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Abstract

The nucleation of superconductivity in a mesoscopic equilateral triangle is studied experimentally by transport

measurements and theoretically by using the linearized Ginzburg–Landau equation. The voltage and current leads,

intrinsic to transport measurements, give rise to a broadening of the resistive transition RðT Þ. However, by choosing the
right resistance criterion to determine the experimental superconducting/normal phase boundary TcðHÞ and by reducing
the coupling between the triangle and the contacts, achieved by changing the shape of the contacts, this influence can be

minimized. From the theoretical study, we found that the trigonal symmetry of the sample has a profound effect on the

superconducting state in the presence of a magnetic field H leading, in particular, to the formation of antivortices

in symmetry-consistent states. A good agreement between the theory and the experimental TcðHÞ data is ob-

served. � 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The superconducting state in microcylinders
and disks in an applied magnetic field nucleates in
the form of the giant vortex state (GVS) [1–4].
While the GVS appearance in these samples is well
understood as a consequence of their rotational
symmetry, the vortex states in samples of lower
symmetry are still under investigation [5–9].
In this paper, we present the results of electrical

transport measurements and of theoretical calcu-

lations for a mesoscopic superconducting triangle.
Using the linearized Ginzburg–Landau (LGL)
theory, the phase boundary TcðHÞ, the properties
of different vortex states and vortex patterns evo-
lution as a function of the applied field are inves-
tigated. Interplay arises between the rotational C1
symmetry of the applied field and the discrete
symmetry of superconducting equilateral triangles,
squares, etc.
The nucleation of superconductivity is de-

scribed by the lowest eigenvalue of the following
equation [10]:
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where w stands for the complex superconducting
order parameter and a is the first Ginzburg–Lan-
dau parameter, related to the temperature-depen-
dent coherence length, nðT Þ, by a ¼ ��h2=2m� �
n2ðT Þ. Despite the simple form, the solution of this
equation is not trivial at all since the supercon-
ducting boundary conditions are imposed on w in
finite samples [10]:�
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It corresponds to the Neumann boundary condi-
tion, rwjn ¼ 0, if the magnetic vector potential, A,
can be chosen in a form with zero normal com-
ponent at the boundary of the sample.
We have developed an analytical gauge trans-

formation for the vector potential, which gives
An ¼ 0 along the boundary line of an arbitrary
regular polygon [11]. With this choice of gauge, the
problem reduces to an eigenvalue problem in a
basis set of functions obeying Neumann boundary
conditions. It is convenient to take for such a basis
set the eigenfunctions of the zero field problem.
Given the threefold rotational symmetry of the
problem, the solutions of Eq. (1) are characterized
by irreducible representations (irreps) of the cyclic
group C3v. This group contains three irreps, A;
E�;Eþ, with the characters expðinp=2Þ, n ¼ 0,�1, 1
under the threefold rotation, respectively [12].

2. Experimental results

An atomic force micrograph of the mesoscopic
Al triangle is shown in the inset of Fig. 1. The
thickness of the aluminum film is s ¼ 43 nm. From
atomic force microscopy (AFM) and scanning
electron microscopy (SEM) data, a value of S ¼
2:36 lm2 is obtained for the surface of the triangle.
The coherence length at zero temperature nð0Þ has
been determined from the phase boundary of a
coevaporated macroscopic conduction channel:
nð0Þ ¼ 130 nm. For more experimental details, we
refer to [13].
Fig. 1 shows the measured resistive transition

RðT Þ for the triangle in different magnetic fields. A
broad transition composed of two parts with dif-
ferent slopes is observed in the RðT Þ curves. The

upper part of the double transition shows a slowly
decaying resistance while a sharp drop is seen in
the lower part.
The result of a continuous TcðHÞ measurement

of a mesoscopic triangle is displayed in Fig. 2. The
resistive criterion used to measure the phase
boundary is 50% of the normal state resistance Rn.
To compare the measured TcðHÞ with the calcu-
lated TcðHÞ phase boundary, two parameters are
needed. The first one is the surface of the triangle
S and the second parameter is the coherence
length at zero temperature nð0Þ. The TcðHÞ phase
boundary, measured for the triangle, is shown as
open circles and as open squares in Fig. 2 for the
measured and fitted parameters nð0Þ and S. This
corresponds to a difference of 10% between the
measured and the fitted coherence length nð0Þ and
a difference of 5% between the measured and the
fitted sample area S. After this small correction an
excellent agreement between the experiment and
the theory is observed. The amplitude of the os-
cillations and the position of the cusps are in a
perfect correspondence. A possible reason for the
divergence between measured and the fitted co-
herence length might be the presence of the wedge

Fig. 1. Resistive transition RðT Þ for the triangle in different
magnetic fields from l0H ¼ 0 mT (open squares) to 8 mT (open

stars). The inset shows an AFM image of the Al triangle. The

current leads and voltage probes are wedge shaped with an

opening angle C ¼ p=12.

