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Abstract. This note presents an algorithm for testing the generalized axiom of revealed preference

in time O(n2), where n is the number of observations in a given data set. Furthermore, we prove

a lower bound of Ω(n log n) on the running time of any algorithm for testing different axioms of

revealed preference.
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1. Introduction

This note contains two contributions: (1) we propose an O(n2) algorithm for testing the so-called

generalized axiom of revealed preference, and (2) we prove a lower bound of Ω(n log n) on the

running time of any algorithm for testing three well-known revealed preference axioms (here, n is

the number of the observations in the data set).

Modeling and analyzing household consumption behavior is a central research topic in microe-

conomics since its introduction by Samuelson [8–10] for a unitary household. For a recent overview

we refer to Varian [13] and Chapter 7 in Vohra [14]. Here, we restrict ourselves to describing

three well-known axioms of revealed preference: the weak axiom of revealed preference (WARP),

the strong axiom of revealed preference (SARP), and the generalized axiom of revealed preference

(GARP). Consider a unitary household acting in an economy with m goods and suppose that we

have observed n consumption quantity bundles qi =
(
qi1, . . . , q

i
m

)
∈ Rm

+ (non-negative) with corre-

sponding positive prices pi =
(
pi1, . . . , p

i
m

)
∈ Rm

++, for i = 1, . . . , n. The component qij (respectively

pij), for j = 1, . . . ,m, corresponds with the quantity of good j bought by the household (respec-

tively the unit price of good j) at the time of observation i. We denote the set of observations by

S =
{(

pi, qi
)

: i ∈ N
}

where N = {1, . . . , n} and refer to S as the data set. For ease of exposition,

we use i ∈ N to refer to the observation
(
pi, qi

)
and denote the scalar product by piqj for i, j ∈ N .
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In revealed preference theory, a unitary household is said to directly prefer bundle qi over another

bundle qj if qi was chosen while qj was affordable (and could have been chosen); this translates

into piqi ≥ piqj . A household is said to prefer qi over qj if there exists a sequence (possibly empty)

of observations r, s, . . . , t such that piqi ≥ piqr, prqr ≥ prqs, . . . , and ptqt ≥ ptqj . These notions

of preference are used in the definition of WARP, SARP, and GARP [13].

Definition 1. A data set S satisfies WARP if and only if for any pair of distinct observations i

and j satisfying piqi ≥ piqj we have pjqj < pjqi.

Definition 2. A data set S satisfies SARP if and only if for any sequence of distinct observations

i, r, s, . . . , t, and j satisfying piqi ≥ piqr, prqr ≥ prqs,. . . , and ptqt ≥ ptqj, we have pjqj < pjqi.

Definition 3. A data set S satisfies GARP if and only if for any sequence of distinct observations

i, r, s, . . . , t, and j satisfying piqi ≥ piqr, prqr ≥ prqs,. . . , and ptqt ≥ ptqj, we have pjqj ≤ pjqi.

Varian [13] shows that the question of testing whether a given data set S satisfies WARP, SARP,

or GARP can be answered in polynomial time. For testing WARP, we compare for each pair (i, j)

of distinct observations piqi and piqj , on the one hand, and pjqj and pjqi, on the other hand.

Because in total we perform O(n2) comparisons, we infer that testing WARP can be done in O(n2)

time. For testing SARP, a directed graph G with n vertices is built where each vertex corresponds

with an observation and there is an arc from vertex i to vertex j if and only if piqi ≥ piqj . In

term of this directed graph, the data set S satisfies SARP if and only if G is acyclic. (We recall

that an acyclic graph is a graph that contains no cycle.) Observe that building the graph can

be done in time O(n2) whereas checking whether G is acyclic is done in time O(n + m) = O(n2)

using, for example, the topological ordering algorithm [1]. In total, testing SARP can be done

in O(n2) time. The current algorithm for testing GARP is based on computing the transitive

closure [12, 13] and proceeds as follows. A binary n × n matrix M is defined to summarize the

direct preference relations. In the matrix M the (i, j) entry is given by Mij = 1 if piqi ≥ piqj and

Mij = 0 otherwise. Next, the transitive closure MT of M is computed and based on MT , GARP

is decided by checking whether there exists a pair (i, j) satisfying MTij = 1 and pjqj > pjqi.

