to congestion dynamics 

To reduce the risk of local minima some papers stressed the importance of having a good 

initial matrix that does not deviate too much from the actual OD matrix (e.g. Tavana (2001)). 

However, there are two problems with this advice. Firstly, in many cases no good initial 

matrix is available. Secondly, it is unclear what kind of distance should be used for this 

deviation. A natural assumption would be to use Euclidean distance. However, the case study 

in section 4.4 will show that this is not always a good measure. In this section, we therefore 

explore whether the condition of an initial matrix close to the actual OD matrix can be further 

refined. In subsection 4.3.1, we argue that transitions between traffic regimes are an 

important cause of non-monotonic behavior of the relationship between link flows and OD 

flows, and non-monotonic behavior of this relationship on its part is identified as a cause for 

local optima. In subsection 4.3.2, it is indicated that even when transitions between traffic 

regimes are avoided, the relationship between link flows and OD flows can still be non-

monotonic. Therefore there is no theoretical guarantee that avoiding transitions between 

traffic regimes eliminates the presence of local optima in the goal function. In subsection 

4.3.3, we illustrate that non-monotonic behavior does not always lead to local optima, and 

argue that in practice, avoiding transitions between traffic regimes will suffice in many cases 

for avoiding local optima. Subsections 4.3.4 and 4.3.5 present some practical methods that 

can be used to avoid transitions between traffic regimes. 

4.3.1  Transitions between traffic regimes causing local optima 

The response function (4.4) describes a local approximation of the relationship between the 

OD flows and the link flows. The local relationship between OD and link counts might be 

radically different far away or near the global optimum. Therefore, as long as we are far from 

the global solution, the local steepest descent direction might point us away from the global 

optimum rather than bringing us closer, causing convergence to a local minimum. Assuming 

a monotonic relation between any link flow and any OD flow (so the local relationships 

would never point in the wrong direction), and using a convex function as a distance function 
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in equation (4.1) (e.g. squared deviations in GLS estimators), then the output would be a 

unimodal function
3
. If we further would assume there are no measurement or modeling 

errors, the mode of each of these functions would be equal to the solution. Under these 

assumptions, the sum of these functions would be unimodal as well, which means that any 

local minimum would be a global minimum. Note that we do not believe that the absence of 

measurement or modeling errors is a realistic assumption, but with this argumentation we try 

to understand the causes for local optima. The fact that we need the assumption of a perfect 

possible fit shows that also measurement and modeling errors are a potential source of local 

minima. 

 

The above argumentation indicates that local relationships, that suggest adjusting the OD 

flows in the wrong direction, are a source of local optima. Now, one very important cause of 

such incorrect search directions is congestion spillback. While in uncongested conditions an 

increase of OD flow leads to an increase of link flow, spillback can cause this link flow to 

decrease by increasing the OD flow. To explain this phenomenon, let us consider the 

following example: given a simple bottleneck network with a detector positioned on the 

upstream end of the link upstream of the bottleneck. The relationship between link flow and 

density is approximated in this example as the triangular fundamental diagram
4
 depicted in 

(Figure 4.3). Assume that the measured flow at a certain time period is q’’ and that there is 

spillback on this link. This traffic state is shown in the triangular fundamental diagram as 

point (k’’, q’’). However, suppose that, while solving upper level problem (4.1), this link is 

thought to be in free flow (e.g., it has reached point (k, q)) with the current estimate of the 

demand. The linear relationship of the response function for this measurement will then 

suggest to decrease the OD flow to reach point (k’, q’’). Vice versa if in reality the detector is 

in free flow regime (point (k, q)), but this link is in congestion regime (point (k’’, q’’)) with 

the current estimate of the demand, the linear relationship of the response function will 

suggest that the link flow is insensitive to any change of the OD flows, which of course only 

holds locally.  

 

Figure 4.3: Incorrect traffic state induces errors 

                                                
3
 A function ( ) : ( ),f x x f x→ →� �  is unimodal if for some value m (the mode), it is monotonically increasing 

for x ≤ m and monotonically decreasing for x ≥ m. 
4
 Note that such relationship is chosen for illustrative purposes, but this argument would hold with any concave 

curve as fundamental diagram. 
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This example indicates that the relationship between link flows and OD flows in uncongested 

conditions is different from the relationship in congested conditions. In the first case the link 

flows were an increasing function of the passing OD flows. In the congested case the link 

flows became insensitive to the passing OD flows, and were determined by the bottleneck 

capacity.  

 

As a consequence, the relationship between link flows and OD flows behaves non-monotonic 

in the transition from free flow regime to congested regime. The sensitivities are different in 

both regimes, not only in magnitude, but also in sign, thereby leading to local optima. If we 

want to avoid this non-monotonic behavior, the necessity of this transition should also be 

avoided. Or in other words, the initial OD matrix should be chosen such that none of the link 

flows requires a transition from free flow regime to congestion regime (or vice versa). Thus 

the initial regime on all links needs to be the same as the actual regime. In the remainder of 

this thesis we will refer to this condition as ‘starting from the correct regime’. 

 

4.3.2  Correct traffic regime does not guarantee monotonicity 

The non-convexity issue discussed in subsection 4.3.1 may seem to suggest that starting from 

(and staying in) the correct traffic regime leads locally to a monotonic relation between any 

link flow and any OD flow. However, with the following example we show that this 

assumption does not always hold. In this example, we alter the demand in two steps, along a 

certain direction. This will first result in a decrease of the link flow on detector X (see 

network in Figure 4.4), followed by an increase of the link flow on this detector, indicating 

non-monotonic behavior. 

 

Consider the following situation on the network depicted in (Figure 4.4). The flow from the 

right branch (denoted by OD3) has priority over the flow from the left branch (the sum of 

OD1 and OD2) in the merge node. For this reason a queue starts building on the left branch. 

As a consequence, the flow in this queue is equal to the remaining capacity (represented by 

point B in the bottom-right diagram). The flow on the left branch upstream of this queue is 

equal to flow A, and is shown on the fundamental diagram in the bottom picture. This flow is 

an alternating mixture of OD1 and OD2:  a time period with only vehicles from OD1 is 

followed by a time period with only vehicles from OD2, which is again followed by a time 

period with only vehicles from OD1, etc (see middle picture of Figure 4.4, which depicts a 

space-time diagram indicating the wave propagation). 

 

Now, we change the demand on both left and right branch in such a way that the speed at 

which the queue spills back (the slope w1 in the bottom picture of (Figure 4.4)) remains the 

same, in accordance with kinematic wave theory. The flow in the queue on the left branch 

equals B’, and the flow on the left branch upstream of this queue equals A’. By doing so, the 

speed in the queue is found to drop. This results in the smaller slope of the trajectories within 

the congested area in the x-t plot (the top picture in Figure 4.4).  

 



64 

 

 

Figure 4.4: Example of non-monotonic relation between OD flow and link flows 
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As a result, the composition of the flow passing the bottleneck in the measurement interval 

(indicated in the middle picture of Figure 4.4) is altered. While initially the flow in this 

measurement interval was composed solely of vehicles from OD1, now it is composed solely 

of vehicles from OD2. As a result, the flow passing detector X on the upper left branch (see 

network in Figure 4.4) drops to zero. So the change of demand results in a reduction of the 

link flow on the detector. 

 

If now we would further change the demand in the same direction (such that the spillback 

speed remains the same), the slope of the trajectories further decreases. The composition of 

the flow passing the bottleneck in the measurement is then altered again, and consists again 

of OD1. As a result, the flow passing detector X will become larger than zero, thus it will 

increase. 

 

Thus, by changing the demand, the link flow on detector X first decreases, and then 

increases, clearly exhibiting non-monotonic behavior. Although this scenario may be far-

fetched, the example proves that having a correct traffic regime for every measurement point 

is not a sufficient condition for convergence to the global minimum. The example also 

illustrates that delays can lead to shifts in the composition of flow, which can cause non-

monotonic behavior of the relationship between OD flows and link flows.  

 

 

4.3.3  The impact of sensor coverage and positioning on 

unimodality 

It should be noted that a non-monotonic relationship does not necessarily lead to local 

minima in the goal function if detectors are well-placed in the network. A monotonic 

relationship of another detector could prevent the incorrect estimates described in the 

example in subsection 3.2. This is illustrated qualitatively in Figure 4.5. Consider for instance 

the flow on detector A to be a non-monotonic function of the OD flow. This relationship can 

be described generally by ( )A Ay f x= , and is illustrated by the black, continuous curve in the 

left picture of Figure 4.5. Suppose that this OD flow is also measured by a second detector B, 

and that the relationship between the OD flow and the flow on detector B is monotonic and 

described by ( )B By f x=  (the red, dashed line in the left picture of Figure 4.5). Then the 

squared deviation (in the case of a GLS estimator) 2ˆ( ( ))
A A

y y x−  in the goal function is not 

unimodal, but 2ˆ( ( ))
B B

y y x−  is unimodal (right picture in Figure 4.5). In the goal function we 

take the sum of both quadratic terms, so the sum of a non-unimodal and a unimodal function. 

As shown in the numerical example by the blue, marked curve representing the sum of 

squared deviations from both detectors A and B, the goal function can become unimodal, 

even though non-monotonic relationships are present. This example shows that non-

monotonic behavior does not necessarily lead to local optima; when the deviation from 

monotonicity in the relationship between the OD flow and the flow on detector A is small, it 

is more likely that the goal function (4.1) is still unimodal. 
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  (a)   

 
(b) 

Figure 4.5: (a) Non-monotonic and monotonic relationship and (b) corresponding non-

unimodal and unimodal relationship 

 

Now, it can be expected that shifts in the composition of flow caused by delays will be quite 

small in practice, and thus also the fluctuation of the link flow caused by the altered 

composition will be rather small. The fluctuation of the link flow caused by spillback on the 

other hand can be expected to have a larger magnitude. Therefore, it seems reasonable to 

assume that local minima caused by altered travel times will originate far less frequently than 

those caused by congestion spillback.  
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In summary, the position and coverage of sensors influences the occurrence of such local 

optima in the goal function (4.1). To our knowledge, this problem has not been studied at 

present. State-of-the-art sensor positioning problems focus on finding the locations that best 

cover the network, or that improve OD trip table estimation in a static environment 

(e.g.Chootinan et al. (2005), Chen et al. (2007)). This is understandable, as positioning 

sensors traditionally belongs to planning applications.  

 

4.3.4  Identifying the correct traffic regime 

A practical question that still arises is how to identify the correct regime, i.e. how to adjust an 

initial OD matrix such that it produces the same congestion pattern as observed in reality. 

Using extra information can be an effective way; since a value of traffic flow can correspond 

either to a traffic state with low density and high speeds, or to a traffic state with high density 

and low speeds. The use of speed or density measurements seems a natural choice. While the 

use of speed data in OD estimation is not new (see e.g. Ashok (1996), Balakrishna et al. 

(2007)), previous studies mainly focus on how to include this extra information. This section 

shows the theoretical reasons why speed data should be used. On the basis of this finding, the 

amount of information that is necessary is actually much smaller: no accurate speed 

measurements need to be available, only a binary variable that explains whether a link is 

congested or not. The extra information, whether speed measurements, density measurements 

or binary variables, has to be translated into an OD matrix that produces a correct traffic 

regime. We will now explore some potential approaches. 

  

Ashok (1996) uses the speed measurements as an empirical alternative to a theoretical 

network loading model to derive the actual assignment matrix, which is then used to estimate 

the OD matrix. This is a viable approach, although accurate speed measurements have to be 

available for the entire network. In many situations in practice, this requirement is too 

stringent. In Tavana (2001), the use of a hybrid model is suggested that estimates OD flows 

based on both traffic flow and density. This approach has been tested in the previous chapter. 

Another approach for adjusting the initial OD matrix, such that it produces correct regimes on 

all links, is the use of expert knowledge: by analyzing the measurements and network 

characteristics it is possible to identify OD flows that can be altered to produce a congestion 

pattern that matches with the real-world congestion pattern.  

 

Note that in practice, small deviations from the real-world congestion pattern will remain in 

all suggested approaches. This does not need to be problematic. As was discussed in 

subsection 4.3.3, a non-monotonic relationship does not automatically result in the 

occurrence of local optima. If the deviations from the actual congestion pattern remain 

limited, then the number of detectors pointing in the good direction (towards the global 

minimum) is likely to outweigh this limited number of detectors with an incorrect traffic 

regime. Or in other words, the probability of converging to an incorrect regime is expected to 

decrease with the number of detectors in the correct regime.  
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4.3.5  Preserving the correct traffic regime 

While Ashok's approach, a density-based approach, as well as expert knowledge are viable 

approaches to adjust the initial OD matrix, there is still the concern of remaining in the 

correct regime during the estimation process, or at least ending up with an estimated OD 

matrix in the correct regime. Intuitively, it can be expected that the OD estimation procedure 

has a tendency to end up in the correct regime. Indeed, the sensitivity of the link flows to the 

OD flows are not likely to vary a lot in the region of equal regimes. If they would not vary, 

the region would be convex, and a gradient-based optimization method would not tend to 

leave this region. It can be expected that the quasi-linear behavior (as opposed to the linear 

behavior) in many cases does not change this property. 

 

Nevertheless, it is still possible that the OD matrix is altered such that it no longer produces a 

correct congestion pattern (e.g. correct direction, but step size too large). In the context of 

optimization, a straightforward manner to pursue the preservation of the correct regime 

would be to add constraints to the goal function. To achieve this, one would have to relate the 

congestion pattern to the OD flows. In appendix B, such a methodology is presented. The 

main idea is to determine the shockwave speeds of the congestion pattern, and then to 

determine the local relationship between these speeds and the link flows. Finally, an 

approximate linear relationship between the link flows and OD flows is used for relating the 

shockwave speed to the OD flows. The implementation of this approach faces some 

difficulties, which are caused by the discrete nature of the DNL model. For more details on 

these problems, we refer to appendix B. Furthermore, it is not always possible in practice to 

start from an OD matrix that produces exactly the same congestion pattern as observed in 

reality. In such cases, constraining the congestion pattern might not be a good idea. Also, the 

constraints for shockwaves preserve the areas where there is congestion, but they do not 

necessarily preserve the uncongested areas. Because of these problems, and the possible 

limited practical usefulness, we do not further pursue this line of thought in this thesis, but 

leave it for future research. 

 

Another more heuristic manner to preserve the congestion pattern is to make use of a line 

search in the optimization. The idea is that a too large step size would increase the probability 

of converging to a local optimum with a congestion pattern different from reality. This 

concern can be addressed by adding a penalty for deviations between the actual and simulated 

congestion pattern in the goal function that is used in the line search. These deviations can be 

measured by using a binary variable (congested or uncongested) for each link flow in each 

time interval. This approach does not require an initial OD matrix that exactly reproduces the 

actual congestion pattern; rather it allows some initial regime errors. Also, it does not have 

any difficulty with preserving uncongested areas. 

 

 

4.3.6  Summary 

The previous subsections discussed the correlation between the occurrence of local optima in 

the goal function and an initial OD matrix that produces link flows that are in a different 

traffic regime than in reality. In the first subsection 4.3.1, it was shown that a monotonic 
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relationship between the link flows and OD flows is a sufficient condition for having a 

unimodal goal function, and thus avoiding local optima. Vice versa a non-monotonic 

relationship can lead to convergence to a local optimum. However, reality is non-monotonic. 

The transition between a free flow regime and a congested regime is identified as a major 

cause for this non-monotonic relationship. To avoid this transition, it is necessary to make 

sure that all links are already in the correct regime when the initial OD matrix is assigned. 

However, avoiding this transition in the presented manner does not guarantee a monotonic 

relationship between the link flows and OD flows, as was illustrated with an example in 

subsection 4.3.2. Nevertheless, a monotonic relationship is not a necessary condition for a 

unimodal goal function, as was qualitatively shown in subsection 4.3.3. It is argued that, in 

theory, convergence to a local minimum is still possible, but in practice this is not expected to 

occur frequently. It should also be pointed out that while identifying a correct traffic regime 

for every link is not sufficient to guarantee a global optimum, it is clear that the risk of local 

minima will be far greater when this condition is not met. In subsection 4.3.4, we focused on 

methods to adjust the initial OD matrix such that it produces the correct regime on all links. 

Finally, in subsection 4.3.5, the problem of preserving the correct regime in the iterative 

process of the optimization is discussed, and possible remedies are suggested, one of which is 

tested hereafter. 

