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Irreducible symmetry representations characterize topological invariants of point group molecules.
In the present paper this result is extended to periodic structures in two and three dimensions, using
plane and space symmetry groups. Applications include asymmetry analysis of the band structure
for the graphite sheet and related nanotubes of the leapfrog type. © 1999 American Institute of
Physics. @S0021-9606~99!71514-X#
I. THE SYMMETRY EXTENSION OF EULER’S
THEOREM

Euler’s theorem relates the numbers of vertices (v) and
faces ~f! in apolyhedron to the number of edges (e), accord-
ing to the well known rule ~see, e.g., Ref. 1!:

v1 f 5e12. ~1!

This theorem often appears in chemical theories of bonding
in clusters and cages. As a simple example, in an electron
precise trivalent cage the antibonding shell spans e edge an-
tibonds. A molecular orbital treatment shows that this set can
be repartitioned over f 21 face antibonds and v21 vertex
localized antibonding orbitals, in accordance with the Euler
rule.2

The repartitioning of edge localized bonding schemes
over faces and vertices not only points to a dimensional re-
lationship between these structural elements, but also implies
the existence of precise symmetry relationships. Observa-
tions such as these led to the discovery of a general symme-
try theorem, which provides agroup theoretical extension of
Euler’s celebrated rule:3

Gs~v !1G(~ f !5G i~e!1G01Ge . ~2!

In this equation the G symbols denote symmetry representa-
tions of thepolyhedral point group. Gs(v) corresponds to the
representation of the set of vertex points. The s index char-
acterizes such points as symmetric objects with respect to the
symmetry elements that pass through the vertex sites. G i(e)
spans the set of arrows along the edges, and G(( f ) is the
symmetry representation of circular arrows on the faces. The
invariant part of the Euler theorem is recovered as the direct
sum of two constant one-dimensional representations, G0 and
Ge , which correspond, respectively, to the totally symmetric
and the pseudo-scalar irreducible representations.
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6910021-9606/99/110(14)/6916/11/$15.00 

Copyright ©2001. A
As an example, in the case of a dodecahedron, the sym-
metries involved in ~2! are given by

Gs~v !5Ag1Gg1Hg1T1u1T2u1Gu ,

G(~ f !5T1g1T2g1Au1Hu ,

G i~e!5T1g1T2g1Gg1Hg1T1u1T2u1Gu1Hu , ~3!

G05Ag ,

Ge5Au .

In the bonding scheme of a trivalent cage the edge arrows
represent antibonds along the edges. The symmetry theorem
shows that these arrows have the same symmetries as the
vertex points and the face antibonds, except for two invariant
terms, G0 and Ge . The G0 combination simply corresponds
to an all-vertex bond, whilst Ge describes the symmetry of an
all-face antibond, circulating around the centers of every face
in the same sense. When projected on the edges, neither of
these two modes produces any edge antibond: the all-vertex
bond is bonding along every edge, and the all-face circula-
tion vanishes at every edge boundary between two faces be-
cause all circular arrows have the same sense.

The proof of this symmetry relation was based on char-
acter theory. In addition, special results were obtained for
trivalent and deltahedral cages. Other topologies were inves-
tigated as well, yielding further symmetry theorems for ben-
zenoids, toroidal cages4 and also multishell cages.5 As an
example for a torus the Euler rule reads as

v1 f 5e. ~4!

The corresponding symmetry theorem was found to be

Gs~v !1G(~ f !1G~Rz!1G~Tz!5G i~e!1G01Ge . ~5!

Here two new topological invariants appear in the left-hand
side of the equation with symmetries G(Rz) and G(Tz).
These are, respectively, the representations of the rotation
about, and the translation along, the principal axis of the
torus.
6 © 1999 American Institute of Physics
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Several of these results were also found to have impor-
tant applications in chemistry. They can be used to construct
complete force fields for trivalent and deltahedral
molecules,3 and also predict that all leapfrog fullerenes will
be closed shell molecules with a set of six low-lying anti-
bonding orbitals that transform as axial and polar vectors.6

The toroidal theorem in turn led to the prediction of a novel
anapole moment of electromagnetic origin in carbon
toroids.7

As noted by Benedek and Colombo the challenge is now
to extend these results to periodic structures using plane and
space groups.8 In the present paper we wil l meet this chal-
lenge in a stepwise fashion. First we pave the way by ex-
plaining homology theory and the connections it provides
between topology and group theory. Then follows the treat-
ment of two-dimensional lattices, and an application relating
to the bonding in the graphite sheet. Finally, general results
are given for three-dimensional networks, and illustrated for
the case of the fcc-lattice.

II. HOMOLOGY THEORY

A polyhedron with vertex points, arrow edges, and face
rotations is an icon of the oriented complex, which is the key
concept in the theory of homology groups. An oriented com-
plex is a special combinatorial structure, built on a set of
vertex points.9,10 Edges that connect vertex points are con-
sidered as ordered pairs of vertices, triangular faces as or-
dered triples of vertices, etc. Most results on complexes have
been obtained for simplicial complexes where all structural
elements of a given dimension are simplexes, but often ex-
tend to nonsimplicial complexes as well.