352 M. Morelle et al. / Physica C 369 (2002) 351–355



contacts. The wedge shaped contacts will probably
not change the value of the coherence length, but
‘tilt’ the phase boundary of the triangle in the
direction of the phase boundary of the wedge.
Another possibility for this small discrepancy could
be a difference between the coherence length of the
coevaporated reference film and the coherence
length of the mesoscopic triangle that cannot be
measured directly.
The phase boundary of a wedge with opening

angle C ¼ p=12 is represented in Fig. 2 by the
dashed line. The triangles in the figure show the
critical temperature of the sample for a chosen re-
sistive criterion equal to 99% of the normal state
resistance from the RðT Þ curves. A perfect agree-
ment between the theoretical phase boundary of
the contacts and the point on the RðT Þ curve
where the resistance starts to drop is observed. The
double resistance transition observed in the
measurements is therefore due to two different su-
perconducting/normal transitions. When the tem-

perature is lowered, the contacts are the first to
become superconducting. Due to the short seg-
ments of the contacts in between the voltage probes
and to nonlocal effects [14], where the normal part
of the sample is coupled to the superconducting
part by the proximity effect, the resistance starts to
drop at the critical temperature of the wedge. The
contacts induce superconductivity in the triangle
until the full triangle becomes superconducting
and, at this point, the RðT Þ curve exhibits a sharp
transition. From this observation, it is clear that
the Rn value for the determination of the phase
boundary of the triangle has to be chosen in the low
resistance region of the RðT Þ transition. If the
chosen criterion is too high, the nonlocal effect of
the contacts on the triangle will be probed.

3. Theoretical results

Fig. 3 shows the results of our calculations of
the lowest eigenstates. The lowest Landau level
shows an oscillatory cusplike behaviour as a
function of U=U0, corresponding to a crossover of
states belonging to different irreps. The solutions
of the LGL equation show a regular pattern of

Fig. 2. Experimental TcðHÞ phase boundary of an equilateral
triangle. The open circles represent the measured value

(S ¼ 2:36 lm2 and nð0Þ ¼ 130 nm). The best agreement be-

tween the measured and the theoretical phase boundary was

found using the parameters S ¼ 2:25 lm2 and nð0Þ ¼ 118 nm

(open squares). The full line is the theoretical curve calculated

from the LGLE. The open triangles are taken from the resis-

tance transition RðT Þ for a resistance criterion of 99% Rn. The
dashed line is the theoretical phase boundary of the wedge

shaped contacts with opening angle C ¼ p=12.

Fig. 3. Calculated Landau levels for an equilateral triangle with

boundary conditions given by Eq. (2).
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avoided crossings between levels belonging to the
same irreps.
Each smooth line element on the phase diagram

a2=n2ðT Þ versus field (U=U0) corresponds to an
integer winding number, L (vorticity), related to
the fluxoid quantization. This number is zero (no
fluxoids) for the first line starting on the left and
increases by one upon each transition to the next
ground state.
Fig. 4 shows the distribution of the density of

the order parameter jwj2 in the states with vorticity
L ¼ 0; . . . ; 3.
The density distribution jwj2 is always in

agreement with the C3v symmetry of the equilat-
eral triangle. In the case of small Ls, vortices can
occupy one central position and three positions on
the lines from the centre to the corners of the tri-
angle. Integration of the gradient of phase of the
order parameter along the contours encircling the
vortices has shown that the vortices in corner po-
sitions are always U0-vortices. In contrast, the
central vortex can have different winding numbers
in order to adjust the total vorticity of a given
state. The nature of the central vortex changes,
whenever vorticity is changed by one. Thus the

central vortex is absent in the first state, it is a U0-
vortex in the second state and it is an antivortex
(�U0-vortex) in the third state (see Fig. 4). Besides,
the sequence of winding numbers of the central
vortex (�1, 0, 1) is periodically repeated when
going from left to right on the phase diagram, and
similarly for the irreps (E�, A, Eþ) of the corre-
sponding states. The formation of antivortices is
dictated completely by discrete symmetry. Indeed,
in the state with L ¼ 2, one cannot distribute two
U0-vortices on the equilateral triangle keeping the
C3v symmetry. The dilemma is solved by distrib-
uting three U0-vortices and one U0-antivortex.

4. Conclusions

The phase boundary of an equilateral triangle
has been investigated experimentally and theoret-
ically. A good agreement between the experimental
results and the theoretical model was found. We
have also demonstrated that the attached contacts
play an important role in defining the supercon-
ducting properties of the mesoscopic triangle.
Different shapes of contact pads were tried with

Fig. 4. Density of the order parameter at the middle of the lowest four cusps in the TcðHÞ phase diagram in Fig. 3. The panel for the

E�-state, zoomed 16 times, shows the presence of an U0-antivortex in the centre.
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the best results found for wedge shaped contacts
with an opening angle of C ¼ p=12. From the
LGLE, it has been observed that the nucleation of
superconductivity is accompanied by the forma-
tion of the isolated vortices rather than a GVS.
The formation of antivortices both in the stable
vortex configurations and along the evolution of
the vortex patterns has been found. Apparently,
close to the TcðHÞ phase boundary, the antivortices
originate from the competition between the infinite
order rotational symmetry of the applied field and
the finite order point group symmetry of the su-
perconducting samples.
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