 

 

4.4 Methodology and proof of concept 

4.4.1  Methodology 

The essence of the theoretical findings elaborated in section 4.2 and 4.3 can be cast in the 

following methodology. First of all, we propose the use of response function (4.4) to 

approximate the relationship between OD flows and link flows, rather than using the more 

conventional response function (4.3). Secondly, we suggest using an initial OD matrix that 

produces a congestion pattern that does not deviate too much from the actual congestion 

pattern. Approaches for adjusting the initial OD matrix in such manner were discussed in 

section 4.3.4. Also in the optimization process, special attention needs to be given to 

preserving the correct regime, and a line search procedure is suggested to this aim. In the line 

search, the following goal function is used: 
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Here r� and r are vectors of binary variables indicating whether a link flow is on the 

congested branch of the fundamental diagram or not. The goal function consists of two parts: 

a term that measures the ratio between the deviation from the measured link flows, and the 

initial deviation (i.e. the deviation resulting from assigning the OD matrix from iteration k-1); 

and a term that measures ratio between the deviation from the actual congestion pattern, and 

the number of congestion pattern measurements. The last term is multiplied with a weight, 

where A is a parameter, specifying the importance of staying in the correct regime. The 
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weight is decreasing over the number of iterations, herewith annihilating the influence of this 

heuristic term in the end solution. Since the congestion pattern is not likely to change too 

much when near to convergence, this decreasing influence will not be a problem. This 

approach is heuristic in nature. There can be many other alternatives for formulating the goal 

function used in the line search. Nevertheless, it should be noted that this approach shows a 

lot of resemblance with barrier methods (or interior point methods). In barrier methods, the 

constraints of an optimization problem are added in the goal function, such that deviations 

from these constraints are severely penalized. The term that penalizes these deviations is 

called the barrier function, and it is multiplied with a weight (called the barrier parameter) 

that converges to zero as the number of iterations increases. Similarly, staying in the correct 

regime can be seen as a constraint that we set in the OD estimation problem, and the extra 

term in the line search can be interpreted as a barrier function.  The term A k corresponds to 

this barrier parameter. A difference between barrier methods and the SBODE method with 

the line search procedure is that we do not use the barrier function when calculating the 

descent direction. We do not do so, because we do not have an analytical relationship that 

expresses the constraints as a function of the main variables (i.e. the OD flows). As discussed 

in subsection 4.3.5 and in appendix B, specifying this relationship was found to be 

troublesome. As a result, our approach remains heuristic, and it is not possible to provide any 

formal guarantee that this approach will remain in the correct regime. Another consequence is 

the fact that it becomes difficult to specify well-founded guidelines for determining the initial 

value of the barrier parameter (i.e. parameter A). In barrier methods, such guidelines are 

available that are related to the analytical expression of the constraint as a function of the 

main variables (see e.g. Nocedal et al. (2008)). Since such a relationship is not available in 

our case, these guidelines cannot be translated to our specific case. Therefore we suggest the 

following approach for determining parameter A. As discussed in subsection 4.3.4, in many 

cases no extra measures are necessary for preserving the regime. Therefore, we suggest using 

an initial value of zero, since we expect that extra measures for preserving the regime are not 

necessary in most cases. If there is convergence to an incorrect regime, a larger value is used. 

This value should be determined by analyzing the match between estimated and measured 

link flows, and the match between estimated and measured congestion pattern along the 

search direction. 

 

We will call the methodology described in this paragraph sensitivity-based OD estimation 

(SBODE), as opposed to assignment-based OD estimation (AMBODE), where the more 

conventional response function (4.3) is used to approximate the relationship between OD 

flows and link flows, and where no special attention is given to the congestion pattern. The 

proposed SBODE methodology can be summarized as follows: 

Step 1: Initialization: determine measured congestion pattern as binary variables; iteration 

number k=1. 

Step 2: Adjust the initial OD matrix such that it produces a congestion pattern similar to 

reality. 

Step 3: Calculate the sensitivity of the link flows to the OD flows, and use these to determine 

a search direction. 

Step 4: To determine the step size, perform a line search along this search direction with the 

goal function of equation (4.6).  
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Step 5: Check convergence; if not yet converged, increase k by 1, and proceed to step 3. If 

convergence to wrong regimes, increase A in equation (4.6), and proceed to step 1. 

 

4.4.2  Experimental setup 

The SBODE method is applied to a synthetic network as a proof of concept. The traffic 

model that is used to describe the local relationship between the OD flows and the link flows 

is the Link Transmission Model (Yperman (2007)). The sensitivity of the link flows to the 

OD flows is calculated by finite differences through numerical approximation. 

 

The synthetic network is depicted in Figure 4.6. It is a simple merge network. Each branch of 

the merge is subdivided in 4 links. There are 2 OD pairs, and the real OD flows as a function 

of time are also depicted in Figure 4.6.  
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Figure 4.6: Synthetic network and network demand 
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When the OD flows increase after 15 minutes, a bottleneck activates at the merging point, 

and a queue spills back onto the left branch. Note that there is no queue on the right branch, 

because we use a capacity proportional node model (see Tampère et al. (2011)), and the 

sending flow of the right branch is smaller than its capacity proportional share. The 

maximum length of the queue is indicated in Figure 4.6. When both OD flows decrease again 

after 95 minutes, the queue starts to decrease, but also the flow in the queue increases because 

of reduced “competition” of OD2 for the bottleneck capacity.  

 

The effect of starting in a different regime and the effect of a different linear model between 

the OD flows and the link flows is analyzed. The different linear models that are used are a 

simplified linear model that only uses the assignment matrix for expressing the relationship 

(equation (4.3)), and a more correct linear model that also takes the sensitivity of the 

assignment matrix into account (equation (4.4)). Four different OD estimations are 

performed: 

a) Incorrect starting regime, simplified linear model (=AMBODE methodology) 

b) Incorrect starting regime, correct linear model 

c) Correct starting regime, simplified linear model 

d) Correct starting regime, correct linear model (=SBODE methodology) 

 

For this OD estimation, synthetic measurements are generated every 5 minutes for all nodes 

indicated with an ‘x’. No detectors are assumed available on the right branch. However the 

flow on this branch can easily be deduced using flow conservation equations. The OD flows 

are estimated every 5 minutes. The initial OD matrices can be seen in Figure 4.8 and Figure 

4.8. The real OD matrix is also depicted in dashed lines as a point of reference. The OD 

matrix of Figure 4.8 results in a free flow regime for all links during the whole simulation 

period. The OD matrix of Figure 4.8 produces a correct congestion pattern, though with 

incorrect demand values. 

 

 

Figure 4.7: Start OD matrix resulting in incorrect regime 
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Figure 4.8: Start OD matrix resulting in correct regime 

      

We use a GLS goal function where we penalize deviations from the measurements. 

Deviations from an a priori matrix are not penalized in the goal function, because we want to 

focus on the influence of the starting regime and the assumed linear relationship. The 

optimization method chosen for determining the search direction is a steepest descent 

method. The search direction is thus equal to the negative gradient. The initial step size is 

chosen such that the average step size in the first iteration equals 10 veh/h. As a stop criterion 

we check whether the maximum change in OD flow over all OD flows between two 

iterations is smaller than 1 vehicle/hour. We choose to look at the maximum difference for 

the convergence criterion instead of an average (aggregated) difference, because otherwise 

the process might already terminate when a minority of OD flows has not yet converged.  

 

 

4.4.3  Results 

The estimated OD matrices are summarized in Figure 4.9, and numerical results are provided 

in Table 4.1. In all but the last case the OD estimation process converges to an incorrect 

solution. Note that in case (d) the exact solution is not fully reached because the problem is 

underdetermined for OD flows from 2 to 3 in the time period between the start of the 

congestion spillback and the moment that this queue is observed for the first time by the first 

detector on the left branch. Apart from this local effect, the estimation is quite accurate. 

 

 

Case a Case b Case c Case d 

RMSE Initial OD 1-3 (veh/h) 200 200 584.2 584.2 

RMSE Initial OD 2-3 (veh/h) 161.1 161.1 637.8 637.8 

RMSE Estimated OD 1-3 (veh/h) 100.1 100.2 100.1 2 

RMSE Estimated OD 2-3 (veh/h) 171.7 151.9 151.9 13.7 

Table 4.1: RMSE in (veh/h) of initial and estimated OD flows 
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           (a)  

 

 

(b) 
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(c) 

 
(d) 

 

Figure 4.9: Estimated OD matrices for case (a), (b), (c) and (d) 
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These results suggest that both conditions, namely a correct starting regime and a correct 

linear model for the response function, need to be fulfilled to obtain an unbiased OD 

estimation method. As was mentioned in section 4.3, some researchers stress the importance 

of having an initial matrix that does not deviate too much from the actual OD matrix, because 

otherwise the estimation process might converge to a local optimum. This example illustrates 

that this condition can be misleading: the average deviation from the actual OD matrix in 

case (a) and (b) is 200 veh/h for OD 1-3 and 161.1 veh/h for OD 2-3, while for case (c) and 

(d) the average deviation is 584.2 veh/h and 637.8 veh/h respectively. This example therefore 

illustrates that the initial matrix should yield correct regimes, rather than being “close” in 

terms of OD flow volumes. 

 

4.5 Case study Antwerp 

4.5.1  Experimental setup 

This network covers the inner ring way around Antwerp, Belgium (see Figure 4.10). Though 

this is still a small-sized network (56 links and 39 nodes), it is an interesting example because 

of the large amount of congestion that is present in the peak periods. In this study we consider 

a typical morning peak period between 05.30h and 10.30h. Both flow and speed 

measurements from loop detectors are available at the on- and off-ramps and on some 

intermediate sections. This data is available on a 5-minute interval. The dynamic OD flows 

are estimated with a 15-minute departure interval. We will use the flow measurements to 

calibrate the OD matrix, and verify the goodness of fit. Even though speed measurements are 

not used in the calibration, they are used for validation. The RMSE and RMSN are used to 

quantify the deviation between measured and simulated flows speeds, and travel times. Apart 

from these performance measures, also a quantitative evaluation of the congestion pattern is 

performed. For this evaluation, the congestion patterns were compared by transforming the 

congestion pattern to binary values, and calculating the Mean Absolute Error (MAE), defined 

as follows: 
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where iq�  are the actual/measured variables, ˆ
iq represents the estimated/simulated counterpart, 

and N is the number of measured variables.  

 

Note that other validation approaches such as cross-validation could not be applied in this 

case, since the amount of link flow data that is available is limited, and leaving out 

measurements in the calibration (that can be used for validation) will cause unobservable link 

flows. As such, the OD flows estimated with a limited data set will most likely result in 

inaccurate link flows and speeds, and inaccurate congestion patterns, which only indicates the 

sensitivity of the OD estimation problem to missing data, and does not give an indication of 

the performance of the OD estimation method. Since leaving out link flow measurements 

causes unobservable link flows, it becomes very difficult to impossible to reproduce the left-



 

out measurements (unless these left out measurements

ability to reproduce them should also not be attributed to the performance of the OD 

estimation method). 

 

 (a)    

 

Figure 4.10: (a) Ringway around Antwerp

km/h) 

Similar as for the proof of concept, four different OD estimations are performed:

a) Incorrect starting regime, simplified linear model

b) Incorrect starting regime, correct linear model

c) Correct starting regime, simplified linear model

d) Correct starting regime, correct linear model (=SBODE methodology)

 

The initial OD matrix in this case study is derived from an existing static OD matrix. A 

dynamic OD matrix was derived by superimposing a time profile. Both in the case of the 

correct and incorrect starting regime, the original structure of the derived dyn

was deliberately altered: all OD flows were halved. This resulted in an OD matrix which 

produces free flow conditions throughout the network. This OD matrix is used for the 

incorrect starting regime cases. For the cases with a correct starti

flows was increased in such a way that a congestion pattern similar to reality was obtained. 

Note that, unlike for the proof of concept, there are some deviations between the initial and 

the actual congestion pattern. Since thi

out measurements (unless these left out measurements were redundant, in which case the 

ability to reproduce them should also not be attributed to the performance of the OD 

    (b) 

: (a) Ringway around Antwerp and (b) Measured speed contour plot (in 

Similar as for the proof of concept, four different OD estimations are performed:

Incorrect starting regime, simplified linear model (=AMBODE methodology)

Incorrect starting regime, correct linear model 

simplified linear model 

Correct starting regime, correct linear model (=SBODE methodology) 

The initial OD matrix in this case study is derived from an existing static OD matrix. A 

dynamic OD matrix was derived by superimposing a time profile. Both in the case of the 

correct and incorrect starting regime, the original structure of the derived dynamic OD matrix 

was deliberately altered: all OD flows were halved. This resulted in an OD matrix which 

produces free flow conditions throughout the network. This OD matrix is used for the 

incorrect starting regime cases. For the cases with a correct starting regime, a selection of OD 

flows was increased in such a way that a congestion pattern similar to reality was obtained. 

Note that, unlike for the proof of concept, there are some deviations between the initial and 

the actual congestion pattern. Since this is unavoidable in practice on real world networks, 
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speed contour plot (in 

Similar as for the proof of concept, four different OD estimations are performed: 

(=AMBODE methodology) 

The initial OD matrix in this case study is derived from an existing static OD matrix. A 

dynamic OD matrix was derived by superimposing a time profile. Both in the case of the 

amic OD matrix 

was deliberately altered: all OD flows were halved. This resulted in an OD matrix which 

produces free flow conditions throughout the network. This OD matrix is used for the 

ng regime, a selection of OD 

flows was increased in such a way that a congestion pattern similar to reality was obtained. 

Note that, unlike for the proof of concept, there are some deviations between the initial and 

s is unavoidable in practice on real world networks, 
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this case study is a good test for checking the practical value of the SBODE methodology. 

The supply parameters of the links on this network have been calibrated in a previous study 

for the Flemish Traffic Centre. In the OD estimation, we use a GLS goal function. In this 

case, apart from deviations from the measurements, also deviations from the initial OD 

matrix are penalized in the goal function, because the choice of the optimization method (see 

subsection 4.5.2) requires us to add a regularization term to allow solving the problem. 

Because we want to focus on the influence of the starting regime and the assumed linear 

relationship, this regularization term is given a very small weight of 10
-7

. As a stop criterion 

we check again whether the maximum change in OD flow over all OD flows between two 

iterations is smaller than 1 vehicle/hour. 

 

4.5.2  Considerations on the optimization method 

In the proof of concept, a steepest descent method was used as optimization method. A 

disadvantage of this method is its slower rate of convergence: many iterations are required 

before convergence. In the context of the sensitivity-based OD estimation, this requires nOD 

DNL simulations per iteration, nOD being the total number of OD flows. This constitutes an 

enormous computational effort. A faster convergence would help to keep this effort to a 

minimum. In this case study, the Gauss-Newton method is chosen as optimization method to 

determine a search direction. It is a part of the family of Newton type optimization methods. 

It has the advantage that no second derivatives need to be calculated. The search direction (in 

the case of unconstrained optimization) is determined as follows: 
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In this equation F(xk-1) is the vector of deviations between the measurements and the 

simulated link flows acquired by assigning xk-1, the OD flows determined in iteration k-1. J is 

the Jacobian of F(x) at point xk-1. In the case that the deviations from the a priori matrix are 

added as a regularization term, the search direction is determined as follows: 
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where I is the identity matrix, and ε is the weight for the regularization term. In each iteration, 

the Gauss-Newton method makes an approximation of the actual goal function, based on the 

information at point xk. In this approximation it is assumed that the Jacobian J does not alter. 

In the case of the SBODE, this can be expected to be a rather good approximation, since in 

many cases the sensitivity of the link flows to the OD flows does not alter much when there 

are no regime switches. In fact, when using a triangular fundamental diagram, the sensitivity 

does not change at all in free flow areas. Therefore, the Gauss-Newton method will have 

rapid converge properties. Also, because the Jacobian does not alter much in the region of the 

correct regime, and the Gauss-Newton method assumes a constant Jacobian, it is expected 

that the Gauss-Newton method has a tendency to stay in the correct regime. Nevertheless, 

there are also cases where the sensitivity differs a lot, and where furthermore the initial 

congestion pattern is very sensitive to small changes of the OD flows. In such cases, the 
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Gauss-Newton method might take a large jump outside the area of the correct regime, and 

converge to a local optimum with a different congestion pattern.  

 

In the remainder of this thesis, we limit ourselves to the use of the Gauss-Newton method. 

We acknowledge that there might be other, more specialized optimization algorithms with 

better properties (regarding both the convergence rate, and staying in the correct regime). 