Let (v i) denote the vertices, (v iv j ) the edges, (v iv jvk)
the faces of a simplicial complex. The ordered edge pair
(v iv j ) may be represented by an arrow directed from (v i) to
(v j ), and with (v iv j )52(v jv i). A face (v iv jvk) is acircu-
lar arrow rotating around the face center from (v i) to (vk)
over (v j ), etc. A p-chain is a linear combination of the
p-dimensional objects in the complex with integer combina-
tion coefficients. As an example a0-chain is alinear combi-
nation of the vertices:

(
i

k i~v i !, ~6!

where thek coefficients are integers,k iPZ. Two chains can
be added by adding their coefficients. In this way p-chains
generate a group, the p-chain group, Cp . The p-chain groups
are isomorphic to direct sums of Z.

One may pass from a p-chain to a (p-1!-chain by taking
the boundary. The boundary of an oriented p-simplex is de-
fined as follows:

dp~va0va1•••vap!5(
i 50

p

~21! i~va0va1••• v̂ai•••vap!, ~7!

where the hat over (vai) indicates that this vertex is omitted.
The sign in this expression alternates with the position of the
omitted vertex in the row. As an example the boundary of a
face is given by
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d2~v0v1v2!5~v1v2!2~v0v2!1~v0v1!. ~8!

This result is an edge chain which corresponds to a projec-
tion of the circular arrow in the face center on the bordering
edges. By definition the boundary of the 0-chain is zero. The
boundary operator thus maps elements of Cp on elements of
Cp21 . This mapping is homomorphic, which allows us to
identify two important subgroups of Cp : the group of
p-cycles, Zp , and the group of p-boundaries Bp . They are
defined as follows:

Zp5kerdp ,
~9!

Bp5 im dp11 .

The cycle group, Zp , is the kernel of the dp mapping: it
contains all elements of Cp that have no boundary in the
chains with one dimension less. In turn the boundary group
Bp is the image of dp11 . It collects all elements of Cp that
are themselves boundaries of chains with one dimension
more. Note that Bp is asubgroup of Zp , since every bound-
ary is a cycle. We thus can form the quotient group of cosets
of Bp in Zp . This result is the p-th homology group, Hp :

Hp5Zp /Bp . ~10!

Hence, homology groups measure the extent to which the
complex has p-cycles, which are not boundaries.

These definitions wil l now be illustrated for the tetrahe-
dron with four vertices ~see Fig. 1!. It has four faces which
form a basis for the 2-chain group, C2 . An element of this
group, c2PC2 , can be represented as

c25m1~v0v1v2!1m2~v0v1v3!1m3~v0v2v3!

1m4~v1v2v3!. ~11!

The group is thus isomorphic to Z4. If we do not consider
elements higher than faces, the boundary group, B2 , only
contains the trivial unit element with all m-coefficients equal
to zero. In order to determine the 2-cycle group, Z2 , we must
first take the boundary of c2:

FIG. 1. The simplicial complex of four vertices. The circular arrow repre-
sents the face (v0v1v2). Its boundary is the edge-chain (v1v2)2(v0v2)
1(v0v1). This chain is cyclic.
ll Rights Reserved.
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d2c25~m11m2!~v0v1!1~m32m1!~v0v2!2~m31m2!

3~v0v3!1~m11m4!~v1v2!1~m22m4!~v1v3!

1~m31m4!~v2v3!. ~12!

This boundary becomes the unit element of the edge-chain
group for m152m25m352m4 . Hence the corresponding
2-cycle group is asingle parameter group with elements:

m1@~v0v1v2!2~v0v1v3!1~v0v2v3!2~v1v2v3!#. ~13!

Since the B2 group is trivial the quotient homology group
H25Z2 /B2 is isomorphic to Z2 itself. Clearly this boundary-
less face-cycle corresponds to a sum of face arrows which
are all rotating in the same sense. These arrows are said to be
coherently oriented. They cannot have edge boundaries,
since circular arrows of adjacent faces run in opposite direc-
tions along their common edge. The rank or Betti number of
H2 is equal to one, because H2 is isomorphic to the first
power of Z.

Next we consider the edges. An element, c1PC1 , is a
linear combination involving six parameters:

c15l1~v0v1!1l2~v0v2!1l3~v0v3!1l4~v1v2!

1l5~v1v3!1l6~v2v3!. ~14!

From ~12! the element c1 is found to be a boundary of a
face-chain for

l15m11m2 ,

l25m32m1 ,
~15!

l352m32m2 ,

l45m11m4 ,

l55m22m4 ,

l65m31m4 .

These conditions thus define the l parameters which address
the elements of the boundary group, B1 . Three of the six l
parameters can be chosen freely. The remaining three are
then uniquely fixed by ~15!. The boundary group, B1 , is thus
a group of rank 3, isomorphic to Z3. We further have to
determine the group of edge-cycles, Z1 . The boundary of an
edge-chain is given by

d1c15~2l12l22l3!~v0!1~l12l42l5!~v1!

1~l21l42l6!~v2!1~l31l51l6!~v3!. ~16!

The kernel of this boundary is found by requiring all vertex
coefficients in this equation to vanish. This yields a system
of four equations in the six l parameters. The rank of this
system is also three, implying that the Z1 cycle group and its
B1 subgroup must coincide. Their quotient, H1 , is thus the
trivial unit element. The edge-homology group in this com-
plex is thus of rank zero.

Finally, the descent along the dimensions of the complex
ends at the vertices. The vertex chains, c0PC0 , are defined
as

c05k1~v0!1k2~v1!1k3~v2!1k4~v3!. ~17!
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Hence the vertex-chain group, C0 , is of rank 4. A compari-
son of ~16! and ~17! defines thek parameters for the bound
ary group B0:

k15~2l12l22l3!,

k25~l12l42l5!,
~18!

k35~l21l42l6!,

k45~l31l51l6!.