The data set satisfies GARP if and only if such pair (i, j) does not exist. The bottleneck of

this procedure is the computation of the transitive closure of M . Varian [12] uses the O(n3)-

algorithm proposed by Warshall [15] and mentions the possibility of computation the transitive
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closure in time O(n2.74) using the algorithm designed by Munro [7]. In the literature, the best-

known algorithm for computation the transitive closure is based on matrix multiplication that runs

in time O(n2.376) [5]. Recently, several researchers have investigated a group-theoretic approach

for computing matrix multiplication, with the hope of reducing the exponent (2.376) of this time

complexity; we refer to [3,4,6] for more details. This approach, however, has led to smaller exponent

only if some restrictive conditions are imposed on the structure of the matrices [3]. Even with these

restrictions, the exponent is still greater than 2. Notice that the above complexity statements

related to algorithms for computing WARP, SARP, and GARP assume that the scalar product

piqj (i, j ∈ N) can be computed in constant time; we will follow this assumption throughout this

note. In the next section, we present a simple algorithm for deciding GARP that runs in time

O(n2) and we prove a lower bound of Ω(n log n) on the running time of any algorithm devised for

testing either WARP, SARP, or GARP.

2. Results

Given a data set S =
{(

pi, qi
)

: i ∈ N
}

, we build a directed graph G = (V,A) with n vertices,

where each vertex corresponds with an observation. Furthermore, the set of arcs is the union of

two disjoint sets A> and A=; that is: A = A>∪A=. There is an arc from vertex i to vertex j (with

i 6= j) in A> (respectively in A=) if and only if piqi > piqj (respectively piqi = piqj). Notice that

A> and A= need not be non empty. Let us define the subgraphs G> = (V,A>) and G= = (V,A=)

of G. We recall that a vertex-induced subgraph of G (subsequently called induced subgraph) is a

subset of vertices of G together with all arcs whose endpoints are both in that subset. Also, a

strongly connected component (SCC) of G is a maximal induced subgraph B = (V (B), A(B)) of G,

where for every pair of vertices i, j ∈ V (B), there is a path (oriented) from i to j and a path from

j to i in B. Each graph has a unique partition of its nodes into strongly connected components.

We denote by Gscc = (V,Ascc) the subgraph of G containing only arcs that appear in a strongly

connected component of G. We have the following result:

Lemma 1. A data set S satisfies GARP if and only if Gscc ⊆ G=.

Proof: ⇒
)

Suppose that S satisfies GARP. We want to show that Gscc ⊆ G=. Clearly, if there is

no arc in Gscc (each SCC is a singleton) then Gscc ⊆ G=. Let i → j be an arbitrary arc in Gscc.
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Then, there exists a unique SCC of G, let us say B = (V (B), A(B)), such that i → j ∈ A(B).

Because B is a SCC, there exists a sequence of arcs j → r ∈ A(B), r → s ∈ A(B), . . . , and

t → i ∈ A(B) such that i → j → r → s →. . .→ t → i is a cycle in B. Given that the arc j → r

(respectively r → s, . . . , and t → i) exists if and only if pjqj ≥ pjqr (respectively prqr ≥ prqs,. . . ,

and ptqt ≥ ptqi) we have, from the definition of GARP, that piqi ≤ piqj . However, the existence of

i → j implies that piqi ≥ piqj . Because piqi ≤ piqj and piqi ≥ piqj , we infer that piqi = piqj and

therefore i→ j ∈ G=. This completes the proof that Gscc ⊆ G=.

⇐
)

We now suppose that Gscc ⊆ G= and we want to show that S satisfies GARP. Consider

an arbitrary sequence of observations s, u, v, . . . , z, and t satisfying psqs ≥ psqu, puqu ≥ puqv,

. . . , and pzqz ≥ pzqt. There are two options: either ptqt > ptqs or ptqt ≤ ptqs. We argue that

the first option cannot occur. Indeed, if ptqt > ptqs then together with the previous inequalities,

this implies the existence of the cycle C : s → u → v . . . z → t → s in G and there exists a SCC

of G, let us say B = (V (B), A(B)), such that C ⊆ B ⊆ Gscc. However, the inequality ptqt > ptqs

implies that the arc t → s ∈ A>. We conclude that the cycle C is not included in G= and hence

Gscc is not a subgraph of G=. This would contradict the hypothesis that Gscc ⊆ G=. Therefore,

the only option left is ptqt ≤ ptqs; which implies that S satisfies GARP. This completes the proof

of Lemma 1. �

We propose the following algorithm for testing whether a given data set S satisfies GARP. The

Algorithm 1 A graph algorithm for testing GARP

1: build the directed graph G = (V,A)
2: compute Gscc

3: if every arc present in Gscc is also in G= then return yes
4: else return no

main difference between Algorithm 1 and the current testing procedure stems from the fact that

the former algorithm computes the strongly connected components of a directed graph whereas the

latter computes the transitive closure of a matrix that represents the same graph.