Such a study was outside the scope of this research. In our experience, the Gauss-Newton 

method proved to be sufficiently efficient, and was not conceived as a major bottleneck in the 

SBODE methodology. 

 

4.5.3  Results 

Unlike for the proof of concept, the actual OD matrix is not known. To compare the accuracy 

of the different methods, we use the measured flows and speeds for comparison. The 

performance of the four cases in terms of the RMSE/RMSN of the link flows and speeds is 

summarized in Table 4.2. Figure 4.11 and Figure 4.12 present plots regarding the speeds and 

the travel times, and Table 4.3 summarizes these plots quantitatively. Note that the travel 

times were not measured directly, but are derived from the measured speeds according to the 

methodology described in Himpe et al. (2011).  

 

Table 4.2 indicates that there is a substantial difference between case a and c, versus case b 

and d. In the former case, a simplified linear model was used, and the results in terms of link 

flows are much worse than in the latter case, where a correct linear model was used. This 

seems to suggest that having a simplified linear model mainly affects the match with the link 

flows in a negative way. In the case study in the next chapter (subsection 5.3.3.2), this 

however will not be confirmed, so this finding might be coincidental.  Regarding the match 

with the speed measurements, case c and d perform better than case a and b, although the 

difference in terms of RMSE and RMSN is not as substantial as for the link flows.  

 

Comparing the RMSE/RMSN values of the speeds in Table 4.2, the difference between the 

four cases is not that large. The ratio between the performance on the second best case and 

the performance of the proposed methodology is 1.3. When comparing the travel times and 

congestion pattern based on Table 4.3, the difference between the four cases is much larger. 

The ratio between the performance on the second best case and the performance of the 

proposed methodology ranges from 2 to 3. Nevertheless, it is important to realize that all 

above-mentioned measures are based on exactly the same data, i.e. the speeds on the links. 

From these comparisons, it is clear that case d (i.e. our proposed methodology) performs 

substantially better than all other cases. While there are still some differences with respect to 

the measured congestion pattern and travel time, the evolution in time is well reproduced in 

both cases (as can be seen in Figure 4.11 and Figure 4.12), which is an essential requirement 

that needs to be met. 

 

 

 



80 

 

 

Case a Case b Case c Case d 

RMSE link flow (veh/h) 610.9 223 701 232.9 

RMSN link flow (%) 18.9 6.9 21.7 7.2 

RMSE speed (km/h) 29.4 26.48 23.62 18.24 

RMSN speed (%) 42.1 38 33.8 26.1 

Table 4.2: RMSE and RMSN of link flows and speeds 

 

 

(a) 

 

(b) 
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(c) 

 

 

(d) 

Figure 4.11: Speed contour plots for case (a), (b), (c) and (d) 
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Case a Case b Case c Case d 

MAE congestion pattern 0.192 0.102 0.102 0.036 

RMSE travel time (minutes) 4.5 3.2 4.9 1.6 

RMSN travel time (%) 43.3 31.0 46.9 15.3 

Table 4.3:  MAE of congestion pattern and RMSE and RMSN of travel times  

    

 

 

Figure 4.12: Travel time comparison for case (a), (b), (c) and (d) 

 

4.5.4  Discussion on performance measures 

The above comparisons indicate that the performance evaluation is strongly dependent both 

on the type of data (flows or speeds) that is compared, and how it is compared for one type of 

data (speeds, travel times or congestion pattern). The former is clearly illustrated by the 

difference between case b and c: case b performs better than case c in terms of link flows, but 

case c performs better than case b in terms of speeds.  The latter is illustrated by comparing 

case d with the other cases, and also with the measurements: it is clear that case d performs 

better than the other cases in reproducing the measurements. However, the magnitude of this 

difference is dependent on how the difference is evaluated: the superiority of case d is shown 
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more clearly by looking at the congestion pattern or the travel times, than by looking at the 

speeds.  

 

This clearly shows that the evaluation framework of the performance of a calibrated model 

needs to be well-designed. A central question here is the goal of the model. It has a direct 

impact on the properties that are required for the performance measure(s). For example, 

suppose the goal of a model is to evaluate different ramp metering strategies. Then the 

congestion pattern of the base case scenario should be well representative of the actual 

congestion pattern. Also, the travel times and the number of travelers affected by the ramp 

metering strategies should be accurate, since they determine the total time loss on the 

network. On the other hand, the number of travelers and the travel times in zones unaffected 

by the ramp metering strategies is of less importance. In this case, a performance measure 

that only looks at the magnitude of the error of the speeds does not suffice: a small off-set in 

the starting time of the congestion would not be problematic, but would lead to large errors in 

the magnitude of the speeds during this off-set. 

 

Relating to this research, we aim to calibrate a DTA model. The goal of that DTA model is 

not specified, which makes it harder to specify the properties that are required for the 

performance measure(s). Nevertheless, it is our belief that a DTA model should always make 

sure that the evolution of the congestion patterns and travel times are well captured, so the 

performance measures should be able to assess this. The performance measures used in the 

previous subsection are all aimed at measuring magnitude errors, and do not take into account 

the fact that we are dealing with time series (and even spatial series in the case of the 

congestion pattern): each measurement is compared with its estimated counterpart, without 

any consideration on the time series as a whole. In that sense, these performance measures 

are not ideal for evaluating whether the evolution of the congestion patterns and travel times 

are well captured. The performance measures should take into account a combination of 

magnitude errors, phase errors, and shape errors. In Sarin et al. (2010), a measure was 

developed in the context of vehicle safety applications, that tries to combine these three 

errors, using a combination of phase-shifting and Dynamic Time Warping techniques. 

Applying this measure directly in our case study proved to be unsuccessful, because of the 

difference in time discretization (which was too large in our case). Furthermore, while this 

approach tries to capture temporal trends, it is not aimed at capturing spatial trends, which are 

also relevant in the context of DTA models (e.g. the congestion pattern). A further study into 

performance measures that are specifically aimed at DTA models seems to be appropriate. 

However, in this thesis, we will restrict ourselves to the assessment of the speeds, congestion 

pattern and the travel times by means of standard measures such as RMSE, RMSN and MAE. 

 

4.6 Conclusions 

This chapter deals with the effect of congestion on dynamic OD estimation and focuses on 

different aspects related to congestion dynamics. First, the analysis of Yang on the impact of 

different response functions on static OD estimation is extended to the dynamic case, with a 

focus on the effect of congestion formation and spillback on these functions. It is shown that 

conventional methods use solution methods that implicitly assume that link flows are 



84 

 

separable, an assumption that is not valid in congested networks. This suggests a first 

important condition for unbiased OD estimation in congested networks, namely the use of a 

proper response function. Second, the occurrence of local optima due to congestion spillback 

is identified as another important source of error. We show that the cause for these local 

optima is the incorrect interpretation of the measurements due to a different traffic regime on 

a link assumed in the model as compared to reality. While having a correct traffic regime 

cannot guarantee convergence to the global minimum, as is illustrated in an example, we 

argue that the condition of correct traffic regimes will probably suffice in many practical 

cases, and that not fulfilling this condition will increase the risk of local minima. Also, while 

in practice it might not be possible to start exactly from the correct regime, we argue that 

small initial deviations from this correct regime will not lead to large deviations of the 

solution. Both conditions are combined in the SBODE methodology, which is tested in a 

proof of concept. The experiment indicates that both requirements have to be met for a good 

OD estimation. They also show that the conventional ‘strategy’ for avoiding local optima, 

namely having a start OD matrix that is close to the real OD matrix, can be misleading. The 

methodology is also tested on the ring way around Antwerp. An important finding of this 

case study is the fact that the proposed methodology also works when there are deviations 

between the actual and initial congestion pattern. Because the fulfillment of both 

requirements is still challenging with currently available methods, there is still need for 

further research to refine these methods to guarantee a feasible computational performance. 

In the next chapter, novel methods will be presented to meet these requirements. 



 

 

5  

 

APPLICABILITY TO  

LARGE-SCALE NETWORKS 

___________________________________________________________________________ 

Both the experiments in chapter 3 and the theoretical analysis in chapter 4 have revealed that 

current state-of-the-art dynamic OD estimation methods experience difficulty when 

congestion is present. In both chapters, methodologies are suggested to overcome these 

problems. In this chapter, efficient techniques are presented that allow the application of 

these methodologies to large-scale networks. A first technique is Marginal Computation 

(MaC), which is a computationally efficient method that performs a perturbation analysis 

(using kinematic wave theory principles) for deriving the sensitivity of the link flows to the 

OD flows. The use of MaC for dynamic OD estimation is tested on a study network and on a 

real network. Next, a hierarchical approach for decomposing the dynamic OD estimation 

problem in a number of smaller problems on subareas is presented. The main idea is to 

perform a more accurate dynamic OD estimation only on subareas where there is congestion 

spillback. This approach is tested on a study network, where also the route choice component 

is considered. Finally, the applicability of the hierarchical approach on a large-scale network 

is demonstrated on a real network.  

 

This chapter is an edited version of Frederix, R., Viti, F., Corthout, R. and Tampère, C.M.J., 

2011. A new gradient approximation method for dynamic origin-destination matrix 

estimation on congested networks. Transportation Research Record, No. 2263, 19-25, and  

Frederix, R., Viti, F., Himpe, W. and Tampère, C.M.J., 2012. Dynamic Origin-Destination 

Matrix Estimation on Large-scale Congested Networks Using a Hierarchical Decomposition 

Scheme. Journal of Intelligent Transport Systems (under revision). 

___________________________________________________________________________ 
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5.1 Introduction 

From the previous chapters, it can be concluded that congestion spillback causes the 

relationship between the link flows and the OD flows to be highly non-linear, mainly because 

of spatial and temporal dynamics of queues and delays. This non-linearity makes the problem 

non-convex, and the OD estimation problem might converge to a local minimum, leading to 

an estimated OD matrix that does not represent the real demand patterns very well. 

Furthermore, since traffic states and travel times on a network are highly sensitive to the 

demand, small errors in the OD matrix can lead to large errors in the congestion pattern. As a 

result, the goal function value of the estimated OD matrix does not always indicate well 

whether the estimated OD matrix, when used as an input for the DTA model, will result in 

realistic traffic states. This is however an essential condition for the credibility of the model. 

An example of such a situation was presented in the case study on the ringway of Antwerp 

chapter 4. In case b, there was a large discrepancy between the actual congestion pattern, and 

the congestion pattern resulting from the estimated OD matrix. However, the deviation 

between simulated and measured link flows was small, with an RMSN  of 6.9 %, which is a 

very good result (a similar magnitude can be found in other studies, e.g. Balakrishna (2006), 

Vaze et al. (2008)). It is easy to understand that using this estimate of the OD matrix as an 

input for a DTA model is not recommended, because of the large discrepancy between the 

congestion patterns in both situations. The assignment of this OD matrix leads to poor 

estimates of the travel times. As a result the use of a DTA model with this input will lead to 

wrong decisions, whether for planning, traveler information, or traffic management purposes. 

 

Using traditional OD estimation methods in congested networks can thus lead to poor-quality 

estimates of the dynamic OD matrix. Congested networks require the use of more advanced 

OD estimation methods. In the previous chapter, a theoretical analysis of dynamic OD 

estimation in congested networks was conducted. Two requirements for unbiased OD 

estimation in congested networks were identified. A first requirement is that the initial OD 

matrix needs to produce traffic patterns with the same congestion state as observed in reality. 

The second requirement deals with the relationship between link flows and OD flows. There 

is no closed form of this relationship, and therefore this relationship must be approximated 

appropriately. In particular, the approximation of this relationship needs to account for the 

sensitivity of the link flows to the OD flows (including the sensitivity of the assignment 

matrix to the OD flows). This methodology, which is called the sensitivity-based OD 

estimation (SBODE) method, enables dynamic OD estimation in congested networks.  

 

As mentioned above, the SBODE method uses the sensitivity of all link flows to all OD 

flows. When resorting to finite differences to calculate this sensitivity, a total computational 

effort equal to the computation time of one DNL times the number of OD flows  is required. 

In practice, this is not feasible for medium and large-scale networks. In this chapter, we 

present two complementary approaches to reduce the required computation time. 

 

This chapter is structured as follows. Section 2 presents the MaC technique, that allows one 

to approximate the non-linear relationship between link and OD flows in a computational 

efficient manner. This technique is applied in a proof of concept and on a real dataset. In 
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section 3 the hierarchical approach is presented and applied, first on a small network for a 

proof of concept, and secondly also on a large-scale, congested network. 

 

 

5.2 Application of MaC to SBODE 

5.2.1  Basic idea of MaC 

We propose to calculate the sensitivity (Jacobian matrix) of the link flows to the OD flows 

through finite differences with MaC simulations. MaC performs approximate DNL to reduce 

computation time. The basic idea is that a small increase of a single variable (here: OD flows 

per departure time interval) has a rather local effect. For example, if an OD flow changes, 

link flows in the opposite direction are hardly influenced; the same holds for most simulated 

OD flow that departed from the origin prior to the time slice that is currently varied. First a 

base simulation is performed with a standard DNL model. The MaC algorithm takes the 

outcome of this base simulation and only recalculates the links flows on (and close to) the 

affected routes while leaving the other variables unchanged. The procedure is further detailed 

in appendix C, which summarizes Corthout et al. (2011). Note that even though MaC 

substantially reduces computation time for the Jacobian, the computation effort remains 

considerable and may exceed the requirements for on-line OD estimation. The proposed 

method is therefore mainly intended for off-line OD estimation purposes. 

 

5.2.2  Case study 

In this section the SBODE methodology described in section 4.4.1 is applied using the MaC 

method to approximately calculate the sensitivity of the link flows to the OD flows. Firstly, it 

is tested on a study network. A comparison is made with an OD estimation that uses explicit 

simulation to calculate the sensitivity. The Link Transmission Model (Yperman (2007)) is 

used as DNL model in both OD estimation methods, as well as for determining the outcome 

of the base simulation that is used in MaC. Next we repeat the comparison on a real network 

to analyze the feasibility of the approach for practitioners.  

 

5.2.2.1 Study network 

The case study of section 4.4.2 is repeated. For comparison purposes, the results of the 

sensitivity-based OD estimation in subsection 4.4.2 are presented over again. The estimated 

OD matrices are shown in Figure 5.1. The difference with the estimated OD matrix using 

MaC is very small. These differences are due to approximation errors in the MaC method. 

The oscillating behavior of OD2 near the end of the considered time period is a result of the 

combination of these approximation errors, and the fact that there are fewer detectors near the 

end of the considered time period that measure this OD flow. This result suggests that the 

MaC method is capable of correctly deriving the sensitivity of the link flows to the OD flows. 

The computation time required for calculating the Jacobian reduces from 90 seconds to 19 

seconds, i.e. with a factor of 4.7. 
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(a) 

 

 

(b) 

Figure 5.1: Estimated OD flows for case (a) and (b) 
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5.2.2.2 Inner ringway of Antwerp 

The case study of subsection 4.5 is repeated. For comparison purposes, the results of the 

sensitivity-based OD estimation in subsection 4.5 are presented over again. The results of the 

link flows and speeds are summarized in Table 5.1. Figure 5.2 and Figure 5.3 present plots 

regarding the speeds and the travel times, that are summarized quantitatively in Table 5.2. 

The computation time required for calculating the Jacobian reduces from 3.5 hours to 1.33 

hours, i.e. with a factor of 2.6. Convergence was reached after 10 iterations, so the total 

computational effort was about 14 hours. Note that in the case of MaC, the value of A in the 

line search (see equation (4.6) in section 4.4.1) was set to 10, because with the default value 

of 0, the initial congestion pattern was not well preserved. 

 

 
(a) 

 
(b) 

Figure 5.2: Speed countour plot for (a) explicit calculation of the Jacobian and (b) MaC  
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Both results are very similar. The congestion pattern is better preserved in case of the explicit 

calculation of the Jacobian. The travel time estimation of MaC on the other hand is better. It 

can be concluded that the approximation errors of MaC are rather small. 