Threek parameters can be chosen freely; the fourth is th
determined. Hence the boundary group, B0 , is of rank three.
Vertices are points and as such they constitute the ultimate
boundaries of the complex. Taking the boundary of a vertex
yields zero, and for this reason the zeroth-cycle group Z0

coincides with C0 . The quotient Z0 /B0 is thus a group of
rank one, which constitutes the homology group of the ver-
tices. Its elements are given by k15k25k35k4 . This mode
clearly coincides with the sum of all vertices, which yields
the all-center bond of molecular orbital theory.

At all stages of this example, one may observe that the
degrees of freedom of a given chain-group, Cp , are parti-
tioned over the cycle group, Zp , and the next boundary
group, Bp21 . For instance, the group of face-chains, C2 , is
of rank 4. Its four degrees of freedom correspond to the four
m parameters in ~11!. The construction of the cycle group,
Z2 , removed one degree of freedom, described by ~13!. The
remaining degrees of freedom are precisely those that yield
nonzero edge-boundaries. Al l three are indeed recovered
when looking for edge solutions in ~15!, which defines B1 .
Entirely similar partitionings are observed for the edge- and
vertex-chains. This is a general result,9,11 which can be ex-
pressed formally as

Cp>Zp% Bp21 . ~19!

The cycle group in this expression can be further factorized
using ~10!:

Cp>Hp% Bp% Bp21 . ~20!

This result is an important theorem of homology theory,
which is valid for complexes in the absence of torsion. It
forms the topological foundation for Euler’s theorem and its
subsequent symmetry extension.

III. FROM HOMOLOGIES TO IRREDUCIBLE
REPRESENTATIONS

We can now establish the central connection between the
homology groups and the irreducible symmetries of the in-
variant terms in our symmetry extension of the Euler theo-
rem. For a more rigorous treatment we refer to our earlier
paper.11 Here only a brief summary is presented.

Let f:C→C be an arbitrary chain map, i.e., a grou
endomorphism compatible with the boundary operationdf
5fd. Because the sum in~20! is direct, the action off on
Cp can be decomposed accordingly and this yields, for its
trace,

tr~fCp
!5tr~fHp

!1tr~fBp
!1tr~fBp21

!, ~21!
ll Rights Reserved.
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wherefHp
, fBp

, fBp21
are endomorphisms induced by f.

A spatial symmetry operation on a complex induces achain
map and thus belongs to its group of automorphisms. Char-
acter theory then allows us to convert the trace relationship
into a decomposition theorem for the representation of Cp :

GCp
5GHp

1GBp
1GBp21

. ~22!

These equations provide afull reduction of the symmetry of
the p-chain. Now we recall that the elements of the chain
groups are linear combinations of vertex points, edge arrows
or face rotations. The GCp

representations of these sets of
elements can thus at once be identified in our previous nota-
tion as

GC2
5G(~ f !,

GC1
5G i~e!, ~23!

GC1
5Gs~v !.

In order to extract the symmetries of the topological invari-
ants it is convenient to form an alternating sum over the
chains. Here on the bridge between group theory and topol-
ogy we encounter the theorem of alternating traces, which is
known as the Hopf trace theorem:9

(
p50

n

~21!p tr~fCp
!5 (

p50

n

~21!p tr~fHp
!. ~24!

The Euler theorem can be regarded as a corollary to this
trace theorem, obtained for the identity map f51. Our
group theoretical result also derives from this theorem, by
applying character theory,

(
p50

n

~21!pGCp
5 (

p50

n

~21!pGHp
. ~25!

The symmetry extension of the Euler theorem thus identifies
the symmetries of the homology groups. For a cluster ho-
meomorphic with the sphere S2 , there are two nontrivial
homology groups, H2 and H0 , which we already encoun-
tered in the example of the tetrahedral complex in the previ-
ous section. They are both of rank 1 and account for the 2 in
Euler’s theorem of ~1!. The symmetry theorem in ~2! shows
that these invariants transform as G0 and Ge ,

GH2
5Ge ,

~26!
GH0

5G0 .

In the toroidal cluster we also have nontrivial edge-
homologies which are now recognized to transform as rota-
tion around and translation along the vertical axis of symme-
try @see ~5!#:

GH1
5G~Rz!1G~Tz!. ~27!

Edge-homologies are important invariants for physical appli-
cations since they point to the existence of invariant through-
bond currents. In a torus the current which encircles the cen-
tral hole transforms as G(Rz) and gives rise to a magnetic
dipole. In addition, a torus can have a solenoidal current
Copyright ©2001. A
which winds around the tube of the torus. This current has
the symmetry of G(Tz), and gives rise to an anapole
moment.7

IV. AN EXAMPLE: THE MÖBIUS BAND

Figure 2shows asimplicial complex, which corresponds
to a triangulation of the Möbius band. In fact, this is the
smallest possible triangulation, requiring only five vertices.
The Euler theorem for this complex reads as

v1 f 5e. ~28!

This relation incorporates two homology groups, H0 and H1 ,
that are both of rank 1, so that the ranks cancel on both sides
of the equation. Note that there is no nontrivial face-
homology here. It is indeed impossible to orient the faces in
a coherent way, since the Möbius band is a nonorientable
surface. The group of endomorphisms of the Möbius com-
plex is generated by the two vertex permutations ~12345! and
~1!~34!~25! and is isomorphic to the point group D5 . In this
group the induced representations over vertices, edges and
faces are given by

Gs~v !5A11E11E2 ,

G i~e!52A212E112E2 , ~29!