Theorem 1. Algorithm 1 detects whether a given data set S satisfies GARP in time O(n2).

Proof: The correctness of the algorithm results from Lemma 1. Let us now analyze its complexity.

Observe that |V | = n, the number of observations, whereas m = |A| = O(n2). The first step
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of the algorithm, building the directed graph, can be done in time O(n2) given the assumption

that the scalar product is computed in constant time. Indeed, there are O(n2) comparisons to

be made in order to build the graph G. The second step, computing Gscc, if implemented using

Tarjan’s algorithm [11], is completed in time O(n + m) ≡ O(n2). Finally, the last step (the if

loop) has a running time of O(m) ≡ O(n2). Therefore, the overall running time of the algorithm is

3×O(n2) = O(n2). �

We are now going to derive a lower bound of Ω(n log n) on the running time of any algorithm

devised for testing either WARP, SARP, or GARP on a data set S with n observations. This

is achieved using a reduction from the following decision problem, also known as the Element

Distinctness problem [2,16].

Instance: A set x1, x2, . . . , xm of m integers.

Question: Is there a pair i, j with i 6= j and xi = xj?

Using a topological method, Yao [16] proves that any algebraic computation tree that solves the

m-Element Distinctness problem has a lower bound complexity of Ω(m logm). We next show that

an algorithm for testing WARP, SARP, or GARP can also be used for determining whether m

integers are pairwise distinct.

Given an instance x1, x2, . . . , xm of the Element Distinctness problem, we build a data set S

as follows. We assume that we are in an economy with m goods. To describe the prices and the

quantities of all goods for each observation we make use of a ‘default’ price (quantity) for each

good. The vector of default prices is P = (x1 − 0.1, x2 − 0.1, . . . , xm − 0.1) whereas that of

default quantities is Q = (0, 0, . . . , 0). Notice that to describe these default vectors, we need O(m)

operations. We consider a data set S with m observations where an observation is identified by the

index of a good. This index means that for the considered observation that good, let us say j, has

the price of xj + 0.1 (instead of xj − 0.1 as in the default vector) whereas the quantity of that good

is now 1 (instead of 0 in the default quantity vector). The price (respectively the quantity) of each

remaining good is exactly its default price (respectively quantity). Notice that this second part of

our reduction required O(m) operations because given the default price and quantity vectors, we

need exactly O(m) numbers to describe the data set S. We now prove that the data set S satisfies
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WARP, SARP, or GARP if and only if the considered instance of the Element distinctness problem

is a yes instance.

Consider the directed graph built from S and observe that there is an arc from i to j if and

only if piqi ≥ piqj ; that is xi + 0.1 ≥ xj − 0.1, which is equivalent to xi ≥ xj (because xi and

xj are integers). Notice that in that graph, if there is a cycle s → u → v. . . z →t → s then

the two-cycles s → u → s, u → v → u, . . . , and t → s → t are all present. This observation

implies that if the graph does not contain any two-cycle then it does not contain any cycle and

vice-versa. Stated in term of the data set, the observation implies that S satisfies WARP if and

only if S satisfies SARP. Another remark is that for all pair of distinct observations i and j we have

piqi = xi + 0.1 6= xj − 0.1 = piqj , because xi and xj are integers. This means that for any pair of

distinct observations i and j we have piqi 6= piqj . These inequalities imply that S satisfies GARP

if and only if S satisfies SARP. Observe now that a two-cycle i→ j → i is present in our graph if

and only if xi = xj ; in other words, there is a two-cycle i → j → i in our graph if and only if the

two elements xi and xj of our set are identical. It immediately follows that the data set S satisfies

WARP, SARP, or GARP if and only if the considered instance of the Element Distinctness problem

is a yes instance. This proves that any algorithm for solving WARP, SARP, or GARP can be used

to solve the Element Distinctness problem. Therefore, the lower bound of Ω(m logm) inherent to

any algorithm for solving the Element Distinctness problem is directly applicable to any algorithm

for solving WARP, SARP, or GARP.

We formalize this result in the following theorem.

Theorem 2. Any algorithm for testing either WARP, SARP, or GARP on a data set S with n

observations has a running time bounded from below by Ω(n log n).

3. Conclusion

This note presents a new algorithm for testing GARP that runs in time O(n2), where n is the

number of observations in the consumption data set. We also prove a lower bound of Ω(n log n)

on the running time of any algorithm for testing the weak axiom of revealed preference, the strong

axiom of revealed preference, and the generalized axiom of revealed preference.
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