 

 

 Initial OD Explicit MaC 

RMSE flows (veh/h) 1391 232.9 248.7 

RMSN flows (%) 43 7.2 7.7 

RMSE speed (km/h) 23 18.2 22.0 

RMSN speed (%) 33 26.1 31.5 

Table 5.1: Results for explicit calculation of the Jacobian and MaC 

 

 

 

Figure 5.3: Travel time comparison for explicit calculation of the Jacobian and MaC  

 

 Explicit MaC 

RMSE travel time (minutes) 1.6 0.7 

RMSN travel time (%) 15.3 7.1 

MAE congestion pattern 0.036 0.07 

Table 5.2: MAE of congestion pattern and RMSE and RMSN of travel times 
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5.2.3  Conclusions on MaC 

This section aims to provide a practical OD estimation methodology that could be applicable 

to heavily congested networks. Traditional OD estimation methods implicitly assume that 

link flows are separable with respect to OD flows. In congested networks this assumption 

leads to biased OD estimates. In chapter 4, a theoretical methodology for dynamic OD 

estimation was presented that is applicable in congested networks. However, this 

methodology requires the calculation of the sensitivity of the link flows to the OD flows, 

which is computationally troublesome. To ensure the methodology to be applicable on real-

sized networks, more efficient techniques to calculate this sensitivity are necessary. This 

section introduces the use of Marginal Computation (MaC) for dynamic OD estimation. MaC 

performs approximate DNL to reduce computation time. These approximate DNL 

simulations are used to calculate the sensitivity through finite differences. The methodology 

is successfully tested both on a study network and on a real network. The computation time 

was reduced by a factor of 3 till 5.  It should be noted that this is a rather small factor when 

compared to the values reported in Corthout et al. (2011). This can partly be explained by the 

different network topology and conditions. The above networks had a corridor structure, and 

the amount of congestion on this network relative to its size was quite large. Because of this, 

the influence of any change of OD flow does not have a local effect, but instead affects a 

large part (relatively speaking) of the network. In other types of network (such as in Corthout 

et al. (2011)), the affected area will be much smaller, and the computational gain will be 

much larger. 

 

 

5.3 A hierarchical approach for dynamic OD 

estimation 

A problem arises when applying the SBODE methodology on large-scale networks. The 

computation time needed for running a Dynamic Network Loading (DNL) in general grows 

(at least) linearly with the size of the network, and the number of OD pairs in the network 

grows quadratically. Since calculating the sensitivity of the link flows to the OD flows 

requires a total computational effort equal to the computation time of one DNL times the 

number of OD flows when resorting to finite differences, the total computational effort for 

the SBODE methodology grows (at least) cubically with the size of the network. The MaC 

technique, presented in the previous subsection, helps to decrease the computation time 

needed for running a DNL. Although no formal proof is provided, our own experience with 

MaC suggests that the computation time for running the DNL in that case grows less than 

linear. Still, this means that the computational effort remains to grow more than quadratically 

with the size of the network. Therefore, the SBODE methodology in its current form is not 

applicable to large networks, even with the use of MaC. In this section, we present a 

hierarchical approach for decomposing the dynamic OD estimation problem. The large-scale 

congested network is split into a number of smaller networks, making the problem more 

manageable. 
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5.3.1  Problem description 

This research is not the first to address the problems that are encountered when estimating the 

OD matrix on large-scale networks. In Cascetta et al. (1993), a sequential estimator is 

presented that estimates the OD flows one interval at a time, as an alternative for the 

simultaneous estimator that estimates the OD flows of all time intervals at once. The main 

advantage of the sequential approach is that it avoids the storage and inversion of a large 

assignment matrix. It decomposes the large optimization problem in time, by splitting up the 

assignment matrix into smaller matrices. The large problem is thus replaced by a number of 

smaller, more manageable problems. Since the size of the assignment matrix grows 

quadratically with the size of the network, the sequential estimator becomes very attractive 

when handling large-scale networks. 

 

While the sequential estimator decomposes the problem in time, other approaches aim to 

decompose the problem in space. Chang & Tao (1995) propose to decompose the network 

into a top-level network consisting of freeways and major urban arterials, and low-level 

networks. First, the OD flows of the freeway network are estimated. These OD flows are used 

as input-output flows for the subareas. Next, the OD flows on the subareas are split into 

groups, and each of these groups is estimated while keeping the other OD parameters fixed. 

Etemadnia & Abdelghany (2009) also subdivide the network into a number of subareas, 

although no specification is provided on criteria for subdividing the network. At the 

boundaries of the subareas dummy links are created. Then they estimate the local OD flows 

within a subarea, and use these local OD flows to estimate the link flow on the dummy links. 

Next, they perform a dynamic OD estimation for the global network using only the flows on 

the dummy links as measurements. A key assumption in their approach is the availability of 

an accurate historical assignment matrix, both for the subareas and for the entire network. 

Implicitly, they assume that the OD flows estimated with the historical assignment matrix is 

consistent with this historical assignment matrix, and does not lead to a new assignment 

matrix. 

 

The decomposition of the OD estimation problem in space seems a promising approach to 

allow the application of the SBODE method. The idea is that the network can be decomposed 

into areas where congestion dynamics largely affect the accuracy and reliability of the 

estimated OD flows, and others where fine-grained estimation may not be necessary. In the 

former case the SBODE method can be applied, whereas in the latter case a traditional 

AMBODE procedure (using equation (4.3) instead of (4.4) as approximation for the 

relationship between link flows and OD flows, and not paying attention to the congestion 

pattern) may suffice.  

While the idea of decomposition in space of Chang & Tao and Etemadnia & Abdelghany is 

promising, the elaboration of their method does not suffice. The main problem of both 

methods (and more generally of decomposition in space) can be explained considering the 

network in Figure 5.4. 
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Figure 5.4: Merging networks by proportional distribution 

Suppose the network has been subdivided in three parts: a part with the link from O1 to D1, a 

part from O1 and O2 to D1’, and a part from O1’ to D1 and D2. For each part the local OD 

flows have been estimated as indicated in the figure. When merging the different parts, the 

question arises on how to combine the local OD flows. In this case the amount of people 

going from O1 to D1 passing by the lower route needs to be determined. The most 

straightforward solution would be to distribute the local OD flows proportionally: at each 

boundary, it is assumed that all entering local OD flows distribute proportionally to al exiting 

local OD flows. For example, in Figure 5.4 OD flow O1-D1' would distribute itself 

proportionally among the OD flows of O1'-D1 and O1'-D2, i.e. three quarters to the former, 

and one quarter to the latter. In this example, this would result in a total OD flow of 575 

(200+375) between OD pair O1-D1, an OD flow of 375 for OD pair O2-D1, and an OD flow 

of 125 between OD pairs O1-D2 and O2-D2. However, this solution does not take into 

account any route choice behavior. This can lead to implausible results: if the upper route 

between O1 and D1 is much shorter than the lower route, it is not likely that a majority would 

prefer to take the lower, slower route. A better solution to solving the underdeterminedness in 

the above example is to incorporate available route choice knowledge (either from data or 

from a route choice model). Of course, this implies that the route choice behavior on the 

global network needs to be determined. To this end, an OD estimation needs to be performed 

on the global network, after the OD estimation on each subarea. Or in other words, to avoid 

introducing errors in the route choice behavior, any decomposition scheme in space for 

dynamic OD estimation needs to include a final step in which an OD estimation on the total 

network is performed that reconciles the solution to a set of feasible route flows. 

 

Chang & Tao do not consider the above problem. While Etemadnia & Abdelghany do not 

explicitly consider the problem, their approach suggests performing an OD estimation on the 

total network, after performing the OD estimation on each subarea. However, their 

methodology is limited to cases in which the assignment matrices are accurately known. In 

many cases, no such data is available, and the assignment matrix is not an input to the OD 

estimation, but instead an output of the bi-level problem. In such case, one has to take 

precaution that the local assignment matrix resulting from OD estimation in the subareas is 
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consistent with the estimated OD flows of the global network. This can be explained as 

follows (see also Figure 5.5). In a first stage, the local OD flows for each subarea are 

estimated. These estimated local OD flows result in a local assignment matrix that describes 

the propagation in the subarea, and link flows in the subarea. These link flows are then used 

as measurements for the OD estimation on the global network. This leads to a global OD 

matrix, with its corresponding assignment matrix that describes the propagation on the global 

network. However, there is no guarantee that in the subareas the propagation described by the 

global assignment matrix is consistent with the propagation described the local assignment 

matrix.  

 

 

Figure 5.5: Problem of inconsistency 

This problem of inconsistency is especially true for congested networks. When there is 

congestion spillback, the goal function of the OD estimation problem exhibits more local 

optima (see previous chapter). As a consequence, it is more likely that the estimated OD 

flows resulting from the global OD estimation are a local optimum, and that these OD flows 

lead to a different propagation in the subareas. For this reason, it is not self-evident to extend 

the approach of Etemadnia & Abdelghany to cases in which the assignment matrix needs to 

be determined endogenously.  

 

Another problem that was not treated by Etemadnia & Abdelghany is the subdivision of the 

network as a source of inconsistency for the link flows. As explained above, their approach 

suggests to subdivide the network, perform an OD estimation for each of the subareas, and 

use the resulting link flows on the links connecting different subareas as measurements for 

the global OD estimation. A problem arises when not enough measurements are available, 

and the flow between adjacent subareas is not observed directly. In that case, the OD 

estimation of adjacent subareas might lead to a different estimated link flow on the link 

connecting both subareas. The methodology of Etemadnia & Abdelghany expects one value 

for the flow on this link, but no specification is provided on how to determine the link flow 

value in that case. In principle, this inconsistency might even occur with a direct 

measurement of the flow on the connecting link, since there is no guarantee that in both of the 

subareas the estimated link flows (resulting from the OD estimation) will match the measured 

link flows. Anyway, this inconsistency will lead to errors in the OD estimation of the global 

network. Note that the flow might be observed indirectly, e.g. by combining flow 

measurements on other links with the conservation law, or by combining other measurements 

with a route choice model. The error that is introduced in the OD estimation will depend on 
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whether the flow is indirectly observed on none, one, or both of the subareas. Such issues of 

observability should be taken into account when subdividing the network. 

 

5.3.2  Methodology 

We propose to extend the methodology of Etemadnia & Abdelghany to cases where no 

accurate assignment matrix is available. Similarly the idea is to decompose the network in 

subareas, and to perform an OD estimation on each of the subareas. First we present the 

general hierarchical approach, in which any OD estimation method can be used on the 

subareas. Since the subdivision in subareas strongly depends on the OD estimation method 

employed, in the next part, this hierarchical approach is combined with the SBODE method 

and some guidelines are presented for defining the subareas. Finally, we discuss the 

relationship between the hierarchical approach and other decomposition methods.  

 

5.3.2.1 Hierarchical approach for large-scale networks 

The main idea is to decompose the global network in subareas, and on each of the subareas to 

perform an OD estimation. Contrary to Etemadnia & Abdelghany, the primary goal is not to 

reduce computation time, but to allow performing an OD estimation method on a subarea that 

is best suited for that subarea. Clearly, this methodology is suited for cases in which one 

wants to use more advanced OD estimation methods for these subareas, which can require 

more computation time and/or data sources. By applying the hierarchical approach, there 

might be an indirect reduction of computation time (compared to the case where that 

advanced OD estimation method is used for the entire network).  

 

We propose not to subdivide the entire network into subareas, but to select a number of 

subareas in the network on which an OD estimation must be performed. So a distinction is 

made between subareas and the rest of the network. Each subarea has origin and destination 

zones that do not necessarily coincide with the origin and destination zones of the global 

network. We call these local origin and destination zones, and the associated OD flows are 

also labelled local OD flows. The OD estimation results in a local OD matrix, and a local 

assignment matrix, that describes the propagation of the flow in each subarea. Next, the OD 

flows on the global network are estimated altogether to obtain consistent route flows on the 

global network. 

 

The main idea in this OD estimation on the global network is that, to overcome the problem 

of inconsistency, the propagation in the subareas should not follow normal DNL propagation 

principles. Instead the propagation on these subareas should be kept fixed and equal to 

propagation according to the local assignment matrix.  

 

During the OD estimation process on the global network this will introduce a temporary 

inconsistency between the global OD flows and the propagation on the subareas: assigning 

the global OD flows according to normal DNL propagation principles would result in a 

different propagation on the subareas. However, if at the end of the estimation process the 

inflow and outflow of the subareas coincide with the estimated link flows resulting from the 
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OD estimation on the subareas, then the global OD flows are again consistent with the 

propagation on the subareas.  

 

To guarantee a correct inflow and outflow of the subareas, constraints must be added to the 

problem. Equivalently, soft constraints can be used: the measurements at these locations are 

added to the goal function and given a high weight. In this thesis, we choose for the latter 

approach.   

 

The extended approach, which will be referred to as the hierarchical approach, can thus be 

summarized as follows: 

 

• Step 1: Perform an OD estimation for all considered subareas. This results in 

estimated link flows and link travel times. 

• Step 2: Consider the global network and all non-used measurements. Expand this 

set of measurements with virtual measurements at the boundaries of the subareas. 

These virtual measurements are taken equal to the estimated link flows. 

• Step 3: Perform an OD estimation with the expanded set of measurements. In the 

lower level of this OD estimation the propagation on the links of the subareas is 

fixed and determined by the estimated link travel times. 

 

It should be stressed that in step 2 the actual measurements on the subareas are replaced by 

virtual measurements at the boundaries of the subareas, generated by assigning the estimated 

local OD matrix on the subarea. Also when actual measurements are available at the 

boundaries, they are replaced by virtual measurements that are taken equal to the estimated 

link flows. Hereby the residual errors from the OD estimation on the subareas are fixed in the 

OD estimation of the global network: in the optimization no effort will be put in further 

reducing this error. However, this is necessary to guarantee the consistency between the 

global OD flows and the propagation on the subareas at the end of step 3. Since the residual 

errors are fixed, sufficient effort should be undertaken in the OD estimation on the subareas 

before proceeding to the OD estimation of the global network. 

 

Note that in this approach the OD estimation on the subareas provides constraints for the OD 

estimation of the global network: the inflow and outflow and the propagation resulting from 

the OD estimation on the subareas constrains the global OD estimation problem. As such, we 

introduce a hierarchy in the network: the higher level network (in this case the subareas) 

constrains the OD estimation on the global network, and thus implicitly influences the results 

on the lower level network (i.e. the rest of the network). While in the above described 

algorithm there are only two levels, the hierarchical approach can easily be extended to 

multiple hierarchical levels. In such case, the propagation from a higher level can be used as 

constraint for a lower level OD estimation, in which both the network from the higher level 

and the network from one level lower are considered. This would allow decomposing the 

network in even smaller subareas. 
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5.3.2.2 Hierarchical SBODE approach for large-scale congested networks 

The motivation of this subsection is to develop a method that allows dynamic OD estimation 

in large-scale congested networks. To this end we now combine the hierarchical approach 

discussed above with the SBODE method. In a first step, guidelines for subdividing the 

network into subareas need to be provided. We do not advocate performing a preliminary OD 

estimation (step 1 of the hierarchical approach) on all subareas of the network. Instead a 

preliminary OD estimation should only be performed for the subareas that require the use of 

the SBODE method. Therefore the following guidelines for subdividing the network are 

focused on determining these subareas. 

 

• The SBODE approach was designed for congested corridors (networks without route 

choice). Therefore it is advisable to define a number of subareas, such that all the 

active bottlenecks and the resulting congestion spillback in the network are contained 

in these subareas, and such that none of them contain route choice. In many cases 

congested networks with route choice can be subdivided into multiple parts without 

route choice, to allow the use of SBODE. This will be illustrated in the case study of 

section 5.3.3.1. Including subareas with route choice can potentially cause less 

accurate results due to convergence to a local optimum. Note however that this risk is 

equally present when other OD estimation methods are used.  

• Congestion spillback should not cross the border of any of these subareas, since 
otherwise the propagation on one of the subareas is determined by the propagation of 

another subarea, which does not allow performing an OD estimation on each subarea 

independently.  

• It is advisable to extend the subareas such that all entry and exit flows are measured, 

either directly or indirectly, such that all link flows on the subarea are observable. 

This also means that it is advisable to always have at least one detector upstream and 

one detector downstream of a congested area, since else the entry and exit flow is not 

observable. In practice this might not always be possible, and some entry/exit flows of 

a subarea will not be observable with the measurements present in the subarea. As a 

result some extra errors might be introduced. Depending on the specific configuration, 

this extra error can be expected to be smaller or larger. Further research is however 

needed to study the influence of detector configurations on the accuracy of 
decomposed OD estimation more in depth. 

• Since the OD estimation of a subarea constrains the OD estimation of the global 

network, adjacent subareas might provide contradictory constraints. This 

contradiction should be avoided, either by joining the two adjacent subareas into one, 

or by using multiple hierarchical levels. In the latter case, first an OD estimation is 

performed on one of the subareas, and the resulting flow across the connecting link is 

provided as constraint for the other subarea. 