G(~ f !5A21E11E2 .

Here we have used the Mulliken labels of D5 to denote irre-
ducible representations of the endomorphism group. Accord-
ing to the symmetry theorem these terms may now be ar-
ranged in an alternating sum to yield the irreducible
symmetries of the homologies,

Gs~v !2G i~e!1G(~ f !5A12A2 . ~30!

The invariant symmetries are thus determined as follows:

GH0
5A1 ,

~31!
GH1

5A2 .

The A1 and A2 irreducible representations are, respectively,
symmetric and antisymmetric with respect to the twofold
generators. These generators thus discriminate between the
homology groups of the Möbius band. Note that in a three-

FIG. 2. A construction drawing of a 5-vertex simplicial complex on a Mö-
bius strip. The two ends should be glued together along the ~12! edge.
ll Rights Reserved.
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dimensional realization of this strip only one twofold spatial
symmetry axis wil l be present, but this element is sufficient
to maintain a symmetry separation of the two homology
groups.

V. SYMMETRY EXTENSION OF THE EULER
THEOREM FOR A PERIODIC PLANE

We wil l now be concerned with a new symmetry exten-
sion of the Euler theorem to a periodic polyhedral net. In this
section we wil l treat the two-dimensional case of a net which
provides a periodic tiling of the plane. In the next section we
present an example related to the band structure of the car-
bon sheet, while the generalization to three-dimensional lat-
tices is taken up in the final section of the paper.

The periodic plane can be generated by repeated trans-
lation of an elementary pattern or unit cell. Euler’s theorem
can be applied directly to the numbers of vertices, edges and
faces that are present in the unit cell. These numbers are
related as

v1 f 5e. ~32!

The counting of these numbers may involve the use of frac-
tions, whenever the boundaries of the cell divide the struc-
tural elements. As an example in the case of the planar hon-
eycomb lattice, which corresponds to the graphite sheet, the
unit cell can be constructed by joining the face centers of
four neighboring hexagons, as shown in Fig. 3. In this way
one obtains a parallellogram, which contains two vertices
(v52! and produces a plane-filling translational unit. The
number of edges in this unit equals three (e53!, two of
which are divided into halves by the cyclic boundaries. The
edges divide the unit cell into four pieces, which, however,
constitute exactly one face if the cyclic boundary conditions
are taken into account. Hence there is only one face per unit
cell ( f 51!, in agreement with the rule. Alternatively we
might also use as aunit cell a single hexagon, which shows
more clearly the symmetry of the pattern. In this case the
face itself is in one piece, while the six vertices count for 1/3
each, and the six edges are halved, leaving the total numbers
unchanged.

A periodic plane and a torus have equivalent topologies.
A torus can indeed be constructed from a periodic plane by
cutting out a piece with cyclic boundaries, and then gluing
opposite sides together without introducing a twist. It should
thus not be surprising that the Euler rules in ~4! and ~32!
coincide. This equivalence also extends to the homology

FIG. 3. The planar honeycomb lattice, with the unit translations t1 and t2.
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groups, so that we may immediately infer the homology
structure of the periodic plane from ~26! and ~27!: a periodic
complex in the plane has three homology groups: H0 , H1 ,
and H2 , respectively, of ranks 1, 2 and 1. As before, H0 is
the all-bonding combination which corresponds to the sum
over all vertices. Similarly H2 is the coherent ordering of
circular arrows over all faces, while H1 now coincides with
the projections on the edges of the two translations in the
plane.

From the general analysis the following symmetry ex-
tension of the Euler theorem for a periodic lattice can be
stated:

Gs~v !1G(~ f !1GH1
5G i~e!1GH0

1GH2
. ~33!

The representations of the homology groups can easily be
identified from their characteristic modes:

GH0
5G0 ,

GH1
5G~Tx ,Ty!, ~34!

GH2
5G~Rz!.

These results are, in principle, equivalent to the previous
expressions for toroids ~26!, ~27!, but the labels of the modes
have been changed, because the translations in the periodic
plane actually match rotatory motions on a torus. Also,
G(Rz) for the periodic plane was represented as Ge in the
toroidal symmetry group.

The application of these results to problems in the solid
state requires the use of space groups, which describe the
symmetries of periodic lattices.12,13 The plane groups, which
are appropriate for the periodic plane, contain two elemen-
tary translations, t1 and t2 , which generate the entire plane.
Any cell in the plane can be addressed by translating the
starting cell an integer number of times, according to the
operator:

T~n1 ,n2!5n1t11n2t2 . ~35!

Induced representations of the plane group transform irre-
ducibly under the action of this operator. Their translational
symmetry is described by a two- component wavevector
k(k1 ,k2), which is defined in a reciprocal or representation
space, with unit vectors g1 and g2 , such that

g1•t152p,

g1•t250,
~36!

g2•t150,

g2•t252p.

Accordingly, a general wavevector may be written as

k5k1g11k2g2 . ~37!

The transformational character of an irreducible representa-
tion at the point k in reciprocal space corresponds to a uni-
modular phase factor:

x~Gk!5exp~ i k–T!5exp@2p i ~k1n11k2n2!#. ~38!

As an example, for the graphite sheet the symmetry group of
the lattice is the hexagonal plane group, which is itself a
ll Rights Reserved.
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subgroup of the primitive hexagonal space group, P. The
subsequent treatment wil l be based on the standard conven-
tions of Bradley and Cracknell.13 These conventions make
use of a Cartesian frame, as depicted in Fig. 3. In this (x,y)
frame the unit cell and reciprocal cell are defined as follows:

t15~0,2a!,

t25SA3

2
a,

1

2
aD ,

~39!

g15
2p

a S 1

A3
,21D ,

g25
2p

a S 2

A3
,0D ,

where a is the distance between two face centers. The inter-
val of allowed values of k in reciprocal space is called the
first Brillouin zone. Special symmetry points (k1 ,k2) in the
honeycomb plane include G at ~0, 0!, K at ~21/3, 2/3! and M
at ~0, 1/2!. At the G point in the origin of the zone the
characterx(G0) for translation equals 1, implying that the
corresponding representations are periodic over the elemen-
tary unit cell itself. Hence at this point the full point group
symmetry of the unit cell is active.

The application of the symmetry theorem of ~33! in the
band origin is thus straigthforward. Again, taking the ex-
ample of the hexagonal plane, the point group symmetry of
the elementary hexagon is D6h . The homology representa-
tions and induced representations of vertices, edges and faces
are as follows:

GH0
5A1g ,

GH1
5E1u ,

GH2
5A2g ,

~40!
Gs

0~v !5A1g1B1u ,

G(
0 ~ f !5A2g ,

G i
0~e!5B1u1E1u .

These representations are indeed easily verified to obey the
general theorem of ~33!.

The theorem is, however, by no means limited to the
elementary unit cell. Indeed it holds for any periodic tessel-
lation of the plane, no matter from how many elementary
unit cells this is composed. If the cells grow larger the in-
duced representations start to cover more and more points in
the Brillouin zone and eventually wil l cover the induced rep-
resentations of all vertices, edges and faces. A symmetry
adaptation of these induction spaces in subspaces with fixed
values of k1 and k2 wil l yield subspaces that transform irre-
ducibly under the translational operators. This resolution of
the induction space for the vertex points wil l be presented as
follows:

Gs~v !5(
k

Gs
k ~v !, ~41!
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and similarly for the edge and face representations. The
equality embodied by the theorem must hold for each of
these subspaces separately, since representations at different
k-points cannot have the same symmetry. Hence the symme-
try extension of the Euler theorem for a periodic plane can be
resolved over the entire band. The invariant parts, corre-
sponding to the homologies, wil l be found at the band origin,
since they are periodic at all scales of tessellation. In sum-
mary for the band origin, denoted by an index 0, one has

Gs
0~v !1G(

0 ~ f !1GH1
5G i

0~e!1GH0
1GH2

. ~42!

For all other k-points outside the origin, one has

Gs
k ~v !1G(

k ~ f !5G i
k~e!. ~43!

To apply this theorem outside the band origin, consider a
periodic tessellation, corresponding to the following transla-
tions:

T15t1 ,
~44!

T252t2 .

These translations generate a unit cell which is twice the
elementary cell and consists of two adjacent hexagons. The
pattern contains four vertices, two faces and six edges, and
has point group symmetry D2h . For this symmetry group the
representations are as follows:

Gs~v !52Ag12B3u ,

G(~ f !52B1g ,
~45!

G i~e!5Ag1B1g1B2u13B3u ,

GH0
5Ag ,

GH1
5B2u1B3u ,

GH2
5B1g ,

from which the general theorem of ~33! is immediately seen
to hold. We may now also consider the resolution of the
induction over translations. There are two k-points that have
the same periodicity as the unit cell which we have consid-
ered: the band origin G(0,0) and the dihedral point
M (0,1/2). The splitting of the induced representations over
these symmetries is as follows:

Gs
0~v !5Ag1B3u ,

Gs
M~v !5Ag1B3u ,

~46!
G(

0 ~ f !5B1g ,

G(
M~ f !5B1g ,

G i
0~e!5B2u12B3u ,

G i
M~e!5Ag1B1g1B3u .

The theorems of ~42!, ~43! are obeyed, respectively, at the
origin and at the M point.

As a final example we consider a tripled unit cell, which
is generated by the following translations:
ll Rights Reserved.
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T152t11t2 ,
~47!T252t11t2 .

This enlarged cell can be obtained by connecting the six face
centers that are adjacent to a given hexagon. It has D6h sym-
metry and contains six vertices, three faces and nine edges.
In k-space three highly symmetric points have the same pe-
riodicity: G(0,0), K(21/3,2/3) and K8(1/3,1/3). The total
induced representations are:

Gs~v !5A1g1E1u1B1u1E2g ,

G(~ f !52A2g1B1u , ~48!

G i~e!5A2g1E2g12B1u12E1u .

Again these results confirm the general theorem of ~33!. We
may, of course, subtract the theorem for the band origin @see
~40!# in order to obtain a result which holds for the remain-
ing K- and K8-points. These points are transformed among
each other under the operations of the central point group.
They form aset which is denoted as the star of the K-point.12

It is clear from ~49! that an induction space over a star may
be expressed in irreducible representations of the full group
D6h . The results could also be decomposed in equalities for
K and K8 separately, but these wil l be less informative since
the group of these points is only D3h .