 

The hierarchical SBODE approach can be summarized as follows: 

 

• Step 1: Perform an SBODE for all considered subareas with congestion spillback. 

This results in estimated link flows and link travel times. 

• Step 2: Consider the global network and all non-used measurements. Expand this 

set of measurements with virtual measurements at the boundaries of the subareas. 

These virtual measurements are taken equal to the estimated link flows. 
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• Step 3: Perform an AMBODE with the expanded set of measurements. In the 

lower level of this OD estimation the propagation on the links of the subareas is 

fixed to the estimated link travel times. 

 

5.3.2.3 Comparison with alternative decomposition methods 

The hierarchical approach presented above can be seen as an extension of the work of Chang 

& Tao and Etemadnia & Abdelghany. However, there are some important differences. 

 

First of all, the application domain is different. The works of Chang & Tao and Etemadnia & 

Abdelghany are intended for real-time OD estimation, while our approach is intended for 

offline OD estimation. Because of this, the focus is different. The aim of Chang & Tao and 

Etemadnia & Abdelghany is to reduce the calculation effort that is required for solving the 

upper level estimation problem, which involves the inversion of a large matrix. Their main 

idea is that they can reduce the size of this matrix, and thereby reduce the calculation time. In 

this context, the aspect of accuracy and the introduction of errors is less of concern compared 

to our approach.  

 

Furthermore, they assume more detailed information is available on the propagation in the 

network: Chang & Tao assume detailed travel time information is available as well as all 

entry and exit flows, while Etemadnia & Abdelghany assume that an accurate assignment 

matrix is available. In the hierarchical SBODE approach the only extra information that is 

required is knowledge on the presence of congestion spillback. In practice, such knowledge is 

usually available with the road authorities, or even with daily users of the network, by 

reporting with radio stations or interacting with traffic information operators.  

 

Also, the hierarchical approach does not result in a direct gain of calculation time. Instead it 

is conceived as a methodology to allow the use of an OD estimation method that is best 

suited for a particular subarea. However, indirectly it can lead to gains in accuracy and 

calculation time by the possibility of choosing the best suited OD estimation method for a 

subarea. Here, we propose to use the SBODE method on congested subareas. 

 

5.3.3  Case study 

In this section the hierarchical approach described in section 5.3.1 is applied. A comparison is 

made with an OD estimation in which no hierarchical decomposition is made. In the 

remainder of this thesis we will refer to this as the global approach, to distinguish from the 

hierarchical approach. First, a proof of concept is presented on a study network, in which the 

hierarchical SBODE approach is compared both with the global AMBODE, and with the 

global SBODE. Next, we apply the hierarchical SBODE on the large-scale network of The 

Hague, The Netherlands, and compare it with the global AMBODE. The Link Transmission 

Model (Yperman (2007)) is used as DNL model in both OD estimation methods. The 

measures of performance that are used are the RMSE and the RMSN of the link speeds and 

flows. Apart from these performance measures, an evaluation of the congestion pattern and 

the travel times is performed in the case study on the large-scale network of The Hague. 
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5.3.3.1 Study network 

In this section the hierarchical SBODE approach is illustrated on the synthetic network of 

Figure 5.6(a), and compared with a global approach. The network consists of a highway 

network and an urban road network. There are two origins, two destinations and three OD 

pairs (OD1-1, OD2-1 and OD2-2). Both subnetworks have OD pair 2-1 in common, which 

has a route via the highway and a route via the urban network. The actual OD flows are 

chosen such that they cause congestion spillback on the highway network at the location of 

the onramp, as is depicted in Figure 5.6 by the yellow rectangle on the left branch. 

Furthermore, it is assumed that the route choice for OD 2-1 corresponds to a Stochastic User 

Equilibrium (SUE). The corresponding simulated link flows at the detector points in Figure 

5.6(a) are assessed every 5 minutes, and are used as synthetic measurements for the OD 

estimation. The OD flows are estimated every 5 minutes. In all OD estimations, we use a 

GLS goal function. Similar as in case study of subsection 4.5, both deviations from the 

measurements and deviations from the initial OD matrix are penalized in the goal function, 

because the choice of the optimization method (see subsection 4.5.2) requires us to add a 

regularization term to allow solving the problem. The regularization term is again given a 

very small weight of 10
-7

. As a stop criterion we check again whether the maximum change 

in OD flow over all OD flows between two iterations is smaller than 1 vehicle/hour. 

 

In the first stage of the hierarchical SBODE approach the highway network is cut out (Figure 

5.6 (b)). Next the local OD matrix on this cut-out highway network is estimated. Since there 

is congestion spillback on this network the SBODE methodology is used. This OD matrix 

estimate results in certain link flows and a certain propagation. Both are used in the second 

stage: the simulated link flows at the boundaries of the network (i.e. at the on- and off-ramps) 

are used as virtual detectors, and the propagation on the highway network is fixed in the 

second stage.  

 

                  

Figure 5.6: (a) Network highway and urban roads, (b) first stage network, and (c) 

second stage network 

 

In the second stage, the entire network is considered. The detectors on the highway network 

are replaced by virtual detectors at the on and off ramps, as can be seen in Figure 5.6(c). The 
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measurements on these virtual detectors are added to the goal function and are given a large 

weight. In this case study, a weight of 10 was used. Since there is no congestion spillback on 

this network (the propagation on the highway part is fixed) there is no need to use the 

SBODE method; a traditional AMBODE will suffice.  

 

The above approach is compared both with a global AMBODE method, and with a global 

SBODE method. Since there is route choice in this network, an appropriate OD estimation 

method from literature is chosen. Here, we applied the method proposed in Maher et al. 

(2001), extended to the dynamic case, as was done by Lindveld (2003).  

 

Both the actual OD flows and the OD flows that were estimated by the three different 

approaches are depicted in Figure 5.7. In Table 5.3 the performance measures for link flows 

and speeds are presented. Both the figure and the table indicate that the hierarchical approach 

performs much better than both global approaches. The better performance of the hierarchical 

SBODE compared to the global AMBODE is expected, since there is congestion on the 

network, and AMBODE methods have more difficulty when congestion is present on the 

network. Surprisingly, the hierarchical SBODE also performs better than the global SBODE. 

At first sight this seems counterintuitive. Further analysis indicates that the bad performance 

of the global SBODE is caused by the redistribution mechanism of the route choice model. 

The global SBODE starts with an OD matrix that produces a correct congestion pattern when 

assigned. This assignment also results in route choice fractions. The first iteration of the 

SBODE method results in a new OD matrix. This new OD matrix would also produce a 

correct congestion pattern on all links when assigned with the route choice fractions from the 

previous iteration. However, since the OD matrix has changed, also the route choice fractions 

need to be updated according to SUE principles. As a result of the updated route choice 

fractions, some of the flow is transferred between the highway route and the urban route, 

leading to a different (incorrect) congestion pattern on the highway network. Because of this 

incorrect congestion pattern, the global SBODE finally converges to a local optimum. Note 

that in this procedure, the step size was determined taking into account the redistribution 

mechanism of the route choice model, though in a simplified manner (as described in Maher 

et al. (2001)). The main problem here is that, when determining the search direction, this 

redistribution mechanism is not taken into account, leading to a search direction that steers 

the OD matrix away from the correct congestion pattern. 

 

 

Start OD 

Global 

AMBODE Global SBODE 

Hierarchical 

SBODE 

RMSE link flows (veh/h) 294.2 115.6 105.7 24 

RMSN link flows (%) 28.5 9 8.3 1.9 

RMSE link speeds (km/h) 10.1 16 22.9 1.9 

RMSN link speeds (%) 19.1 30.1 43.3 3.5 

Table 5.3: Results for the three cases on study network 
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           (c) 

 

 

Figure 5.7: Comparison of estimated OD flows 



102 

 

5.3.3.2 The Hague network 

We now test the hierarchical approach to the real large-sized network depicted in Figure 5.8. 

This network covers the area around The Hague, The Netherlands, including the A4, A12 and 

A13 motorways. It consists of 1300 nodes, 3386 links, and 168 zones. The OD matrix 

consists of 204405 non-zero elements. The computation time required for a DNL with LTM 

on the network is 5.5 hours. The network has been calibrated in previous studies (see 

Knockaert et al. (2007)) for the morning peak period between 06.30h and 11.30h. In the 

present study we take the calibrated demand and supply parameters as the ground truth. On 

the highway, flow measurements are available at the actual count locations (34 in total). On 

the rest of the network, 103 additional locations were chosen for flow measurements. The 

value of these flows measurements is obtained by assigning the actual OD matrix to the 

network. These measurements, that are available every 6 minutes, are then used to calibrate 

the OD matrix, and verify the goodness of fit. It is assumed that also the congestion pattern is 

known. The dynamic OD flows are estimated with a 20-minute departure time interval. The 

initial OD matrix is a static OD matrix superimposed by a time profile derived from the 

available flow measurements. The static OD matrix was taken as 80 % of the average 

demand. These lower OD flows do not cause any congestion in the network. 

 

 

Figure 5.8: The Hague network 

For validation purposes, we also use the simulated speeds on the highway, resulting from 

assigning the actual OD matrix. However, these speeds are not used for calibration. This is 

done because similarly on many real-world networks speed measurements are not available. 

Nevertheless, even in such cases we require that the estimated OD matrix is of decent quality. 

Using the speed measurements for validation purposes alone allows us to make a better 

A12 

A13 
A4 
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comparison of the performance of the different estimation methods in the absence of speed 

measurements.  

 

In this network congestion spillback is limited to parts of the A12 and A13 motorway. In a 

first step of the hierarchical SBODE approach this subarea is cut out (see Figure 5.9). Since 

there is congestion spillback from the A12 to the A13 motorway, both motorways are 

combined in one cut-out network. The computation time for a DNL on this subarea is reduced 

to 80 seconds. The subarea has 16 origin zones and 18 destination zones. The number of local 

OD flows to be estimated is 1905. For the estimation we make use of the SBODE method. 

Note that this implies that we first adjust the initial OD matrix such that it produces realistic 

congestion patterns. In total, the computation time required for calculating the sensitivity of 

the link flows to all OD flows by means of finite differences reduces from 128 years 

(204405×5.5 hours) to 42.3 hours (1905×80 seconds). This reduction underlines the 

advantage of using the hierarchical approach, without which applying the SBODE 

methodology would not be possible. 

 

 

Figure 5.9: Cut-out network 

 

The results of the both estimations are summarized in Table 5.4, Table 5.5 and Table 5.6, and 

in Figure 5.10 and Figure 5.11. Table 5.4 presents the correspondence of the flow and speed 

measurements on the urban part of the network, i.e. the part of the network that was not cut 
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out. Table 5.5 presents the correspondence on the highway part (i.e. the cut-out subarea). In 

Figure 5.10, the actual speed contour plot on the A12 and A13 motorway is compared with 

the speed contour plots resulting from the estimation. In Figure 5.11, the travel times on the 

A12 and A13 motorway are compared. Figure 5.10 and Figure 5.11 are summarized in Table 

5.6. 

 
a) Actual speed contour plots 

 

 
b) Speed contour plots traditional approach 

 

 
c) Speed contour plots hierarchical approach 

 

Figure 5.10: Comparison of speed contour plots 
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At first sight the global AMBODE approach performs very well when looking at the 

correspondence with the measured link flows, both on the urban network and on the highway. 

There is a good correspondence of the speeds on the urban network, but not on the highway. 

Here the global AMBODE approach does not perform well. The speed contour plots indicate 

that this is because the actual congestion pattern does not resemble the estimated congestion 

pattern at all. This is a typical symptom of the global AMBODE approach: the 

correspondence with the flows is good, but the correspondence with the actual congestion 

pattern, and therewith the correspondence with the actual speeds is not. As such it is not 

advisable to use this estimated OD matrix as input for a DTA model, since this will lead to 

poor estimates of the location of queues and of the travel time (as can be seen in Figure 5.11 

and in Table 5.6), and might result in wrong decision-making by practitioners. 

 

Regarding the hierarchical SBODE approach, the results on the urban network are very 

similar to the global AMBODE approach. On the highway the correspondence of the link 

flows is quite well, although it is not as good as in the case of the global AMBODE. The 

correspondence with the speeds is not fully satisfactory, but at least it is much better than in 

the case of the global AMBODE. The correspondence of the congestion pattern and the travel 

times is remarkably better, especially in the case of the A12 motorway. On the A13 

motorway, the results are not as good, but still a lot better than in the case of the global 

AMBODE approach. Keeping in mind that no speed measurements were used in the 

calibration, the results are well satisfactory. Note that to obtain better results additional effort 

could be put in the OD estimation on the cut-out subarea. 

 

Start OD 

Global 

AMBODE Hierarchical SBODE 

RMSE link flows (veh/h) 122.8 21.2 23.7 

RMSN link flows (%) 35.2 6.1 6.8 

RMSE link speeds (km/h) 3 2.7 2.9 

RMSN link speeds (%) 5.5 5 5.4 

Table 5.4: Results on the urban part of The Hague network 

 

Start OD 

Global 

AMBODE Hierarchical SBODE 

RMSE link flows (veh/h) 700.3 155.9 232.3 

RMSN link flows (%) 27 6 9 

RMSE link speeds (km/h) 48.7 45 22.5 

RMSN link speeds (%) 56.5 52.2 26.1 

Table 5.5: Results on the highway part of The Hague network 
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Figure 5.11: Comparison of travel time on highway 

 

 

Global AMBODE Hierarchical SBODE 

RMSE travel time A12 (minutes) 19.6 4.5 

RMSN travel time A12 (%) 63.1 14.3 

MAE congestion pattern A12 0.291 0.048 

RMSE travel time A13 (minutes) 19.0 6.7 

RMSN travel time A13 (%) 51.1 18.1 

MAE congestion pattern A13 0.278 0.127 

Table 5.6: MAE of congestion pattern and RMSE and RMSN of travel times for A12 

and A13 

 

5.3.4  Conclusions on hierarchical approach 

In this section a hierarchical approach is proposed for decomposing the dynamic OD 

estimation problem geographically. The motivation for this decomposition and the focus of 

this section is to allow the application of the SBODE method for congested parts of the 

network. The hierarchical approach can be seen as an extension of the distributed approach of 
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Etemadnia & Abdelghany. Apart from extending this distributed approach to cases where no 

accurate assignment matrix is available, this section also discusses possible limitations of 

existing decomposition schemes in dynamic OD estimation. It should also be noted that the 

application domain of both approaches is different. The hierarchical approach is conceived as 

a methodology to allow the use of an OD estimation method that is best suited for a particular 

subarea. However, indirectly it can lead to gains in accuracy and calculation time by the 

possibility of choosing the best suited OD estimation method for a subarea. While this section 

focuses on the application of the SBODE method for subareas with congestion, the 

application area for the hierarchical approach does not limit itself to the SBODE method.  In 

fact, any OD estimation method that is best suited for a particular subarea can be used. The 

choice for a certain OD estimation method can be dependent on data availability. If speed 

measurements or travel time measurements are available on a subpart of the network, then it 

might be advisable to use more advanced methods that are able to make use of this 

information. Another reason for the choice of a particular OD estimation method is the 

preference of practitioners. For example, a less accurate, but faster OD estimation method can 

be chosen for subareas that are less of interest, thereby reducing the total computational 

effort. To summarize, different levels of complexity of the estimation method can be used for 

different parts of the network as necessary.  

 

The hierarchic approach was successfully tested, both on a small-scale and a large-scale 

network. Interestingly, the case study on the small-scale network indicated another possible 

benefit of the hierarchic approach, namely the possibility to treat the non-linearity caused by 

congestion spillback separately from the non-linearity caused by route choice. If the 

congestion area and the detector configuration on the network allow to cut-out subareas that 

contain all congestion spillback, but that do not contain route choice, then the SBODE can be 

used to estimate the OD matrix and the related propagation such that the congestion pattern 

matches well with reality. In the second phase, the travel times on these subareas do not need 

to be determined again, since they were already determined in the previous phase. Therefore 

there is no longer any circular dependency between the route choice and the travel times for 

these subareas. As a result, route choice changes will no longer have an extreme effect on the 

travel times, since the travel time on the parts of the network with congestion spillback is 

fixed (and these parts are in many cases responsible for a major share of the travel time). If 

the travel times in the network do not alter considerably, then also the route choice will not 

alter considerably, and the OD estimation problem can be expected to converge in a few 

iterations. In future research the possibility of such sequential handling should be further 

analyzed. Furthermore, special attention should be given to the problem of observability 

caused by subdivision of the network.   