VI. APPLICATION : THE NONBONDING ORBITAL S OF
THE GRAPHITE SHEET

Each carbon atom of graphite has one pz valence orbital
perpendicular to the plane of the nuclei. In the uncharged
form of the material this orbital is occupied by one electron.
The band theory for graphite shows that in the first Brillouin
zone there are precisely four nonbonding orbitals, forming
two degenerate pairs in the points K and K8 of the band.14

We wil l now relate these nonbonding orbitals to topological
invariants, using acorollary of the symmetry theorem which
is valid in the case of trivalent lattice points. To simplify the
treatment we wil l consider basis orbitals of an s-type, rather
than of a pz-type, which have a nonessential sign change
upon reflection in the horizontal plane. The results may al-
ways be converted to a pz basis by multiplying all represen-
tations by G(Tz).

First we multiply left and right of ~33! with G(Rz). By
this multiplication the circular arrows on the faces are turned
into s-objects, while the arrows that are parallel to the ed
are rotated to perpendicular directions:

G(~v !1Gs~ f !1G~Tx ,Ty!3G~Rz!5G'~e!1G01G~Rz!.
~49!

Since bonding in unsaturatedp-networks may involve both
isolated double bonds along edges and aromatic sextet bonds
on faces, we have to introduce bond symmetries of this type.
We start by expanding thes-terms on faces to direct sums o
s- and p-objects, by taking the wreath product ofGs( f )
with G01G(Tx ,Ty). In this way all faces are turned into
aromatic sextets. Edge double bonds wil l make their appear-
ance later when the resulting expressions are further elabo-
rated. The wreath product is simply introduced by multiply-
ing all terms on the left and right by the wreath factor:
Copyright ©2001. A
s

@G(~v !1Gs~ f !#3@G01G~Tx ,Ty!#1@G~Tx ,Ty!#23G~Rz!

5G'~e!1G'~e!3G~Tx ,Ty!1G01G~Rz!1G~Tx ,Ty!.

~50!

The direct square of the translational representation yields

@G~Tx ,Ty!#25G01G~Rz!1G~Qxy ,Qx22y2!, ~51!

where the Q modes correspond to the in-plane components
of the quadrupole. Furthermore in the right-hand side of ~50!
thedirect product of G'(e) with G(Tx ,Ty) can be reduced as
follows:

G'~e!3G~Tx ,Ty!5Gs~e!1Gs~e!3G~Rz!. ~52!

Thes-objects on edges that are obtained in this product h
the same symmetry as the previously announced edge bonds.
For a trivalent net, such as the graphite sheet, the vertex
terms can be eliminated, using the following special lemma:

Gs~v !3@G01G~Tx ,Ty!#5G i~e!1Gs~e!. ~53!

This equation indicates in symmetry terms that an orbital
basis, consisting of three hybrids on each vertex, can be
combined to form one bond and one antibond along every
edge. It may further be multiplied by G(Rz) to yield

G(~v !3@G01G~Tx ,Ty!#5G'~e!1Gs~e!3G~Rz!.
~54!

Upon substituting these results in ~50! one finally obtains

Gs~ f !3@G01G~Tx ,Ty!#1G~Qxy ,Qx22y2!3G~Rz!5Gs~e!

1G~Tx ,Ty!. ~55!

In the hexagonal point group one has

G~Tx ,Ty!5E1u ,
~56!

G~Qxy ,Qx22y2!3G~Rz!5E2g .

This result, which is valid for a trivalent periodic plane, can
now be applied to the bonding of the graphite sheet. This
bonding may be viewed as a superposition of periodic lat-
tices of isolated double bonds and face bonds, known as the
Fries and Clar structures. Both structures arise from a va-
lence bond-type approach and are localized on different
hexagons. The Fries structures form rings of benzenoid hexa-
gons around isolated aromatic Clar sextets,15 as shown in
Fig. 4. These bonding schemes can typically be generated
from a parent lattice where all edges or all faces would be
bonding by the leapfrog transformation.

For a polyhedral parent, P, the leapfrog polyhedron, L, is
defined as the dual of the omnicap, or equivalently the trun-
cate of the dual, of P.16,17 Another description in terms of
edges is easier to see for lattices. This runs as follows: each
edge of P is crossed by a short transverse edge; the endpoints
of these transverse edges on a given face of P are then joined
to make a cycle within the face, of the same length as the
original, but rotated throughp/2; as a consequence, any ve
tex of P of degree r is now surrounded by a 2r-gon in L.
Irrespective of the vertex degrees in P, L is trivalent. The
graphite lattice is its own leapfrog.

A Fries structure on L is constructed by making all the
starting transverse edges double bonds and all other edges of
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L single bonds; faces of L derived from original faces of P
are then made up entirely of single bonds with exo double
bonds radiating from them, and faces of L derived from ver-
tices of P are fully conjugated even-membered rings. The
complementary Clar structure has all transverse edges of L
as single bonds and all those faces of L derived directly
from parent faces as carriers of delocalized aromatic
4n12-electron sets. Through this transformation every
bonding edge in the Fries structure is seen to originate from
an edge in the underlying frame, and similarly every bonding
face of the Clar structure is seen to originate from a face of
the primitive lattice. Since the leapfrog transformation does
not change the lattice group, the symmetries of the Fries
bonds can be identified as the edge term Gs(e) in the right-
hand side of ~55!. Similarly the Clar bonds have the symme-
tries of the face terms in the left-hand side of ~55!. The
equation then expresses that the Clar and Fries bonding al-
ternatives have the same symmetries, except for the different
invariant representations E2g on the left and E1u on the right.
If we thus were to construct a giant Walsh-type diagram,
which would correlate the Fries and Clar structures, the sym-
metries of the bonding orbitals in both extremes would
match except for four orbitals, transforming as the E1u and
E2g invariants. These are found in the band origin of the
parent lattice, and in the K- and K8-points of the actual leap-
frog.

The symmetries of the four nonbonding orbitals of the
graphite sheet are thus identified as invariants of the symme-
try theorem. This treatment also applies to nanotubes that are
leapfrogs.18 The leapfrog tubes are known to be exactly those
with four nonbonding frontier orbitals. Two cases are pos-
sible, exemplified by the zigzag and armchair tubes.19 In
leapfrogs of the zigzag type, the band degeneracy at the
Fermi level occurs at the origin of the buckytube band, im-
plying that the unit pattern of the tube can precisely be deco-
rated by Fries and Clar bonding schemes. In leapfrogs of the
armchair type, the crossing occurs at k562p/3T, whereT
is the length of the unit cell along the direction of the tube. In
this case the repetition of Clar and Fries decorations has a
period of three translational units along the tube directions.

FIG. 4. Correlation between Clar and Fries bonding descriptions of the
graphite sheet, showing orbital crossing. The symmetry labels refer to a
basis of s-orbitals. The labels for a pz basis are obtained by forming the
direct product with the A2u representation, i.e., A2u3E2g5E2u and A2u

3E1u5E1g .
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VII. SYMMETRY EXTENSION OF THE EULER
THEOREM FOR A PERIODIC LATTICE IN THREE
DIMENSIONS

As a final extension we consider the case of a periodic
lattice in 3D space. In previous work we already generalized
the Euler–Schläfli theorem to multishell polyhedra, which
appear in cluster chemistry and coordination compounds.5 In
such structures, vertices, edges and faces acquire new com-
panions, called cells. In the same way as faces are defined as
rings of edges, cells are closed cages surrounded by faces. If
a polyhedron is considered as a3D structure embedded in a
4D space, closed by the outside cell, the Euler theorem can
be written as

v2e1 f 2c50, ~57!

where c is the number of cells. This relationship could be
recast in symmetry form as

Gs~v !2G i~e!1G(~ f !2Gs~c!3Ge5G02Ge . ~58!

Note that the cell term in this equation is the point represen-
tation of the cellular centers multiplied by the pseudo-scalar
representation. This implies that the cells are attributed a
parity, which changes sign whenever the cell is being trans-
formed by improper symmetry elements. We could think of
the cell centers as origins of a Cartesian coordinate system
which can be right- or left-handed. The result in ~58! reveals
the presence of two homology groups of rank one, H0 and
H3 , which correspond, respectively, to the bonding combi-
nation over all vertices and the coherent ordering of the pari-
ties of all cells.

The Euler theorem for a three-dimensional network
bounded at infinity also applies to a periodic lattice in 3D.8

As an example, for a periodic cube the central cell (c51) is
surrounded by six faces, twelve edges and eight vertices.
Faces are shared by two neighboring cubes, so that f 53;
edges are common to four cubes, yielding e53, and vertices
are counted for 1/8 each, v51.

The homological structure of a 3D periodic lattice is
more involved and this also reflects on the symmetry exten-
sion of ~57!. The periodic boundary condition makes the
space multiply connected. As aresult a periodic lattice in 3D
is equivalent to a three-torus. This structure has four homol-
ogy groups, H0 , H1 , H2 and H3 , respectively, of ranks 1, 3,
3, 1. The representations of these groups are as follows:

GH0
5G0 ,

GH1
5G~Tx ,Ty ,Tz!,

~59!
GH2

5G~Rx ,Ry ,Rz!,

GH3
5Ge .

As in the case of the finite multishell polyhedron, the vertex
and cell homologies correspond to the all bonding vertex
combination and the coherent ordering of all cells. The other
two groups are specifically related to the periodicity of the
lattice. The H1 group has the symmetry of the translational
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modes in three dimensions, while the H2 group matches the
rotational modes. The general theorem for a 3D periodic lat-
tice thus becomes

Gs~v !2G i~e!1G(~ f !2Gs~c!3Ge5G02G~Tx ,Ty ,Tz!

1G~Rx ,Ry ,Rz!2Ge . ~60!

As an example, in the band origin of a simple periodic cube
the representations are as follows:

Gs~v !5A1g ,

G i~e!5T1u ,

G(~ f !5T1g ,

Ge5A1u ,
~61!

GH0
5A1g ,

GH1
5T1u ,

GH2
5T1g ,

GH3
5A1u .

These representations indeed follow the general theorem.
Note that in this simple case the induction space of the dif-
ferent structural elements is so small that it only contains the
canonical symmetries of the homology groups.

Extension of these results to space groups is straightfor-
ward. As before the induction space can be partitioned over
k-points and the theorem is bound to hold in each of these
points. The homology groups have the periodicity of the
primitive lattice and therefore wil l be found at the band ori-
gin. In summary for the band origin denoted by an index 0,
one has

Gs
0~v !2G i

0~e!1G(
0 ~ f !2Gs

0~c!3Ge

5G02G~Tx ,Ty ,Tz!1G~Rx ,Ry ,Rz!2Ge . ~62!

For all other k-points outside the origin, the theorem reduces
to

Gs
k ~v !2G i

k~e!1G(
k ~ f !2Gs

k ~c!3Ge50. ~63!