 

 

5.4 Conclusions 

In chapter 4, the SBODE method was presented, which leads to increased accuracy compared 

to AMBODE methods. A main issue is the balance between accuracy and computation time. 

This chapter aims to provide some approaches/tools that are helpful to make the SBODE 

method feasible in terms of computation time to use in large-scale networks. MaC is 
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identified as a promising technique for enhancing the computational efficiency of the SBODE 

method. In the case studies of section 5.2.2 MaC was able to reduce the computation time by 

a factor of 3 till 5. Still, the computational effort of the SBODE methodology is expected to 

grow more than quadratically with the size of the network. Therefore, the SBODE 

methodology in its current form is not applicable to large networks, even with the use of 

MaC. To overcome this problem, we present a hierarchical approach that allows performing 

an OD estimation method on a subarea. For the OD estimation on this subarea, the estimation 

method that is best suited for that subarea can be used. This approach therefore allows 

applying the SBODE methodology in large-scale networks, by selective use on the congested 

subareas. 



 

 

 

6  

 

CONCLUSIONS 

 
___________________________________________________________________________ 

In this final chapter, the findings from the thesis research are summarized, and recommended 

further research directions are presented. 

___________________________________________________________________________ 
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6.1 General findings & conclusions 

The main aim of this research was to develop a methodology for dynamic origin-destination 

(OD) matrix estimation that is feasible in practice to apply on large-scale networks where 

congestion is present. Pursuing this aim, the following intermediate steps were taken: 

 

• Checking state-of-the-art on the current status of the research on dynamic OD 

estimation in congested networks, and identifying important gaps that require further 

research. This was done in chapter 2 and 3. 

• Gaining understanding in the factors that affect the accuracy of dynamic OD 

estimation in congested networks. Chapter 2 focused more on identifying these 

factors, while in chapter 4 we focused more on the influence of these factors on the 

accuracy of the estimated OD matrix. 

• Using this understanding to develop a methodology that results in accurate OD 

estimation in congested networks. A proper understanding of the above factors 

resulted quite naturally in the development of a methodology that was successfully 

tested. This was done in chapter 4. 

• Ensuring the applicability of the developed OD estimation method on real-world 

networks. It was clear that the methodology developed in chapter 4 would be hard to 

apply in practice because of its large computational requirements. Chapter 5 focuses 

on developing techniques and approaches that greatly reduce these requirements. 

 

We recapitulate the main findings and developments of this research structured around the 

contributions from section 1.3. 

 

Identification of the shortcomings of state-of-the-art OD estimation methods in 

congested networks. 

 

- In a congested network, models with less accurate queuing representation (such as the 

point queue and spatial queue model) misidentify the OD flows that need to be altered 

to correct for a deviation of the link flows. As a result of these misinterpretations, the 

final estimated OD matrix is biased (see section 3.3). Therefore, applying a DNL 

model that represents queuing properly is a necessary condition for accurate OD 

estimation.  

 

- Applying a DNL model that represents queuing properly is not a sufficient condition 

for accurate OD estimation in congested networks. Local optima may arise from the 

fact that the traffic regime is estimated wrongly, and although shifting to the right 

traffic regime would reduce the error, the value of the objective function might 

deteriorate first, before decreasing below the original value. Convergence to the 

global optimum is therefore not guaranteed, as is illustrated in the case study of 

section 3.3.6. While it is generally known that the dynamic OD estimation problem is 

a non-convex problem and local optima can occur, this subject has been given little 

attention in existing literature. The case studies presented in this thesis show the 

importance of this issue: the OD matrices corresponding to these local optima are 
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characterized by congestion patterns and travel times that deviate strongly from the 

actual ones. These OD matrices are therefore not useful as an input for DTA models. 

 

- The manner in which information is used, has an impact on the performance of the 

estimation. This is illustrated by the case study in section 3.4.2.  When the speeds 

were combined with the flow measurements into densities, better results were 

obtained. The SBODE method from chapter 4 is also an example of a method where 

the available information (link flow measurements and information on the congested 

areas) is used in an intelligent manner. It is therefore recommendable to first analyze 

on how extra information can help to improve the results, instead of just adding all 

available measurements in a goal function and trying to match these measurements. 

 

- Most dynamic OD estimation methods implicitly use a linear relationship between 

OD flows and link flows described by the assignment matrix (see section 4.2.1). This 

type of linear relationship erroneously assumes that the link flows are separable. This 

assumption of separability is incompatible with some typical phenomena in congested 

networks, such as congestion spillback between links, time lags due to the delay 

during congestion, and interdependencies between crossing (or opposing) flows 

encountered at intersections. As such, it is a major cause for inaccurate OD estimation 

in congested networks, as is illustrated by case studies in section 4.4 and 4.5. 

 

- The transition between a free flow regime and a congested regime is as a major cause 

for a non-monotonic relationship between link flows and OD flows, and is a source of 

local optima. To avoid this transition, it is necessary to make sure that all links are 

already in the correct regime when the initial OD matrix is assigned. However, 

avoiding this transition in the presented manner does not guarantee a monotonic 

relationship between the link flows and OD flows, as was illustrated with an example 

in subsection 4.3.2. Nevertheless, a monotonic relationship is not a necessary 

condition for a unimodal goal function, as was qualitatively shown in subsection 

4.3.3. In theory, convergence to a local minimum is still possible, but in practice this 

is not expected to occur frequently. Also, while identifying a correct traffic regime for 

every link is not sufficient to guarantee a global optimum, it is clear that the risk of 

local minima will be far greater when this condition is not met. 

 

 

Development of a SBODE methodology for accurate dynamic OD estimation in 

congested networks.  

 

- In section 4.4, the SBODE methodology is presented, which is designed to provide 

accurate OD estimates in congested networks. In this methodology, first of all, the 

initial OD matrix should be adjusted such that it produces a congestion pattern that 

does not deviate too much from the actual congestion pattern. Secondly, a response 

function is used that takes into account the sensitivity of the assignment matrix to the 

OD flows to approximate the relationship between OD flows and link flows. It is 

shown that the combination of both of these requirements leads to superior results 

compared to traditional approaches. 
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- Conventional ‘strategies’ for avoiding local optima, namely having a start OD matrix 

that is close to the real OD matrix, can be misleading, as is illustrated in the case 

study of section 4.4., where the SBODE method is compared with a traditional OD 

estimation method. While the initial OD matrix that is used as input for the traditional 

OD estimation method is closer to the actual OD matrix than the initial OD matrix of 

the SBODE approach, the former one converges to a local optimum, while the latter 

one converges to a global optimum. 

 

- The performance evaluation of an OD estimation is strongly dependent both on the 

type of data that is compared, and on the way of comparing for each type of data. To 

properly evaluate the performance, traditional performance measures such as the 

RMSE and RMSN should be complemented with comparison of the congestion 

pattern, and comparison of the travel time evolution.  

 

 

Identification and application of MaC to increase the computational efficiency of the 

SBODE methodology. 

 

- The technique of MaC is identified as a promising technique for enhancing the 

computational efficiency of the developed SBODE method. The application of MaC 

in the case studies of section 5.2.2 resulted in a reduction of the calculation time by a 

factor of 3 till 5 (it should be noted that this is a lower bound of the achievable 

acceleration, as the version of the MaC algorithm that was used was non-professional 

code, intended as a proof-of-concept but not optimized for calculation speed). It was 

found that the specific network configuration (corridor) and the large amount of 

congestion had a negative impact on the computational gain. This is because the 

influence of any change of OD flow does not have a local effect, but instead affects a 

large part (relatively speaking) of the network. 

 

 

Development of a hierarchical approach that allows selecting the best suited OD 

estimation method for a particular subarea.  

 

- While MaC already achieves a considerable reduction of the computation time, it does 

not suffice to apply the SBODE approach to large-scale networks. Since the number 

of OD pairs in the network grows quadratically, also the total computational effort for 

the SBODE methodology grows (at least) quadratically with the size of the network. 

When MaC is not used, the computation time needed for running a Dynamic Network 

Loading (DNL) grows (at least) linearly with the size of the network, and the 

computational effort for the SBODE methodology grows (at least) cubically. A 

decomposition strategy was proposed for dealing with this problem. The SBODE 

method was designed specifically to deal with congestion. Since in practice 

congestion is limited to certain areas of a network, applying the SBODE method for 

the entire network might be an unnecessary introduction of complexity and extra 

computational burden. We developed a hierarchical approach for decomposing the 
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dynamic OD estimation procedure in space. The main idea is to perform the more 

accurate, but also computationally more demanding SBODE only on subareas where 

there is congestion. The output of this estimation is then used as input for an OD 

estimation on the whole network, with special attention given to the consistency 

between the OD flows and the propagation. 

 

- The application area of the hierarchical approach does not limit itself to the SBODE 

method.  In fact, any OD estimation method that is best suited for a particular subarea 

can be used. The choice for a certain OD estimation method can be dependent on data 

availability. If speed measurements or travel time measurements are available on a 

subpart of the network, then it might be advisable to use advanced methods that are 

able to make use of this information. Another reason for the choice of a particular OD 

estimation method is the preference of practitioners. For example, a less accurate, but 

faster OD estimation method can be chosen for subareas that are less of interest, 

thereby reducing the total computational effort. To summarize, different levels of 

complexity of the estimation method can be used for different parts of the network as 

necessary.  

 

- As was discussed in section 1.2.2, this thesis focused on the inaccuracy of the 

estimated OD matrix as a result of the non-linearity of the propagation. The case study 

on the small-scale network in section 5.3.3.1 indicated another benefit of the 

hierarchic approach, namely the possibility to treat the non-linearity caused by the 

propagation model separately from the non-linearity caused by route choice model. 

More specifically, subareas with congestion but without route choice can use an OD 

estimation method specialized for dealing with congestion (such as the SBODE), 

while other subareas (or the global network) with route choice but without congestion 

can use other specialized OD estimation methods. As such, we provide a framework 

for integrating both solutions. 

 

- The hierarchic approach was successfully tested (see section 5.3.3.2) on a large-scale, 

congested network of 1300 nodes, 3386 links and 168 zones. By applying this 

approach, the computation time required for one iteration in the SBODE reduced from 

128 years to 42.3 hours (when compared with explicit finite differences to calculate 

the sensitivity of the link flows to the OD flows). The network itself is already one of 

the larger networks reported in the literature on which an OD estimation has been 

performed. More importantly, at the same time it also clearly shows that the estimated 

OD matrix results in an accurate congestion pattern; most researchers usually 

aggregate their results in such manner that it becomes difficult to understand how fit it 

is to be used as an input for DTA models. Summarizing, this case study clearly 

illustrates the contribution of this research over previous state-of-the-art methods. 

 

 

In conclusion, the insights and methodologies presented in this research constitute a major 

advance in the sense that they remediate to a large extent the problems of inaccuracy in 

dynamic OD estimation in congested networks. Furthermore, attention is paid to the 

application of these theoretical advances in practice. More precisely, we made sure that the 
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developed methodology is also applicable to other than small toy networks. As a 

consequence, this research enables more accurate estimation of traffic conditions by the use 

of DTA models and as such, should enable better decision-making of traffic managers 

regarding operational measures such as ramp metering, traffic signal optimization, dynamic 

hard shoulder running, variable speed limits, and traveler information systems. To achieve 

this latter goal, a final step towards on-line OD estimation needs to be taken. This, and other 

desired further advances are discussed in the next section. 

 

6.2 Further research 

There are multiple interesting issues that require further investigation. We make a distinction 

between two classes of research directions. A first set deals with the refinement of the 

methods, approaches and techniques that were developed in this thesis. A second set of 

research directions relates to the integration of the insights of this thesis and other 

fundamental theoretical advances that have already been made, or are to be made.  

 

6.2.1 Refinement of methods, approaches and techniques 
developed in this thesis 

 

- This research focused on the influence of congestion effects on the dynamic OD estimation 

problem. In the case study of section 3.4.2 of the thesis, stop-and-go waves were present on 

the network. This phenomenon is what we call a second-order effect, and cannot be modeled 

by a first-order kinematic wave model. The analysis showed that these stop-and-go waves 

hindered the OD estimation process by troubling the interpretation of the flow and speed 

measurements (i.e. our method tries to relate the oscillations to changes in the OD matrix). 

This resulted in a less accurate estimated OD matrix. Extending the developed SBODE 

method such that it can handle second-order effects would be a natural extension. Our idea 

regarding this extension is the following. Researchers do not share a unanimous vision on the 

cause of stop-and-go waves. Some researchers look for explanations in the instability of the 

traffic flow (e.g. Tampère et al., 2005), while others consider lane changing behavior to be 

the cause (e.g. Ahn & Cassidy, 2007). Either way, stop-and-go patterns are related to 

operational characteristics of the flow and do not contain useful information on the OD flows. 

We conclude that it is thus justified to eliminate the effect of oscillatory traffic patterns on the 

OD estimation process by applying a preprocessing on the data that removes the second order 

effects from the measurements before applying the SBODE method. The selection or 

development of such a ‘first order’ data filter is left for further research. 

 

- In chapter 4, the problem of preserving the congestion pattern during the iterations of the 

OD estimation was raised. Two possible approaches were suggested: adding constraints, or 

performing a line search with an adapted goal function. In the end, we chose for the latter, 

more heuristic approach, mainly because of some practical problems that were encountered 

with the formulation of the constraints. These practical problems related to translating the 

constraints from a continuous time formulation to a discrete time formulation, and 
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formulating additional constraints that prevent the creation of additional congested areas (see 

appendix B). We do believe that the idea of adding constraints has potential. Further research 

is however necessary to resolve the encountered problems. Also the approach of the line 

search with the adapted goal function has not yet been optimized. More in general, further 

research on the optimization process (which algorithm to use, how to include constraints, 

heuristic rules that accelerate convergence) would be an interesting research direction. In this 

thesis, the computation time gained by using the Gauss-Newton method instead of a steepest 

descent algorithm already proved to be significantly. More advanced methods might further 

increase this gain. Special attention should here be given to the combination of the solution 

algorithm and the inclusion of constraints. 

 

- The results from the density-based approach in chapter 3 did not prove to be entirely 

satisfactory. Partly because of these results, another research direction was followed that 

eventually led to the SBODE method that utilizes a refined relationship between link flows 

and OD flows (see chapter 4). A similar study on the relationship between densities and OD 

flows might provide us as well useful insights that can be combined in a density-based 

methodology. The major advantage of densities over link flows is that they uniquely 

determine the state of a link, and that transitions in the traffic regime do not always lead to a 

non-monotonic relationship. For example, by increasing the OD flow that needs to pass a 

bottleneck, the densities on the links upstream of this bottleneck will increase, even when 

congestion spills back on these links. In such case, there might not even exist a problem of 

local optima, as opposed to the relationship between link flows and OD flows. Of course, this 

is just one situation, and it is not necessarily representative for the general relationship 

between densities and OD flows. Further analysis on this relationship can be useful to 

develop a method that has less difficulty with transitions of the traffic regime.  

 

- Application of the MaC technique for calculating the sensitivity of the link flows to the OD 

flows resulted in a computational gain of a factor 3 till 5 in the case studies presented in 

section 5.2.2. As was discussed, this gain was somewhat less than what was expected based 

on the results of Corthout et al. (2011). It was concluded that this was because of the different 

structure of the network (more corridor-like), and a larger amount of congestion in the 

networks of these case studies. With the development of the hierarchical approach, these are 

exactly the type of networks that will be considered for the SBODE method, in which case 

MaC will never reach its full potential. Nevertheless, further enhancements of MaC are 

possible that can result in considerable extra computational gains. An obvious improvement 

is a more efficient implementation of the MaC code (possibly involving parallel processing). 

A more interesting one is the following, more algorithmic enhancement. The current 

algorithm of MaC is path-based: changes to the path flows are being propagated to all links in 

the affected area. By doing so, there can be a large overlap in the calculation of this 

propagation. For example, consider two routes A and B that have a large number of links in 

common. A change of route flow A will cause the same changes on the common links as a 

change of route flow B. Therefore, it is inefficient to do these calculations twice. It might be 

more efficient to use a link-based approach. In this approach, changes to link entry-exit flows 

would be propagated. So for each link, we would know how changes in the inflow (towards a 

certain outgoing link) would affect the inflow on each of the outgoing links, and how changes 

in the outflow (coming from a certain incoming  link) would affect the outflow on each of the 
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incoming  links. In the end, the sensitivity of the link flows to the route flows would be 

derived by assembling the above sensitivities. Since, in general, the number of paths on a link 

is much higher than the number of entry-exit flows, the computational gain would be much 

higher, since a large number of repeated calculations would be avoided. The feasibility of 

such an approach needs further investigation. 