These results wil l now be illustrated for the fcc lattice. A
given atom in this lattice has twelve nearest neighbors. We
wil l consider an enlarged unit cell with one atom in the cen-
ter and the twelve neighbors on the edges ~see Fig. 5!. Such

FIG. 5. The surrounding of a lattice point in a face centered cube. The
shaded cell corresponds to a tetrahedral chamber.
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a cell contains four vertices (v54) one central and three
peripheral. The edges wil l be restricted to bonds between
nearest neighbors. In our unit cell there are 24 of these (e
524), twelve radial and twelve on the surface of the cell.
Three adjacent vertices define atriangular face. There are 32
faces ( f 532) in all. The Euler theorem then indicates that
there wil l be twelve cells (c512):

422413221250. ~64!

These can easily be identified as eight tetrahedral cells and
four octahedral cells. In the alkali fullerides A3C60 (A5Na,
K, Cs!, triply charged C60

32 cages occupy the vertices of the
fcc cell, while the alkali cations occupy the interstitial
chambers.20 Al l these chambers wil l be filled since there are
exactly three of them per vertex, c/v53. Alkali–metal NMR
at room temperature nicely illustrates the presence of tetra-
hedral and octahedral cationic sites in a ratio of 2:1.21 The
point group symmetry of the 4-vertex periodic cube is Oh .
The symmetries of the induction space can be obtained by
standard induction methods,

Gs~v !52A1g1Eg ,

G i~e!5A1g1A2g12Eg1T1g1T2g12T1u12T2u ,

G(~ f !52A2g1Eg13T1g1T2g12A1u1Eu1T1u

13T2u , ~65!

Gs~c!53A1g1Eg1T2g1A2u1T1u ,

Ge5A1u .

These induced representations indeed obey the general theo-
rem of ~60!.

We can now also investigate the further resolution of
this equation over translational symmetry. The enlarged unit
cell which we have considered contains four atoms. Hence
there wil l be four points in k space that have the same peri-
odicity. These are easily identified as the band origin, de-
noted as G(0,0,0), and the three tetragonal points, denoted as
X1(1,0,0), X2(0,1,0), X3(0,0,1).13 The induced symmetries
at the band origin can be found by considering an elementary
fcc unit cell, containing only one vertex. This cell wil l be one
quarter of the unit cell in Fig. 5 and is shown in Fig. 6. It has
v51, e56, f 58, and c53. It has the form of a cuboctahe-
dron surrounding the central vertex. Induced representations

FIG. 6. Wigner–Seitz unit cell for an fcc lattice. This elementary cell cor-
responds to a cubic dodecahedron, and contains exactly one lattice point.
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that are periodic over this primitive unit cell wil l form the
induction space at the band origin. In this way one obtains

Gs
0~v !5A1g .

~66!
G i

0~e!5T1u1T2u ,

G(
0 ~ f !5A2g1T1g1A1u1T2u

Gs
0~c!52A1g1A2u .

These representations can be subtracted from the induction
space of the four-vertex unit cell. One then obtains

Gs
X~v !5A1g1Eg ,

~67!
G i

X~e!5A1g1A2g12Eg1T1g1T2g1T1u1T2u ,

G(
X ~ f !5A2g1Eg12T1g1T2g1A1u1Eu1T1u12T2u ,

Gs
X~c!5A1g1Eg1T2g1T1u .

These representations cover the three tetragonal X-points. In
order to deconvolute this result to an individual X-point, we
need to construct a periodic cell with tetragonal symmetry,
which exactly contains one X-point and the origin. This cell,
which is shown in Fig. 7, is built from two vertices and
corresponds to a body centered tetragonal cell inside the
large cube of Fig. 5. The symmetry of this cell is D4h . The
induced representations for its two vertices, twelve edges,
sixteen faces and six cells are easily derived:

Gs
D4h~v !52A1g ,

G i

D4h~e!5A1g1B1g1Eg1A2u1B2u1Eu ,

G
(

D4h~ f !52A2g12B1g12Eg12A1u12B2u12Eu ,
~68!

Gs
D4h~c!53A1g1B2g1A2u1B1u ,

Ge5A1u .

Again these results exemplify the general theorem. From this
induction space, one should remove the representations that
belong to the band origin. These can be found in tetragonal
form by subduction from the octahedral result in ~66!. In this
way one only keeps the tetragonal representations that cor-
respond to the X1-point.

FIG. 7. Body centered tetragonal cell inside a face centered cube. The cell
contains exactly two lattice points.
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Gs
X1~v !5A1g ,

G i

X1~e!5A1g1B1g1Eg1Eu ,

~69!
G

(

X1~ f !5A2g1B1g1Eg1A1u1B2u1Eu ,

Gs
X1~c!5A1g1B2g1A2u.

These representations now obey the point group theorem
of ~63!. As a further check induction from D4h to Oh con-
structs the star of X1 and thus yields the results in ~67!.

VIII. CONCLUSION

Periodic lattices are multiply connected spaces, and draw
from this fact interesting topological properties. In this paper
we have determined the irreducible symmetry representa-
tions that characterize the topological invariants of 2D and
3D lattices. Since these invariants persist on every level of
tessellation they occur in the band origin, or in special points
of decorated or transformed structures as is the case for leap-
frog lattices. The level crossing at the Fermi level of the
graphite sheet appears to be a special symmetry expression
of the topological structure of the underlying honeycomb
lattice.

The space group theory in the present treatment is lim-
ited to symmorphic space groups, which consist of a Bravais
translational lattice and point group operations inside the unit
cell. Further extensions to nonsymmorphic groups wil l re-
quire a separate treatment.
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