 

- In general, the detector configuration (both the positioning and the number of detectors) has 

an important impact on the accuracy of the estimated OD flows. In the hierarchical approach, 

this holds true as well. Actually, the detector configuration has an additional impact on the 

accuracy in the hierarchical approach. A good subdivision of the network in subareas, on 

which independent OD estimations are performed, is highly dependent on the detector 

configuration. This can easily be understood: if there is a subarea with hardly any detectors, 

then performing an OD estimation on this subarea will result in inaccurate estimated OD 

flows and link flows. Since these link flows are used as constraints for the OD estimation on 

the rest of the network (see section 5.2.3), these constraints can degrade the accuracy of 

estimated OD flows in the rest of the network. While section 5.3.2.2 already provided some 

guidelines on how to subdivide the network, a further analysis is needed on the relationship 

between the detector configuration and a good subdivision of the network. The findings of 

such analysis will also have some implications on the research topic of optimal detector 

positioning for OD estimation. 

 

6.2.2 Integration of insights with other fundamental advances 

 

- This research focused on estimating OD matrices that result in a congestion pattern and 

travel times similar to the actual ones, since such accuracy is deemed important when the OD 

matrix is used as an input for DTA models. No focus was given on the realism or structure of 

the estimated OD flows, and how to incorporate a realistic structure in the OD estimation. A 

realistic structure of the OD flows includes among others a realistic trip length distribution, 

smooth time profiles of each OD flow is realistic, etc. In this research, no precautions were 

taken to bring or maintain appropriate structure in the OD matrix. Therefore, it is likely that, 

while the resulting congestion patterns and travel times are satisfactory, the structure of the 

estimated OD matrices is not. An interesting and important extension to the developed 

method would therefore be to add structure in the OD flows to the estimation, without 

sacrificing too much accuracy in the congestion pattern and in the link flows. One possibility 

for adding structure to the OD flows is to switch to a behavioral OD estimation (as discussed 

in chapter 1), where the parameters of a behavioral model are estimated, instead of directly 

estimating the OD flows (Flötteröd et al., 2011). Similarly, the OD flow variables could be 

transformed to new set of variables, where the transformation not behavioral but purely 

empirical. This again fits more in the descriptive approach discussed in chapter 2. For 

example, empirical data might suggest that the daily OD flow pattern can be described by a 

set of shape functions (e.g. two bell-shaped curves for the morning and evening peak). 

Instead of estimating an OD flow for every time period, the parameters that describe these 

curves can be estimated. Another approach would be to add this structure in the form of 
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constraints, or by penalizing deviations from a given structure. The integration of the findings 

of this thesis and such approaches needs to be explored further. 

 

- In this thesis, all case studies focused on off-line, descriptive OD estimation. Nevertheless, 

the insights developed in this thesis regarding the use of a sensitivity-based approximation of 

the relationship between link and OD flows (see section 4.2), and the importance of the initial 

traffic regime in the OD estimation (see section 4.3) apply as well to behavioral and on-line 

OD estimation. The extension of the developed SBODE approach to other OD estimation 

approaches is a natural next step. 





 

 

A  
 

KINEMATIC WAVE THEORY 

 
This appendix is an extract from Yperman (2007). 

A.1 The fundamental diagram 
There are three macroscopic variables that characterize a traffic state:  

• The flow q is defined as the number of vehicles m, observed by a stationary observer 

(i.e. at one point in space) during a given time interval ∆t, divided by the length of this 

time interval. 

• The density k is defined as the number of vehicles m’, observed on a road section (at 

one point in time), divided by the length of the road section, L. 

• The average speed v in a time-space region is defined as the ratio of the total distance 

traveled in this time-space region to the total time spent in this time-space region. 

Average speed, flow and density are associated with each other by the following equation: 

 

 

q
v

k
=  (A.1) 

 

When two of these macroscopic variables are known, relationship (A.1) immediately yields 

the third variable. 

   

The kinematic wave theory assumes that there exists a functional relation between traffic 

flow q and density k, also known as the fundamental diagram of traffic flow. The 

fundamental diagram represents all possible stationary traffic states. The diagram reflects a 

local relationship between macroscopic traffic variables; it should not be perceived as a 

causal relationship.  
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The diagram is a property of the road (e.g. number of lanes, slope), the environment (e.g. 

weather conditions), and the population of travelers (e.g. commuters or Sunday drivers). The 

assumed existence of this fundamental relationship is plausible since one can reasonably 

expect drivers to behave the same on average under the same average conditions (Daganzo 

(1997)). In reality however, the population of travelers is never exactly the same, and traffic 

conditions are seldom stationary – they change over time and space. Therefore, the diagram is 

only an approximation of reality.  

 

Based on (limited) empirical data, Greenshields (1934) was the first to propose a relationship 

between the traffic flow q and density k. 

 

 

 
 

Figure A.1: Fundamental diagram of Greenshields 

 

 

The equation corresponding to Figure A.1 can be written as: 

 

 ( ) ( )
f

e jam

jam

v
Q k k k k

k
= −  (A.2) 

The equilibrium flow Qe(k) equals zero at minimum density (k = 0) and at maximum density 

(kjam = jam density). The maximum flow qM, also called the capacity, occurs at critical density 

kM. As indicated in the figure, the average speed of the vehicles in a traffic state (v) is 

represented by the slope of the straight line connecting the traffic state with the origin. The 

rising part of the curve corresponds to the free-flow regime, the descending part to 

congestion. The maximum possible speed, occurring for k approximating zero, is referred to 

as free-flow speed vf. 

 

Newell’s simplified theory, which is used in LTM, uses a triangular shaped fundamental 

diagram, defined by three parameters: a fixed free-flow speed (vf), a maximum flow or 

capacity (qM) and a jam density (kjam) (see Figure A.2).  
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Figure A.2: Triangular shaped fundamental diagram 

 

 

Traffic states on the increasing branch of the triangular shaped fundamental diagram (k < kM) 

hold vehicles traveling with a fixed free-flow speed vf. Traffic states on the decreasing branch 

(k > kM) are congested. Vehicles travel with a speed q/k. The maximum flow or capacity (qM) 

occurs at critical density kM, whereas jam density (kjam) corresponds to zero flow (all vehicles 

stand still).     

 

A.2 Kinematic wave theory 
The kinematic wave theory is in this section explained by means of a simple example. For a 

complete overview of the theory, we refer to Daganzo (1997). The theory of kinematic 

waves, as described originally by Lighthill, Whitham and Richards (LWR), arises from the 

assumption that stationary fundamental diagrams also apply when traffic is not stationary: 

 

 ( , ) ( ( , ))eq x t Q k x t=  (A.3) 

 

Equation (A.3) holds, independently of the flows, densities and speeds prevailing upstream 

and downstream of x, and also independently of these conditions at prior times. While this 

may be inaccurate for a detailed description, it seems like a reasonable assumption for long 

roads in large scale networks (Daganzo (1997)).  

 

The evolution of traffic conditions on a link is described by a combination of the fundamental 

diagram and the conservation law. The conservation law is given by the following expression 

 

 
( , ) ( , )

0
k x t q x t

t x

∂ ∂
+ =

∂ ∂
 (A.4) 

 

For more details about the derivation of the conservation law, we refer to Yperman (2007).  

 

vf 
w 

kjam kM 

qM 

q 

k 



122 

 

Replacing q(x,t) by Qe(k(x,t)) in conservation Equation (A.4) yields the LWR form of the 

conservation condition (containing only one independent variable, k): 

 

 
( , ) ( ( , )) ( , )

0ek x t dQ k x t k x t

t dk x

∂ ∂
+ =

∂ ∂
 (A.5) 

 

This partial differential equation can be solved given initial and boundary conditions. The 

solution is a function F that takes the form: 

 

 
( ( , ))

( , ) ( )edQ k x t
k x t F x t

dk
= −  (A.6) 

 

Equation (A.6) expresses that the density k(x,t) is constant on a straight line with slope 

( ( , ))edQ k x t

dk
 in the t-x plane.  

The solutions of the conservation Equation (A.6) are straight lines in the t-x plane, issued 

from the boundary, on which k – and correspondingly also q and u – is constant and equal to 

the value at the boundary. These lines are called characteristics or waves. Characteristics can 

be constructed given the initial and boundary conditions. 
 

 

Example A.1 

 

In Figure A.3a, we assume the following initial boundary condition: 

0 0 0( , )k x t k=  

 

   
 

Figure A.3: t-x diagram (a) and k-q fundamental diagram (b)        

       

Slope 0( )edQ k

dk
 is determined as the slope of the tangent line of the fundamental 

diagram in k0 (Figure A.3b). In the t-x plane (Figure A.3a), one can then construct a 

characteristic with slope 0( )edQ k

dk
 passing through boundary point (t0,x0). Traffic 

conditions (k0,q0,u0) are constant on this straight line.  
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Characteristics (i.e. solutions of the conservation Equation (A.4) describe the evolution of a 

traffic state. In the t-x plane, traffic states k,q,u travel at wave speed 
( ( , ))edQ k x t

dk
. In Figure 

A.3a, for example, traffic state k0 starts at point (x0,t0) and travels in the direction of 

increasing x and t, at (positive) wave speed 0( )edQ k

dk
.  

Generally, free flow traffic states travel with a positive wave speed, i.e., they travel in the 

direction of the traffic, since the slope of the tangent line of the fundamental diagram is 

positive for free-flow traffic states. Congested traffic conditions travel with negative speed, 

against the direction of the traffic. 

 

The kinematic wave theory further describes shockwaves. Different boundary conditions (on 

different locations on the boundary) give rise to different traffic states travelling at different 

speeds. These different traffic states may intersect one another. However, on one specific 

point in the t-x plane, there can only be one traffic state. Therefore, two traffic states intersect 

each other in a shock, separating the two different states. Shocks travel in the t-x plane with 

speed 

 

 1 2

1 2

shock

q q
v

k k

−
=

−
 (A.7) 

 

where k1 (q1) and k2 (q2) represent the densities (flows) of the different traffic states. 

 

 

Example A.2 

 

Assume a link [xa
0 

, xa
L
] with length La, representing a homogeneous road section (see 

Figure A.4). Possible traffic states are in this example given by a triangular shaped 

fundamental diagram. Vehicles drive from xa
0
 towards xa

L
. Traffic state k1,q1,v1 occurs 

on boundary xa
0
. At time t1, a capacity restriction q2 occurs at the downstream link 

end (xa
L
). Initial and boundary conditions are as follows:  

 

 
0( , ) 0k x t =  (A.8) 

 

 0

0 1( ,[ , ])a nk x t t k=  (A.9) 

 

 1 2( ,[ , ])L

a nk x t t k=
 

(A.10) 
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Figure A.4: shockwave in the t-x diagram (a) 

and in the k-q fundamental diagram (b) in Example A.2 

 

 

The dotted line in Figure A.4 represents a vehicle trajectory, i.e. a vehicle path. 

Vehicles in free-flow traffic state k1,q1,v1 travel at the same speed v1 as the traffic state 

itself. At (xa
L
,t1), traffic demand (q1) exceeds capacity (q2) which leads to congested 

traffic state k2,q2,v2 (see Figure A.4b). Vehicles in the congested traffic state travel at 

speed v2, while the traffic state itself travels with negative speed w, against the 

direction of traffic.  

The two traffic states k1,q1,v1 and k2,q2,v2 intersect each other in a shock. This shock 

between the two states travels with speed vshock (cf. Equation A.7), which in this case 

is negative. The shock thus travels against the direction of traffic as well. At t2, the 

congested state reaches link boundary xa
0
 and from that time, the whole road section 

is congested.  



 

 

B  
 

ON CONSTRAINTS FOR  

CONGESTION PATTERN 
 

B.1 Motivation 
In chapter 4, the motivation for having an OD matrix with a correct congestion pattern is 

presented. While the initial OD matrix can quite easily be adjusted as such, the question is 

whether the estimated OD matrices in each iteration of the estimation procedure will also 

produce this correct congestion pattern. In the context of optimization, a straightforward 

manner to pursue this would be to add constraints to the goal function.  

 

 

B.2 Methodology 
The main idea to keep the congestion pattern unchanged is illustrated in the fundamental 

diagram in Figure B.1. In this figure two situations on the level of a link are represented: in 

one case there is congestion spillback, and the flow drops from FA to FB; in the other case 

there is congestion spillback, and the flow drops from FA’ to FB’. The shockwave speed, i.e. 

the speed at which the queue spills back on the link, is exactly the same for both cases, and it 

is equal to the slope of the dotted lines AB and A’B’.  
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Figure B.1: Fundamental diagram with identical spillback speeds 

 

When two different OD matrices produce shockwaves with the same speed at the same time 

and location, then the congestion pattern for both OD matrices is equal: the queue lengths and 

positions in both cases are the same, although the speeds in the queues, travel times and flows 

on the link are not necessarily the same. The idea is then to formulate constraints that relate 

the different flows in such a way that the shockwave speed remains equal. It should be noted 

that this relationship is normally expressed in terms of link flows, and not in terms of OD 

flows. Since the goal function in the OD estimation problem is expressed in terms of OD 

flows, also the constraints should be expressed as such. To this end, the sensitivity-based 

linear approximation (discussed in chapter 4) of the relationship between link flows and OD 

flows can be used. Since this is only a linear approximation, some errors might be introduced 

when the sensitivity changes. On the other hand, it can be expected that the sensitivity does 

not change too much as long as the congestion pattern does not change. We will come back 

on this.  

 

To formulate the constraints in the manner described above, the information from a base 

DNL needs to be used to determine the congestion pattern in time and space. In the case of 

LTM the outputs are cumulative curves on the links. According to Newell’s theory (Newell 

(1993)), the cumulative curve on location x on a link at time t can be calculated based on the 

cumulative curve at the upstream boundary of the link if there is a free-flow (or forward) 

regime in between these locations. Similarly, the cumulative curve on location x on a link at 

time t can be calculated based on the cumulative curve at the downstream boundary of the 

link if there is a congestion (or backward) regime in between these locations. 

 

 ( )0 0 0: , , 0L a

a a

free

L
Freeflow N x t N x t

v

 
− + =  

 
 (B.10) 

 ( )0 0 0: , ,L a

a a jam a

L
Congestion N x t N x t k L

w

 
− + = × 

 
 (B.11) 

 

At the exact location of the shockwave, both the free-flow and the congestion regime are 

active. Therefore the location in space and time of the shockwave can be determined by 

looking for the points in space and time that satisfy equations (B.10) and (B.11). More 
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precisely, the following procedure can be applied: we consider a time t for which we want to 

know the position of the shockwave. Next, we apply the bisection method to search for the 

value of x for which the following equation holds: 

 

 ( ) ( )0 0 0 1 1
, ,L a

a a jam a

free

L
N x t N x t x k L x

w w v

  
= − + × − − × −    

  
 (B.12) 

 

As such the position of the shockwave in space and time can be determined for every t as 

desired. The shockwave speed can then trivially be deduced from the position of the 

shockwaves, as well as the interrelated flows that need to be linked in the constraints (see 

Figure B.2). 

 

Figure B.2: Determining shockwave speeds and interrelated flows 

 

Next, the relationship between the above determined shockwave speed w1 and the new link 

flows is expressed: 

 

 1
A B

A B

F F
w

k k

−
=

−
 (B.13) 

 

With FA, FB, kA, kB the flow and density as depicted in Figure B.1. The densities can also be 

written as a function of the flows, since we know that kA is on the free-flow branch of the 

fundamental diagram, and kB is on the congestion branch. Equation (B.13) can then be 

reformulated as follows: 

 

 
1 1

11 1
A B jam

free

w w
F F w k

v w

   
× − − × − = − ×       

 (B.14) 

 

Here vfree is the free speed of the triangular fundamental diagram, w is the characteristic wave 

speed, and kjam is the jam density. Next the linear Taylor approximation of the relationship 

between link flows and OD flows is used, leading to the following expression: 
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( ) 1 ( ) 1

jam

A B

A B

X Xfree

w k

dF X w dF X w
F X X X F X X X
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× =

      
− + − × − − + − × −             

 (B.15) 

 

Here FA(X
*
) is the value of FA resulting from assigning OD matrix X

*
. 

 

 

B.3 Practical difficulties due to discretization 

B.3.1 Different time interval 

By determining the congestion pattern in space and time, interrelated link flows can be 

deduced, as can be seen in Figure B.2. As such, it is known that the upstream link flow in 

time interval i is related to the downstream link flow of time interval j. The problem is that 

the relationship between the flows in these intervals and the OD flows is not known when 

these time intervals do not coincide with the time intervals T of the link flow measurements. 

In the dynamic OD estimation problem these link flow measurements are compared with 

simulated link flows, and for these simulated link flows an approximate relationship with the 

OD flows is deduced.  

 

 ( ) ( ) ( )
*

* *
∂

= −
∂

X

Y X
Y Y X + X X

X
 (B.16) 

 

For other time intervals i and j, such relationship is not readily available: the link flow 

( )*Y X  and the sensitivity of the link flow to the OD flows 
( )

*

∂

∂
X

Y X

X
 is not known for these 

other time intervals. Without such information, the relationship between link and OD flows in 

interval i or j needs to be derived from the relationship in the measurement time intervals T. 

When interval i or j lays within one measurement time interval T, this relationship for interval 

i or j is assumed to be identical to the average relationship in interval T. When it lays in 

multiple measurement time intervals, a weighted combination of these average relationship is 

made. It is clear that this can introduce errors in two ways, namely in the assumed link flow 

( )*Y X , and in the assumed sensitivity 
( )

*

∂

∂
X

Y X

X
. On the right side of Figure B.3, the former 

error is illustrated.  
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Figure B.3: Discretisation error due to large intervals 

The actual flow profile in interval i (full line) will be evaluated incorrectly as the flow profile 

from the dotted line. As a result, the wave speed might be calculated incorrectly, and the 

constraints will aim for an incorrect wave speed. Also, the constraints will not hold for the 

OD matrix for which the constraints are actually deduced. In a similar logic, taking the 

average sensitivity of interval T as sensitivity for interval i can lead to errors in the 

constraints. 

To avoid these errors, it is therefore necessary to evaluate both ( )*
Y X  and 

( )
*

∂

∂
X

Y X

X
 for all 

intervals i and j. This requires specifying extra output from the DNL model for these 

intervals.    

 

B.3.2 Discretization errors in LTM 

LTM has cumulative vehicle numbers at specific moments in time as an output. From these 

values other output variables can be deduced, such as link flows, speeds and densities. For 

example, the flow on a link during a certain time interval can be found as the difference 

between the cumulative value at the end and the beginning of the interval, divided by the 

length of the time interval. When no cumulative value is available at a certain moment (e.g. at 

the end of a time interval), an interpolation is made to determine the value. This is another 

source of error, which we will illustrate with an example. 

 

Example B.1 

 

Consider the following network and OD matrix, and the resulting t-x diagram (as explained 

in appendix A). 
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Figure B.4: Network, demand, and resulting t-x diagram 

 

Based on this space-time diagram, we know that the flow at the upstream boundary of link 2 

is equal to 1100 veh/h in time interval [1.7 1.8333], and is equal to 1300 veh/h in time 

interval [1.8333 1.9]. In Figure B.5 below, the actual cumulative curve (according to traffic 

flow theory) is depicted by the full black line. In LTM, cumulative values are calculated at 

specific moments in time. This is represented by the black dots. When the flow in interval 

[1.7 1.8] and [1.8 1.9] needs to be known, an interpolation is made to determine the 

cumulative values at these moments in time. As one can see in the figure, this interpolation 

can cause a deviation from the actual flow. As a result of this deviation, ( )*Y X  in equation 

(B.16) will be different, and as such, an error is introduced in the calculation of the 

shockwave speeds.  
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Figure B.5: Example 1 of cumulative curve in theory (full black line) and in practice 

(red dashed line) 

This problem could be avoided by specifying that cumulative values need to be known on the 

moments in time delimiting the interval for which the relationship in equation 4 needs to be 

deduced (these can be the measurement intervals, or the time intervals i and j discussed in the 

previous subsection). However, this does not solve the problem. In LTM, the update interval 

is different for each link. As a result, when determining the flow from one link to the next, 

inaccuracies are introduced by the interpolation of the cumulative values. These inaccuracies 

are further propagated to other links. This is illustrated in Figure B.6. The actual cumulative 

curve (according to traffic flow theory) is again depicted by the full black line. The black dots 

represent the cumulative values that are actually calculated by LTM. It is clear that these do 

not coincide with the full black line. As a result, a similar error is introduced as discussed 

above. Unlike the previous case, these interpolations and their resulting errors cannot be 

avoided. 

 

 

 

Figure B.6: Example 2 of cumulative curve in theory (full black line) and in practice 

(red dashed line) 

 

B.4 Conclusion 
The methodology described in section B.2 shows that the use of constraints to preserve 

existing congestion patterns during the OD estimation process is theoretically possible in 

continuous time. The problem is that most traffic models, including LTM, are formulated in 
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discrete time. Some inaccuracies arise due to the discrete character of the traffic propagation 

model, as was shown in section B.3. These inaccuracies limit the practical usefulness of this 

approach. Furthermore, it should be noted that these constraints only preserve the initially 

present congestion patterns. However, they do not prevent new congestion patterns to 

emerge. Further research on both issues is needed to allow these constraints to be used in 

practical OD estimation methods. 



 

 

C  
 

MARGINAL COMPUTATION 
 

This appendix is an extract from Corthout et al. (2011). 

C.1 The MaC Algorithm 
MaC performs marginal DNL simulations as variations to a base simulation. For each 

variation, calculations are only performed for the active part of the network and simulation 

period, i.e. that part where the traffic flows (are expected to) differ from the base flows. The 

links on which different flows are detected are the affected links, constituting the affected 

area. Differences compared to the base results can arise from variations in both demand and 

supply (i.e. link capacities) to the base input.  

 

The MaC procedure can by summarized by the following stepwise scheme.  

1. Impose change according to variation to base input 

2. Activate part of network and time period for simulation 

3. Simulate traffic propagation in active part of network 

Check if affected area grows and if so, activate additional part of network  

 

C.1.1  Impose change 

According to the characteristics of the variation, the proper change(s) are made to the base 

input variables. For a supply variation, this implies for example to decrease a link’s capacity 

for the duration of an incident. A demand variation is imposed by changing the demand at the 

origin of a certain route or OD pair. Consequently, the turning fractions at the downstream 

link ends along the route must be updated to guide the demand variation through the network 

to its destination. For example, consider the network depicted in Figure C.1, and a variation 

in the form of an increased route demand Qr(t
0
)|1..6 r∈ . The turning fractions 

0 0

,( )ab r af t tt+ , 

with a=1..5 and 
0

,r a
tt  being the base travel time for route r until the downstream end of a for a 
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vehicle departing at t
0
, are updated by recalculating the turning fractions with the altered 

demand Qr(t0) and the base demand for other routes r’. For example, the increased route 

demand causes 4

3f  to be increased so that more traffic on link 3 turns left towards link 4 from 

t
0
+

0

,3r
tt  on. An approximation lies in the fact that all travel times are hereby assumed not to 

differ from the base value. 

 

 

Figure C.1: Demand variation - imposing changes and initial activation 

 

C.1.2  Activate part of network 

The marginal simulation of the current variation is initialized by activating that part of the 

network where changes to the input variables, e.g. a decreased link capacity or altered turning 

fractions, are imposed in step 1. Since simulations in MaC (as in LTM) are governed by node 

updates, it is the nodes that need to be activated. For a supply variation this would imply that 

the node adjacent to a changed link capacity is to be activated. Thus, if the ingoing capacity 

of a link is changed, the upstream node of this link is activated; a change in outgoing capacity 

activates the downstream node. For the case of a demand variation we refer again to the 

example in Figure C.1. There, all the nodes [A], [A]=[1]..[5], that are traversed by the 

changed route flow on r are activated from t[A] on. The node activation time t[A] is the base 

arrival time at node [A] (i.e. the downstream end of link a) of the first vehicle of the increased 

route demand Qr(t
0
) and thus coincides with the time t

0
+

0

,r att  at which the turning fractions at 

that node were altered in step 1. Also, the status of the links of route r is set to ‘affected’. 

 

Note that nodes, once activated, are not deactivated in MaC before the simulation of the 

current variation is finished. This would necessitate introducing additional checks to detect 

the end of the change, which might constitute a future development. 
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C.1.3  Simulate 

In step 2, some of the nodes in the network have been activated. For this active part, node 

updates are performed to calculate the flows crossing the node from each incoming link to 

each outgoing link (both affected and unaffected). In each node update, MaC - like LTM - 

derives the local demand and supply at the node level from the cumulative curves and the 

turning fractions of at the downstream ends of the incoming links. For affected links, this 

information is derived from the new curves inherent to this variation; for unaffected links 

from the base curves. The only difference with LTM is that the multi-commodity approach is 

approximated by a single-commodity representation. This implies that instead of considering 

each route flow individually on links, traffic is propagated as one homogenous flow. Thus, 

only one, total cumulative curve is stored at each link end, instead of one for each route as in 

LTM. The turning fractions divide the total flow at each downstream link end towards the 

various directions. In fact, the evolution of these dynamic turning fractions should correspond 

to the demand on route level and the experienced travel times. As explained earlier, an 

approximation lies in the fact that the turning fractions in MaC are in correspondence to the 

base travel times. Further elaboration on the single-commodity approach is beyond the scope 

of this paper; more details on this single-commodity approach can be found in Bellei et al. 

(2005) and Taale (2008). 

 

At each node update, the calculated flows of the affected links are stored in the new 

cumulative curves. For unaffected links, the calculated flows are compared to the base flows 

of the same time step. Hereby an accuracy threshold ε  is used in the check (
new base

base

q q

q
ε

−
> ) 

so that very small changes are not needlessly tracked. This threshold ε  is defined as a 

percentage of the base flow. Depending on the application, a definition of ε  in absolute 

rather than relative terms might be more appropriate. For the case study presented in this 

paper, there was no significant difference in performance using absolute or relative 

thresholds.  

 

A different threshold is used for links that are incoming to the node (
up

ε ; controlling changes 

that propagate upstream) and outgoing links (
downε ; for downstream changes). Caution is 

needed in selecting a proper value for these thresholds. Particularly if 
downε  is set too low, 

insignificant changes (that propagate downstream fast) could affect large parts of the network 

and thus reduce MaC’s efficiency.  

 

If a difference is detected on a link, that link becomes affected. For incoming links, the 

upstream node of this link a is then activated (if currently inactive) at 
c a

a

L
t

w
+

−
 to propagate 

the change upstream. Herein, t
c
 is the current time, La the length of link a and wa the 

maximum negative shockwave speed from the link’s triangular fundamental diagram. Hence, 

c a

a

L
t

w
+

−
 is the earliest time the change could reach the upstream node. Analogously, for 
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outgoing affected links the downstream node is activated at 
c a

a

L
t

v
+ , with va being the 

(maximum) free flow speed on the link. 

 

To illustrate how the affected area and the active part of the network can expand, consider 

again the example network (Figure C.2). Suppose a bottleneck has activated due to the 

increased route demand Qr, constraining the flows from node [4] into link 5. Some incoming 

and outgoing links of node [4] remain unaffected, i.e. the change in flow (if any) is smaller 

than ε . Meanwhile, congestion spills back onto link 8, affecting it and activating node [8] at 

8
[8]

8

c L
t t

w
= +

−
. Also, the decreased flow into link 7 is tracked as a downstream effect, 

affecting link 7 and activating node 7 at 7
[7]

7

c L
t t

v
= + . 

 

 

Figure C.2: Demand variation – expanding affected area 

It is clear from Figure C.2 that the computational effort is limited in space and time. Outside 

the active part of the network and time period no calculations are performed and the flows 

and states are assumed identical to those of the base simulation.  

 

C.2 Sources of Error 
This section elaborates on the possible causes of approximation errors in MaC compared to 

explicit simulation. Before discussing the actual approximation errors that can occur during 

the marginal simulation, we need to stress the importance of the analogy between MaC and 

the base simulation(s) used as input. 
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C.2.1  Propagation of errors due to a model discrepancy  

between MaC and the base simulation 

In principle, a base simulation run from any existing DNL model could be fed directly into 

MaC. However, with dissimilarity between the base model and MaC comes not only a 

decrease in the accuracy of the result, but also a considerable loss of the computational gain. 

Clearly, when the MaC algorithm checks for changes in the flow of unaffected links of active 

nodes (
new base

base

q q

q
ε

−
> ), a model discrepancy can cause unjustified link affections and node 

activations. In such case, the marginal algorithm would be tracing errors due to a model 

discrepancy rather than changes due to the imposed variation, for which it is designed. 

 

In case there is a model discrepancy between the base and marginal model, this can be dealt 

with as follows. First the base scenario is run with the base model LTM, yielding the base 

results BLTM. Then, the base scenario is re-run with MaC with the entire network and 

simulation period activated. In practice, this can be done by feeding BLTM into MaC and 

defining a variation with factor 1 for all routes from the start of the simulation period until the 

end. This results in new cumulative curves, i.e. ‘adapted base curves’, which constitute the 

base results BMaC according to the modeling principles of the marginal model rather than the 

base model. Thus, the model discrepancy is added to the base results, transforming BLTM into 

BMaC, which will slightly differ from the original BLTM but still represent the same base 

scenario. Then, these adapted base results BMaC are used as the input and comparing ground 

to marginally simulate the variations, thus avoiding the tracing and propagating of modeling 

errors as much as possible. Indeed, the purpose of MaC is to approximate as closely as 

possible the difference between the variations and base scenario as explicitly simulated by 

LTM. This difference VLTM - BLTM is better approximated by VMaC – BMaC than by VMaC – 

BLTM. 

 

For MaC, this procedure comes down to obtaining the single-commodity variant of the base 

cumulative curves. This means the base curves are re-derived through simulation with turning 

fractions fixed during T rather than turning fractions changing at each node update according 

to the composition of route flows on a link as in LTM. Even though this model discrepancy 

between MaC and LTM is very small, this operation more than halves the computation time 

while the explicit flow changes are (slightly) better approximated. 

 

C.2.2  Single-commodity approximation 

The single-commodity approach of MaC (based on fixed turning fractions at link ends rather 

than route flows) brings about some approximation errors: 

 

• Discretization of turning fractions 

 

MaC operates with discretized turning fractions at nodes with a fixed time interval T. 

This in itself may cause small errors compared to (explicit) multi-commodity models 

that calculate the flows disaggregated by route in each simulation time step. Although 
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the length of T influences the computation time it can be chosen reasonably small, in 

the order of a few minutes. Therefore, large errors are unlikely to arise from the 

discretization. Naturally, the error increases with the size of the turning fraction 

interval and with the volatility of the real (non-discretized) turning fractions. 

 

• Dependency of turning fractions on travel times 

 

The numerically approximated dependency of the turning fractions on the base 

demand and base travel times are input to MaC. To impose a demand variation, this 

relationship is used to update the turning fractions. However, the demand variation 

may cause travel times to change and thus alter this relationship. This can cause a 

time shift in the turning fractions in MaC compared to LTM. This error increases as 

the marginal travel times deviate more from the base travel times, and with the 

volatility of the turning fractions. In case of unacceptable errors, MaC could be run in 

an iterative loop to update the relation between turning fractions and demand 

according to the new travel times. Of course, the computation time would increase 

accordingly. 
 

• Neglecting change of turning fractions for secondary downstream effects 

 

Whereas prior to simulating a demand variation, MaC adjusts the turning fractions 

along the way, this is not the case when tracking secondary downstream effects (as on 

link 7 in the example in Figure C.2).  

 

For applications in which the errors in MaC due to the single-commodity approximation are 

unacceptable, a multi-commodity marginal model could be composed. This will avoid the 

above approximations, likely coming at the cost of an increase in computation time. 

 

C.2.3  Accuracy thresholds 

All flow changes that are below the chosen accuracy thresholds (
up

ε  and downε ) are 

disregarded in MaC. Clearly this invokes some approximation errors, but this measure is 

needed to preserve the computational efficiency of MaC. At least for downε , a careful 

consideration is needed to select a value that allows to capture the important changes as much 

as possible but is not so low that the better part of the network becomes activated needlessly. 

For upstream moving changes (which not only propagate slower but also occur much less 

frequent), a lower bound for 
up

ε  is probably not needed in practice. 
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